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Abstract. We generalise the notion of a Killing superalgebra, which arises in the physics
literature on supergravity, to general dimension, signature and choice of spinor module and
Dirac current. We also allow for Lie algebras as well as superalgebras, capturing a set of
examples previously defined using geometric Killing spinors on higher-dimensional spheres.
Our definition requires a connection on a spinor bundle – provided by supersymmetry trans-
formations in the supergravity examples and by the Killing spinor equation on the spheres –
and we obtain a set of sufficient conditions on such a connection for the Killing (super)algebra
to exist. We show that these Lie (super)algebras are filtered deformations of graded subal-
gebras of (a generalisation of) the Poincaré superalgebra and then study such deformations
abstractly using Spencer cohomology. In the highly supersymmetric Lorentzian case, we
describe the filtered subdeformations which are of the appropriate form to arise as Killing
superalgebras, lay out a classification scheme for their odd-generated subalgebras and prove
that, under certain technical conditions, there exist homogeneous Lorentzian spin manifolds
on which these deformations are realised as Killing superalgebras. Our results generalise
previous work in the 11-dimensional supergravity literature.
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1 Introduction

Killing spinors in mathematics and physics. In both mathematics and physics, there are
special sections of bundles of spinors known as Killing spinors, although the term is used some-
what differently across disciplines. In Riemannian geometry, a Killing spinor on a spin mani-
fold (M, g) is a non-zero section ϵ of a complex spinor bundle satisfying the equation∇Xϵ = λX · ϵ
for all vector fieldsX, where∇ is a lift of the Levi-Civita connection, · denotes the Clifford action
and λ is a complex constant. We will refer to such spinor fields as geometric Killing spinors. Var-
ious generalisations have been considered, including allowing λ to be a function [51] or replacing
λX on the right-hand side of the equation with A(X) where A is an endomorphism field of TM .1

The geometric context has also been generalised, for example by considering metrics with indef-
inite signature [11] as well as spinors in spin-C structures [52] rather than spin structures.

In physics, a not-dissimilar notion of Killing spinors arises in supergravity theories as a condi-
tion for supersymmetry of “bosonic” backgrounds, i.e., those in which all fermions vanish. Such
solutions can be considered as Lorentzian spin manifolds (or generalisations thereof, see [49, 50]),
typically equipped with some other “background” structure, such as higher gauge theory data,
which induces differential forms on the base. Killing spinors are then spinor sections subject
to a differential equation parametrised by the other background data. For example, in 11-
dimensional supergravity, the Killing spinor equation takes the form

∇Xϵ =
1

24
X · F · ϵ− 1

8
F ·X · ϵ,

where F is a 4-form which arises as the field strength of a 3-form gauge potential [36], and in this
case we take the spinors to be real. This equation and its analogues in other supergravity theories
arise by demanding that a supersymmetry variation of the gravitino field vanishes. Typically,
there are further constraint equations (algebraic in the spinor) arising from vanishing variations
of other fermionic fields which supplement the differential Killing spinor equation, although
(outside of Section 3.3) in the present work our focus will be on the differential equation.

Killing superalgebras. The Killing spinors and a restricted set of Killing vectors which pre-
serve all the data of a supergravity background can be arranged into a Killing superalge-
bra [26, 30], a Lie superalgebra which can be thought of as a supersymmetric generalisation
of the algebra of infinitesimal isometries.2 The brackets of this algebra are defined using Lie
derivatives (of vector and spinor fields) and a map known as the Dirac current, constructed via
an invariant inner product on the (s)pinor module, which allows supergravity Killing spinors to
be “squared” (paired symmetrically) to produce Killing vector fields of the restricted type.3

1The term generalised Killing spinor is most commonly used to refer to spinor fields ϵ in the special case
where A is g-symmetric [6, 53], while the more general situation and in particular the g-skew case have also been
studied [40].

2It should be noted that this notion is distinct from that of (geometric) Killing spinors as isometries of
supermanifolds (or superisometries) found, e.g., in [3], although we will discuss cases where the two coincide.

3A previous version of this work (as well as the author’s Ph.D. Thesis [8] from which much of its content is
drawn) used the term squaring map for this construction, following [28, 29, 42], but this usage conflicts with other
works, e.g., [18, 59] where it denotes a polyvector-valued map of which the vector-valued map here called Dirac
current is a component. The updated terminology is also consistent with other related works [10, 22, 23, 32, 33].
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One might wonder whether other types of spinor sections, such as geometric Killing spinors,
can be used to define Killing superalgebras or some analogue thereof. In Riemannian signature,
a symmetric Dirac current map does not always exist; instead, an inner product on spinors
can be used to construct a skew -symmetric pairing of spinors into vector fields. Inspired by
the Killing superalgebras of supergravity, Figueroa-O’Farrill considered the problem of whether,
using this pairing, one can organise geometric Killing spinors into a Killing algebra (rather than
a superalgebra) [24]. He demonstrated that this is indeed the case for the standard 7-, 8- and 15-
spheres and that the resulting algebras are, respectively, a geometric realisation of so(9) which
exhibits the triality of an so(8) subalgebra and realisations of the exceptional Lie algebras E8

and F4. On the other hand, he showed that it is not possible in general to construct such
an algebra on an arbitrary Riemannian spin manifold: the vector fields formed by pairing
Killing spinors may not be Killing vectors (although they are conformal Killing), and the Jacobi
identities provide further obstructions.

Although, as mentioned above, there are conventional choices of Dirac current in Lorentzian
or Riemannian signature, in any signature there may be many choices of such maps which may
be either symmetric or skew-symmetric – these choices were classified in [2]. With any such
choice, it is natural to consider whether one might be able to define a notion of Killing algebra
or superalgebra on a spin manifold using some special type of spinor, and to ask what structure
such algebras might have and what they can tell us about the geometry. Our goal in this
work will be to investigate these questions by considering equations of the form ∇Xϵ = β(X)ϵ
where β is a one-form with values in endomorphisms of the spinor bundle, ϵ is a section of the
spinor bundle and X is an arbitrary vector field. All types of Killing spinors discussed above
are solutions to such an equation. If we define a connection on spinors by D = ∇ − β, then
solutions to this equation are precisely those spinor sections which are parallel with respect
to D;4 we will find that the existence of a Killing (super)algebra imposes conditions on the
connection D. The question of associating such an algebra to an a priori unspecified connection
on spinors was briefly considered in the standard Lorentzian context [42], but our approach
will be more systematic: we allow for arbitrary dimension, signature, N -extension of spinors
and choice of Dirac current (including its symmetry); moreover, we consider more carefully the
global geometric structures required and present the conditions on D in a different manner. We
will also go much further in our analysis of the general structure of these algebras.

Classification of supergravity backgrounds and homogeneity. Much of the interest
in Killing superalgebras in the literature is driven by their application to the classification
of supersymmetric supergravity backgrounds, an important open problem closely related to the
study of string theory vacua; see the recent review [39] and the references therein. An important
organising principle in this effort is the fraction of supersymmetry, denoted ν. The number of
supersymmetries, i.e., the dimension of the space of Killing spinors SD of a background, is
bounded above by the number of supercharges of the theory, and ν is the fraction of this bound
which is attained. For example, 11-dimensional supergravity has 32 supercharges, so ν = dimSD

32 .
Killing superalgebras are especially relevant for analysis of the highly supersymmetric case ν > 1

2
due to a result known as the homogeneity theorem (our Theorem 4.8 is a gloss) which implies that
if ν > 1

2 , the tangent space at every point of the background is spanned by Killing vector fields
of the restricted kind; in particular, the background is (up to local isomorphism) a homogeneous
space for the even part of the Killing superalgebra [28, 29, 42]. Unfortunately, the theorem
is only valid in Lorentzian signature (and for a particular class of Dirac currents), since its
proof relies on the causality of the Dirac current and properties of subspaces of Lorentzian inner
product spaces. Nonetheless, it can happen that local homogeneity still holds in examples in

4Spinors of this type have been referred to as generalised Killing spinors [18, 48], but the term differential
spinors is used in more recent work in this direction [38, 59] in order to avoid confusion with the use of that term,
e.g., in [6, 53].
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other signatures, such as the Killing algebras of geometric Killing spinors on higher-dimensional
spheres [24].

Spencer cohomology and filtered deformations. The homogeneity theorem suggests
that the classification of highly supersymmetric backgrounds might be approached from a new
direction; namely, via a classification of the possible Killing superalgebras. This was first con-
sidered for 11-dimensional backgrounds by Figueroa-O’Farrill and Santi [32, 33, 56] who showed
that these superalgebras are filtered subdeformations of the Poincaré superalgebra; that is, they
are filtered Lie superalgebras whose associated graded superalgebras are graded subalgebras of
the Poincaré superalgebra.5 Filtered deformations of graded Lie superalgebras were studied by
Cheng and Kac [16], who showed that they are governed by the (generalised) Spencer cohomol-
ogy of the graded superalgebra being deformed. It was shown by exploiting the homogeneity
theorem that in the highly supersymmetric case, the subdeformations corresponding to Killing
superalgebras can be parametrised in terms of the Spencer cohomology of the Poincaré superal-
gebra itself, rather than that of the subalgebra being deformed, a significant simplification [32].
Moreover, it is possible to explicitly reconstruct (up to local isometry) a highly supersymmetric
background from the Spencer deformation data associated to its Killing superalgebra. This point
of view allows the classification problem for highly supersymmetric 11-dimensional backgrounds
to be transformed into an algebro-geometric problem; namely, one of determining the admissible
Spencer deformation data [56].

Aim and structure. Our primary goal in this work is to extend the results of [32] to a more
general setting. Many of the same techniques are employed, but care must be taken with some
technical points which are significantly simplified in that more narrow context, including in the
definition of the Killing superalgebra itself, as we will discuss at length. The paper is organised
as follows.

In Section 2, we provide some necessary background on our flat model (super)algebras –
Poincaré superalgebras and their generalisations (Section 2.1) whose filtered subdeformations
we will later study – and on the filtered deformations and Spencer cohomology (Section 2.2)
of graded Lie superalgebras. Additional background, including conventions for (pseudo-)inner
product spaces and spinors (Appendix A.1), ordinary and spinorial Lie derivatives (Appen-
dix A.2), gradings and filtrations (Appendix A.3) and homogeneous spaces (Appendix A.4) can
be found in Appendix A.

In Section 3, we first tackle the question of whether, given a connection D on a bundle of
spinors, one can define a Lie (super)algebra using the D-parallel spinors and some restricted set
of Killing vectors. The answer is given in the form of Theorem 3.5, our first main result. We
then formally define a class of admissible connections and their associated Killing (super)algebras
(see Definition 3.6). Our second main result, Theorem 3.10, shows that each such algebra is
a filtered subdeformation of one of the generalisations of the (N -extended) Poincaré superalgebra
discussed in [2], called here flat model (super)algebras. This generalises the result known in the
11-dimensional Lorentzian case [32, Theorem 12] and implicitly deduced in other dimensions [10,
22, 23]. Some comments are made in Section 3.3 on the extension of these results to the case of
Killing spinors under algebraic constraints of the type imposed in supergravity by the vanishing
variations of fermions other than the gravitino.

In Section 4, we temporarily forgo geometry and approach the issue from the algebraic angle,
considering filtered subdeformations of flat model superalgebras through the lens of Spencer
cohomology. For the sake of clarity, we work with Lie superalgebras throughout this section,
although the Lie algebra case is entirely analogous, at least for the first two subsections. From
Section 4.3 onward, we work in Lorentzian signature and with causal Dirac currents in order
to take advantage of the homogeneity theorem (see Theorem 4.8), which we exploit to develop
the notion of a geometrically realisable highly supersymmetric subdeformation of a Poincaré

5See Section 2.2.2 and Appendix A.3 for definitions and further background.
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superalgebra (see Definition 4.17) as well as related notions of admissible and integrable Spencer
cocycles (see Definitions 4.16 and 4.23). Theorem 4.24 is the main result of this section, de-
scribing the “integration” of such a cocycle into a realisable subdeformation. In Section 4.5,
we discuss a scheme for classifying realisable subdeformations using Spencer cocycle data, sum-
marised in Proposition 4.30. The approach of this section is similar to existing work on the
11-dimensional Lorentzian case [32, 56], but our more general context introduces new complica-
tions, particularly in the first two subsections (where there is no homogeneity assumption) and
on the issues of integrability and classification. We make some comments in Remark 4.11 on the
extent to which the assumptions of Lorentzian signature and symmetric, causal Dirac current
can be relaxed.

Finally, in Section 5, we again exploit homogeneity to work our way back to the geometric per-
spective from the algebraic by discussing the “reconstruction” of a supersymmetric background
(as a homogeneous space) from a highly supersymmetric filtered subdeformation, realising the
latter as (a subalgebra of) a Killing superalgebra. This culminates in our final result, Theo-
rem 5.6, generalising the 11-dimensional case [32, Theorem 13].

In a companion paper to this work [9], we provide some simple 2-dimensional examples to
demonstrate some of the theory presented here.

2 Background

In this section, we provide some necessary mathematical preliminaries and establish nomencla-
ture and notation. Further background is provided in Appendix A, which readers unfamiliar with
spinors, filtrations, Z-gradings on superalgebras, Lie superalgebra cohomology or homogeneous
spaces, or those who require a review, may wish to read first.

2.1 Flat model algebras

The Euclidean and Poincaré algebras are the isometry algebras of Euclidean and Minkowski
space respectively. They can be considered as “flat models” for isometry algebras in Rieman-
nian and Lorentzian geometry in the informal sense that they are the isometry algebras of the
maximally symmetric flat spaces in their respective settings. A more precise meaning can be
given to this using Cartan geometry, in which a geometric structure on a manifold is viewed as
a local equivalence to some homogeneous space – see [67] for a pedagogical introduction empha-
sising links to pseudo-Riemannian geometry and application to general relativity in particular
and [15] for a more systematic treatment. Work by Čap and Neusser [14] shows that, under
certain regularity conditions, one can assign a Lie algebra of symmetries to a Cartan geome-
try, and that this algebra is a filtered deformation6 of a subalgebra of the flat model algebra.
Pseudo-Riemannian manifolds with signature (p, q) can be considered as Cartan geometries for
the local model ISO(p, q)/O(p, q) with a Cartan connection encoding both the spin connection
and a soldering form. If this spin connection is Levi-Civita, the symmetry algebra of the Cartan
connection is precisely the Lie algebra of infinitesimal isometries (Killing vectors), and the result
discussed above says that it is filtered, with its associated graded Lie algebra being a subalgebra
of iso(p, q).

Although we do not use the formalism of Cartan geometry in this work, we can view the result
on the structure of Killing superalgebras already mentioned in the introduction as a “super”
generalisation of this phenomenon in pseudo-Riemannian geometry, and it would be subsumed
by a generalisation of the Čap–Neusser result [14] to super-Cartan geometry. Our (much more
explicit) version of this result is Theorem 3.10, which tells us that Killing (super)algebras are

6Filtrations are discussed in Appendix A.3.2 and filtered deformations in Section 2.2.2. The term “filtered
deformation” is not used in [14] but was previously introduced by Cheng and Kac [16].
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filtered subdeformations of the Z-graded (super)algebras we will introduce in this section. Mo-
tivated by the connection to Cartan geometry, we will refer to these Z-graded (super)algebras
as flat model (super)algebras.

See Appendix A.1 for further background on inner product spaces and related structures
including Clifford algebras and spinors.

2.1.1 Isometry algebra of an inner product space

Let (V, η) be a (pseudo-)inner product space. We denote by iso(V, η) the isometry algebra
of (the affine space modelled on) (V, η) and by so(V, η) the Lie algebra of η-skew-symmetric
endomorphisms of V , although we usually suppress η in the notation. As a vector space iso(V ) =
V ⊕ so(V ), and it is equipped with the Lie bracket

[A,B] = AB −BA, [A, v] = Av, [v, w] = 0, (2.1)

where A,B ∈ so(V ) and v, w ∈ V . In the Euclidean case iso(V ) is known as the Euclidean
algebra; in the Lorentzian case it is the Poincaré algebra and so(V ) is the Lorentz algebra.

We write iso(p, q) := iso(Rp,q) where Rp,q is the standard inner product space with sig-
nature (p, q); if η has signature (p, q), the isomorphism (V, η) ∼= Rp,q induces a Lie algebra
isomorphism iso(V ) ∼= iso(p, q).

2.1.2 Isometry algebra with spinors

We now construct a Z-graded Lie algebra or Lie superalgebra7 s = s−2 ⊕ s−1 ⊕ s0 whose even
part is iso(V ) as follows. Let s0 = so(V ), s−1 = S, s−2 = V , si = 0 otherwise, where (V, η) has
signature (p, q) and S is a (possibly N -extended) spinor module; that is, we take

� S = SN := NS1 for some integer N ≥ 1 for p − q ̸= 0, 4 mod 8, where S1 is the unique
irreducible real spinor module of Cl0(p, q),

� S = S(N+,N−) = N+S+ ⊕ N−S− for integers N+, N− ≥ 0 not both zero if p − q = 0, 4
mod 8 where S± are the two (non-isomorphic) irreducible real spinor modules of Cl0(p, q) –
without loss of generality, we can take N+ ≥ N−.

We have used conventions for spinor modules explained in Appendix A.1.3. We let the bracket
on s0 = iso(V ) be the one defined by (2.1) and note that this respects the Z-grading. In order
to extend this to a Lie (super)bracket s⊗ s → s in a way which respects the Z-grading, we must
specify maps s−1 ⊗ s0 → s−1 and s−1 ⊗ s−1 → s−2 – all other components must be zero. We
take the first of these maps to be the natural action of so(V ) on S, so the brackets are given by

[ϵ, ζ] = κ(ϵ, ζ), [A, ϵ] = A · ϵ, [v, ϵ] = 0, (2.2)

for A ∈ so(V ), v ∈ V and ϵ, ζ ∈ S, where we leave the map κ :
∧

2S → V (for a Lie algebra)
or κ :

⊙
2S → V (for a Lie superalgebra) to be determined. The action of A ∈ so(V ) on ϵ ∈ S

is defined in Appendix A.1.4 (see equation (A.2)).
It remains to check the Jacobi identities involving elements of s−1. The [s0, s0, s−1] identity

is satisfied precisely because the s0 ⊗ s−1 → s−1 component of the bracket is a module action.
The [s0, s−1, s−2] and [s−2, s−1, s−1] identities are trivial since [s−1, s−2] = [s−2, s−2] = 0. The
remaining component is [s0, s−1, s−1], which is satisfied if and only if κ is so(V )-equivariant.
Thus we make the following definition.

Definition 2.1 (flat model (super)algebra, Dirac current). Let (V, η) be an inner product space
and S an (extended) real spinor module of so(V ). Then

7See Appendix A.3.1 for a definition.
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� A flat model algebra is a Z-graded Lie algebra s with underlying Z-graded vector space
V ⊕ S ⊕ so(V ) and bracket defined by (2.1) and (2.2) for some so(V )-equivariant map
κ :

∧
2S → V .

� A flat model superalgebra is a Z-graded Lie superalgebra s with underlying Z-graded vector
space V ⊕ S ⊕ so(V ) and bracket defined by (2.1) and (2.2) for some so(V )-equivariant
map κ :

⊙
2S → V .

In either case, κ is referred to as the Dirac current.
Furthermore, we say that s is minimal if S = S1 = S or S(1,0) = S+ and that it is N -extended

if S = SN for N > 1 or S = S(N+,N−) for N = N+ +N− > 1; in the latter case we also say it is
(N+, N−)-extended.

We note that all flat model (super)algebras are referred to as N -(super)-extended Poincaré
algebras, ±N -extended Poincaré algebras [2] or Poincaré Lie superalgebras [17, 35], but we
reserve the name Poincaré for Lorentzian signature. Our Z-grading convention follows that
used in previous work on Spencer cohomology and supergravity [10, 22, 23, 32, 33].

Since inner product spaces of equal signature are isomorphic, the data required to specify a flat
model (super)algebra are the signature (p, q), the integer N or pair of integers (N+, N−) and
the Dirac current κ. The possible Dirac currents were classified by Alekseevsky and Cortés [2]
by reducing the problem to a classification of so(V )-invariant bilinears on the irreducible pinor
module S. More recently, this classification has been improved (at least in the superalgebra
case) by describing a necessary and sufficient condition for two different Dirac currents to define
isomorphic superalgebras [17], and the possible R-symmetry groups – a particular group of
Lie superalgebra automorphisms which serves as an algebraic invariant – for a wide class of
Dirac currents have been described, the comparison of which provides a sufficient condition to
distinguish non-isomorphic algebras which is simpler to check [35].

Our main focus in this work, or at least its latter half, will be on Lorentzian signature
and (N -extended) Poincaré superalgebras, mainly due to important technical simplifications
which arise in this case from the homogeneity theorem (see Theorem 4.8). Nonetheless, we will
provide a significant amount of formalism in general signature. We will not consider conformal
superalgebras or central extensions, nor any other generalisation, although flat model algebras
extended by R-symmetry will be considered in upcoming work. There is a significant amount of
literature on all of these generalisations: for the Lorentzian case, see the classic work of Strathdee
(which also discusses the representation theory of the superalgebras) [63] and the review of Van
Proeyen [65]; for general signature, see [2, 4, 19] and also the more recent work [35].

Remark 2.2. The Dirac current can often be seen as a component of a polyvector-valued
(or, dually, polyform-valued) squaring map which has been used to study generalisations of
Killing spinors algebro-geometrically [18]. The other components of this map are often called
Dirac bilinears or Dirac p-forms; in the N -extended case, these forms typically “carry internal
indices”, i.e., they are valued not in

∧
pV for some p but in

∧
pV ⊗∆ where ∆ is some auxiliary

space.
The extension of the (super)algebras described above to include these higher forms in the

odd-odd components of the bracket has been considered, e.g., in [4, 27]. The so-called FDAs
(“free” differential (graded) algebras) of the rheonomic formalism of supergravity [20, 21], which
have been put on a rigorous mathematical footing as L∞-algebras [34, 57, 61], also incorporate
these forms, albeit in a different manner. All of these extensions can provide information about
higher gauge theory data on supergravity backgrounds which is unfortunately invisible to the Lie
(super)algebras discussed in this work. We hope to understand how the perspective proposed
here can be extended to include such gauge-theoretic information in future work – and we note
that the natural setting for doing so would be higher Cartan geometry as in [57] – but such
considerations are beyond our current scope.
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Notwithstanding the comments above, note that although higher Dirac forms are not used
in our flat model (super)algebras, they nonetheless do appear in explicit descriptions of their
filtered deformations (such as those found in [7, 22, 23, 33] and the companion work [9]), as they
provide a convenient way to parametrise bilinear maps on the spinor module (e.g., the maps
denoted γ appearing in (4.1) and (4.4)).

2.2 Filtered deformations and Spencer cohomology

Here we present some background material on the Spencer cohomology and filtered deformations
of Z-graded Lie superalgebras. Our main source for this section is the work of Cheng and
Kac [16]. The base field is assumed to be either R or C. We recommend that readers unfamiliar
with gradings and filtrations of vector (super)spaces and (super)algebras read Appendix A.3
before this section.

2.2.1 Spencer cohomology

Let g =
⊕∞

k=−h gk be a Z-graded Lie superalgebra of finite depth8 h such that dim gk < ∞ for
all k. Ultimately, we will be interested in the case where dim g <∞, but our source [16] mainly
treats examples where g itself is infinite-dimensional, and the theory presented here applies in
any case. We let g− =

⊕
k<0 gk and note that it is a finite-dimensional subalgebra.

We define the Spencer cochain complex (C•(g−; g), ∂
•) as follows. For p < 0, we set Cp(g−; g)

:= 0, while for p ≥ 0, we have Cp(g−; g) :=
(∧

pg∗−
)
⊗ g ∼= Hom(

∧
pg−, g), where

∧
p is meant

in the super-sense (see equation (A.10)). The Spencer differential ∂• : C•(g−; g) → C•+1(g−; g)
is given by the following formula: for ϕ ∈ Cp(g−; g), X1, . . . , Xr ∈ g0 and Y1, . . . , Ys ∈ g1, where
r + s = p+ 1,

(∂ϕ)(X1, . . . , Xr, Y1, . . . , Ys)

=
r∑
i=1

(−1)i+1[Xi, ϕ
(
X1, . . . , X̂i, . . . , Xr, Y1, . . . , Ys

)
]

+ (−1)r
r∑
s=1

[Yj , ϕ
(
X1, . . . , Xr, Y1, . . . , Ŷj , . . . , Ys)]

+
∑

1≤i<j≤r
(−1)i+jϕ

(
[Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xr, Y1, . . . , Ys

)
+

r∑
i=1

s∑
j=1

(−1)iϕ
(
X1, . . . , X̂i, . . . , Xr, [Xi, Yj ], Y1, . . . , Ŷj , . . . , Ys

)
+

∑
1≤i<j≤s

ϕ
(
[Yi, Yj ], X1, . . . , Xr, Y1, . . . , Ŷi, . . . , Ŷj , . . . , Ys

)
, (2.3)

where the hat decorations denote omission of an entry. It can be checked that ∂2 = 0, and
so (C•(g−; g), ∂

•) is indeed a cochain complex. This is nothing but the standard Chevalley–
Eilenberg complex for g− with values in g, where the former acts on the latter via the restriction
of the adjoint representation. However, since g is graded, there is additional structure.

The grading on g induces a grading on g∗ defined by (g∗)k := (g−k)
∗. This in turn induces

a grading on the space of p-cochains, in the usual manner for tensor products of graded spaces.
Equivalently, we can consider a p-cochain to be homogeneous of degree d if it has degree d as

8The Spencer cohomology theory in its original form was only applicable to algebras of depth 1; for those of
greater depth Cheng and Kac use the term generalised Spencer cohomology. We do not make this distinction.
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a map
∧
pg− → g. We then denote the space of p-cochains of degree d as Cd,p(g−, g),

Cd,p(g−; g) =
(∧pg∗− ⊗ g

)
d
= Hom(

∧pg−; g)d, (2.4)

so that

Cp(g−; g) =
⊕
d∈Z

Cd,p(g−; g) and Cd,•(g−; g) :=
⊕
p∈Z

Cd,p(g−; g).

This grading is preserved by the Spencer differential, so by restricting the differential to the
subspaces of cochains with degree d, for each d ∈ Z we have a subcomplex

(
Cd,•(g−; g), ∂

•).
Finally, we note that the adjoint action of g0 on g preserves the grading, thus so does the

natural action of g0 on cochains induced by the adjoint representation (which also trivially
preserves the homological grading); each Cp(g−; g) is a graded g0-module. This action also
preserves the differential and thus all of the structure on the subcomplex

(
Cd,•(g−; g), ∂

•).
We define the cocycles, coboundaries and cohomology of the d-subcomplex in the usual way

Zd,p(g−; g) = ker
(
∂p : Cp(g−; g) → Cp+1(g−; g)

)
,

Bd,p(g−; g) = Im
(
∂p : Cp−1(g−; g) → Cp(g−; g)

)
, Hd,p(g−; g) =

Zd,p(g−; g)⧸Bd,p(g−; g),

and these are all naturally g0-modules, since the action of g0 preserves
(
Cd,•(g−; g), ∂

•). Of
course, the space of p-cocycles of the whole complex is simply the direct sum of the graded
(d, p)-cocycles, and similarly for the coboundaries, whence we have a natural isomorphism of
g0-modules

Hp(g−; g) ∼=
⊕
d∈Z

Hd,p(g−; g),

where the former is the cohomology of the whole complex.
The definition of the differential (2.3) on its own is not very enlightening, so let us demonstrate

it explicitly on cochains of low homological degree and give and interpretation of the spaces of
cocycles and the cohomologies. Fix d ∈ Z and homogeneous elements X,Y, Z ∈ g−; we denote
their degree by |X| etc. Then for ϕ ∈ Cd,0(g−; g) = gd, we have (∂ϕ)(X) = [X,ϕ], which shows
that (d, 0)-cocycles are g−-invariants in gd; equivalently, they are degree-d elements of g which
centralise g−, and (d, 1)-coboundaries are (super)derivations g− → g given by restricting inner
derivations of g induced by elements of degree d. For ϕ ∈ Cd,1(g−; g) = Hom(g−; g)d,

(∂ϕ)(X,Y ) = [X,ϕ(Y )]− [Y, ϕ(X)]− ϕ([X,Y ]),

so (d, 1)-cocycles are (super)derivations g− → g of degree d. Thus we find that Hd,0(g−; g) ∼=
(gd)

g− and Hd.1(g−; g) = der(g−, g)d/g−. For cocycles in higher degree, we do not have such
simple descriptions, but for the calculations in this work we will need expressions only for
homological degree p ≤ 2. Thus we make the p = 2 case our final example; for ϕ ∈ Cd,2(g−; g) =
Hom

(∧
2g−; g

)
d
we have

(∂ϕ)(X,Y, Z) = [X,ϕ(Y, Z)]− ϕ([X,Y ], Z) + (−1)|X|(|Y |+|Z|)([Y, ϕ(Z,X)]− ϕ([Y, Z], X))

+ (−1)(|X|+|Y |)|Z|([Z, ϕ(X,Y )]− ϕ([Z,X], Y )).

2.2.2 Filtered deformations

A filtered deformation of a Z-graded Lie superalgebra g is a filtered Lie superalgebra g̃ whose
associated graded superalgebra Gr g̃ is isomorphic to g as a Z-graded Lie superalgebra.9 We will

9Filtrations of Lie superalgebras are defined in Appendix A.3.3; see Appendix A.3.2 for more on filtrations
and associated graded structures.
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justify this terminology by showing how the bracket of g̃ can be viewed explicitly as a deformation
of that of g on the same underlying vector space. In parts of this work, we will also say that
a filtered Lie superalgebra g̃′ is a filtered subdeformation of g if there exists an embedding of
Z-graded superalgebras Gr g̃′ ↪→ g; that is, if Gr g̃′ ∼= g′ as Z-graded superalgebras for some
graded subalgebra g′ of g, although we often do not specify the subalgebra g′.

Let us fix a filtered Lie superalgebra g̃ = g̃−h ⊇ g̃−h+1 ⊇ · · · of finite depth h and
choose, non-canonically, some complementary subspaces Wk such that g̃k = Wk ⊕ g̃k+1 and
Wk ⊆ g̃k (which we can demand due to the superspace filtration compatibility conditions
(A.11) and (A.12)). As we have already seen, this induces a graded vector superspace iso-
morphism Φ: g̃ =

⊕∞
k=−hWk → Gr g̃ where for X ∈Wk, Φ(X) = X ∈ Grk g̃, where the overline

denotes projection g̃k → Grk g̃ = g̃k/g̃k+1.
Now let X ∈Wk and Y ∈Wl. Then since g̃k+l =Wk+l ⊕ g̃k+l+1 =Wk+l ⊕Wk+l+1 ⊕ · · · and

the bracket is filtered, we have

[X,Y ] = prk+l [X,Y ] + prk+l+1 [X,Y ] + · · · ,

where prj : g̃
k+l → Wj are the projection maps. We thus define a graded bracket [−,−]0 on

g̃ =
⊕∞

k=−hWk as well as a sequence of maps
(
µd :

∧
2g̃ → g̃

)
d>0

, where µd has degree d, by
declaring that, on homogeneous elements X ∈Wk and Y ∈Wl,

[X,Y ]0 := prk+l [X,Y ], µd(X,Y ) := prk+l+d [X,Y ]

and extending linearly. It can be easily verified that [−,−]0 is a Lie superalgebra bracket;
alternatively, it follows from our next observation. Then on homogeneous elements X ∈ Wk

and Y ∈Wl again, we have

[Φ(X),Φ(Y )] =
[
X,Y

]
Gr

= [X,Y ] = [X,Y ]0 = Φ([X,Y ]0),

where in each equality we have applied a definition, and in the last equality we have used the
fact that [X,Y ]0 ∈ Wk+l is homogenous. Thus, since homogeneous elements span g̃, Φ is a Lie
superalgebra isomorphism10

(
g̃, [−,−]0

) ∼= (
Gr g̃, [−,−]Gr

)
.

Let us now change perspective slightly. What we have essentially shown here is that if
g =

⊕∞
k=−h gk is a fixed Z-graded superalgebra, a filtered deformation g̃ of g can be thought of

as an alternative Lie algebra structure on the same underlying vector space as g; now denoting
by [−,−] the graded bracket on g and by [−,−]′ the bracket of g̃, for X,Y ∈ g we have

[X,Y ]′ = [X,Y ] +
∑
d>0

µd(X,Y ) (2.5)

for some positive-degree maps
(
µd :

∧
2g → g

)
d>0

; that is, the primed bracket can be thought of
as a deformation of the unprimed bracket by these maps. We will call this sequence a defining
sequence of the filtered deformation. This sequence is not unique; as we have already seen, de-
scribing the filtered deformation in this way depends on the choices of complementary subspaces.
We also cannot simply define a deformed bracket by choosing some arbitrary sequence (µd)d>0;
the Jacobi identity for [−,−]′ imposes relations on the defining sequence. Thus, we need a par-
ticular algebraic tool to understand the possible filtered deformations of g, and that is Spencer
cohomology.

Proposition 2.3. Let g =
⊕∞

k=−h gk be a graded Lie superalgebra and g̃ a filtered deformation
with defining sequence

(
µd :

∧
2g → g

)
d>0

. Then

10This shows in particular that although the graded bracket [−,−]′0 defined by a different choice of comple-
mentary subspaces is not equal to [−,−]0, the graded Lie superalgebra structures defined by the two brackets are
isomorphic.
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(1) [16, Proposition 2.1] The first non-zero term µk in (µd)d>0 is an even Chevalley–Eilenberg
2-cocycle of g with values in the adjoint representation µk ∈ Zk,2(g; g)0, where the adjoint
Chevalley–Eilenberg complex of g is Z-graded in a similar fashion to the Spencer complex
(see (2.4)).

(2) [16, Proposition 2.2] Restricting µk to g− gives us a Spencer cocycle µk|∧ 2g− ∈ Zk,2(g−; g).

(3) [16, Proposition 2.2] The cohomology class of this cocycle is g0-invariant
[
µk|∧ 2g−

]
∈

Hk,2(g−; g)
g0.

We will not prove this or any of the following statements here; we simply note that the above
essentially follows by expanding the Jacobi identity for the deformed bracket and treating it
degree-by-degree. We will do this for some explicit examples in Section 4. The results below
are more involved but ultimately follow by the same kind of reasoning. We extract from [16]
only the statements we will need in the rest of this work; see loc. cit. for full proofs and a more
general treatment.

Definition 2.4. Let g be a graded Lie superalgebra of finite depth h. Then g is said to be

� fundamental if g− is generated by g−1;

� transitive if for all X ∈ gk with k ≥ 0, [X, g−] = 0 =⇒ X = 0;

� a full prolongation
(
of

⊕0
k=−h gk

)
of degree k if Hd,1(g−; g) = 0 for all d ≥ k.

We will not need fundamentality for the following result, but it is useful to record it here
since we will often consider this property alongside the other two defined above.

Proposition 2.5. Let g̃, g̃′ be two filtered deformations of g with defining sequences(
µd :

∧2g → g
)
d>0

, v
(
µ′d :

∧2g → g
)
d>0

,

respectively. Then

(1) [16, Proposition 2.3] If for some k ≥ 1, µk − µ′k|∧ 2g− ∈ Bk,2(g−; g), then g̃′ has a defining
sequence (µ′′d)d>0 such that µ′′i = µ′i for i < k and µ′′k|∧ 2g− = µk|∧ 2g−.

(2) [16, Proposition 2.5] If g is transitive, then the defining sequence (µd)d>0 is completely
determined by its restriction to g− ⊗ g.

(3) [16, Proposition 2.6] If g is transitive and for some k ≥ 1, g is an almost full prolongation
of degree k, µi|g−⊗g = µ′i|g−⊗g for i < k and µk|∧ 2g− = µ′k|∧ 2g−, then g̃′ has a defining
sequence (µ′′d)d>0 such that µ′′i = µ′i for i ≤ k and µ′′i |∧ 2g− = µ′i|∧ 2g− for all i.

This is a rather technical set of results, but it essentially allows us to redefine the defining
sequence of a filtered deformation to partially align it with that of another; under certain
conditions, one can completely align the two sequences in order to show that two deformations
are isomorphic. We will make use of this in Section 4.

2.2.3 A note on “polarised” and “depolarised” expressions

We finish this section by making note of a useful technique we will often employ in calculations
involving Lie superalgebras and elsewhere maps on symmetric products of vector spaces appear.

Let U , W be some (finite-dimensional) vector spaces and let Ψ ∈
⊙

nU → W be some
completely symmetric multilinear map. Then Ψ is completely determined by “polarised” values
of the form Ψ(u, u, . . . , u) for elements u ∈ U . The most well-known application of this is
the polarisation identity which is used to recover an inner product from its induced norm in
the n = 2 case, but it holds more generally. This greatly simplifies calculations involving such
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maps. When we seek to show that a symmetric tensor vanishes or that two such tensors agree,
we will generally do this by showing that the desired property holds in its polarised form, where
all inputs are taken to be the same. When we need to “depolarise” such an expression, we
will indicate that this has been done but will not offer further explanation than what has been
indicated here.

3 Killing spinors and Killing (super)algebras

Let (M, g) be a connected pseudo-Riemannian spin manifold of signature (p, q). We note in
particular that M is oriented and denote the special orthonormal frame bundle by FSO → M
and the spin structure by ϖ : P → FSO. We need not assume time-orientability,11 but this
assumption may be useful in practice (see Lemma 3.3). We denote the Lie algebra of Killing
vector fields12 by iso(M, g) and the Levi-Civita connection by ∇.

Let S be a (possibly N -extended) spinor module of Spin(p, q) and define the spinor bun-
dle S := P ×Spin(p,q) S; whose sections are the spinor fields. We denote the space of spinor fields
by S = Γ(S).

We note that the adjoint bundle adFSO
∼= adP can be identified with the bundle of g-skew-

symmetric endomorphisms of TM ; we denote its space of sections by so(M, g) and recall that it
naturally embeds in the Clifford bundle Cl(M, g) (under natural identification of the latter with
the exterior bundle

∧ •TM) as
∧

2TM . As a Lie algebra, the space of sections so(M, g) acts on
spinor fields via the Clifford action.

See Appendix A.2 for more details of these constructions.

3.1 Admissible connections and Killing (super)algebras

Let us now examine the additional structures on the spinor bundle, and the conditions upon
them, which are required to define a Killing superalgebra.

3.1.1 Connections on spinors

Let D be a connection on the spinor bundle S. We denote by SD the real vector space of
parallel spinors with respect to D: SD := {ϵ ∈ S | Dϵ = 0}. This is finite-dimensional; indeed,
a parallel section can be reconstructed by parallel transport from its value at any point, so in
particular we must have dimSD ≤ rankS = dimS. We say that SD is maximal if it has the
maximal dimension dimS.

Since ∇ and D are both connections on S, their difference is an EndS-valued 1-form. We
thus define β ∈ Ω1(M ; EndS) by β := ∇−D. We now recall that Killing vectors have a natural
action on spinors via the spinorial Lie derivative (see Appendix A.2.3) and consider whether
this action preserves SD. For all X ∈ iso(M, g), Y ∈ X(M) and ϵ ∈ SD, using properties of
this Lie derivative (equation (A.9) and a Leibniz rule) for the second equality we have

DY LXϵ = ∇Y LXϵ− β(Y )LXϵ

= LX∇Y ϵ−∇LXY ϵ− LX(β(Y )ϵ) + (LXβ)(Y )ϵ+ β(LXY )ϵ

= LXDY ϵ−DLXY ϵ+ (LXβ)(Y )ϵ,

so the spinorial Lie derivative along X preserves SD if and only if LXβ annihilates SD. For
the sake of simplicity, and because it will capture the case of supergravity which is our ultimate

11Thus (M, g) need not be strongly spin in the sense of [18, 38, 59]; see Appendix A.2.2 for more details.
12Note that this is not necessarily the Lie algebra of the isometry group of (M, g) which is in general a subalgebra

of iso(M, g). We will not need to discuss the isometry group itself so this should not cause confusion.



14 A.D.K. Beckett

interest, we will choose to work with Killing vectors which preserve β; we denote by VD the real
subspace of iso(M, g) consisting of such vectors

VD := {X ∈ iso(M, g) | LXβ = 0}.

This is in fact an ideal of iso(M, g) since it is the annihilator of β in the representation of iso(M, g)
on Ω1(M ; EndS) defined by the Lie derivative. Clearly, the representation of iso(M, g) on S
(also via the Lie derivative) restricts to a representation of VD on SD.

The curvature of the connection D is the section RD ∈ Ω2(M ; EndS) defined by

RD(X,Y )ϵ = DXDY ϵ−DYDXϵ−D[X,Y ]ϵ, (3.1)

where X,Y ∈ X(M) and ϵ ∈ S. One can see immediately that RDϵ = 0 for all ϵ ∈ SD, and
the former equation is very useful as an integrability condition for the existence of D-parallel
spinors. In applications, we use the following result to compute RD and perform manipulations
involving it.

Proposition 3.1. The curvature RD is given by the following formula, for X,Y ∈ X(M)

RD(X,Y )ϵ = R(X,Y ) · ϵ+ [β(X), β(Y )]ϵ− (∇Xβ)(Y )ϵ− (∇Y β)(X)ϵ, (3.2)

where R is the Riemann curvature (understood as a 2-form with values in adFSO) and [β(X),
β(Y )] is a commutator of endomorphisms.

Proof. For ϵ ∈ S, we expand D = ∇− β in (3.1) to find

RD(X,Y )ϵ = ∇X(∇Y ϵ− β(Y )ϵ)− β(X)(∇Y ϵ− β(Y )ϵ)

−∇Y (∇Xϵ− β(X)ϵ) + β(Y )(∇Xϵ− β(X)ϵ)−∇[X,Y ]ϵ+ β([X,Y ])ϵ

=
(
∇X∇Y ϵ−∇Y∇Xϵ−∇[X,Y ]ϵ

)
+ (β(X)β(Y )− β(Y )β(X))ϵ

− (∇X(β(Y )ϵ)− β(Y )(∇Xϵ)) + (∇Y (β(X)ϵ)− β(X)(∇Y ϵ)) + β([X,Y ])ϵ

= R(X,Y ) · ϵ+ [β(X), β(Y )]−∇X(β(Y ))ϵ+∇Y (β(X))ϵ+ β([X,Y ])ϵ,

where we have used the definition of the Riemann tensor and the Leibniz rule in the final line.
A further application of the Leibniz rule as well as a the torsion-free property of∇ gives (3.2). ■

Remark 3.2. It is worth further clarifying the notation R(X,Y ) · ϵ above. As alluded to
in the statement of the proposition, the Riemann curvature can be considered as a 2-form
with values in adFSO, meaning that for all X,Y ∈ X(M), R(X,Y ) ∈ so(M, g), thus it acts
on S via Clifford multiplication. In the proof, we have implicitly used the non-trivial fact
that R(X,Y ) · ϵ = R∇(X,Y )ϵ where R∇ ∈ Ω2(M ; EndS) is the curvature 2-form of the spin-lift
of the Levi-Civita connection,

R∇(X,Y )ϵ := ∇X∇Y ϵ−∇Y∇Xϵ−∇[X,Y ]ϵ.

Thanks to this relation to the Riemann tensor, we will never have to use this curvature explicitly.

3.1.2 Dirac currents on spinor bundles

In order to define a Killing (super)algebra, we will need to be able to “square” (or pair) spinors
to tangent vectors, just as we required a Dirac current to define the flat model (super)algebras s
in Section 2.1. For this purpose, we will define a bundle map

⊗
2S → TM using a Dirac current

on S by exploiting the associated bundle structure of S and TM and the holonomy principle.
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Lemma 3.3. Let V = Rp,q and suppose there exists a Dirac current on the spinor module S;
that is, an so(p, q)-equivariant map κ :

⊙
2S → V (resp. κ :

∧
2S → V ). Then there exists

a bundle Dirac current κ :
⊙

2S → TM (resp. κ :
∧

2S → TM) which is covariantly constant
and which satisfies LXκ = 0 for all X ∈ iso(M, g) if any of the following hold:

� (M, g) has definite signature,

� κ is Spin(p, q)-equivariant,

� (M, g) has indefinite signature and is time-orientable.

Proof. We prove the case with κ :
⊙

2S → V ; the other case is completely analogous. Let us
consider κ as an element κ ∈

⊙
2S∗ ⊗ V . Fix x ∈M . We will show that κ defines a holonomy-

invariant element in the fibre over x of the bundle
⊙

2S∗ ⊗ TM which we note is canonically
isomorphic to the associated bundle E = P ×Spin(p,q)

(⊙
2S∗ ⊗ V

)
. The holonomy principle

then guarantees that a covariantly constant section κ of that bundle can be defined by parallel
transport, which is the desired bundle map.

If (M, g) has definite signature, the spin group is connected, so κ is invariant under the action
of the spin group, thus the first of our special cases is subsumed by the second. If (M, g) is time-
orientable, then the spin structure ϖ : P → FSO is reducible to ϖ0 : P0 → FSO0 (where P0 is to
reduction of P to a Spin0(p, q)-principal bundle) as discussed in the introduction to Section 3.
In order to treat all three cases in parallel, let us set G = Spin(p, q) in the first two cases,
while in the third case G = Spin0(p, q) and P denotes the reduced bundle. In any case, κ is
G-equivariant.

Let us now choose an arbitrary basepoint u ∈ Px in the fibre over x. This allows us to identify
a module of G with the fibre of the associated bundle over x; in particular, κ ∈

⊙
2S∗⊗V defines

an element κx := [u, κ] ∈ Ex. Moreover, it induces a Lie group isomorphism AutG(Px) ∼= G
which allows us to view the holonomy group of the Levi-Civita connection on P at x as a subgroup
of G. Thus G-invariance of κ implies holonomy invariance of κx, and hence the existence of
a covariantly constant global section κ, as required. We note that G-invariance of κ also ensures
that the definition of κ does not depend on the choice of basepoint u ∈ Px. Finally, g = so(p, q)-
invariance of κ ensures that LXκ = 0 for all Killing vectors X. ■

To lighten the notation, we will omit the underline from the bundle map κ and trust that
this will not cause confusion. With the map κ fixed, it will be useful for the proofs of our next
few results (and to make a connection to the notation used in Section 4) to define a section γ of
the bundle Hom

(⊗
2S,End(TM)

)
as follows:

γ(ϵ, ζ)X := −κ(β(X)ϵ, ζ)− κ(ϵ, β(X)ζ) (3.3)

for ϵ, ζ ∈ S and X ∈ X(M). Note that γ has the same symmetry as κ. We then have the
following.

Lemma 3.4. For all ϵ, ζ ∈ SD, γ(ϵ, ζ) = Aκ(ϵ,ζ).

Proof. Let Z ∈ X(M). Then since ∇Zϵ = β(Z)ϵ,

Aκ(ϵ,ζ)Z = −∇Zκ(ϵ, ζ) = −κ(∇Zϵ, ζ)− κ(ϵ,∇Zζ) = −κ(β(Z)ϵ, ζ)− κ(ϵ, β(Z)ζ) = γ(ϵ, ζ)

hence the claim. ■

3.1.3 Existence of the Killing (super)algebra

We now give our first main result followed by a major definition inspired by it.
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Theorem 3.5 (existence of (super)algebra associated to D). Let (M, g) be a connected pseudo-
Riemannian spin manifold, S → M a bundle of spinors with the space of sections S = Γ(S)
and let κ :

⊙
2S → TM (resp. κ :

∧
2S → TM) be a bundle Dirac current as in Lemma 3.3.

Let D be a connection on S and define β = ∇ − D, where ∇ is the Levi-Civita spin con-
nection. Define the vector spaces SD = {ϵ ∈ S|Dϵ = 0}, VD = {X ∈ iso(M, g)|LXβ = 0}.
and the brackets [X,Y ] = LXY , [X, ϵ] = LXϵ, [ϵ, ζ] = κ(ϵ, ζ), for X,Y ∈ VD, ϵ, ζ ∈ SD.
Then (KD = VD ⊕SD, [−,−]) is a Lie superalgebra (resp. algebra) if and only if the following
conditions are satisfied for all ϵ, ζ, η ∈ SD

γ(ϵ, ζ) = Aκ(ϵ,ζ) ∈ so(M, g), (3.4)

Lκ(ϵ,ζ)β = 0, (3.5)

β(κ(ϵ, ζ))η + β(κ(ζ, η))ϵ+ β(κ(η, ϵ))ζ + γ(ϵ, ζ) · η + γ(ζ, η) · ϵ+ γ(η, ϵ) · ζ = 0, (3.6)

where γ is the map defined by equation (3.3).

Proof. We first check closure and then the Jacobi identities. We have [VD,VD] ⊆ VD and
[VD,SD] ⊆ SD by construction, while [SD,SD] ⊆ VD if and only if

Lκ(ϵ,ζ)g = 0 and Lκ(ϵ,ζ)β = 0 ∀ϵ, ζ ∈ SD. (3.7)

By equation (A.6), Lκ(ϵ,ζ)g = 0 if and only if Aκ(ϵ,ζ) ∈ so(M, g). By Lemma 3.4, this is
equivalent to condition (3.4). The latter condition in (3.7) is just (3.5).

The Jacobi identity for three vectors is clearly satisfied. For the others, we denote by [−,−,−]
the Jacobiator and find

[X,Y, ϵ] = 0 ⇐⇒ L[X,Y ]ϵ = LXLY ϵ− LY LXϵ,

which simply says that SD is a representation of VD, hence is true by construction;

[X, ϵ, ζ] = 0 ⇐⇒ LXκ(ϵ, ζ) = κ(LXϵ, ζ) + κ(ϵ,LXζ),

which is satisfied by the last part of Lemma 3.3;

[ϵ, ζ, η] = 0 ⇐⇒ Lκ(ϵ,ζ)η + Lκ(η,ϵ)ζ + Lκ(ζ,η)ϵ = 0,

which, using the equation ∇ϵ = βϵ and Lemma 3.4, is condition (3.6). ■

We interpret this result as giving us a set of conditions on the spinor connection D for the
existence of an associated (super)algebra. This inspires the following definition. Note that
conditions (1) and (2) are stronger than (3.4) and (3.6) above; we demand that they hold for
all spinors, not just D-parallel spinors. This makes the definition simpler to check, and it will
also be useful for some later results.

Definition 3.6 (admissible connections, Killing spinors and Killing (super)algebras). Using the
notation of the theorem above, a connection D = ∇−β on S is admissible if the following hold:

(1) The map γ defined by equation (3.3) takes values in adFSO (that is, γ(ϵ, ζ) ∈ so(M, g) for
all ϵ, ζ ∈ S);

(2) β(κ(ϵ, ζ))η+β(κ(ζ, η))ϵ+β(κ(η, ϵ))ζ+γ(ϵ, ζ)·η+γ(ζ, η)·ϵ+γ(η, ϵ)·ζ = 0 for all ϵ, ζ, η ∈ S;

(3) Lκ(ϵ,ζ)β = 0 for all ϵ, ζ ∈ SD.
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If D is admissible, the differential equation Dϵ = 0 (equivalently ∇ϵ = βϵ) is called the Killing
spinor equation and SD the space of Killing spinors. Furthermore, VD is the space of restricted
Killing vectors, and KD is the Killing (super)algebra.13

Let us make some comments to connect the above with treatments of Killing spinors and
Killing superalgebras in the supergravity literature. In a supergravity theory, the Killing spinor
equation ∇ϵ = βϵ arises by demanding that the supersymmetry variation (with parameter ϵ) of
the gravitino vanishes, with the 1-form β being parametrised by some bosonic fields Φ. To prove
the existence of a Killing superalgebra, one essentially checks that conditions (1) and (2) of
the above definition hold and that the Killing spinor equation and bosonic equations of motion
imply that LκϵΦ = 0, hence Lκϵβ = 0, where κϵ is the square of a Killing spinor ϵ, which is
condition (3) above.

Often in the supergravity literature, the Killing superalgebra is considered to contain not all
of the Killing vectors X ∈ VD, but only those for which LXΦ = 0 (hence LXβ = 0), giving
a subalgebra of what we call KD here in general. Some sources (e.g., [27, 42]) call this the
symmetry superalgebra, giving an even more restrictive definition for the Killing superalgebra –
namely that it contains only those Killing vectors in the span of those generated by pairs of
spinors – which corresponds to our notion of the Killing ideal. Our terminology here agrees with
that of [32]. The Killing ideal is referred to as the transvection ideal in [56].

Definition 3.7 (Killing ideal). Let D be an admissible connection and KD its Killing (su-
per)algebra. The Killing ideal is the ideal KD of KD generated by the Killing spinors; that is,
KD = VD ⊕SD where VD = [SD,SD].

Remark 3.8. The conditions (3.4)–(3.6) (and the related conditions in Definition 3.6) for ex-
istence of a Killing (super)algebra actually concern only the Killing ideal; that is, given a (not
necessarily admissible) spinor connection D, KD is a Lie (super)algebra if and only if KD is
a Lie (super)algebra. Moreover, we will see later that conditions (1) and (2) of Definition 3.6
are essentially Spencer cocycle conditions.

A similar general formulation of Killing superalgebras to the one given here was given in [42],
however our treatment here is more general because we allow for arbitrary metric signature and
Dirac current κ of arbitrary symmetry, and that work also makes the assumption mentioned
above that β is parametrised by some bosonic fields Φ and that the Killing vectors in the algebra
satisfy LXΦ = 0.

3.2 Algebraic structure of Killing (super)algebras

We now turn to describing the algebraic structure of the (super)algebras KD associated to the
admissible connections D we have just defined. Our treatment here is a direct generalisation
of that of [32], which considered the case of Killing superalgebras of highly supersymmetric
backgrounds of 11-dimensional supergravity. The methods used here were introduced (for Killing
vectors) by Kostant [46] and independently by Geroch [37], the latter of whom introduced the
term Killing transport.

3.2.1 Killing transport

Let D be an admissible connection on the spinor bundle S and recall that the space of Killing
spinors (D-parallel sections of S) is denoted SD. Let us define the vector bundle E := TM ⊕

13Our use of the term “Killing spinor” here is a generalisation of the sense in which it is used in the supergravity
literature and in particular those discussed in [10, 22, 23, 32, 33]. It does not subsume all geometric Killing spinors
or generalisations thereof; it does however subsume the particular examples in [24].
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S⊕adFSO, where we recall that the space of sections of adFSO, the adjoint bundle to the special
orthonormal frame bundle, can be identified with the Lie algebra so(M, g) of skew-symmetric
endomorphisms of the tangent bundle. We define a connection D on E as follows:

DY (X, ϵ,A) := (∇YX +AY,DY ϵ,∇YA+R(Y,X))

for X,Y ∈ X(M), ϵ ∈ S, A ∈ so(M, g).

Proposition 3.9. If D is an admissible connection, the parallel sections of D are triples
(X, ϵ,AX), where X is a Killing vector, ϵ a Killing spinor and AX = −∇X. Thus the R-vector
space of D-parallel sections is isomorphic to iso(M, g)⊕SD.

Proof. If the section (X, ϵ,A) of E is parallel with respect to D , clearly ϵ is a Killing spinor
and we have AY = −∇YX for all Y ∈ X(M), so A = −∇X = AX . Since A ∈ so(M, g), X
must be a Killing vector. Conversely, if X is a Killing vector and ϵ a Killing spinor, we have
∇YAX = −R(Y,X) (by equation (A.7)), and so (X, ϵ,AX) is parallel with respect to D . ■

Thanks to this result and since M is connected, if one knows the values (X, ϵ,AX)p at any
point p ∈M for any pair (X, ϵ) with X ∈ iso(M, g) and ϵ ∈ SD – which we call a Killing
pair – one can recover the section (X, ϵ,AX) by parallel transport with respect to D . For
this reason, D is referred to as the Killing transport connection, and (X, ϵ,AX)p the Killing
transport data of (X, ϵ) at p. We define an injective R-linear map Φ sending a Killing pair
in KD (so that X ∈ VD) to its Killing transport data at p as follows: Φp : KD → Ep, Φp(X, ϵ) :=
(Xp, ϵp, (AX)p).

3.2.2 Localising the Killing algebra at a point

If we restrict our attention to Killing pairs (X, ϵ) ∈ KD, it is possible to recover the Killing
transport data of [(X, ϵ), (Y, ζ)] at a point from that of (X, ϵ) and (Y, ζ). We have

[(X, ϵ), (Y, ζ)] = ([X,Y ] + κ(ϵ, ζ),LXζ − LY ϵ),

and the corresponding parallel section of E is

([X,Y ] + κ(ϵ, ζ),LXζ − LY ϵ, A[X,Y ] +Aκ(ϵ,ζ)). (3.8)

We now expand some of the terms in this expression. Equations (A.4) and (A.8) from Ap-
pendix A.2.1 give us

[X,Y ] = ∇XY −∇YX = AXY −AYX, A[X,Y ] = [AX , AY ]−R(X,Y ).

The Killing spinor equation in the form ∇ϵ = βϵ gives

LY ϵ = ∇Y ϵ+AY · ϵ = β(Y )ϵ+AY · ϵ,

and by Lemma 3.4, Aκ(ϵ,ζ) = −κ(βϵ, ζ)− κ(ϵ, βζ). Thus the triple (3.8) is given by

[X,Y ] + κ(ϵ, ζ) = AXY −AYX + κ(ϵ, ζ),

LXζ − LY ϵ = β(X)ζ − β(Y )ϵ+AX · ζ −AY · ϵ,
A[X,Y ] +Aκ(ϵ,ζ) = [AX , AY ]−R(X,Y )− κ(βϵ, ζ)− κ(ϵ, βζ).

We now evaluate the expressions above at p to obtain the Killing transport data of [(X, ϵ), (Y, ζ)].
Let us define the inner product space (V, η) := (TpM, gp) and identify S := Sp as a (N -extended)
spinor module of Spin(V ) ⊆ Cl(V ) (where we omit η as usual); we then have Ep = V ⊕S⊕so(V )
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as a Spin(V )-module.14 For the sake of readability, we consider the data for the brackets [X,Y ],
[X, ϵ], and [ϵ, ζ] separately; we find

Φp([X,Y ]) = ((AX)pYp − (AY )pXp, 0, [(AX)p, (AY )p]−Rp(Xp, Yp)), (3.9)

Φp([X, ϵ]) = (0, βp(Xp)ϵp + (AX)p · ϵp, 0), (3.10)

Φp([ϵ, ζ]) = (κp(ϵp, ζp), 0,−κp(βpϵp, ζp)− κp(ϵp, βpζp)), (3.11)

where κp ∈
⊗

2S∗⊗V , βp ∈ V ∗⊗EndS, and Rp ∈
∧

2V ∗⊗ so(V ) are the values of κ, β, and R
at p ∈M . Thus we can indeed express the Killing transport data of any [(X, ϵ), (Y, ζ)] at p ∈M
in terms of the Killing transport data of (X, ϵ) and (Y, ζ) at p if we know the “background”
data (κp, βp, Rp).

3.2.3 The structure theorem

We will now prove our second main result. This is a generalisation of the first part of [32,
Theorem 12], which is particular to 11-dimensional supergravity. Recall from Definition 2.1
that for a fixed inner product space (V, η), a flat model (super)algebra s is defined by a spinor
module S and a Dirac current κ on S. See Section 2.2.2 for background on filtered deformations
and Appendices A.3.2 and A.3.3 for more on filtrations.

Theorem 3.10 (structure of Killing (super)algebras). Let D be an admissible connection (see
Definition 3.6) on a spinor bundle S with Dirac current κ over a connected pseudo-Riemannian
spin manifold (M, g). Then the Killing (super)algebra KD is a filtered deformation of a graded
subalgebra a of the flat model (super)algebra s with odd part S and Dirac current κ.

Remark 3.11. Before proving this result, we note that there is a more näıve approach to
it which unfortunately fails. We have already observed that Ep = V ⊕ S ⊕ so(V ), so one
might be tempted to identify Ep with the flat model algebra s and proceed as follows: we have
a map Φp : KD → Ep = s, and we can therefore compute brackets on ImΦp,

[Φp(X),Φp(Y )] = ((AX)pYp − (AY )pXp, 0, [(AX)p, (AY )p]),

[Φp(X),Φp(ϵ)] = (0, (AX)p · ϵp, 0), [Φp(ϵ),Φp(ζ)] = (κp(ϵp, ζp), 0, 0).

Comparing to equations (3.9)–(3.11), we see that Φp is not a Lie algebra homomorphism in
general, but perhaps it is the natural map carrying a filtered Lie algebra to its associated graded
inside s.

The problem is that ImΦp need not be closed under the bracket [−,−] – the expressions
above need not be the transport data of any Killing pairs – and it may not even be a graded
subspace of Ep, since for example Killing vectors embed diagonally; X 7→ (Xp, 0, (AX)p). A more
careful method is therefore required.

Proof of Theorem 3.10. We fix an arbitrary point p ∈M and set V = TpM , S = Sp as before.
Define the evaluation maps evVp : VD → V , X 7→ Xp, ev

S
p : SD → S, ϵ 7→ ϵp. Let V

′ be the sub-
space of V consisting of values of restricted Killing vectors V ′ = ImevVp = {Xp ∈ V | X ∈ VD},
and let h be the subspace of so(V ) consisting of values at p of endomorphisms AX for Killing
vectors which vanish at X

h = {(AX)p ∈ so(V ) | X ∈ VD : Xp = 0}.
14We note that there is some abuse of notation here; we previously denoted the spinor module of Spin(p, q)

used to define S by S; identification of these two S’s is not canonical and requires e.g., a choice of basepoint in
the fibre of the spin structure over p.
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Since a Killing vector X is determined by its Killing transport data (Xp, (AX)p), there is an
isomorphism of vector spaces h ≃ ker evVp . For A ∈ h, we denote by XA the corresponding

Killing vector in ker evVp . We also define S′ = ImevSp = {ϵp ∈ S | ϵ ∈ SD} and note that there
exists a vector space isomorphism S′ ≃ SD since a Killing spinor is defined by its value at p.
For ease of notation, when there is no ambiguity we now identify these spaces; the symbol ϵ will
denote both a Killing spinor and its value at p.

Now let a = V ′⊕S′⊕h ⊆ s. We claim that this graded subspace is in fact a graded subalgebra
of s. If A,B ∈ h, by equation (3.9) we have

[XA, XB]p = 0, (A[XA,XB ])p = [AXA
, AXB

]p = [A,B],

so [XA, XB] ∈ ker evVp , and the corresponding element in h is [A,B], showing that h is closed

under the bracket. Note that this also shows that h ∼= ker evVp as Lie algebras. Now let A ∈ h
and v ∈ V ′. Then there is some Y ∈ VD with Yp = v. Again by equation (3.9), we have

[XA, Y ]p = (AXA
)pYp = Av = [A, v],

so [A, v] is the value at p of [XA, Y ]. Thus [h, V ′] ⊆ V ′. For A ∈ h and ϵ ∈ S′ ≃ SD, by
equation (3.10) we have

[XA, ϵ]p = (AXA
)p · ϵp = A · ϵ = [A, ϵ],

so [A, ϵ] ∈ S′. Thus [h, S′] ⊆ S′. Finally, for ϵ, ζ ∈ S, we have [ϵ, ζ]p = κp(ϵp, ζp) = [ϵp, ζp], so
[S′, S′] ⊆ V ′. Hence a is indeed a graded Lie subalgebra of s.

Using the notation and terminology of Appendices A.3.2 and A.3.3, we can equip KD with
a filtration K•

D of depth 2 (KiD = KD for i ≤ −2) as follows: we set KiD = 0 for i > 0 and

K−2
D = KD = VD ⊕SD ⊃ K−1

D = ker evVp ⊕SD ⊃ K0
D = ker evVp

∼= h.

The calculations above show that, as h ∼= ker evVp -modules,

Gr−2 K
•
D = KD⧸ker evVp ⊕SD

∼= V ′ (
using evVp

)
,

Gr−1 K
•
D = ker evVp ⊕SD⧸ker evVp

∼= S′ (
using evSp

)
,

Gr0 K
•
D = ker evVp

∼= h (using X 7→ (AX)p),

thus GrK•
D

∼= a as h-modules. We will show that this isomorphism preserves Lie brackets,
hence KD is a filtered deformation of a. We denote the associated graded bracket on GrK•

D

by [−,−]Gr and use an overline to denote projections KiD → GrKiD. For A,B ∈ h, X,Y ∈ VD

and ϵ, ζ ∈ SD, we have the following for our map GrK•
D → a:[

XA, Y
]
Gr

= [XA, Y ] = AXA
Y 7−→ AYp = [A, Yp] (in degree −2),

[ϵ, ζ]Gr = [ϵ, ζ] = κ(ϵ, ζ) 7−→ κp(ϵ, ζ) = [ϵ, ζ] (in degree −2),

[XA, ϵ]Gr = [XA, ϵ] = AXA
· ϵ 7−→ A · ϵ = [A, ϵ] (in degree −1),

[XA, XB]Gr = [XA, XB] = X[A,B] 7−→ [A,B] (in degree 0).

The only brackets we have not considered above are
[
X, ϵ

]
Gr

and
[
X,Y

]
Gr
, but these lie in

Gr−3 K
•
D and Gr−4 K

•
D respectively, both of which are both zero by definition. ■
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We recall from the discussion in Section 2.2.2 that filtered deformations can be explicitly
described as a deformation of the bracket of the graded model algebra by a sequence of maps of
positive degrees. It will be useful to give our Killing superalgebras such a presentation.

First note that the isomorphism h ∼= ker evVp and the evaluation map evVp itself give us the
short exact sequence of vector spaces

0 h VD V ′ 0.

Any short exact sequence of vector spaces splits, so there exists a (linear) splitting map Λ: V ′ →
VD with evVp (Λ(v)) = Λ(v)p = v. We can also parametrise the splitting in terms of a map
λ : V ′ → so(V ) by setting λ(v) = (AΛ(v))p; the vector field Λ(v) can be recovered from its
Killing transport data (v, λ(v)). The splitting induces a linear isomorphism V ′ ⊕ h → VD given
by (v,A) 7→ Λ(v) + XA. This extends to a Z2-graded linear isomorphism Ψ: a → KD given
by Ψ(v, ϵ, A) = (Λ(v) +XA, ϵ), where v ∈ V ′, A ∈ h, and ϵ ∈ S′ ≃ SD. We use Ψ to define
a new bracket [−,−]′ on a by pulling back the bracket on KD

[(v, ϵ, A), (w, ζ,B)]′ := Ψ−1([Ψ(v, ϵ, A),Ψ(w, ζ,B)])

with respect to which Ψ is a Lie (super)algebra isomorphism (a, [−,−]′) ∼= KD by construction.
Explicitly, the bracket is given by

[A,B]′ = [A,B], [A, v]′ = Av + [A, λ(v)]− λ(Av),

[v, w]′ = λ(v)w − λ(w)v + θλ(v, w), [A, ϵ]′ = A · ϵ,
[v, ϵ]′ = βp(v)ϵ+ λ(v) · ϵ, [ϵ, ζ]′ = κp(ϵ, ζ) + γp(ϵ, ζ)− λ(κp(ϵ, ζ)), (3.12)

where γp :
⊗

2S → so(V ) is the evaluation at p of the map γ defined by equation (3.3) and
θλ :

∧
2V ′ → h is the map

θλ(v, w) = [λ(v), λ(w)]−Rp(v, w)− λ(λ(v)w − λ(w)v).

Using the notation of Lie algebra cohomology, we have a map ∂λ :
∧

2s → s of degree +2 defined
as follows

∂λ(A, v) = [A, λ(v)]− λ(Av), ∂λ(v, w) = λ(v)w − λ(w)v, ∂λ(v, ϵ) = λ(v) · ϵ,
∂λ(ϵ, ζ) = −λ(κp(ϵ, ζ)),

whence we have

[−,−]′ = [−,−] + βp + γp + ∂λ+ θλ,

where βp, γp and θλ have been trivially extended to maps
∧

2s → s. The deforming maps are
µ = βp + γp + ∂λ, of degree +2, and θλ, of degree +4. That is, in the language of Section 2.2.2
(see equation (2.5)), the deformation has defining sequence (µ, θλ, 0, . . . ).

The splitting Λ: V ′ → VD and the corresponding map λ : V ′ → h can be viewed as a “cor-
rection” to the failed näıve approach discussed in the remark before the proof of Theorem 3.10.
Note that these maps are not canonical; if Λ′ : V ′ → VD is another splitting and λ′ : V ′ → so(V )
is the corresponding map, we have

Φp(Λ
′(v)− Λ(v)) = (v − v, λ′(v)− λ(v)) = (0, λ′(v)− λ(v)),

so (Λ′ − Λ)(v) ∈ ker evVp , and (λ′ − λ)(v) is the corresponding element of h. Thus λ, and
therefore the splitting, is unique up to a choice of map V ′ → h. We will see later that such
a map is a Spencer (2, 1)-cocycle for a, so it is consistent that changing the defining sequence by
the coboundary of such a map does not change the isomorphism class of the deformation, only
its presentation. Also note that this choice of splitting is exactly a choice of complementary
submodules as discussed near the beginning of Section 2.2.2.
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3.3 Constrained Killing spinors

So far in this section, we have only considered the differential Killing spinor equation Dϵ = 0
which in supergravity theories arises from demanding that the variation of the gravitino ∂ϵΨ =Dϵ
vanishes. While in some pure minimal supergravity theories (in particular, those in dimen-
sions 4, 5, 6 and 11, which have been studied using Spencer cohomology [10, 22, 23, 31, 33]) this
is the only local condition imposed by supersymmetry, in most supergravity theories (including
any extended, gauged or matter-coupled theories and even some pure minimal theories), there
are additional fermions present. A background of such a theory is called supersymmetric if the
variations of all fermions vanish for some supersymmetry parameter. The variations of the ad-
ditional fermions are always algebraic, rather than differential, in the spinor. The vanishing of
these variations are referred to as algebraic or linear constraints and we will call the spinors sat-
isfying them as well as Dϵ = 0 constrained Killing spinors.15 Similar considerations for Killing
superalgebras are found in [42].

We will make some comments here about how these might be brought into our present
framework; we leave a full treatment for future work.

3.3.1 Linear constraints

Schematically, the linear constraints are of the form Pϵ = 0 where P is some fibrewise linear
operator on the spinor bundle S. More concretely, all fermions may take values in the same
representation as the gravitini, in which case P ∈ EndS. In a more general situation, the
additional fermions take values in some vector bundle E → M (for example, an associated
bundle for some gauge symmetry). Then the constraint equation is Pϵ = 0, where

P ∈ Hom(S, S ⊗ E) ∼= EndS ⊗ E.

This bundle map is parametrised by the bosonic fields of the background, just as β = D −∇ is.16

Let D = ∇ − β be a spinor connection which is not necessarily admissible in the sense of
Definition 3.6 and let us denote the space of D-parallel sections of S which are annihilated
by P by

SD,P := {ϵ ∈ S | Dϵ = 0 and Pϵ = 0}.

We previously discussed the integrability condition RDϵ = 0 for the existence of D-parallel
spinors (see equation (3.1) and the subsequent discussion). In the case of constrained Killing
spinors ϵ ∈ SD,P , this can be supplemented by further integrability conditions, the first-
order such conditions being schematically (see, e.g., [39]) [P,P]ϵ = 0, D̂Pϵ := [D,P]ϵ = 0,
where [−,−] in both expressions is a commutator. These conditions require some interpretation
which depends on the structure on the bundle E in which the additional fermions take their
values. If P ∈ EndS, so E →M is the trivial line bundle, then the meaning of the expressions
is clear. The same holds if E is simply the sum of such bundles. In the more general situation,
we may interpret P as acting on S ⊗ E as P ⊗ IdE and extend D to a connection on S ⊗ E
which acts trivially on the second factor. In practice though, there may be some more natural
interpretation in which these operations are “twisted” by some structure on E.

15Our terminology follows [18, 48] (omitting the word “generalised”). The more recent work [59] uses the term
“constrained differential spinor”.

16Let us note that the fermion variations Pϵ and the expression βϵ are fibrewise linear in ϵ but not necessarily
in the bosonic background fields. For example, gauge field strengths (hence derivatives of gauge connections) and
derivatives of scalars typically appear as coefficients in both, and may also appear in nonlinear combinations.
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3.3.2 Constrained Killing superalgebra

As we did for SD in Section 3.1, we now seek to find a subalgebra of the algebra of Killing
vectors which preserves this space under the action of the Lie derivative; a natural choice is

VD,P :=
{
X ∈ iso(M, g) | LXβ = 0 and L̂XP = 0

}
,

where again we must interpret the expression L̂XP. In particular, we assume that there is
some structure on E such which gives rise to some generalisation L̂ of the Lie derivative which
acts on HomS ⊗ E – if E happens to be a trivial bundle, the spinorial Lie derivative naturally
generalises, while if it is an associated bundle to the principal bundle for some gauge symmetry,
a covariant derivative constructed from a gauge connection will suffice. We note that in the
latter case, VD,P may not close under the Lie bracket, so we may need to refine its definition.

If VD,P (or some more carefully chosen subspace) is indeed a subalgebra of iso(M, g), its ac-
tion via the spinorial Lie derivative preserves SD,P . We now seek to give KD,P = VD,P ⊕SD,P

the structure of a superalgebra using the Lie derivative and Dirac current as in Theorem 3.5.
But as in the proof of that theorem, all that needs to be checked is that the

[
SD,P ,SD,P

]
bracket closes on VD,P , and that the

[
SD,P ,SD,P ,SD,P

]
Jacobi identity is satisfied. But we

quickly see that this is the case if equations (3.4)–(3.6) as well as

L̂κ(ϵ,ζ)P = 0 (3.13)

are satisfied for all ϵ, ζ ∈ SD,P . We note that in a supergravity theory, β and P are defined in
terms of background fields which we expect to be preserved by the Lie derivatives along Killing
vectors generated by spinors in SD,P , hence the condition above is also satisfied.

Assuming that the expressions above can be made precise as suggested, we should then
generalise Definition 3.6 to the constrained case, considering not just admissible connections D
but admissible pairs (D,P), incorporating the condition (3.13) and possibly demanding that
the admissibility conditions of Definition 3.6 should only be imposed on kerP, rather than the
whole spinor bundle.

3.3.3 Killing transport and filtered deformation

We now consider whether an analogue of Theorem 3.10 holds, that is, whether it is the case that
the Killing superalgebra is a filtered deformation of the Poincaré superalgebra in the constrained
case. Recall that an important part of this proof was the localisation of the Killing vectors and
spinors in KD at a point via Killing transport. Since constrained Killing spinors are still D-
parallel with respect to a connection D, the same arguments hold, the only modification being
that the Killing transport data of a constrained Killing spinor at p ∈ M must lie in kerPp.
Note that this does not mean that any spinor at p annihilated by P can be Killing-transported
to define a constrained Killing spinor; as in the unconstrained case, a D-parallel global section
with this transport data may not exist, and in the constrained case, even if one does exist, it
need not be P-parallel.

One should thus expect an analogue to Theorem 3.10 for KD,P with essentially the same
proof, the main difference being that the filtered subdeformation of s one thus obtains must
have S′ ≃ evSp SD,P ⊆ kerPp ⊆ Sp.

We will not consider constrained Killing spinors in the rest of this work, primarily because,
in contrast to the differential Killing spinor equation, the linear constraints apparently do not
have an interpretation in terms of Lie algebra cohomology. We thus leave the details of the
formalism suggested above to be fully treated in future publications.
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4 Filtered subdeformations of the Poincaré superalgebra

Theorem 3.10 establishes that any Killing (super)algebra is a filtered deformation of a graded
subalgebra of a flat model (super)algebra s (see Definition 2.1). Let us now consider such de-
formations from a homological point of view. Throughout, let (V, η) be an inner product space
and let S be a (possibly N -extended) spinor module of Spin(V ). For ease of exposition, we now
specialise to the case of a symmetric Dirac current κ :

⊙
2S → V , whence we work with su-

peralgebras; the skew-symmetric case is entirely analogous. Eventually, we will further specialise
to Lorentzian signature, hence Poincaré superalgebras, and make some further assumptions on
the Dirac current and the graded subalgebras we work with in order to take advantage of some
technical simplifications offered by the homogeneity theorem (see Theorem 4.8). We comment
on how dependent our results are on these assumptions in Remark 4.11. We will make extensive
use of the background material on Spencer cohomology and filtered deformations presented in
Section 2.2.

4.1 The Spencer (2,2)-cohomology

We saw in Section 2.2.2 that filtered deformations of graded Lie superalgebras are governed by
their Spencer cohomology. We therefore need to understand the Spencer cohomology of the flat
model superalgebra and its graded subalgebras before discussing their deformations.

4.1.1 The complex

A graded subalgebra a of the flat model superalgebra s defined by the data (V, S, κ) takes the
form a = a−2 ⊕ a−1 ⊕ a0, where a−1 = S′ is a vector subspace of S, a−2 = V ′ is a subspace
of V containing Imκ|⊙ 2S′ and a0 = h is a subalgebra of so(V ) preserving S′ and V ′. By
Proposition 2.3, to study filtered deformations of a we must first understand the degree-2 Spencer
complex

(
C2,•(a−; a), ∂

)
. Recalling the definition of the Spencer complex from Section 2.2.1, the

space of (2, p)-cochains consists of degree-2 maps
∧
pa → a, whence we deduce that the degree-2

complex can be written as

0 −→ Hom(V ′, h) −→ Hom
(∧2V ′, V ′)⊕Hom(V ′ ⊗ S′, S′)⊕Hom

(⊙2S′, h
)

−→ Hom
(
V ′ ⊗

⊙2S′, V ′)⊕Hom
(⊙3S′, S′) −→ 0.

We denote the projections to the components of C2,2(a−; a) as follows

π1 : C2,2(a−; a) −→ Hom
(∧2V ′, V ′), π2 : C2,2(a−; a) −→ Hom(V ⊗ S′, S′),

π3 : C2,2(a−; a) −→ Hom
(⊙2S′, h

)
.

We now record a pair of results which will be useful for studying the cohomology of a class
of graded subalgebras which we will be particularly interested in later on.

Lemma 4.1. Let h be a subalgebra of so(V ) and V ′ an h-submodule of V such that

(1) the restriction of η to V ′ is non-degenerate,

(2) the action of h on V ′ is faithful,

(which hold in particular for V ′ = V ) and suppose that λ : V ′ → h is a linear map such that

λ(v)w − λ(w)v = 0, ∀v, w ∈ V ′.

Then λ = 0.
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Proof. Using that λ takes values in h ⊆ so(V ), for all u, v, w ∈ V ′ we have

η(u, λ(v)w) = η(u, λ(w)v) = −η(λ(w)u, v) = −η(λ(u)w, v)
= η(w, λ(u)v) = η(w, λ(v)u) = −η(λ(v)w, u).

Thus by non-degeneracy we have λ(v)w = 0 for all v, w ∈ V ′, so since h acts faithfully on V ′,
λ = 0. ■

Corollary 4.2. Let a = V ⊕ S′ ⊕ h be a graded subalgebra of s with a−2 = V . Then the com-
position π1 ◦ ∂ : Hom(V, h) → Hom

(∧
2V, V

)
is injective, whence H2,1(a−; a) = Z2,1(a−; a) = 0.

If h = so(V ), π1 ◦ ∂ is an isomorphism.

Proof. Let λ ∈ ker(π1 ◦ ∂). Then for all v, w ∈ V , (π1 ◦ ∂)(λ)(v, w) = ∂λ(v, w) = λ(v)w −
λ(w)v = 0. The first claim then follows from Lemma 4.1. The second claim follows by a dimen-
sion count. ■

Remark 4.3. The second claim in the result above can be restated as follows: for any lin-
ear map α :

∧
2V → V , there exists a unique linear map λ : V → so(V ) satisfying α(v, w) =

∂λ(v, w) = λ(v)w − λ(w)v. We will use this fact repeatedly.

4.1.2 The cohomology

The discussion above gives us a characterisation of the (2, 2)-cohomology group of the whole
flat model superalgebra s which we will later be able to bootstrap in order to study a particular
class of filtered subdeformations.

Lemma 4.4. Let α+ β + γ be a cocycle in C2,2(s−; s) where

α ∈ Hom
(∧2V, V

)
, β ∈ Hom(V ⊗ S, S), γ ∈ Hom

(⊙2S, so(V )
)
. (4.1)

Then the cohomology class [α+ β + γ] ∈ H2,2(s−; s) has a unique representative β′ + γ′ with no
Hom

(∧
2V, V

)
component. We denote the space of such normalised cocycles by H2,2

H2,2 =
{
β + γ ∈ Z2,2(s−; s) | β ∈ Hom(V ⊗ S, S), γ ∈ Hom

(⊙2S, so(V )
)}
,

and then we have H2,2(s−; s) ∼= H2,2 as so(V )-modules.

Proof. Using the isomorphism π1 ◦ ∂, there exists a unique map λ ∈ Hom(V, so(V )) such
that ∂λ(v, w) = λ(v)w − λ(w)v = α(v, w). Thus, if we define β′ and γ′ by

β′(v, s) = β(v, s)− ∂λ(v, s) = β(v, s)− λ(v) · s,
γ′(s, s′) = γ(s, s′)− ∂λ(s, s′) = γ(s, s) + λ(κ(s, s′)),

we have [α+β+γ] = [α+β+γ−∂λ] = [β′+γ′], which proves the first claim. It immediately follows
that, as so(V )-modules, we have Z2,2(s−; s) = H2,2 ⊕ B2,2(s−; s) and H2,2(s−; s) ∼= H2,2. ■

It is worth pausing to explicitly examine the “normalised” Spencer cocycle conditions for
β + γ ∈ H2,2. Written in polarised form (explained in Section 2.2.3), these are

2κ(s, β(v, s)) + γ(s, s)v = 0, (4.2)

β(κs, s) + γ(s, s) · s = 0 (4.3)

for v ∈ V and s ∈ S, where we introduce the notation κs := κ(s, s). We will refer to these as
the first and second (normalised) Spencer cocycle conditions for s respectively. We note that
the first equation uniquely defines γ :

⊙
2S → so(V ) in terms of β : V ⊗ S → S and constrains
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the endomorphism v 7→ κ(s, β(v, s)) of V to lie in so(V ) for all s ∈ S. In explicit cohomology
calculations (see [10, 22, 23, 33]), we first determine the space of maps β satisfying this constraint
and then substitute the resulting expressions for β and γ into the second equation and solve it.

We also note here that β + γ ∈ H2,2 (or the corresponding cohomology class) is invariant
under the action of a subalgebra h ∈ so(V ) if and only if β is h-invariant (that is, β is h-
equivariant when considered as a map V ⊗ S → S); indeed, if A ∈ h, v ∈ V and s ∈ S then
we have (A · (β + γ))(v, s) = (A · β)(v, s) = A · (β(v, s))− β(Av, s)− β(A, v · s) so clearly β is
invariant if β+γ is, while on the other hand if β is invariant then using the first cocycle condition
(once in the form above and once in depolarised form) as well as so(V )-invariance of κ, we have

(A · γ)(s, s)v = [A, γ(s, s)]v − 2γ(A · s, s)v
= 2A(κ(s, β(v, s)))− 2κ(s, β(Av, s))− 2κ(A · s, β(v, s))− 2κ(s, β(v,A · s))
= 2κ(s,A · β(v, s))− 2κ(s, β(Av, s))− 2κ(s, β(v,A · s)) = 0,

thus γ is h-invariant, whence β + γ is too.

Remark 4.5. Let us pause briefly to relate these cocycle conditions back to our theory of Killing
superalgebras and to explain the coincidences in notation. First note that there is a canonical
homomorphism Hom(V ⊗S, S) ∼= V ∗⊗EndS, so we can view the cocycle component β as a spinor
endomorphism-valued 1-form on V . Under this interpretation, we write β(v)s := β(v, s).

The definition of admissible connections, Definition 3.6, involves three conditions on the 1-
form β = D − ∇ ∈ Ω1(M ; EndS) and the section γ ∈ Γ

(⊙
2S∗ ⊗ TM

)
which is defined in

terms of β by equation (3.3). Conditions (1) and (2) are algebraic in β, γ and condition (3) is
differential. For a symmetric Dirac current, we can polarise the definition of γ and the algebraic
conditions. Then, taking them pointwise, the definition of γ and condition (1) are equivalent
to cocycle condition (4.2) above, while condition (2) is precisely (4.3) (where the fibre of S
is S and the same Dirac current is chosen). Thus, if we wish to find admissible connections on
a spinor bundle S equipped with a Dirac current κ over a spin manifold (M, g), we need only
compute H2,2 to determine a local ansatz for the allowed 1-forms β and then check whether
or under what circumstances the remaining condition (namely, Lκϵβ = 0 for all D-parallel
spinors ϵ) holds, which we typically do using integrability conditions.

4.2 General filtered deformations and cohomology

Recall from Section 2.2.2 that we can describe filtered deformations of a Z-graded superalgebra
as deformed brackets on the same underlying vector space as the original algebra. In particular,
a filtered deformation ã of a graded subalgebra a = V ′ ⊕ S′ ⊕ h of s has the brackets

[A,B] = AB −BA, [s, s] = κs + γ(s, s), [A, v] = Av + δ(A, v),

[v, s] = β(v, s), [A, s] = A · s, [v, w] = α(v, w) + θ(v, w), (4.4)

where A,B ∈ h, v, w ∈ V ′, s ∈ S′, and α :
∧

2V ′ → V ′, β : V ′ ⊗ S′ → S′, γ :
⊙

2S′ → h, δ : h⊗
V ′ → h are the components of the degree-2 deformation map, while θ :

∧
2V ′ → h is the degree-4

deformation map. We denote the full degree-2 deformation by µ = α+ β + γ + δ : a⊗ a → a so
the defining sequence (as in equation (2.5)) for this deformation is (µ, θ, 0, . . . ). From Proposi-
tion 2.3, we have the following homological information:

µ ∈ Z2,2(a; a), (4.5)

µ|a−⊗a− ∈ Z2,2(a−; a), (4.6)[
µ|a−⊗a−

]
∈ H2,2(a−; a)

h, (4.7)

where in the first expression we have graded the full Chevalley–Eilenberg complex in the same
way that we graded the Spencer complex in equation (2.4).
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4.2.1 Unpacking the cocycle conditions

Let us consider these conditions in more detail. Equation (4.5) is equivalent to the following
system of linear equations:

α(κs, v) + 2κ(s, β(v, s)) + γ(s, s)v = 0, (4.8)

β(κs, s) + γ(s, s) · s = 0, (4.9)

Aα(v, w)− α(Av,w)− α(v,Aw) + δ(A,w)v − δ(A, v)w = 0, (4.10)

A · (β(v, s))− β(Av, s)− β(v,A · s)− δ(A, v) · s = 0, (4.11)

[A, γ(s, s)]− 2γ(A · s, s) + δ(A, κs) = 0, (4.12)

δ([A,B], v)− [A, δ(B, v)] + [B, δ(A, v)]− δ(A,Bv) + δ(B,Av) = 0 (4.13)

for all A,B ∈ h, v, w ∈ V ′ and s ∈ S′, where again κs = κ(s, s). Equation (4.6) is equivalent
to the first pair of equations in this system – we will refer to these as the Spencer cocycle
conditions for a. Equation (4.7) is equivalent to the following: for each A ∈ h, there exists
a cochain χA ∈ C2,1(a−; a) = Hom(V ′, h) such that

A · (α+ β + γ) = ∂χA. (4.14)

This is implied by equation (4.5): simply taking χA = ıAδ, the above equation is equivalent
to equations (4.10)–(4.12). In the case that V ′ = V , we have a converse: it follows from
Corollary 4.2 that (4.14) defines χA uniquely and that the assignment A 7→ χA is linear. Thus
we can define a unique linear map δ : h⊗ V → h by δ(A, v) := χA(v). Then

δ([A,B], v)− [A, δ(B, v)] + [B, δ(A, v)]− δ(A,Bv) + δ(B,Av)

= χ[A,B](v)− [A,χB(v)] + [B,χA(v)]− χA(Bv) + χB(Av)

=
(
χ[A,B] −A · χB +B · χA

)
(v).

On the other hand, by (4.14) we have ∂(χ[A,B]−A ·χB+B ·χA) = 0, so χ[A,B]−A ·χB+B ·χA ∈
Z2,1(a−; a). But this space is zero by Corollary 4.2. Hence δ satisfies (4.13). Thus we have
shown the following.

Lemma 4.6. Let µ ∈ Z2,2(a; a). Then µ|a−⊗a− ∈ Z2,2(a−; a) with h-invariant cohomology class.
If V ′ = V , we conversely have that if µ− ∈ Z2,2(a−; a) is a Spencer cocycle such that with h-
invariant cohomology class then there exists a unique cocycle δ ∈ Z1(h;V ∗ ⊗ h) ⊆ Hom(h⊗ V, h)
such that µ = µ− + δ ∈ Z2,2(a; a).

We can be more explicit about the form of δ in the V = V ′ case: by Corollary 4.2, there
exists a unique map λ : V → so(V ) such that α(v, w) = λ(v)w − λ(w)v. One can then easily
check that δ(A, v) = [A, λ(v)]− λ(Av) solves equations (4.10)–(4.12).

4.2.2 Jacobi identities

We now consider the conditions imposed on the deforming maps by the Jacobi identities. These
split into three types: those which are independent of the deforming maps, which are identically
satisfied; those which involve only the deforming maps of degree 2, which are linear in those maps
and which are equivalent to the homological conditions (4.8)–(4.13); and those which involve the
degree-4 map θ, all of which are quadratic in the deforming maps. We will not explicitly write
the first two types, only the third type, since the equations are new. We denote by [ãi, ãj , ãk]
the Jacobi identity on the (i, j, k)-th homogeneous subspace of a. The Jacobi identities break
down as follows:
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� [ã0, ã0, ã0]: Identically satisfied by the Jacobi identity on h ⊆ so(V ).

� [ã0, ã0, ã−1]: Identically satisfied since S′ is a representation of h.

� [ã0, ã0, ã−2]: Equivalent to the cocycle condition (4.13), using that V ′ is a representation
of h.

� [ã0, ã−1, ã−1]: Equivalent to cocycle condition (4.12), using the so(V )-equivariance of κ.

� [ã0, ã−1, ã−2]: Equivalent to cocycle condition (4.11).

� [ã0, ã−2, ã−2]: This identity has a V ′-component, which is equivalent to the cocycle condi-
tion (4.10), and an h-component which is quadratic in the deformation maps

(A · θ)(v, w) = δ(δ(A, v), w)− δ(δ(A,w), v)− δ(A,α(v, w)) (4.15)

for A ∈ h and v, w ∈ V ′.

� [ã−1, ã−1, ã−1]: Equivalent to the second Spencer cocycle condition (4.9).

� [ã−1, ã−1, ã−2]: Like the [ã0, ã−2, ã−2] identity, there is a V
′-component and a h-component

to this Jacobi identity. The former is the first Spencer cocycle condition (4.8), while the
latter is the quadratic condition

θ(κs, v) + δ(γ(s, s), v) + 2γ(s, β(v, s)) = 0 (4.16)

for s ∈ S′ and v ∈ V ′.

� [ã−1, ã−2, ã−2]: This identity gives the quadratic condition

θ(v, w) · s+ β(α(v, w), s)− β(v, β(w, s)) + β(w, β(v, s)) = 0, (4.17)

for s ∈ S′, v, w ∈ V ′.

� [ã−2, ã−2, ã−2]: This has components in V ′ and h, both of which are quadratic

α(α(u, v), w) + θ(u, v)w + cyclic perms. = 0, (4.18)

θ(α(u, v), w) + δ(θ(u, v), w) + cyclic perms. = 0 (4.19)

for u, v, w ∈ V ′.

In particular, recalling Lemma 4.6, we have the following.

Proposition 4.7. Let a = V ′⊕S′⊕h ⊆ s be a graded subalgebra, let α+β+γ+δ ∈ Z2,2(a; a) and
suppose we have a map θ :

∧
2V ′ → h. Then the brackets (4.4) define a filtered deformation ã

of a if and only if θ satisfies the equations (4.15)–(4.19).

Thus the task of determining the possible filtered deformations of a graded subalgebra a ⊆ s
consists of solving the linear equations (4.8)–(4.13) for µ = α+β+γ+ δ and then the quadratic
equations (4.15)–(4.19) for θ. We can interpret a (2, 2)-cocycle µ as an infinitesimal filtered
deformation of a, and this deformation integrates to an actual filtered deformation ã of a if and
only if there exists a solution θ to the equations (4.15)–(4.19). These equations are highly non-
trivial in general, and even if an infinitesimal deformation integrates, the full deformation need
not be unique. It is also difficult to give a homological characterisation of when two pairs (µ, θ)
and (µ′, θ′) give rise to isomorphic deformations.
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4.3 Homogeneity and high supersymmetry

We can get much better homological control over the problem of determining filtered defor-
mations by passing to a particular class of graded subalgebras a. We have already seen in
Lemmas 4.1 and 4.6 that taking V = V ′ gives us significant simplifications. We would now
like to guarantee that S′ is sufficiently large so that V = [S′, S′], which will allow us to fully
characterise filtered deformations of a in terms of Spencer cohomology. To do this, we will make
additional assumptions which allow us to use the homogeneity theorem, but we note that the
essential ingredient for the results of this section is the fact that V = [S′, S′].

4.3.1 The homogeneity theorem

We say that a symmetric Dirac current κ is causal if κs = κ(s, s) is either timelike or null for
all s ∈ S. In Lorentzian signature, a symmetric, causal Dirac current on the real pinor module S
always exists in any dimension and can be used to construct Dirac currents on extended spinor
modules. The existence of symmetric currents can be deduced from the Alekseevsky–Cortés
classification [2]; that they can be chosen to be causal must be shown case-by-case [42]. These
can be used to build symmetric Dirac currents on (N -extended) spinor modules S by restriction
and tensoring with bilinears on an auxiliary module. However such a map is constructed, we
have the following.

Theorem 4.8 (homogeneity theorem [28, 42]). Let (V, η) be a Lorentzian vector space of di-
mension dimV > 2 and S a (possibly N -extended) spinor module of so(V ) with a symmetric,
causal Dirac current κ :

⊙
2S → V . If S′ is a vector subspace of S with dimS′ > 1

2 dimS,
then κ|⊙ 2S′ is surjective onto V .

For all A ∈ so(V ) and s ∈ S, A · s = 0 implies that Aκs = 0 by so(V )-equivariance of the
Dirac current. Since so(V ) acts faithfully on V , the homogeneity theorem has the following
corollary.

Corollary 4.9. If the Dirac current κ is causal and dimS′ > 1
2 dimS, then the annihilator of S′

in so(V ) is trivial. In particular, any subalgebra h of so(V ) which preserves S′ acts faithfully
on S′.

Guided by the homogeneity theorem (and by physics), let us now fix s to be the Poincaré
superalgebra associated to a Lorentzian inner product space (V, η) and spinor module S with
symmetric causal Dirac current κ. Note that for such algebras we have [S′, S′] = V for dimS′ >
1
2 dimS, which prompts the following definition.

Definition 4.10. A graded subalgebra a = V ⊕ S′ ⊕ h of s with dimS′ > 1
2 dimS is said to be

highly supersymmetric, and it is maximally supersymmetric if S′ = S.
A filtered subdeformation ã of s is said to be highly supersymmetric if dim ã1 >

1
2 dimS, and

it is maximally supersymmetric if dim ã1 = dimS.

Clearly a filtered subdeformation ã is highly (maximally) supersymmetric if and only if its
associated graded superalgebra a is highly (maximally) supersymmetric as a graded subalgebra
of s.

Remark 4.11. The significance of the homogeneity theorem and the assumption of high super-
symmetry is that they ensure that [S′, S′] = V , or [a−1, a−1] = s−2. If one wishes to relax the
assumptions which were made on the signature and Dirac current in order to invoke the theorem,
one can simply impose this restriction on the graded subalgebra a instead of the assumption of
high supersymmetry and recover the results of the remainder of Sections 4 and 5. One might
term this sufficiently supersymmetry.



30 A.D.K. Beckett

4.3.2 Homological properties

Recall Definition 2.4 of some homological properties of graded Lie superalgebras. We now show
that highly supersymmetric graded subalgebras of s satisfy some of these.

Lemma 4.12 ([32]). Let a be a highly supersymmetric graded subalgebra of s. Then

� a is fundamental and transitive,

� a is a full prolongation of degree 2,

� Hd,2(a−; a) = 0 for all even d > 2.

Proof. Theorem 4.8 precisely says that a is fundamental, and transitivity follows from faith-
fulness of the action of h = a0 ⊆ so(V ) on V = a−2 or S′ = a−1. Corollary 4.2 then says
that H2,1(a−; a) = 0. For d > 2, Hd,1(a−; a) = 0 trivially since Cd,1(a−; a) = 0. The beginning of
the degree-4 Spencer complex is

0 −→ Hom
(∧2V, h

)
−→ Hom

(∧3V, V
)
⊕Hom

(∧2V ⊗ S′, S′)⊕Hom
(
V ⊗

⊙2S′, h
)

−→ · · · ,

and for θ ∈ C4,2(a−; a) = Hom
(∧

2V, h
)
, we have ∂θ(v, s, s) = θ(v, κs) for all v ∈ V , s ∈ S′, so

again by homogeneity, ∂θ = 0 if and only if θ = 0. This shows that Hd,4(a−; a) = 0, and we
have Hd,2(a−; a) = 0 for all d > 4 since Cd,2(a−; a) = 0. ■

The following pivotal observation is a straightforward generalisation to all spacetime dimen-
sions of [32, Proposition 6] and also of the analogous results for maximally supersymmetric
graded subalgebras (those for which a−1 = S) in [22, 33]. For the proof, we recall Proposi-
tions 2.3 and 2.5 which characterise the defining sequences of filtered deformations in terms of
Spencer cohomology and tell us how much freedom we have to redefine them.

Proposition 4.13 ([32]). Let a = V ′ ⊕ S′ ⊕ h be a graded subalgebra of s and ã a filtered
deformation of a with defining sequence (µ, θ, 0, . . . ) as above. Then

(1) µ|a−⊗a− is a cocycle in C2,2(a−; a), and [µ|a−⊗a− ] ∈ H2,2(a−; a)
h. Furthermore, µ is a co-

cycle in C2(a; a).

(2) If ã is highly supersymmetric and ã′ is another filtered deformation of a with degree-2 de-
formation map µ′ such that [µ′|a−⊗a− ] = [µ|a−⊗a− ] then ã ∼= ã′ as filtered Lie superalgebras.

Proof. The first statement follows by Proposition 2.3. For the second, if [µ′|a−⊗a− ] = [µ|a−⊗a− ]
then (µ′ − µ)|a−⊗a− is a Spencer coboundary, so by point 2.5 of Proposition 2.5 there is a new
defining sequence {µ′′, θ′′, 0, . . . } of ã′ such that µ′′|a−⊗a− = µ|a−⊗a− . Then, since a is a full
prolongation of degree 2 by Lemma 4.12, by point 2.5 of Proposition 2.5 we can again find a new
defining sequence {µ′′′, θ′′′, 0, . . . } of ã′ such that µ′′′ = µ and θ′′′ = θ′′′|a−⊗a− = θ|a−⊗a− = θ. ■

Note that we already saw the first statement of the proposition above in Section 4.2. The
second statement allows us to strengthen Proposition 4.7; by Lemma 4.6, a choice of h-invari-
ant µa−⊗a− determines µ for V = V ′; we now see that the cohomology class [µa−⊗a− ] determines
the entire deformation up to isomorphism in the highly supersymmetric case.

What this means in practice is that in order to find the infinitesimal deformations of a highly
supersymmetric graded subalgebra a, we compute H2,2(a−; a) and its h-invariants. The other
deforming maps δ and θ will then be determined by the Jacobi identities. Note, though, that
the Jacobi identities which are quadratic in the deformation maps may still obstruct the “inte-
gration” of the infinitesimal deformation [µa−⊗a− ] to a filtered deformation ã of a.
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4.3.3 Reparametrising the deformation

It will be useful for us to relate H2,2(a−; a) to some other cohomology groups. The inclusion
i : a ↪→ s of a graded subalgebra into s induces the following maps of cochains

i∗ : C•,•(a−; a) → C•,•(a−; s), ϕ 7→ i∗ϕ = i ◦ ϕ,
i∗ : C•,•(s−; s) → C•,•(a−; s), ϕ 7→ i∗ϕ = ϕ ◦ i,

where s is viewed as representation of a− via the restriction of the adjoint representation, and
the cochain complex C•,•(a−; s) has been given a grading in the same manner as the Spencer
complex (equation (2.4)); the differential respects this grading and the maps i∗, i

∗ respect both
this grading and the homological grading – that is, they commute with the differential ∂. Thus
these maps in turn induce maps in cohomology also denoted i∗ and i∗.

Let us consider these maps in degree (2, 2) for the highly supersymmetric case. Recall that, by
Lemma 4.4, H2,2(s−; s) ∼= H2,2 where the latter is the space of normalised Spencer (2, 2)-cocycles
of s.

Lemma 4.14. Let a be a highly supersymmetric graded subalgebra of s. Then we have a diagram
with exact rows and columns

0

H2,2(a−; a)

0 K2,2(a−) H2,2(s−; s) ∼= H2,2 H2,2(a−; s),

i∗

i∗

where K2,2(a−) :=
{
β + γ ∈ H2,2 | β|V⊗S′ = 0

} ∼= ker i∗.

Proof. For β : V ⊗ S → S, γ :
⊙

2S → so(V ) such that β + γ ∈ H2,2, we have i∗[β + γ] = 0
if and only if β|V⊗S′ + γ|⊙ 2S′ = ∂λ, where λ : V → so(V ). This implies that ∂λ|∧ 2V = 0,
so λ = 0 by Lemma 4.1, thus β|V⊗S′ = 0 and γ|⊙ 2S′ = 0. Note that β|V⊗S′ = 0 implies
γ|⊙ 2S′ = 0 by the cocycle condition for β + γ, so the isomorphism H2,2 ∼= H2,2(s−; s) restricts
to give K2,2(a−) ∼= ker i∗.

For α :
∧

2V → V , β : V ⊗S′ → S′, γ :
⊙

2S′ → h with α+β+γ ∈ Z2,2(a−; a), i∗[α+β+γ] = 0
if and only if i∗(α + β + γ) = ∂λ where λ : V → so(V ). Then γ(s, s) = −λ(κ(s, s)) for
all s ∈ S′; in particular, λ(V ) = λ([S′, S′]) ⊆ h, or equivalently λ = i∗λ

′ for some λ′ ∈
C2,1(a−; a) = Hom(V, h). It follows that α + β + γ = ∂λ′, so [α + β + γ] = 0, showing that
i∗ : H

2,2(a−; a) → H2,2(a−; s) is injective. ■

By the same argument as in the proof of Lemma 4.4, in the highly supersymmetric case any
cohomology class in H2,2(a−; s) has a unique representative in the space of normalised cocycles

H2,2(a−) =
{
β + γ ∈ Z2,2(a−; s) | β ∈ Hom(V ⊗ S′, S), γ ∈ Hom

(⊙2S′, so(V )
)}
,

and we have a splitting of h-modules Z2,2(a−; s) = H2,2(a−)⊕ B2,2(a−; s), whence as h-modules
H2,2(a−; s) ∼= H2,2(a−). We thus have an exact sequence at the level of cocycles corresponding
to the bottom row of the diagram in the lemma above

0 K2,2(a−) H2,2 H2,2(a−).
i∗

On the other hand, any cohomology class in H2,2(a−; a) defines a unique normalised cocycle
in H2,2(a−) by pushing forward to H2,2(a−; s) and then identifying the normalised cocycle.
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Since i∗ is injective in cohomology, if a cocycle in H2,2(a−) is obtained from a class in H2,2(a−; a),
that class is unique. We can be much more explicit about this: if α + β + γ ∈ Z2,2(a−; a) then
there exists a unique element λ ∈ C2,2(a−; s) = Hom(V, so(V )) such that

α(v, w) = λ(v)w − λ(w)v; (4.20)

the components β̃ : V ⊗ S′ → S and γ̃ :
⊙

2S′ → so(V ) of the unique normalised cocycle
β̃ + γ̃ ∈ H2,2(a−) such that i∗[α+ β + γ] = [β̃ + γ̃] are then given by

β̃(v, s) = β(v, s)− λ(v) · s, γ̃(s, s) = γ(s, s) + λ(κs), (4.21)

for v ∈ V , s ∈ S′. The maps λ, β̃, γ̃ are unique for a given cocycle α+ β + γ, while a different
choice of representative for the same cohomology class corresponds to shifting λ by a map V → h.
We note that i∗(α+β+γ) = β̃+ γ̃+∂λ, and that we have the constraints β̃(v, s)+λ(v) ·s ∈ S′,
γ̃(s, s) − λ(κs) ∈ h for all v ∈ V , s ∈ S′. Finally, observe that [α + β + γ] is h-invariant if and
only if β̃ + γ̃ ∈ H2,2(a−) is (which is the case if and only if β̃ is h-invariant). If this is the case,
the discussion following Lemma 4.6 tells us that the map δ : h⊗ V → h defined by

δ(A, v) = [A, λ(v)]− λ(Av) (4.22)

is the unique such map so that α+ β + γ + δ ∈ Z2,2(a; a).

The discussion above allows us to reparametrise the deformed brackets (4.4) in the highly
supersymmetric case.

Proposition 4.15. If ã is a highly supersymmetric filtered deformation of a graded subalge-
bra a = V ⊕ S′ ⊕ h of s, then ã has a presentation of the form

[A,B] = AB −BA︸ ︷︷ ︸
h

, [s, s] = κs︸︷︷︸
V

+ γ̃(s, s)− λ(κs)︸ ︷︷ ︸
h

,

[A, v] = Av︸︷︷︸
V

+ [A, λ(v)]− λ(Av)︸ ︷︷ ︸
h

, [v, s] = β̃(v, s) + λ(v) · s︸ ︷︷ ︸
S′

, [A, s] = A · s︸︷︷︸
S′

,

[v, w] = λ(v)w − λ(w)v︸ ︷︷ ︸
V

+ θ̃(v, w)− λ(λ(v)w − λ(w)v) + [λ(v), λ(w)]︸ ︷︷ ︸
h

(4.23)

for A,B ∈ h, v, w ∈ V , s ∈ S′, where the deforming maps are

β̃ : V ⊗ S′ → S, γ̃ :
⊙2S′ → so(V ), λ : V → so(V ), θ̃ :

∧2V → so(V ),

where β̃ + γ̃ ∈ H2,2(a−)
h, θ̃ is h-invariant and the remaining Jacobi identities are equivalent to

θ̃(κs, v) + 2γ̃
(
s, β̃(v, s) + λ(v) · s

)
− [λ(v), γ̃(s, s)] = 0, (4.24)

θ̃(v, w) · s = β̃
(
v, β̃(w, s) + λ(w) · s

)
− λ(w) · β̃(v, s) + β̃(λ(w)v, s)

− β̃
(
w, β̃(v, s) + λ(v) · s

)
+ λ(v) · β̃(w, s)− β̃(λ(v)w, s), (4.25)

θ̃(u, v)w + θ̃(v, w)u+ θ̃(w, u)v = 0, (4.26)(
λ(u) · θ̃

)
(v, w) +

(
λ(v) · θ̃

)
(w, u) +

(
λ(w) · θ̃

)
(u, v) = 0 (4.27)

for all u, v, w ∈ V and s ∈ S′. Two deformations ã, ã′ described in this way are isomorphic as
filtered Lie superalgebras if and only if they determine the same element β̃ + γ̃ ∈ H2,2(a−)

h.
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Proof. We begin with a presentation of the form (4.4), so that α + β + γ is a (2, 2)-Spencer
cocycle for a with h-invariant cohomology class and then define λ, β̃, γ̃ by equations (4.20)–(4.21);
δ must then be given by (4.22). The brackets then take the claimed form if we define θ̃(v, w) =
θ(v, w)+λ(λ(v)w−λ(w)v)− [λ(v), λ(w)]. It remains to check the Jacobi identities (4.15)–(4.19)
in our new variables. Substituting the definition of δ into the first identity (4.15) gives us A·θ̃ = 0
for all A ∈ h. Next, we find that (4.16) implies (4.24)

θ(κs, v) + δ(γ(s, s), v) + 2γ(s, β(v, s))

= θ(κs, v) + [γ̃(s, s), λ(v)]− λ(γ̃(s, s)v)− [λ(κs), λ(v)] + λ(λ(κs)v)

+ 2γ̃(s, β̃(v, s) + λ(v) · s)− 2λ(κ(s, β̃(v, s) + λ(v) · s))

= θ(κs, v) + λ(λ(κs)v − 2κ(s, λ(v) · s))− [λ(κs), λ(v)] + 2γ̃(s, β̃(v, s) + λ(v) · s)

− [λ(v), γ̃(s, s)]− λ(κ(s, s)v + 2κ(s, β̃(v, s)))

= θ̃(κs, v) + 2γ̃(s, β̃(v, s) + λ(v) · s)− [λ(v), γ̃(s, s)],

where in the last line we have used the definition of θ̃, a cocycle condition for β̃ + γ̃ and
so(V )-invariance of κ. Substitution of the change of variables followed by some trivial rear-
rangement shows that (4.17) and (4.18) are equivalent to (4.25) and (4.26) respectively. Finally,
(4.19) gives

(
λ(u) · θ̃

)
(v, w) + λ

(
θ̃(u, v)w

)
+ cyclic perms. = 0, but then substitution of (4.26)

yields (4.27). The final claim follows by Proposition 4.13 since the cocycle β̃ + γ̃ ∈ H2,2(a−)
h is

uniquely determined by the cohomology class [α+ β + γ] ∈ H2,2(a−; a). ■

4.4 Realisable subdeformations

We have just seen that if α + β + γ ∈ Z2,2(a−; a) is the Spencer cocycle associated to some
presentation of a filtered deformation of a highly supersymmetric graded subalgebra a ⊆ s, then
there is an h-invariant cocycle β̃ + γ̃ ∈ Z2,2(a−; s) such that i∗[α + β + γ] = [β̃ + γ̃]. We will
now restrict our attention to cocycles obeying a stronger version of this and the corresponding
filtered subdeformations of s (where they exist). Essentially, we demand that β̃ + γ̃ be the
pull-back of some h-invariant element β̂ + γ̂ ∈ H2,2.

4.4.1 Admissibility

Definition 4.16. A cohomology class [α + β + γ] ∈ H2,2(a−; a) for a highly supersymmetric
graded subalgebra a of s is admissible if we have i∗[α+β+γ] = i∗

[
β̂+ γ̂

]
in H2,2(a−; s) for some

h-invariant cocycle β̂ + γ̂ ∈ H2,2.

A cocycle in Z2,2(a−; a) is admissible if its cohomology class is admissible.

Note that an admissible cohomology class is in particular h-invariant. Unpacking the defini-
tion a little, for admissible cocycles we have

i∗(α+ β + γ) = i∗(β̂ + γ̂) + ∂λ (4.28)

for a unique λ ∈ Z2,2(a−; s) = Hom(V, so(V )) and β̂+ γ̂ ∈
(
H2,2

)h
determined uniquely up to el-

ements in K2,2(a−). If we fix an admissible cohomology class but not a particular representative,
λ is only determined up to elements in Z2,2(a−; a) = Hom(V, h).

Recalling that a highly supersymmetric subdeformation of s uniquely determines an element
of H2,2(a−; a)

h by Proposition 4.13, we make the following definition.

Definition 4.17 (geometric realisability). A highly supersymmetric filtered subdeformation ã
of s is (geometrically) realisable if the associated cohomology class in H2,2(a−; a)

h is admissible.
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The definitions above are inspired by, although not equivalent to [32, Definition 9] in the
context of 11-dimensional supergravity. There, one finds that H2,2 ∼=

∧
4V , and it is the 4-

form φ associated to β̂ + γ̂ which is called admissible if the conditions above are met and
an additional algebraic condition related to the fact that φ should considered to be the value
at a point of a closed 4-form field strength on some supergravity background is imposed. Our
definition here is weaker because it is not clear a priori how this condition should be generalised.

Let us make some particular remarks about these definitions in the maximally supersym-
metric case, where a− = s−. Here, the map i∗ : C2,2(s−; s) → C2,2(a−; s) whose induced map in
cohomology appears in the definition of admissibility, is the identity map. An admissible cocycle
for a is then simply a cocycle in Z2,2(a−; a) whose cohomology class is a0-invariant. It follows
that all maximally supersymmetric filtered deformations of s are realisable.

We will justify the term “geometrically realisable” in Section 5.2 (see Theorem 5.6). Our goal
in this section will be to determine the conditions under which an admissible cohomology class
of a highly supersymmetric graded subalgebra a ⊆ s is integrable, in the sense that there exists
a corresponding geometrically realisable filtered deformation ã. We first record the following.
Note that the homogeneity theorem (see Theorem 4.8) is required for this result as well as for
many in Section 4.4.2.

Lemma 4.18. Let α+ β + γ be an admissible cocycle parametrised as in (4.28). Then

� for all v ∈ V , s ∈ S′, β̂(v, s) + λ(v) · s ∈ S′;

� for all s, s′ ∈ S′, γ̂(s, s′)− λ(κ(s, s′)) ∈ h;

� for all A ∈ h, v ∈ V , [A, λ(v)]− λ(Av) ∈ h.

Proof. The first two claims follow directly from the definition. For the third, by Theorem 4.8
we can take v = κs for some s ∈ S′. Recalling that the action of h preserves S′ and using so(V )-
equivariance of κ and h-invariance of γ̂, we have

[A, λ(κs)]− λ(Aκs) = [A, λ(κs)]− 2λ(κ(As, s))

= [A, λ(κs)− γ(s, s)] + 2(γ̂(As, s)− λ(κ(As, s))),

and both of the terms in the last expression lie in h by the second claim of the lemma. ■

4.4.2 Integrability

Suppose we have an admissible cocycle parametrised as in (4.28) and take β̃ = i∗β̂, γ̃ = i∗γ̂. We
wish to know whether it is possible to define a (geometrically realisable) filtered subdeformation
as in Proposition 4.15 using these maps in the definition of the bracket (4.23). By the above
lemma, it remains only to check whether there exists an h-invariant map θ̃ :

∧
2V → so(V ) such

that

θ̃(v, w)− λ(λ(v)w − λ(w)v) + [λ(v), λ(w)] ∈ h (4.29)

satisfying the equations (4.24) to (4.27). We first observe that equations (4.24) and (4.25)
simplify slightly

θ̃(v, κs) = 2γ̂
(
s, β̂(v, s)

)
−
(
λ(v) · γ̂

)
(s, s), (4.30)

θ̃(v, w) · s = β̂
(
v, β̂(w, s)

)
− β̂

(
w, β̂(v, s)

)
+
(
λ(v) · β̂

)
(w, s)−

(
λ(w) · β̂

)
(v, s), (4.31)

and by Theorem 4.8, either equation fully determines θ̃ (if it exists). In fact, θ̃ is uniquely deter-
mined by the admissible cohomology class: it depends only on i∗β̂, i∗γ̂ and λ, so a shift in β̂ + γ̂
by an element of K2,2(a−) does not change it, while by h-invariance of β̂ and γ̂, changing λ
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by addition of a map V → h also does not change θ̃. There may, however, be obstructions to
the existence of θ̃ :

∧
2V → so(V ) even for an admissible cocycle. For now, we will postpone

considering this issue and show that a map θ̃ determined by the equations above automatically
satisfies all of the other required properties.

Lemma 4.19. Any map θ̃ :
∧

2V → so(V ) satisfying equation (4.30) also satisfies (4.29).

Proof. By Theorem 4.8, it is sufficient to show the result for w = κs for some s ∈ S′; we have

θ̃(v, κs)− λ(λ(v)κs − λ(κs)v) + [λ(v), λ(κs)]

= 2
{
(γ̂ − λ ◦ κ)(s, β̂(v, s) + λ(v) · s)

}
+ {[(γ̂ − λ ◦ κ)(s, s), λ(v)]− λ((γ̂ − λ ◦ κ)(s, s)v)},

and since (γ̂ − λ ◦ κ)|⊙ 2S′ takes values in h, Lemma 4.18 implies that both of the expressions
within the braces lie in h. ■

Lemma 4.20. Any map θ̃ :
∧

2V → so(V ) satisfying equation (4.31) also satisfies

θ̃(v, w)κs = 2γ̂
(
β̂(v, s), s

)
w − 2γ̂

(
β̂(w, s), s

)
v −

(
λ(v) · γ̂

)
(s, s)w + (λ(w) · γ̂)(s, s)v

for all v, w ∈ V , s ∈ S′, and this equation determines θ̃ uniquely.

Proof. First, it will be useful to depolarise one of the cocycle conditions for β̂ + γ̂

2κ
(
β̂(v, s), s′

)
+ 2κ

(
β̂(v, s′), s

)
+ 2γ̂(s, s′)v = 0. (4.32)

Using so(V )-invariance of κ, equation (4.31) gives

θ̃(v, w)κs = 2κ
(
θ̃(v, w) · s, s

)
= 2κ

(
β̂(v, β̂(w, s)

)
, s) + 2κ

(
λ(v) · β̂(w, s), s

)
− 2κ

(
β̂(λ(v)w, s), s

)
− 2κ

(
β̂(w, λ(v) · s), s

)
− (v ↔ w).

We now use equation (4.32) with s′ = s, λ(v) · s and β̂(w, s) to replace some of the terms above
and then use so(V )-invariance of κ again to conclude that

θ̃(v, w)κs = − 2γ̂
(
β̂(w, s), s

)
v − 2κ

(
β̂(v, s), β̂(w, s)

)
+ 2κ

(
λ(v) · β̂(w, s), s

)
+ γ̂(λ(v) · s, s)v + γ̂(s, s)(λ(v)w) + 2κ

(
β̂(w, s), λ(v) · s

)
− (v ↔ w)

= 2γ̂
(
β̂(v, s), s

)
w + λ(v)κ

(
β̂(w, s), s

)
+ γ(s, s)(λ(v)w) + γ̂(λ(v) · s, s)w − (v ↔ w),

which is the desired expression. In the final equality, we have used the skew-symmetry of the
expression in v and w. By Theorem 4.8, this defines θ̃ uniquely. ■

Lemma 4.21. For any map θ̃ :
∧

2V → so(V ), we have the following:

� Either equation (4.30) or (4.31) implies that θ̃ is h-invariant.

� Assuming equation (4.30), equation (4.20) is equivalent to the algebraic Bianchi iden-
tity (4.26). In particular, equations (4.30) and (4.31) together imply the Bianchi identity.

� Equations (4.30) and (4.31) together imply (4.27).
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Proof. The first claim follows by some fairly straightforward but long manipulations which
use so(V )-invariance of κ, h-invariance of β̂ and γ̂ and the fact that λ(Av) − [A, λ(v)] ∈ h for
all A ∈ h. For the second claim, let us assume equation (4.30) holds. Then equation (4.20)
gives θ̃(v, w)κs = θ̃(v, κs)w − θ̃(w, κs)v for all v, w ∈ V , s ∈ S′, which by the homogeneity
theorem is the Bianchi identity. Conversely, if we assume the Bianchi identity, the above equation
along with (4.30) gives us (4.20).

For the final claim let us assume that θ̃ is given by (4.30) and note that by Theorem 4.8
we can assume without loss of generality that w = κs for arbitrary s ∈ S′. Then we can use
so(V )-invariance of κ to compute(

λ(u) · θ̃
)
(v, κs) +

(
λ(v) · θ̃

)
(κs, u) =

(
(λ(λ(u)v − λ(v)u)− [λ(u), λ(v)]) · γ̂

)
(s, s)

+ 2γ̂
(
s, (λ(u) · β̂)(v, s)− (λ(v) · β̂)(u, s)

)
+ 2(λ(u) · γ̂)

(
s, β̂(v, s)

)
− 2(λ(v) · γ̂)

(
s, β̂(u, s)

)
.

On the other hand, we recall that γ̂(s, s)− λ(κs) ∈ h, and that θ̃ is h-invariant by the first part
of the lemma, whence λ(κs) · θ̃ = γ̂(s, s) · θ̃. Using (4.30) and a cocycle condition, we find17(

λ(κs) · θ̃
)
(u, v) = [γ̂(s, s), θ̃(u,w)] + 2γ̂

(
s, β̂(u, β̂(v, s))− β̂(v, β̂(u, s))

)
− 2(λ(u) · γ̂)

(
s, β̂(v, s)

)
+ 2(λ(v) · γ̂)

(
s, β̂(u, s)

)
.

Putting the two calculations together and then using (4.31), we find(
λ(u) · θ̃

)
(v, κs) +

(
λ(v) · θ̃

)
(κs, u) +

(
λ(κs) · θ̃

)
(u, v)

=
(
(λ(λ(u)v − λ(v)u)− [λ(u), λ(v)]) · γ̂

)
(s, s)−

[
θ̃(u,w), γ̂(s, s)

]
+ 2γ̂

(
s, β̂

(
u, β̂(v, s)

)
− β̂

(
v, β̂(u, s)

))
+ 2γ̂

(
s,
(
λ(u) · β̂

)
(v, s)−

(
λ(v) · β̂

)
(u, s)

)
= −

((
θ̃(u,w) + [λ(u), λ(v)]− λ(λ(u)v − λ(v)u)

)
· γ̂

)
(s, s).

The final line vanishes by Lemma 4.19 and h-invariance of γ̂. ■

Thus the problem of integrating an admissible cocycle reduces to the question of whether
a map satisfying the equations (4.30) and (4.31) exists. Let us first consider equation (4.30).
We would like to interpret this as the definition of a map θ̃ :

∧
2V → so(V ), but a priori we

only have that

Θ(v, s, s) = 2γ̂
(
s, β̂(v, s)

)
−
(
λ(v) · γ̂

)
(s, s) (4.33)

defines a map Θ: V ⊗
⊙

2S′ → so(V ). So we require that Θ factorises as follows

V ⊗
⊙

2S′ so(V )

V ⊗ V

Θ

Id⊗κ θ̃

and that θ̃ is skew-symmetric. We define the Dirac kernel of S′ by D = kerκ|⊙ 2S′ and note
that Θ factorises as above if and only if it annihilates the Dirac kernel, i.e., Θ(V ⊗D) = 0. We
then find that θ̃ is automatically skew-symmetric.

Lemma 4.22. Suppose that Θ annihilates the Dirac kernel and thus factors as described above.
Then equation (4.30) defines a map θ̃ :

∧
2V → so(V ).

17Actually, it’s necessarily to depolarise (4.30) in order to evaluate expressions like θ̃(v, κ(s, s′)) for v ∈ V
s, s′ ∈ S′.
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Proof. The factorisation of Θ gives us a map θ̃ : V ⊗ V → so(V ) satisfying (4.30). To show
that θ̃ is alternating, it is sufficient to show that θ̃(κs, κs) = 0 for all s ∈ S′. Using the fact that
γ̂(s, s)− λ(κs) ∈ h for s ∈ S′ and h-invariance of γ̂, we have λ(κs) · γ̂ = γ̂(s, s) · γ̂, so

θ̃(κs, κs) = 2γ̂
(
s, β̂(κs, s)

)
−
(
γ̂(s, s) · γ̂

)
(s, s)

= 2γ̂
(
s, β̂(κs, s) + γ̂(s, s) · s

)
− [γ̂(s, s), γ̂(s, s)] = 0,

where we have used a cocycle condition in the last equality. ■

Definition 4.23. Let [α+ β + γ] be an admissible cohomology class and, recalling that it does
not depend on the choice of cocycle representative, let Θ: V ⊗

⊙
2S′ → so(V ) be the map

defined by equation (4.33). We say that [α+ β + γ] is integrable if

(1) Θ annihilates the Dirac kernel D of
⊙

2S′,

(2) the map θ̃ :
∧

2V → so(V ) defined by θ̃ ◦ κ = Θ satisfies (4.31).

An admissible cocycle is integrable if its cohomology class is.

By construction, we have the following refinement of Proposition 4.15.

Theorem 4.24 (integration of admissible cocycles). Let α+ β + γ be an admissible, integrable
Spencer (2, 2)-cocycle for a highly supersymmetric graded subalgebra a of s with i∗(α+ β + γ) =
i∗
(
β̂ + γ̂

)
+ ∂λ and let θ̃ :

∧
2V → so(V ) be the map defined by equation (4.30). Then the

brackets

[A,B] = AB −BA︸ ︷︷ ︸
h

, [s, s] = κs︸︷︷︸
V

+ γ̂(s, s)− λ(κs)︸ ︷︷ ︸
h

,

[A, v] = Av︸︷︷︸
V

+ [A, λ(v)]− λ(Av)︸ ︷︷ ︸
h

, [v, s] = β̂(v, s) + λ(v) · s︸ ︷︷ ︸
S′

, [A, s] = A · s︸︷︷︸
S′

,

[v, w] = λ(v)w − λ(w)v︸ ︷︷ ︸
V

+ θ̃(v, w)− λ(λ(v)w − λ(w)v) + [λ(v), λ(w)]︸ ︷︷ ︸
h

define a geometrically realisable filtered deformation of a. Two such deformations ã, ã′ are
isomorphic if and only if

(
β̂′ + γ̂′

)
−
(
β̂ + γ̂

)
∈ K2,2(a−).

Where a is a maximally supersymmetric graded subalgebra of the (minimal) Poincaré super-
algebra s in 4, 5, 6 or 11 spacetime dimensions, there is no obstruction to an admissible cocycle
being integrable [10, 22, 23, 33]. We already observed that admissible cohomology classes are
simply elements of H2,2(s−; a)

a0 if a is highly supersymmetric, so any such cohomology class
defines a realisable filtered deformation in these cases. The question of whether obstructions
exist in the highly supersymmetric (but sub-maximal) case is still open even in these cases.

4.5 The classification problem for highly supersymmetric
odd-generated filtered subdeformations

We will now outline a scheme for the classification of highly supersymmetric odd-generated real-
isable filtered subdeformations ã of s. Odd-generated here means that ã is generated by its odd
subspace; ã0 = [ã1, ã1]. We note that this is very close to a classification of all highly supersym-
metric realisable filtered subdeformations, since if ã is a general such subdeformation, the ideal
subalgebra ã′ = [ã1, ã1] ⊕ ã1 ⊆ ã (which we will call the odd-generated ideal) is odd-generated
realisable, and for the associated graded subalgebras of s we have a′−2 = a−2, a

′
−1 = a−1 and

a′0 ⊆ a0. Thus only the zero-graded part is not determined by the odd-generated subalgebra, and
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by inspection of (4.24), it is clear that the deformation maps for ã are also fully determined by
those of ã′. Thus the only data which distinguishes ã from its odd-generated ideal is the choice
of some subalgebra a0 ⊆ so(V ) which contains a′0 and preserves both S′ and β + γ ∈ H2,2.

We generalise the results of [32, Section 4] and [56, Section 5] which treat the 11-dimensional
case.

4.5.1 Isomorphisms and embeddings

We first generalise Definitions 5 and 11 from [32]. For this, consider s = V ⊕ S ⊕ so(V ) under
the action of its graded automorphism group

GrAut s = {g ∈ GL(s) | g · si = si and ∀X,Y ∈ s, g · [X,Y ] = [g ·X, g · Y ]}.

We note that there is a natural action of Spin0(V ) as “inner” graded automorphisms, in the
sense that this group integrates the Lie algebra of inner graded derivations induced by the action
of s0 = so(V ), and this gives us an embedding Spin0(V ) ↪→ GrAut s. If the Dirac current (which
by definition is so(V )-equivariant) is equivariant under the whole spin group, then this inner
automorphism group can be enlarged to Spin(V ). The group of graded automorphisms also
contains a one-dimensional subgroup corresponding to dilatations and may additionally contain
an “R-symmetry” group (for a recent review and classification see [35].

The role played by GrAut s in our formalism is played by Spin(V ) in [32], which is a somewhat
more natural choice in that more concrete context. We note that with the choices made in
loc. cit., GrAut s contains the whole spin group, while the R-symmetry group is isomorphic
to Z2 and embeds into GrAut s as the centre of the isomorphic image of Spin(V ). In this case,
GrAut s ∼= Spin(V )×R>0, where the latter factor is a multiplicative group acting as dilatations.

Note that if a is a graded subalgebra of s then g · a is also a graded subalgebra for all g ∈ G,
with left multiplication by g defining a graded isomorphism a ∼= g · a.

Definition 4.25. Two filtered subdeformations ã, ã′ of the Poincaré superalgebra s are iso-
morphic if there exists a (strict) filtered isomorphism of Lie superalgebras Φ: ã → ã′ such that
the associated graded morphism GrΦ: a → a′ is given for all x ∈ a, by GrΦ(x) = g · x for
some g ∈ GrAut s.

An embedding of subdeformations ã ↪→ ã′ of s is an injective (strict) filtered morphism of Lie
superalgebras which is an isomorphism of subdeformations onto its image.

Note that two filtered subdeformations of s being isomorphic as subdeformations is stronger
than them simply being isomorphic as filtered Lie superalgebras.

With this in mind, we can strengthen point (2) of Proposition 4.13 by noting that two highly
supersymmetric deformations of the same subalgebra a ⊆ s inducing the same cohomology
class in H2,2(a−; a) are isomorphic as subdeformations and not just as filtered Lie superalgebras.
Indeed, this follows immediately from the proof of the proposition, which also shows in particular
that the associated graded automorphism of a is the identity map.

4.5.2 Kernels and sections of the Dirac current

Let S′ ⊆ S with dimS′ > 1
2 dimS and recall that by Theorem 4.8, κ|⊙ 2S′ is surjective, so we

have a short exact sequence of vector spaces

0 D
⊙

2S′ V 0,
κ|⊙ 2S′

where D = kerκ|⊙ 2S′ is the Dirac kernel of S′ as in Section 4.4.2. If h ⊆ so(V ) is a subalgebra
preserving S′, then this is a sequence of h-modules. We define a section of the Dirac current κ
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(understood to mean κ restricted to S′) as a linear map Σ: V →
⊙

2S′ which splits the above
as a sequence of vector spaces, i.e., κ ◦Σ = IdV , giving a non-canonical decomposition of vector
spaces (not of h-modules)

⊙
2S′ ≃ V ⊕D. Two such sections differ by a map V → D.

In the following, we recall from Section 4.3.3 the maps of cochains i∗ : C
•,•(a−; a) →C•,•(a−; s),

ϕ 7→ i ◦ ϕ and i∗ : C•,•(s−; s) → C•,•(a−; s), ϕ 7→ ϕ ◦ i (and the induced maps of cochains and
cohomology classes) induced by the inclusion i : a ↪→ s.

Lemma 4.26. Let a = V ⊕ S′ ⊕ h be a highly supersymmetric graded subalgebra of s and
let β̂ + γ̂ ∈ H2,2. Then there exists a cohomology class [α + β + γ] ∈ H2,2(a−; a) such that
i∗[α+ β + γ] = i∗[β̂ + γ̂] if and only if

(1) γ̂(D) ⊆ h,

(2) for all v ∈ V ,
(
ıvβ̂ + γ̂(Σ(v))

)
(S′) ⊆ S′ for some (hence any) section Σ of κ.

Moreover, if such a cohomology class exists, for a fixed section Σ there exists a unique represen-
tative α+ β + γ such that i∗(α+ β + γ) = i∗

(
β̂ + γ̂

)
+ ∂

(
γ̂ ◦ Σ

)
.

Proof. Suppose i∗[α + β + γ] = i∗
[
β̂ + γ̂

]
, so that i∗(α + β + γ) = i∗

(
β̂ + γ̂

)
+ ∂λ for some

unique λ ∈ C2,1(a−; s) = Hom(V, so(V )). On one hand, restricting to D ⊆
⊙

2S′, we find
that γ̂|D = γ|D, which takes values in h. Now let Σ: V →

⊙
2S′ be a section of κ and note that

we have γ̂ ◦ Σ − λ = (γ̂ − λ ◦ κ) ◦ Σ = γ ◦ Σ which also takes values in h. On the other hand,
restricting to V ⊗ S′, for all v ∈ V and s ∈ S′ we have β̂(v, s) + λ(v) · s = β(v, s) ∈ S′, i.e.,
ıvβ̂ + λ(v) preserves S′, but then

ıvβ̂ + γ̂(Σ(v)) = (ıvβ̂ + λ(v)) + (γ̂ ◦ Σ− λ)(v)

also preserves S′ since the action of h preserves S′.

Conversely, suppose that γ̂(D) ⊆ h and ıvβ̂+γ̂(Σ(v)) preserves S
′ for all v ∈ V for some (hence

any18) section Σ. Then define λ : V → so(V ) by λ = γ̂ ◦Σ, giving us (γ̂ − λ ◦ κ)(D) = γ̂(D) ∈ h
and (γ̂ − λ ◦ κ) ◦Σ = γ̂ ◦Σ− λ = 0 which together imply that (γ̂ − λ ◦ κ)

(⊙
2S′) ⊆ h. Thus we

can define a cocycle α+ β + γ ∈ Z2,2(a−; a) with i∗[α+ β + γ] = i∗
[
β̂ + γ̂

]
by

α(v, w) = γ̂(Σ(v))w − γ̂(Σ(w))(v), β(v, s) = β̂(v, s) + γ̂(Σ(v)) · s,
γ(s, s) = γ̂(s, s)− γ̂(Σ(κs)),

for v, w ∈ V , s ∈ S′. This also shows the final claim. ■

Note that in the lemma above, a change of section Σ does not change the cohomology class
of a cocycle i∗(α+ β + γ) = i∗

(
β̂ + γ̂

)
+ ∂

(
γ̂ ◦ Σ

)
. Indeed, if Σ′ is another section, then

i∗
(
β̂ + γ̂

)
+ ∂(γ̂ ◦ Σ′)−

(
i∗
(
β̂ + γ̂

)
+ ∂

(
γ̂ ◦ Σ

))
= ∂(γ̂ ◦ (Σ′ − Σ))

and since (Σ′ − Σ) takes values in D, γ̂ ◦ (Σ′ − Σ) takes values in h.

4.5.3 Lie pairs, envelopes and odd-generated realisable subeformations

We now introduce some technology for building subdeformations from normalised cocycles. Note
that since all admissible cocycles will now be discussed only in terms of a fixed element of H2,2,
we no longer decorate the components of such elements with hats, trusting that this will not
cause confusion.

18Since any two sections differ by a map V → D, the conditions together imply that ıvβ̂+ γ̂(Σ′(v)) preserves S′

for any other section Σ′ as well.
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Definition 4.27 (envelopes and Lie pairs). Fix a subspace S′ ⊆ S with dimS′ > 1
2 dimS

and β + γ ∈ H2,2. We define the envelope of (S′, β+γ) as the subspace h(S′,β+γ) = γ(D) ⊆ so(V ).
We say that (S′, β + γ) is a Lie pair if for all A ∈ h(S′,β+γ)

(1) A · β = 0,

(2) A · S′ ⊆ S′.

Our use of the term “Lie pair” follows our sources [32, 56] and is motivated by the first
part of the following result, reconciling it with the Lie pairs defined in the appendices (see
Definition A.3).

Proposition 4.28. If (S′, β + γ) is a Lie pair, then h(S′,β+γ) is a Lie subalgebra of so(V ). If
additionally ıvβ+γ(Σ(v)) preserves S

′ for some section Σ of κ, then i∗(β+γ)+∂(γ ◦Σ) defines
an admissible cocycle for the graded subalgebra a(S′,β+γ) = V ⊕S′ ⊕ h(S′,β+γ) of s. Furthermore,
if this cocycle is integrable, the associated realisable deformation ã(S′,β+γ) is odd-generated.

Conversely, for any odd-generated realisable filtered subdeformation ã of s there exists a Lie
pair (S′, β + γ) such that Gr ã ∼= a(S′,β+γ).

Proof. Let A,B ∈ h(S′,β+γ). Then there exists ω ∈ D such that B = γ(ω); note that A · β =
0 =⇒ A·γ = 0, so [A,B] = [A, γ(ω)] = γ(A·ω). On the other hand, the action of A preserves S′,
whence A · ω ∈

⊙
2S′, and κ(Aω) = Aκ(ω) = 0, so A · ω ∈ D. Thus [A,B] ∈ h(S′,β+γ), so the

latter is indeed a subalgebra of so(V ). Since the action of h(S′,β+γ) preserves S′, a(S′,β+γ) is
a graded subalgebra of s.

If ıvβ + γ(Σ(v)) preserves S′ for some (hence any) section Σ, Lemma 4.26 tells us that
i∗(β + γ) + ∂(γ ◦ Σ) is the image under i∗ of a (2, 2)-cocycle of a(S′,β+γ); since β is h(S′,β+γ)-
invariant, this cocycle is admissible. If it also integrable, we must show that [S, S] = V ⊕h(S′,β+γ)

where the bracket is the deformed one defined by i∗(β + γ) + ∂(γ ◦ Σ). The odd-odd bracket
is nothing but the map κ + γ − γ ◦ Σ ◦ κ :

⊙
2S′ → V ⊕ h(S′,β+γ). Recall that the section

gives
⊙

2S′ = D⊕ Σ(V ) as a vector space, so since we have

(κ+ γ − γ ◦ Σ ◦ κ)(D) = γ(D) = h(S′,β+γ)

by definition, and for v ∈ V ,

(κ+ γ − γ ◦ Σ ◦ κ)(Σ(v)) = v + γ(Σ(v))− γ(Σ(v)) = v,

we have (κ+ γ − γ ◦ Σ ◦ κ)
(⊙

2S′) = V ⊕ h(S′,β+γ) as required.
Now assume that ã is an odd-generated realisable filtered subdeformation with associated

graded a = V ⊕ S′ ⊕ h; by Lemma 4.26, the associated admissible cohomology class has a re-
presentative α+ β + γ satisfying

i∗(α+ β + γ) = i∗
(
β̂ + γ̂

)
+ ∂

(
γ̂ ◦ Σ

)
for some β̂ + γ̂ ∈ H2,2 (which we take to be h-invariant by admissibility) and some section Σ.
We will show that h = h

(S′,β̂+γ̂)
, and we note that this implies that

(
S′, β̂ + γ̂

)
is a Lie pair

and that a = a
(S′,β̂+γ̂)

. The odd-odd bracket κ+ γ̂ − γ̂ ◦Σ ◦ κ surjects onto V ⊕ h. Therefore, if
A ∈ h, there exists ωA ∈

⊙
2S′ such that

A = κ(ωA) + γ̂(ωA)− γ̂(Σ(κ(ωA))) ∈ V ⊕ h,

but since A ∈ h, we must have κ(ωA) = 0, whence ωA ∈ D. Conversely, for any ω ∈ D we must
have γ̂(ω) ∈ h, whence h = γ̂(D) = h

(S′,β̂+γ̂)
. ■

With the result above in mind, we say that a Lie pair (S′, β + γ) is admissible if ıvβ +
γ(Σ(v)) preserves S′ and integrable if it is admissible and the corresponding admissible cocycle
is integrable.
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4.5.4 Equivalence of Lie pairs and correspondence

Now fix S′ and a section Σ: V →
⊙

2S′, and suppose that β + γ ∈ K2,2(a−) ⊆ H2,2; that
is, β|V⊗S′ = 0, which also implies that γ|⊙ 2S′ = 0. Then h(S′,β+γ) = 0, and (S′, β + γ) is
trivially an integrable Lie pair; we will call it a trivial Lie pair. For such a pair, the associated
deformation obtained from Proposition 4.28 is trivial; ã(S′,β+γ)

∼= a(S′,β+γ) which has underlying
vector space V ⊕ S′.

Note that if we have two admissible Lie pairs (S′, β + γ) and (S′, β′ + γ′) such that (β′ −
β) + (γ′ − γ) ∈ K2,2(V ⊕ S′) (that is, β′|V⊗S′ = β|V⊗S′) then h(S′,β′+γ′) = h(S′,β+γ), and
(β′ − β) + (γ′ − γ) is invariant under the action of this algebra. Both Lie pairs define the same
admissible cocycle in Proposition 4.28; it follows that if one of these pairs is integrable, so is the
other, and ã(S′,β′+γ′) = ã(S′,β+γ). Conversely, two Lie pairs which have the same envelope h and
define the same admissible cocycle for the resulting graded subalgebra of s define an h-invariant
element in K2,2(V ⊕ S′).

Now recall the natural action of G = GrAut s on s. This action preserves the graded com-
ponents of s as so(V )-modules and the Dirac current κ, whence it follows that G acts on the
Spencer cochain spaces of s (via induced actions on duals and tensor products of G-modules)
and that this action preserves the Spencer differential ∂, so G acts as automorphisms of the
Spencer complex.

If (S′, β + γ) is a (resp. integrable, admissible) Lie pair and g ∈ G, then (g · S′, g · (β + γ)) is
also a (resp. integrable, admissible) Lie pair with h(g·S′,g·(β+γ)) = g ·h(S′,β+γ) and a(g·S′,g·(β+γ)) =
g · a(S′,β+γ). Note that the map g · Σ : V →

⊙
2(g · S′) defined by (g · Σ)(v) = g · Σ

(
g−1 · v

)
is a section of the Dirac current for g · S′. Using Σ and g · Σ to construct the deformations of
Proposition 4.28, in the integrable case we can construct an isomorphism of subdeformations
of s

Φ: ã(S′,β+γ) → ã(g·S′,g·(β+γ))

as follows. Since we treat a filtered deformation ã as an alternative bracket structure on the
same underlying space as its associated graded a, we have Φ = GrΦ as linear maps. Thus we
may define Φ: a(S′,β+γ) → g · a(S′,β+γ) on the underlying graded vector spaces by Φ(X) = g ·X
for X ∈ a(S′,β+γ). This preserves the grading, hence also the natural filtration (in the strong
sense), and one can check that we have

Φ([X,Y ]β+γ+∂(γ◦Σ)) = [Φ(X),Φ(Y )]g·β+g·γ+∂((g·γ)◦(g·Σ)),

where the brackets are the deformed ones using the cocycle in the subscript. The inverse of Φ
is of course given by the action of g−1, which also preserves all structure, hence Φ is indeed an
isomorphism of subdeformations.

The observations above suggest putting an equivalence relation on Lie pairs; in fact, we will
define two different such notions.

Definition 4.29. Two Lie pairs (S′, β+γ) and (S′′, β′+γ′) are weakly equivalent if (S′′, β′+γ′) =
(g · S′, g · (β + γ) + ϕ) for some g ∈ G and ϕ ∈ K2,2(V ⊕ S′′)h(S′′,β′+γ′) , and they are strongly
equivalent if they are weakly equivalent and ϕ = 0.

These notions of equivalence are a generalisation of the equivalence relation on Lie pairs
for the 11-dimensional Poincaré superalgebra found in [32, 56]. As previously noted, in those
worksG = Spin(V ) rather than GrAut and the ϕ term does not appear in the equivalence relation
since K2,2(V ⊕S′) = 0 for all S′, so there is no distinction between strong and weak equivalence.
We will see that weak equivalence is a more natural concept than strong equivalence, but strong
equivalence will give us some additional information.
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Fixing a Lie pair (S′, β + γ), we define

hmax
(S′,β+γ) := {A ∈ so(V ) | A · S′ ⊆ S′ and A · β = 0} ⊆ so(V );

note that by definition of a Lie pair, this algebra contains the envelope h(S′,β+γ), and

amax
(S′,β+γ) = V ⊕ S′ ⊕ hmax

(S′,β+γ)

is a graded subalgebra of s containing a(S′,β+γ); in fact, it is the maximal such subalgebra whose
odd part is S′ and whose zero-graded part preserves β.

If (S′, β + γ) is integrable, then the integrable cohomology class of a(S′,β+γ) corresponding
to the Lie pair pushes forward to an integrable cohomology class of amax

(S′,β+γ) which defines
a geometrically realisable filtered deformation ãmax

(S′,β+γ) which we call maximal (with respect
to (S′, β + γ)), since it is maximal among realisable subdeformations into which ã(S′,β+γ) embeds
as the odd-generated ideal.

Proposition 4.30. There is a one-to-one correspondence between weak equivalence classes of
integrable Lie pairs (S′, β+ γ) and isomorphism classes of highly supersymmetric odd-generated
realisable subdeformations of s.

If (S′, β + γ), (S′′, β′ + γ′) are strongly equivalent Lie pairs, then their maximal realisable
subdeformations ãmax

(S′′,β′+γ′), ã
max
(S′,β+γ) are isomorphic as subdeformations.

Proof. The discussion above Definition 4.29 shows that weakly equivalent integrable Lie pairs
define isomorphic odd-generated realisable subdeformations. By the converse part of Proposi-
tion 4.28, every odd-generated realisable subdeformation is induced by a Lie pair. It remains
to show that if the Lie pairs (S′, β + γ) and (S′′, β′ + γ′) are such that ã(S′,β+γ)

∼= ã(S′′,β′+γ′)

as subdeformations then they are weakly equivalent. If Φ: ã(S′,β+γ) → ã(S′′,β′+γ′) is such an
isomorphism, GrΦ: a(S′,β+γ) → a(S′′,β′+γ′) is given by x 7→ g · x for g ∈ G, so

a(S′′,β′+γ′) = g · a(S′,β+γ) = a(g·S′,g·(β+γ)).

But we have already seen that ã(S′,β+γ)
∼= ã(g·S′,g·(β+γ)) for all g ∈ G, with the associated graded

isomorphism of graded superalgebras given by the action of g, so we must also have ã(S′′,β′+γ′)
∼=

ã(g·S′,g·(β+γ)) with the associated graded isomorphism being the identity map on a′ := g·a(S′,β+γ).
It follows from Proposition 4.13 that the admissible cohomology classes in H2,2(a′−, a

′) associated
to the two deformations are equal, whence their images under i∗ : H

2,2(a′−, a
′) → H2,2(a′−, s

′) are
also equal, i.e., we have

i∗[β′ + γ′] = i∗[g · β + g · γ] ∈ H2,2(a′−, s
′).

Thus we find that ϕ := (β′ − g · β) + (γ′ − g · γ) ∈ K2,2(a′− = V ⊕ S′′), and ϕ is invariant under
the action of the envelope h(S′′,β′+γ′) since β

′ + γ′ and g · β + g · γ both are.
For the strong case, we note that g · hmax

(S′,β+γ) = hmax
(g·S′,g·(β+γ)), whence it follows that strongly

equivalent Lie pairs define isomorphic maximal subdeformations by an entirely analogous argu-
ment to the weak case. ■

We note that there does not seem to be a converse statement to the second part of the
result above; for this to hold, we would have to show that ϕ as in the proof vanishes if it
is g · hmax

(S′,β+γ)-invariant, which there does not seem to be a reason to expect. Nonetheless, we
have reduced the problem of classifying odd-generated realisable subdeformations of s up to
isomorphism to classifying integrable Lie pairs up to weak equivalence, and we can also obtain
all maximal realisables with respect to a weak equivalence class from the strong equivalence
classes it contains.
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4.5.5 Maximally supersymmetric case

The case S′ = S brings a number of simplifications to the above discussion. First, for any
β + γ ∈ H2,2, (S, β + γ) is a Lie pair if and only if the envelope h(S,β+γ) preserves β, and any
Lie pair is admissible (recall our previous observation that if a is maximally supersymmetric,
all a0-invariant (2, 2)-cohomology classes are admissible), although one still must check that it
is integrable. Since K2,2(V ⊗ S) = 0, there is no distinction between strong and weak equiv-
alence of Lie pairs; to any equivalence class of integrable Lie pairs there corresponds a unique
(up to isomorphism) odd-generated realisable subdeformation and a unique maximal realisable
subdeformation containing it.

5 Highly supersymmetric Lorentzian spin manifolds

In this section, we invert the perspective of Section 3: rather than constructing a filtered subde-
formation of a flat model s from sections on a spin manifold (namely the Killing superalgebra),
we seek to begin with such a filtered subdeformation and construct a spin manifold with admis-
sible connection on which the elements of the algebra can be realised as sections, in doing so
providing a partial converse to Theorem 3.10. We restrict ourselves to the highly supersymmet-
ric Lorentzian case, in which the homogeneity theorem (see Theorem 4.8) provides significant
simplifications as it did in Section 4 (although see Remark 4.11), and our results will ultimately
justify the approach of that section by demonstrating that our notion of geometric realisability
(see Definition 4.17) is a good one. We will essentially generalise the results of [32, Section 3.3].
We make extensive use of the conventions and results related to homogeneous spaces discussed
in Appendix A.4. We begin by establishing how we will deal with spinors on homogeneous
manifolds.

5.1 Homogeneous spin structures

Spin structures on homogeneous manifolds were first treated systematically by Bär [5] and by
Cahen et al. [13]; our present treatment follows [32].

Let (G,H, η) be a metric Klein pair (of any signature), let (M = G/H, g) be the associated
homogeneous space, which we assume to be oriented, and let V = ToM where o = H. Suppose
that there exists a lift of the isotropy representation H → SO(V ) to Spin(V ); that is, a Lie
group morphism H → Spin(V ) making the following diagram commute

Spin(V )

H SO(V ).

Then the canonical map Spin(V ) → SO(V ) induces a Spin(V )-equivariant bundle map

G×H Spin(V ) → G×H SO(V ) ∼= FSO,

which is a spin structure on M , where we recall that FSO is the special orthonormal frame
bundle. In order to define the isomorphism we have implicitly chosen an orthonormal frame
over o (as discussed in Appendix A.4.2). We call this the homogeneous spin structure associated
to the lift H → Spin(V ). Note that G (left) acts naturally on both of these bundles compatibly
with the right action by the spin group, and that the bundle isomorphism is G-equivariant.

Using the isotropy representation and related representations of H, many natural bundles
on M , particularly those associated to FSO via representations of SO(V ), can be viewed as
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associated bundles to the H-principal bundle G → M . Homogeneous spin structures allow us
to do the same with representations of the spin group; for example, if S is a spinor module
of Spin(V ), there is a G-equivariant isomorphism of vector bundles

S := (G×H Spin(V ))×Spin(V ) S ∼= G×H S.

If G is simply connected, the construction above classifies the spin structures on (M, g) in
definite signature.

Lemma 5.1 ([5, 13]). If (M, g) is a homogeneous Riemannian G-space where G is simply
connected, the equivalence classes of spin structures on M are in one-to-one correspondence
with spin lifts of the isotropy representation.

The proof of this result relies on the ability to lift the action of G on FSO induced by the action
on M to an action on an arbitrary spin structure P → M which can then be localised at o to
find a lift of the isotropy representation. In definite signature, this follows from the fact that the
spin group is connected and simply connected (for dimV ≥ 3), but it fails in indefinite signature
due to the non-trivial topology of the spin group; in signature (p ≥ 1, q ≥ 1), the spin group is
disconnected, and its connected component is not simply connected for (p ≥ 2, q ≥ 2). However,
in the case that M is a reductive G-space, the above still holds in arbitrary signature [1, 13].

To avoid these issues, one can simply hypothesise that the action of G lifts to the spin
structure; we then say that we have a homogeneous spin structure. Such structures are in
one-to-one correspondence with lifts of the isotropy representation.

5.2 Reconstruction of highly supersymmetric backgrounds

Let us now turn directly to the question of constructing a background geometry on which
a filtered deformation of a Poincaré superalgebra can be realised. Let (V, η) be a Lorentzian inner
product space, S a (possibly N -extended) spinor module of Spin(V ), κ :

⊙
2S → V a symmetric

and causal Dirac current and s the Poincaré superalgebra defined by this data (see Definition 2.1).
Our ultimate goal is to generalise [32, Theorem 13], which says that geometrically realisable
highly supersymmetric filtered subdeformations of the 11-dimensional Poincaré superalgebra
are subalgebras of Killing superalgebras. We will find some potential obstructions to doing this
in full generality, but the obstructions themselves will prove instructive.

5.2.1 Super Harish-Chandra pairs

We begin by introducing what can be viewed as a Lie supergroup associated to a Lie superal-
gebra. In a superspace formalism, the supersymmetric backgrounds we will construct could be
considered as homogeneous spaces for such a supergroup. We will not fully use such a formalism,
but the following definition will be useful for us. See [55] and the references therein for more on
the superspace perspective.

Definition 5.2 (super Harish-Chandra pair). A super Harish-Chandra pair is a pair (G0, g)
where g is a finite-dimensional Lie superalgebra and G0 is a connected Lie group integrating g0
equipped with a representation Ad: G0 → GL(g) (which we call the adjoint representation of
the pair) integrating the restriction ad: g0 → gl(g) of the adjoint representation of g to g0.

Note that if (G0, g) is a super Harish-Chandra pair, the adjoint representation Ad: G0 →
GL(g) preserves the grading on g since ad does. The induced subrepresentation on g0 is simply
the adjoint representation of G0.

Let us now consider two motivating examples.
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Example 5.3. The spin cover Spin0(V ) ⋉ V of the connected Poincaré group SO0(V ) ⋉ V of
course has the Poincaré algebra s0 = iso(V ) as its Lie algebra, and equipping it with the action
(a, v) · s = a · s on s1 = S makes (Spin0(V )⋉ V, s) into a super Harish-Chandra pair.

Example 5.4. Let (M, g,D) be a connected Lorentzian spin manifold with admissible connec-
tion and let KD be its Killing superalgebra (see Definition 3.6). Let us further assume that this
is highly supersymmetric, in the sense that dimSD > 1

2 dimS (i.e., KD is highly supersymmetric
as a filtered subdeformation of s). Then, by Theorem 4.8, the values of the Killing vector fields
arising as squares of Killing spinors span the tangent space at every point of M . Thus M is
locally homogeneous; informally, it locally looks like a homogeneous space for a group with Lie
algebra VD. If we further assume that M is geodesically complete, VD integrates to a con-
nected subgroup G of ISO(M, g) which acts transitively on M [62, Theorem 2.2], whence M
is in fact homogeneous. By pulling back the action of G to its universal covering group G̃, it
follows that (M, g) is a homogeneous Lorentzian spin manifold for G̃. Since G̃ is simply con-
nected, the restriction ad: VD → gl(KD) of the adjoint representation of KD to VD integrates
to a representation Ad: G̃→ KD. Thus (G̃,KD) is a super Harish-Chandra pair.

The second example in particular shows us a way forward: where a Killing superalgebra
is highly supersymmetric, the background which supports it is locally homogeneous, and if it
is actually homogeneous, one can associate to it a super Harish-Chandra pair containing the
Killing superalgebra.

Consider now a highly supersymmetric filtered subdeformation g of the Poincaré superalge-
bra s, say Gr g ∼= a ⊆ s as graded Lie superalgebras so that V = a−2, S

′ := a−1 and h := a0 as
usual. In particular, the filtration on g is of the form g = g−2 ⊇ g−1 ⊇ g0 ⊇ g1 = 0 and as Lie
algebras, h = Gr0 g = g0/g1 ∼= g0, so there is a canonical embedding of h as the zeroth part of
the filtration of g.19 Note also that the adjoint action of a0 preserves each gk so that g is also
filtered as an g0-module, whence Gr g is also naturally a graded g0-module, and this action is
the same one induced by the isomorphism h ∼= g0. We will thus identify g0 and h, in particular
treating h as a subalgebra of g.

Lemma 5.5. Let (G0, g) be a super Harish-Chandra pair where g is a highly supersymmetric
filtered subdeformation of s, and suppose that the connected subgroup H of G0 generated by h = g0

is closed. Then the inclusion h ↪→ so(V ) integrates to a morphism H → Spin(V ). In particular,
this lifts the isotropy representation and thus defines a homogeneous spin structure for (G0, H, η).

Proof. First note that V ∼= g−2/g−1 ∼= g0/h and S′ ∼= g−1/g0 ∼= g1 as h-modules. In particular,
since η is h-invariant, (g0, h, η) is a metric Lie pair, so (G0, H, η) is a metric Klein pair, and the
inclusion h ↪→ so(V ) is the isotropy representation of h. Similarly, at the level of groups, the
adjoint representation induces a Lie group morphism φ : H → SO(V ) integrating h ↪→ so(V ).
This lifts to a morphism φ̃ : H̃ → Spin(V ) where πH : H̃ → H is the universal cover of H. We
will show that there exists a diagonal arrow making the diagram

H̃ Spin(V )

H SO(V )

πH

φ̃

π

φ

commute, which proves the result. Recalling that there is a canonical short exact sequence of
Lie groups 1 −→ π1(H) −→ H̃ −→ H −→ 1, we will show that π1(H) ⊆ ker φ̃, hence φ̃ factors
through H, giving the required arrow in the diagram.

19This can also be seen by considering an explicit presentation of g as a filtered deformation of a.



46 A.D.K. Beckett

Note that the actions of H on V and S′ pull back to actions of H̃ (integrating the actions
of h) in which π1(H) acts trivially. On the other hand, H̃ also acts on V and S via the action
of Spin(V ) on those spaces. The two actions of H̃ on V agree by the commutation of the square
diagram above. Since φ̃ integrates h ↪→ so(V ) and the action of h (via so(V )) on S preserves S′,
so too does the action of H̃ via Spin(V ). The two actions of H̃ on S′ both integrate the same
action of h on S′, so they agree.

The trivial action of π1(H) on V gives us π1(H) ⊆ ker(φ ◦πH) = ker(π ◦ φ̃) thus φ̃(π1(H)) ⊆
kerπ = {±1}. On the other hand, the trivial action of π1(H) on S′ shows that −1 /∈ φ̃(π1(H)),
thus π1(H) ⊆ ker φ̃. This shows that φ̃ factors through H as claimed. ■

5.2.2 Reconstruction theorem

We can now state and prove our final result which is a partial converse to Theorem 3.10 and
generalisation of [32, Theorem 13], with some caveats. Since this result essentially allows one
to (locally) reconstruct a highly supersymmetric background from its Killing superalgebra, we
follow [32, 56] and refer to it as the Reconstruction Theorem.

Theorem 5.6 (reconstruction of highly supersymmetric background). Let g be a geometrically
realisable highly supersymmetric filtered subdeformation of the Poincaré superalgebra s. Let G0

be the connected and simply connected Lie group corresponding to the Lie algebra g0 and suppose
that the connected subgroup H corresponding to h is closed. Then there exists a homogeneous
spin structure on the Lorentzian homogeneous space M = G0/H with a Dirac current κ and
a connection D on the spinor bundle S = G0 ×H S as well as an injective Z2-graded linear
map Ψ: g ↪→ VD ⊕SD which restricts to a Lie algebra embedding g0 ↪→ VD and which satisfies

Ψ([X, s]) = LΨ(X)Ψ(s), Ψ
([
s, s′

])
= κ

(
Ψ(s),Ψ(s′)

)
(5.1)

for all X ∈ g0 and s, s′ ∈ g1.

Furthermore, if Ψ(g1) = SD or if D is admissible in the sense of Definition 3.6 otherwise,
we find in particular that g embeds into the Killing superalgebra KD of (M, g,D).

Remark 5.7. Let us make some comments about this result before giving the proof. First, it
is necessary to hypothesise that H is closed; it may be possible to adjust the choice of h such
that this is the case but we have not been able to show this. We note that this is also implicitly
assumed in [32, Theorem 13]; although it is not in the statement of the theorem, it is stated in
the preamble to the theorem.

Moreover, the present theorem is very close to saying that all geometrically realisable highly
supersymmetric subdeformations of s embed into Killing superalgebras, but there is an ob-
struction in that it does not seem to be guaranteed that the connection D on S which we will
construct in the proof is admissible. The algebraic conditions (1) and (2) of Definition 3.6 are
satisfied because we work with admissible cocycles which are expressed in terms of normalised
cocycles of the whole Poincaré superalgebra s; the difficulty is in showing condition (3), namely
that Lκϵβ = 0 for all ϵ ∈ SD; we can only show this for ϵ ∈ Ψ(g1). On the other hand, by
a dimension count we find that maximally supersymmetric subdeformations do in fact embed
in Killing superalgebras, since in this case we must have Ψ(g1) = SD.

To put a positive spin on this issue, it provides us with new motivation to study Killing super-
algebras constructed from constrained Killing spinors, which we briefly discussed in Section 3.3;
while D might not be guaranteed to satisfy the conditions for admissibility on sections of S, it
does satisfy these conditions on sections of the sub-bundle S′ := G0 ×H S′ to which elements
of Ψ(g1) belong and which we could describe as the kernel of some fibrewise linear operator
on S.
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For the proof, we will make use of the technology for working with connections on homo-
geneous spaces presented in Appendix A.4.4, namely Nomizu maps and Wang’s theorem (see
Theorem A.6). If we have a spin-lift φ̃ of the isotropy representation, then P = G0 ×H Spin(V )
is a G0-invariant principal Spin(V )-bundle and φ̃ is a map from the isotropy group to the struc-
ture group of P – to connect with the notation in Theorem A.6, we have G = G0, K = Spin(V )
and ψ = φ̃. Then one can easily check that the Nomizu map L : g → so(V ) of the Levi-Civita
connection (considered as a G0-invariant principal connection on FSO) satisfies the conditions
of Wang’s theorem so also corresponds with a principal connection on P , which is of course the
spin-lift of the Levi-Civita connection.

Proof. By hypothesis, we have a metric Klein pair (G0, H, η). Then by Lemma 5.5, there
exists a spin lift of the isotropy representation of (G0, H, η) with corresponding homogeneous
spin structure P = G0 ×H Spin(V ) and spinor bundle S = G0 ×H S on M = G0/H. We
identify V with ToM ∼= g/h. Since H is connected, the image of the spin-lift of the isotropy
representation lies in Spin0(V ), whence (M, g) is time-orientable and so we can construct a
bundle Dirac current κ :

⊙
2S → TM by Lemma 3.3.

Now let [µ−] be the admissible Spencer cohomology class for a = Gr g ⊆ s corresponding
to g, so that there exists β + γ ∈

(
H2,2

)h
satisfying i∗[µ−] = i∗[β + γ] ∈ H2,2(a−; s). Recall

that β ∈ Hom(V ⊗ S, S) ∼= V ∗ ⊗ EndS is h-invariant and thus H-invariant, so by Frobenius
reciprocity (see Theorem A.5) it defines a unique G0-invariant 1-form with values in EndS,
although we will actually adopt a sign convention where we work with β ∈ Ω1(M ; EndS)G0

corresponding to −β. We define the connection D := ∇− β.

Since G0 acts by isometries by construction and β is G0-equivariant, for each X ∈ g0 the
fundamental vector field ξMX ∈ X(M) is Killing and preserves β, so it lies in VD. Recalling
that the assignment X → ξMX is a Lie algebra anti -homomorphism g0 → X(M), we define
Ψ(X) = −ξMX . This gives us a Lie algebra morphism Ψ: g0 → VD.

To construct the spinor fields associated to elements of g1 = S′ and show that they are
D-parallel, we will exploit the homogeneous bundle structure of S. Let us define a left action
of H on G0 by h · g = gh−1 where we use group multiplication in G0 on the right-hand side.
Then, using some standard associated bundle theory, we have identifications between spaces of
sections and H-equivariant maps

X(M) ∼= C∞(G0;V )H , S ∼= C∞(G0;S)
H .

For X ∈ g0, the fundamental vector field ξMX corresponds to the map G0 → V ∼= g0/h given
by X 7→ Adg−1 X (where the overline denotes the image under the quotient by h). Similarly,
for s ∈ g1 we define Ψ(s) ∈ S as the spinor field associated to the map G0 → S defined
by g 7→ Adg−1 s. We now use Wang’s theorem and the Levi-Civita Nomizu map to show that
these spinor fields are D-parallel. First, let us take a presentation of the form (4.24) for g; in
particular, we have a (non-reductive) split g0 = h⊕ V and a map λ : V → so(V ). Then, writing
elements X ∈ g0 in the form X = A+ v for A ∈ h, v ∈ V , we can follow the construction of the
Nomizu map L : g0 → so(V ) corresponding to the Levi-Civita connection (see Appendix A.4.4)
to compute L(A+v) = A+λ(v). In particular, for s ∈ S′ we have L(A+v)·s = [A+ v, s]−β(v, s),
where we use the definition of the bracket on g. Since this is also the map corresponding to
the spin-lift of the Levi-Civita connection ∇ under Wang’s theorem, we can compute the H-
equivariant map G0 → S corresponding to the spinor field ∇ξMX

Ψ(s) as

g 7→ (L(Adg−1 X)− adAdg−1 X)
(
Adg−1 s

)
= −β

(
Adg−1 X,Adg−1 s

)
,

where the equality is due to the expression for L above. But this is nothing but the map
corresponding to β

(
ξMX ,Ψ(s)

)
(recalling our sign convention for β). By homogeneity, the values
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of the fundamental vector fields span every tangent space, so we have shown that ∇Ψ(s) =
βΨ(s), whence Ψ(s) ∈ SD as required. We now have a Z2-graded map Ψ: g → VD ⊕ SD

which can show satisfies the equations (5.1) by examining the Killing transport data at the
basepoint (see Section 3.2, in particular the explicit presentation of the brackets of the Killing
superalgebra as a filtered deformation (3.12)). This will also show that Ψ is injective since no
non-zero element of g has trivial transport data.

Finally, we note that if D is admissible, Ψ: g ↪→ KD is a Lie superalgebra embedding. The
Spencer cocycle conditions for β + γ ensure β satisfies conditions (1) and (2) of Definition 3.6.
Condition (3) (Lκϵβ = 0 for all ϵ ∈ SD) is not automatically satisfied, but observe that
we have LξMX

β = 0 for all X ∈ g0 by G0-invariance of β; in particular, Lκϵβ = 0 holds

for ϵ ∈ Ψ(g1). ■

We note that we have glossed over some details of the calculations above, in particular when
constructing the spinorial part of the map Ψ; these details are routine exercises in principal
connections but somewhat cumbersome to write out in full. A more elegant way of dealing with
them is through the superspace formalism introduced in [55] which is used, somewhat implicitly,
in the proof of [32, Theorem 13], but which is beyond the scope of this work.

Remark 5.8. We have already noted some differences between the result above and the much
cleaner statement in the 11-dimensional case. Another difference to be aware of is that a geom-
etry (M, g,D) does not seem to be determined by the odd-generated ideal [g1, g1]⊕ g1 (or weak
equivalence class of a maximal Lie pair (S′ = Sp, β)) in general since we may have K2,2(a−) ̸= 0;
the discussion of Section 4.5 shows that if this is the case then it is possible for two realisable
subdeformations of s to have the same odd-generated ideal but for neither to embed in the other.
On the geometric side, this means that two simply connected backgrounds may be isometric to
one another but have different admissible connections D (corresponding to different flux config-
urations, in supergravity terminology). On the other hand, it is not hard to see that a strong
equivalence class of a maximal Lie pairs does determine the connection uniquely.

A Further background

A.1 Inner product spaces and spinors

For the sake of brevity, we will not give a detailed account of the theory of Clifford algebras,
spin groups and spinors here; standard references include [41, 47]; see also [25]. We will briefly
establish some conventions, however. Throughout, let (V, η) be a (pseudo-)inner product space.
We recall that using η, the vector spaces V and V ∗ can be identified via the musical isomor-
phisms ♭ : V → V ∗, v 7→ v♭ where v♭(w) = η(v, w) for all v, w ∈ V and ♯ : V ∗ → V , α 7→ α♯

which is defined as the inverse of ♭.

A.1.1 Orthogonal groups and algebras

We define the orthogonal group of (V, η) as the group of linear automorphisms of V which
preserve η,

O(V, η) := {A ∈ GL(V ) | ∀v, w ∈ V, η(Av,Aw) = η(v, w)},

and the special orthogonal group as the subgroup of elements of O(V, η) which preserve orienta-
tions, SO(V, η) := {A ∈ O(V ) | detA = 1}, though we typically suppress the inner product η in
the notation where there is no ambiguity. The latter group is a normal subgroup of the former
of index 2. Some basic topological properties depend on the signature of η as follows.
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� If η is (positive- or negative-)definite, O(V ) has two connected components, with the
connected component of the identity being SO(V ), and both groups are compact.

� If η is not definite, O(V ) has four connected components, two of which constitute SO(V ).
We denote the connected component of the identity by SO0(V ).20 None of these groups
are compact.

Clearly, all of these groups share the same Lie algebra, which can be identified with the Lie
algebra of η-skew-symmetric endomorphisms

so(V ) := {A ∈ End(V ) | η(Av,w) + η(v,Aw) = 0}

under the commutator bracket. We also define O(p, q) := O(Rp,q) etc., where Rp,q is the standard
inner product space with signature (p, q); that is, with p positive eigenvalues and q negative
eigenvalues.

A.1.2 Clifford algebras

The defining relation for the Clifford algebra Cl(V, η) is

v · v = ±η(v, v)1 (A.1)

for all v ∈ V . Note that there is a choice of sign convention here; the + is more common in the
physics literature while the − is usually preferred in mathematics. We adopt the mathematical
convention with the − sign in defining Cl(p, q) := Cl(Rp,q). Any inner product space is (non-
canonically) isomorphic to Rp,q for some unique pair (p, q), and such an isomorphism induces an
isomorphism of associative algebras Cl(V, η) ∼= Cl(p, q). In previous works on supersymmetry
and Spencer cohomology [10, 22, 23, 33] and in the upcoming work treating 2-dimensional
examples mentioned in the introduction, a + sign is adopted for calculational convenience. We
also typically suppress η in the notation for the Clifford algebra (and the related groups defined
below), writing Cl(V ) = Cl(V, η).

There is an isomorphism of vector spaces
∧ •V ≃ Cl(V, η) which is most easily described

in terms of an orthonormal basis {eµ}dimV
µ=1 , although it is actually independent of this choice;

to each exterior product of the form eµ1 ∧ eµ2 ∧ · · · ∧ eµr , we associate the Clifford prod-
uct eµ1 · eµ2 · · · · · eµr . We thus identify these two spaces and view Clifford multiplication · as
a new algebra structure on the exterior algebra

∧ •V .
The exterior algebra

∧ •V has a natural Z-grading by form degree. Clifford multiplication
does not respect this grading, but it does respect the Z2-grading given by taking the Z-grading
modulo 2. We denote the even subalgebra of the Clifford algebra

(
which is generated by the

subspace corresponding to
∧

2V
)
by Cl0.

There is a vector space embedding ω : so(V ) ↪→
∧ •V whose image is

∧
2V given by A 7→

±1
2ωA where ωA is the 2-vector defined by the equation ıv♭ωA = −Av where ıv♭ is contraction

with the musical image v♭ ∈ V ∗ of an arbitrary vector v ∈ V . This an embedding of Lie algebras
if
∧ •V is equipped with the commutator Lie bracket with respect to Clifford multiplication.

A.1.3 Pinor and spinor representations

The Clifford algebra Cl(V ) has either a single isomorphism class of irreducible real finite-
dimensional modules or two such classes, depending on p−q mod 4 where (p, q) is the signature
of (V, η).

20Following naming conventions used for the Lorentzian case in physics, this group is sometimes called the
proper orthochronous orthogonal group. It consists of invertible linear isometries of (V, η) which preserve both
orientations and time orientations on V .
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� For p− q ̸= 3 mod 4, there is a unique module which we denote by S.

� For p− q = 3 mod 4, there are two such modules which can be distinguished by the fact
that a unit volume element in

∧
p+qV acts as +1 (the identity) on one of these modules

and −1 on the other; given an orientation on V , we denote by S the module on which the
canonical unit volume element acts as +1.

All of these are referred to as (irreducible, real) pinor modules. Under the induced action of the
even subalgebra Cl0(V ), or equivalently the spin group (see below), the pinor modules may be
reducible, depending on p− q mod 8.

� For p− q = 3, 5, 7 mod 8, S is irreducible; for later convenience we define S1 := S in this
case.

� For p − q = 1, 2, 6, S has a decomposition into irreducible Cl0(V )-modules S = S+ ⊕ S−
which happen to be isomorphic (as real representations); let us set S1 := S+ ∼= S− here.

� For p−q = 0, 4 mod 8, there is a similar decomposition S = S+⊕S−, except here S+ ̸∼= S−.
In any case, S1 or S± are called the (irreducible, real) spinor modules.

A.1.4 Pin and spin groups

We define the pin group and spin group as the subgroups

Pin(V ) = {v1 · v2 · · · · · vr | vi ∈ V, η(vi, vi) = ±1},
Spin(V ) = {v1 · v2 · · · · · v2r | vi ∈ V, η(vi, vi) = ±1} = Pin(V ) ∩ Cl0,

of the group of units Cl(V )×. The spin group is a normal subgroup of the pin group of index 2,
and similarly to the orthogonal groups, we have the following:

� If η is definite, Pin(V ) has two connected components, with the connected component of
the identity being Spin(V ), and both groups are compact.

� If η is not definite, Pin(V ) has four connected components, two of which constitute
Spin(V ). We denote the connected component of the identity by Spin0(V ). None of
these groups are compact.

There is a canonical double-covering of Lie groups Pin(V ) → O(V ) which restricts to double-
coverings Spin(V ) → SO(V ) and (where the groups exist) Spin0(V ) → SO0(V ). These covering
maps differentiate to a canonical isomorphism of Lie algebras spin0(V ) = spin(V ) → so(V ), thus
we will identify these algebras.

The pin and spin groups act on the pinor modules by restriction of the action of the Clif-
ford algebra. The irreducible pinor module S is irreducible under the action of Pin(V ). It is
irreducible under the action of Spin(V ) or Spin0(V ) if and only if it is irreducible under Cl0(V )
and, in the appropriate signatures, S1 or S± are irreducible under the action of these groups.
The induced action of so(V ) on the (s)pinor modules is given by

A · s = ±1

2
ωA · s (A.2)

for A ∈ so(V ) and s ∈ S, where the sign is the same as that in the Clifford relation (A.1) and
the dot on the left-hand side is the Clifford action.

A.2 Lie derivatives

A standard concept in differential geometry, Lie derivatives play a central role in the definition
of the Killing (super)algebra. In this appendix, we will first introduce some useful formulae
for Lie derivatives of tensor fields and then show how these generalise to allow us to take Lie
derivatives of spinor fields along Killing vectors.
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A.2.1 Lie derivative of vectors and tensors

Let (M, g) be a connected pseudo-Riemannian manifold. We denote its Lie algebra of Killing
vector fields21 by iso(M, g). The Levi-Civita connection will be denoted by ∇. The bundle of
skew-symmetric endomorphisms (with respect to g) of TM will appear when we discuss Killing
vectors. We denote the space of sections of this bundle by so(M, g) and note that it is an
(infinite-dimensional) Lie algebra under the commutator Lie bracket. The perspective presented
here is due to Kostant [46].

Given a vector field X ∈ X(M), we define an endomorphism of TM by AX(Y ) := −∇YX for
all Y ∈ X(M). This gives us a useful formula for the Lie derivative along X: for Y ∈ X(M),

LXY = [X,Y ] = ∇XY −∇YX = ∇XY +AXY, (A.3)

where we have used the torsion-freeness of ∇. We will also use

[X,Y ] = AXY −AYX. (A.4)

A similar formula holds a tensor field T of any type

LXT = ∇XT +AX · T, (A.5)

where the action of AX on T is defined via a Leibniz formula. Note that we have a different
Leibniz rule of the form

∇X(AY · T ) = ∇X(AY ) · T +AY · ∇XT

for all X,Y ∈ X(M), or, abstracting T , [∇X , AY ] = ∇XAY as endomorphisms of the space of
tensor fields.

We can use the formula (A.5) to show that X is a Killing vector if and only if AX ∈ so(M, g):
using the metric-compatibility of ∇, we have LXg = AX · g, so

LXg = 0 ⇐⇒ g(AXY,Z) + g(Y,AXZ) = 0, ∀Y, Z ∈ X(M). (A.6)

One can also show [46, Lemma 2.2] that, for X ∈ iso(M, g) and Y ∈ X(M),

∇YAX = −R(Y,X), (A.7)

where R is the Riemann curvature, so in particular R(Y,X) ∈ so(M, g). Then for two Killing
vectors X,Y ∈ iso(M, g) and a vector field Z ∈ X(M), using equations (A.4) and (A.7) along
with the algebraic Bianchi identity,

A[X,Y ]Z = −∇Z(AXY −AYX) = −(∇ZAX)Y −AX∇ZY + (∇ZAY )X +AY∇ZY

= R(Z,X)Y +AXAY Z −R(Z, Y )X −AYAXZ = [AX , AY ]Z −R(X,Y )Z.

We thus have

A[X,Y ] = [AX , AY ]−R(X,Y ) (A.8)

for all Killing vectors X and Y .

21The notation should not be taken to imply that this is the Lie algebra of the isometry group of (M, g) which
is in general only a subalgebra of iso(M, g); Killing vector fields may not integrate to a global action by a one-
parameter group of isometries. We will not need to discuss the isometry group itself in this appendix or in the
main text so this should not cause confusion.
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A.2.2 Spin structures and spinor bundles in arbitrary signature

Now let (M, g) be a pseudo-Riemannian spin manifold of signature (p, q). We recall that this
means thatM is oriented and that there exists a Spin(p, q)-principal bundle P →M overM and
a Spin(p, q)-equivariant bundle map ϖ : P → FSO, where FSO → M is the special orthonormal
frame bundle of (M, g) on which the spin group acts via the natural map Spin(p, q) → SO(p, q).

In indefinite signature, the structure group of the bundle P →M can be reduced to Spin0(p, q)
if and only if (M, g) is time-orientable, and if this is the case then ϖ restricts to a Spin0(p, q)-
equivariant mapping ϖ0 : P0 → FSO0 of the reduced bundles. Note that many authors assume
time-orientability and refer to this reduced structure as the spin structure.22

Let S be a (possibly N -extended) spinor module of Spin(p, q) in the sense discussed in Sec-
tion 2.1.2 and let S := P ×Spin(p,q) S → M be the associated vector bundle over M , which we
will call the spinor bundle. Sections of S will be called spinor fields, and we denote the space
of such fields by S = Γ(S). We also let Cl(M, g) = P ×Spin(p,q) Cl(p, q) ∼= FSO ×SO(p,q) Cl(p, q)
be the associated Clifford bundle (where the action is via the twisted adjoint, or the algebra
automorphism induced by the natural action on Rp,q) and recall that we can identify it with the
exterior bundle

∧ •T ∗M . Sections of this bundle can be Clifford-multiplied and Clifford-act on
spinor fields via pointwise Clifford multiplication and action. The (spin-lift of) the Levi-Civita
connection extends to all of these bundles, and there is a Leibniz rule for ∇ with respect to
Clifford multiplication and action.

The adjoint bundle adFSO
∼= adP can be identified with the space of g-skew-symmetric

endomorphisms of TM , and it embeds in Cl(M, g) as
∧

2TM . As a Lie algebra, the space
of sections so(M, g) acts on spinor fields via the Clifford action, i.e., we apply equation (A.2)
pointwise.

A.2.3 Lie derivative of spinors

The formulae (A.3) and (A.5) suggest the following definition of the Lie derivative to spinor
fields.

Definition A.1 (spinorial Lie derivative [45]). The Lie derivative of a spinor field ϵ ∈ S = Γ(S)
along a Killing vector X ∈ iso(M, g) is given by LXϵ := ∇Xϵ+AX · ϵ.

Note, however, that while the formulae for the Lie derivatives of vector and tensor fields
hold for the Lie derivative along any vector field X, the right-hand side of the spinor for-
mula is only defined for Killing vectors23 X, since sections of End(TM) do not act on S,
while so(M, g) does. Note that so(M, g) is an (infinite-dimensional) Lie algebra and the action
on S defines a representation. This action obeys a Leibniz rule of the form [∇X , A] = ∇XA
as endomorphisms of S for all A ∈ so(M, g) and X ∈ X(M); more explicitly, ∇X(A · ϵ) =
(∇XA) · ϵ + A · (∇Xϵ) for all ϵ ∈ S. It follows immediately from the above that we have yet
another Leibniz rule LX(A · ϵ) = (LXA) · ϵ+A · (LXϵ) for all X ∈ iso(M, g), A ∈ so(M, g),
or equivalently [LX , A] = LXA as endomorphisms of S. One can also show that where X is
a Killing vector field and Y any vector field, the following compatibility condition between the
spinorial Lie derivative and the Levi-Civita connection on spinors holds

[LX ,∇Y ] = ∇[X,Y ], (A.9)

while if both X and Y are Killing vector fields, L[X,Y ] = LXLY − LY LX . In particular, the
spinorial Lie derivative gives S the structure of an iso(M, g) module.

22The reduced structure has been called a strong spin structure, and manifolds admitting them strongly spin
[18, 38, 59].

23The spinorial Lie derivative is actually defined for conformal Killing vector fields in [45], but we will only use
it for Killing vectors here.
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We can also use the Leibniz rule to define an action of so(M, g), and thus a Lie derivative
along Killing vectors, on sections of EndS and on spaces of forms with values in this bun-
dle Ωp(M ; EndS). More generally, the space of sections of any bundle constructed by taking
duals and tensor products of TM and S is equipped with such a structure, and all the Leibniz
rules and compatibility conditions discussed above also hold when acting on these spaces.

A.3 Grading and filtration of superspaces and superalgebras

We assume that the reader is familiar with ordinary Z-graded vector spaces and with vector
superspaces but recall and set some terminology for Z-graded superspaces and algebras, and we
also introduce filtrations.

A.3.1 Graded vector superspaces and superalgebras

A vector superspace V is said to be Z-graded with grading V =
⊕

k∈Z Vk if the latter is a Z-
grading of V as a vector space and the Z-grading is compatible with the Z2 grading on V in the
sense that an element of degree d in the Z-grading has degree (parity) d = d mod 2 in the Z2

grading. Note that we can always make a Z-graded vector space into a Z-graded vector superspace
by taking the Z-grading modulo 2. We say that a Z-graded vector (super)space V =

⊕
k∈Z Vk

has finite depth h ∈ Z≥0 if V−h ̸= 0 but Vk = 0 for all k < −h.
A Lie superalgebra g is said to be Z-graded with grading g =

⊕
k∈Z gk if the latter is a Z-

grading of g as a vector superspace and the superbracket respects this grading in the sense
that [gk, gl] ⊆ gk+l.

If V is a vector superspace, we define the exterior algebra
∧ •V := T (V )/I where T (V ) is

the tensor algebra and I is the ideal generated by elements of the form v ⊗ w + (−1)|v||w|w ⊗ v,
where v, w are homogeneous elements with parities |v|, |w|, respectively. This is a Z-graded
associative algebra of depth 0: the grading is

∧ •V =
⊕∞

k=0

∧
kV where

∧
kV is the image

of T k(V ) = V
⊗
k under the quotient map. One can show that, for V = V0 ⊕ V1,∧kV =

⊕
i+j=k

∧iV0 ⊗
⊙jV1. (A.10)

It will occasionally be useful to remind the reader of this definition of
∧
k of a vector superspace;

when we do so, we will say that we mean it in the “super-sense”. There is of course an analogous
“super” version of the symmetric algebra

⊙ •V but we will not require it in this work.

A.3.2 Filtered vector spaces and algebras

We say that a vector space V is Z-filtered if there exists a decreasing sequence of vector sub-
spaces V ⊇ · · · ⊇ V k−1 ⊇ V k ⊇ V k+1 ⊇ · · · ⊇ 0. To emphasise that we are taking V with its
filtration, we will denote it by V •. We say that V • is finite if there exist some k1, k2 such
that V k1 = V and V k2 = 0. Of course, if V is finite-dimensional then V • must be finite. We say
that V • (not necessarily finite) has finite depth h ∈ Z≥0 if V−h = V but Vk ̸= V for all k > −h.

Given a Z-filtered vector space, there is an associated graded vector space

GrV • =
⊕
k∈Z

Grk V, where Grk =
V k
⧸V k+1.

If the filtration V • is finite then so is the grading on GrV •, and if V • has finite depth h,
so does GrV •. The associated graded vector space GrV • is (non-canonically) isomorphic
to V •, which can be seen as follows. For each V k, we choose a complement Wk to V k+1

so that V k =Wk ⊕ V k+1. Then we have a grading V =
⊕

k∈ZWk, and the quotient map
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V k → Grk V
• restricts to a linear isomorphism Wk → Grk V

•. Taking the sum of these maps
gives us a graded vector space isomorphism V → GrV •.

If V • is equipped with a Lie algebra structure, then it is Z-filtered as an algebra if
[
V k, V l

]
⊆

V k+l. Its associated graded vector space is naturally a Z-graded Lie algebra; forX ∈ Grk V
•, Y ∈

Grl V
•, we choose representatives X̃ ∈ V k, Ỹ ∈ V l and then define a bracket [−,−]Gr,

[X,Y ]Gr :=
[
X̃, Ỹ

]
,

where the overline denotes the natural projection V k+l → Grk+l V
•. One can check that this

bracket is well-defined precisely because of the condition that the algebra operation on V •

respects the filtration, it satisfies the appropriate axioms, and it is graded by construction.
We note that if V =

⊕
k∈Z Vk is a graded Lie algebra then it possesses a natural filtra-

tion V k =
⊕∞

l=k Vl which has finite depth h if and only if the grading does. Note that we
have V k = Vk ⊕ V k+1, and there is a canonical isomorphism of graded vector spaces V → GrV •

defined as for a general choice of complements Wk as described above. In fact, it is easy to see
that this is an isomorphism of graded algebras.

A filtered morphism f : V • →W • of filtered vector spaces is a vector space morphism f : V →
W such that f

(
V i

)
⊆ W i. We analogously define a filtered morphism of filtered Lie super-

algebras. A filtered morphism induces an associated graded morphism Gr f : GrV • → W •

by Gr f([v]) = [f(v)]. One can easily check that this is well-defined and respects gradings. We
say that a filtered morphism is strict if f

(
V k

)
= f(V ) ∩W k.

If f is an injective (respectively surjective) strict filtered morphism, then Gr f is injective
(respectively surjective). Moreover, a linear isomorphism which is filtered is strict if and only
if its inverse is filtered, and the inverse of a strict filtered isomorphism is also strict.24 We say
that two filtered vector spaces (resp. Lie superalgebras) are isomorphic if there exists a strict
filtered isomorphism between them.

A.3.3 Filtered vector superspaces and superalgebras

If V = V0 ⊕ V1 is a vector superspace, we say that a vector space filtration V ⊇ · · · ⊇ V k−1 ⊇
V k ⊇ V k+1 ⊇ · · · ⊇ 0 (or V • for short) is a filtration of the superspace if it is compatible
with the Z2-grading in the following sense. We demand that the filtered components are graded
subalgebras

V k = V k
0
⊕ V k

1
, (A.11)

(note that V •
0
and V •

1
are filtrations of the even and odd subspace respectively) such that

V 2k−1
0

= V 2k
0

and V 2k
1

= V 2k+1
1

. (A.12)

Note that this means Gr2k+1 V
•
0

= Gr2k V
•
1

= 0, while Gr2k V
• = Gr2k V

•
0

and Gr2k+1 V
• =

Gr2k+1 V
•
1
. This ensures that one can define a natural Z2-grading on GrV • compatible with the

Z-grading.25
If V • is a Lie superalgebra which is Z-filtered as a vector superspace, then it is Z-filtered

as a Lie superalgebra if
[
V k, V l

]
⊆ V k+l. One then defines a Lie superalgebra bracket on the

associated graded superspace GrV • in the obvious way.

24Analogous results do not hold for non-strict filtered morphisms, hence the need to introduce this technicality.
See, e.g., [64, Example 0108].

25These compatibility conditions seem to be somewhat under-emphasised in the literature; the need for such
conditions is mentioned in the classic reference [43], but sufficient conditions are only given for a particular class of
filtrations there, not for a general filtration. Our main reference [16] also mentions that a compatibility condition
is required but does not spell it out. The conditions given here appear in [58].

https://stacks.math.columbia.edu/tag/0108
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To avoid overloading notation, in the main text we often drop the • superscript from filtered
vector spaces and the Gr subscript from the operation on graded algebras; the filtration struc-
ture should be implicitly understood whenever we discuss such spaces. We note that a bullet
superscript is also used for cohomological grading elsewhere in this work.

A.4 Homogeneous spaces

Here we establish some terminology, conventions and important results for working with ho-
mogeneous spaces. Such spaces play an important role in this work due to the homogeneity
theorem (see Theorem 4.8): a highly supersymmetric supergravity background is (at least lo-
cally) homogeneous.

We give our own presentation of standard material here, but some authoritative references
for material with no explicit citation in the text are the books of Kobayashi–Nomizu [44] and
Sharpe [60]. Wise’s work [67] on the Cartan-geometric formulation of gravity also contains
a brief pedagogical introduction to (metric) Klein pairs.

A.4.1 Homogeneous spaces and Klein pairs

Definition A.2. Let G be a Lie group. A homogeneous G-space is a manifold M on which
G acts smoothly and transitively. A morphism of such spaces is a G-equivariant smooth map,
and an isomorphism is a G-equivariant diffeomorphism. The isotropy group of a point p in such
a space is the stabiliser subgroup Gp = {g ∈ G | g · p = p}.

Let G be a Lie group and M a homogeneous G-space. Fixing a point p ∈ M , we note that
the orbit map αp : G→M given by αp(g) = g ·p is surjective (by transitivity), and Gp = α−1

p (p),
so Gp is a closed subgroup of G. If G is connected, M must also be connected since it is the
image of G under αp. We will often take G to be connected when discussing homogeneous G-
spaces. Note that all of the isotropy groups of the action of G on M are conjugate; for all g ∈ G
we have Gg·p = gGpg

−1.
The derivative at p ∈M of the diffeomorphism ϕg : M →M associated to an element g ∈ G

is an invertible linear map dpϕg : TpM → Tg·pM ; in particular, if h ∈ Gp then dpϕh ∈ GL(TpM).
This defines a representation of Gp on TpM known as the isotropy representation.

The derivative of αp at the identity of G is a linear map deαp : g = TeG → TpM with
kernel gp = LieGp. One can show that deαp ◦Adh = dpϕh ◦ deαp for all h ∈ Gp; in other words,
deαp is Gp-equivariant where Gp acts on g via the restriction of the adjoint representation of G.
Thus there exists a short exact sequence of Gp-modules

0 gp g TpM 0.
deαp

The isotropy representation is of fundamental importance in the geometry of homogeneous
spaces due to a particular manifestation of Frobenius reciprocity : G-invariant tensor fields onM
are in one-to-one correspondence with Gp-invariant tensors on TpM . This correspondence is
easy to describe: if τ is a G-invariant tensor field then its value τp at p is clearly a Gp-invariant
tensor on TpM ; conversely, if t is a Gp-invariant tensor on TpM then we can define a tensor
field τ on M by defining τg·p := (dpϕg)(t). This tensor field τ is well-defined and G-invariant
precisely because t is Gp-invariant and dϕgg′ = dϕg ◦ dϕg′ . We will see a more general version of
Frobenius reciprocity in due course (see Proposition A.5).

Definition A.3. A Lie pair is a pair (g, h) where g is a finite-dimensional Lie algebra and h
a subalgebra of g. A Klein pair is a pair (G,H) where G is a connected Lie group and H is
a closed subgroup of G. The homogeneous G-space associated to the Klein pair (G,H) is the
left coset space G/H.
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If (G,H) is a Lie pair, the coset space G/H is indeed a homogeneous G-space; clearly G acts
on it transitively, and it is a smooth manifold because H is closed. It is connected because G
is connected, and H is the isotropy group for o := H (the coset of the identity). Note that we
assume that G is connected but H may not be connected. We will discuss the effect of this on
the topology of the associated homogeneous space in Appendix A.4.2.

Conversely, if M is a homogeneous space for a connected group G and p ∈ M then (G,Gp)
is a Klein pair, and M is of course the associated homogeneous space up to isomorphism of
G-spaces; M ∼= G/Gp. Fixing a connected Lie group G, one can show that there is a one-to-one
correspondence between conjugacy classes of closed subgroups of G and isomorphism classes of
homogeneous G-spaces.

The discussion of the isotropy representation above shows that given a Lie pair (G,H), we
have To(G/H) ∼= g/h as H-modules, and that H-invariant tensors on g/h induce G-invariant
tensor fields onG/H. We will be particularly interested inH-invariant (pseudo-)inner products η
on g/h, which induce G-invariant pseudo-Riemannian metrics g on G/H.

Definition A.4. A metric Lie pair is a triple (g, h, η) where (g, h) is a Lie pair and η is an h-
invariant inner product on g/h. A metric Klein pair is a triple (G,H, η) where (G,H) is a Klein
pair and η is an H-invariant inner product on g/h. The homogeneous pseudo-Riemannian G-
space associated to (G,H, η) is the pair (G/H, g), where g is the pseudo-Riemannian metric
induced by η.

Given a metric Klein pair (G,H, η), set M = G/H, o = H and note that since η is H-
invariant, the image of the isotropy representation, which we now denote by φ : H → GL(ToM),
is contained in O(ToM) ⊆ GL(ToM). If M is oriented, then since G is connected, its action
is orientation-preserving, hence the action of H on ToM must also be orientation-preserving,
so Imφ ⊆ SO(ToM). If the signature of η is indefinite andM is both oriented and time-oriented,
we similarly find that Imφ ⊆ SO0(ToM).

A.4.2 Homogeneous spaces as principal bundles and their cohomology

Given a Klein pair (G,H), right multiplication by elements of H on G gives the coset map
G→ M = G/H (g 7→ gH) the structure of a (right) H-principal bundle over M . Note that we
only consider the left action of G on itself, and G does not act on the right of M in a natural
way, while H acts on both G andM from the left and right – the left action onM is non-trivial,
while the right action is trivial. The coset map is equivariant with respect to both the left action
of G and the right action of H.

We have a fibration H → G → M , hence a long exact sequence of groups in homotopy
ending in

· · · π1(G) π1(M) π0(H) π0(G) = 1,

where we take the basepoints of G and H to be the identity element and that ofM to be o = H.
The group structure on π0(H) is induced by that of H, and π0(G) is trivial since we assume G
to be connected. Thus if M is simply connected, H must be connected. The converse is not
true in general, but if we assume that G is simply connected, π1(M) ∼= π0(H), so M is simply
connected if and only if H is connected.

When working with a homogeneous G-space M = G/H, it is often useful to pass to the
universal cover G̃ of G by pulling back the action of G on M to G̃. We can then consider M as
a homogeneous space corresponding to the Klein pair

(
G̃,H ′) where H ′ is the preimage of H

under the covering map G̃→ G. Note that the universal cover M̃ of M is then a homogeneous
space corresponding to

(
G̃,H ′

0

)
, where H ′

0 is the connected component of H ′.
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A.4.3 Associated bundles and Frobenius reciprocity

For the remainder of this section, we let V = ToM for our convenience. Many natural bundles
over M can be described as associated bundles with respect to representations of H. For
example, there is a G-equivariant isomorphism of vector bundles TM ∼= G ×H V , where H
acts on V via the isotropy representation and G acts on TM via the push-forward of the
action on M and on the associated bundle via g · [g′, v] = [gg′, v]. The isomorphism in the
direction G×H V → TM is given by [g, v] 7→ g∗v. The isotropy representation also induces
representations of H on V ∗ = T ∗

oM and its exterior powers, giving us further G-equivariant
isomorphisms T ∗M ∼= G ×H V ∗,

∧ •T ∗M ∼= G ×H
∧ •V ∗. The action of H on End(V ) by

conjugation by elements of GL(V ) similarly gives us End(TM) ∼= G×H End(V ).
Considering the isotropy representation as a Lie group morphism H → GL(V ) gives various

actions of H on GL(V ) – by conjugation or by left or right multiplication by the images of
elements in H, for example – but we will concentrate on the left action by left multiplication.
This allows us form a (right) GL(V )-principal bundle G×H GL(V ) equipped with a compatible
(left) action of G, where the two groups act by right multiplication on the right factor and left
multiplication on the left factor respectively. Now, fix a frame f = (f1, . . . , fn) at o (n = dimM),
that is, f is an ordered basis for V . This choice induces a group isomorphism GL(V ) ∼= GL(Rn)
by representing elements of GL(V ) in the frame f ; in Einstein notation, for A ∈ GL(V ) we
define the components of the matrix A ∈ GL(Rn) by A(fi) = Ajifj . This allows us to treat
the frame bundle FM →M as a GL(V )-principal bundle; if f ′ ∈ FM is another frame (at any
point), we have (f ′ ·A)i = f ′jA

j
i. This choice of frame f also allows us to define a G-equivariant

isomorphism of GL(V )-principal bundles (that is, a (G,GL(V ))-equivariant bundle morphism)
FM ∼= G ×H GL(V ), where the left action of G on frames is induced by its action on tangent
vectors,

g · (f ′1, . . . , f ′n) = (g · f ′1, . . . , g · f ′n) = (g∗f
′
1, . . . , g∗f

′
n);

the isomorphism is given by mapping G×H GL(V ) ∋ [g,A] 7→ g · f ·A.
Given a metric Klein pair (G,H, η) with orientation, the isotropy representation H → SO(V )

allows us to construct a G-equivariant isomorphism of SO(V )-bundles FSO
∼= G ×H SO(V ),

where FSO →M is the special orthonormal frame bundle of (M, g), in a completely analogous
way – the construction requires a choice of oriented orthonormal frame f . Similarly, without an
orientation we have FO ∼= G×HO(V ), and with time orientation we have FSO0

∼= G×H SO0(V ),
where the notation should be self-explanatory.

We can make particularly fruitful use of these isomorphisms with Frobenius reciprocity, which
we have already seen an application of. This a powerful result which appears in a number of
different guises in the literature but in general relates representations of a group G restricted to
a subgroup H to representations of G induced by representations of H. The most useful version
to us here is due to Bott.

Proposition A.5 (Frobenius reciprocity theorem [12]). Let (G,H) be a Klein pair, let W be
a G-module and let W ′ be an H-module. Then there is a an isomorphism of vector spaces

HomG(W,Γ(G×H W ′ → G/H)) ≃ HomH(W,W
′).

In the statement above, we treat W as an H-module by restricting the action of G on W
and we treat the space of sections Γ(G ×H W ′ → G/H) as a G-module by acting on the left
factor of each fibre. We recover our previous statement about invariant tensor fields by noting,
for instance, that, setting W = R the trivial module and W ′ = V = ToM , the G-equivariant
bundle isomorphism TM ∼= G ×H V gives X(M)G ≃ V H , so G-invariant vector fields on M
are in correspondence with H-invariant vectors at o. Similarly, using the G-equivariant bundle
morphism G×H

∧ •V ∗ ∼=
∧ •T ∗M , we have Ω•(M)G ≃ (

∧ •V ∗)H , and similarly End(TM)G ≃
End(V )H etc.
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A.4.4 Connections, Wang’s theorem and Nomizu maps

Just like tensor fields, invariant connections on homogeneous spaces have a simpler description
in terms of equivariant linear maps. This formalism was introduced for affine connections on
the homogeneous spaces of reductive Lie pairs by Nomizu [54]. We will discuss a generalisation
due to Wang [66]. A good reference for all statements is [44].

For a Lie pair (G,H), we once again denote M = G/H, V = ToM ∼= g/h where o = H. Note
that since H acts on V via the isotropy representation which we denote φ : H → GL(V ), it acts
on gl(V ) by conjugation.

Suppose that π : P → M is a right principal K-bundle for some Lie group K, and suppose
that the (left) action of G on M lifts to a (left) action on P which is compatible with the
action of K; that is, we have an action of G on P such that π is G-equivariant and (g · p) · k =
g · (p · k) for all g ∈ G and k ∈ K. Then note that H preserves the fibre Po, and by fixing
a basepoint p ∈ P0 we can define a group homomorphism ψ : H → K by declaring h ·p = p ·ψ(h).
A different choice of basepoint changes ψ by conjugation by an element of k. We can now state
the following.

Theorem A.6 ([66]). Let (G,H) be a Lie pair and let P → M = G/H be a right principal
K-bundle for some Lie group K. Suppose that the left action of G lifts to P compatibly with the
action of K. Fix a basepoint p ∈ Po and let ψ : H → K be the induced group morphism. Then
there is a one-to-one correspondence between G-invariant principal connections ω ∈ Ω1(P ; k)
on P and linear maps Ψ: g → k such that

(1) Ψ ◦AdGh = AdKψ(h) ◦Ψ for all h ∈ H,

(2) Ψ(X) = (deψ)(X) for all X ∈ h.

The correspondence is given by Ψ(X) = ωp(ξX) where X ∈ g and ξX is the fundamental vector
field on P associated to X. Moreover, the curvature Fω ∈ Ω2(P ; k)G is given by

(Fω)p(ξX , ξY ) = [Ψ(X),Ψ(Y )]k −Ψ([X,Y ]g).

The final equation uniquely determines ωp since G-transitivity on the base implies that any
fibre is carried to Po by the action of some element of G, K acts freely and transitively on each
fibre, and ω is a G-invariant principal connection.

We will refer to the map Ψ as the Nomizu map, since it plays the same role in Wang’s theorem
that the more well-known notion of Nomizu map plays in the reductive case due to Nomizu.

If P = FM is the frame bundle, recall from Appendix A.4.2 that a choice of frame f in FoM
gives FM the structure of a principal K = GL(V )-bundle and that we have a compatible left
action of G. Then we immediately have ψ = φ : H → GL(V ), the isotropy representation. More-
over, if (G,H, η) is an orientable metric Lie pair, we can similarly take P = FSO, K = SO(V )
and ψ = φ : H → SO(V ). Now recall that an affine connection is equivalent to a principal con-
nection on FM , so Wang’s theorem tells us that such a connection on a homogeneous space is
characterised by a map Ψ: g → gl(V ), and similarly, metric affine connections on a homogeneous
pseudo-Riemannian space correspond to maps Ψ: g → so(V ) (subject to the conditions of the
theorem).

We finish this section by describing the Nomizu map associated to the Levi-Civita connection
for a metric Lie pair (G,H, η). This is a generalisation of the description in the reductive case
given in [44] to the non-reductive case that appears, e.g., in [32]. We first define a (degenerate)
symmetric bilinear form on g by ⟨X,Y ⟩ = η

(
X,Y

)
where X, Y denote the images in V = g/h

of X,Y ∈ g; note that ⟨−,−⟩ is H-invariant since η is. We then define U :
⊙

2g → V by
the equation 2η(U(X,Y ), v) = ⟨X, [Z, Y ]⟩ + ⟨[Z,X], Y ⟩ for all X,Y ∈ g, v ∈ V and Z ∈ g an
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arbitrary element such that Z = v. This is well-defined by h-invariance of ⟨−,−⟩. We can then
define L̃ : g → Hom(g, V ) by

L̃(X)Y =
1

2
[X,Y ] + U(X,Y ).

One can check that L̃(X)(Y ) = 0 for all X ∈ g and Y ∈ h, so L̃ factors through a map
L : g → gl(V ) which is a Nomizu map and also satisfies

(1) ImL ∈ so(V ),

(2) L̃(X)(Y )− L̃(X)(Y )− [X,Y ] = 0 for all X,Y ∈ g.

These two properties precisely say that the affine connection corresponding to L is metric-
compatible and torsion-free, hence it is the Levi-Civita connection.
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