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Abstract. We give an explicit description of the Fefferman metric for twistor CR manifolds
in terms of Riemannian structures on the base conformal 3-manifolds. As an application, we
prove that chains and null chains on twistor CR manifolds project to conformal geodesics,
and that any conformal geodesic has lifts both to a chain and a null chain. By using this
correspondence, we give a variational characterization of conformal geodesics in dimension
three which involves the total torsion functional.
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1 Introduction

The Fefferman construction in CR geometry associates a pseudo-Riemannian conformal manifold
(C, [gFD, called the Fefferman space, to any non-degenerate CR manifold (M7 TI’OM) [14, 22].
The manifold C is a circle bundle over M and the Fefferman metric g" is an S'-invariant metric
on C which is conformally flat if and only if M is CR isomorphic to the hyperquadric, i.e., the
flat model of CR manifold. Since the conformal structure [gF] is canonically defined from the
CR structure, the construction enables us to apply conformal geometry methods to the study
of CR manifolds.

The aim of this paper is to describe explicitly the Fefferman metric for a special class of CR
5-manifolds, namely twistor CR manifolds, and apply it to 3-dimensional conformal geometry.
Given a conformal 3-manifold (23, [g]) of Riemannian signature, LeBrun’s twistor CR mani-
fold [21] is defined as the space of projectivized complex null (co)vectors:

MP = {[¢] € BCT"S) | 9(¢.¢) = O},

Each fiber of M is a rational curve in P(CT;¥) = CP?, and it is shown that M has a canonical
CR structure of Lorentzian signature. We mention the work [23] of Low, which also constructs
the Fefferman metric of twistor CR manifolds over more general 3-manifolds with connections.
Our description of the Fefferman metric is different from that of [23], and has the advantage
that it is constructed more directly from the conformal structure on ¥ without passing through
the Tanaka—Webster connection on M.

Fixing a representative metric g € [g], we show that the U(1)-bundle

C:i={CeCT"Sg(¢,¢)=0,9(¢.0) =1}

over M can be identified with a double covering of the Fefferman space C by constructing an
‘adapted’ coframe (90 =0,0',0%6', 0%, 93) on C out of the Riemannian structure g. Here, 6 is
a contact form on M determined by g, and (91, 02) is a ‘twisted’ coframe for T1OM while 63
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restricts to a coframe for the S'-fibers. In this coframe, (the pullback of) the Fefferman metric g%
on C is written as

9" =2(0" 6> +6%-6"+0-0°).

Using this expression, we compute the Levi-Civita connection and the curvature tensor of g* in
terms of those of ¢g. In particular, the Weyl curvature of ¢* is described by the Hodge dual of
the Cotton tensor of g. As a consequence, we can recover [23, Theorem 6.7], which states that
the Fefferman metric is conformally flat if and only if (¥, [¢]) is conformally flat (Theorem 4.8).

As another application, we establish a correspondence between distinguished curves on the
CR manifold (M, T"M) and the conformal manifold (X, [g]).

Since null geodesics of ¥ are conformally invariant up to reparametrizations, their projections
define a CR invariant family of curves on M, called (null) chains. The infinitesimal generator K
of the Sl-action on C is a Killing vector field, so ¢ := g" (K, %(t)) is constant in ¢ for any null
geodesic . The projection of v is called a chain if ¢ # 0 and a null chain if ¢ = 0. Chains
are transverse to the contact distribution H = Re 71 M and uniquely determined by the initial
velocity. Thus, they can be considered as ‘geodesics’ in CR geometry. In contrast, null chains
are tangent to H and we also need information of the initial acceleration to specify a null chain;
see [17].

The base conformal manifold (X, [g]), on the other hand, has a conformally invariant family
of curves, called conformal geodesics or conformal circles. They are defined by a conformally
invariant third order ODE

39(&, Vi)
ks

3| Vaii|?

Vid + &+ 2P(&,4)% — |22 P(i) = 0,
where P denotes the Schouten tensor of g € [g]. Due to its conformal invariance, conformal
geodesics play an important role in general relativity to examine the structure of spacetime; see,
e.g., [12, 15]. Although the conformal geodesic equation specifies distinguished parametrizations
of z(t), called projective parameters [1], we consider conformal geodesics as unparametrized
curves in this paper.

By computing the null geodesic equation for the Fefferman metric g¥, we prove that these
invariant curves on M and . are related as follows.

Theorem 1.1. Let (¥, [g]) be a conformal 3-manifold and M the twistor CR manifold over X.
Then, the following hold:

(1) Any chain and any null chain on M project to a constant curve or a conformal geodesic
on X.

(2) For any conformal geodesic x(t), a <t <b, on ¥ and [(o] € M), there exists a unique
chain (resp. a null chain) through [(p] which projects to x(t) when g(no,x(a)) # 0 (resp.
g(no, ¢(a)) = 0), where ny := iy x (p-

This theorem asserts that any (null) chain projects to a conformal geodesic, and conversely
we can lift any conformal geodesic to a (null) chain. The lift is determined by a choice of
the lift of the endpoint z(a), but in fact there is a canonical choice, namely the lift with 7
being proportional to the initial velocity #(a). The lift is described as follows: We fix a metric
g € [g] and a (local) orientation of . For any regular curve z(t) on X, we have a complex
null (co)vector field ¢(t), unique up to the U(1)-actions, such that (vV2Re(,v2Im() gives
an oriented orthonormal basis of &(t)* C T, »t)2- The projective class [(()] is independent of
the choice of g € [g] and we have a canonical lift Z(¢) := (z(¢), [((¢)]) on M, which is transverse to
the contact distribution. Then, we can prove that Z(¢) is a chain if and only if x(¢) is a conformal
geodesic (Theorem 4.12).
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There is an alternative description of the Fefferman space (CA , gF) and the canonical lift Z(¢) in
terms of the unit tangent sphere bundle S% C T and the oriented orthonormal frame bundle P
over (3, ¢g): Their relations are given by the bundle isomorphisms

~

C——=—=7P C%(\/ﬁRe(,\/ﬁImC,n),

oo

where we define ) := i¢ x { = 2Re( x Im ¢ with the cross product with respect to the represen-
tative metric g. By using the canonical 1-form and the principal connection 1-form

P! 0 wd —w?
b= |¢*], w=|—-w3 0 w!
¢3 w2 _wl 0

on P, the Fefferman metric G¥ on P corresponding to g% is represented as
GF:2(¢1'W1+¢2'W2+¢3'W3)-

The equivariance of ¢, w shows that G is a right SO(3)-invariant metric. For a regular curve x(t)
on X, the canonical lift Z(¢) on SY is given by the jet lift

()
m(t)-( (1), !a‘c(t)|>' (1.1)

We can use this lift to derive a variational principle for conformal geodesics in dimension three.
Recently, Dunajski-Krynski [11] gave a variational characterization of conformal geodesics (in
general dimensions) as the critical curves of an integral functional under a restricted class of vari-
ations. In this paper, we give another characterization which is specific to the 3-dimensional case.

In [9], it is proved that chains on CR manifolds coincide with geodesics of a certain Kropina-
type singular Finsler metric obtained by applying Fermat’s principle to the Fefferman metric.
In our setting, the Kropina metric on S is given by

GF(S*S) 8*6)
GY(K,s.8)’

F(z,¢) = TelUcCSy, £e€T;5%\Kerd,

for each choice of a local section s: U — P. The Kropina metric is not defined along the contact
distribution since K 1 GY descends to the contact form @. Using the canonical lift (1.1), we define
a functional .Z on the space of regular curves on 3 by

Lle(t)] = / bF(gz(t),gi»(t))dt<_2 / " (5.5) dt),

where s is a local section of P — S¥ on a neighborhood of the curve z(t). If z(¢) is a conformal
geodesic, then Z(t) becomes a chain and hence z(t) is a critical curve of . under the variations
fixing the lifts #(a), £(b) of the endpoints. Conversely, if (t) is a critical curve of .Z, the Kropina
length functional is stationary at Z(t) with respect to the variations given by the lift of variations
of z(t). Combined with the fact that the variations of the Kropina length in the vertical directions
always vanish (Proposition 5.7), this implies that Z(¢) becomes a chain. Consequently, conformal
geodesics are characterized as the critical curves of .2 under the variations fixing Z(a), Z(b)
(Theorem 5.8).

The functional .Z is closely related to the so-called total torsion functional, which we denote
by 7. For a regular curve z(t), a <t < b, on (X, g), we fix an isometry @(a)* = i(b)* by choos-
ing oriented orthonormal basis A = (e1, e, @(a)/|i(a)]) € Pyq) and B = (€}, eh, #(b)/]@(b)|) €



4 T. Marugame

P at the endpoints. Then, 7 [z(t)] € R/27Z is defined to be the angle from v(a) to v(b),
where v(t) is a unit normal vector field along (t) which is parallel with respect to V+. The total
torsion depends on the choice of A, B, but it is conformally invariant once we fix the conformal
classes of A and B; see Proposition 5.11. If we use A = s(Z(a)), B = s(Z(b)), then we have

ZLlx(t)] =27 [x(t)] mod 27Z

(Proposition 5.12). Thus, conformal geodesics are also characterized as critical curves of the
total torsion functional .7 .

When the acceleration V;i& is nowhere proportional to the velocity &, we can define the
torsion 7(t) of x(t), which is given by the formula

(t) _ det(a’;, Vi, vaxl’)
= T X Va2

)

and the total torsion is represented as the total integral of the torsion up to the addition of
a constant ¢ € R/27Z determined by s:

b
Fla(t)] = — / F(®)]#(0)] dt + ¢ mod 27Z.

In summary, we have the following.

Theorem 1.2. A regular curve x(t), a <t <b, on (23, g) s a conformal geodesic if and only if it
is a critical curve of the total torsion functional F under the variations firing (x(a), (a)/|%(a)|)
and (xz(b), z(b)/|2(b)|) with common A, B.

When x(t) satisfies & x Vi@ # 0, the functional F can be replaced by the integral functional

b b . . .
. det(z, V32, ViVid), .
/ T(t)|z(t)|dt = / X Vil || dt.

The variationality of conformal geodesics on R? has been proved by Barros-Ferrandez [3, 4],
and Theorem 1.2 generalizes their result.

The variation of the total torsion in the curved cases is computed by Chern—Knoppel-Pedit—
Pinkall [10] in a different context, and Theorem 1.2 can also be proved directly from their
formula; see Theorem 5.13.

After our work was completed, the author was informed of an independent work of Kruglikov—
Matveev—Steneker [19], which also proves Theorem 1.2. Their proof is different from ours and
is based on a detailed analysis of the Euler-Lagrange equation of the total torsion functional.
Kruglikov [18] also proved that conformal geodesics are not variational in dimensions greater
than three.

Finally, we comment on the relation of our results to the general theory of Cartan geometry.
Conformal geometry and CR geometry are both examples of so-called parabolic geometry, that is,
Cartan geometry modeled on a homogeneous space G/P where G is a semi-simple Lie group
and P is a parabolic subgroup. Following the pioneering works of Cartan and Tanaka, the
general theory of parabolic geometry has been extensively developed; see [7] for an exposition
of the theory together with historical remarks. In particular, Fefferman’s construction in CR
geometry has been generalized within the broader framework of extensions G C G of symmetry
groups [6, 7]. The twistor CR manifold can also be reinterpreted in this setting. In fact,
LeBrun’s twistor CR structure corresponds to the special case (p = g = 0) of the twistor
construction of CR structure from quaternionic contact structures associated with the extension
Sp(p+1,¢+ 1) C SU(2p + 2,2q + 2) described in [7, Section 4.5.5]. We also remark that Sato—
Yamaguchi [25] introduced the twistor CR structure on the tangent sphere bundle over conformal
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3-manifolds by a Cartan geometric method independently of LeBrun. Moreover, a general theory
of distinguished families of curves in parabolic geometry, including CR chains and conformal
geodesics, has been developed by Cap-Slovak—Zadnik [8]. However, the correspondence between
distinguished curves in the general setting of Fefferman-type constructions does not yet appear
to be fully understood. Developing a general theory in this direction would therefore be of
considerable interest, and the present paper may be viewed as a case study illustrating the
correspondence between distinguished curves and their variational character.

This paper is organized as follows: In Section 2, we review the notion of CR structure and
define (null) chains on CR manifolds via the Fefferman metric. In Section 3, we recall the
definition of conformal geodesic and introduce LeBrun’s twistor CR manifold over conformal
3-manifolds. Then, in Section 4, we give an explicit description of the Fefferman metric for
twistor CR manifolds and compute its connection, curvature, and null geodesic equation to prove
Theorem 1.1 (1). Here, we also prove that the canonical lift of a conformal geodesic becomes
a chain, which gives a partial proof to Theorem 1.1 (2); the full proof will be given in Section 5.1
after we reinterpret our constructions in the sphere/frame bundle picture. In Section 5, we give
a variational characterization for conformal geodesics in dimension three via the Kropina metric
for chains, and discuss its relation to the total torsion functional.

Notation. We use tensor indices a,3 = 1,...,n for T'OM, i,5,k,I,m = 1,2,3 for ¥, and
a,b,c,d =0,1,2,1,2,3 for C. We adopt Einstein’s summation convention throughout this paper.
For 1-forms ¢, ¥, we define the symmetric product by

(0 OV, W) 1= 5@V IU(W) + o(W)(V)).

2 CR manifolds and the Fefferman metric

2.1 CR structures

An almost CR structure on a (2n+1)-dimensional C'* manifold M is defined to be a rank n com-
plex vector sub-bundle 71PN ¢ CT M satisfying T"°M N T M = 0, where TO' M := T1OM.
If the space of sections of T1OM is closed under the Lie bracket, it is called a CR structure.
Since T1°M contains no non-zero real vector, the real part H := ReT"YM < TM becomes
a rank 2n real sub-bundle satisfying CH = TV9M @ T%' M.

We say a CR structure T°M is non-degenerate if H is a contact distribution, or equivalently,
the Levi form

ToOM x TO'M 5 (Z,W) — i[Z,W] € T,M/H,

gives a non-degenerate T'M /H-valued hermitian form on T M at any point z € M. We note
that the right-hand side is well-defined via arbitrary extensions of Z, W to vector fields.

We usually assume that the real line bundle TM/H is orientable so that we can trivialize
HL c T*M by a global contact form 6 € F(H L). For a fixed orientation of T'M /H, a contact
form is determined up to multiplications by positive functions: 6 — 6 = e¥0, T € C>°(M). For
each choice of 0, we have the real valued Levi form hg by trivializing 7'M /H, which transforms
conformally as hy = eThy.

The Reeb vector field of a contact form 6 is a real vector field T uniquely specified by the
conditions §(T) = 1, T2df = 0. Choosing a local frame (Z,) for T*°M, we have a local frame
(T, Lo, Lz = Z) for CTM = CT ® T"OM @& TO'M called an admissible frame, and its dual
coframe (9, 0%, 9% = 970‘) In this coframe, we can write as

df = ih, 50 A 0°

and the Levi form is given by (Z , W) — h aBZ a8,
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2.2 The Fefferman metric

The Fefferman metric associated to CR manifolds was first introduced by Fefferman [14] for
the boundary of strictly pseudoconvex domains in C"*! via an indefinite Kihler metric on
C™*1 x C* called the ambient metric. Burns—Diederich-Shnider [5] gave a construction via the
CR Cartan bundle, and intrinsic characterizations were obtained by Farris [13] and Lee [22].
Here, we introduce the Fefferman metric by following Lee’s formulation.

Let (M,T""M) be a non-degenerate (2n + 1)-dimensional CR manifold. The CR canonical
bundle is the complex line bundle over M defined by

+1 — _
Ky = {g € /\” (CT*M) ’ Zi1€&=0for any Z € To’lM}.
We note that a choice of an admissible frame gives a local frame 8 A §* A --- A 0" for Kj;. The
Fefferman space is the associated S'-bundle
C = K;\}/]R+
over M. If we choose a contact form 6, the Fefferman space is realized as a sub-bundle of K}, as
C2{e"gNO'N---NO" | s € R/2TZ} C K}, (2.1)

where (9, 90‘,0&) is an admissible coframe such that ‘det (h aEH = 1. This realization defines
a tautological (n + 1)-form

E=eONO A AO"

on C. Also, ¢ = e®f' A --- A O™ becomes a global n-form on C uniquely characterized by the
conditions

E=0Nop, Vie=0 forany lift V of T}

see [22, Lemma 3.3].
We also have a 1-form ¢ on C specified by the following proposition.

Proposition 2.1 ([22, Proposition 3.4]). There exists a unique real 1-form o on C satisfying
d =i(n+2)o A&,
o Ndp NP = (Trdo)ic ANON@ANP.

Here, for a 2-form w on M written as w = iw,z0% A 6 + --- in an admissible coframe, we de-
fine Trw := ho‘ﬁwag using the inverse h®? of the Levi form. The 1-form (n+2)o gives a principal
connection form on the S'-bundle C.

By using o, we now introduce the Fefferman metric as the pseudo-Riemannian metric on C

defined by
9" =2h, 5007 + 40 - 0.

We note that our definition of g% is twice the definition of Lee. In the coframe (00 =0,0%, 0%,
gntl = 20), the non-zero components of the metric tensor are

F F F F
908 = 980 = haﬁa 9on+1 = ny10 = 1

If the Levi form has signature (p, ¢) as a hermitian form, then the Fefferman metric has signature
(2p + 1,2 + 1). Moreover, if we rescale the contact form as 6 = eY0, the Fefferman metric
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transforms as §g© = el g". Thus, the conformal structure [gF] is independent of the choice of
contact form [22, Theorem 5.17].

It follows from the formula in [22] of the connection form of g% in terms of the pseudo-
hermitian structure of M that ¢ is conformally flat if and only if M is locally CR equivalent
to the hyperquadric

e e e S e I S I SR L

which is the flat model of CR manifold.

2.3 Chains and null chains

It is well-known that null geodesics of a pseudo-Riemannian metric are conformally invariant up
to reparametrizations. Hence, the projections of null geodesics of the Fefferman metric provide
an invariant family of curves on CR manifolds. Let 7(t) be a null geodesic of g¥. Since g" is
Sl-invariant, the infinitesimal generator K of the S'-action on C is a Killing vector field and
hence g¥(K,%(t)) is constant in .

Definition 2.2 ([14, 17]). An unparametrized curve on M is called a chain (resp. null chain)
if it is the projection of a non-vertical null geodesic ¥(t) of [¢F] with ¢"(K,%) # 0 (resp.
9" (K,%) = 0).

Since K.g¥ = 26, the definition implies that chains are transverse to the contact distribu-
tion H while null chains are tangent to H and null with respect to the Levi form.

For each choice of a direction transverse to H,, there exists a unique chain emanating in
that direction. Thus, chains can be considered as ‘geodesics’ in CR geometry. In fact, they
are characterized as geodesics of a Kropina metric on CR manifolds, which is a Finsler metric
singular along H; see [9] and Section 5.2 below. On the other hand, there exists a 1-parameter
family of null chains which are tangent to a fixed null vector in Hy; see [17].

3 Conformal three-manifolds and twistor CR manifolds

3.1 Conformal three-manifolds

Let (X, [g]) be a 3-dimensional conformal manifold (of Riemannian signature). We take a repre-
sentative metric g € [g] and let R;;*; be the curvature tensor of g, defined by (V;V;—V;V,;) X* =
Rz-jle !, Since the Weyl curvature always vanishes in three dimensions, we can write as

Rijr = Pirgji — Pirgi + Pugix — Pugj (3.1)
with the Schouten tensor
1
Fij i= Rij — 1 Rgij-

Here R;j := Ryi" ;j is the Ricci tensor and R := Ri" is the scalar curvature.
The Cotton tensor C = (Cjj) € I'(T*E ® A*T*X) is defined by

C(X,Y,Z2):=(VzP)(X,)Y) = (VyP)(X,Z), ie,  Cijp=VyPj;—V;Py.

Since ¥ is 3-dimensional, the Cotton tensor is conformally invariant, and identically vanishes if
and only if (X, [¢g]) is conformally flat.
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If 3 is oriented, we have the cross product Z = X x Y € T,,X of tangent vectors X,Y € T,X.
In the index notation, it is given by

7' =& XYF,

where ;55 = €[] is the volume form of g:

1 . A
voly = geiﬂ.ﬂ’ AGT A G

Applying the Hodge star operator to the Cotton tensor, we define «C' € I'(T*¥ ® T*X) by

1
(*C)ij = §€jklcz‘kl,

which is characterized by the equation
C(X,Y,Z) = (xC)(X,Y x Z).

Since Cjjy, is trace-free by the contracted second Bianchi identity, (xC');; becomes a symmetric
2-tensor.

3.2 Conformal geodesics

Although geodesics of a Riemannian metric are not conformally invariant, there is an alternative
conformally invariant family of curves on conformal manifolds, called conformal geodesics. They
are characterized by the conformally invariant third order ODE

EE i + 2P (i, &)d — |&[*P(&) = 0. (3.2)

ViVid — Vid +
Here, we set P(i,4) := P;ji'4? and P(#)' := P';iJ. We refer the reader to [2] for a derivation of
this equation by using the tractor calculus, which is an invariant calculus in conformal geometry.
Conformal geodesics are also called conformal circles since these curves are circles and straight
lines when g is the Euclidean metric.

It is shown in [1] that if z(¢) is a solution to the equation (3.2), a reparametrized curve Z(t) =
x(p(t)) solves (3.2) if and only if ¢(t) is a projective linear transformation: ¢(t) = (at+b)/(ct+d).
Hence, we call a solution to (3.2) a conformal geodesic with a projective parameter. In [1], they
also prove that one can define an equation for ‘unparametrized conformal geodesics’ by taking
the #-orthogonal part of (3.2).

Proposition 3.1 ([1, Proposition 4.2]). A regular curve x(t) can be reparametrized to sat-
isfy (3.2) if and only if it satisfies the equation

|&[?
In this paper, we always consider conformal geodesics as unparametrized curves, and we say

a regular curve x(t) is a conformal geodesic if it satisfies (3.3). We note that if z(¢) has a constant
speed ||, the equation (3.3) is reduced to

@A (ViVid — |22 P(d)) = 0 (3.4)

@A (vivﬁcg‘c - Vi — |5c\2P(a';)> =0. (3.3)

since g(&, Vz2) = 0.
Conformal geodesics are also characterized as follows.

Proposition 3.2 ([1, Proposition 3.3]). A regular curve x(t) is a conformal geodesic if and only
if there exist a metric g € [g] and a reparametrization such that

Vi = P(i) = 0.
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3.3 Twistor CR manifolds

We will define the twistor CR manifold M over (X2, [g]), which was introduced by LeBrun [21]
as a 3-dimensional analogue of Penrose’s twistor space for anti-self dual conformal 4-manifolds.

We extend a representative metric g € [g] on T*¥ to a complex bi-linear form on CT*3 and
define a 7-dimensional manifold M as the set of complex null covectors:

M = {¢ € CT*S | g(¢,¢) = 0, ¢ # 0},
By taking the quotient by the C*-action, we obtain a 5-dimensional manifold
M := M/C* C P(CT*%).

We denote the natural projections by 7: M — M, m: M — 3. Note that the fiber of 7 is
biholomorphic to {[¢] € CP? |2+ 2+ (2 = 0} = CP!.

Let o := (¢;da')| .y, be the canonical (tautological) 1-form on M and set w := da. Then,
the distribution

D:=Kerw={ve CTM | vaw = 0}
is C*-invariant and we can define the distribution 7,0 C CTM. LeBrun [21] proved that
T'YOM :=#,.D

becomes a non-degenerate CR structure on M whose Levi form has signature (1,1). The con-
struction depends only on the conformal class [g], and (M ,THOM ) is called the twistor CR
manifold over (X, [g]).

The CR structure TVYM can be described in terms of coordinates as follows. Fix a point
rg € ¥ and let (2%) be normal coordinates centered at ¢ with respect to a representative metric

g € [g].

Proposition 3.3. For any point [(] € 7~ (x¢), we have

and the projection T : ﬁg — T[ldoM induces the isomorphism

L0y o i 9 N 9
TgM=CCa59 ({w’a@ Giw _0}/%64)'

See [24, Proposition 6.1] for the proof.

4 The Fefferman metric and (null) chains
of twistor CR manifolds

Let m: M — X be the twistor CR manifold over a conformal 3-manifold (X, [g]). We will describe
the Fefferman metric for M and compute its geometric quantities.
We fix a representative metric g € [g] and define

C:={CeM|[g(¢.¢) =1} ={¢eCT"S[g(¢,¢) =0,9(¢.0) =1},

which is an S'-bundle over M: C/U(1) = M. We show that C gives a double covering of the
Fefferman space C and construct the Fefferman metric on C instead of C.
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4.1 An adapted frame on C

Let /(\CZ) be the fiber coordinates for (;dz’ € CT*Y associated to local coordinates (z°) on X.
On C, it holds that

CG=0,  ¢G=1.

By using the metric, we identify (;dz’ with the complex tangent vector

;0
<:C8mi

and regard that ¢ also represents the global section of the vector bundle #~1(CTY) over C. , Where
7: C — ¥ is the projection. We (locally) choose an orientation of ¥ and define a real vector

i 0
n=n'g 5 €T (TY)

=i x { =2Re( x Im¢(.
Using the volume form ¢;;;, of g, we can write as
P = ieMGG.
The property of the cross product gives

gmm) =1,  g(n.¢)=g(n¢) =0,
nx ¢ =i, ¢ xn=iC.
(In the index notation, one can use the identity sz-jksilm = Gji9km — Gkigjm to verify these
equations.)
Since the conditions g(¢, () = 0, g({ ¢ ) = 1 are preserved by the parallel transport of ¢, we

can define the horizontal lifts of tangent vectors on X to C. Let F” be the Christoffel symbols of
the Levi-Civita connection of g. Then, the horizontal lift of the tangent vector 9/dx' is given by

J 0

o ~
5 o + 1" —= e TC.

+ Fzkak 8<_
J

¢

Note that this vector transforms tensorially in the index ¢ under coordinate changes. The
annihilators of the horizontal distribution on C are given by

0Gi == d¢; — T Gda®, 8¢, :=d(; — Tp? (;da,

which also transform tensorially.
Using these notations, we define a frame (T Z1, Z, Zl, Z27 K ) for CTC and its dual coframe
(9 0',62,6',6% 93) by

: .0

and
6:=mda', 01 =Gda!,  0i=ifaG, 6= (T8¢ — 6C) = —iCIag;.

Note that these vectors and forms are independent of the choice of coordinates and globally
defined if ¥ is globally oriented. We also note that K agrees with the infinitesimal generator of
the S'-action on C.

We shall prove that this indeed gives a (co)frame which is ‘adapted’ to the CR structure
on M.
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Proposition 4.1.

(1) The 1-from 0 descends to a contact form on M.

(2) The 1-forms 01, 62 are horizontal with respect to C — M, and for any local section
s: M — C, the set of 1-forms (0,0* = s*0',6% = s*6%,6' = 01,6 = 62) gives an ad-
missible coframe on M.

Proof. We take normal coordinates (z') around a fixed point g € ¥ and work at a point
pE 7T71(:E0) C M.

(1) Since each coefficient 7; is a U(1)-invariant function, 6 descends to a 1-form on M.
Moreover, by Proposition 3.3, # annihilates T"9M @ T%'M hence is a contact form on M.
We note that the projection T of T to M is well-defined since T is U(1)-invariant, and it
gives the Reeb vector field of §. In fact, T is represented as T = 7’ (8/ 8xi) at p, and since
deyjk(xo) = 0, dgij(zo) = 0, we have dn;(T) = 0, n'dnp; = 0 at p and hence 0(T) = nn' = 1,
Tido =T, (dm A dxi) =0.

(2) Since ' (K) = 62(K) = 0, these forms are horizontal. By Proposition 3.3, we see that 6!
and 62 annihilate 7%'M. Moreover, ' (T) = 62 (T) = 0 implies 6'(T) = 6*(T) = 0. Thus,
(9, 6', 62, 0", 02) is an admissible coframe. |

We remark that 6 and 62 do not descend to 1-forms on M. In fact, if we denote the action
of A€ U(1) on C by dy: C — C, we have

550 = N\0Y,  5%60% = N2
Thus, (9~1, éQ) can be considered as a ‘twisted’ or ‘weighted’ coframe for TH0M.

We also note that if we replace g with § = e2Tg, T € C*°(X), we have nt=e Ty, 0 =eTny
and hence the associated contact form is rescaled as § = e¥6.

4.2 The differentials of the adapted coframe

We will compute the exterior derivatives of the adapted coframe defined above. We use the
following lemma in computations in normal coordinates.

Lemma 4.2. Let (2%) be normal coordinates of g centered at a point xo € ¥.. Then, we have
dzd =m0+ 0+ 0, d¢ = —i(n;6% — ¢;6%),  dnf =i(¢T0° — (67 (4.1)
at any point p € m(xg) C M.
Proof. At p, we have
da’ (T) =1, da’ (Zl) = (J, da’ (Zg) =d2’(K) =0,
from which we obtain the first equation in (4.1). Similarly, we have
dG(T) = d¢;(Z1) = d¢i(27) = d¢i(Z5) =0, d¢(2) = —imy,  AG(K) =G,
and obtain the formula for d¢;. Finally, using de;ji(z0) = 0, we compute as
dn =1d¢ x ¢ +i¢ x d¢ = (nf® — ¢6%) x { — ¢ x (nf? — (6°) = iCH? — i¢H?

at p. |
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Proposition 4.3. We have
A = i(6' A 6% + 6% A 6Y),
do' =0 A 6% — 16" A 63,
6% =i(P(¢,C) + P(1,m)0 A 6" +iP(¢,C)0 A" —iP(¢,n)8 A6 —i6% A 6P,
6% = —iP(C,n)0 A G +iP(¢,n)0 A G +2iP(¢, )8 A 6" +i6% A 62, (4.2)
Proof. We compute in normal coordinates around zg € 3. By (4.1), we have
A9 = dm Ada’ =i(61 A G2 + 62 A 6Y),
do' = d¢; Ada’ =10 A 6% —i6' A 63,
To compute df?, we note that
1
d(ijld:n’“) = §kal]‘d1’k Adz™
1

~ 3
= (Pklgmj + ijgkl)dwk A dz™

(Prigmj — Prmigri + Pmjgri — Prjgmi)dz® A dz™

holds at p € 7 1(zp) since I';;*(z¢) = 0. Using this equation and (4.1), we have
d6? = idy? Ad¢ — in?¢'d (T pda)
=idp’ A d¢; — injCl(Pklgmj + ijgkl)d:vk A dx™
=i(C10% — ¢76°) A (m;6° — (6%)
— i1 ¢! (Puagmj + Prnjgna) (0 + C¥0" + ¢F0") A (™0 4 T70" + ¢™0")
=i(P(¢,C) + P(,m)0 AG" +iP(¢, )0 AG" —iP(C,n)8" A G —i62 A 6°.
The computation of d63 is similar, and we omit it. |

It follows from the first equation in (4.2) that
A9 =i(6' A 6% + 6% A 6Y)

holds for the admissible coframe 6 = s*6', 62 = s*62 determined by a local section s: M — C.
Hence the Levi form is given by

0 1
(haE) = (1 0) )
which indeed has signature (1,1).

4.3 The Fefferman space for twistor CR manifolds

Let C = K;; /R, be the Fefferman space over M. For simplicity, we assume that X is globally
oriented, and let § = n;dx" be the contact form determined by a choice of representative metric
g € [g] as above. We embed C into K;; as in (2.1) by 0, and define the mapping

w: CA—>C, ur—>(9A9~1/\9~2)u
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by using our twisted coframe (él, 52) for T1OM. Since we have
S (OO NO%) =22 (0 A0 AO?)

for the action of A € C*, the mapping w becomes a double covering map.
We will compute the pullback w*¢" of the Fefferman metric, which we also denote by g¥ and
call the Fefferman metric on C. We set

Ei=w E=0N0" NG, o= w*p, 6:=w'o,
where £, ¢, o are the differential forms defined in Section 2.2.
Lemma 4.4. We have ¢ =0 A 0% and 6 = %é‘g

Proof. The 2-form ¢ = 01 A 02 satisfies £ = 0 A @ and Vi = 0 for any lift V of T since
Tip = Kop = 0. Thus, it satisfies the required characterization. By Proposition 2.1, & is
characterized by the conditions

dé = 4i6 A€,
GAAPA G = (Trds)iG AOAGAQ.
By (4.2), we have
dE =21 NE, P AdpAG=0.
Moreover, since
6% = 2iP(¢, )0 A OT +i62 A G2 + - = 20P((,C)0  AOL +102 N0 + -+
we have Trd6® = 0. Thus, we obtain 6 = %153 |
Since g" = 2h,50% - 05 +46 -6 = 2ha39~°‘ 08 +40 - &, we obtain the following theorem.
Theorem 4.5. The Fefferman metric on the double covering C is given by
g =2(0"-02+6*-0"+0-6%
in the adapted coframe.
The non-zero components of ¢ in the adapted coframe (9‘0 =4, 51, 52, 07, 55, 53) are

F F F F F F
9153 = 931 = 991 — 979 — 903 — 930 — L. (4'3)

4.4 The connection form of g¥

The connection 1-forms w,? of the Fefferman metric are computed as follows.

Proposition 4.6. In the coframe (50 = 9,51,52,97, 95, é?’), the connection forms of the Levi-
Civita connection of g¥ are given by

0 0_ 15 0_ 11 0
Wy = 0, w1 = 59 N Wy = 59 s w3 = 0,

1 i 02 1 i n3 1 i 1 1 1 i nl
wo = 59 s Wl = —59 s CL)2 = —597 wT = O7 OJ§ = 07 W3 = 59 s

wo? =iP(¢, )0 +iP(¢,C)8" +iP(¢, ¢)bY,
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wi® = —iP(n,n)0 — iP(C,n)0" —iP(C, )",

2 2 o _ 1z
wi® =0, wy” =0, w3:§9,

wo® =0, wi® =1P(C,n)0 +iP(C,C)0" +iP(¢, Q)0 we® = 67, ws® =0

and the complex conjugates of these forms.

Proof. It suffices to check that these forms satisfy the structure equations
Ghwa + ghw® = dghy, df* = 6° A wy®.

Since the metric tensor is given by (4.3), the first equation is equivalent to

(,UQ3 =0, (A)oj + w13 =0, wOT + w23 =0, W()O + W33 =0,
wljz 0, wlT—Hugf: 0, w2 +WT§: 0, Wit —Hugj: 0,
w10 + w3§ =0, sz =0, w21 + w; =0, WQO + UJ3T =0,
wgo =0

and these are satisfied. We can also verify the equation
A6% = 0 A wo® + 6" Awr® + 0% A w® + 08 A wp® + 62 Awy® + 0% A ws®
for a = 0,1,2,3 by using (4.2).

4.5 The curvature form of g¥

It is straightforward to compute the curvature form

1 .
0,0 = dw,® — W Awel = indbaﬁc A 6

by using Proposition 4.6 and the equations (4.1) and (4.2). Since ,° satisfies the same symme-

tries as in (4.4), we present only 0%, 012, 9250, o1, 21, 02, 22, 0,2, Q2.

Proposition 4.7. The curvature forms of g¥ are given by

0" = LP(Cn)0 A B+ SP(Cn)o A d,

0,0 = %P(Z,Z)G/\él + %P(C,Z)e NG — ieﬁ/\ 6°,
1 = 1 -
o_ L 2 Lz 73
Qo —49/\0 49 A6,

1 ~ 1 ~ = 1= ~
Qo' = —5POmo A 0 + 5P o' A Ot + 192 A3,
11z 53 1am o7
Qs _40 N +49 N
_ - 1 - — 1 -
Q* = (+C)(¢, Q)0 A 0" = SP(mm)0 N 6* = (+C)(C, QO A O+ S P )0 A 67
- %P(Z, n)0' NG + (+C)(¢,m)0" A6 + %P(C,Z)él NG+ %P(C, )6 A6

+5PGOF A,
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Q2 = %P(g, no A6 + éP(c,Z)él AGT + 352 A 62,

Qf::—@CﬂanWAél—%P@;m9A§l+@CXQHWA5T+%P@ﬂﬂGA@
- %P(Z, OFL A 6% — (+C)(n, ) A O+ %P((,Z)él NG+ %P(C,Z)éz A6t
+ %P(C, )6 A 62,

0,7 = LPCn)o A8+ S P00 Ad

The other components are computed by the symmetry and the reality of the curvature form.

It follows that the non-zero components of the curvature tensor are

RoFlo§ = %P(n’”)’ Rgiﬂ = —éP(C,n), R0F§23 = _i
Rig=—(C)(G0),  Blyg= (0G0, Rigy=—3PGn),
Rip, = %P(Z, m), Rijpor = —%P(C,n), Rigyg = —(+C)(¢,m),
ROFTls = _%P(QZ)’ Rgﬁ?) = _%P(C’O7 szﬁ = %P(sz)v
Ry = _%7 Ripyy= —%P(C,Z), Riars = i’

R%ﬁ = (xC)(n,n)

and the components which can be obtained from these by the symmetry Rancd = R[F(;b] fed] = Rfdab
and reality of the curvature tensor.
The non-zero components of the Ricci tensor

F F F I F F F
Ry = Ry gy, + By, + Boyqy + B0 + Roasy + R3aop

are given by
Ry =2P(n,n), Ry =2P((n), Ry=1,
R}, =2P(C,0), Rj7=2P(C.(), Ri=1
It follows that the scalar curvature vanishes,

F F F F
R == 2(R1§ + RQT + R03) == 0

The Schouten tensor is equal to be = iRgb, so the non-zero components of the Weyl curvature

1
F F F F FF F F F
Wabea = Baped — 1 (Rac9ba — Ric9oa + Roadac — Raadoe)

are given by

Worgr = =(:C)(G.0), - Woggr = (O)(¢, ),

Wit = —GC)(Gm), Wipg = (+C)(n, )
and the components which can be obtained from these by the symmetry and reality of the Weyl
tensor. Since (C ,C, 17) gives a basis of CT'Y at the base point, we obtain the following theorem.

Theorem 4.8 ([23, Theorem 6.7] and [25]). The Fefferman space (é\, gF) is conformally flat if
and only if (X,[g]) is conformally flat.

This also implies that the twistor CR manifold M is locally CR equivalent to the hyperquadric
if and only if (X, [g]) is conformally flat.
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4.6 Null geodesics of g

To examine the projections of chains and null chains to ¥, we compute the null geodesic equation
for the Fefferman metric. We fix a representative metric g € [g], and let y(t) = (¢*(t), ;(t)) be
a curve on C such that the projection z(t)= (z'(t)) is a regular curve on Y. In the adapted
coframe (90 0,6,62,6',6% 93) the components 4% := 6(¥) are given by

it = Git = g(¢. @),
§* =i (G — Tiy'Gd™) = ig(n, Vi),
i =/ . A —. — . —
3P = —5(@ (G — Tkj' ™) — (¢ — Th' i) = Img (¢, ViC) = —ig(¢, V().
where V is the Levi-Civita connection of g. The nullity of ~ is written as
9" (3,9) =2(v'4* +4°4") + 24°4° = 0. (4.5)
Let V¥ be the Levi-Civita connection of g¥. By Proposition 4.6, we can compute the acceleration

VEY® = 4%+ wo(1)3° + w1 (N7 + w2 ()3 + wr (1A' +wg ()7 + ws (1)

as follows:
V40 = 4",
vEy =41,

VE4? =52 +iP(¢,m)(1°)° +i(P(¢,C) — P(n,n))3%4" +iP(C, Q)30
—iP(C,n) (3Y)* —iP(C. ),
VESS =50 +iP(C,n)3%" —iP(¢,m)A 4 +iP(C,0) (31)” —iP(¢. O (31)”

Hence, v is a geodesic of g™ if and only if
10 = const, 11 = const,
and

1P ) (3°) +i(P(¢,C) — Pln,m)3%3 +iP(C,0)5%4"
—iP(n)(31)° PG =0, ) (4.6)
5 +1P(C,m)304" —iP(C,n)A%" +iP(C, Q) (31) —iP(¢, ) (31) = 0. (4.7)

We will derive the equation satisfied by z(t) from the null geodesic equation for ~(¢). We
note that for any V, W € CT,X, the identities

V=g(V.n)n+g(V,0)¢+9(V,¢)¢,
gV, W) = g(V,mg(W,n) + g(V, Q) g(W, <) + g(V,¢)g(W, Q)

hold on #~(z) C C. In particular, we have

& =4 +57C+4C, @ = (30 + 2151 (4.8)
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Lemma 4.9. For any curve v(t) = (z(t),((t)) on C, it holds that

9(VaVal,O) =1 — [ = ()" 9(VaVat.0) = ()",
9(VaViCm) = =1 + 447, 9(VaVin, Q) =57 +3°5,
9(VsVan,n) = —2|37|%. (4.9)

Proof. We only prove the identity for g(V;V;n, () since the other cases are similar. Using the
identities noted above, we have

d _
ag(vﬂ% ¢)—9(Vin, ViQ) = —&9(777 Vi) — 9(Vin, Q) g(Vit, )

. '
= =290, Vi) + 90, Va0 (V3(,0) = 152 + 4247 "

9(ViVin, ¢) =

Now we are ready to prove the following.

Theorem 4.10. Let g € [g] be a representative metric and let v(t) = (x(t),((t)) be a null
geodesic of gF on C such that the projection x(t) is a reqular curve on 3. Then, |i|4 is constant,
and x(t) satisfies

ViVii — |i2P(&) = — (2|32 + (4°)? + P(a, &) (4.10)
In particular, x(t) is a conformal geodesic of (3,[g]).
Proof. We prove that the inner products of both sides of (4.10) with ¢, n coincide.
Since v is a geodesic, 4% and 4! are constant. Hence, by (4.8), || is constant and we have
ViViid — [ P(#) =3V Vin + 3 Vi Vil +5'VaVil
= (") + 213 ) 3P + 41 P(Q) + 41 P(O)).

By using (4.9), we compute as

9(VaVai — 22 P(@),¢) = 4°9(VeVan, ) + 3 9(VaVa(, Q) +4'9(ViVal, C)
—((3)? + 25" ) (3°P(1.Q) + 4" P(¢, ) + 5" P(C.))
= %92 + %292 + 71 ()" - i914° — 4142 - 41 (5%
—((3")* + 214* ) (3°P(¢,m) + 41 P(C.Q) + 4 P(¢,0)).
By the nullity (4.5), we have

202223 (

04243 + 41 (32)° = 452 = — 2452

Moreover, the geodesic equations (4.6) and (4.7) give

1557 = PC0)(1°)" + (P(¢.Q) = Po.m) (3°)4" + PG QO (5°) 4
= P(Cn)i"(3")" = P(Gn) 0|w|
S = =P+ P - PO Y+ PG O

Substituting these expressions, we obtain

9(ViVai = |#P(#),¢) = =29' 3 = 4" (5°)" - 4" P (. )
—@22] + (3%)° + P(é, &) (&, Q).
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Similarly, we compute as

9(ViVai — |2 P(@), 1) = 3°9(VaVan,n) +39(VaVal,n) +4'9(VaVil,n)
-((3)° +2W!2) °P(n,m) + 4 P(C,n) + 4 P(C.m))
= —29%42° — 1757 + 414255 + 19152 + 412

—((3)7+ 2|3 ) 3°P (. m) + 5" P(C.m) + 41 P(C.m)).

By the nullity and the equation (4.6), we have
1.3, T.2. L0/:3\2
4258 4 414248 = _70(73)

and

—iT5 41542 = —P(Cn) (4 );y P(C n)(;YO)Qq./l_Q(P(C’Z)_P(77777)),-YO’;)/1’27
‘P“ O ()= P(COA () +2P )3 3 + 2P '

Substituting these expressions, we obtain

9(ViVid — |2 P(@), ) = —23°132]7 = 5°(5)% = 4°P(4, &)
2P+ (3%)° + P, i) g(i,n).

Thus, x(t) satisfies (4.10). In particular, it satisfies the conformal geodesic equation (3.4) for
curves with constant speed. |

By definition, a (null) chain (z(t),[((¢)]) is the projection of a non-vertical null geodesic
v(t) = (z(t),C(t)) on C to M. If the constants 4° = g(n,d), 4' = g(¢,#) are both equal
to 0, then we have & = 0 and the projection z(t) is a constant curve on . Otherwise, it is
a regular curve and hence a conformal geodesic on ¥ by the above theorem. Thus we obtain
Theorem 1.1 (1).

As an application, we have the following.

Theorem 4.11 (cf. [25]). Let M;, i = 1,2 be the twistor CR manifolds over conformal 3-
manifolds (X;,[gi]), i = 1,2. If f: My — Ms is a bundle isomorphism which is a CR equivalent
map, then the underlying map f: (X1, [g1]) — (X2, [g2]) is a conformal isomorphism.

Proof. Since f maps any (null) chain on M; to a (null) chain on M, f maps conformal
geodesics on ¥; to conformal geodesics on ¥y. Hence, by [20, Theorem 2.3], f is a conformal
isomorphism. [

4.7 Canonical lift of conformal geodesics

Theorem 1.1 (2) asserts that we can lift a conformal geodesic z(t) to a unique (null) chain on M
once we choose a lift of the endpoint x(a); we prove this in Section 5.1 below. Here, as a special
case, we present a canonical lift of a conformal geodesic to a chain.

Given a regular curve z(t) on X, we take a complex vector field ((¢) along x(t) such that
(vV2Re(,v/2Im () gives an oriented orthonormal basis of @1 with respect to a metric g € [g].
Such a ((¢) is determined by the conformal structure [g] up to C*-action, so we have a canoni-
cal lift

on M. Note that Z(t) is transverse to the contact distribution since 6(z) = |&|? # 0.
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Theorem 4.12. The curve &(t) is a chain if and only if x(t) is a conformal geodesic. Moreover,
for a conformal geodesic x(t), a <t <b, the curve Z(t) is a unique chain through (x(a),[((a)])
which projects to x(t).

Proof. If Z(t) is a chain, then z(¢) is a conformal geodesic by Theorem 1.1(1). Conversely,
suppose z(t) is a conformal geodesic. By the characterization of conformal geodesics given by
Proposition 3.2, we may take a representative metric g € [g] and a parametrization ¢ such that
Vi@ = P(x) = 0 and |#| = 1. Since & is parallel, we can take ((¢) as a parallel vector field
along z(t). Then, v(¢) := (x(¢),((t)) becomes a curve on C with

n=#  i'=1, i =5"=3=0.

In particular, it is a null curve. Noting that P(n) = 0, we see that (t) satisfies the geodesic
equations (4.6) and (4.7), and hence Z(t) = (z(t), [((t)]) is a chain on M.

Next, we prove the uniqueness. Suppose that c(t) is a chain through (z(a),[¢(a)]) which
projects to a conformal geodesic x(t), and let 7.(t) = (x(¢),(.(t)) be a null geodesic on (5, J"),
the Fefferman space determined by g above, which projects to c(t). Then, 40 = g(n.,#) and
At = g(¢., ) are constant by the geodesic equation. Since 4%(a) = |i(a)*> = 1, (a) = 0, we
obtain that n.(t) = &(¢t) for any ¢ and hence c(t) = Z(t). [

5 A variational principle for conformal geodesics
in dimension three

5.1 Relations to the unit tangent sphere bundle and the frame bundle

We will give an alternative description of the previous constructions in terms of the frame
bundle over 3. We fix a representative metric g € [g] and let P be the SO(3)-bundle of oriented
orthonormal frames over (3, g). Then, the map

f: C= P, (¢~ B=(V2Re(,V2Im(,n) (5.1)

gives a bundle isomorphism. The action of U(1) on C corresponds to rotations of the first two
basis vectors in B. Thus, the twistor CR manifold M = C/U(1) is isomorphic to the unit tangent
sphere bundle of (X, g) by the following map:

M — 8%, [C] — 7. (5.2)
Let
o 0 WP —w
p=1*|: TP —R} w=[-w? 0 W'|: TP —s0(3)
¢3 w2 7w1 0

be the canonical 1-form and the Levi-Civita connection form of g. These forms are related to
the adapted coframe {9, 0%, 02,662 93} on C as follows.

Lemma 5.1. We have

V2Re 0! 0 63 —/21m 62
f*é6=1+v2Imé! |, ffw= —6° 0 V2 Re 92
0 V2Im 6% —+v/2Re6? 0



20 T. Marugame

Proof. We fix a point 29 € ¥ and take normal coordinates (z%) of g around xg. Then, at any
point ¢ € Cy,, we have

V2Re tC dat
ffo="Bdr = [ v2Im?¢ | | da?
tn d$3
and
V2Re t(
ffo="BdB = |v2Im*C | (V2Red¢ +2Imd¢ dp),
n
where we write (, 17 as column vectors. Thus we obtain the desired formulas. |

We define the Fefferman metric G¥ on P via the isomorphism (5.1): g¥ = f*GY. Then, the
above lemma and Theorem 4.5 prove the following.

Proposition 5.2. The Fefferman metric G¥ on P is given by
GF:2(¢1'W1+¢2'W2+¢3'W3).
Remark 5.3.

(i) If we denote by R4 the right action of A € SO(3) on P, we have

¢1 ¢1 wl wl
]_%:k4 ¢2 — A—l ¢2 7 RZ w2 — A—l w2
¢3 ¢3 w?) w3

Hence, G is a right SO(3)-invariant metric: R%GY = G

(ii) Since the conformal class of the Fefferman metric is invariantly defined from the CR struc-
ture, the conformal manifold (73, [GF D should also be canonically associated to (3, [g]).
This can be checked directly as follows. Let g = ¢2T¢ be another representative metric
and P be the oriented orthonormal frame bundle for g. Then, we have the canonical
bundle isomorphism

0: 77%7/5, B+——e I'B.
We denote by <$, @ the canonical 1-form and the connection form of § on P. Then, we
have 6*¢ = ' ¢ and the conformal transformation formula for the Levi-Civita connection
gives

6*@1 — (/Jl + T3¢2 _ T2¢3,

(5*0/52 — w2 + fr1¢3 _ qubl,

6*&\)3 _ w3 + T2¢1 _ T1¢2,
where we set T := ¢'(grad,Y) € C*(P), which is well-defined since ¢ is horizontal. Thus,
the Fefferman metric G¥ on P satisfies

§*GF =T GF.
(iii) The conformal metric G¥ on P is also considered by Holland [16], and it is proved in [16,

Section 3.5.4] that null geodesics of this metric project to conformal geodesics on X. This
gives another proof to Theorem 4.10.
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In Section 4.7, we defined a canonical lift of a regular curve z(¢) on ¥ to a curve Z(t) =
(x(t),[¢(t)]) on M which becomes a chain if and only if x(¢) is a conformal geodesic. This lift
corresponds to the curve (z(t), z(t)/|%(t)|) on ST via the isomorphism (5.2). Thus, if we regard
S as the twistor CR manifold, Theorem 4.12 yields the following.

Theorem 5.4. For a regular curve x(t) on (X,g), the curve Z(t) = (x(t), £(t)/|%(t)|) on SX is
a chain if and only if x(t) is a conformal geodesic of [g]. Moreover, for a conformal geodesic x(t),
a <t <b, the curve T(t) is a unique chain through (z(a),x(a)/|t(a)|) which projects to x(t).

We can compete the proof of Theorem 1.1(2) by making use of the right SO(3)-invariance
of G¥.

Proof of Theorem 1.1 (2). Let z(t), a <t < b, be a conformal geodesic on ¥ and 7y € Sy(4) 2.
Take a null geodesic v(¢) on (P,G¥) which projects to the chain Z(t) = (x(t),&(t)/|E(t)]).
We choose A € SO(3) so that the third basis vector in R4(7y(a)) coincides with 79, and set
7' (t) := Ra(y(t)). Since G¥ is right-invariant, 4/ is also a null geodesic. Projecting 7/ to S¥,
we obtain a chain (g(no, #(a)) # 0) or a null chain (g(no, #(a)) = 0) through 7. The uniqueness
also follows from that of Z(t) and the fact that a lift of chain to a null geodesic is uniquely
determined by the initial value. |

5.2 The Kropina metric for chains on S¥ and a variational
characterization of conformal geodesics

Hereafter, we identify the twistor CR manifold M with the unit tangent sphere bundle S for
g € [g], and consider the Fefferman space (797 GF) instead of (CA, gF). We also write K for the
infinitesimal generator of the S'-action on P.

To derive a variational principle for conformal geodesics, we first recall from [9] a character-
ization of CR chains as geodesics of a Kropina metric.

Definition 5.5. Let s: U — P be a local section defined on an open subset U C S¥. The
Finsler metric

GF(S*§7 3*5)

F('ia‘f) = GF(K,S*f) )

FeU, ¢eT38%\Kerf

is called the Kropina metric on U associated with s.

We note that the condition & ¢ Ker 6 is equivalent to G¥ (K, 5.£) # 0, and F is not defined
on the contact distribution.

Theorem 5.6 ([9]). A curve &(t) on U C S which is transverse to the contact distribution is
a chain if and only if it is an (unparametrized) geodesic of F.

For a regular curve x(t), a <t < b, on X, we consider the Kropina length of the lift Z(¢) :=
(t),&(t)/|z(t)|) associated with a section s: U — P on a neighborhood U C S¥ of the curve
t

(x
Z(t), and define the functional
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we have
F(z(t), i“(t)) =23 (s*i)

If x(t) is a conformal geodesic, Z(t) is a chain by Theorem 5.4, and hence z(t) is a critical
curve of Z by Theorem 5.6. To prove the converse, we will show that the variation of the
Kropina length in the vertical directions always vanishes.

Proposition 5.7. Let ~(t) = (x(t),B(t)), a < t < b, be a curve on P which projects to
Z(t) = (x(t),z(t)/|z(t)]). Let v.(t) be a variation of v(t) fizing the endpoints such that the
variation vector field (0/0€)|e=07e(t) is vertical with respect to the fiberation P — X. Then,

we have
PGP (3e(),3e(t) .
o) ar (KA

Proof. By the assumption on 7(t), we have

d
de

0
o(¥(@) =10 [. (5.3)

kd
We may assume that the variation is of the form
p)/e(t) = ResX(t)"Y(t) — ’Y(t) . eéX(t)’

where

0 X3(t) —X%(t)
X(t)=|-X3@) 0 X1(t)
X2(t) —X) 0

is an s0(3)-valued function with X (a) = X (b) = O.
For any X € s0(3), we denote by XT the vertical vector field on P generated by X:

X! = 9
0s |,

Resxu, u € P.
Then, we have
(Ra).XT = (Ad(A7 1) x)T

for any A € SO(3) and X € so0(3).
The velocity of the curve ~.(t) is given by

Ye(t) = (Ryex() )« 7(t) + X (1)1

Then, by using the right-invariance of G¥ and the fact that the fibers of P are totally null,
we compute as

GY (Ye, ¥e) = GT ((Raex )iy (Reex )+7)26GY ((Reex )iy, XT) + EGF (XT, XT)
— G¥(%,4) + 26G" (4, (Ad (eX) X)T).

Hence, using (5.3), we have

5| G e =267 (3, XT) = 2|ifw’ (XT) = 203|X°.
e=0
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On the other hand, since K = YT the denominator of the integrand is computed as

GF (K, 7)) = GF (Y1, (Reex )t + eXT) = GF (Ad(eX)Y)T,4) = w3 ((Ad(eX) V)T,

and hence
5 0 0 —xn1\'
—|  GY(K,4) =?(X,Y]) =? 0 0 -Xx? =0.
O¢le=o X' x2 0

Thus, noting that G¥'(K,%) = |#|w3(YT) = ||, we have

d

de

b GE AL 1o [ 5 — ol )
o Jo TGF(K, (1) dt—z/a X3(t)dt = 2(X°(b) — X°(a)) = 0. -

Using this proposition, we prove the following variational characterization of conformal
geodesics.

Theorem 5.8. Let z(t), a <t < b, be a reqular curve on (X,g) and z(t) = (x(t),(t)/|z(t)|)
its lift to S¥. Let F' be the Kropina metric on SY associated with a local section s of P — SX
defined in a neighborhood of Z(t). Then, x(t) is a conformal geodesic on (X, g) if and only if it
is a critical curve of the functional

ZLx(t)] = /abF(f(t),g‘c(t))dt(: z/abw?’(s*in) dt) (5.4)

under the variations fixing Z(a) and Z(b).

Proof. If z(t) is a conformal geodesic, Z(¢) is a chain on S¥ by Theorem 5.4. Thus, Z(t) is
a critical curve for the Kropina length and hence x(t) is a critical curve of .Z for the variations
fixing Z(a) and Z(b).

Conversely, suppose z(t) is a critical curve of . We will show that the Kropina length
functional L is stationary under variations of Z(¢). Let y.(t) be an arbitrary variation of Z(t)
and let V(t) = (0/0¢€)|c=oye(t) be the variation vector field. We take a variation z(t) of z(t)
which has the variation vector field 7,V (¢), where 7: S¥ — X is the projection. Then, we can
write as

V(t) = Va(t) + Va(d),

where Vi (t) := (0/0¢€)|e=0Z(t) is the variation vector field of the lift Z(t) := (xc(t), Zc(t)/|Zc(t)])
and Va(t) € Ker 7, is a vertical vector field. By the assumption, we have L'(V;) = £/ (7, V) = 0.
Since we also have L'(V32) = 0 by Proposition 5.7, we obtain L'(V) = 0. [ |

5.3 The total torsion functional

We will discuss the relation between the functional . and the total torsion functional, which is
defined as follows.

Let z(t), a <t < b, be a regular curve on (X, g). We fix oriented orthonormal basis A =
(e1,e2,@(a)/|i(a)]) € Py and B = (e}, ey, (b)/|(b)]) € Py at the endpoints. Then, we
have the associated orientation preserving orthogonal map

h: j:(a)J‘ — :'U(b)l,
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satisfying h(e;) = e}. This is called the monodromy map in [10]. We also write
P: i(a)t — &(b)*

for the parallel transport along z(t) with respect to the normal connection VL. Then, the total
torsion (functional) is defined by

Tx@t)] :==h"' o P € SO(i(a)t) 2 R/27Z.
Note that the definition of .7 depends on the choice of orthonormal basis A, B at the endpoints.
Proposition 5.9 ([10, Lemma 1]). Let T'(t) := @(t)/|2(t)| be the unit velocity vector field, and
let v(t) € &(t)* be a unit normal vector field such that h(v(a)) = v(b). Then, we have

b
Tz(t)) = —/ g(Viv, T x v)dt mod 27Z. (5.5)

Proof. Let £(t) be a unit normal vector field along z(t) obtained by the parallel transport
of v(a) with respect to V. Using the U(1)-action on i(¢), we can write as

§(t) = u(t)

with a real function a(t) satisfying a(a) = 0. Then, we have 7 [z(t)] = a(b) mod 27Z and
9(Vir, T x v) = g(Viv,T x v) = —d.

Hence, we obtain (5.5). [

Remark 5.10. We added the assumption h(v(a)) = v(b), which is missed in [10, Lemma 1].
We also modified the formula by putting the negative sign.

The formula (5.5) implies that the functional 7 is conformally invariant.

Proposition 5.11. Let T [x(t)] be the total torsion associated with orthonormal basis A € Py

'L a)
and B € Pyp). Let g= e®Yg be a rescaled metric and let T [x(t)] be the total torsion for g
associated with the orthonormal basis e~ YA and e Y B. Then, we have

o~

T x(t)] = T[z(t)] mod 27Z.

Proof. The unit velocity vector field of z(¢) with respect to g is given by T :=e YT, and we
can use U := e~ Yv as a unit normal vector field. Then, we have T X7 = e~ YT x v, where x
denotes the cross product with respect to g. Moreover, the conformal transformation formula
of the Levi-Civita connection gives

Vil =e (=00 + Vav + (0w + (v-T)i) = e L (Vav + (v - T)i).
Hence, we obtain
§(Vir, T X D) = g(Ver, T x v). m
The functionals . and .7 are related as follows.

Proposition 5.12. Let £ be the functional given by (5.4). Let T be the total torsion functional
associated to the orthonormal basis s(Z(a)), s(Z(b)) at the endpoints. Then, we have

Llx(t) =2T[x(t)] mod 27Z.
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Proof. If we write s(Z(t)) = (v(t),V'(t), T(t)), then v(t) is a unit normal vector field satisfying
h(v(a)) = v(b) and we have

—g(Vir, T x v) = —g(Vav, /') = w3(s*§(t)).
Hence we obtain the equation by (5.4) and (5.5). [

It follows from this proposition and Theorem 5.8 that a conformal geodesic z(t), a < z < b,
is characterized as a critical curve for the total torsion functional with fixed A, B under the
variations fixing Z(a), Z(b).

When the curve z(t) is parametrized by an arclength parameter and has non-vanishing
geodesic curvature (V& # 0), we can use

. V&
V|
as a unit normal vector field. In this case, the function

7(t) == g(Vzr, T X v)

is called the torsion (function) of x(t). It is well-known that the torsion is represented as
T(t) _ det(l‘,vzl‘,vzvzx)
|z x V;z|?
for an arbitrary parametrization. It may not hold that h(v(a)) = v(b) for A = s(Z(a)),

B = s(z(b)), but we can change B so that it holds, and this only causes a difference in 7
by a constant ¢ € R/2xZ. Hence, we have

/b det(&, Vi, V3 Vi)

|l" X Vj;i’|2

Tx(t)] = — |z| dt + ¢ mod 27Z

for an arbitrary parametrization. Thus we complete the proof of Theorem 1.2.

Chern-Knoppel-Pedit-Pinkall [10] calculated the variation of the total torsion functional.
We define ¥R € T*Y ® so(T'Y) by applying the Hodge star operator *: A2 T*Y — T*Y to the
curvature tensor R € A?T*Y ® so(TY). In the index notation, we have

1
(*R)ikl = §5iququl'

Theorem 5.13 ([10, Theorem 2|). Let x(t), a < t < b, be a regular curve on (X,g). As-
sume x(t) is a variation of x(t) which fires (x(a),z(a)/|x(a)|) and (x(b),x(b)/|Z(b)|), and
V(t) = (0/0€)|e=0xc(t) its variation vector field. If we define the total torsion T [x.(t)] by
using common orthonormal basis at the endpoints, we have
d
de

where T = & /|%|.

b
Flac(t)] = / o(T x VoVrT + (+R)(T)T, V) i dt,

e=0

We obtain an alternative proof of Theorem 1.2 from this formula. By (3.1), we have

1 .. 1 . ) ) )
(xR)mkl = igmeijkl = 5(£lesz — emt? Pji + emi? Pjt — em' 6 P)

and hence

(*R)(T)T)* = (*R)p," T T" = = (e *; P T T — £, PHT™TY) = —(T x P(T))*.

| =

Thus, we have
T xNoVrT + («R)(T)T =T x (VoV7rT — P(T)),

which implies that the variation of the total torsion vanishes if and only if z(¢) is a conformal
geodesic.
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