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Abstract. Cartan gives the model of (8, 15)-distribution with the exceptional simple Lie
algebra Fy as its symmetry algebra in his paper (1893), which is published one year before
his thesis. In the present paper, we study abnormal extremals (singular curves) of Cartan’s
model from viewpoints of sub-Riemannian geometry and geometric control theory. Then
we construct the prolongation of Cartan’s model based on the data related to its singular
curves, and obtain the nilpotent graded Lie algebra which is isomorphic to the negative part
of the graded Lie algebra Fy.
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1 Introduction

Let M be a manifold of dimension 15 and D C T'M a distribution, i.e., a vector subbundle of the
tangent bundle T'M of rank 8. Then D is called an (8, 15)-distribution if D + [D, D] = TM for
the sheave D (resp. T M) of local sections to D (resp. T'M). In this paper, we study a special
class of (8, 15)-distributions related to the simple Lie group Fj.

Distributions are important subjects in manifold theory and global analysis. They are studied
also related to the theory of Lie groups, Lie algebras and their representations. Then the theory
of prolongations and equivalence problems of distributions are established by many authors
(see, for instance, [10, 34, 35, 38]). On symmetries for distributions, there are well-known several
powerful and beautiful methods to investigate, based on differential geometry and representation
theory; Cartan’s prolongation, Tanaka’s prolongation, and Kostant’s theorem on Bott—Borel-
Weil theory and so on [14, 21, 23, 31, 30, 38, 39, 40].

We provide, in this paper, a way of prolongations of (8, 15)-distributions of type Fj via the
notion of abnormal extremals or singular curves and related objects from viewpoints of sub-
Riemannian geometry and geometric control theory [3, 32, 33, 34] which recovers several results
explicitly. The relations of our constructions with those by the method of representation theory
are presented in Remark 4.4 of Section 4 in our paper.

The singular curves or abnormal extremals are extensively used to study distributions by
many authors (see, for instance, [4, 11, 16, 17]). In the previous papers (see [24, 25, 27]),
we study (2,3, 5)-distributions or Cartan distributions [9, 14] using singular curves. Here
a (2,3, 5)-distribution means a distribution D of rank 2 on a 5-dimensional manifold M such
that D := D + [D, D] becomes the sheaf of local sections of a distribution D) of rank 3
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and that TM = DG .= D?) 4 [D,D(Q)]. Then we show the prolongation using the cone of
singular curves of any (2,3, 5)-distribution has the nilpotent gradation algebra which is isomor-
phic to the negative part of the graded simple Lie algebra G3. Note that the prolongation
procedure is a partial case of twistor construction in the general framework of parabolic geom-
etry [6, 12].

In his book [34] on sub-Riemannian geometry, Montgomery gives expositions on (4,7)-
distributions. In particular, Montgomery classifies (4, 7)-distributions into elliptic, hyperbolic
and parabolic (4, 7)-distributions and shows the non-existence of non-trivial singular curves
for elliptic (4, 7)-distribution. Moreover, he develops Cartan’s approach for (4,7)-distributions
and studies their symmetry groups. In the previous paper [26], we study hyperbolic (4,7)-
distributions and their prolongations via the cone of singular curves. Then we observe, contrary
to the case of (2,3, 5)-distributions, the isomorphism classes of the nilpotent graded Lie algebra
of prolongations are never unique and then we specifies the class of C3-(4, 7)-distributions by
the condition that the graded algebra associated to the (4, 7)-distribution after prolongation is
isomorphic to the negative part of the simple Lie algebra Cs.

Cartan, in his paper [14] which is published one year before his thesis [13], gives the model
of (8,15)-distribution whose infinitesimal symmetry algebra is the simple Lie algebra Fy. The
purpose of the present paper is to study Cartan’s model of (8, 15)-distribution from viewpoints
of sub-Riemannian geometry and geometric control theory. We construct its prolongation us-
ing the data related to abnormal or singular curves, and verify that the prolonged nilpotent
graded algebra obtained by our method is isomorphic to the negative part of the simple Lie
algebra Fy.

Note that the complex simple Lie algebra Fy has three real forms; one compact type and
two non-compact types denoted as Fy4) and as Fy_qg (see [14, 13, 15, 18, 29]). In [21], Fy)
(resp. Fy(—a0)) is denoted by FyI (resp. FyII), and in [20], by Fy (resp. Fy). Cartan’s model,
which we treat in the present paper, gives the (8, 15)-distribution corresponding to Fj4, which
maybe called the “hyperbolic” Fjy-(8,15)-distribution. Nurowski [36] has given the explicit
models of (8,15)-distributions of type Fy and (16,24)-distributions of type Eg. Though we
do not touch the details here, it can be observed that the real (8, 15)-distribution of type Fy(_s)
in Nurowski’s normal form has the canonical definite conformal metric and it has no nontrivial
singular curves (cf. Sections 3 and 4 of this paper). Thus Nurowski’s (8,15)-distribution of
type Fy(_20) can be called “elliptic” Fy-(8, 15)-distribution. Refer [36] also for related references
and historical remarks. Note also that both (8, 15)-distributions of type Fy4) and Fy_s) appear,
as two cases of real simple Lie algebras, in the classification of certain sub-Riemannian structures
in [5, 19].

In Section 2, we recall Cartan’s model (K15, D) of (8, 15)-distribution associated to the simple
Lie algebra Fy. The basics on sub-Riemannian geometry and geometric control theory which
we need in this paper are given in Section 3. We study the singular curves of Cartan’s model
and show that there exist canonically the conformal metrics on D C TK' and on D+ c T*K'
in Section 4. In Section 5, we construct null-flag manifold of dimension 9 which prolongs (K15, D)
to (W, E) so that dim(W) = 24 and F is of rank 4. In Section 6, we show that E has the small
growth vector (4,7,10,13, 16,18, 20,21, 22,23,24) and the gradation algebra of F is isomorphic
to the negative part of the simple graded Lie algebra with respect to filtration defined by the
set of all roots of Fy. In Section 7, we introduce the class of (8, 15)-distributions of type Fj
regarding the arguments of previous sections and show that also the gradation algebra of the
prolongation of any (8,15)-distributions of type Fj is isomorphic to the negative part of the
simple Lie algebra Fy with respect to the filtration defined by the set of all roots of Fy (Theo-
rem 7.3).

In this paper, all manifolds and maps are supposed to be of class C°° unless otherwise
stated.
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2 Cartan’s model of (8,15)-distributions of type Fj

We recall Cartan’s model of (8,15)-distribution [14, 40] which has, as the infinitesimal symme-
tries, the simple Lie algebra Fj:

® —e J
The Dynkin diagram of Fjy.

As for the exceptional Lie algebra Fy, see, for instance, also [1, 2, 8, 22, 37].

The model of (8,15)-distributions found by Cartan is derived from the homogeneous space
by the parabolic subgroup of the simple Lie group Fj which corresponds to {a4} for the simple
roots ai, ag, as, a4 [14, 40]:

C Y S o
o ., Q, o,

Here we have simply marked the corresponding root in black to the parabolic subgroup, which
not meant, say, the Satake diagram. Note that, as the standard way, a cross under the node can
be used to indicate a parabolic subgroup as in [6].

Let K =R or C. On K" with the system of coordinates z, 1, 2, &3, T4, Y1, Y2, Y3, Yd, Tij,
1 <i < j <4, and consider the C* (resp. holomorphic) 1-forms

w =dz — y1dx1 — yodws — y3das — yadwy,
wij = dwij — (wdx; — xjdz; + yadyr — yrdyn), 1<i<j<4,

where (i, 7, h, k) is an even permutation of (1,2,3,4). Let
Z, Xi2, Xa3, X4, Xoz, Xoa, X34, X1, Xo, X3, Xy, Y1, Yo, V3, V)
be the dual frame of TK' to the frame
W, w12, W13, W4, W23, W, Wi, dry, dre, drs, dry, dyi, dy2, dys, dys

of T*K'. Then D C TK'" is defined as the distribution generated by X, X», X3, X4, Y7, Ya,
Y3, Y;. Explicitly the distribution D C TK' has the system of generators

X1=i+y1g—$2 0 — T3 0 — T4 0
8901 0z 8.%'12 89013 89314’
Xo = 0 +928+IE1 0 — T3 0 — T4 0
Ozo 0z Ox12 Oxa3 Oxay’
X3 = 0 + y3— 9 + 21 9 + 9 4 — T4 9
6 0z ox 13 (9%‘23 81‘34’
Xy = +y4a+$1 0 + 22 0 + 3 0 ,
8:13 8 8 T14 8%‘24 81‘34
Y| = 0 — Y4 0 +ys3 o _ Y2 0
3y1 81,‘ 23 6$24 (9:13347
Y2=i+y4 0 — Y3 0 +uy 0
0y2 013 014 Ox3s’
Yszi—yzx 0 + Y2 0 - 0
0ys3 012 014 Oros’
Y, =

o T3 — Y2 + U1 .
8y4 0x12 013 Oxo3
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Moreover, we have that Z = % and X;; = &C” 1 <4< j <4. Then we get the following

bracket relations:

X1, Xo] = 2X19,  [X1, X3 =2X15,  [X1, X4] = 2X14,

[X2, X3] = 2X03, (X2, X4] = 2X04,

(X3, X4] = 2 X34,

[Y1,Ys] = 2X34, [Y1,Y3] = —2Xoy, [Y1,Yy] = 2Xo3,

[Y2,Y3] = 2X14, [Y2,Ys] = —2X13,

[Y3,Yy] = 2X1o,

[

Moreover, we have
[X’“Xjk] :0) [YZvXjk:] :07 [XZ)Z] :Oa D/ZaZ] =0 for any i7 j? k.

Remark 2.1. We set, for 1 <1i < j <4, a sub-distribution D;; = (X;, X;, Y3, Y%, X;;) of D@,
where (7,7, h, k) is a permutation of (1,2,3,4). Then we see each D;; is completely integrable
and each leaf of the foliation induced by D;; of K! has a contact structure. Thus we have six
contact foliations in K'®. For example, for i = 1, j = 2, then the contact foliation is given by
the Pfaff system

dz —y1dry — yodae =0, dzg =0, dzy = 0, dy1 =0, dyz =0,
dw13 + x3dr1 + yodys = 0, dz14 + z4dxy — yodysz = 0, dwog + x3dwe + y1dys = 0,
dzos + z4dze + y1dys = 0, dxszs = 0,

and with the 1-form
dz12 + xodz1 — x1dxe + yadys — y3dya,

which gives a contact structure on each leaf of the foliation defined by Dqs.

3 Abnormal bi-extremals and singular curves of distributions

Here we recall several notions in geometric control theory and sub-Riemannian geometry. For
details, consult, for instance, the references [3, 7, 33, 34].

Let M be a real C*° manifold, D C TM a distribution endowed with a positive definite
metric g: D ® D — R on a manifold M, and 7: [a,b] — M an absolutely continuous curve sat-
isfying 4(t) € D ) for almost all t 6 I Wthh is called a D-integral curve. Then the arc-length
of 7 is defined by L f Vg ))dt. A curve 7 is called a D-geodesic if it minimises
the arc-length locally

Let rank(D) = r and, just for simplicity, &1, ..., & be an orthonormal frame of (D, g) over M.
Then we define F': D = M x R" — TM by F(z,u) = >, u;&(x).

Consider the optimal control problem for the energy function on D defined by

79 (Z ulgl Z szz ) = é Z Ui(t)2
=1

Note that the problem of minimising arc-length and that of minimising energy function are
known to be equivalent up to re-parametrisations [3, 34]. Then the Hamiltonian function
on (D xp T*M) x R is given by

H(z,p,u,p°) <p,zuz€z > (;Zuz?)
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Here D x 3 T*M = {(z,u),(2',p) € Dx T*M | x = 2’} = T*M x R” and p is an additional
parameter.

Regarding the optimal control problem for minimising the energy function of D-integrable
curves, we have, by Pontryagin’s maximum principle, if v is a D-geodesic, then, for 4(t) =
(z(t),u(t)), there exists a Lipschitz curve (x(t),p(t)) € T*M and non-positive constant p® < 0

such that the following constrained Hamiltonian equation in terms of H = H (x,p, u, po) is
satisfied:
H
B() = G @O0, u(0)1),  1<i<m
. OH ,
pi(t) = —%(x(t),p(t),u(t),po), 1<i<m,

with constralnts (w(t),p(t),u(t),po) =0,1<j<r, (p(t),po) # 0.

If p° < 0, then the curve (z(t), p(t)) (resp. z(t)) of a solution of the above constrained Hamilto-
nian equation is called a normal bi-extremal (resp. normal extremal) respectively. If p¥ = 0, then
bi-extremals and extremals are called abnormal. Note that the notion of abnormal (bi-)extremals
is independent of the metric ¢ on D and depends only on the distribution D.

The constraint ‘9—H =0 is equivalent to that p'u; = —(p,&;(x)). In the normal case, i.e.,
p® < 0, we have u; = — 0 <p, &j(x)). Because the Hamiltonian is linear on (p, po), by normalising
as p° = —1, we have H = 33T (p, &(x))2.

For abnormal extremals, the constrained Hamiltonian equation reads as
= wé&(z) +uo(z) + - +uri(z),

I aHEl 8H€2 aHﬁr
p—‘@lm'“@m;*“+wax’

with constraints He, =0, He, =0,...,He, =0 and p # 0, where He, (z,p) := (p, & (x)).
Given a distribution D € T'M, for any = € M, we define the subbundle D+ ¢ T*M by

D :={aeT:M| (a,v) =0, for any v € D,}.

Then the above constraints mean that p(t) € Di(t).

The notion of abnormal extremals coincides with that of singular curves, i.e., critical points
of the end-point mapping [33, 34]. Let z9 € M and I = [a,b] an interval. Let  be the
set of Lipschitz continuous curves v: I — M with §(t) € D, for almost all ¢ € I, which is
called a D-integral curve, and y(a) = xg. Then the endpoint mapping End: Q — M is defined by
End(7) :=~(b). A curve vy € Q is called a D-singular curve if 7 is a critical point of the endpoint
mapping, i.e., the differential map d,End: T, — T, M is not surjective, for an appropriate
manifold structure of 2 (and M).

We introduce the key notion of the present paper.

Definition 3.1. We define the singular velocity cone SVC(D) C T'M of a distribution D C T'M
by the set of tangent vectors v € T, M, x € M such that there exists a D-singular curve
v: (R,0) — (M, z) with 4/(0) = v.

Note that SVC(D) is a cone field over M, ie., SVC(D) is invariant under the fibrewise
R*-multiplication on T'M.

The following lemma is used in the following sections. We have given a proof using coordinates
to make sure.

Lemma 3.2 ([3] and [7, Section 4.2]). For a distribution D generated by &1, ...,&, we have,
along abnormal bi-extremals (x(t), p(t)) and corresponding u(t), that

dt He,(t Z“J JHg, ¢, (1), 1<i<r.
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Proof. We put p = Z;Zl pjdr; and & =3 4 fik%. Then H(z,p,u) =) 1< j<, uip;&ij(x)
and He, = E;lejgij (z). By the Hamiltonian equation, for 1 < ¢ < r, we have

d T

T Hea(t) = > Wik +pikl;) =

' 8 B
/.. ISy
— - (p]é-’Lj + ij axé I'Z)
j=1 j=1 =1
r oOH - r 6&3 OH o oIy, - 8&]

j=1
O
ki 8.7}]'

Z UkPe 8ﬂj‘j 51] + %};pz 833‘j lblgf/w = % U Py (Z <£zg 8l‘j

kej j=1

r

§

T T

Zuk<p7 [flaékn = ZujH[fi,fj]' u
k=1 j=1

Remark 3.3. We have defined the notion of abnormal (bi-)extremals and singular curves over
the real. In the complex analytic case K = C, we can (and do) define abnormal (bi-)extremals
and singular curves, forgetting about end-point mapping, just by the complex analytic con-
strained Hamiltonian equation for a complex analytic distribution D C T'M over a complex
analytic manifold M, which is defined similarly as explained in this section.

4 Conformal metric on Cartan’s (8, 15)-distribution

and singular velocity cone
Let us determine the singular curves of Cartan’s model (K15, D) explained in Section 2. On the
cotangent bundle T*K'® with base coordinates z, 1, =2, 3, T4, Y1, Y2, Y3, Y4, zij, 1 <i<j<4

and fiber coordinates s, p1, p2, P3, P4, @1, G2 G3, G4, Tij, 1 <@ < j < 4, we have the Hamiltonian
of the distribution D C T'X,

H =wHx, +usHx, +usHx, +uHx, +viHy, +v2Hy, +vsHy, +vaHy,,

where

Hyx, = p1 +1y15 — war12 — 3713 — T4714,
Hx, = p3 + y3s + x1713 + T2re3 — T4734,
Hy, = q1 — yara3 + y3roa — y2raq,
Hy, = q3 — yar12 + Y2714 — Y1724,

Hyx, = p2 + y28 + x1m12 — T3723 — T4T24,
Hx, = ps + yas + x17m14 + T2T24 + T3734,
Hy, = g2 + yam13 — y3r14a — Y1734,
Hy, = q4 + y3r12 — Y2713 + Y1723

The constrained Hamiltonian equation is given by

Z = u1y1 + u2y2 + usys + uqug,

T1=u1, Tg=uz, T3=u3z, T4=Us, Y1=0V1, Y2=0V2, Y3=0V3, Ys= 04,
T12 = —ToUy + T1U2 — Y4U3 + Y3V4, E13 = —T3U1 + T1U3 + YaU2 — Y24,

T14 = —T4U1 + T1Ug — Y3V2 + YoU3, T3 = —T3U2 + Tou3 — Y4v1 + Y104,

Toqg = —T4Ug + Touyg + Y3v1 — Y103, T34 = —T4u3 + T3Ug — Y2U1 + Y1U2,

§=0, ... ... (4.1)
P1 = —U2r12 — U3T13 — U4T14, P2 = UIT12 — U3T23 — U4T24,

P3 = U1T13 + U2T23 — U4T34, P4 = UIT14 + U2T24 + U3T34,

41 = —u1S — VT34 + U324 — V4T23, (2 = —U2S + V1734 — U3T14 + V4713,

43 = —U3S — V1T24 + V2T14 — V4T12, (2 = —U4S + V1T23 — V2713 + U312,

712 =0, 713=0, 714=0, 7193=0, 7124=0, 734=0,
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with constraints

HX1 = Oa HX2 = Oa HX3 = 07 HX4 = O>
HY1 = 07 HY2 = 07 HY3 = 07 HY4 = 07
and s(t), p1(t), p2(t), p3(t), pa(t), q1(t), q2(t), q3(t), qa(t), r4j(t) are not all zero for any t.

By the constraints, if s, r;; are all zero, then p;, ¢;, 1 < 7,5 < 4 are also zero. So s, r;j,
1 <14 < 7 <4 must be not all zero.

Remark 4.1. In Cartan’s model, we have that s and r;; are locally constant by the Hamiltonian
equation. However, we do not use this property in the following arguments.

For instance, from the constraint Hx, = 0, we have, along any solution curve by Lemma 3.2,
that

4
G = Z“z paxl + 2 vy

J=1

Then similarly from the constraint, we have the following equality in a general form:

0 Hix,x, Hxi x5 Hxyxg Hxov) Hixaye) Hixays) Hixava)\ (w 0
H[XQ,Xﬂ 0 H[X27X3] H[X2,X4] H[Xz,Yl] H[X2,Y2] H[X27Y3} H[X27Y4] U2 0
Hixgxi) Hixgxs) 00 Hixgxy) Hixgw) Hixays) Hixgve) Hixgya || us 0
H[X4,X1} H[X4,X2] H[X4X3] 0 H[X4,Y1] H[X4,Y2] H[X47Y3} H[X47Y4] ug | _ 0
H[Yth] H[Yl,Xz} H[Y17X3] H[Y17X4] 0 H[Yhyz} H[YLYS] H[Y1,Y4] U1 0
Hiy, x1) Hiya,xa) Hiva,xa) Hiva,xa) Hpva i) 0 Hiy,ys) Hiya,va) b2 0
Hyyxy) Hysxo) Hyexs) Hysxa) Hyewv) Hpyeyve) 000 Hpygvg || s 0
Hy,xy) Hyixo) Hyixs) Hyixa) Hyawv) Hyave) Hyavs) 0 U4 0

Explicitly, we have in fact

0 2’/”12 27‘13 27‘14 —S 0 0 0 Ui 0
—27“12 0 27“23 27“24 0 —S 0 0 (D) 0
—27‘13 —27”23 0 27’34 0 0 —S 0 us 0
—27“14 —2T24 —27‘34 0 0 0 0 —S U4 _ 0 (4.2>

S 0 0 0 0 2T34 —27”24 27’23 V1 0

0 S 0 0 —27’34 0 2’1“14 —27‘13 V2 0

0 0 S 0 27“24 —27“14 0 27’12 V3 0

0 0 0 S *27“23 27‘13 *27“12 0 V4 0

Equivalently, we have
—v1 2u9 ATE! 24 0 0 0 s 0
—V2 —2u1 0 0 QU3 QU4 0 - 0
—v3 0 —2u; 0 —2up 0  2uy 12 0
vy 0 0 —2u; 0 —2u, —2us||' ]| |o 3
w0 0 0 2u —2v3 2w ||| o (43)
w 0 —2uy 25 0 0 —2u | |'® 0
wg 200 0 —202 0 20 0 | ("™ 0
wg —2035 2w, 0 -2, 0 o) V¥ 0

Write (4.2) as

) () -6)
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where u = *(u1, u2, us, ug), v = *(v1,ve,v3,v4) and I is the 4 x 4 unit matrix. We denote by A
the skew-symmetric 8 x 8 matrix (’21[1 ;éi ) and by U the 8 x 7 matrix which appeared in (4.2)
and (4.3), respectively.

Then the condition (4.2) is equivalent to that Ajju = sv, Agov = —su. Note that det(A41;) =
det(Azs) = {4(r12rsa — risroa + T1ar23) > and that Ay A = AxpA1r = —4(r1arsa — risraa +
r14723)1. Then the condition (4.2) implies that

{s? — A(r12r3a — T13724 + r14723) bu = 0, {s% — A(r12r34 — T13724 + r14723) Jv = 0.

Therefore, if (u,v) # (0,0), then we have

% — 4(r12r34 — T13724 + T14723) = 0.
Suppose s # 0. Then, since Aj; is skew-symmetric, we have that ‘u - v = %tu - (Aju) =
1 (fuAy) -u=11"Anu)u = -1 (Aju)u = —*v - u = —'u - v. Therefore, we have that

bu-v = ugvr + ugua + uzv3 + uqvyq = 0.

Suppose s = 0. Then Aj;u = 0 and Agv = 0. Note that A11Ase = AsnAj; = 0. Since Ay
and Ay are non-zero and skew-symmetric, we have rank(A11) = 2, rank(Agg) = 2, and therefore
Ker(A11) = Im(Agg) and Im(A;;) = Ker(Agz). Then we have u = A9t and v = Ay10 for
some 1, ¥, and thus ‘u - v = {(Agoi) - A110 = ‘0 AspA110 = —'1Asp A110 = 0.

Proposition 4.2. The singular velocity cone SVC(D) of Cartan’s model D is given by

4
SVC(D) = {Z wiXi + Y vV
i=1 j=1

Proof. That SVC(D) is contained in the right hand side is already shown. Let us show the
converse inclusion. All columns of the 8 x 7 matrix U which appeared in (4.3) are null and
orthogonal to each other with respect to the metric ‘u - v = wjv1 + ugve + usvs + ugvy on KB8.
Note that the metric is non-degenerate for K = C and is of signature (4,4) if K = R. In any case
we have that rank(U) < 4 < 7, because the subspace generated by all columns of U is a null
space in K® with respect to the metric ‘u - v. Hence, for any non-zero constant vector (u,v)
with ‘u-v =0, there exists (s,7;;) # 0 such that (4.3) holds, and therefore that (4.2) holds.
Thus we see that, given non-zero (u,v) with ‘u-v = 0, there exist constants s, p;, 1 <1i < 4, qj,
1 <75 <4,7y,1 <1< j <4, which are not all zero, and functions z;, 1 <17 <4, y;, 1 <75 <4,
xij, 1 <i < j <4 such that the linear ordinary differential equation (4.1) for singular curves is
satisfied. Thus we see the required equality. |

ULV] + UgV2 + U3V3 + UV = 0}-

We define a quadratic form @ on K® and R on K, respectively, by
Q(u, v) 1= U1V1 + UV + U3V3 + U4V4, R(S, Tij) =52 — 4(7‘127’34 — 713724 + 7’147’23).
The quadratic form Q) induces the bi-linear form
!/ / 1 / / / / / !/ / !/
((u,v), (u',0")) = 5 (u1v] 4 viu] + ugvh + vouh + ugvh + vsuh + ugvy + vauy)
on K® x K8. Moreover, the quadratic form R induces the bilinear form
((s, rij) | (s', rgj)) = 55 — 2(r12rg4 + 7“347“'12 — r13r§4 + 7‘247”'13 + 7“147“/23 + ngr'14)

on K7 x K”.
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Corollary 4.3. The distribution D C TK' has the canonical non-degenerate metric (, ) for
K = C and the canonical conformal (4,4)-metric (,) for K =R. The distribution D+ C T*K!?
has the canonical non-degenerate metric (|) for K = C and the canonical conformal (4,3)-
metric (|) for K=R.

Remark 4.4. Let G = Fyy), P = P,,, the parabolic subgroup of Fy4) corresponding to the
root ay, X = G/P,, = O P027 that is the hyperplane section of the split Cayley projective
space O'P? and H = Spin(4,3). Then we have the decomposition TG = Ty @ T» into H-
modules, where T} (resp. T») is regarded as the 8-dimensional spin representation of Spin(4, 3);
Ty = O, (resp. the 7-dimensional vector representation; 75 = ImQ’). Moreover, the closed H-
orbit Y7 C P(T7) (resp. Yo C P(1%)) is a 6-dimensional quadric (resp. is a 5-dimensional quadric)
with a conformal structure of type (3,3) (resp. of type (3,2)) (see [31, Section 6.3]). See also [31,
Section 2] and [6, 28] for general constructions in simple Lie algebras.

Consider the Clifford algebra Cl(4,3) D Ti. Let N be the totality of 3-dimensional null
subspaces in T;. We set Ny := {z € Ty | 2(s) = 0} for s € Ty. If Ny € N, s is called a pure
spinor. Denote by PS(4, 3) the set of pure spinors and by P(PS(4, 3)) its projectivisation. Then
the correspondence [s] € P(PS(4,3)) — Ny € N turns to be an isomorphism. See, for instance,
[20, p. 241 and p. 283].

Now in the left hand side of the equality (4.2) in our argument in this section, the action
u = '(u,v) — Au corresponds to the spinor representation of 7o C Cl(4,3) to T}. Moreover, we
see that the set D of solutions u to the equation Au = 0 is exactly equal to the set PS(4, 3) of
pure spinors. Thus we see that D = T} and that SVC(D) = Y} = PS(4, 3). Therefore, invariant
cone }71 is constructed from D = T} algebraically from the viewpoint of representation theory.
Further D+ = (TX/T1)* = T3(C T*X) has the H-invariant (4,3)-metric. In this paper, we
have characterised these objects known in representation theory by using singular curves from
the viewpoint of geometric control theory.

5 Null flags associated to abnormal bi-extremals

We continue to analyse the equation (4.3) appeared in the previous section. Recall the 8 x 7
matrix U which appeared in (4.3). Write U = (g,/,) using 4 x 7 matrices U’, U”. Then we have
that

—-2Q 0 0 0 0 0 0
0 0 0 0 0 0 4Q
" 0 0 0 0 0 —4Q 0
'Uu = ('u"'v’) <U,,> = 0 0 0 0 4Q 0 o |,
0 0 0 4Q 0 0 0
0 0 —4Q 0 0 0 0
0 4Q 0 0 0 0 0

where QQ = uiv1 + ugvg + ugvs + ugv4. Note that det (tUU) = 21308,

If Q # 0, then rank(U) = 7. If Q = 0, then, since 'UU = O, regarding U: K’ — K® and
tU: K® — K", we have that Im(U) C Ker(*U), so that rank(U) < 8 — rank(U). Thus we have
rank(U) < 4 again. Moreover, if we set R = 2 — 4(r12734 — T13724 + r14723), then we have that
if (u,v) # (0,0) and Q = 0, then Ker(U) € R71(0). So we have Ker(U) is a null subspace for
the non-degenerate metric R’ induced by the quadratic form R and that dim Ker(U) < 3. Thus
we have, in fact, rank(U) = 4 and dimKer(U) = 3, if (u,v) # (0,0) and @ = 0. Therefore, we
observe that, for any (null) line in @ ~1(0), there corresponds a null 3-pace in R~*(0). Conversely,
for any null 3-space in R~1(0), there corresponds a null line in Q~'(0). However, for any null
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line in R~1(0), naturally there corresponds, not a null 3-space, but a null 4-space in Q~*(0) by
the equation (4.2), since, on R71(0) \ {0}, we see det(A11) # 0 and the matrix A is of rank 4.
In fact we have

Lemma 5.1. To any null-flag A1 C Ay C A3 C R7Y(0) for R = s* — 4(r12734 — 713724 + 114723),
where dim(A;) = i, i = 1,2,3, there corresponds uniquely, by the equation (4.2), a null-flag
Vi C Vo C Vi CQY0) for Q = urv1 + ugua + uzvs + ugvy, where dim(Vy) =k, k= 1,2, 4.

Proof. The conformal orthogonal group CO(R) of the quadratic form R acts transitively on the

null Grassmannian {(A1, A2, A3)} on the metric space D;- = R%3, m € K'® defined by R. We

: 1. _ 0 _ _0 _ _0 _ _0 _ _0 _ _0 _ _0
take the basis of Dy.: 1 = 5, €2 = B3’ €3 = B3 €4 = Grig0 €5 = Brag? €6 = Bray €7 = Brap-

Then the representation matrix of the (4, 3)-metric on R becomes

oo oo oo

OO O oo o

OoON O OO oo

OO N O O OO
|

O OO NO OO

OO O O NO O

O O O O o N O

—2

Then we set the base point (A(l), AY, Ag) of the null flag manifold F’, where
AY=(e2),  AD=(e2e3),  A§=(e2e3,e0),

We take the frame

f1 = z11€1 + €2 + 21363 + 2144 + 21565 + 21686 + 217€7,
fo = 20161 + €3 + 20464 + 22565 + 226€6 + 227€7,

f3 = z3161 + €4 + 2355 + 236€6 + 237€7,

associated to a (not necessarily null) flag (A1, A2, Ag) with Ay = (f1), A2 = (f1, f2) and Az =
(f1, f2, f3) in a neighbourhood of the base point (A(f7 A9, Ag).
Then the condition that (A1, A, As) is a null flag is equivalent to that

filf1) = z11 — 4z17 + 4213216 — 4214215 = 0,
filf2) = z11221 — 2297 + 2213296 — 2214225 — 2215224 + 2216 = 0,
filfs) = z11231 — 2237 + 2213236 — 2214235 — 2215 = 0,

Thus the null flag manifold 7" has a system of local coordinates (211, 213, 214, 215, 216, 221, 224,
295, 231) and dim F' = 9. For A1 = (f1), the equation (4.2) is equivalent to that

2ug + 2213u3 + 2214u4 — 21101 = 0, — 2uy + 2z15u3 + 2216U4 — 21102 = 0,
— 2213u1 — 2215U2 + 2217u4 — 21103 = 0, — 2214u1 — 2216U2 — 2217u3 — 211v4 = 0,
z11u1 + 221702 — 221603 + 221504 = 0, 211U — 221701 + 221403 — 221304 = 0,

zZ11us + 22’161}1 — 22141)2 + 21)4 = O, Z11Uq4 — 22157)1 + 22132}2 — 2U3 = 0,
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and, in fact, to that

1 1
Ul = 215U3 + Z16U4 — 5211112, U2 = —213U3 — Z14U4 + 5211?11,
1 1
v3 = §Z1W4 — 21502 + 21302, V4 = —§z11u3 — Z16V1 + 21402.

Thus we see that the solutions form a null 4-space V; in D,, = K®

Vi = t(2157_21371707070707_%'211)7 t(2167_214>07170707%le)o)
T t(Ov %lev 07 Oa 17 07 —Z15, _216)7 t(_%zlla Oa 07 07 07 17 213, 214)

via the frame (X7, Xo, X3, X4, Y1, Yo, Y3, Yy). For Ay = (f1, f2), we get the equation (4.2) for f;
as above and, in addition, the equation (4.2) applied to fa,

QU3 + 2224U4 — Z291V1 = 0, — 2225U3 + 2ZQGU4 — 291V = 0,

— 2uy — 2295u + 2227u4 — 22103 = 0, — 2z94u1 — 2z96u2 — 2z97uz — 22104 = 0,
Zo1u1 + 2297v2 — 229603 + 229504 = 0, 291U — 2227v1 + 222403 — 204 = 0,

zo1us3 + 229601 — 229409 = 0, 291U4 — 229501 + 2v9 = 0.

Then, by the two systems of linear equations for f; and fs, we have

1 1 1
Uy = <—215Z24 + 216 + 4211221>U4 + (2215221 - 2211225>U1

1 1
ug = (213224 — 214)Us + (213221 + - z11 |1,

2 2
1
U3 = —224U4q + 5221017
Vg = —5221714 + 52217)1
1 1
v = | 5711 T 521321 U4 (=215 + 213225) 01,

1 1 1
Vg = (2211224 - 2214Z21>u4 + (—4211221 — 216 + 214225>Ul-

Thus we see As corresponds to the null 2-plane V5 in D,, = K®, by (4.2), generated by two
vectors

t 1 1 1 1 1 1
(—215224 + 216 + 1211221, 213%24 — 214, —224, 1,0, = 5221, 5211 — 5213221, 5211224 — 3714221),

t(1 1 1 1 1 1
(52152‘21 — 5211225, —5213%21 + 5211, 5221, 0, 1, 205, —215 + 213225, — 3211221 — 216 + 214225)-

For A3 = (f1, f2, f3), we obtain the additional condition (4.2) applied to f3, which is given by

QU4 — Z31V1 = O, 2235U3 + 2236U4 — 231V = 0,

— 2z35u9 + 2237u4 — 23103 = 0, — 2uy — 2236U2 — 2237u3 — 231V4 = 0,
231U71 + 22’37112 — 22361)3 + 22’35’04 = 0, Z31U9 — 22371)1 + 22)3 = 0,

z31ug + 223601 — 2v9 = 0, z31ug4 — 223501 = 0.

Then, from the conditions (4.2) for f1, fo and f3, we have

1 1 1 1 1
Uy = <—2Z11225 + 5316231 + §211221231 - 5215224231 + 2215221>’01,
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1 1 1

211 — 5213221 — ;714231 t+ 5213224231 | V1,
2 2 2

1

1
w=
1
(22’21 - 22242’31> V1,

IS
W~
I

23171,

1
2
V2 = <225 - 221231>U1,

1 1
—215 + 4211231 + 213225 — 1213221231 V1,

U3 =

1 1 1
Vg = <—216 e + 214225 + JF11A24231 — 2142217231 | U

Therefore, if we set, by taking v; = 1,

1 1
—5211225 + 216231 + 211221231 215Z24Z31 + 5215221
1 1 1 ]
5211 — 5213221 — 5214231 T 5213224231
1 1
5721 T 5224731
_ 2731
771 - 1 I
1
225 — 7221231
—z15 + 211231 + 213225 - 1213221231
1 1
—216 — 7711221 + 214225 + 211224231 1714221231

then we see that A3 corresponds to the null line Vj generated by 11. Moreover, we set 12 by
Y216 + F211221 — 215224, —214 + 213724, —224, 1, 0, — 3291, 3211 — 5213221, 5211224 — 3214%21),
ns by (215, —213,1,0,0,0,0, 2211) and 74 by (—7211 0,0,0, 0,1,213,214). Then we have
that (11,12, m3,m4) is a frame of Vj satisfying Vi = (1) C Vo = (n1,m2) C Vi = (1, m2,m3,m4). N

Remark 5.1. The total null flag bundle F constructed from D which consists of all null flags
Vi C Vo CVyC Dy 2R, m e K1 is of dimension 15+ 11 = 26. The total null flag bundle F
constructed from D+ which consists of Ay C Ay C Az C Dz =2 R*3 m € K'®, is of dimension
15+ 9 = 24. Then we have obtained, as above, the embedding F' — F of codimension 2.

6 Prolongation of Cartan’s model

The theory of prolongations and equivalence problems of distributions are established by many
authors (see, for instance, [10, 34, 35, 38]). Here we provide, related to the notion of singular
curves of distributions, a way of prolongations from viewpoints of sub-Riemannian geometry
and geometric control theory.

We set, as the prolonged space, W = FoeKb xFin FeYK®xF by the null flag
manifold . Note that dim(F’) = 9 and that dim(W) = 24: W has a local coordinate system

(2’73?1,9627963,3?4, Y1,Y2,Y3,Y4,212,L13, L14, L23, L24, L34; 211, Z13, 14, 215, 216, 221, 224, 225, 231)-

We are going to define and study the canonical distribution £ on W = F.

Take any point wo = (mg, (V1)o, (V2)o, (Va)o) of W. Then we define E\,, C T\, W as the set of
initial vectors (m’(0), V/(0), V5(0), V{(0)) of curves (m(t), Vi(t), Va(t), Va(t)): (R,0) — W in W
which satisfy the condition m/(t) € Vi(t), | (t) € Va(t), nh(t) € Vi(t) for some (so equivalently
for any) framing Vi (t) = (1 (1)), Va(#) = (m (), ma(1))-
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Now we calculate the canonical distribution F explicitly. The above condition for £ C TW
reads, at t = 0, that
m/(0) = pm(m(0)),  m(0) = gni(m(0)) + rn2(m(0)),
f2(0) = smu(m(0)) + una(m(0)) + vns(m(0)) + wna(m(0)),
for some p, q,r, s, u,v,w € R.

By the above second condition n; = g1 + 71 at t =0, we see ¢ = 0 and 324, =r at t = 0.
Moreover, after some straightforward calculations, we have

/ / / / / /
211 — 221713 — Z13%91 — 231714 + 224231213 + 213231294 = 0,

! ! / 2 !
Zy) — 231294 = 0, R95 — 1231224 =0,

! _ 1 ! _ ! _ ! + 1 ! + 1 ! . 0
215 4231211 225213 — R13%95 4221231213 4213231221 =Y,

! 1 ! 1 ! ! / ! !
Z16 T #2121 T A2 T 22521 T Z14%95 224231211 T 21123120

! !
+ 172143121 + 14781291 = 0,

at t = 0, for the coordinate functions of the curve n; on F'. By the above third condition
fo=sm+un+uvns+wns at t =0, we have that s = u = 0 and that —z, = v, —%zél =w
at t = 0. Moreover, we have that

1
26 — 224215 + 12212’11 =0, 214 — 2242130, 211 — 221213 = 0,
at t = 0. In term of differential 1-forms, the above conditions are reduced to that
dz11 — 201d213 = 0, dz21 — 231d224 = 0,

1
dz14 — z94dz13 = 0, dzos — Zz§1d224 =0,
1
dz15 — 2z95d213 = 0, dz16 — <2’24225 — 4Z§1>d2‘13 =0,

at t = 0. To get the frame of E, we set

0 0 0 0 0 0 0 0 0
=A B D F H I .
¢ 0z11 N 0213 * 03214 * 0z15 * 0216 * Gazm N 0224 * 0zo5 * Jazsl

The condition that ¢ belongs to E is given by

A—ZngZO, G—Z31H:0, 0—225320,
1

1
I— Zzng = 0, D — 225B = 0, F— <Z24ZQ5 — 4,2%1)3 = 0,

and thus we have, for some B, H, J € R,

C—Bia + 2 a+z 8—1—2 8—1—22:—}22 9.
= T I T v 24725 = 141 | 5

0 0 1 0 0
H— — -2 — —
+ (aZ24 + =31 8221 + 4231 3Z25> + J@zgl’

at t = 0.
Thus, adding the generator which comes from the condition m/(0) = pn;(m(0)), we have the
following lemma.
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Lemma 6.1. We have on the 24-dimensional space W = R x F' with local coordinates z, x;,
Yj, Tij, Zke, the prolonged distribution E with the system of generators

<_8+Z8+28+278+Z2_1Z278
1 8Z13 21 8211 24 8214 25 8Z15 2425 4 21 62167
< i + z i + 122 9
2 8,224 31 8221 4 31 az25 ’
0
<3 - 82531 )

1 1 1 1 1
G4 = (2211225 + 5215221 + 5216231 + §211221231 - 2215224231>X1

1 1 1 1 1 1 1
+ (2211 — gF18%21 — 5714731 + 22’132242’31)X2 + <2Z21 — 2224Z31>X3 + 52’31X4

1 1 1
+ Y1+ <Z25 — 4221231)Y2 + <—215 + 1A% + 213225 — 4213221231>Y3

1 1 1
+ <_Zl6 R + 214225 + q1R24%81 — 4214221231)3/4-

Note that the vector field {4 in Lemma 6.1 is induced from 7; obtained in the previous
section. We have chosen the above system of generators regarding the Fj;-Dynkin diagram (see
Remark 6.3). Now we have the following.

Lemma 6.2. The growth vector of the distribution E defined in the previous Lemma 6.1 is given
by (4,7,10,13,16, 18,20, 21,22,23,24) and the following bracket relations for the generators (q,
(2, (3, ¢4 of E given in Lemma 6.1:

[C1, 2] = G5, [C1,¢3] =0, [C1,¢4] =0, [C2, C3] = Ce,

€2, Ca] =0, [C3,Ca] = ¢ in B,

[C1,¢5] = 0, €1, C6] = Css [C1,¢7] = [C2,¢5] = 0,

[C2, 6] = 0, €2, 7] = Co, [C3,C5] = —Cs, €3, C6] = Cro,

[(3,¢7] =0, [C4,¢5] = 0, [, C6] = —Co, [, ¢7] =0 in E®
[¢1,¢s] =0, [¢1, ol = Gun, [¢1, Cro] = Gra, [¢2,¢s] =0,

[C2,¢o] =0, [¢2,C10] = 0, (3, Cs] = iz, €3, Co] = (13,

[¢3,C10] =0, [Ca, 8] = —Ci1, €, Go] =0, (€4, Cro] = —2C1s  in EW,
[¢1, ] =0, [C1: G2l = 0, [¢1, Cus] = Cua, [¢2, Cun] =0,

[C2, C12] = (15, [C2,C13] =0, (3, C11] = Cu4, [(3,C12] = 0,

[C3,C13] = 0, [C4,¢C11] =0, (G4, C12] = —2C14, (G4, Ci3) = Gi6 in EO),
[C1,C14] = 0, [€1,C15] =0, [C1,C16] = [C2, C14] = 17,

[Ca, C15] = 0, €2, C16] = 0, (3, C1a] = [C3,C15] = 0,

3, C16] = 0, [Ca, C1a] = (18, [Ca, C15] = —2C17, [C4:Ci6] =0 in B©);
[C1,C17] =0, [C1,C18] = 0, [C2,C17] = 0, [C2, C18] = (19,

[¢3, C17] = (20, [C3,¢18] = 0, [C4, C17] = C19, [Ca.Cis) =0 in BD;
[€1,C19] = 0, €1, C20] = 0, [C2, C19] = 0, [C2, Ca0] = 0,

3, C19] = (o1, (3, C20] = 0, [C4, C19] = 0, [C4, C20] = %Cﬂ in B®);
[¢1, C1o] =0, [¢1, C20] =0, [¢2, Go] = 0, [€2, C20] = 0,
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[C3,C10) = Ca1,  [€35C20] =0, €4, C19] = 0, €45 C20] = *621 in E®);
[€1,¢21] =0, [C2, C21] = 0, €3, Ca1] = Caz, [C1,C1] =0 in EO);

[C1,C22] = 0, 2, C22] = (o3, €3, Ca2] = 0, [C1,Co2] =0 in E10);

€1, Cas] = Caa, [C2, C23] = 0, [C3,C23] = 0, [C4,Ca3] =0 in EMD =TW,

which are calculated explicitly in the proof. In particular, the distribution E is isomorphic to
the (8,15)-distribution on the quotient space by the parabolic subgroup associated to the root oy
of Fy in the complex case (resp. of Fy) in the real case).

Remark 6.3. Between the simple roots ay, oo, as, oy of Fy (see, for instance, [8]) and the
generators (1, (2, (3, (4 of F, there exists the correspondence (; +— —q;, i = 1,2, 3,4,

(5 «— —(a1 + ), (6 «— —(ag + ag3),

(7 +— —(as + ayq), (g «— —(a1 + az + a3),

Co «— —(a2 + az + ay), Cro «— — (a2 + 2a3),

Ci1 «— — (a1 + a2+ ag + aa), G2 «— — (a1 + a2 + 203),

C13 «— — (a2 + 203 + oy), Ca — — (a1 + a2 + 203 + ),
C15 +— — (a1 + 200 + 2a3), C16 +— — (a2 + 23 + 2ay),

Ci7 «— —(a1 + a2 + 2a3 + au), C1g +— —(a1 + a2 + 2a3 + 2ay),
Clg +— —(a1 + 2a2 + 2a3 +204), (oo +— —(a1 + 202 + 3a3 + au),
Co1 «— —(a1 + 202 + 303 + 204), (o2 < —(a1 + 202 + 43 + 20y),
Co3 +— — (a1 + 3ag +4as +2a4),  Coa +— — (201 + 3az + das + 2ay).

Proof of Lemma 6.2. In fact, we have for the vector fields (i, (2, (3, (4 in Lemma 6.1:

0 o 1, 0 1 1L\ 0
[C1, G = T 231 - 2318215 + <—225 + —291231 — 224231) Oone (s,

8211 4 2 4
[€1,C3] =0, [C1,¢4] =0,
0 1 0
[CQv C3] 8221 2 87 - €67 [<27 C4] - 07
1 1 1 1 1 1 1
(3, 4] = ( 216 + e 2215224> X1+ <—2Z14 + 2213224> X9 — 5224X3 + §X4

4 4 4 4

So far, we have rank E(?) = 7.
Moreover, we have

1 1 1 1 1
- 12215/2 + (211 - 213221)3/3 + <211224 - 214221>Y4 =: (7.

8 1 0 1 1 0
[Cla CS] =0, [Cla CG] — +t 5 + <—221 + 224231> 5’7 = Cs,
211 5 216

2 82’1 2 2
[Clv C7] = 07
€2, ¢5] =0, [, 6] =

1 1 1 1 1
[C2,C7] = (—2215 + 211231>X1 + *213X2 - §X3 — 1231Y2 - 12132313/3
1 1
+ (211 — 4214231)1/4

0 1 1 1 0
[Cs: 5] = " 94, 2° 8 (2221 2224231> Oe —[C1, 6] = —Gs,
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0
(3, C6] = —;az% =: (10, [(3,¢7] =0,

[€4,¢5] =0, €4, C6] = —[C2, 7] = —Co, €4, C7] = 0.

Then we have rank E®) = 10.
Further we have

[Cla CS] = 07
[C1, Co] = (-;Z% + 513221231))(1 + %X2 - 32311/3 + <i221 - 1224231>1ﬁ =: (11,
1 0 1 0
[C1, Cio) = 58715 + §Z248716 =: (12,
[(27 CS] = 07 [CQa Cg] = 07 [CZa ClO] = 07
1 1 1 1
(3, 8] = [C1, C1o] = Ci2, (3, Co] = §Z11X1 - ZYQ - 12133/3 - 12145/4 =: (13,
[(3,C10] =0,

€4, G8] = —[C1, Co] = —Cur1, €4, o] =0, €4, C10] = —2[C3, Go] = —2C13.

We get that rank E(*) = 13.
Further we have

[C1,Ci1) =0, [¢1,Ci2) = 0, [C1,Ci3] = %'221)(1 - iY:a - %2’245/4 =: (14,
1

[(2,C11] =0, [C2, C12] = 282816 =: (15, [C2,C13] =0,
(3, C11] = [C1, C13] = Cuas [(3,C12] =0, (3, i3] =0,

[C4,C11) =0, [C4, C12] = —1221X1 + lYg + 1224Y4 = —2[C1, C13] = —2Cu4,

4 2 2
1 1 1 1 1 1
(G4, Ci3) = <_82%1 — 5718716 + 2214215>X12 + §Zl6X13 - 5215X14 - 5214X23
X - SXt ez =
5218 X24 — S Xsu + anZ = G

Therefore, we have rank E(®) = 16.
Furthermore,

[€1,Cia] = 0, [C1,C15] = 0, [C1,C16] = 0,

[C2, Cia) = ézSIXI - %Yz; =: (17, [C2,C15] =0, [C2,C16] = 0,

[(3,C14] =0, [(3,C15] =0, [(3,C16] =0,

1 1 1 1 1
[Ca, C1a) = <—2216 - 1211221 + 5214225 + 5215224 + §Z13Z§1 - 2213224225>X2

1 1 1 1 1 1
+ <82§1 + 2224225) X3 — 5225X14 - 5224X23 + §X24 + 1212Z =: (18,

(¢4, C15] = —2[C2, C14] = —2C17, [C4, C16) = 0.

Thus we see rank E(®) = 18.
Furthermore, we have

[C1, 7] =0, [C1,C18] =0, [¢2, Ci7] =0,
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1 1 1 1 1
[C2, Ci8] = <2215 — 7A11481 — 5713225 + §Z14Z§1 + 18721231 — 8213224Z§1)X12
1 1 1 1 1 1
+ (2225 — A + 82242’32,1>X13 - §Z§1X14 - §X23 + 12’312 =: (19,
1
(3, Ci7) = §X1 =: (20, (3, C18] = 0,

[Ca, C17] = [C2, C18] = C1o, [C4, C18] = 0.

Thus we have rank E(7) = 20.
Moreover,

[C1,Ci9) =0, [C1, G20] = 0,
[C2,C19] = 0, [C2,C20] = 0,

1 1 1 1 1 1
(3, Ci9) = <—4211 + 1714781 + 1718721 — 4213224231)X12 + (—4221 + 4224231>X13

- 3231)(14 + iZ =: Ca1,
[(3,C20] = 0,
[C4,C19] = 0, [C4, C20] = %[C&Clg] = %@1-

We obtain that rank E®) = 21.
We have

[C1,¢1] =0, [C2,C21] =0,

1 1 1 1
(3, (1) = <4214 - 4213Z24> X2 + 1224)(13 - 1X14 =: (22

and we have [(4, C21] = 0. So we get that rank E(®) = 22.
Also we have

1 1
[C1,C22) =0, [C2, Cao] = —1213X12 + 1X13 =: (23,
[(3,C22) =0, [C4, C22] = 0.
Then we have rank E(10) = 23,
Lastly, we have

[C1, 3] = —%Xw =: (24, [C2,C23] = 0,
[(3,¢23] =0, [C4, Co3] = 0.

We have that rank E1Y = 24. This shows the claim. |
Remark 6.4. By the calculations in the proof of Lemma 6.2, we observe that 7 1(D) ¢ E()
for the projection 7: W — M, w(m, (V1, Va2, Vy)) = m.

7 (8,15)-distributions of type Fj

Inspired by our study on singular curves for Cartan model performed in the previous sections,
it would be natural to introduce the class of (8,15)-distributions of type Fj including Cartan’s
model.
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Definition 7.1. Let D C TM be a complex (resp. a real) (8,15)-distribution. Then we
call D of type Fy (resp. of type F4(4)) if, for each point xy € M, there exists a local frame
{X1, X9, X3, X4, Y1,Y2,Y3, Yy} of D over an open neighbourhood of zy such that, modulo D,

[X17X2] = [ann]a [X17X3] = _[YZ,Y4], [X15X4] = [Y27§/3]7
[X27X3] = [YLYALL [X2)X4] = _D/lay.g]a [X35X4] = [Y17}/2]7
(X1, 1] = [Xo, Y] = [ X3, Y3] = [X4, Y], and  [X;,Y;]=0 i#j, 1<i,j<4,

and, if we set

X2 = ;[X1, Xo), X3 = -[X1, X3], X4 = [ X1, X4,

1 1 1

2 2 2
1 1 1

Xo3 = §[X2,X3], Xoy = §[X2,X4]7 X34 = §[X3,X4],

and Z = [Y7, X1], then the vector fields
X1, Xo, X3, Xy, Y1, Yo, V3, Yy X9, Xy3, X4, Xo3, Xog, X34, Z,
form a local frame of T M.

Remark 7.2. Comparing with the relations on generators of Cartan’s model in Section 2,
the relations in Definition 7.1 are given modulo D. The class of (8, 15)-distributions of type Fj
in Definition 7.1 coincides with the class of regular differential system of type mp in the sense
of Tanaka [38, 39, 40].

Then we have the following theorem.

Theorem 7.3. Let (M, D) be a complex (resp. real) (8,15)-distribution of type Fy (resp. Fy).
Then there exist uniquely the conformal non-degenerate bilinear form (resp. (4,4)-metric) on D
and the conformal non-degenerate bilinear form (resp. (4,3)-metric) on D+ obtained from the
abnormal bi-extremals of D such that the null-cone C C D coincides with the singular velocity
cone SVC(D). Moreover, the flag manifold of null-subspaces {A1 CAyCcAzc Dt C T*M}
corresponds to a subclass of flags by null-subspaces {Vi C Vo C Vy C C C D C TM} in D. The
prolongation (W, E) of (M, D) by the above null-flags of D turns out to be a (4,7,10, 13,16, 18, 20,
21,22, 23, 24)-distribution such that its symbol algebra is isomorphic to the negative part of the
nilpotent algebra for the gradation by the full set {a1, o, as,aq} of simple roots of simple Lie
algebra Fy (resp. Fyy)).

Proof of Theorem 7.3. We re-examine the arguments on Cartan’s model of (8,15)-distri-
bution defined in Section 2 and performed in Sections 4-6 for general (8, 15)-distributions of
type Fy.

Let D C T'M be an (8, 15)-distribution of type F;. Reversing the correspondence in Section 2,
we take the local frame

Bi, B2y B3, Bas Y1, V25 V35 V4, W12, W13, Wid, W23, Wad, W34, O
of T* M which is dual to the local frame
X1, Xo, X3, Xy, Y1, Yo, V3, Yy, Xuo, Xu3, X4, Xo3, Xog, X34, Z
of TM in Definition 7.1. Then D is generated by wis, w13, wi4, Wa3, Wog, w34 and o. Any a € D+

is expressed uniquely as o = Zl§i<j§4 rijwij + so. Then we have (o, X;5) = r;; and (o, 0) = s.
The functions r;; and s with local coordinates of the base manifold M form a system of local
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coordinates of the submanifold D+ C T*M. Then the equations (4.2) and (4.3) are obtained
other (linear) algebraic arguments in Section 4 work as well also for general (8, 15)-distributions
of type Fy. Thus we have the same conclusion of Corollary 4.3 and moreover our discussions
on the correspondence of null-flags in D and D+ performed in Section 5 and the same proofs of
the results such as Lemma 6.2 which concern on the prolongations of D in Section 6 works well
also for any (8, 15)-distribution of type Fy. This shows Theorem 7.3. |

Remark 7.4. The above statement on (8, 15)-distribution of type Fy (resp. Fy(4)) means that
the gradation sheaf, i.e., the sheaf of nilpotent graded Lie algebras m := @Zlil éD(i)/D(i_l)) is
isomorphic to that for the model derived from the simple Lie algebra Fy, which is described in
Section 2. It is stated in [40] (see Proposition 5.5 and the arguments in pp. 482-483) that any
(8, 15)-distribution of type Fy (resp. Fy4)) is isomorphic to Cartan’s model over C (resp. R) in
fact by Tanaka theory on simple graded Lie algebras. Note that we have proved our Theorem 7.3

without using this fact.
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