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1 Introduction

Since the pioneering work of Marsden—Weinstein and Meyer [10, 11], many types of reduction
theorems have been studied for various geometric structures on manifolds. Albert [1] studied
Hamiltonian actions on cosymplectic manifolds, which are odd-dimensional analogues of sym-
plectic manifolds (see [2] for more details about cosymplectic manifolds) and proved a reduction
theorem. On the other hand, Mikami-Weinstein [12] generalized the Marsden-Weinstein-Meyer
theorem to symplectic groupoid actions, which extends the notion of a Hamiltonian action on
symplectic manifolds.

In this paper, we define a notion of an action of a cosymplectic groupoid on a cosymplectic
manifold by using the notion of a Lagrangian—Legendrian submanifold. Afterwards, we prove
a reduction theorem which is an analogue of the Mikami—Weinstein theorem. The notion of
a cosymplectic groupoid is introduced by [5] and recently studied in [6]. They are defined as Lie
groupoids whose space of arrows is endowed with a multiplicative cosymplectic structure.

Phase space Symmetry
Marsden—Weinstein—Meyer || symplectic manifold Lie group
Mikami—Weinstein symplectic manifold symplectic groupoid
Albert cosymplectic manifold Lie group
this paper cosymplectic manifold | cosymplectic groupoid

This paper is organized as follows. In Section 2, we briefly recall cosymplectic structures and
the reduction theorem by Albert. In Section 3, we recall the notion of a symplectic groupoid
and its role in Poisson geometry. In addition, we review the definition and some properties of
cosymplectic groupoids. In Section 4, we introduce the notion of a Lagrangian—Legendrian sub-
manifold of cosymplectic manifolds, and define cosymplectic actions of cosymplectic groupoids
on cosymplectic manifolds. We observe that if a cosymplectic groupoid G = (G1 = Gy) acts on
a cosymplectic manifold M, then a symplectic groupoid Sg = (Sg, = Gp), where Sg, is the
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symplectic leaf of G that contains unit arrows, acts on each symplectic leaf of M. In Section 5,
we prove the main theorem.

Theorem 1.1 (Theorem 5.3). Let G = (G1 =% Gp) be a cosymplectic groupoid and (M,n,w)
a cosymplectic, free and proper left G-module with respect to a momentum map p: M — Gy.
Assume that £ € p(M) is a reqular value of p. Then (Sg)e\p~*(§) admits a unique cosymplectic
structure (ng,wg) such that p*n = N1 prwt = w|p,-1(¢), where (Sg)e is the isotropy group
at & and p: p~H(&) — (Sg)e\p 1 (€) is the quotient map.

In Section 6, we give examples of our main theorem. The main example reconstructs Al-
bert’s cosymplectic reduction theorem. Lastly, in Section 7, we mention Morita equivalence of
cosymplectic groupoids and show potential for future research.

2 Cosymplectic manifolds

An almost cosymplectic structure on a (2n + 1)-dimensional manifold M is a pair of n € Q' (M)
and w € Q%(M) such that n A w™ # 0. On an almost cosymplectic manifold (M,n,w), there is
a unique vector field R which satisfies w(R,—) = 0, n(R) = 1. The vector field R is called
the Reeb wvector field of (M,n,w). Moreover, we have an isomorphism of C°°(M)-modules
b: X(M) — QYM) defined by b(X) = w(X,—) + n(X)n. Conversely, a pair (1,w) is an al-
most cosymplectic structure if and only if the map b: X(M) — Q' (M) defined as above is an
isomorphism and there is a vector field R which satisfies the above conditions.

An almost cosymplectic structure (n,w) is called a contact structure when w = dn. On
the other hand, an almost cosymplectic structure (n,w) is called a cosymplectic structure when
dn =0, dw =0.

For a contact structure n € Q!(M), the distribution Kern is completely non-integrable. On
the other hand, for a cosymplectic structure (n,w), the distribution Kern is integrable since n
is closed. Therefore, contact structures and cosymplectic structures are two classes of almost
cosymplectic structures which are polar opposites of each other.

Two cosymplectic manifolds (M, n1,w1) and (Ma, n2,ws) are said to be isomorphic if there
is a diffeomorphism f: M; — My which satisfies f*no = m; and f*ws = w;i. Then f is called an
isomorphism of cosymplectic manifolds.

Let (My,m,w1) and (Ma,n2,ws) be two cosymplectic manifolds and dim M; = 2n + 1,
dim My = 2m + 1. Then a pair (1, w) of forms defined by n =n1 + 12, w = w1 +wa +n1 Adt is
a cosymplectic structure on M; x My x R, where t denotes the coordinate of R. In fact, n and w
are closed and

NAWTT T = (g m 4 D)Wl AWl A Ay Adt # 0

holds.

A cosymplectic structure (n,w) on M induces a Poisson structure m € T'(A2°TM) on M
by m(a, 5) = w(bflﬂ, bfla), where a, 3 € T*M. This Poisson structure is regular and has
corank 1. Its symplectic leaves coincide with those of the integrable distribution Kern and the
symplectic form on a symplectic leaf S is w|g. In fact, it is known that a cosymplectic structure
on M is equivalent to a corank 1 regular Poisson structure on M with a Poisson vector field
which is transverse to the symplectic leaves [7].

For every function f € C°°(M) on a cosymplectic manifold M, we can associate a vector
field X; by Xf =b~1(df—R(f)n). Xy is called the Hamiltonian vector field of f. This condition
is equivalent to w(Xy, —) = df — R(f)n, n(Xy) = 0. X coincides with the usual notion of the
Hamiltonian vector field determined by the Poisson bivector; namely, X = 7#(df) holds, where
the map 7: T*M — T'M is defined by B(7*(a)) = 7(a, B).
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Let (M, n,w) be a cosymplectic manifold, G a Lie group acts on M from left, and Ly: M — M
the map of left action by g € G. We suppose that the action preserves n, w, i.e., Lgn = n,
Lyjw = w. Denote the Lie algebra of G as g. Albert [1] defined the notion of a momentum map
on cosymplectic manifolds.

Definition 2.1. A smooth map u: M — g* is called a momentum map when the following
conditions are satisfied:

e (1 is equivariant, i.e., u(gr) = Adyu(z) holds for any € M and g € G.

e For any A € g, the induced vector field A* € X(M) is the Hamiltonian vector field of
a function p?: M — R defined by pu(z) = (u(x))(A),

e For the Reeb vector field R and any A € g, du”(R) = 0 holds.

The action of G is said to be Hamiltonian if there is a momentum map. Now we assume
that there is a Hamiltonian action of G on (M,n,w) which is free and proper. Let £ € g*
be a regular value of a momentum map u: M — g*. Since p is equivariant, the isotropy
group G¢ acts on p~1(£). We denote the quotient G¢\pu='(€) as M® and the natural projec-
tion as p: () — MS. The following theorem is an analogue of Marsden—Weinstein-Meyer
theorem.

Theorem 2.2 (Albert [1]). There is a unique cosymplectic structure (nf,wg) on M which
satisfies p*n = Nlu-1¢e)5 prwé = W|-1()-

Remark 2.3. In [17], reduction theorems of coKédhler manifolds and 3-cosymplectic manifolds
are proved. They are natural odd-dimensional analogues of the reduction theorems of Kahler
manifolds and hyperKé&hler manifolds [8], respectively.

3 Symplectic groupoids and cosymplectic groupoids

A groupoid is a small category in which all arrows are invertible. This is summarized in the
following diagram

S
G1sxt G —5> Gl?; Go —; G,

(2

where G1sx;G1 = {(g9,h) € G1 x G1 | s(g) = t(h)}.} Gy is a set of arrows and Gy is a set
of objects, m, i, s, t, u (these maps are called structure maps of the groupoid) are maps
of multiplication, inverse, source, target, and unit, respectively. G; and Gy are sometimes
called the total space and the base space, respectively. For any & € Go, s~ 1(£) Nt71(€) is
a group. This group is called the isotropy group on £, and denoted by Ge. We simply denote
a groupoid G = (G1,Go,m, i,s,t,u) by G = (G1 = Go), m(g,h) by gh, u(§) by 1¢ for £ € Gp.

A groupoid is called a Lie groupoid if G1 and Gg are smooth manifolds, s, ¢ are smooth
submersions, and m, ¢, u are smooth maps. A Lie groupoid Hy == Hj is called a Lie subgroupoid
of another Lie groupoid G; = Gy when H; == Hy is a subcategory of G = Gy and H; is an
immersed submanifold of G1. A morphism between Lie groupoids is a smooth functor.

In Poisson geometry, there is an important class of Lie groupoids, namely, symplectic group-
oids. Roughly speaking, symplectic groupoids are “integration” of Poisson manifolds.

Definition 3.1. A symplectic groupoid is a pair (G1 = Gp,wg, ) of a Lie groupoid and a symplec-
tic form on G which is multiplicative, i.e., m*wg, = priwg, +priwg, holds, where pr;: G s x Gy
— (1 denotes the natural projections.

! Throughout the paper, we will use this “fibered product” notation without explanation.
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The space of objects G of a symplectic groupoid (G7 = Go,wg,) has a unique integrable?
Poisson structure such that the source map is a Poisson map. Conversely, Mackenzie and Xu [9]
proved that for any integrable Poisson manifold Gy, there exists a unique (up to isomorphism)
symplectic groupoid (G7 = Go,wq,) whose s-fiber s71(€) on each ¢ € Gy is simply connected
(such a Lie groupoid is said to be s-simply connected), and these operations are inverses of each
other. So there is a correspondence

{s-simply connected symplectic groupoid} JEIEN {integrable Poisson manifold}.

Example 3.2. Let Gy be a manifold and G a Lie group acting on G from left. Then one
obtains a Lie groupoid G x Gy = Gy by defining the following structure maps:

s(9,6) =¢&  t(g,§) = g¢, le = (e,§),
(g, hE)(h,€) = (gh, &),  i(g,€) = (97", 9€),

where g, h € G, £ € Gy and e is the unit of G. The Lie groupoid G x Gy = G is called the
action groupoid associated to the Lie group action.

Let g be the Lie algebra of G. There is a left G-action Ad*: G — GL(g*) on g* called
the coadjoint action. Consider the action groupoid associated to this action. The space of
arrows G X g* ~ T*G has the canonical symplectic form, and G x g* = g* is a symplectic
groupoid by this symplectic form. In this case, the corresponding Poisson structure on the space
of objects g* is the linear Poisson structure, which is defined by {f,g}(§) = &([dfe, dge]) for
f,9 € C=(g*) and £ € g*, where [-,] is the Lie bracket of g and we consider dfe,dge: g* — R
identifying T¢g* with g*.

The notion of a cosymplectic groupoid is defined in exactly the same way as that of a sym-
plectic groupoid:

Definition 3.3. A cosymplectic groupoid is a triplet (G1 = Go, ng,,wa, ) of a Lie groupoid and
a cosymplectic structure on G such that

m*ng, = prine, + prang, m*wag, = priwg, + prowa,
holds.

Example 3.4. Let G; = Gg be a Lie groupoid and G an abelian Lie group. Then a pair
(P = Go, (p,idg,)) of a Lie groupoid P =% G and a morphism (p,idg,): (P =2 Go) — (G1 = Go)
is called a central extension of G1 = Go by G when G acts on P and the map p: P — Gy is
a principal G-bundle.

For any symplectic groupoid (G1 = Go,wg, ), let us consider a central extension (P =2 Gy,
(p,idg,)) by G = R or G = S!. Let np be a multiplicative, flat connection form of the principal
bundle p: P — G1. Then (P = Go,np,wp) is a cosymplectic groupoid, where wp = p*wg;, .
In particular, the trivial R-central extension (G x R = Gy, prgdt, prglwgl), where pr denotes
the projections, is a cosymplectic groupoid.

The space of arrows of a cosymplectic groupoid has a symplectic foliation defined by the
distribution Kern and there is a distinguished symplectic leaf:

Theorem 3.5 ([6]). Let G = (G1 = Gy) be a cosymplectic groupoid. Then any unit arrow in Gq
belongs to the same symplectic leaf Sq,. Moreover, Sg := (Sa, =2 Go) is a Lie subgroupoid of G
and it is a symplectic groupoid.

2A Poisson manifold is said to be integrable when induced Lie algebroid (cotangent bundle) is integrable by
a Lie groupoid. For more details, see [3], for example.
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4 Actions of cosymplectic groupoids

The notion of an action of a Lie groupoid on a manifold M is a generalization of the situation
where an action of Lie group G on M and an equivariant map p: M — Gq, where G is another
manifold on which G acts, is given.

Definition 4.1. Let G = (G; = Gy) be a Lie groupoid and M be a manifold. A left action
of G on M is a pair (p, ®) of smooth maps p: M — Gp and ®: G| 4x, M — M which satisfies
the following conditions:

(1) p(q)(g,l‘)) = t(_g) when (g,:v) € Gy sXp M,
(2) ¢(ga¢(h7x)) = (I)(ghal') when (ga h) € Gl thGb (ha ZL‘) € Gl sXp M,
(3) ®(1,(),z) =z for any = € M.
Hereinafter, we simply denote ®(g,z) by gz and refer to M as left G-module. The map

p: M — Gy is called a momentum map. A right action of G on M is also defined similarly, by
swapping the role of the source map and the target map.

A left G-action on M (or a left G-module M) is said to be
e free if gx = x (for some x € M such that (g,7) € G1sx, M) implies g = 1,1,
e proper if a map G1sx, M — M x M; (g,x) — (gz,x) is proper.

The orbit space G\M of a free and proper Lie groupoid action is a smooth manifold and
the quotient map M — G\M is a submersion. Then one also calls M — G\M a princi-
pal G-bundle (see [13]). In particular, for any regular value £ € Gy of p, the isotropy Lie
group Ge = s~ (&) Nt~1(£) smoothly acts on p~1(£), and the quotient map p=(&) — Ge\p~1(€)
is a submersion to the smooth quotient space.

Let (G,wg,) be a symplectic groupoid and (M,w) a symplectic manifold. A left G-action
on M (or a left G-module M) is said to be symplectic if the graph of the action, i.e.,

{(g,2,92) e Gi x M x M | (g9,2) € G1sx, M}

is a Lagrangian submanifold of (G; x M x M,wg, + w1 — w2), where w; denotes the symplectic
structure of i-th M.

Remark 4.2. The condition that the graph is a Lagrangian submanifold is grounded in Wein-
stein’s “symplectic creed” [14] philosophy.

Example 4.3. Let GGy be a manifold and G a Lie group acting on Gy from left. Consider the
action groupoid G = (G x Gy = Gy). Then we obtain a correspondence

{left G-action on M} JEIEN {left G-action on M with a equivariant map p: M — Gy}
by a formula gz = (g, p(x))z, where the left side means the action of ¢ € G on x € M and the

right side means the action of (g, p(x)) € G X Gy on z. Moreover, when G is G x g* = g* and M
has a symplectic form w, we have a correspondence

{symplectic left G-action on (M,w)} ELEN {Hamiltonian left G-action on (M,w)}

(see [4], for example).
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In order to define the notion of a cosymplectic groupoid action, we need to consider an
analogue of Lagrangian submanifolds.

Let (M,n,w) be a cosymplectic manifold and N C M a submanifold. Then we call N
a Lagrangian—Legendrian submanifold or in short, LL submanifold if T,N C Kern, (Legendrian
property), (T, N yerlerny — T,N (Lagrangian property) holds for any p € N, where (7,N )wrlicerny
denotes the orthogonal complement of T, N with respect to wp|kers,-

In fact, the notion of a LL submanifold is defined for almost cosymplectic manifolds. In the
case of contact manifolds, the definition of a LL submanifold coincides with that of a Legendrian
submanifold.

Remark 4.4. An embedding t: N < M to a cosymplectic manifold (M, n,w) is a LL submani-
fold if t*n =0, t*w =0 and dim M = 2dim N + 1 holds.

Lemma 4.5. Let (M, m1,w1) and (Ma,n2,ws) be two cosymplectic manifolds and f: My — M,
a diffeomorphism. Then f is an isomorphism of cosymplectic manifolds if and only if the graph

of f, i.e.,
I:={(x, f(x),1) € My x My xR |x € M}

is a LL submanifold of a cosymplectic manifold (My x Mz x R, n,w), where
n=m—n, w=wi —wy+n Adt.

Proof. The graph I is the image of an embedding ¢: My — M; x My x R, «(z) = (=, f(x),1).
Then we obtain

Un=Jpm—pan) =n—f'm,  Jw=0(plw —pow + (pin) Adg) = w — frw,
where p; and ¢ denotes projections to M; and R, respectively. In addition, we have
2dimT" 4+ 1 = 2dim M; + 1 = dim(M; x My x R).
Therefore, I" is a LL. submanifold if and only if f*ny =1, f*ws = wy. |

We can also rephrase the definition of a cosymplectic groupoid by using the notion of a LL
submanifold.

Proposition 4.6. Let G = (G1 = Gy) be a Lie groupoid and (n,w) a cosymplectic structure
on Gy. Then a triplet (G,n,w) is a cosymplectic groupoid if and only if the graph of the multi-
plication, i.e.,

I':={(g,h,1,gh,1) € G1 x G1 x Rx G1 xR | (g9,h) € G1 sx:G1}

is a LL submanifold of a cosymplectic manifold (G1 x G1 x R x G1 x R, 7, @), where
n=n1+n2 — N3, W= (w1 + w2 +m Adty) — w3+ (m +n2) Adiy

(t; denotes the coordinate of i-th R and (n;,w;) denotes the cosymplectic structure of i-th G1).

Proof. The graph I is the image of an embedding ¢: G sx: G1 — G1 X G1 X R x G1 X R given
by (g, h) = (g,h,1,gh,1). Then we obtain

L' = " (pin + p3n — p3n) = prin + pran — m'n,
o

VW =" (plw + pw — paw + (p1n) Adar + (pin + pan) A dgz) = priw + praw — m'w,
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where p; and ¢; denotes projections to i-th G; and i-th R, respectively, and pr;: G1 sx: G1 — G
also denotes projections. Hence the multiplicativity of n and w is equivalent to t* = 0
and *w = 0, respectively. In addition, we have dimI' = dim(G; sx; G1) = 2dim G; — dim Gy,
and since dim G; = 2dim Gy + 1 (see [6]), we obtain

2dimI'+1=4dimG; —2dimGy+1=3dimG; +2 = d1m(G1 x G1 x R x G1 x R)
Therefore, the multiplicativity condition is equivalent to I' being a LL submanifold. |
Now we can define a notion of a cosymplectic groupoid action.

Definition 4.7. Let (G = (G1 = Go),na,,wa,) be a cosymplectic groupoid and (M, n,w)
a cosymplectic manifold. A left G-action on M (or a left G-module M) is said to be cosymplectic
if the following conditions are satisfied:

(1) The momentum map p: M — G of the action satisfies dp(R) = 0, where R is the Reeb
vector field of (M,n,w).

(2) The graph of the action, i.e.,
I''={(g9,2,1,92,1) e Gt x M xRx M xR | (g,2) € G1sx, M}
is a LL submanifold of a cosymplectic manifold (G; x M x R x M x R,7n,w), where
ni=nc, +m—m, 0= (wg tw +ng Adtr) —ws + (16, +m) Adta

(t; denotes the coordinate of i-th R and (n;,w;) denotes the cosymplectic structure of
i-th M).

Remark 4.8. Condition (1) means that the Reeb vector field R lies in the direction of the
fibers of the momentum map p, and this will later be necessary for constructing a cosymplectic
structure on our reduced space.

The following proposition is essentially used in Section 5 for the proof of our main theorem.

Proposition 4.9. Let (G = (G1 = Go),nG,,wa, ) be a cosymplectic groupoid, (M, n,w) a cosym-
plectic left G-module and (p, ®) its action maps. Let Sg = (S, = Go) be the symplectic sub-
groupoid obtained by Theorem 3.5. Then any symplectic leaf S of (M,n,w) is a symplectic left
Sg-module by action maps

p‘S: S—>G0, (I)‘SGlsXpS: SGISXPS%S.

Proof. Firstly, we see that the Legendrian property of the graph I' of the action (p, ®) im-
plies ®(Sq, sx,5) C S. Let (g,2) € Sg, s%,S and (g(t),z(t)) be a smooth path in Sg, sx,S5
whose starting point is (1,(;),#) and ending point is (g,z). Then we obtain a smooth path
(g(t),z(t), 1, (gz)(t),1) in T and

0 =7(4(t), 2(t), 0, (g) (1), 0) = ne, (9(1) + n(&(t)) — n((gz)(t)) = —n((gx)(?))

holds. Therefore, two points = 1,,)@ and gz are in the same symplectic leaf .

Secondly, we see that the Lagrangian property of the graph I' implies that the restricted
action (p|g, <I>|SG1 sXpS) is symplectic. Let (g(t),z(t)) be a smooth path in Sg, sx,S. Then we
have

0 =w(g(t),%(t),0, (gz)(t),0) = wa, (9(t) + w(@(t)) — w((gz)(t)).

In addition to this, taking the dimension count into consideration, we can see that the graph of
the Sg-action on S is a Lagrangian submanifold. |
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5 Mikami—Weinstein type theorem

Now we recall the statement of the Mikami-Weinstein theorem.?

Theorem 5.1 ([12]). Let G = (G1 = Gy) be a symplectic groupoid and M a symplectic, free
and proper left G-module with respect to a momentum map p: M — Gy. Assume that & € p(M)
is a regular value of p. Then gg\p_l(f) is a symplectic manifold. Moreover, if p is submersive,
the family of symplectic manifolds {gg\p_l is precisely the symplectic foliation of the

(€) }f Ep(M)
Poisson manifold G\ M.

Example 5.2. Consider the case of G = (G'xg* = g*). Forany { € g%, G ~ {g € G | Ad,{ = &}
Thus by the correspondence in Example 4.3, we can see that the Marsden—Weinstein—Meyer the-
orem is a special case of the Mikami—Weinstein theorem.

The following is our main theorem.

Theorem 5.3. Let G = (G1 = Gy) be a cosymplectic groupoid and (M, n,w) a cosymplectic, free
and proper left G-module with respect to a momentum map p: M — Gy. Assume that § € p(M)
is a regular value of p. We denote (Sg)e\p~1(€) as M® and the quotient map as p: p~ (&) —
ME. Then M admits a unique cosymplectic structure (ng,wg) such that p*nt = n\pfl(g) and

Pt =l

Proof. Let {S;}icr be the symplectic foliation of M. Since the Reeb vector field R of M
satisfies dp(R) = 0, each S; intersects transversely with p~1(¢), and thus (p|s,) "1 (£) is a smooth
manifold.

By Proposition 4.9, the symplectic groupoid Sg acts on each leaf S; symplectically. Hence
{5’5 (Sg)e\(pls;) 1 (€ )}161 forms a foliation on M¢ of codimension 1 (see [13, Section 1.3]).
In addition, we can apply Theorem 5.1 on each leaf and thus {Sé} is a symplectic foliation
on M¢.

Let Lg: p~1(£) = p~ (&) be the left action map by g € (Sg)¢ and x(t) a integral curve of R
in p=1(¢). Then by the Legendrian property of the graph,

1((Lg)+R) = n((gz)(t)) = 16, (0) + n(i(t)) = n(R) =1

holds. Similarly, by the Lagrangian property of the graph, we have w((Lgy)«R, —) = 0 and thus R
is left invariant. Hence R descends to a vector field R® := dp(R) on the quotient M¢. The vector
field RS is transverse to the symplectic foliation on M¢.

The reduced foliation {S }Z ¢ 1s coorientable since {Si}ier is. We choose a deﬁmng 1-form n®
of the foliation {5’5} I such that n¢ (Rf) = 1 holds. Then we have p*n¢ = Nlp-1(e)- Let w; be
the symplectic form on S Then we define a 2-form w® on M¢ by w¢ (R5 —) = 0 wg\ §¢ = Wi-
Then we have p*w® = w| p—1(6)- n¢,w¢ are closed since n,w are closed and p is a submersion.

Moreover, since nt (Rg) # 0 and w}' # 0, nt A (w5 ) is a volume form, where n is an integer
such that dim M¢ = 2n + 1. Therefore a pair (17g wg) is a cosymplectic structure on M¢. W

6 Examples

In this section, we give two examples of Theorem 5.3.

Example 6.1. Let G = (G1 = Gy) be a cosymplectic groupoid. Then G acts on G; by the
multiplication of groupoid with ¢: G; — Gg as the momentum map. This action is free, proper
and cosymplectic. In fact, the graph of the action is a LL submanifold because of Proposition 4.6,
and the Reeb vector field R of G satisfies R € Kerdt (see [6]).

3In [16], an alternative proof utilizing Morita equivalence was given.
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For any £ € Gy, the reduced cosymplectic manifold (Sg)¢\t~*(€) is obtained by Theorem 5.3.
Here the symplectic leaf (Sg)¢\ (t]sg, )~1(€) coincides with the Sg-orbit in G through ¢. We can
see that it is also a leaf of the symplectic foliation of a Poisson manifold Gy by Theorem 5.1,
and thus we have two foliated manifolds each having the orbit as a leaf.

Example 6.2. Let G be a Lie group acts on a cosymplectic manifold (M,n,w) freely and
properly. We assume that there is a momentum map p: M — g* with respect to the action.
Then let us consider a cosymplectic groupoid

T"GxR~Gxg"xR=g"

(the trivial R-central extension of a symplectic groupoid T*G = g*).
For any € > 0, we define
M. = {x € M | Reeb flow ¢,(x) is defined in ¢ € [—¢, €]},
ga = (G X g* X (_578) = g*)'
In fact, although G. is not a Lie groupoid, it is a local Lie groupoid (i.e., the composition of
arrows is defined only in a neighborhood of the unit arrows) whose structure maps are the same

as those of G x g* x R == g*, and the previously discussed concepts related to actions can also
be applied to local Lie groupoids. We can define a cosymplectic G.-action on M. by

(9,6:t) -z := pr(g)

for (g,¢,t) € G x g* x (—¢,¢), ® € M., with u|y.: M. — g* as the momentum map. In this
case, Theorem 5.3 coincides with Theorem 2.2 for the G-action on (M., 1|, w|n.)-

7 Further study: Morita equivalence

We defined the notion of a cosymplectic groupoid action, thus we can also define the notion of
Morita equivalence between cosymplectic groupoids as in the case of symplectic groupoids [16].

Definition 7.1. A cosymplectic groupoid G = (G1 = Gp) is said to be Morita equivalent to
another cosymplectic groupoid H = (H; = Hj) when there is a cosymplectic manifold M, a left
cosymplectic G-action and a right cosymplectic H-action on M which satisfies the following
conditions:

(1) Momentum maps p: M — Gy and o: M — Hj are surjective submersions.
2) Actions of G and H on M are both free and proper.

) The two actions commute with each other.

)

The map p is constant on each orbit of the action of H and an induced map M/H — Gy is
a diffeomorphism. Similarly, o is constant on each orbit of the action of G and an induced
map G\M — Hj is a diffeomorphism.

The triplet (M, p, o) is called an equivalence bimodule from G to H,

N

Regarding the relationship between the Morita equivalence of cosymplectic groupoids G, H
and that of their symplectic subgroupoids Sg, Sy, we obtain the following.
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Proposition 7.2. Let G = (G1 = Gy) and H = (H1 = Hy) be Morita equivalent cosymplectic
groupoids and Sg = (Sq, = Go), Sy = (Su, = Hy) their symplectic subgroupoids. Let (M, p, o)
be an equivalence bimodule from G to H and assume that there is a symplectic leaf S of M which
satisfies the following conditions:

e pls: S — Gy, olg: S — Hy are surjective.
o For anyx € S and g € Gy such that gx is defined, gxr € S implies g € Sg, .
o For any x € S and h € Hy such that xh is defined, xh € S implies h € Sy, .

Then the triplet (S, p|s,ols) is an equivalence bimodule from Sg to Sy, and thus these symplectic
groupoids are Morita equivalent,

Sc, S SH,

ZEN

Proof. First, Proposition 4.9 implies that actions of Sg and Sy preserves the leaf S, and these
actions are both symplectic.

Since actions of G, H are both cosymplectic, dp(R) = 0, do(R) = 0 holds for the Reeb vector
field R of M. Hence p|g, o|s are submersions.

Then p|g is constant along each orbit of the Sy-action, and it induces a diffeomorphism
S/Sy — Gy since for x € S, gz € S implies g € S, and p induces a diffeomorphism M/H — Gj.
Similarly, we can see that o|g induces a diffeomorphism Sg\S — Hp. The other conditions can
be easily verified. |

Xu [16] studied the notion of Morita equivalence of symplectic groupoids and applied it to
investigate Morita equivalence of Poisson manifold [15]. In this paper, we defined the notion of
a cosymplectic groupoid action and that of Morita equivalence between cosymplectic groupoids.
Regarding them, future work includes demonstrating that results parallel to those in the case of
symplectic groupoids hold (e.g., whether Morita equivalence between two cosymplectic groupoids
implies an equivalence of categories between their module categories).

Acknowledgements

The author is grateful to R. Goto for his encouragement. The author also thank N. Ikeda for
useful conversations. He greatly appreciates the suggestions of the anonymous referees which
considerably improved the presentation. This work was supported by JSPS KAKENHI Grant
Number JP23KJ1487.

References

[1] Albert C., Le théoréme de réduction de Marsden—Weinstein en géométrie cosymplectique et de contact,
J. Geom. Phys. 6 (1989), 627-649.

[2] Cappelletti-Montano B., De Nicola A., Yudin I., A survey on cosymplectic geometry, Rev. Math. Phys. 25
(2013), 1343002, 55 pages, arXiv:1305.3704.

[3] Crainic M., Fernandes R.L., Lectures on integrability of Lie brackets, in Lectures on Poisson Geom-
etry, Geom. Topol. Monogr., Vol. 17, Geometry and Topology Publications, Coventry, 2011, 1-107,
arXiv:math.DG/0611259.

[4] Crainic M., Fernandes R.L., M&rcut I., Lectures on Poisson geometry, Graduate Studies in Mathematics,
Vol. 217, American Mathematical Society, Providence, RI, 2021.

[5] Djiba S.A., Wade A., On cosymplectic groupoids, C. R. Math. Acad. Sci. Paris 353 (2015), 859-863.


https://doi.org/10.1016/0393-0440(89)90029-6
https://doi.org/10.1142/S0129055X13430022
http://arxiv.org/abs/1305.3704
http://arxiv.org/abs/math.DG/0611259
https://doi.org/10.1090/gsm/217
https://doi.org/10.1016/j.crma.2015.06.017

Mikami—Weinstein Type Theorem for Cosymplectic Groupoid Actions 11

Fernandes R.L., Iglesias Ponte D., Cosymplectic groupoids, J. Geom. Phys. 192 (2023), 104928, 20 pages,
arXiv:2304.06163.

Guillemin V., Miranda E., Pires A.R., Codimension one symplectic foliations and regular Poisson structures,
Bull. Braz. Math. Soc. (N.S.) 42 (2011), 607-623, arXiv:1009.1175.

Hitchin N.J., Karlhede A., Lindstrém U., Ro¢ek M., Hyperkéhler metrics and supersymmetry, Comm. Math.
Phys. 108 (1987), 535-589.

Mackenzie K.C.H., Xu P., Integration of Lie bialgebroids, Topology 39 (2000), 445-467, arXiv:dg-
ga/9712012.

Marsden J., Weinstein A., Reduction of symplectic manifolds with symmetry, Rep. Math. Phys. 5 (1974),
121-130.

Meyer K.R., Symmetries and integrals in mechanics, in Dynamical Systems, Academic Press, New York,
1973, 259-272.

Mikami K., Weinstein A., Moments and reduction for symplectic groupoids, Publ. Res. Inst. Math. Sci. 24
(1988), 121-140.

Moerdijk I., Mrc¢un J., Introduction to foliations and Lie groupoids, Grad. Stud. Math., Vol. 91, Cambridge
University Press, Cambridge, 2003.

Weinstein A., Symplectic geometry, Bull. Amer. Math. Soc. (N.S.) 5 (1981), 1-13.
Xu P., Morita equivalence of Poisson manifolds, Comm. Math. Phys. 142 (1991), 493-509.

Xu P., Morita equivalent symplectic groupoids, in Symplectic Geometry, Groupoids, and Integrable Systems
(Berkeley, CA, 1989), Math. Sci. Res. Inst. Publ., Vol. 20, Springer, New York, 1991, 291-311.

Yonehara S., Reduction of coKahler and 3-cosymplectic manifolds, J. Geom. Symmetry Phys. 68 (2024),
59-80, arXiv:2404.13253.


https://doi.org/10.1016/j.geomphys.2023.104928
http://arxiv.org/abs/2304.06163
https://doi.org/10.1007/s00574-011-0031-6
http://arxiv.org/abs/1009.1175
https://doi.org/10.1007/BF01214418
https://doi.org/10.1007/BF01214418
https://doi.org/10.1016/S0040-9383(98)00069-X
http://arxiv.org/abs/dg-ga/9712012
http://arxiv.org/abs/dg-ga/9712012
https://doi.org/10.1016/0034-4877(74)90021-4
https://doi.org/10.1016/B978-0-12-550350-1.50025-4
https://doi.org/10.2977/prims/1195175328
https://doi.org/10.1017/CBO9780511615450
https://doi.org/10.1017/CBO9780511615450
https://doi.org/10.1090/S0273-0979-1981-14911-9
https://doi.org/10.1007/BF02099098
https://doi.org/10.1007/978-1-4613-9719-9_20
https://doi.org/10.7546/jgsp-68-2024-59-80
http://arxiv.org/abs/2404.13253

	1 Introduction
	2 Cosymplectic manifolds
	3 Symplectic groupoids and cosymplectic groupoids
	4 Actions of cosymplectic groupoids
	5 Mikami–Weinstein type theorem
	6 Examples
	7 Further study: Morita equivalence
	References

