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Abstract. We present four types of discrete Lagrangian 2-form associated to the integrable
quad equations of the ABS list. These include the triangle Lagrangian that has traditionally
been used in the Lagrangian multiform description of ABS equations, the trident Lagrangian
that was central to Part I of this paper, and two Lagrangians that have not been studied
in the multiform setting. Two of the Lagrangian 2-forms have the quad equations, or
a system equivalent to the quad equations, as their Euler-Lagrange equations, and one
produces the tetrahedron equations. This is in contrast to the triangle Lagrangian 2-form,
which produces equations that are weaker than the quad equations (they are equivalent
to two octahedron equations). We use relations between the Lagrangian 2-forms to prove
that the system of quad equations is equivalent to the combined system of tetrahedron
and octahedron equations. Furthermore, for each of the Lagrangian 2-forms, we study the
double zero property of the exterior derivative. In particular, this gives a possible variational
interpretation to the octahedron equations.
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1 Introduction

In Part I of this work [19], we revisited the discrete Lagrangian multiforms for the integrable
quad equations of the ABS list. We showed that two central properties of the theory are more
subtle than usually acknowledged:

(1) the equivalence between quad equations and their three-leg forms,

(2) the closure relation of the Lagrangian multiforms.

By introducing additional, integer-valued, fields to the action, we managed to put property (1)
on sound footing and recovered a slightly weaker version of property (2). We gave counterex-
amples to the usual formulations of these properties. In Part I, we focused our attention to
what we call the trident Lagrangian. We chose this over the established choice in discrete La-
grangian multiform theory (which we call the triangle Lagrangian and was introduced in [11], see
also [4, 5, 6, 13, 24]), because the trident Lagrangian produces Euler-Lagrange equations that
are equivalent to the multi-affine quad equations, whereas the triangle Lagrangian produces
a weaker set of equations.

The first aim of Part II is to compare these choices of Lagrangian, as well as two further
Lagrangians. We will show how the Euler-Lagrange equations of these different Lagrangian
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multiforms relate to various sets of equations that have been associated to integrable quad
equations: tetrahedron equations and octahedron relations [5, 6].

The second aim of Part II involves an algebraic interpretation of the closure relation that
has recently been emphasised: we can write the exterior derivative of the Lagrangian form as
(a sum of) product(s) of Euler-Lagrange expressions. In other words, the exterior derivative is
not just zero on solutions of the Euler—Lagrange equations (or possibly a multiple of 47r2), but
attains a double zero on this set of equations. In the continuous (and semi-discrete) case, the
double zero property has been used implicitly in [20, 23] and discussed explicitly in [7, 18, 21].
In the discrete setting, a double zero expansion for the lattice Boussinesq equation was recently
obtained in [17]. In the present work, we give double zero expansions for the Lagrangian mul-
tiforms of the ABS list. These double zero expansions extend the variational interpretation of
the quad and tetrahedron equations and provide the first known variational interpretation of
the octahedron equations.

The structure of this paper is as follows. In Section 2, we review the properties of the ABS
equations that are relevant to this work. We start Section 3 with a review of Lagrangian multi-
form theory, including the extension of the action by integer fields that was developed in Part I.
In Sections 3.3-3.6, we present four types of Lagrangian multiform. For two of these, the varia-
tional principle produces exactly the set of quad equations. One of the Lagrangian multiforms
produces only the tetrahedron equations. The final one is the well-known Lagrangian multi-
form on a triangular stencil. In Section 4, we show that the relations between quad equations,
tetrahedron equations, and octahedron equations follow from relations between the different
Lagrangian 2-forms. In Section 5, we show that the exterior derivatives of all four 2-forms admit
a double zero expansion (in terms of quad, tetrahedron, or octahedron polynomials). We give
a general construction of these double zero expansions and explicit expressions for the quad
equation H1.

2 Quad equations

We consider the multi-affine and multidimensionally consistent quad equations from the ABS
list [1]. The ABS list consists of

e equations of Hirota-type H1, H2, H3;,
e more symmetric equations Qls, Q2, Q3s5, Q4,

e equations Alg, A2, related to Qls, Q3 by non-autonomous transformations.

The subscript in Q15 etc. indicates dependence on a parameter §. We often distinguish between
zero and nonzero values of the parameter by writing Q15— or Q1ls.o. Details of these equations
can be found, for example, in [1, 4, 8, 15], or in Part I [19].

2.1 Three-leg forms

Given a field u: ZY — C and a reference point n € ZV, we write u = u(n), u; = u(n + €;),
ui; = u(n + e; + e;), etc., where e; denotes the unit vector in the i-th direction. Each equation

Qij = Q(u, ui, uj, uij, iy o) = 0

of the ABS list is related to a three-leg form. For some of the equations (H1, Als—y and Qls—o),
there exist functions ¥ and ¢ such that the multi-affine equation is equivalent to

d(u, wij, 0 — o) = P(u, ui, 04) — Y(u, uj, o). (2.1)
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The other ABS equations have three-leg form with multiplicative structure: there exist func-
tions ¥ and ® such that the multi-affine equation is equivalent to

\Il(u7 Us, ai)

@(u,uij,ai—aj): \Il(u W a~)'
s Uy, Gy

Setting ¢ = log(V¥) and ¢ = log(¢), we find that the multi-affine equation (for H2, H3, Also,
A2, Qlsz0, Q2, Q3, Q4) is equivalent to
d(u, uij, oo — o) = Y(u, ui, o) — Y(u, uj, o) + 20, CNSWVA (2.2)

For all equations of the ABS list, regardless of whether the three leg form is of type (2.1) or (2.2),
¢ is an odd function of its last entry, i.e., ¢(u, uij, o — oj) = —p(u, uij, aj — ;).
We denote the additive three-leg expression by

QE;L) = ¢(uauia ai) - 7#(%“3'7041‘) - QS(Uauij?O‘i - aj)a

where the superscript indicates that the three legs meet at the vertex u. We can also consider
three-leg forms based at the other three vertices of the square:

Qgh) = w(uu uija aj) - w(um u, a’i) - ¢(u17 uja aj - ai)7 (23)
QU 1= (i, o) — i, wi, 05) — Sluig, w0 — ), (2.4)

In summary, we have the following.

Proposition 2.1. For H1, Als—g and Qls—q, there holds
Qij =0 < QE;) =0 — QE;”) =0 — QZ(-;”) =0 — Qg”j) =0.
For H2, H3, Alszo, A2, Qlszo, Q2, Q3, there holds

Qij =0 < QE;.‘) =0 mod 27 <— QE;”) =0 mod 27i

— Qg.”) =0 mod 27 <= qu”) =0 mod 27i.

J

The three-leg forms of quad equations on adjacent faces of the cube combine to form an
equation on a tetrahedral stencil. We can base the three-leg form of the tetrahedron equation
at any of its vertices, as illustrated in Figure 1,

TW = B(u, Usgg, O — aj) + ¢(U7Ujk, Qj — ag) + ¢(u, ugi, o, — i),

2.
T = pugj, u, 0 — ) + d(uig, ups, i — au) + Suig, wjn, a, — ), 2.
2.
2.

(
(
T = g, sk, i — o) + Guniy wig, 00 — ) + G(upi, u, o — ), (
(

TR = G(ujn, iy s — ) + G, w05 — k) + G, i, % — ).

The ABS equations of type Q have the property that their short and long leg functions are the
same, ¢ = 1. Each equation of type H and A shares its long leg function ¢ with an equation of
type Q, but has a different short leg function . Thus, the tetrahedron equation of any member
of the ABS list takes the form of a quad equation of type Q, in their respective three-leg forms.
Similarly, the multi-affine tetrahedron equation T = 0 can be described as a quad polynomial
of type Q, evaluated on a tetrahedron stencil:

type
T (u, i gy gy @y gy ) = QP D (w i, wjpe, upg, o — v, —aj + ayy).
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\ ki

Figure 1. Four three-leg forms of a tetrahedron equation.

A second tetrahedron equation is found from this by point inversion,
T (Wijh, Uy Wiy Uy, O, Oy OU) = Q(type Q)(uijk,uk, Ui, Uj, 0 — O, —0 + Q).
Its three-leg forms are
TUk) = P(uijp, wr, v — ) + Puije, iy 0 — ar) + Gugn, uj, o — o), (
T = g, g, i — @) + Blun, wj, a5 — o) + g, wi, o — ), (2.11
T = Gug, ui, a5 — ) + Gug, up, o — ) + G(ug, ik, ag, — i), (
T = (ui, uj, i — o) + G, ik, o — ) + G(ui, up, g — ;). (2.13

The equivalences between the tetrahedron equations in multi-affine and three-leg forms are
as follows.

Proposition 2.2. For H1, Als—g and Qls—g, the multi-affine equation
T (w, Uij, Uik, Uk, O, O, ) = 0
1s equivalent to each of the following:
TW =0 = T =0 = TWr =0 — TU) =0,
For H2, H3, Alszo, A2, Qlszo, Q2, Q3, the multi-affine equation
T (w, Uij, Uik, Uki, O, O, ) = 0
1s equivalent to each of the following:
TW =0 mod 27 <= 7)) =0 mod 27i =
TWik) =0 mod 27i < T =0 mod 2ri.

Analogous equivalences relate T (wgji, Uk, i, uj, o, oj, ) = 0 to T (wige) g (uw) g wi) - gpd (),

3 Lagrangian multiforms

3.1 General theory

The central object of the Lagrangian multiform description of quad equations is a discrete
two-form L(u, u;, uj, uij, s, ), i.e., a function that is skew-symmetric under the swap of in-
dices i <+ j. We require that, for every choice of 2-dimensional discrete surface in the lattice,
the corresponding action sum is critical with respect to variations of the field u: ZV — C.
Equivalently, we require that the action sum over every elementary cube,

S = L(Uk, Ui, Uik, Uijks Qi 0f) + L(Wgy Uify Ukiy Wijks O, k) + L(Uj, sy Wig, Uiy Qs )

- E(U,Ui,Uj, Ugg, O, O[]) - ,C(U,Uj, uk7ujk) Qy, O[k) - ‘C(uuuk)uivuki)aku ai)u

is critical with respect to variations of the fields w,u;, ..., uijk [5].



Discrete Lagrangian Multiforms for ABS Equations II: 5

Criticality with respect to variations of the fields leads to a set of generalised Euler-Lagrange
equations, which we call corner equations. (They are also known as multiform FEuler—Lagrange
equations or multi-time Euler—Lagrange equations.) For the Lagrangians usually given for the
ABS equations, the corner equations are linear combinations of the three-leg forms without 27i
terms, as in equation (2.1). To recover the three-leg equation modulo 27i, as in equation (2.2),
we introduced an extended action in Part I:

SG’E =S+ 27ri(@u + O;u; + @jUj + Opug + @Z-juij + ijujk + Opup; + @ijkuijk)
+ 271‘1(51'0[2' + E]’Oéj + Ekak),

where ©,0;,...,0;;, are integers associated to the vertices of the cube, and Z;, E;, E; are
integers associated to the lattice directions.

The terms in S©= involving =;, Ej, Zx do not affect the corner equations, but they are
key to the second variational principle in Lagrangian multiform theory: the action is invariant
with respect to changes in the surface. This is equivalent to the property that the action on
each elementary cube vanishes, i.e., S®= = 0 on solutions. (Except in some cases we only have
S9E =0 mod 4772.) Since this action can be thought of as the discrete exterior derivative of
the Lagrangian 2-form, it is also referred to as the closure relation.

Similarly, for the equations H1, Als—y and Qls—o with a three-leg form of type (2.1), we
consider

SE =5+ 27ri(EZ-al- + EjOéj + Ekak)

in order to have a closure relation.

3.2 Lagrangian leg functions

The discrete Lagrangian 2-forms we consider in this work are linear combinations of functions of
two lattice sites only. After a suitable transformation of the variable u, there exist functions L
and A such that the leg functions ¢ and ¢ can be expressed as

0

¢(u7ui7a) = %

L(% Uhai)» ¢(U, Ujj, Q5 — Oéj) = A(U, Ujj, Q5 — Oéj),

ou

and also as

L(’LL, ui7ai) = 1/’(“17 U,Oéi), 7A(U,Uij, QG — aj) = Cb(uij,U, QG — aj)'

6ui 8uz 7

A key element in the ABS classification is provided by the biquadratics associated to a quad
equation, i.e., the polynomials h and ¢ satisfying

1 920 00 0Q

k(ai704j)< OujOui; %jauzj)
1 0%Q 0Q 0Q

k(az‘aaj)< Ouidu; 31%3%)

h(w, us, o) =

g(u, uij, 0 — o) =

where k is a skew-symmetric function, chosen such that i only depends on the indicated lattice
parameter. They are related to the L and A by [4, Lemma 3]

OL(u, uj, cv;)

e = log h(u, us, ;) + k(u) + £(w;) + ¢(o;) mod 27i (3.1)
8A 179 /e ] .
(u, ué;o;l e) = log g(u, uij, o — o) + K(u) + K(uij) — v(ou — ;) mod 2mi, (3.2)

for some functions x, c, .
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The quad equation @;; = 0 implies the following identities involving the biquadratics (see [4,
Lemma 1] and [1, Proposition 15]):

h(u, Uyq, ai)h(uij, Uj, ai) = h(u, Uj, aj)h(uij, Uq Oéj)
=g

(U, Ujj, O — Oéj)g(uu Uj, O — Olj)- (3-3)

Similarly, the tetrahedron equations

T(w, Uigy Wik, Ukis Qs gy ) =0 and T (ugjp, ug, i, uj, o, o, ag) = 0
imply
g(u, iz, o — o) g(Upi, Wik, o — o) = g(u, wjn, aj — ag)g(Uks, wij, ap — ;)
= g(u, upi, o, — ;) g(wij, wj, ax — ;) (3.4)
and
9 (Wi, U, 0 — aj)g(ug, i, 0 — o) = g, ui, of — ag)g(ug, ug, ap — a;)
= g(wijk, uj, o, — ;) g(up, ui, ap — a;), (3.5)
respectively.

3.3 Cross 2-form: tetrahedron equations are variational

We will show that the tetrahedron equations arise as corner equations of the following 2-form,
which we call the cross Lagrangian,

,CX(’U,, ui,uj, uij, oy — O[j) = A(ui,uj, ; — aj) — A(u,uij, o; — aj).

The name for this Lagrangian is inspired on its leg structure, which is shown in Figure 2 (a). Note

that the lattice is a bipartite graph, we can colour the vertices such that each edge links a black

vertex with white vertex. Then each term of the cross Lagrangian involves two lattice sites of the

same colour, so the cross Lagrangian (and its action) can be decomposed into one contribution

from the black graph, and one from the white graph. These could be studied separately, as was

done in [3, 4] in the more general context of Laplace-type equations on a bipartite quad graph.
Consider the action of Ly over an elementary cube

Sk = Aupi, wjg, o — o) — Aug, ujp, o — o)
— A(ui,uj, ay — aj) + A(u,uij, o — Odj) + Oz’jk

JEEN
= A(u, uij, o — aj) — Aug, uj, 05 — o) — (- ) + Oyji, (3.6)

where ();;, denotes the expressions obtained from the preceding one by cyclic permutations,
and (---) denotes the point inversion of the preceding terms, i.e., the expression obtained by in-
terchanging w <+ wijk, u; <> i, etc. Consider also he extended actions

SE = Sy 4 2mi(Zic + Zja; + Spou),
S2= = Sy + 2mi(Ou + Ou; + Ojuj + Okuk + Ojuij + Ojkuji, + Opiuni + Oijkijk)

+ QWi(EiOJZ‘ + Ejaj + Ekak).
Proposition 3.1. For H1, Als_y and Qls—q, the tetrahedron equations

T(U,Uij,ﬂjk,’dki, Q;, Qg O[k) = 07 T(“ijk?”k)“i?”ja g, Qg Oék) =0
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7.,

Uk Uijk
{}4
B4 | ?,
<. Iy © ‘
Ujk Qe Ujjk L g
%.\ bt I. : ~ ’,“'
@ R N : Sy
. AY
5% N : e ‘\\
RN 1 ¢' A
1 N 'l .
. ! w4 D
2 % \
7 ! ] l;\ fffffffffffff Ui
a RSN NT
Uk ~ O Uq AP T2
(\y'mf\ S N
@\{\." u Us
~ (a) (b)

Figure 2. (a) The leg structure of a single Lagrangian Lx (uk, Uk, Ujk, Uijk, @, &j). (b) The leg structure
for the action on an elementary cube of the cross 2-form Lx.

are satisfied if and only if there exist Z;,2;, 5y, € Z such that

95% 95T 95T 95%
ou 0, ou; 0, ou; 0, oup, 0,
052 . 9sE . 0sE_ . 0sE
A D Ouij Ouiji
and
05% 05% 05
aai N 07 80éj N 0’ aak =0

For H2, H3, Alsz, A2, Qlszo, Q2, Q3, the tetrahedron equations are satisfied if and only
if there exist ©,0;,...,0, € Z and E;,Z;,Z) € Z such that

aS= . dS= 0 0S0= 0 aS= .
ou ’ 8ui ’ 8uj ’ 8uk ’
9S= 0 aSe= 0 9S>= . SO= 0
8Ujk ’ 8ukl ’ 8uij ’ 8uijk ’
and
0= 0= 0=
IS= 050 _ 0Se= _
8042- ’ 805]' ’ 60%

Proof. We give the proof for the case of H2, H3, Alsxo, A2, Qlsxo, Q2, Q3. The argument for
H1, Als—g and Qls—¢ is obtained from this by setting @ = 0. In the partial derivatives of (3.6),
we recognise three-leg forms of the tetrahedron equations, (2.6)—(2.13). We have

o=

65672 = ¢(u, uij, @i — aj) + Oy, + 2071 = T + 20, (37)
98 i

“ay = i uj, @i — o) = dlus, uk, ak — i) — $ui, uijk, @ — ak) + 205

= —7) 4 20,7, (3.8)
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658,5 )
82-4 = Py, u, i — ) + G(uij, ujr, ap — ;) + G(uij, ugi, o — o) + 20;;mi
ij
= 7Wi3) 4 20,7, (3.9)
9S>= :
D —O(Uijh, Uy O — f) — P(Ugj, Uj, g — ) — D(Uijk, s, 0 — Q) + 20557
ij

= 7 (wije) 4 20, 7i, (3.10)

and expressions obtained from these by cyclic permutation of the indices. According to Propo-
sition 2.1, there exist ©,0;,...,0;;, € Z such that these expressions are zero if and only if the
multi-affine tetrahedron equation T' = 0 holds.
To prove the second claim, we use equations (3.1) and (3.2) to compute
0SO=

—
B log(g(u, uij, i — ;) — log(g(ui, uj, i — o)) — (- ) + Oiji + 257
1

o (g(ua Uij, o — ) g(Uki, Uk, 0 — )
9(ug, wijn, o — ) g(us, uj, o — aj)
By virtue of equations (3.4) and (3.5), the logarithm in this expression vanishes on the tetrahe-
dron equations, so given a solution to the tetrahedron equations, we can choose =; € Z such that
0=
05~ =0. |
8051-

The closure of the cross-multiform is closely related to the star-triangle relation: the closure
relation splits into contributions on the black and white parts of the bipartite graph, each of
which encodes a star-triangle relation, see [4, Theorem 2]. More about the relation between ABS
equations and star-triangle relations can be found, for example, in [2]. Note that our strategy

of including integer fields to account for branch cuts has previously been used in the context of
star-triangle relations [9, 10].

) + Ojjx - mod 27i.

3.4 Trident 2-form: quad equations are variational

One of the main results of Part I was that the quad equations of the ABS list are variational.
We showed that the trident Lagrangian

Lo (w, ui, wj, wij, 0, o) = L(u, ui, 05) — L(u, uj, o) — Au, uij, 05 — ),

has corner equations that produce the quad equations directly (in their three-leg form). This is
illustrated in Figure 3, where it can be seen that at each vertex there are three legs contributing
to the action around the cube, which either lie in a single quad, or span a tetrahedron.

Proposition 3.2. For H2, H3, Als.o, A2, Qlszo, Q2, Q3, the quad equations are satisfied if
and only if there exist ©,0;,...,0,j, € Z and Z;,Z;,Zy, € Z such that

9S>= 0 SS= 0 9s2= 0 9S>= 0
o ou; ou; our,
9s>= 0 as2= 0 as2= . as2= 0 (3.11)
8Ujk - (‘9u;ﬂ - 8uij - 8uijk - '
and
9s2= . 9s2= 0 as2= 0 (3.12)
Bai - 8aj o 80zk o '

For H1, Als—g and Qls—q, the quad equations are satisfied if and only if there exist integers
Zi, 2,2k € Z such that equations (3.11) and (3.12) hold for S=.
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Ujk Uijk
Ujk Uijk X =7
\ g 'l
o~ Py U ~—1 ke
S o ;o | ¢
ﬁ A ’ 1 S
= Y oS
~= A 1 .
Ny ’ ’
E/ v\ 1 :I'
il / ¥ f oA Ui
| AP
1 - -
fo7 ==
u Uk AL
B L(ug, ugg, o) Yk U v

(a) (b)

Figure 3. (a) The leg structure of a single Lagrangian Ly (uk, Uk, Wjk, Uijk, 06, ;). (b) The leg structure
for the action on an elementary cube of the trident 2-form L.

Proof. We identify the corner equations with the three-leg forms of the quad equations (2.3)—
(2.5) and tetrahedron equations (2.6) and (2.10) by observing that

0,= 0=
a%u =7 4 20, agz = QW) +20;mi,  etc., (3.13)

where ngi) = Y(ui, uij, ) — (U, Ui, ax) — G(us, wijk, o — o) is the three leg form based at u;
in the quad oriented along the j, k-directions. Since the quad equations imply the tetrahedron
equations, equations (3.13) imply that the quad equations are equivalent to the system (3.11).

Similar to Proposition 3.1, equations (3.12) can be proved using the biquadratics associated
to each quad equation. Details can be found in [19]. [

3.5 Cross-square 2-form

We introduce a second 2-form that produces a system of corner equations equivalent to the
quad equations. The function defining this 2-form was introduced in [4], where it was studied
on a single quad. To our knowledge, it was never before considered as a Lagrangian multiform.
It is given by
Lg = L(u, u;, 05) + L(uij, uj, ;) — L(u, uj, o) — L(ugg, ug, o)
—A(u, uz-j, oy — Oéj) — A(ui, ’U,j, oy — Ctj).
Inspired by its leg structure, illustrated in Figure 4, we call it the cross-square Lagrangian.
The action over an elementary cube of the cross-square Lagrangian is

—
Sx = 2L(’UJZ, Uij, Otj) + A(u,uij, o — Oéj) + A(ui,uj,ozi — Oéj) — ( . ) + Oijk
— QSZ - Sx, (314)
S0 its corner equations consist of linear combinations of the corner equations of the trident and
cross Lagrangians.

Proposition 3.3. For H2, H3, Als.o, A2, Qlszo, Q2, Q3, the quad equations are satisfied if
and only if there exist ©,0;,...,0,j, € Z and Z;,Z;,Zy, € Z such that

S 0 S = 0 9Sg= 0 S 0
o ou; ou; our,
9SO = dS2= S= 9SO =
=0, =0, =0, =0, (3.15)
3Uj1€ O auij auijk‘
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8-
III N :'
.. S .
Ujik Uijjk u g R L
k T n S ke
D ] .
‘\ 1 n i¢
. n It
v n P N
AN n . N
s .
’ . ’ AN
1) N D
1) N
’ VR el | Bl S U’LJ
' - S -~ -
u ULs Yy -
k ki 1/ " ~
s == N
u (7%

(a) (b)

Figure 4. (a) The leg structure of a single Lagrangian Ls(uk, Uk, Wjk, Uijk, 06, ;). (b) The leg structure
for the action on an elementary cube of the cross-square 2-form Lg.

and
ISg= . ISg= 0 dSe =
oy ’ Do ’ Jay,
For H1, Als—g and Qls—g, the quad equations are satisfied if and only if there exist integers
Zi, 2,2k € Z such that equations (3.15) and (3.16) hold for S=.

= 0. (3.16)

Proof. From (3.14), we deduce that the corner equations are the corresponding linear combina-
tion of the corner equations (3.13) and (3.7)—(3.10) of the trident and cross Lagrangian 2-forms.
Hence,

05x — 7 4 207, 0Sx — g (uigr) 4 20,571,
ou Ouiji,
%% _ 20 + T + 20,mi, 0% _ _ 20\ — T (k) 1 20 ym, (3.17)
ou; J Ujk
where Q( = P (ui, wij, ) — (Ui, uki, o) — O, ul(]k, — ay,) is the three leg form based at u;

in the quad oriented along the j, k-directions and Qj is as in equation (2.4). The remaining
corner equations are obtained from (3.17) by cyclic permutation of the indices.

If multi-affine quad equations hold, then all of the three-leg forms involved in the system (3.17)
are multiples of 27, so the corner equations are satisfied. Conversely, if all equations of the
system (3.17) hold, then in particular the tetrahedron equations in three-leg form, centred at u
and uji, are satisfied. Then the tetrahedron three-leg forms centred at u;, uj, ug, uij, wjk, U
also vanish modulo 27i, so the remaining corner equations reduce to individual quad equations
in three-leg form. These are equivalent to the multi-affine quad equations.

Furthermore, using equations (3.1) and (3.2), we find

0Lg
804i

= log(h(u, ui, o)) + log(h(uij, uj, i)

—log(g(u, uij, o — j)) — log(g(us, uj, o — aj)) + 2¢(a;) — 2v(e; — o)
Elog( : h(u, wi, o) h(wij, uj, o)
g

U, Ui, 0 — ) g (U, uj, o — )

) + 2c(a;) — 2y(o; — o) mod 27i.

From equation (3.3), it now follows that, on solutions to the quad equations, % is a multiple

of 27i, so there exists a =; such that

98D=

80[2' 0
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(a) (b)

Figure 5. (a) The leg structure of a single Lagrangian Ly (ux, Ui, Ujk, 0, ;). (b) The leg structure for
the action on an elementary cube of the triangle 2-form Ly sits on an octahedral stencil.

The following lemma states that, for the cross-square Lagrangian, we can also obtain the
quad equation by taking partial derivatives of the Lagrangian on a single quad. Lagrangian
multiform theory does not require this property, but it will be a useful tool in Section 5.3.

Lemma 3.4. For H2, H3, Als.o, A2, Qlszo, Q2, Q3, the quad equation is satisfied if and only
if there exist ©,0;,0;,0;; € Z and Z;,Z; € Z such that

% = 20mi, OLa = 20;mi, % = 20,mi, OLs
du u; O

== 2@ijﬂ'i.
Uijj
For H1, Als—y and Qls—0, the quad equation is satisfied if and only if there exist 2;,Z; € Z
such that
aﬁg 8[@ 8»cg ac&

— =0 =0 — =0 =0.
8u ’ aul ’ 8uj ’ 8uij

Proof. We have

0Lx
% = d}(uvui’ ai) - ?!)(U,“ja aj) - ¢(u>uij’ Qg — aj)
and similar expressions for the derivatives with respect to u;, u;j, and wu;;. |

3.6 Triangle 2-form

Now we compare the above constructions to the known 2-form £ (which has been the standard
choice in the theory of Lagrangian multiforms [11]),

Ln(u, ui, uj, o4, ) == L(u, u;, 05) — L(u, uj, o) — A, uj, 0 — j).

We review how this 2-form is critical on a set of equations weaker than the quad equations and
we will relate it to our new 2-forms via L = £, — L«.

The action around the elementary cube of the triangle Lagrangian depends on an octahedral
stencil depicted in Figure 5,

“—
Sn = L(ui,uij, Oéj) + A(ui,uj,ai — Oéj) - ( . ) + O”ij (318)
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Since u and wu;;, does not appear in this action, there are no corner equations at these points.
The corner equation at u;; in terms of leg functions is

05 0
= au% = Hu Ll i, 05) = L(wg, uig, 0d) = Mg, ki, 0 — o) = A, uig, o — @)
ij ij
= Y(uij, ui, ) — (i, uj, 05) — G(uij, Ui, a5 — o) — G(uiz, Uk, g — Q)

Note that this corner equation can be written as a combination of two quad equations in three-leg
form, based at the vertex wu;;:

Q(uw Q(uw ) (3.20)

Rprd Apd
At the vertex u;, we find the corner equation £;; = 0, where &;; := —Q%k) — Q,(C?k) is obtained

from &;; by point inversion in the cube, i.e., u <> i, u; < ujy, ete.

Pr0p031t10n 3.5. For H2, H3, Als.o, A2, Qlszo, Q2, Q3, the equations £ =0, &, =
é’;ﬂ = 0 are satisfied if and only if there exist ©,0;,. ..

)

,Oijk €Z and Z;,E;,E, € Z such that

0s0= _ 0S0= 0 9s0F
8ui ’ 6uj ’ 8uk ’
.= [CRS 0.2
0% _ 0, N 0, 05 _ 0, (3.21)
Oujy, Ou; Ouij
and
0= 0= 0=
N L N N (3.22)
O ’ Oa; ’ day,

For H1, Als—g and Qls—q, the quad equations are satisfied if and only if there exist integers
Zi, 2,2k € Z such that equations (3.21) and (3.22) hold for S=.

Proof. Expressions (3.21) follow from equation (3.19) and its analogues obtained by cyclicity

and point inversion.

To derive equations (3.22), we first show that any solution (u;,w;,ur, uij, wjk, ug;) to the
E-equations can be extended to a solution to the quad equations. We have that

5 = Q(uk) — Q") =0 mod 2,
? = Q QZ(;.”) =0 mod 2ni,
? Q(uj) — Qg.zj) =0 mod 27i.

Choose U (sm):h that the quad equation @;; = 0 holds. Then Q (us)
Q =Q’
ik

v

=0 mod 27i, so the quad equations Qj; = 0 and Qri 7_>0 hold (a_s)well.

QE;” ) =0 mod 271, hence
Sim-

1laurly7 we can choose u;j; such that the three shifted quad equations @;; =0, Q;x =0, and
Qi = 0 hold.
Now, starting from the definition (3.18) and using equations (3.1)—(3.2), we compute

9so=  a
80@ N 80[1'

(L(uk, Uiy Oéi) — L(u]', uij, Oél‘) + A(Ul, Uj, a,; — Oéj) + A(uk, Uiy O — Oéi)

— A(uks, ujg, 0 — o) — Awjg, wij, o, — o) + 25;7i
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1 (h(ukyukria Oéi)g(ui,uj7 oG — Oéj)g(ujk,uz'j, Qp — Oéz')
h(uj, wij, a;)g(ur, i, o — ) g(Ups, Wik, 0 — )
1 (9(%%'7 a; — o) g(ug, uj, 0 — aj))
og
h(w, ui, o) h(uj, uij, o)

) mod 27i

n log( h(w, wi, o) h(ug, wgi, o) )
g(u, ugi, o — o) g(ug, i, o — 0y)

N 10g<9(ujk,uij7 ap — 0;)g(u, ug;, o — o)
9(Uik, ujn, o — aj)g(u, uij, o — )

) mod 27i.

Each of the logarithms vanishes on the quad equations, so the existence of a suitable =;
follows. |

The triangle Lagrangian 2-form produces a set of corner equations that vanish on the quad
equations but are not equivalent to them, because they lack the variables v and w;;;. Further-
more, we can relate each of the four-leg equations (3.19) to a quad equation and a tetrahedron
equation. From £y = £, — Lx, we have

SB = SM - S)( (323)
and thus
Ej = —Qu) — T, (3.24)

Example 3.6. For H1, also known as the lattice potential KdV equation, we have
Qij = (wi — ug)(u — uij) — o + . (3.25)

Its leg functions are given by

w(u7 Us, ai) = U4 and ¢(U, Uij, X — a]) =

and triangle Lagrangian is
Ly = uu; — uuj — (o — o) log(u; — uy),
S
Sn = ugtgi — uptir — (0 — o) log(upy — wjk) + (o — o) log(wi — uj)* + Oiji,
—
= wju; + (i — o) log(u;i — uj) — () + Oiji-

Two corner equations are identically zero and the other six have a four-leg form. The corner
equations at u;;, u;r and u; are all of the form

85& a5 — O . — O . iy
J ? (uiz) (uiz)
Ouj Uij — ki Wjk — Uij

0

Clearly these equations vanish on the quad equations. Similarly, the other three corner equations
are of the form

6SB_ ap — O Oéj—Oék_

(ug) (ur) _ _?..
8uk Ul — U; ’U,j — Uk ij + le Ea
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Furthermore, we have

IRES
N 8&2‘

0 = log(u; — u;) — log(ujr — uk;) — log(ug — u;) + log(us; — wj) + 25;7i

= log (s — uy) (uij — ujk) mod 271
B (ur — wi) (wjr, — ugg '

The only way the principal branch of log can yield a multiple of 271 is for it to be exactly zero.
Hence,

oSE _

80@ =0

is equivalent to the lattice KP equation [16]

0= (ul - uj)(uij — Ujk) - (Uk - Uz)(u]k - ukz)

= u,(uw — uk,-) + u]'(ujk — uij) + uk(ujk — Ukz)

In other words, Proposition 3.5 gives us a short proof that the £-equations for H1 imply the
discrete KP equation. We will return to this when we discuss octahedron equations in Section 4.

3.7 Closure relation

Propositions 3.2-3.5 above provide the basis to prove closure of each of the Lagrangian mul-
tiforms, following the same approach we took in [19] for the trident Lagrangian. Proposi-
tions 3.2-3.5 state that on solutions of the corner equations, the gradient of the action with
respect to both parameters « and fields w vanishes. This means that perturbations of a given
solution will have the same value of the action, unless it crosses a branch cut in one of the
functions making up the action. For H1, H2, Q1, Q2, A1, the effect of crossing a branch cut is
cancelled by the change in © (if present) and = that happens at the same point. For H3, Q3, A2,
the net effect of crossing a branch cut is that the value of the action changes by a multiple of 472.
Thus we arrive at the following statement (see [19, Theorem 3.5]).

Theorem 3.7. Let S denote one of the actions SE)’E, SS’E, SS’E, or SS’E for H2, H3, Alsyo,
A2, Qlsxo, Q2, Q3. Or, let S denote one of the actions SE, SE, S, or ST for H1, Als_,
Qls=o-

For any solution u to the corner equations of S, with associated integer fields ®, B, there

holds

0 for H1, H2, Q1, Q2, and Al,

S(u,®,8) =
( ) {41{:%2, keZ, forH3, Q3, and A2.

4 Tetrahedron and octahedron equations

Previously, we discussed the three-leg forms equivalent to the multi-affine quad and tetrahedron
equations. In this section, we discuss the polynomial equations associated with the four-leg
corner equations (3.19) of the triangle 2-form. We review the related multi-affine octahedron
equations (also known as octahedron relations) and their relationship to quad equations. Most
of this section is based on [6], but in Proposition 4.3 we provide an additional variational
interpretation of the relation between the different types of polynomial equations.

The four-leg equation &; = 0 or &; = 0 mod 27i, where the left-hand side is defined
in equation (3.20), can be obtained by eliminating the variable w;; from two quad equations



Discrete Lagrangian Multiforms for ABS Equations II: 15

in three-leg form. An equivalent equation is obtained by eliminating u;j;, from the corresponding
two multi-affine quad equations. This yields the equation E;; = 0, where the left-hand side is
the polynomial

aQ]k:H anz

EA .
Yo auzgk i = ou Uijk

7 @ik, (4.1)

where < denotes point inversion in the cube, for example Q]k Q(Uijks Wkis Wij, Ui, O — Q).
We have two more polynomials by permuting indices and three more from point inversion:

? ankQ _ an’L

L ik (4.2)
These polynomials lead to equations that are equivalent to those involving the four-leg expres-
sions &;;:

Eij(ui, uj, wij, ik, Uk, 0, 0, o) = 0
is equivalent to

Eij (s, uj, wij, ik, Ui, 0, g, o) =0
for H1, Qls—g, Als—p, and to

Eij Wiy uj, Wi, Wik, Upi, @, 0, o) =0 mod 27

for H2, H3, Alszo, A2, Qlszo, Q2, Q3.

From their definition as combinations of quad equations, it is clear that E;; = 0 and ?” =0
are consequences of the quad equations. However, they are not equivalent to the quad equations.
Only two of these six equations are independent (see Proposition 4.2 below).

The relation (3.24) suggests that the polynomial E;; is related to the polynomials @Q;; and T'.
Indeed, eliminating the variable u from the system 7' = 0, ();; = 0 must lead to an equation
equivalent to F;; = 0, so we find

Qi or, _ . )
5 T — %QU = y(ou, aj, o) Eyj. (4.3)

Here, v(o, aj, o) does not contain field variables, because the left hand side depends linearly
on (u;,uj, ujk, ur;) and quadratically on wu;;, as does FE;;. Under point inversion, we find the
analogous relation

Na
8@@‘ _ 8? < A A g
3Uijk<? s Qij = (a,,a],ak)? )

The main result of [6] is that for every member of the ABS list there exist two octahedron
equations which are equivalent to the set of F-equations. These are of the form

Q1 (wi, wj, Up, Wig, Wik, Ui, 0, O, o) = 0,

Qo (wi, wj, Up, Wij, Wik, Ui, 0, O, o) = 0,

where €1, o are multi-affine polynomials in the field variables w;, u;, ug, u;j, ujx, ug;, which form
an octahedral Ster<£>il These polynomials are (anti-)symmetric under point inversion: For Q4
and A2, we have 7 = Q1 and Q9 = Qo; for the rest of ABS list, there holds 1 = —€; and
Qg = .
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In all cases, we can get E-polynomials by eliminating a variable form the system of octahedron
equations. For Q4 and A2, eliminating u; and u;; leads to, respectively,

15)9] o0

aTL;QQ - TU]le = p(g, wj, Uik, Ui, v, O, o) B,

o 0o

6Uz] QQ - 6ul] Ql = ;u(ujk7 Ui, Uiy Uj,y Oy Ol O‘k)?ija (44)

where the factor pu(u;, uj, uji, uki, o, a5, o) is polynomial in w;, uj, ujk, ugi. For the rest of ABS
list, we have the explicit expressions

8Ql aQ2 o ) ) 8@1 8(21 B
02~ G = m(ewsan) (G2~ 5t ) B
o My o o | O ez
- 8Uij Qo + 8Uij 0 = gl(al7aj7ak)< Dug + auij )ﬁma (45)

where g; is defined explicitly on a case by case basis in [6, Proposition 5.3].

—
Example 4.1 (H1 octahedron equations). For H1, the four-leg equations &; = 0 and £;; =0
are equivalent to the following polynomials, respectively:

Eij = (wi — uj)(wij — wjp) (wij — ugi) + o(upi — wig) + ag(uij — uje) + ap(ujpe — upi),

iy = (g — ) (ur, — ) (g — ) + ity — w) + (g — w3) + (i — ).
These can written in terms of the following multi-affine octahedron polynomials:

O = wi(ug — wij) + Oiji, (4.6)
Qo = a;(ug — Uj + Uj5 — Uki) + uiujk(uj — Uk — uljukl) + Oijik,

Equation (4.6) is exactly the discrete KP equation we obtained earlier from % =0. The

latter can be understood as a conservation law,

_ 05 _ 5 0Ly 0Lk

0= -
O O T 0a;

Ay

where A} denotes the difference between the shift in the k-direction and the function itself.
This is the 2-form version of the spectrality property that was formulated in [22] for discrete
Lagrangian 1-forms. Further investigation is required to determine how this property relates to
the octahedron equations of [6] for other members of the ABS list.

The equivalence between the corner equations of £y (i.e., the E-equations obtained by setting
the expressions (4.1) and (4.2) to zero) and octahedron equations can be seen as a particular
case of the following statement, which holds in the sense of fractional ideals, as explained in [6].

Proposition 4.2. Out of the set of equations consisting of the six E-equations and two octahe-
dron equations, any 2 equations imply the other six.

Further to this, a dimension-counting argument suggests that if we add the tetrahedron
equations to the set of octahedron equations (or E-equations), we should obtain a system equiv-
alent to the quad equations. The Lagrangian multiform structure provides an explicit proof of
this fact:

Proposition 4.3. The tetrahedron equations and octahedron equations together are equivalent
to the quad equations.
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Proof. From equation (2.6) (or from tetrahedron property as assumed in the ABS classifica-
tion [1]), it follows that the quad equations imply the tetrahedron equations. From (4.4) or (4.5),
it follows that the F-equations, and hence the quad equations, imply the octahedron equations
(in the sense of fraction ideals, as in [6]).

To prove the other implication, assume that the octahedron and tetrahedron equations are
satisfied. Then the actions of £ and Lx are critical. Since £, = Ly + Lx, it follows that the

action of L, is critical, hence the quad equations hold. |
2-Form Corner polynomials Equivalent system
L (0,1, B, By, Bij. By, Eri, 0) 01, Q=0
Ly (0,7, T,'T, 7,7, 7,T) 7T =0
Ly (T7<§>jk,<aki7<aij7Qij7ijkaif?) 91,927T,?= 0
Ly (TaNﬁjkyNgkinﬁijaNQiijijaNQkia?) 91,92,71,?:0

Table 1. Overview of the four types of Lagrangian multiform, with their corner equations (in polynomial
form) and a symmetric set of equations forming an equivalent system. Note in the final row “~ Q;z”
represents an expression such that, after the elimination of a tetrahedron polynomial ?, a quad polyno-
mial (), remains.

Proposition 4.3 relates the three sets of equations we are dealing with: those produced by £,
(or Lg), Lx, and Ly. (See Table 1 for an overview.) The corner equations of Lx can be
immediately identified with the tetrahedron equations. The equations produced by Ly can be
understood from two points of view. On the one hand, they are generated by the 5-point F-
equations, which have an obvious variational interpretation, but are far less symmetric than the
other equations considered. On the other hand they are generated by the octahedron equations,
which have cyclic and point inversion symmetry, but have no previously known variational
interpretation. The equations produced by £, (or Lg) are the six quad equations around the
cube (together with the two tetrahedron equations), which are equivalent to the combined set
of two tetrahedron equations and two octahedron equations.

In the next section, we introduce the double zero property, which states that the exterior
derivative of a 2-form can be expanded such that each of its terms is a product of expressions
that vanish on its corner equations. This will give us a variational interpretation for all of the
equations discussed above, including the octahedron equations.

5 The double zero property of discrete exterior derivatives

To motivate the formulation of the double zero property, we first present some observations
regarding a linear quad equation. Then we formalise the definition of a double zero expansion
and provide constructions of double zero expansions for each of the 2-forms for any member
of ABS list. Afterwards we investigate explicit expansions associated with each of the 2-forms
for H1.

5.1 Double zero expansion associated with a linear quad equation

We consider the linear quad equation Q;; = 0, with

Qij = (s + o) (u; — uy) — (s — ) (u — ugy).
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This equation can be considered as a linearisation of H1 and is associated to the following
triangle Lagrangian

Ly = u(u; —uj) — Qi + 0y )(u - uij)2.

Q(Oéi — Q5
Its action over an elementary cube can be written as

St = Lo (ke ks Wik, 0y ) 4+ Lo (W, Ui, Uk, 0, o) + Lo (Wg, Wi, Wi, gy 007
- Eb(uauivuj7ai7 aj) - Eh(uv Uj, Uk, Oy, ak‘) - EB(’U’? Uk, U,y Oé]g,Oéi)
01 09

N (a; — aj)(aj — ag)(ag — a5)’ (5.1)

where

Oy = (Oéj — ak)ui + (CVj - ak)ujk + Oijk’
O3 1= ai(aj — ap)u; — ai(oy — ag)ujk + O

Hence, the action over an elementary cube can be explicitly written as a product of two expres-
sions O1 and Os. They are symmetric under cyclic permutation of the indices and under point
inversion, in the sense that 01 = O7 and Oy = —0Os.

In analogy to multiple zeros of polynomials, we say that Sy has a double zero on the system of
equations O; = 0, Oz = 0. The factorisation (5.1) implies that for any v € {u, u;, uj, g, wij, wjg,
Uki, Wijk } there holds

a5 1 <501 802>

o (o —aj)(aj — ag)(ag — ;)

90 09 + OIW
which is zero if both O; = 0 and Oy = 0. Hence, the double zero property tells us that the
action is critical if the two equations O; = 0 and Oy = 0 hold. This implies that all corner
equations are consequences of these two equations!

This linear example shows the power of the double zero property: if S can be written as
a product of two expressions, then the fact that both these expressions vanish is a sufficient
condition for criticality. Hence, in this situation, two equations together imply the full system
of corner equations.

In some examples, the double zero expansion of S involves more than two expressions and
is a sum of products, rather than a single product. In the next subsection, we give a suitably
general definition of a double zero expansion.

5.2 Definition of a double zero expansion

Definition 5.1. We say that S(u,u;, uj, g, uij, ik, ki, uijr) has a double zero on a set of

equations { K, (u, us, wj, Wk, Wij, Ujk, Uki, Uije) =0 | m =1,..., M} if it can be written as
S = Z Ay Ko Koy (5.2)
1<m<m/<M

Here, d,, ,,y are coefficients that can depend upon any variable or parameter, but must be
nonsingular on generic points of { K, (u, us, uj, uk, usj, Uik, Uki, uije) = 0| m =1,...,M}. We
call the right hand side of equation (5.2) a double zero expansion of S.

This definition applies to the example above, because equation (5.1) is of the form (5.2)
with M =2, K1 = O1, Ky = O9, d171 = d272 =0, and

1

(i — ay)(a — o) (o, — )

di2 =
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Proposition 5.2. If the action over an elementary cube S of a Lagrangian 2-form L has a double
zero on a system of equations {K,, =0 | m = 1,..., M}, then this system implies the corner
equations of L.

Proof. For any v € {u, u;, uj, up, Wij, Uik, Uki, Uijk }, We have

oS Od 0K, 0K
w2 ( Ty ol =g, P o & et o= )
1<m<m/<M
which vanishes on {K,, =0 |m=1,...,M}. [ |

Below, we will use Taylor expansions to derive double zero expansions involving higher powers
of expressions. For example, consider an action S which is critical on some equation K; = 0,
and an expansion of the form

o0
S=> cuKY.
n=2

This satisfies Definition 5.1, because we can write the action as

[ee]
S = (Z cnK{LI) K,

n=2

where the sum can be identified with dy ;.

5.3 Double zero expansions for ABS 2-forms

In this subsection, we derive double zero expansions for the action over an elementary cube for
each of the discrete 2-forms for arbitrary members of the ABS list. For ease of notation, we
assume that we are in a case where the closure property holds:

Assumption 5.3. In the following we assume that S®= = 0 (07" SE =0 for H1, Als_, Ql(;:())
on solutions. To drop this assumption, a multiple of 4% should be added as constant term to
the series expansions that follow.

The double zero expansions are constructed from Taylor expansions in one variable, where the
variable represents either a quad polynomial (), a tetrahedron polynomial 7" or an E polynomial.
In this Taylor expansion, the zeroth order term vanishes due to the closure relation and the first
order term vanishes as a consequence of the corner equations. Hence, each discrete 2-form has
a double zero expansion in terms of the polynomials associated with its corner equations. These
double zero expansions are manifestly symmetric under cyclic permutation of the indices and
under point inversion.

Cross-square 2-form. Recall that ();; = 0 implies that VLg = 0, , where V denotes the
gradient with respect to u, u;, u;, u;; (see Lemma 3.4) and that Sy = = 0 (see Assumption 5.3).
To get a more explicit picture of the behaviour of L£g and SE(? = = 0 near solutions, we would like
to perform a Taylor expansion about solutions );; = 0. To this end, it is useful to consider Q;;
as one of the variables on which Ly depends. Specifically, we consider a change of variables from
(w, ui, uj, uij) to (Qij,us, uj, ui;). Since the quad polynomial Q;; is multi-affine, we can write
it as

Qij(u7ui7uj)uijv O[i,Oéj) = T(Ui,Uj, Ugj, O, oz])u + S(”iv“’j?“ij? Qg O[]),
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so it is possible to write u as a rational function of Q;;, u;, uj;, u;j:

Qij — s(uq, uj, uij, 0, o)
7 (g, Uj, Ui, i,y aj)

u = V(Qij,ui,uj,uij,ai,aj) =

In the case of the cross square 2-form, we can consider the Lagrangian on a single square,
apply this variable transformation, and then Taylor expand about @Q;; = 0:

n
ij:
Qi;=0

Now, the fact that for );; = 0 there holds V.Lx = 0 implies that the first order term vanishes.
Hence, we have

Ly = Cx( (QijaUi,ujvuij’aivaj)uuiyujvuiﬁahaj)

1
= Z <TL' aQ (V(Qlja Ugy Ujy Uij, Oy aj)a Ugy Ujy Uig, Oy a])
1]

Lg = gy, ;) + La(V(0, ui, uj, wij, o, o), ws, wj, Ui, g, ;)

/1 o
+Z< *CX( (Qijvuiauj7uijaai)aj)vuiuuj)uijuai7aj)

Together with the fact that Sg = =0 on solutions, this implies that the series expansion of the
action over the elementary cube has no constant or linear terms in @);;.

Proposition 5.4. The action of the Lagrangian 2-form Lg_over an elementary cube has
a double zero expansion in terms of Qij, Qjk, Qri, Qij, Qjk, Qri:
/1 o
SXZ _Z 77n£®(V(Qi]’7u’iauj,uijaaivaj)>uiauj7uijaaiaaj) ?
n! 0Q;; J
n=2 t Qi;=0

—(<—>) + Oijk- (5.3)

Cross 2-form. Recall that T ,?: 0 implies the existence of ® and E such that Sf? = =0
(see Theorem 3.7) and VS:? e 0, where V denotes the gradient with respect to u,...,u;j
(these are the corner equations, see Proposition 3.1). With that in mind, and with the in-
tention of finding a series expansion about T,T = 0, we consider a change of variables form
(s Ui, Ujy Uk, Wi, Uk Ukis Uij) TO (T, Uy Usjy ks Uiy Uk, Uiy ) Since the tetrahedron polyno-
mial 7T is multi-affine, it is possible to rewrite v in terms of T' (and U;jk in terms of ) in the
following way for the entire ABS list:

U = W(T7 WUsjy Ujky Uiy Oy CMj,Oék), U5k = W(?v Uk, Ug, Uj, Oy Oy ak‘)'

Here, W is a fraction with a numerator which is multi-affine in (7", u;;, u;, ug;) and a denomi-
nator which is multi-affine in (u;j, w;k, uri).
Now we consider the action on an elementary cube of the cross 2-form, apply the variable

transformation, and Taylor expand about T'=0 and T = 0:
s
SX: _EX(U Ugy Ugy Ujjy Ojy Ol ( )+O’ij‘
<

) —
= —A(ui, uj, 05 — o) + AW (T, wij, wjg, g, iy 05, Wi, 0 — ) — (+++) + Ouji

)
T=0

Now, the fact that T,?: 0 = SS’E, VSS’E = 0 means that the zeroth and first order terms
must cancel against the terms involving ® and =, so we have the following.

o0
1 9"
= —A(ui, uj, 0 — o) + Z( AW (T, wij, Wik, Unis 0, O5), Ui, Q. — Q5)

—
_(. . ) + Oijk-
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Proposition 5.5. The action of the Lagrangian 2-form Lx over an elementary cube has a dou-
ble zero expansion in terms of T,

0z ~~f1 "
SX = Z(TL'WA(VV’ Usj, O —Oéj)

>T” - (<—>) + Oijks (5.4)
T=0

n=2
where W = W (T, wij, Wik, Upi, iy 05).

Triangle 2-form. From equations (3.14) and (3.23), we infer that
1 1
SB - §Sg - §S>< (55)

We note that Si(us,uj, U, Uij, wjk, uk;) does not depend on w or u;j,. Thus, imposing the
equations T, T = 0 has no effect on S.: we can take T = 0 and ?: 0 as the definition of u
and u;j), in terms of the variables (u;, u;, uk, wij, wjk, ug;) that occur in Sy. Since T', T' = 0 implies
Sy = 0, we have that

T,?: 0 = S = %S@

Now recall that E,?: 0 implies S2°= = 0 (see Theorem 3.7) and VSO= = 0 (see Proposi-
tion 3.5). With all of this in mind, we note that the polynomial identity (4.3) between T', Q;;
and E;; implies that

’Y(Oéi, ay, Oék)
oT
ou

T=0 — Qij = Ezy
Applying these observations to the double zero expansion of the action of the cross square
Lagrangian (5.3), we find the following.

Proposition 5.6. The action of the Lagrangian 2-form % over an elementary cube has
k

a double zero expansion in terms of Eij, Eji, B, Eij, Ejp, i

L LoV, wi, g, wij, v, )
Q" X y Way gy gy Lrey g Qi;=0 >
@y P )+ G (5.6)

"\ Ou v(ay,0,0)

0.5 1 —
557 :—52
n=2

where V- =V (Qij, wi, uj, Uij, s, ).

e = =
Trident 2-form. Recall that QQ, @ = 0 implies SS’“ = 0 (see Theorem 3.7) and VS?’“ =0
(see Proposition 3.2). From equation (3.14), we know that

1 1

From the three-leg tetrahedron equations (2.6) and (2.10), we can derive the following relations
between the multi-affine polynomials 7" in terms of Q;;, Q;x and Qg;:

T = d;jQij + djrQjk + dii Qi
< <= < <= < <=
@?: dijQij + djrQjk + dpiQri, (5.8)

where d and c;; are polynomials. We can apply these observations to the double zero expansion
of the cross 2-form (5.4) and cross-square 2-form (5.3) and conclude the following.
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Proposition 5.7. The action of Lagrangian 2—@>rm L, over a an elementary cube has
. . <
a double zero expansion in terms of Qij, Qjk, Qri» Qij, Qjk, Qri

2 n! 9T™

n=

= le=/1 0"
SS’H_Z< 4 A(W,uij,ai—aj)

1
. 0) cfn(dz‘jQij + djpQjk + diiQri)"

“32 (mwﬁxm i, g, i, 0, 05)

n=2

P —
) 5 — () + Oujis
Qi;=0
where W = W (T, wsj, Wk, Uni, 0, o) and V=V (Qij, Ui, Uy, Uif, Oy L)

5.4 Double zeroes on octahedron equations

Some of the double zero expansions above can be written in terms of octahedron polynomials.
For A2, we can rewrite the expansion (5.6) using equation (4.4).! With the cyclic symmetry
and point inversion symmetry of €27 and (9, we can conclude the following.

Proposition 5.8. For equation A2, a double zero expansion for the cube action of the triangle
2-form in terms of Qq, Qo is given by

E&(V) Ugy Ujy Ujj, Oy a])

an
o= _ 1 i 29y, Q=0 (g 0% A\
= 2 = n|(al (Wi U U Ui 00,05, ) Ouy, 2 Ouy, 1

n
“\Ou v(ai,aj,ak) )

<
where V- =V (Qij, Ui, Uy, Usj, 0, L)

For the rest of the ABS list, we can rewrite the expansion (5.6) using equation (4.5) and can
conclude the following.

Proposition 5.9. For equations Q1, Q2, Q3, H1, H2, H3 and Al, a double zero expansion for
the cube action of the triangle 2-form in terms of 1, Qo is given by

8'7L
© 9Qi;" E&(Va Ugy Ujy Ujjy O Oé])

= 1 Q=0 891 8Q2 "

SO= =53 s < 2 — 2=

oT 1 o0 o0 n
2 n=2 n'(% 'y(ai,aj,ozk)gl (ﬁ - Wi)) Quy, Quy,

<
—(++) + O
where V- =V (Qij, Wi, uj, Uij, s, ).
These propositions give a possible variational interpretation to the octahedron equations.

The double zero expansions imply that the equations €27 = 0 and 3 = 0 are sufficient conditions
for criticality, hence they imply the corner equations.

5.5 Example: Double zero expansions for H1

In this subsection, we show that the general construction described above leads to succinct
double zero expansions for the actions over the cube of each of the discrete 2-forms associated
with H1. For this example, we will verify by explicit computation that the zeroth and first order
terms vanish in the Taylor expansions.

IThis would also be the case for Q4, but we have not proved a closure relation for this equation, so we will
not discuss its double zero expansion either.
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Cross-square Lagrangian. Solving the quad equation @;; = 0 for u, with @);; given by
equation (3.25), we find a change of variables expressing u in terms of the quad polynomial Q;;:
_ i aj Qij g
U; — Uy

Now we apply this to a single cross-square Lagrangian and Taylor expand in Q;;

Lg = uu; + uju; — uuy — uiugg — (0 — o) log(u — u5) — (o — o) log(u; — uy),
= (u — ugy)(ui — uj) — (o — o) log((u — wij) (wi — u;)) + 2miE (s — ay),

=i — o + Qij — (i — o) log(ei — o + Qi) + 2miE(cvi — )

o0

n

— (v — )1 — o Sl — ) — iy

= (i — ;) (1 — log(a; — aj)) + 2mi=(cy — ) Z .=
n=2 J

We find that the first order term vanishes as expected, but the zeroth order term does not.

It depends only on the lattice parameters. When we consider the action around the cube, the

zeroth order contributions cancel, except for terms of the form 27iZ;qy;:

Sad
Sw = Lm — L + Oujk

o0 n
i — - — =
=2 n(a——l(])z)”*l = () + Oujk = 27i(Si0 + Eja + Ea).
n=2 J !
Hence,
(o) n
- . RN
% = 2w gt ) O 9
n=2 J !

Equation (5.9) is a double zero expansion for the action around the cube of the cross square
2-form associated with H1 in terms of Q;j, Qjk, Qri» Qijs Qjk, Qri-

Cross Lagrangian. In order to derive a double zero expansion for the cross 2-form associated
with H1, we use its tetrahedron expression

T = (a; — aj)(wuij + ujkurs) + (o — ag)(uuge + uijug) + (a — oq) (wug; + uijuge)
to find a variable transformation that eliminates v in favour of 7'

T — (e — aj)ujpuri + Ok
(i — aj)u; + Ouir)

u =

From this, we obtain

T + (o — aj) (uij — ujr) (ugi — uij)
(i — aj)uig + Oujk)

(5.10)

u—uij:

We have an analogous transformation for wu;j; in terms of ? Now we apply this to the action
around the cube of the cross 2-form and Taylor expand in 7" and ? Using the point inversion
symmetry, we find

—
Sx:—»cx—("‘)+©ijk

P

= —(o — aj) log(u; — uj) + (i — aj) log(u — wij) — (- ) + Oijk
P —

= (i — aj)log(ujk — uki) + (@i — a;)log(u — ugg) = (+++) + Oy

= (a; — aj) log((u — wsy) (uje — ugi)) — () + 2miZ;5(q — o)) + Oijg-



24 J.J. Richardson and M. Vermeeren

Now we substitute u using equation (5.10),

Sy = (i — ) log<T(ujk — i) + (0 — o) (uij — uj) (Ui — uig) (uje — uki))

(o — a)uij + Oin)
— .
— ( . ) + 2771:4ij(04i — Oéj) + Oz]k
Then we observe that
(i — aj) log ((uij — wjn) (ugi — wig) (ujp — ugi)) + O = 0,
(v — ) log((ai — oj)uij + Oz‘jk) + Ok = 0,
because the logarithms are invariant under cyclic permutations of i, j, k, so we find

T
Sy = (o — ;)1
x= (o aj) Og((uz‘j - Ujk)(uki — Uiy

- 27(’1(52'04,; + Ejaj + Ekak)

O ™ s
__nZ::Zn(Oéi_aj)n_l( L) O

Uij — Ujk)" (Uij — Upi)"

] +(0éi—aj)> ~ () o

— 271'1(5@0&@' + EjOéj =+ Ekak)

Hence,
[e.9]
= j Tn .
e — )+ O 5.11
" n=2 n(ai — O‘j)n_1<uij - ujk)n(uij — Ui )" () ijk ( )

Note that the zeroth and first order terms vanish. Hence, equation (5.11) is a double zero
expansion in terms of T" and T .
Triangle Lagrangian. In order to derive a double zero expansion for the action on the
elementary cube of the triangle 2-form, we note the following relation for H1:
(i — ) Eij
(ai(uij — upi) + Oujk)
There holds T,?: 0 = Sx =0, so we deduce form equation (5.5) that

T=0 = Qz‘j:

T,?: 0 = & = %S@

Since Su(uq, uj, uk, Uij, uj;, ug;) does not depend on u or wijr, we can assume that 7' = 0
and T =0, without affecting the action. Thus, we can write the cube action for the trian-
gle 2-form as

= 1200 1 (o — aj)Eyj >" s
SH = — J —_ e + OZ .
& 2 - TL(Oéj — Ozi)”_l ((az(u” — Ukl) + Ozjk) ( ) ik
1 > (Oéj — Oél')(—l)n <
= — E™ — (... k- 5.12
2 7;2 n(o(uij — ugi) + Oijr)™ () + Ougn (5.12)

ﬁua%ion (5.12) is a double zero expansion for the triangle 2-form in terms of E;, E;, Ej, ?i,
7 k-

We can use the identities (4.5), where g; = 1 for H1, to rewrite this in terms of €; and {s:

oQ o0 n
sE=1 SO: (aj — aq)(=1)" o2 = Gu ) () + Oun (5.13)
N T " |
2~ n(oi(wij — ki) + Oujk)" % — g%; ;
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Equation (5.13) is a double zero expansion for the triangle 2-form in terms of the octahedron
polynomials.

Trident Lagrangian. To derive the double zero expansion for action of the trident 2-form,
we consider equation (5.8), which shows that cyclic combinations of quad equations lead to the
tetrahedron equation. For H1, this can be written explicitly as

T = —(u—uj)(u— ugi)Qij — (u — upi) (u — uiz)Qjk — (u — wij) (u — wjp) Qs

Using equation (5.7), we can write the action on an elementary cube of the trident 2-form as

1 — ™
272(” U (s — o) uiy — )™ (ugg — um‘)") ~ )+ Ou
_1 N (= Qu(u — k) (u — upgi) + Ouk)"”
2 7;:2(” (e — ag)" (uij — uge)" (uig — Uki)”)
= () + O (5.14)

Equation (5.14) is a double zero expansion for the cube action of the trident 2-form in terms of
. —
the quad polynomials Qij, Qjk, Qki, Qijr Qjks Cki-

6 Conclusion

In this work, we compared the Lagrangian multiforms £, £x and Lgx on four-point stencils
to the three-point one L, that has been favoured in the previous literature on Lagrangian
multiforms for the ABS equations.

In Part I [19], we focused on L,: we introduced integer fields into the action to deal with the
branch cuts of the logarithm and dilogarithm functions that occur in £, and showed that these
integer fields are essential to obtain the closure property of Lagrangian multiforms.

In Part II, we showed that the same construction applies to Lx, Lx, and L.. We established
that the closure property holds for each of them, in the sense that the action over the cube
vanishes (modulo 47‘(‘2) on solutions of the corresponding corner equations. We studied the
relations between the respective systems of corner equations using the relations between the
Lagrangian 2-forms. We showed that the quad equations are equivalent to the combined system
of tetrahedron and octahedron equations. In addition, we formulated the double-zero property,
which has recently seen a lot of emphasis in the continuous and semi-discrete settings, on the
discrete level. This gives a variational interpretation of the octahedron equations.

This work shows once again that Lagrangian multiform theory is a powerful variational
principle. As well as being an attribute of integrability, it can provide a solution to the inverse
problem of the calculus of variations for equations that do not admit a Lagrangian in the
traditional sense.

The Lagrangian multiforms presented here are specific to the ABS equations, relying in partic-
ular on their three-leg forms. Lagrangian multiforms exists for other integrable quad equations,
such as the discrete Gel’fand-Dikii equations [12], but these do no have a three-leg structure.
It remains to be seen if such examples also admit different Lagrangian multiforms producing
distinct but related corner equations.

The double-zero property has been observed in Lagrangian multiforms for non-ABS lattice
equations [14, 17]. Since the corner equations imply that the gradient of the action vanishes,
we expect the double-zero property to hold for all discrete Lagrangian multiforms that satisfy
the closure property. A careful study of the closure property for non-ABS examples, generalising
the results of Part I, is left for future work.
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