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Abstract. A new method is introduced to derive general recurrence relations for off-shell
Bethe vectors in quantum integrable models with either type gl,, or type 02,41 symmetries.
These recurrence relations describe how to add a single parameter z to specific subsets of
Bethe parameters, expressing the resulting Bethe vector as a linear combination of mon-
odromy matrix entries that act on Bethe vectors which do not depend on z. We refer to
these recurrence relations as rectangular because the monodromy matrix entries involved are
drawn from the upper-right rectangular part of the matrix. This construction is achieved
within the framework of the zero mode method.
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1 Introduction

We will consider generic g-invariant quantum integrable models in the framework of the alge-
braic Bethe ansatz [4]. In such models the monodromy matrix depends on a spectral parameter
and satisfies the RT'T relations [33] with a g-invariant R-matrix. In the Hilbert space of physical
states, one can always construct from the local operators of the model a basis of states which
are eigenvectors of a set of commuting Hamiltonians. These states form a representation of the
finite-dimensional Lie algebra g. In the algebraic Bethe ansatz, they are constructed from the
monodromy matrix entries which depend on spectral parameters satisfying the Bethe equations.
These states are called on-shell Bethe vectors. When the spectral parameters are generic (not
forced to obey the Bethe equations), the Bethe vectors are called off-shell and their combinatorial
properties are defined solely by the RT'T relation with a given R-matrix. As a consequence, one
can replace the monodromy matrix of a generic model by the fundamental T-operator of the Yan-
gian Y (g) in its matrix realization [3, 30]. The commutation relation for this T-operator T'(u),
which depends on a formal spectral parameter u, coincides with the commutation relations
of monodromy matrix in a generic g-invariant integrable model and the generators of the fi-
nite dimensional symmetry may be identified with the zero modes of the matrix entries T; ;(u)
of the Yangian fundamental T-operator. Below we will explore the Yangian fundamental 7T-
operator T'(u) calling it the monodromy matrix of a generic g-invariant integrable model.

One of the key problems in quantum integrable models is the presentation of the Bethe
vector scalar products in a determinant form. For periodic boundary conditions, this problem
was investigated and fully solved in [37] for the integrable system associated with the simplest
Lie algebra gl,, where the structure of the Bethe vectors is quite simple.
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In the models associated to higher rank symmetries the structure of the Bethe vectors is rather
complicated. In principle, the nested Bethe ansatz ([20, 21] for gl,, and [32] for 0,,) ensures that
the Bethe vectors can be expressed as a combinatorial expression of the monodromy matrix
entries acting on a vacuum vector. However, whether there is a determinant form for scalar
products of Bethe vectors in the general case remains an open question and has answers only in
the cases gl [1] and gly); [10].

It is worth noting that there is another method for studying eigenvectors and correlation
functions in integrable systems, which is based on the so-called quantum separation of variables
(SoV) method [35, 36]. Recently, for models associated with the Lie algebra gl,, was proposed [§]
another construction to describe eigenvector using only one creation operator B(u) closely related
to SoV. A little later, significant progress has been made in SoV method [28], where it was
proposed to describe vectors in terms of the actions of transfer matrices on a certain vector, which
is a fairly universal construction. Both groups develop their methods significantly [7, 29, 34] and
managed to use this result to describe some overlaps of Bethe vectors. However, the study of
correlation functions in this approach is far from being complete and, up to now, applies mostly
to gl,, models.

On the other hand, if one can find formulas for the action of the monodromy matrix entries on
the off-shell Bethe vectors, as well as recurrence relations for them, then one can find expressions
for the scalar products of off-shell Bethe vectors, and ultimately obtain recurrence relations for
the building blocks of these scalar products. Expressions for the scalar product and the norm
of Bethe vectors were obtained in [14, 17] for gl, invariant models and in [31] for gl; invariant
models. General expressions for the scalar product, the norm and the recurrence relations were
achieved in [11, 12] for models associated to gl(m|n). Here by recurrence relations for the off-
shell Bethe vectors we mean the possibility to express a Bethe vector with an extended set of
Bethe parameters (for example, with an extension by a parameter z) as a linear combination
of the action of monodromy matrix entries 7T; ;(2) with ¢ < j acting on off-shell Bethe vectors
which do not depend on z.

The action formulas of the monodromy entries on the off-shell Bethe vectors in gl(m|n)- and
02n+1-invariant integrable models were given in [13] and [23], respectively. The existence of
recurrence relations is less investigated. Some examples of such relations can be found in the
aforementioned papers. One of the goals of this paper is to fill this gap and produce all possible
recurrence relations for the Bethe vectors in the models with gl,, and 02,41 symmetries.

In the present paper, we show that in order to solve this problem, one has to combine
a single (simple) action of the monodromy matrix entry with the action of the zero modes of
the monodromy matrix, the latter being identified with the simple root generators of the Lie
algebra g. We first perform the calculation of the recurrence relations using this method for the
Bethe vectors in gl,-invariant models and then extend this approach to the Bethe vectors in
02n+1-invariant models. The obtained recurrence relations will be then tested in several limiting
cases to observe the reductions over rank of g and embeddings of Y (gl,) ® Y(gl,,_,) into Y (gl,,)
and of Y (09s41) ® Y(gl,,_,) into Y (02,41).

This paper is motivated by two key objectives. First, we would like to generalize the nested
Bethe ansatz to the cases when not only extreme nodes of the Dynkin diagram are singularized,
but also when the singularized node is inside the Dynkin diagram. In the case of the gl,, algebra,
some progress in this direction was made in the recent papers [18, 19] in the framework of the
trace formula presentation of off-shell Bethe vectors. To the best of our knowledge, for other
series, the nested Bethe ansatz method was developed only in the cases when the singularized
node is an extreme node of gl -type. In our approach, the recurrence relations for the off-
shell Bethe vectors in 09,1-invariant integrable models are generalization of the nested Bethe
ansatz for arbitrary singularized node in the Dynkin diagram of Lie algebra 02,41. The second
motivation is to develop methods to investigate the recurrence relations and analytical properties
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of the highest coefficients in the Bethe vector scalar product in g-invariant integrable models. An
application of our approach to the properties of highest coefficients in 09,4 1-invariant integrable
models can be found in the paper [25].

Theorems 3.1 and 4.1 are the main results of the paper. It is surprising that these rectangular
relations were not known previously, although some examples of these recurrence relations for
the Bethe vectors in gl,-invariant integrable models were obtained earlier in [6, 11].

The plan of the paper is as follows. In Section 2, we recall some basic algebraic notions on
Yangians, which are at the core of the models under consideration, as well as some definitions
on Bethe vectors. Section 3 deals with the rectangular recurrence relations for gl,, models. Here
we verify also the consistency of the recurrence relations with the embedding Y (gl,) ® Y (gl,,_,)
into Y (gl,,) and compare our approach with the recent papers [18, 19]. The case of 09,41 is
studied in Section 4. The main result is contained in Section 4.1, where rectangular recurrence
relations for 09,41 models are presented. Some particular cases and examples are displayed
in Section 4.2. We also show that the recurrence relations are consistent with the embedding
of Y(gl,) or Y(024+1) ® Y(gl,_,) in Y(02p+1): the Bethe vectors exhibit a nice factorisation
property over these subalgebras (see Sections 4.3 and 4.4). We conclude in Section 5, and two
appendices are devoted to the technical proofs.

2 Preliminaries

2.1 Algebraic context

Let g be either the classical Lie algebra gl,, or the orthogonal algebra 09,41, where n =2,3,....
We will use the set of positive integers Iy = {1,...,n} to index elements of the operators
in End(C™) and the set of integers I,,,., = {—n,—n+1,...,-1,0,1,2,...,n} to index elements
of the operators in End (C2”+1). We will use the notation Iy to describe the two sets of indices
simultaneously. Let N =n and N = 2n + 1 for the algebras gl, and 09,41 respectively.

RTT presentation of the Yangians Y (gl,,) and Y (02n4+1). Let Rg(u,v) be the g-
invariant R-matrix [38, 39]

P
Ry(u,0) =Tl -F _ _Q (2.1)
U—vV  U—V+ Chp

where I = 3 . I, € is the identity operator acting in the space CV and eij € End((CN )
are N x N matrices with the only nonzero entry equal to 1 at the intersection of the i-th row
and j-th column. The operators P and Q act in CV @ CV. They read

P = E e Qe Q= E e _j®eij,

i€l i€l
and!
o0 for g = gl,,,
Kp =
n—1/2 for g = o02y41.

In the 09,4 1-case, for any matrix M € End ((CQ”‘H), we denote by M* the transposition with
respect to the secondary diagonal (M*) ;= M_;__;. In particular, Q = Pt = P2,

1;7

!The value of k, = co for the algebra gl, simply means that in this case the g-invariant R-matrix does not
contain the term proportional to operator Q and so coincides with the Yang R-matrix [38]. The parameter
Kkn =n — 1/2 is relevant only for the algebra g = 02n41.
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The generic g-invariant integrable model is described by the monodromy matrix 7'(u) which
depends on the spectral parameter v and satisfies the commutation relation

Ry(u,v) (T(w) @ T) (1@ T(v)) = (I® T(v)) (T(w) ® I) Ry(u,v), (2.2)

with the g-invariant R-matrix (2.1).
Equation (2.2) yields the commutation relations of the monodromy matrix entries

(T3 5(1), Tos (v)] = —— (Tp; (0) Ty () — Th () T (v))

u—uv
n

> OriTp (0T 1 (0) = - T p(0) Tip(w)). (23)

C
U — VU + CKkp

The parameter ¢ in (2.1) and (2.3) is a Yangian deformation parameter. In the limit ¢ — 0, the
Yangian goes to the Borel subalgebra of the corresponding loop algebra. When non-zero, this
parameter can be always changed to the value ¢ = 1 by rescaling formal spectral parameters u
and v but for our convenience we prefer to keep it arbitrary. Note that the second line in (2.3)
occurs only in the case of 09,41 models, in accordance with the footnote 1. We will assume the
following dependence of the monodromy matrix on the spectral parameter

T, j(u) = Xibij + Y, Tiglm](u/e)™™ 1, (2.4)

m>0

where the parameters x;, ¢ € Iy, are twisting parameters. For g = gly, these parameters are
all independent, while for g = 09,,+1 they satisfy the relation x;x—; = 1 and xo = 1. For both
algebras, the possibility to start the series expansion (2.4) with y;d;; instead of d;; corresponds
to the usual twist T'(z) — DT'(z) where D is the diagonal matrix with D;; = x;. These twisting
maps are isomorphisms between two RTT-algebras, since the R-matrix commutes with D ® D
(with the restriction D' = D in the 09,1 case).

Central element for g = 02,41. Remark that for g = 09,41, the pole at u = v — ¢k, in
the R-matrix (2.1) and in the commutation relation (2.2) implies that the monodromy matrix
should satisfy following relations [15] T'(2)* - T'(z + ckp) = T(z + cky) - T(2)t = C(2) = 1,
where C(z) is a central operator in the algebra defined by the relations (2.2). Let w(z) be
a formal series (2) = 143, o Tm(c/2) "™ ! which solves the equation C(z) = m(2)m(z + ckn,).
This equation can be solved inductively expressing the coefficient of the formal series m(z)
through the coefficients of the central element C(z). Then one can rescale the monodromy
matrix T(z) — T"(z) = 7(2) 71T (2) in such a way that the rescaled monodromy matrix satisfies
the equation

T'(2)"-T'(z+ckn) =T (2 +ckp) - T'(2)" =L (2.5)

Zero modes. The zero modes T;; := T; ;0] (see (2.4)) will play an important role in our
approach. Considering expansion of T; ;(u) and the rational functions in (2.3) as series with
respect to 1/u, the coefficient of u=! in (2.3) yields

[Tigs Tha(v)] = Xi0ia Thj(v) — X0k, ;T30 (v) (2.6)
for g = gl,, and
(Tijs Tie i (v)] = X3 (01 Tk, (v) — 81— Tk, —i(v)) — X (O, j T30 (v) — O —iT—j 1 (v)) (2.7)

for g = 02 11.
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More generally, in each integrable models, the monodromy matrix zero mode operators may
be always defined as the operators built from the monodromy matrix entries which satisfy the
commutation relations of the finite-dimensional algebra g.

Embeddings. We describe different embeddings in the Yangians Y (gl,,) and Y (02,+1) that
will be reflected in a factorisation (also called splitting) property of the Bethe vectors, see
Sections 3.3 and 4.4 below.

Embedding Y (gl,) ® Y(gl,,_,) < Y (gl,,). From the commutation relations (2.3), it is
clear that in Y (gl,) the elements T; ;j(z), 1 < 4,j < a generate a Yangian subalgebra Y (gl,)
in Y(gl,), while the elements Ty,4yia+j(2), 1 < 4,5 < n — a generate the Yangian subal-
gebra Y (gl,_,). However, these two subalgebras do not commute. To get an embedding
of Y(gl,) ®Y(gl,_,) in Y(gl,), one needs to consider quantum minors, see relation (1.84),
in [30, Corollaries 1.7.2 and 1.11.4].

Embeddings of Y(gl,,) — Y (02n+1). There are several ways to embed Y (gl,,) in Y (02,+1).
We describe here two of them that have some relevance for the study of Bethe vectors. Let us
denote the Y (gl,,) monodromy matrix embedded in Y (02,+1) as T(2).

e From the commutation relations (2.3), it is clear that in Y (09,41) the elements
Tij(z) =Ti;(z), 1<dj<n (2.8)

generate the Yangian Y (gl,,), since they obey the commutation relations (2.3) without the
second line (all the terms which include the Kronecker symbol ¢ vanish).

e Another embedding can be done, considering the elements T; j(z), —n < i,j < —1 and
defining

Tij(2) == Ti—n-1j-n-1(2), 1<i,j<n. (2.9)

It is easy to see that 'ﬁ‘z](z) also obey the commutation relations (2.3) without the second
line. The twisting parameters for the monodromy T(z) in this case are (xn11-:)"".

Embedding Y (024+1) ® Y (gl,,—q) <> Y (02n+1). This type of embedding is more intri-
cate. It uses the concept of quasi-determinants [5] T; j(z) of the monodromy matrix, and we refer
to, e.g., [30] for more details about quasi-determinants in the Yangian case. Indeed, one can show
that ﬁ] (2), 1 <,j < a generate a Yangian subalgebra Y (02,+1), while Tj1444(2), 1 < k,1 <
n — a generate a Yangian subalgebra Y (gl,,_,). Moreover, we have [ﬁJ(z), Titay+a(2)] =0 for
1<i,j<aandl <k, l<n—a. A detailed presentation of this approach is beyond the scope of
the present article, we refer to [15, Theorem 3.7 and Corollary 3.10] for a detailed presentation
of the construction. It is remarkable that this type of embedding is reflected in a simple way on
the structure of Bethe vectors, see Section 4.4 below.

2.2 Bethe vectors

In the framework of algebraic Bethe ansatz, the states in the Hilbert space of the physical model
are defined by the vectors |0) and (0| such that

T;;(2)|0) =0, i>j,  T(2)0) = Xi(2)|0), i€y (2.10)
and
OT () =0, i<j,  (O[Tis(2) = Ai(2)(0], i€ Iy, (2.11)

In (2.10), the monodromy matrix elements are acting to the right, while in (2.11) they are acting
to the left. If they exist, such vectors are called vacuum vectors.
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The functions \;(z) are characterizing the physical model under consideration. Since we are
considering generic model, we will consider these functions as free functional parameters. For
gl,,-invariant integrable models, the functions \;(z) are all independent, while for 09,4 1-invariant
models and due to (2.5) they satisfy the relations [22]

n

1 )\3(2371) .
i = —_ =0,1,... 2.12
)\ ](z) )\](zj) s]ijI—f—l )\S(ZS) ’ ] 07 9 ,TL, ( )

where we introduced the shifted spectral parameter

1
zs—z—c(s—z), s=0,1,...,n. (2.13)

Due to our choice (2.4) of dependence of monodromy matrix entries on the formal spectral
parameter, the free functional parameters \;(z) are formal series

N(z) = xi+ SO Al (/0

>0

with respect to the formal parameter z.
The Bethe vectors in the integrable model depends on a collection of sets

_{{t—l,...,t_”_l} for g = gl,,,

B {Eo,tﬁl,...,t_nil} forg:02n+1.

Here, the set t° = {t{,...,t; } denotes a collection of r, Bethe parameters. The non-negative
integer rs is the cardinality |t*| of the set ¢°. The superscripts on the (sets of) Bethe parameters
denotes their color. The colors are in correspondence with the simple roots of the algebra g.
This can be formalized through the operators h; defined by

Xihi = Tm‘ — )\i [0] (2.14)

such that the vacuum vectors have zero eigenvalue h;|0) = 0, (0lh; = 0. According to (2.6)
and (2.7), the monodromy matrix entries T} (z) are eigenvector for the adjoint action of the
operators h; [hy, Ty 1(2)] = (i1 — 6; 1) Tk, (2) for gly-invariant monodromies and

[hi, Thoi(2)] = (850 — 0ie + 03—k — 04,—1) T u(2)

for 09y, 41-invariant monodromies. Using the operators h; (2.14), one also defines the operators

to= Y _ h;, (2.15)

1=s+1
where s = 1,...,n —1 for gly-invariant monodromies and s = 0,1,...,n — 1 for 0g,+1-invariant
monodromies.

The Bethe vectors themselves are certain polynomials of the non-commutative monodromy
entries T; j(u) for ¢ < j depending on various Bethe parameters acting on the right vacuum
vector |0)

B(1) = P(Ticy ())10) = BH)]0). (2.16)

where the polynomial B(f) = P(E<j (f)) is called a pre-Bethe vector.
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Analogously, left or dual Bethe vectors are polynomials of monodromy entries 7; j(u) for i > j
acting to the left vacuum vector |0)

C(7) = (0P (Ti»; (7)) = (0lC (). (2.17)

The polynomials P and P’ are related by the transposition antihomomorphism (see Remark 2.1).
The ordering of the non-commutative entries T; ;(¢5) in the polynomials P and P’ and the
structure of these polynomials can be fixed in the framework of the nested Bethe ansatz [20, 21]
or by the method of projections [9, 16]. When the Bethe parameters are generic, we call such
Bethe vectors (2.16) and (2.17) off-shell Bethe vectors.

The off-shell Bethe vectors IB(f) and (C(f) are eigenvectors of the operators ts (2.15)

to-B(E) = rB(D), C() t.=rCH), i=1....n,

with s =1,...,n—1for gl,, and s =0,1,...,n—1 for 02,4+1. This property can be proved using
the recurrence relations for the Bethe vectors and the action of the monodromy matrix entries
T;.i(2) on Bethe vectors (see proof of Proposition 3.1 in the case of 09,1 in [25]).

Remark 2.1. In what follows, we will consider only the Bethe vectors IB(E) All the relations
for the dual Bethe vectors (C(ﬂ can be obtained from the corresponding relations for IB%(E) using
the transposition antihomomorphism. When we consider different embeddings, we will use the
notation Bg[(f) and B, (f) to distinguish the off-shell Bethe vectors in the models with different
symmetries. But most often we will the use notation B(f) since it will be clear from the context
what type of Bethe vector we are exploring.

Remark 2.2. The commutation relations (2.3) between the monodromy matrix entries do not
depend on the parameters x; explicitly, nor does the definition of the vacuum state (2.16).
Since the Bethe vectors are polynomials in the entries of the monodromy matrix, they do not
depend explicitly on the parameters y; either. It is only when using the expansion (2.4) that the
dependence in the x; parameters becomes explicit, as for instance in the relations (2.6) or (2.7)
which involve the zero mode action. Therefore, any relation involving only the Bethe vectors,
the entries Tj;(z) and/or the eigenvalues \;(z) should not depend on the x’s. In other words, if
the y; parameters appear explicitly in such relation, each coefficient of the parameters y; should
be set to zero independently. We will use this property in Appendix B.

On-shell Bethe vectors. Due to the RTT commutation relations (2.2), the trace of the
monodromy matrix (the transfer matrix)

T(2) =) Tii(2) (2.18)

icl,

commutes T (z)7T (2') = T(2")T (z) for two different formal spectral parameters z and z’. Upon
expansion in z, the transfer matrix (2.18) generates a family of commuting operators. The Bethe
vectors become eigenvectors of the transfer matrix (also known as on-shell Bethe vectors) if the
Bethe parameters satisfy so called Bethe equations (see below (2.21)). To describe the Bethe
equations in the g-invariant integrable models, we introduce the rational functions

f(u7v) =1+ g(u,v) = h(u’v)g(u7v) = LW’ f(uvv) — L“'Cﬂ

u—"v u—"v

We also define the functions
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We will use the following convention for the products of scalar functions depending on sets
of parameters, for example,

= [ »@), f&E#)=1]] H f(t ete. (2.19)

tsets tsets ti e’

with f(@,?) = f(,@) = 1.

The recurrence relations for the off-shell Bethe vectors will be written as sums over par-
titions of the sets of Bethe parameters. A partition {t;,t5,¢5} F ¢ corresponds to a de-
composition into (possibly empty) disjoint subsets ¥, ¢3, 5 such that ¢* = ¢ Ut Uts and
Nt =Nt =t: Nt = . The cardinalities of the subsets satisfy the equality ‘fs‘ =
{tﬂ + }ts‘ + ‘ts , where some of the cardinalities ‘ff , }t ‘ can be zero. The partition
{ts ts} - ¢% is defined analogously.

The on-shell Bethe vectors are eigenvectors of the transfer matrix

B(t) = 7(2;1)B(?) (2.20)

if each set ¢* of Bethe parameters satisfy the Bethe equations [21, 32]

¥s ¥s 718 rs+1 7s _ _
s (ff) _ >\s (tl) _ fs (thtﬂ) f(t 7t1) with {z - 17 RN 1 fOI‘ glnv (221)

Aot (B) - f(E8) F(E 671 =0,1,...,n—1 for ogps1,

for any disjoint partition {ts ts} F ¢* and with the conditions ¥ = " = & for gl,, and £~ =
t" = @ for 09,41. In (2.21), we have used the convention (2.19) for products of functions and
the functions fs(u,v) are defined as

~Jf(wv), s=0,
fs(U,U)_{f(u7fU)’ S:l,,,.,n—l.

For the gl -invariant models, the eigenvalue 7(z;%) in (2.20) is equal to [21]

(2 1) = Z)\s(z)f(fS, z)f(z,fs_l).
s=1

In the case of 09,41-invariant models, this eigenvalue is [23, 32]

n

(2 1) = )\o(z)f(t_o, zo)f(z,fo) + Z(As(z)f(fs, z)f(z,t_s_l)

FA () F (T 25m1) f (25, 8)),
where we have used the notations (2.13) and A_;(z) satisfy the relations (2.12).

3 Bethe vectors in gl,-invariant models

Denote by {ts}j = {1, .., ¥} a partial collection of sets ¢ of Bethe parameters for i <
s < j. For example, t = {ts}l for gl,, Bethe vectors. We will always assume that the partial
collection of sets {ts}j is empty if j < 4.

For1</<mn-—1and 1<k <n, we introduce the functions

wg(z;f) :g(z,#*l)h(fe,z), ¢k(z f) = h( - 1) (tk,z).

Remark that Y1(z;t) = h(t', 2) and ¢n(2;t) = h(z,T""1) because g(z,t°) = g(t", z) = 1 since
==
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3.1 Action formula for Tj ,(z) and Tyy1,

Denote by u® = {t‘l"’, N ,z} an extended set of the Bethe parameters of the color s. For
shortness, we will write u® = {ts z} The off-shell Bethe vectors B(ﬂ in gl,-invariant models
are normalized in such a way that the action of the monodromy entry T} ,(z) onto off-shell
Bethe vector B(ﬂ has the simple form?

Tin(2) - B(t) = pi (2;1)B(a) (3.1)
where u = {ul u? ...,ﬂ”_l}. The normalization factor ui? (z;f) is defined as follows for any
1<l<k<n

we (2 8) = Me(2)ve (2 D) b (:8) = A(2)g (28R (E, 2) (2,1 1) g (8, 2). (3.2)

We denote by the symbol Zf the operation of adding a parameter z to the sets &, ... %1
of Bethe parameters in the off-shell Bethe vectors IB%({)

zF-B) =B{EY L {E L {ENh. (3.3)
For example, using this notation the action (3.1) can be written as follows:

———Ti.(2) - B(7). (3.4)

20 = e
We will use relation (3.1)
rem 3.1.

To find the rectangular recurrence relations for the off-shell Bethe vectors B(f), we will use
the commutation relations (2.6) in the particular case

(Tet1,6,Ti5(2)) = Xe10041,5T1.0(2) — x000,iTo+1,5(2) (3.5)

and the action of the zero mode operators T, ¢ onto off-shell Bethe vectors. These actions as
well as the action (3.1) can be calculated in the framework of the projection method. For more
details, one can look at the [23, Section 4.1], where the action of the zero modes on the off-shell
Bethe vectors in 09, 1-invariant integrable model was calculated. The calculation of the zero
modes action for the gl,-invariant integrable model is similar, starting from the results stated
in [9]. We will write the action of the zero modes in the form

Tep1,e-B(f) = Z(Xg+1ag(t_f)QL(t_ﬁ7t‘f|t‘f*17gﬁ+1)

part
- XEQR(t‘f,E‘]}W*l,{“1))18%({{3 AR £+1) (3.6)

where the sum in (3.6) goes over partitions {#/,5} t &' such that || = 1. The functions QF
and QF in (3.6) are defined as follows:

h {K ZZ—I
b (#0, Tt ) —V(tf[,té)g(

in the form (3.4) as a base relation for the inductive proof of Theo-

QF(# 281 1Y) = (8, 1) : (3.7)

where the function y(u,v) is
flu)  gluv)
h(u,v)h(v,u)  h(v,u)

*Note that normalization of the off-shell Bethe vectors used in (3.1) differs from the normalization used in the
paper [13], but it is more suitable for the propose of this paper.

¥(u,v) =
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3.2 Rectangular recurrence relations for gl,,
For m € Z, we define the step function ©(m)

1, m>0,
G(m):{o m <0

Theorem 3.1 below will be proved in Appendix A by induction starting from (3.4). Theo-
rem 3.1 allows to express off-shell Bethe vectors through the action of the monodromy entries
on Bethe vectors with a smaller number of Bethe parameters. This result is new although some
examples of this type of recurrence relations were know earlier (see Corollary 3.2).

Theorem 3.1. For any pair of positive integers 1 < £ < k < n, the off-shell Bethe vector
Zé“ IB%(f) satisfies the rectangular recurrence relation

kxea(a:w{fs Ly e
ZZZ”““ (2 0, . o) T2 (2) - B, (3.8)

=1 j=k part

where the functions Ef’]k (z; fl,fn,fm)

=% (2t tn,tn) = g2, 8 ) g(th, 2)
/—1 7—1
< [T & it a6t) [ es@G) Q" @ Gl 51 (3.9)
s=i s=k

depend on the partitions and the sum in (3.8) goes over partitions {ts 5,8 } F ¢ with cardi-
nalities

‘fﬂ:{?(s—i)’ s <, ’t‘ { s<k-—1, (3.10)
, s> 4, —s—1), s>k—1.

The sets &', ...t~ are not partitioned and in (3.8) t& = ¢ and t5~1 = ¢—1,

If the set t° = & and according to (3.10) one may have ‘ff‘ =1 for some i or ‘fﬁl‘ =1 for
some j, then the terms in the right-hand side of (3.8) for such values of the indices i and j have
to be discarded.

The cardinalities of the subsets ¢7 and ¢, given by (3.10) for s = 1,...,n—1 can be visualized
in the following table:

s ‘1 i—l‘i 5_1‘5 k—l‘k j—l‘j R |
EHEK 0 |1 1 0 -+ 0 |0 -+ 0
‘t} o |o --- 0 1 - 1 0 --- 0

Remark that since ¢ < k, the cardinalities in (3.10) show that for any color s, either ¢¥ or ¢3;
is empty. In other words, we always have partitions into a maximum of two subsets, {ts ts} A
or {ts ts } F ¢° with cardinalities ‘ts‘ <1 and ‘ts | < 1.

We call the recurrence relation (3.8) a rectangular recurrence relation because it contains the
monodromy matrix entries 7T; ;(z) with 1 <4 <1 and k < j < n. This defines a rectangular
submatrix in monodromy matrix with vertices T1 (%), 11, (2), Ti; and T7 x(z). It lies above the
diagonal of the monodromy matrix because [ < k.
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Corollary 3.2. Considering the particular case k = ¢ + 1 in the recurrence relation (3.8), we
get

B({Es {tz 2} £+1)
T;(2) - B({EY, {8 OB (F) )
_;]zg;lg;t )\g+1 z)g(z - 1) (z,te)h(tg,z)g(tﬁﬂ, )
(ts-I—l ts) J— h tf[[,ts 1)

S 18 S S I8 (
XHVt ) (tf,tﬁ 1) s () v (B ) — =7 7y B E)

s={+1 9

Here the sum over partition is the same as in Theorem 3.1.

Such type of recurrence relations for arbitrary ¢ were written for the first time in [24] for the
case of integrable models associated to Ug(gl,,). In the case of gl,-invariant integrable models,
these recurrence relations for the cases ¢ = 1, k = 2 and { = n — 1, k = n were presented in [11].
Analogous recurrence relations for the cases £ =2, k=3 and f =n—2, k = n — 1 can be found
in [6]. Examples of this recurrence relation can also be found in [2] for the case of gls.

3.3 Embedding Y (gl,) ® Y(gl,_,) — Y(gl,)

Suppose the Bethe vector does not involve any spectral parameter of some given color 1 < a <
n — 1. In this case, the reduced recurrence relations will imply the following proposition.

Proposition 3.3. The off-shell Bethe vectors Bg[ {1ts , 3, {ts} +11) has a representation
as the proiluct of gl, pre-Bethe vectors Bg[({ts 1 6 Y(g[ ) and gl,,_, pre-Bethe vectors
By ({#° }a+1) € Y(g[n o) acting on the vacuum vector |0)

Ba({E°}] 2. {8} 0) = Ba({E} ) - Ba({£},1)10)
- 9[({t8}a+1) 9[({ts 1 )’0> (3.11)

Proof. We will prove only the first equality in (3.11). The second equality can be proved
analogously. Let us consider the recurrence relations (3.8) for two different ranges of the indices ¢
and k: 1 </ <k<aanda+1</<k<n. These ranges for k and ¢ ensure that the set t*
remains empty. Since By (@) = |0) (i.e., By (@) = 1), the recurrence relations will prove the
statement of (3.11) by induction on the cardinalities.

e 1 </ < k < a. The cardinality of the subset t% given by (3.10) is equal to ©(j—a—1). Since
this subset is empty, this restricts the summation over j to k < j < a. This means that
the recurrence relation for Zé‘/’ -Bg[(f) lfa—g for 1 < ¢ < k < a implies only the monodromy
entries Tm(z) for 1 <7 < /¢ and k < j < a. The recurrence relation Z{ - Bg((fﬂga:@ will
have only one term (there is no summation over partitions) corresponding to the action of
monodromy entry 77 ,(z) on the off-shell Bethe vector. Then the action of the zero mode
operators Tpy1 for £ =1,...,a — 1 onto Bethe vector (3.11)

Tere Ba({E} 2. {#}07))

- Z (X€+10dg (L‘f)QL (tf; tf|t€—1’ EZ'H)
part

— X (L)) Ba({F ) B AR 2 (P

does not affect the sets of Bethe parameters {fs }Z;l and so coincides with the action of the
zero mode operators onto the Bethe vectors in gl,-invariant model. This shows that the
recurrence relations for Zk Q’ta o for 1 < ¢ < k < a coincides with the gl, recurrence
relation for the vector Bg[({t} )
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e a+1</<k<n. In this case, the cardinality of the empty subset t* = &, given by the
equalities (3.10), yields the restriction for the index ¢ > a+ 1. The summation over ¢ and j
in the right-hand side of the recurrence relation for Zf ‘Bg[(f) |fa—y Will be restricted to the
range a+1 < i < ¢ < k < j <n. The Bethe vector Zlg Bg[(f) will be proportional to the
action of the monodromy matrix entry T,41 (%) - ]B%g[( ) (there is no sum over partitions
in this action) and the action of the zero mode operators Toy1, for f=a+1,...,n—1
onto the Bethe vector (3.11) coincides with gl,,_,-type actions (3.6). The recurrence re-
lation (3.8) in this case will not affect the sets of Bethe parameters {fs}cll_l and will
coin(cide) with the gl,,_,-type recurrence relation for the Bethe vector Zé’“ -Bg[({ts Z +11 ),
see (3.8).

Remark 3.4. Proposition 3.3 is a direct consequence of the projection method, when the off-
shell Bethe vectors are expressed in terms of the Cartan—-Weyl generators of the quantum affine
algebra U,(gl,) [16] or Yangian double DY (gl,,) [9].

Splitting property of the Bethe vectors. Let us define the operatlon Zatl (t“) as the
operation which adds the parameter t§ of the color a to the set t = {{ts}l , {ts} } of
the Bethe vector Bg[({ts}l L@, {t°} +1) according to definition (3.3). A direct consequence of
Proposition 3. 3 and the rectangular recurrence relations (3.8) is the presentation of the Bethe
vector IB%g[({t t‘f, {t=} +1) in the form

Ba({F}) . h {F )0 = Z““(t")( Bu({r ) - Ba({F} )0
aﬂ o Z >0 SO (i) T 1)

=1 j=a+1 part

x (Bu({f}7 ) - Bal{Ei}511))10). (3.12)

Iterating the relation (3.12) one gets the following presentation for the off-shell Bethe vector in
the generic gl,-invariant integrable model:

1
Bo(f) = 2 (t) - 2600(13) -~ 20 (1, (Bu({£°}7 ) - Ba({£°},71))10). (3.13)
The relation (3.13) was called in the papers [18, 19] the splitting property of the off-shell Bethe
vectors, see, e.g., [19, Proposition 3.1]. One can also compare the relation (3.11) with the [19,
equation (3.9)]. These formulas were proved in these papers by a different approach using the
evaluation homomorphism for the Yangian Y (gl,,) and the trace formula for the off-shell Bethe
vectors.

Example 3.5. Let us consider an example of the recurrence relation (3.12) in the case n =4
and a = 2. This relation describes the off-shell Bethe vector Bg[(ﬂ,tQ,fg) in the form of the
actions of the monodromy entries T; ; (t2) with ¢ = 1,2 and j = 3,4 to the Bethe vector
Bg[(ﬂ‘l,g,fﬁ). Let us stress that 2> denotes a single Bethe parameter, not a set. Using defi-
nitions (3.2) and (3.9) we can write the Bethe vector By (¢!, %, %) as follows:

of A3 tz 9(#? ﬂ)h(ﬂ[,ﬂ)g(t}tz)h(fg’ptﬁ) R

i=1 j=3 part

where sum goes over partitions {tl,t}} - #! with cardinality ’fﬂ = 0;,1 and {ff’l, fﬁ’l} - #3 with
cardinality ‘fﬁ’l‘ = §;4. In the case when the sets t! and #3 both have cardinality 1, the Bethe
vector Bg[(tl, 2, t3) can be obtained from this recurrence relation and is equal to

By (¢!, 12, ¢%) =

/\Q(tl))\3(t2))\4(t3) g(t2,t1) g(83,¢2)
X (T3 () T2 (t) Tsa () + g (87, 81) T () Toa (1) Taa (1) + 9 (£%,2)
x Tou(t)T1o () Ts3(t) + g(£2,¢") g (¢, ) T a () T2 (%) T1 1 (¢1) ) |0).
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Taking into account (2.3), this Bethe vector coincides with the example given at the end of
Section 3 in [18] up to normalization and the terms which are annihilated on the vacuum
vector |0).

4 Bethe vectors in 03,4+1-invariant models

The off-shell Bethe vectors in 09,41-invariant models depend on the sets of Bethe parame-
ters £ = (°,¢,...,t""1) with cardinalities ‘t_5| =rsfors=0,1,...,n— 1.

We normalize the 09, 1-invariant off-shell Bethe vectors in such a way that the action of the
monodromy matrix element T, ,(z) onto B(%) is given by the equality

B() = u”, (2 1) B(w), (4.1)
where w = (wo, wl, ... ,11)”_1) is a collection of extended sets of Bethe parameters such that
w° = {t°, 2,25}, zs=2—c(s—1/2) (4.2)

and the normalization factor u” (z; ﬂ is given by the expression

nofoR g(21,1°) h(z,t"71)
e ) = G T )

(4.3)

Besides the sets w?® of cardinalities rs+2 which are defined in (4.2), we will also use the sets @*
and ©° of cardinalities ry 4 1 given by @* = {¢%, 2}, v° = {{*, 2, }, w® = {u*,z,} = {v°, 2}. For
—n <L <k<n,let Zf be an operator which extend the sets of Bethe parameters depending
on the values of ¢ and k according to the rules

B((E) " w ) ), ose<ksn

(
2} B(i) - Bé{ts}a’“‘ﬂ{ﬂs}_ AF
(

", 0< k< —f<n,

| )

f B({wy @Y PR, 0<—t<kzn

B({w*}r ' {oo} AR, 0<k< —f<n
T,

The action (4.1) of the monodromy matrix entry n(2) can be presented as the action of the

operator Z"  onto off-shell Bethe vector

@_ﬂ _nn(2) - B(2). (4.4)

The commutation relations (2.7) between the zero mode operators T, ; ¢ and the monodromy
matrix elements take the form for 0 </ <n-—1

(Tes1,6Ti5(2)] = xew1(ej—1 — 0e,—5)Ti j—1(2) — xe(6ei — 0o, —i—1)Ti41,5(2)- (4.5)

The action of the monodromy entry T, ,(z) (4.1) as well as the action of the zero mode
operators Tyi1 ¢ onto off-shell Bethe vectors can be calculated in the framework of the projection
method (see details in [23, Section 4.1]). The action of the zero mode operators is

Tore-B(E) =D (xerrow () Qf (B, T2 )

part

QR B ) B({E ) (), (4.6)
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where the sum is over partitions with cardinalities |f{| = 1. In (4.6), the rational functions Q}
and QI have expressions similar to (3.7)

L(f #\f—1 p+1 gt h(t, &)

Qp (B, 8188 =yt 1) — ST )
) h tf-f—l f
Qf ( A t£+1) = (tf, H)gg i;, (4.7)
where

g T = LS (=0,

Ye\u,v) = 2
’y(u,v):g(u’v): ¢ {=1,...,n—1.

h(v,u)  (u—v)(v—u+c)’

4.1 Rectangular recurrence relations for og,1

The main result of the paper is formulated in Theorem 4.1 below. The proof of this theorem
is similar to the proof of Theorem 3.1 given in Appendix A. In Appendix B, we will sketch its
proof.

For the formulation of the statement of the theorem, we need following notations:

e the sign factor oy,

1 m >0
Om=20(m—1)—1=<¢"" ’
" ( ) {—1, m <0,
which satisfy the property o1 = —0—m,

e the functions W(z;f), Ok (z;f), u?(z;f)

g(z,fe_l) h(fe,z), 0</{<n,
di(z1) = 90 ). £=0, (4.
79(754 2—t) —n<l<0
g<z fvt —= 1) N ’
h(z 1) g(t*,2), 0<k<n,
ou(zsf) = 19 P oy 0 (4.9)
g(z_p—1,t
0EF ) —n < k<0,

’tﬂ 80<0,k>0
pg (2 8) = g (k) 5= N ()00 (23 F) e (2 ) (W) :

where ki, = k—1/2 and dcongition 1 equal to 1 if ”condition” is satisfied and to 0 otherwise.

e the partitions

2| = {@(ﬁ)(@(s—i) +O(—i—s—1), s<|, (410)
O(—i—s—1), s> |4,
] = [OCHOU 510G~ 1), <k, o
= O —s—1), s > |k, '

R HE A (4.12)
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e the functions 'L (¢y,#) and ', (£, %) for a,b = 0,1,...,n which depend on the partitions

b—1
oyt t) = [ [ s (B)08 @ 815G 57,
S=a
b—1
Fib(fl’ 2?I[) = H Qf(ff’ Elﬁ|fﬁ_17 Eﬁ—’—l)?
S=a
and the functions Eff (z; ty, ty, fm)
=8 (2500 T, ) = e (2 1) 0k (2, ) T8 (B B ) D, (s )
= 77ij (Z7 EI)QSk (27 Em)r(])?:n (-EI? EH)F(I):n (EI,]I; EI[I)7 (413)

where the equality between the first and second lines in (4.13) directly follows from the
definitions (4.7), with the notation #,; = {tl,tn} and ty g = {tn,tm} The right hand
side of (4.13) depends on i and j through the cardinalities of the subsets t;, ty, tm, see
equations (4.10) and (4.11). Note that Fa7 (tn, &) = Fa,b (ti,ty) =1 for a > b.

Theorem 4.1. For any £, k such that —n < { < k < n, the off-shell Bethe vector Zé“ . IBS(LT)
satisfies the rectangular recurrence relation

({) — Z ZZHEk Z tlat]:ht[[[)( )54>0( j)ékSOTi,j(Z') ‘B(Eﬂ), (4'14)

i=—n j=k part

where the sum is over partitions {ts s ts} F t% with cardinalities depending on the indices
—n <i</l<k<j<n and given by the equalities (4.10), (4.11) and (4.12).

If the cardinality of the set t* is small and according to (4.10) and (4.11), one may have
|t3| + ‘t ‘ > |t°] for some i and j. Then the terms in the right-hand side of (4.14) for such
values of the indices i and j have to be discarded.

Let us stress that, in opposition to the gl,, case, for 09,41-invariant models, depending on
the color s, the subsets # and #3 satisfy |f5| + |f5;| < 2. Theorem 4.1 can be proved using an
inductive approach similar to the one used to prove Theorem 3.1 in Appendix A. Sketch of the
proof is given in Appendix B. This result is new, except for two partial cases presented in [23]
when £ =n — 1.

4.2 Special cases of recurrence relations

We provide subcases of the recurrence relations (4.14) that are relevant for the study of integrable
models.

Elementary recurrence relations. For explicit calculations, the most interesting (and
simplest) cases of the recurrence relations (4.14) are the 2n cases when k¥ = £+ 1 and ¢ =
—n,...,n—1. These 2n cases are gathered in four classes of expressions, depending on the value
of the index /.

e When 0 < ¢ < n, the recurrence relation reads

Z/H . B(1) :153(‘) I S (-1 S AR

(=6 )h(E 2)g(f, 2)
-y Y S e M E e P 3
)

i=—n j={(+1 part
X F[i],fi GRNIVEY (fI»H’Em)UH‘lTJ z) - B(f

)
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where ¢; = max(¥, |i|), [i] = £(i + |i), and the cardinalities of the subsets

& = O(s—i)+0(—-i—s—1), s<{, . 0, s<l+41,
Tle(-i—s—1), s>, e -s—1), s>0+1.

Remark that for £ = n — 1 this recurrence relation reduces to

({758 0 2’{71_ 72}) Y w(2)h(z, 0~ 1 Z Z UZHTM (gnB( H))

i=—n part g < tH I

[ Y
% H f)/s(tf)t([s[) H ( m 1 )
s=0

st

which coincides with the recurrence relation (3.16) from the paper [23].

e The cases of —n < £ < —1 corresponds to so called shifted recurrence relation for the
off-shell Bethe vectors. To describe these cases, we set £ = — — 1 with 0 < [ < n.
They correspond to an extension of the set of Bethe parameters ¢ by the shifted parame-
ter z; =z —c(l — 1/2)

Z:leB@):HMP,..F‘l{ﬂzﬁ L )
_ lzl i Z J>l+lg(tj1+lazl+1) (Zl, ) (Zl 151;1]]171)
a g (T, z 1) W (T, ) (21,8 g(z1-1,871)

i=—n j=—I part

X Fl+1,—i(thtn,m)1—‘[ il (tu;tm)% i ( ( ), (4.15)

where I; = max(l, |5]), [j] = 4(j + |j|) as above, and the cardinalities of the subsets in the
sum over partitions are

‘fs— 0, s<l+1,
' O(—i—s—1), s>1+1,

‘:{@@+ﬁ+®u—s—078<h (4.16)

@(]_8_1)7 SZZ

The sign factor (—1)%21+1 in the second line of (4.15) is due to the identity g (%4, zl,l)fl =
—h(zl, ffﬂ), valid when the cardinality of the subset #, is equal to one. According to (4.16),
this happens when 57 > 1 + 1.

For [ = n — 1, the recurrence relation (4.15) can be rewritten in the form

B({#}y " AT 2 })
B 1 n 0T () B(tn)
T A (R 2 ) Z Z fi?)

j=—n-+1 part Zn 1, t]I ) g(zn—Q; ly

T P )

xHozs s (6 tS)H

s=1 g(fﬁ’ t_?n_l)

and coincides exactly with the recurrence relation (3.19) from the paper [23]. The sign
factor (—1)%=t+1 turns in this case to the sign factor (—1)%n.
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e When ¢ = 0, the recurrence relation takes the form
b B() :B({fo aht. m’l)
Z ZZ ZO, )UHITM( ) B(Eu)
i=—n j=1 part ZO Z?O)h(z:’Eo)g(t—l’ )
i h(EE) Iy G
X H ’ys 0 11 tf,ts 1 Hoés ts "}/s 1117 )gEts"'ItS;’ (4.17)

Lo »

where cardinalities of the subsets in the sum over partitions are

_ _ 0 s=0
S| — —4—s5—1 s | ’ ’
‘tI’ O(—i—s ) Vs, |tm {@(j Ca1), ss 1

e When ¢/ = —1, one gets the recurrence relation
20, B(f) = IB%({EO bl

Z ZZ tl,zl g z,fgI)UjT (7]1)
i=—n j= Opart g(t_l,z )g(zl,t ) 1 (Z EO)
Ead ) il ) T h(f i)
tS tS t? ts _ 4.18
X H 78 (tf’ts, 1) SHO ( )75(]17 )g(f§+1,f§1), ( )
where cardinalities of the subsets in the sum over partitions are
_ 0 s=0 _
=3 ’ th| =0 —-s—1) Vs>1.
IR P N TR CEPER IS

Case of og-invariant models. The above recurrence relations were calculated for the
algebras 09,11 with n > 1. However, one can verify that they are also valid for the orthogonal
algebra 03 when n = 1. This case was investigated in details in the paper [26]. In this case,
there are only three cases of rectangular recurrence relations for the Bethe vectors: 2!, ~IB%(EO),
Z}-B(°) and 22, - B({"), that we detail below.

For the Bethe vector zl, -IB%(EO ), there is no summation over partitions and according to (4.1)
and (4.3) it is equal to

21, B(0) = B, 2, 20)) = _Af(z)Tl,mz) B(®). (4.19)

For the Bethe vector Z} - ]B%(_O), the recurrence relation (4.17) becomes

2y -B(#") = B({#",2})

N Al(z)fl(zott)) (To’l(z) B(%) = 9(z0, 1)) (8, 81) T-1(2) -B(Z§)> . (4.20)

while for the Bethe vector 29, -IB%(t_O) the recurrence relation (4.18) becomes

20, 3) =B({ ) =

X (—T_Lg(z) BE) + > g(z ) oo (B3) F(89, 15) To1,1(2) - B(iﬁ)) . (4.21)
part

In (4.20) and (4.21), we have |£?| = £, = 1. Formulas (4.19), (4.20) and (4.21) coincide with [26,

formulas (4.15), (4,19) and (4.20)]. This proves that Theorem 4.1 is also valid for os-invariant

integrable models.
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4.3 Reduction to gl

Still in the framework of the 09,41-type monodromy matrix, we consider the particular case
of Bethe vectors with ©° = @. In that case, since the color 0 is absent, one should recover
the construction done for the gl,-type monodromy matrix. In this subsection, we prove it
by showing that the recurrence relations (4.14), coming from the 09,41 set-up, provide the
recurrence relations (3.8), obtained in the gl, case. Obviously, to stay within the gl, part,
we need to keep 1 = @. Thus, we only consider the recurrence relations (4.14) with either
—n<tl<k<Qor0</fl<k<n.

The case 0 < £ < k <n and t° = @. According to the first line in (4.10), it signifies
that || = 0 = ©(—i) + ©(—i — 1) which is possible only for i > 0. Since for these values of the
index ¢ the step function ©(—i—s—1) vanishes for any s, the cardinalities of the partitions (4.10)
and (4.11) become the cardinalities (3.10). Moreover, for i > 0, the sign d_;_; compensate the
sign factor o_; = —1 and [i] = i and ¢; = ¢, so that the function Efjk (z;fl,t_u,fm) in (4.13)
becomes the function (3.9). The recurrence relation (4.14) takes the form

B(2, {ES R () Y {ES "—1)
Tiy(2)-Blo (&} {a) ey G L))
B ZZZ z)g(z,tﬁ l)h(t_é,z)h(z,fk—l)g(f’g,z)

1= 1] k part

X HQR GR T A Has YQE(E ) ), (4.22)

where the cardinalities of the subsets in the sum over partitions are given by (3.10) and T; j(z) :=
T; j(z) for 1 <i,j < n as it was described for the first type of embedding of Y'(gl,,) in Y (02,+1),

see (2.8). So we recover the gl,-type recurrence relations (3.8).
The case —n < £ < k < 0 and #° = @. This case is more subtle because it is related to

the off-shell Bethe vector ]ﬁ%(t_), connected to B(%) in the sense of the paper [27]. If the off-shell
Bethe vector B(f) is built from the entries T;;(z) = T;;(z) for 1 < i < j < n of gl,-type
according to the embedding (2.8), the off-shell Bethe vector B(Z) is built from the gl,-type matrix

entries T; ;(z) described by the embedding (2.9).

Let us consider the recurrence relations (4.14) at —n < ¢ < k < 0 and empty set £° = @ in more
details. If £ = @, then according to the first line in (4.11) |£3]| = 0 = ©(j) + ©(j — 1) which is possible
only for strictly negative values of the index j. So the recurrence relation (4.14) becomes

£ B p_p =B(2, {f“};’“‘l () ooEh
= —uf (1) Z ZZ”M 2ty ) T (2) - B(2, {517, (4.23)

i=—n j=k part

where pk (z,f) = A\ (2)y (z;ﬂd)k (z,f) and

Hff(z tntuvtm) W(Z;t_l) ¢k(z§{m)
—i—1 —k—1
< [[ @& 656 ] o) Q8 (. tulty 5T (4.24)
s=—4 s=—j

since t3, = @ for —¢ < s < —i—1. In (4.24), we dropped the index s of the functions Q% and QF because
for positive s these functions does not depend on s and coincide with the functions (3.7).
The functions (z; f) and ¢ (z; f) are

g(t" 2-0) g(zmp-1, 7571

wz(2;5=m’ ¢’“<Z;D:m
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and the cardinalities of the partitions in (4.23) are

S| — O’ S<7€7 s | @(J+S)a S<7ka
"‘_{@(—1—3—1), ) ltm!—{(l e (4.25)

Note again that there are no summations in the right-hand side of (4.23) in case when ¢ = —n and
k=-1.

Let us perform the following transformation of the recurrence relation (4.23). First we replace the
strictly negative indices —n < £ < k < 0 by the strictly positive indices 0 < ¢ < k’ < n defined
asl/ =n+1+6,1</V <n—1, K =n+1+k, 2 <k <n. Analogously, we replace the summation over
strictly negative indices —n < ¢ < £ and k < j < —1 in (4.23) by the summation over strictly positive
indices ¢’ and j' such that ¢/ =i+n+1,1<¢ </, =j5+n+1, k¥ <j <n. Moreover, instead of
the sets of Bethe parameters t° we consider the shifted sets of Bethe parameters

=" —es = {177 —cs, ... 400 —cs), s=1,...,n—1. (4.26)

Y T —s

These sets will be partitioned in the sum of the partitions {7°, 77,75} = 7° with cardinalities according
to (4.25) equal to

O(s—1i), s</t, _ 0, s< K,

5| 5| _

=1 C o ml= ,
, s>, 0@ —s—1), s>k.

For 2 < k' < n, we introduce the functions Ay (u) and @y (u) by the equations
K -1
H n+1 s(u+cs)

)\n+1—k’( + c(k' — 1)) Anpis(u+c(s = 1))’

3 /
ak, (u) _ A)\k:’ (U) _ )\’nfk:’ (u + ck )I =y (u + Ck/).
Merg1(w)  Anti—g (u+ck’)

j\k/ (u) =

Then according to the relation (2.12) which connects the values of the functions Ag(u) for negative and
positive values of the index k and definition (4.26) one gets

Me(2) = M (20)  and  Gs(7°) = ans (779). (4.27)

Using all these definitions, one can calculate

711_‘[1 QR ts ts|t5 1 terl) ( )‘T ll ITII E]f[lg 5 —5 s 1 —s+l)
) 22, 9(zn, 7 AT 20) 1 E
1 T 7s L (rs 7s|zs—1 zs+1
m H Oés t Q (tl,t |t t )
) s=—j
_ (_1)‘7—]1 ‘ lTJ | - 5 —s -1 =s+1

and the recurrence relations (4.23) for the indices ¢ and k such that —n < £ < k < 0 becomes

B’(gv{fs}fk_17{ 28 {ts )
_Z Z 5 Tis( {ts}lj RIS G A G (e

/=1 j'=k’ part >‘k’ Zn)g(melf/ 1)h(7—e,7Zn)h(zank/il)g(T]fazn)
-1 j'—1
X H OF (7, molme o S'H H aé Tl 1,T§+1), (4.28)
s=k’

where B'(f) = (—1)2¢=1 SAGRES DA B(%).
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Let us define the monodromy matrix entries 'ﬁ‘i/’j/ (z) for all ¢/, 7 = 1,...,n defined by embedding (2.9)
together with a shift of the spectral parameter as

- i=i—-n-1

Tirjo(zn) =Tij(z)  with { -, ’ (4.29)
j=7 —n-—1

The corresponding eigenvalues of Ty (2,) on the vacuum vector |0) coincide with A (z,) from (4.27).
Note that the coefficients in the recursion relation (4.28) have exactly the same form as (4.22), if one
replaces z, — 2, 7° — %, A (2n) = A (2), Tir o (20) = Tir o (2).
Thus, the Bethe vector B(f) relates to Bethe vectors ]B%(f) constructed from the monodromy ma-
trix T(z ) (4.29) by relation

B(o, {7~ — o3 = on, Y ) = (<) W (g, ()27,

Such relation was studied in the paper [27], where it was shown that the vector Bethe Ig%(f) is
constructed from an inverted and transposed gl,,-type monodromy matrix, i.e., T(z,) = (T(z)™') .

4.4 Embeddlng Y(02a+1) X Y(g[n—a) — Y(02n+1)

In this subsection, we study the recurrence relations (4.14) in the case when the set {* = & for some
a > 0.

Proposition 4.2. The off-shell Bethe vectors B, ({ts 0,0, {ts} ) factorizes into the product of
02q11-type pre-Bethe vector B, ({t }0 ) and gl,,_,-type pre-Bethe vectors Bg[({t }Z+11)

Bo({F'}y o)) = Bo({F}e ) Baul{E},0)10): (4.30)

Proof. The proof of this proposition is analogous to the proof of Proposition 3.3. We consider the
recurrence relations (4.14) for three different ranges of the indices £ and k: —a <{ <k <a,a+1<l<
k<nand —n < ¢ < k < —a— 1. These ranges for k¥ and ¢ ensure that the set ¢ remains empty. Since
Bo(2) = By (@) = 1, the recurrence relations will prove the statement of the proposition by induction on
the cardinalities.

e —a </ <k <a. According to (4.10), the cardinality of the empty subset {* is given by the step
function ©(—i — @ — 1), which must vanish. It immediately results that the summation in the
recurrence relation (4.14) is restricted to the range —a < i < /. Analogously, the cardinality of the
empty subset £ given by (4.11) is equal to ©(j —a — 1) which restricts the range in the summation
over j to k < j < a. This means that the recurrence relation for Zf -IB%({)L@CL:@ implies only the
monodromy entries T”(z) for —a <i < /fand k < j < a. The recurrence relation Z¢, IB%(E) lfo—g
will have only one term corresponding to the action of monodromy entry 7_, ,(z) on the off-shell
Bethe vector.

Moreover, the action of the zero mode operators Tyy;, for £ = 0,1,...,a — 1 onto the Bethe
vector (4.30)

T ()0 ()
- Z(X€+1a£ tI Qf (tﬁ’tf|t£717#+1) - X@Qf(ffvtiﬁﬁéily#Jrl))

part
<Bo({F'}, B AP} 2 )
does not affect the sets of Bethe parameters {ts}a_: and so coincides with the action of the zero

mode operators onto the Bethe vectors in 09441-invariant model. This shows that the recurrence
relations for Zf ]B%(f) |faeg for —a < £ < k < a coincides with the 05,41 recurrence relation for the
vector B, ({7107").

e a+1</{<k<mn. In this case, the cardinalities of the empty subsets {* = t% = & given by the
equalities (4.10) and (4.11) yield a restriction only for the index ¢ > a + 1. The summation over
i and j in the right-hand side of the recurrence relation for Zf (f) |fa—gz in this case will be re-
stricted to the range a+1 <1 < £ < k < j < n. The Bethe vector Z7 B(f) will be proportional to
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the action of the monodromy matrix entry Tp11 (%) - B(f) and the action of the zero mode opera-
tors Tyy1,0 for £ =a+1,...,n—1 onto Bethe vectors (4.30) coincide with gl,,_,-type actions (3. 6)
The recurrence relation (4.14) in this case will not affect the sets of Bethe parameters {ts
and will coincides with the gl, _,-type recurrence relation for the Bethe vector Z - B ({#*}
see (4.22).

e —n</{¢{<k<—a—1. Using again (4.10) and (4.11), we can observe that the summation over i
and j in the right-hand side of the recurrence relation for the Bethe vector Zé“ . IB%(D |faey will be
restricted to the range —n < i < ¢ < k < j < —a — 1. Using arguments of Section 4.3, one can
show that the corresponding recurrence relation for —n < ¢ < k < —a — 1 will be equivalent to the
gl,,_,-type recurrence relation for B(f), where ]ﬁ%(f) is the Bethe vector symmetric to E(f) in the
sense of the symmetry introduced in the paper [27]. |

01
a+1)

Remark 4.3. When a = n — 1, the recurrence relations described in the second and third items are
absent and the recurrence relations described in the first item yield the reduction over rank n — n — 1 of
the recurrence relations for the off-shell Bethe vectors in 09, _1-invariant integrable models.

Remark 4.4 (splitting property). Using the statement of Proposition 4.2 and the rectangular recurrence
relations (4.14) for the off-shell Bethe vectors in 09, 1-invariant integrable models, one can prove a split-
ting property for these vectors, similar to (3.13). Again, the splitting property is a direct consequence of
the presentation of the Bethe vectors within the projection method [23].

Example 4.5. Proposition 4.2 for the case when a = 0 allows to get Bethe vectors in 09,4 1-invariant
integrable model from the Bethe vectors of the gl -invariant model. Below we illustrate this in the case
of o5-invariant model. According to the general recurrence relation (4.17) for the Bethe vector Z} IB%(E)
in the case when n = 2 and #° = @, we obtain for the Bethe vector B, (z, F) the presentation

Ba(e) = —— (T0(2) B ) + 3 g2 () A le) 1) -y (0,1
ol% —)\1(2)9(5172) 0,1 gt a:19 ar 1\la h(t}mt}z) 0,2 alD,t,) | 5

where set 1L = 1\ {t}l} and ]B%(@ ,t_l) are Bethe vectors in gl,-integrable model. Here we restrict the
summation over the index i to the case when cardinality of the set ¥ is equal to 0. When cardinality
|t'| =1 and #* = {t'} this formula yields a presentation of the Bethe vector B(t°, ')

1

A1 (t9) X2 (1) g (21,20) (

B, (t°,t") = To () T12(t") + g(t', t9) To 2 (t°) T1.1 (t1))]0), (4.31)

where we rename z — t°. This formula has the same form as for the analogous Bethe vector B (t!,t?).
We can apply the recurrence relation (4.17) to the Bethe vector (4.31) once again to obtain the
presentation for the Bethe vector B, ({t(l), tg}, tl) in the form

Bo ({1115} ¢1) = (Aa (89) M (£3) A2 (¢) (11 +0/2’tg)g(tl’t?)g(tl’tg))fl(To,l(t?)To,l(tg)Tw(’fl)
t9) (To,l(t )To.2( tO)Tl 1(tY) + g(85,t) + ¢/2) (T—2,1 ()T (t9) o2 (t)
+ h(t )T 1 () Tho (¢ )Tl,l(tg)) +g(th ) n(t,19) (To,z(t?)

)

x T, 1( g)Tl 1 (tl + g(tgvt(l) + 0/2)T71,2 (t?)Tm(tg)Tl,l(tl)))) |0).

+g(t',

This Bethe vector already differs greatly from the corresponding example for the Bethe vector in the
case of gl;. Indeed, due to the recurrence relations given in the Corollary 3.2, the latter can be written
in the following form

Bou({t1,13},17) = (e (t]) A2(83) A () A (11, 3) (13, 61) g (2, £1) 0 (2, 13))

X (Tr2(t2) Tz (1) Toa (%) + Ao ()9 (1%, 60) £ (11, 12) T (1) Tz (22)
+ X2 (t%)g (8%, 1) £ (12, 11) T2 5 (82) T1.2(41))10).
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5 Conclusion

Using the zero modes method, we describe in this paper the rectangular recurrence relations for the off-
shell Bethe vectors in gl,- and 09,,1-invariant integrable models. These relations are presented as sums
of the actions of the monodromy entries T; ;(z) with ¢ < j on the off-shell Bethe vectors B(f) and sums
over partitions of the sets of Bethe parameters. When one of the set ¢* becomes empty, the recurrence
relations given by Theorem 4.1 describe a factorization of the Bethe vectors and relates to the symmetry
of gl,,-type Bethe vectors found in the paper [27].

Now that the recurrence relations are obtained, one can deduce recurrence relations for scalar products,
and for their building block, the so-called highest coefficients. One can also compute the norm of the
on-shell Bethe vectors and express it as a determinant. Calculations are under review, and the results
will appear soon.

Finally, the outcome obtained in this paper can be generalized for the Bethe vectors in sp,,- and
509,-invariant integrable models. The procedure is similar to the one presented here and is currently
under investigation. The issue will be published elsewhere.

A  Proof of Theorem 3.1

The proof of this theorem is based on the following lemma.

Lemma A.1. We recall that w* = {t°,z}. The off-shell Bethe vector B({t* f_l, {ﬁs}z_l) for1<t<n
can be presented in the form

‘B(t) = ZZ 2, 1) HQR ,tr|pt ety

’ 1=1 part
z 1
B{F), R TN, (A1)
where the sum goes over partitions {tf,ts} F &5 with cardmalztzes |ts| =1foralls=i,....0—1, 1 is

not partitioned with tt =/, £ 1 =81 #71 =@, and ¥ =

Proof. We prove relation (A.1) through an induction over ¢. Equality (3.4) can be considered as the
base of this induction since for £ = 1 there are no partitions in the right-hand side of (A.1) and it becomes
identical to (3.4).

Assuming that equality (A.1) is valid for some fixed £ < n — 1, we multiply it by the normalization
factor puy (z,f) and apply to both sides the zero mode operator T,i1,. Using the action of the zero
modes (3.6), we get from the left-hand side of (A.1)

—Xetig i1 (%) 27 - B(E) + Z(Xmae (E)QF (T, T[T — xof (B, 2) QR (8, 421, 7))

part
xup (z 81 ) 2 ]B%({ES ., {& M) (A.2)

Here the sum goes over partitions {#/,t} - #* with cardinality |£f| = 1. In the last line of (A.2), we
wrote explicitly the arguments of the function uj (z; ttgt, t_"_l) for clarification. Using the induction
assumption, relation (A.2) rewrites

—Xetig (2:8) 2041 - B(E) + Z(X@Haz (E) Q" (£, B [E 1T — xof (B, 2) QR (8, |1, 2H)

part
¢ -1
3 g8 [ OR @, BE ) T (2) - BTV {5 {1000, (A.3)
i=1 p=i
Here the sum goes over partitions {ts ts} ¢ with cardinalities |t5‘ =1forall s=i,...,¢ ti~t =¢~1
and 71 = &.

To get (A.2) and (A.3), we have used the equalities

QL(E 2| at ) =0, QF(e, flE et =
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—_

QL({fﬁ, Z}’tfﬂt*éfl’ﬂ@rl) _

G QF (7, 771 71,
QR (7, {2, 7} |71, L) = g
g(z, %) h(t*1,2)

n(,. _ n(, 7\ _ 1 (f n(, . f#-1 7@ -1
M(Z’E)h(fe,z)g(z,ﬂ—l)_ 1 (231), pi (z:t) = h(ty, 2)pg (81 8,0 70).

’—‘f%

=)

,Z) (tl t[|t5 1 t£+1)

Using the commutation relations [Tey1.0,Tin(2)] = —Xe 0ei Tot1.n(2), the action of the zero mode
Te41,0 on the right-hand side of the induction assumption (A.1) reads

-2
—XeTot1.n(z f) —|—ZZ ff—l) HQR |t tP+1)QR(tF 112 {t[ te})
p=t

i=1 part
X(Xeﬂae(#)QL(# PR EHY) — QR ( ELE 7))
xTin(2) - BU{E Y AR A{E ) (A.4)
Here the sum over partitions is the same as in (A.3).

Let us compare the coefficients of the twisting parameters x,y1 and x; in (A.3) and (A.4). Due to
the relations

QL(t—Z {Z|{t—€—1 t—é—l} t—€+1) _ h({fj{ffl)QL(t—ﬁvt—ﬂt—ﬁfl’t—wrl)’

QR (111 72, {#,82) = WEL B (1 B 1),
the terms proportional to x¢+1 in (A.3) and in (A.4) are equal, and cancel each other when we equate (A.3)
and (A.4). Then x, factorizes globally, and we get a relation with no explicit dependence of the x;

parameters: this is a manifestation of the principle described in Remark 2.2.
On the other hand, using in (A.3) the equality

R PN
g, 67

we conclude that the equality between (A.3) and (A.4) is equivalent to the relation (A.1) at £ — £+ 1
due to the identities

QR(ff,fﬁ\{ff_l,fﬁ_l},f“l) — QO (té tl|t1’ 1 t(’-l—l)

. f(#,2)
A N e N 1
g( )( (I’ 1 ) g(tf,t_f 1)
gzt _
= R RCS)
1
S e g E A e
=L J(g(t5 ¢ t = = t A5
Q(EIZ; —ffl) (g( L ) g( )) g(t_f,t_fil)g(fffl,z) g(z’ I) ( )
for i < ¢ and 1 — f(ti,2) = g(z,t!) for i = £. This ends the inductive proof of relation (A.1). ]

End of theorem’s proof. To finish the proof of Theorem 3.1 one has to perform an inductive proof
over k for the recurrence relation (3.8). We will consider the induction step k+1 — k taking as induction
base the just proved equality (A.1).

Let us assume that equality (3.8) is valid for Zf“ for some k£ < n. The induction proof means that
this assumption should lead to the equality (3.8) for ZF. To perform the induction step, we multiply both
sides of (3.8) at k+1 by the function 4 ™' (z;%) and act on this relation by the zero mode operator Tj1 .
Using the equalities

(k,z) ( Fh—1

(z, k) (tk+1
QL({t z} tk|uk 1 tk+1) (z tk)QL(tk tk -1 tkﬂ)
) =

(i Ty, 2} ) = )QR(t’“ (L ),

QL( z|uk 1 tk-ﬁ-l) — 57 QR(Z tk|ul~c 1 tk+1) 0,



24 A. Liashyk, S. Pakuliak and E. Ragoucy

g(t*, z) h(z,t571)
h(z, f’“) g(fk“7 z)

ar(2)py (27

= ,U]ec (Z§ E), ‘uj"rl (Z; f) = h(z’ ik ),MIZ-H ( 2 tﬁfl7 EZ, fﬁ, Ek+1)7
one can write the left-hand side of the resulting relation as follows:

N?H(Z;{)Tkﬂﬁk 'B({t_s { }e’{ts k+1)

= ch+1/i]eC (Z;E)Zf B(t_) + Z Z Z(XkJrlak (fﬁ)QL (E§7£]§1|Ek_1afk+l)f(zyt_’§1)

i=1 j=k+1 part
- kuR(f’]fl,f’“\f’“*,Ek“))”‘ L (2 {ts TLEAEL)
s s1¢-1 s 5171 s n—1
x T’lj ({t {tll}i 7{t Vi a{tn}k 7{t }j ) (AG)
Here for further convenience, the partition resulting from the action of the zero mode operator Ty j is

noted {#F,k} - #* with cardinality |5 | = 1.
On the other hand, the right-hand side of the same equality takes the form

Xk+lzzﬁfilji1l 2,0)T; 1 (2) - B(fn +Z Z Y E (= D P

i=1 part 1=1 j=k+1 part
X (Xk+1ak(fk)QL(fk Bl LB — QR E L ETY)
<Ty(2) - BUEY L ARY PR AR ), (A7)

where we used the commutation relation (3.5) and took into account that the summation index ¢ in (A.7)
satisfies the inequalities 1 < i < £ < k. Due to the formulas

Erii () =205 (58) = g(=, 87 HQR(t‘f,t‘m-l,fg*ly

:Z k+1( {)|{tk th R = h(t]Hl tk)HK k+1( {ts {ts k:+1)
O e e LN AR :h(fﬁ*l,tﬁ)QR(tﬁl,t’;]tk‘l,tﬁﬂ),

QL({§7{§1|£I€_17 {{]g-&-l’t—ﬁl—&-l}) _ %WQL(H; tk |tk 1 tk+1)
g(tw™" 1)

and the identity for the rational functions

] (i) ]
o) (h(t;“,t:;) - IR o),

in the equality between (A.6) and (A.7) coefficients at xj cancel each other and coefficients at yj4+1
yield (3.8). This finishes the inductive proof of Theorem 3.1. |

Alternative proof. Theorem 3.1 can also be proven using an induction { — ¢ + 1 and taking as
induction base the relation (A.8), coming from following alternative lemma.

Lemma A.2. The off-shell Bethe vector Z¥-B (f) B({u {t" ) for1 <k <n can be presented
in the form
j—1
B(f) = Z Yool 2) [T ew(@)Q" (@ &le &)
j k part p=k
x Ty j(2) - BEY (T N, (A.8)
where the sum goes over partitions {ts ts} F &5 with cardinalities |t5| =1 forall s =k,. — 1, the

set "1 is not partitioned, t"=1 = t*~1 and 7. = @.

The proofs of Lemma A.2 and the end of recursion for Theorem 3.1 are similar as above, and we do
not reproduce them in the present paper.
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B Sketch of the proof of Theorem 4.1

The proof of this theorem follows the method described in Appendix A. The starting point is the simple
recurrence relation (4.4) for the Bethe vector B({ws}n_ .

The recurrence relations (4.14) become the relations (4.19), (4.20), and (4.21) for n = 1. They were
proved in [26]. To prove Theorem 4.1, it is sufficient to consider the cases when n > 1.

Applying the zero mode operator T, ,_1 to (4.4) and using the commutation relations between the
zero modes and the monodromy entries (4.5) as well as the action of the zero mode operators on the
off-shell Bethe vectors (4.6), we get a relation which involves terms proportional to x, and terms pro-
portional to x,—1. Since the relation involves only Bethe vectors, monodromy matrix entries T;;(z) and
eigenvalues \;(z), due to Remark 2.2, the coeflicients of these two independent twisting parameters yield
two recurrence relatlonsi one for the Bethe vectors E({w }0 ,ﬂ”fl) =2Z" B(f) and one for the
Bethe vector B({w } ) zr-l. (t_) These relations are

—n+1

_n+1 (f) Z {) Z Z y Zp— 1 QR<tn 1 t’ﬂ 1‘tn 2 @)

1=—n part

IB%({tS 2, (B.1)
ZE;I ({) _ n 1 Z Z tn 1 an 1(tn 1)QL(tn 1 tn 1|tn 2 @)
Z f) j=n—1part
x Ty y(z) - B{# 020, (B.2)

where |{77!| = ©(—i — n) and ftﬁ’1| =0(j —n).

These recurrence relations allows to get an inductive proof of the formula (4.14) similarly to the one
presented in Appendix A. The only differences for the different steps of this inductive proof are in the
different ranges for the indices ¢ and k that one has to consider, and for which different identities are
needed.

Some of these identities will be different from those used in the proof of the recurrence relations for gl,,
Bethe vectors because of the following mechanism. To consider the inductive step k+1 — kor { — £+ 1
in the recurrence relation (4.14) we will apply the zero mode operator Ty41.5 or Ty e to the inductive
assumption recurrence relations which correspond to the indices k41 and /¢ respectively. Since the action
of the zero mode operator Tj41,4 also parts the set of Bethe parameters {F, ¢} I- t*, the partition of £*
first by the induction assumption and then by the zero mode action, or vice-versa, may lead to different
splittings in the left and right hand sides of the resulting recurrence relation. In the left-hand side the
set {* first parts into subsets {¢¥,#¥} through the action of the zero mode, and then the subset ¥ is
partitioned into subsets ¥ - {ff , f’]f} according to the induction assumption. On the other hand, in the
right-hand side the set £* first parts into subsets {ff,t_’g} through the induction assumption, and then
the subset {% is partitioned into subsets {¢¥, 7%} i ¢¥ by the action of the zero mode. If the value of the
index 7 is such that according to (4.11) the subset ¥ is not empty, then the resulting equality after action
of Tg11. should be symmetrized over the subsets t* and * both having the cardinality 1. It will make
appear the subset ¥ U#¥ which may have cardinality 2, hence the cardinality 2 subset ¥ in the sum over
partitions in the recurrence relation (4.14). This phenomena does not happen for gl,, Bethe vectors but
is present for the inductive proof of the recurrence relations for the Bethe vectors of other algebra series.

Referring to the calculations presented in Appendix A for more details, we describe below the different
ranges of the indices ¢, k and the corresponding identities which should be used at each of the inductive
step. Let us divide the whole domain —n < ¢ < k < n of the values of the indices ¢ and k into three
subdomains: 1 < -l k<n, 0</<k<n,and —n</{<k<O0.

For the first subdomain 1 < —/, k < n, the calculations can be performed as a sequence of the following
steps

o ZM B(f) — 28 .- B (ﬂ and Z", B(f) - znt B(D The recurrence relations for the
Bethe vectors B({w* ne? 1) = Z” B(t) and B({w* } ,17”_1) =zt -B(t) are given
by the formulas (B.1) and (B 2) above.

o Z" ., -B(f) - Z;-B(f), 1 < —¢ < n— 1. The recurrence relations (4.14) is proved in these
cases by induction over ¢ starting from the recurrence relation (B.1). In this case, we will not need
to perform the symmetrization described above and the only identity which will be necessary to
consider these cases is the simple identity (A.5).
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o Zj}- IB%(E) — Zf ~B(t_), —¢ < k <n —1. These cases are proved by induction over k starting from
the recurrence relation for the Bethe vector Z B(f) which is already proved at the previous step.
This proof will require to use the simple identity (A.5) and a more complicated identity

h(q,y1) 9(y1,92)  h(ys, ) g(y2,v1)

Sym
yzyz (9(1/1790) hy2,y1)  9(q,y1) h(y17y2)>

where for any expression E(y1,y2) we define

=0, (B.3)

Sym E(y1,y2) = E(y1,y2) + E(y2, 1)
Y1,Y2
o 21 B(t) - 2%, -B(f), 1 < k < n—1. The induction proof of the recurrence relations will
require only the simple identity (A.5).
° an B(f) — Zé“ -]B%(t—)7 k < —¢ <n —1. For these cases, the starting point will be the recurrence

relation for the Bethe vector Z* - B(f) proved at the previous step. We will need for these cases
the identities (A.5) and (B.3).

For the second domain 0 < [ < k < n, the most simple way to prove the recurrence relations (4.14)
can be depicted as the sequence of the following steps.

o The first step of the induction 2™, ]B%(f) — Zy B(f) is simple. It will not require any complicated
rational functions identities, but fixes the function v (z;t) in (4.8).

e The next step Z{ IB%(E) — Z7- B(f) is also particular. It is the first step for which partitions
with ['] = 2 appear. To get the recurrence relation, we use the identities

6:2) = F20 = ~gle0.0) (B.4)
and
9(y2, 20) A CT TV s V(.

where § = {y1,y2}.
e Then, to prove Z; - IB%(E), ¢ > 1, starting from Z7* - B(f), we use the identities

f(t,2)
g(t, @)

9(z,T) (h(t,a:) — — h(t, z)) =g(z,1) (B.6)

and

hy1, ) 9(y2,91) M@y 9y y2) \ Y _ 9(2,9)h(a, 2)
Sly’zzl (h(y%Z) (g(q,yl) h(y1,y2) fn, )9(@/1,55) h(y2,y1)>) 9(z,2) (8.1

where T = {z1, 22} and § = {y1, 42}
e For the steps Z; - IB%(f) — ZF. B(t_), 0 < ¢ < k < n, besides the simple identity (A.5), the
identity (B.3) should be used.

Finally, for the third domain —n <1 < k < 0, the recurrence relations (4.14) is proved in several steps,
involving the two particular cases corresponding to k¥ = 0 and £ = —1. Among the recurrence relations
corresponding to this domain there are the so called shifted recurrence relations, when the sets of Bethe
parameters ¢° are extended by the shifted parameter z; = z — ¢(s — 1/2).

o 2! .B(t) — 2%, -B(f). This step is simple. No complicated identities should be used, but it fixes
the function ¢ (2;%) in (4.9).

e 20 ]B%(f) -2z} IB%(E) Here the proof relies on the identities (B.4) and an identity equivalent to

(B.5).

e For Z:}L - IB%(E) — ZF . IB%(E), —n < k < —1, we need identities which appear to be equivalent
to (B.6) and (B.7).

o ZF B(t) > ZF -B(t), —n < £ < k < 0. This final step will require identities (B.3).
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