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Abstract. We introduce a geometric refinement of Gromov-Witten invariants for P!-
bundles relative to the natural fiberwise boundary structure. We call these refined invariant
correlated Gromov—Witten invariants. Furthermore, we prove a refinement of the degener-
ation formula keeping track of the correlation. Finally, combining certain invariance prop-
erties of the correlated invariant, a local computation and the refined degeneration formula
we follow floor diagram techniques to prove regularity results for the generating series of
the invariants in the case of P!-bundles over elliptic curves. Such invariants are expected to
play a role in the degeneration formula for reduced Gromov—Witten invariants for abelian
and K3 surfaces.
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1 Introduction

1.1 Setting

In this paper, we introduce and study a refinement of the relative (or logarithmic) Gromov—
Witten invariants [1, 19, 24, 26] of the pair (Y = Px (0 & L), D), where D = D" + D~ =
Px(L)®Px(0) and X is a smooth projective variety over C. We fix the following discrete data:

e g, n, m are positive integers,

e w = (wy,...,wy,) is a n-tuple of non-zero integers with > w; = 0; we moreover set
b(w) = Zwi>0 Wi = — Zwi<0 Wi
e € Hy(X,Z) is an effective homology class.

Let M := Mgy (Y]Di, B, w) be the moduli space of logarithmic stable maps parametrizing

f: (Cvpla"‘7p7TL7q17“'7Qn)_>Y7

where C' is a stable curve of genus g with image in class 8 + b(w)F € Hs(Y,7Z), the marked
point ¢; is mapped to D%8™"i) with tangency order |w;|, the marked points p; are mapped
to the interior. The vector w is thus called tangency profile. The logarithmic (or equiva-
lently relative [2]) Gromov—Witten invariants are defined integrating constraints pulled-back
along evaluation maps ev: Mg, (Y|Di, ,B,w) — X" x Y™, against the virtual fundamental
class [M]™ [19].

We propose a refinement for these GW invariants by remembering a discrete quantity de-
pending on the position of the points mapped to the boundary divisor. This quantity is called
a correlator.
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1.2 The Albanese evaluation

The idea of the refinement comes from reinterpreting the map to (Y, Di) = (]P’X(O @ L), Di)
as the data of a map f: C' — X together with the choice of an isomorphism f*L = O¢(«)
where o € H° (C’, M%p) is defined using the logarithmic structure on C. When C' is smooth, this
condition takes the familiar form f*L ~ O¢ (> w;q;).

1.2.1 Case of X x P!

To simplify, let us momentarily assume that L is the trivial bundle and that the source curve C
is smooth. Then, reinterpreting f € M as explained above, part of the data of a log stable
map is the isomorphism O¢ (Z wiqi) =0 e PicO(C). For a smooth curve, the Abel-Jacobi
theorem ensures that Pic®(C) ~ Alb(C), where Alb(C) is the Albanese variety of C. We denote
by ax: X — Alb(X) the map from X to its Albanese variety, unique up to translation. By the
functoriality of the Albanese variety, f induces a morphism of Abelian varieties f.: Alb(C) —
Alb(X) compatible with the Albanese maps.
We denote by a4, the morphism

n
w: (T1,...,2,) € X" —> Zwiax(mi) € Alb(X).
i=1

As > w; = 0, the map a, does not change if we compose ax with a translation. From
Oc(X wig) ~ O € Pic’(C), we get that

> wiax(f(g:)) =0 € Alb(X). (1.1)
=1

Equation (1.1) is a constraint on the relative position of the images f(¢;). In other words, the X™
part of the evaluation map is not surjective, and truly has values in the subset ay,!(0).
1.2.2 Case of a non-trivial bundle

If L is not assumed to be trivial anymore, we prove in Lemma 3.2 that there is a natural map
¢p: Pic’(X) — Alb(X) defined through Hodge theory, which only depend on the curve class.
Then Proposition 3.4 ensures that equation (1.1) becomes the following:

n
S wiax(f(a)) = ps(L) € Alb(X). (12)
i=1
In other words, the image depends only on the degree 5 and the line bundle L and not on f.

1.3 Correlated classes and correlated GW invariants

We now assume that the tangency orders w; have a non-trivial common divisor §. We then
consider the map

A5t (T1,.00) € X" — Z %ax(xi) € Alb(X).
1

The above morphism induces a morphism from the space of log stable maps M

Wy

K(f) = < ox(f(a:)) € AIb(X).
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It follows from equation (1.2) that & - k%(f) = @s(L). Therefore, the map x° takes values in the
set of d-roots of ¢gz(L), denoted by T°(L, 3). The latter is a torsor under the group of -torsion
elements in Alb(X), denoted by Tors(Alb(X)). The value of x? is called a correlator and is
denoted by 6. We want to refine the Gromov—Witten of (Y, Di) keeping track of the value of
the correlator.

The discussion above assumes the source curve C' to be smooth, but the morphism x° is also
defined on the boundary of the moduli space My, (Y]Di,ﬁ, w), still with values in T°(L, )
(see Section 3.2.2). This shows that M splits into distinct (possibly still disconnected) compo-
nents M? indexed by the values of the correlator 6 € 79 (L, ); in particular the virtual class
splits as a sum of the so-called correlated classes [MG] " We define the full correlated class [M]°

M= Y M) (6) € QIAIb(X)] ® Ha(M, Q)
0€T9(L,B)

which is an element of the group algebra with cycle coefficients with support on T°(L,3) C
Alb(X).

Correlated GW invariants are obtained by capping these classes with some pullback by the
evaluation map: if y € H*(X" x Y™, Q), we set

(D = [ ev*7 € QAL
pvre

which is an element of the group algebra Q[Alb(X)] with support on the torsor T°(L, 3). Distinct

correlators may yield different Gromov—Witten invariants, as illustrated by the computations in

the elliptic case.

It follows from the discussion above that the evaluation map truly has values in the set
aw (ps(L) = a;l/ 5(0). A broader generalization of GW invariants would be obtained by allow-
ing the pullback of cohomology classes from ag'(ps(L)) rather than X". Correlated invariants
are a particular case of these invariants where we pull-back the classes 19 € H?(ag'(¢s(L)),Q),
corresponding to the components a;l/a(H) of ay(ps(L)).

1.4 Properties of the correlated classes
1.4.1 Deformation invariance

We prove that the correlated class is deformation invariant, so that we are right to speak about
a refinement of the GW invariants. Here we are allowed to deform both the variety X and the
line bundle L, considering a family X — S with a line bundle £ — X. Notice the correlators
take values in the torsor inside the Albanese variety Alby,g which is also deformed. Using the
latter for some suitable choice of family, we furthermore prove the following.

Theorem (Theorem 3.11). The correlated invariants (<’y>>gﬁ w are invariant under the action
of the subgroup pg (Tor5 (PicO(X))).

In the case where X = E is an elliptic curve, we have Pic’(E) ~ Alb(E) ~ E. If the chosen
homology class is = a[E], the map pg: E — E is actually the multiplication by a, so that we
have ¢,z (Tors(E)) = Tors/ged(a,s)(£)- In the two extremal case, it means the following:

e If a and § are coprime, the subgroup is Tors(E), so that the classes [MG]VH all provide the
same invariants.

e If §|a, the subgroup is trivial and we have no further information on the correlated invari-
ants.

Specific to the elliptic case, choosing L = O so that T°(L, 3) = Tors(E), we furthermore prove
that the invariant for the class [Me] " only depends on @ through its order in Tors(E).
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1.4.2 Degeneration formula

One of the most important tools in the computation of Gromov—Witten invariants is the degen-
eration formula [25, 27, 32]. Our second contribution is a degeneration formula suited for the
correlated classes.

We state two degeneration formulas. The first one is stated in Theorem 4.7 and valid
for any variety X. The drawback of the latter is that to be useful, one needs an expres-
sion for a refinement of a diagonal class. In the usual degeneration formula, such expression
is provided by the Kiinneth decomposition formula. In our situation, such a decomposition
is not obvious to get. The second formula deals with the particular case where the maps
H*(X",Q) — H* (a;l/a(ﬁ),(@) are surjective. Under this assumption, we recover an expres-
sion using the usual diagonal with its Kiinneth decomposition. To state the formula, we use the
operator d [+] on Q[Alb(X)], which maps () to the average of its §-roots.

Theorem (Corollary 4.12). For any class v € H*(X"™ x Y™, Q), we have the following equality
between intersection numbers:

1
ev*y N [Mo]° Z]At evaev*Dv)ﬂD[d/é]Hﬂ v]r,

where the sum is over degeneration graphs (Definition 4.1), D" is the Poincaré dual of the class
of the diagonal, and 0 is the division operator in the group algebra.

This technical surjectivity assumption is satisfied in the case where X is an elliptic curve F
since in that case the map a;ﬁ 5(0) = X is just the inclusion of a subtorus.

1.5 The elliptic case

The remainder of the paper focuses on the easiest possible case, where X is an elliptic curve.
For simplicity in the introduction, we state the theorems for the case L = 0.

1.5.1 Local invariants

In Section 5, we are able to provide an explicit computation of the following correlated Gromov—
Witten invariants, called local GW invariants

)
<<pt07 1w1 ) ptwga s 7ptwn>>1,a[E],w

For this specific choice of insertions, the invariant is a concrete count of curves which are in this
situation covers of . The enumeration is thus possible through a careful study of these covers.

Theorem (Theorem 5.3). The full local correlated invariant has the following expression:
(Pt Luw,, Pt b)) 1 = a""wios(a)
Plos Lwy s Plygs -+ -5 Py, 1,a[E],w a wyosla),

where o §(a) is a refinement of the sum of divisors function o(a) = }_ g, d (see Section 5).

We provide an explicit expression for os(a). These invariants are in a sense the most simple
ones because they carry a unique interior point constraint. They enable the computation of
invariants with more point constraints through the degeneration formula as seen in the next
section.
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1.5.2 Floor diagrams and regularity

Using the degeneration formula, the above local invariants are in fact the ground blocks enabling
the computations of the more general correlated invariants {(pt"T9=1 1., ..., 1wn>>g,a[ Bl The
degeneration formula reduces the computation to the enumeration of floor diagrams with some
new multiplicities.

Floor diagrams are a combinatorial tool introduced by Brugallé and Mikhalkin to enumerate
some planar curves subject to point conditions chosen in a stretched configuration [12, 13].
Many variations have since been introduced to deal with various situations, see [7] for the
version relevant for this paper.

Using the floor diagram algorithm, we are able to provide two regularity statements refining [7,
Theorems 6.6 and 6.9]. The first statement deals with the generating series in the class direction.

Theorem (Theorem 6.12). Let w be a tangency profile of length n. The generating series

o0
Z <<ptn+g_1a 111)17 tee 1wn>>j,a[E},’wqa

a=1
is quasi-modular for the congruence group T'o(d) with values in the group algebra C|Tors(E)].

Compared to [7, Theorem 6.9], the refinement loses regularity since quasi-modularity is only
satisfied for the congruence subgroup I'g(d) and not SLy(Z). The next regularity statement
concerns the dependance in the tangency orders w. Namely, we consider the following functions:

NS o w —s (pt" 9L 1, 1wn>>;aw]7w € Q[E],

defined on the set of tangency profile w divisible by 4.

Theorem (Theorem 6.16). For fized a, g, n, 0, the function w — Ng}a(w) 18 piecewise polyno-
mial.

Theorem 6.16 states that the piecewise polynomiality from [7, Theorem 6.6] survives the
refinement. Such behavior has also been observed in a number of similar situations, such as
double Hurwitz numbers and relative GW invariants of Hirzebruch surfaces [3].

1.6 Future directions

Correlated GW invariants from the elliptic case are interesting due to their relation to the GW
invariants of bielliptic surfaces, when caring about the torsion part in the homology group of
a bielliptic surface. The GW invariants up to torsion have already be computed by the first
author in [8], and the use of correlated invariants is necessary for the torsion part.

Importantly, these invariants seem also to be necessary for the study of reduced GW invariants
of abelian surfaces, and the mysterious multiple cover formula they should satisfy [6, 40]. We plan
to investigate this further in subsequent works. Indeed, looking at the reduced decomposition
formula from [31, Section 4.6], we notice the following. The hyperplane of values of the evaluation
map is in fact disconnected when tangency orders along the gluing divisor have a common non-
trivial divisor. The correlators give a way to concretely describe the connected components,
only one of them containing the diagonal involved in the decomposition formula.

Many problems concerning these correlated invariants and their computation remain open,
such as their computation in the presence of 1-classes or A-classes. It would also be interesting to
see if we can have a correlated double-ramification cycle formula refining the formula from [21].
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2 Logarithmic curves, line bundles and stable maps

2.1 Curves and line bundles

We refer the reader to [41] for an extensive introduction to logarithmic structures and in par-
ticular for all the basic definitions which we do not recall in what follows.

2.1.1 Logarithmic curves

Let (S, Mg) be a fine and saturated logarithmic scheme. A log curve over S is a proper, integral
and logarithmically smooth morphism #n: C — S with connected, reduced one-dimensional
(geometric) fibers. Kato provided the following local characterization.

Theorem 2.1 ([23]). For every geometric point p € C with w(p) = s, there exists an étale local
neighbourhood of p in C with a strict étale morphism to

smooth point: Als with log structure pulled back form the base, i.e., qu = M@s;
marking: Als with log structure generated by the Og-section and 7 Mg, i.e., Mo, = Mg s ®N;

node: Spec(Og(z,y|/zy —t) for some t € Og, with log structure induced by the multiplication
map A%ﬁ% A}g and t: S — A'. In particular, Mcy = Mgy @ Ne, ® Ney/e, +ey =9
for d € Mg the so called smoothing parameter.

2.1.2 Tropical curves

To a family of logarithmic curves, we can associate a family of tropical curves. Consider first
C — (Spec(k), Q) a logarithmic curve over a log point.

The tropicalization I is defined as the generalised cone complex obtained as the following
colimit:

lién Hom (qu, R;O) ,

ng
where 1 ~~» £ denote specialization maps inducing surjective morphisms Mc@ — Mc,n‘ From
the local description of the log structure on log smooth curves recalled above, it follows that I"
comes equipped with a morphism of cone complexes I' = oq, for g = Hom(Q, R>) the cone
dual to the monoid Q.

Alternatively, I' can be thought as the dual graph of C' (having a vertex for each irreducible
component, a leg for each marking and an edge e € T for each node) together with a metriza-
tion of the bounded edges with values in the base monoid (). This means that we have an
assignment [: Ep(I') — @ defined by associating to each bounded edge its smoothing parame-

ter 0. € Q.

Remark 2.2. Notice that for each map ) — R>¢ we obtain a tropical curve in the classical
sense. Since @ — Rx( correspond to a point of the cone og dual to @ (in the usual sense of
toric geometry), we can think of a tropical curve metrized in @ as a family of usual tropical
curves on the dual cone.

Remark 2.3. The tropicalization makes sense over more general base log schemes (see also [38,
Definition 2.3.3.3]). Let (C, M¢) — (S, Ms) a log smooth curve; for each s € S, I's consists of

the dual graph of Cs metrized in Mg . For each specialization n ~» s, we have a compatible
diagram

r, —<—T,
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where Mg s — Msm is a localization morphism followed by sharpification (quotient the invert-
ibles) and ¢ is an edge contraction; more precisely, ¢ contracts the edges of I'y whose length
becomes zero in Mg,

2.1.3 Piecewise linear functions

Unravelling the definition of global sections of the characteristic sheaf, we get a convenient
description of H° (C, M%p) in terms of continuous functions on the tropicalization I' which are
linear with integral slope along the edges. Let us first assume that C is a log curve over
a S = (Spec(k), Q).

Since M%p is a constructible sheaf, a section is determined by giving m, € M%}?x at a generic
point x of each stratum, such that the values m, are compatible with specialization, i.e., if £
generalize to n then the image of m¢ under the surjection M‘é}} — M%Ifn is my,.

Looking at Kato’s classification, there are three type of strata on log smooth curves: the open
strata corresponding to irreducible components of the curves excluding markings, i.e., vertices in
the tropicalization; the closed strata corresponding to markings; the closed strata corresponding
to nodes. Therefore, a section o € H%(C, M%p) is the data of

e for each vertex V of ' a value (V) € Q;
e for each leg and edge an integer w. € Z (the slope along edge or leg in T);

e a compatibility condition for the values a(V'), a(W) of vertices incident to the same edge e:
a(V) —a(W) = dewe.

Indeed, suppose that x. is a node of C' which generalizes to the generic points 7y and ny; then
we have a map M %p’me — @ x @ that is injective and gives an identification

M%,{)xe :{(aab) GQXQ‘G_bG(SeZ}-

We denote by CL(T", @) the set of functions satisfying the above conditions, called cone-wise
linear.! The previous discussion can be summarized in the following equality (see also [30,
Section 3.3.3] and references therein) H°(C, Mgép) = CL(I, Q).

Remark 2.4. Using the description of tropicalization for a family (C, Mg) = (S, Ms) of log

curves given in Remark 2.3 and the above discussion, we can think of a section o € H° (S , W*Mgcp)
as a collection oy € CL (Fs, M %I?S) compatible under edge contraction, i.e., generalization.

2.1.4 Line bundles
Let C 5 S be a log smooth curve. We have a short exact sequence

0—0Ff — MEP — Mg — 0, (2.1)
from which we obtain a long exact sequence of sheaves on S

o T MEP - T ME — R'm0% — R ME — R'n Mg — -

In particular, if the underlying scheme of S is a point, so that W*Mgcp = H° (C’, Mgcp) and
R'm,0% = H'(C,0%) = Pic(C), we get a map H°(C,M¢’) — Pic’(C), a — Oc(—a).

!We reserve the name piece-wise linear for those function which become linear along the edges after a subdi-
vision.
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Remark 2.5. The sign comes from observing that when o € H° (C’, Mo), the Of-torsors of
lifts of o to a section of Mg comes equipped with a map to O¢, coming from the structure
morphism e: Mc — O¢ of the log structure. Up to changing o by —«, we now deal with O¢(«)
instead.

The restriction of the line bundle O¢(a) to the irreducible components Cy of C' can be
explicitly described [30, Proposition 3.3.3].

Proposition 2.6. Let C = S = (Spec(k), Q) be a log curve and a € CL(T, Q), where T denotes
the tropicalization of C'. Then for any vertex V,

Oc(@)loy, = 7*0s(a(V)) ® ¢, (Z se<a>qe),

eV

where the sum is taken over all the edges and legs e incident to V and s.(«) is the slope of «
along e, oriented away from V, where q. denotes the preimage of the node associated to the
edge e on the considered component.

Remark 2.7. The result is more generally true if C — S is a logarithmic curve with constant
degeneration.

2.2 Logarithmic line bundles and trivializations

Definition 2.8 ([38]). Let C'— S be a log smooth curve. A logarithmic line bundle P on C is
a MEP-torsor such that its restriction P|c, to the geometric fibers has bounded monodromy.

We refer the reader to [38] for all explanations about the meaning and the necessity of the
bounded monodromy. Here we only need that it is a condition on the M%P—torsor P associated
to P, and that it is automatically satisfied when P is isomorphic to the trivial M%p -torsor.

In particular, we see from the long exact sequence

H°(C,M¢) — Pic(C) — HY(C, MEP) — H*(C,M¢) —

that for any L € Pic(C) the associated ME’-torsor L* Rgx M P is in fact a logarithmic line
bundle, where we denote by L* the G,,-torsor obtained from the line bundle removing its zero
section.

Definition 2.9 ([30, Definition 4.5.1]). Let C' = S be a log smooth curve and L a line bundle
on C. A logarithmic trivialization of L is a section of L* ®og Mgp.

The definition is a modification of [30, Definition 4.5.1], where the authors define logarithmic
trivializations relative to the base. The difference comes from the fact that [30] are interested
in moduli of logarithmic maps to rubber targets, while we study the rigid case. Similarly, the
following discussion is parallel to [30, Proposition 4.5.3].

From (2.1), we see that the logarithmic line bundle L* Rox MEP can be thought as a O-
torsor over the trivial M Ve, P_torsor. In particular, there is an exact sequence

0= HY(C,L* @gx ME") — H°(C, M) — Pic(C),

where the second map is defined by a — L(—a) = L ® O(—«). In other words, a logarithmic
trivialization of L is a trivialization of the line bundle L(—«) for some cone-wise linear function «.
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2.3 Logarithmic stable maps to P!-bundles and their degenerations

This subsection follows closely [30, Section 5], with two small differences. First, [30] considers
maps to rubber target, while we deal with the rigid case. Second, they study maps to P! or
to degeneration of P! to a chain, while we consider maps to Pl-bundles Y = Px(Ox & L)
and degenerations of the latter to certain chains Yy = (Yl,Dli) U (YQ,DQi) u---u (YN,Dﬁ)
of P'-bundles over X obtained by gluing Y; to Y;,1 along D;’ =D =X

For the benefit of the reader, we state the results in the form most convenient for us and
sketch how to adapt the proofs of [30, Section 5] to our situation.

Let X be a smooth projective variety and L a line bundle on X. For a fixed 8 € Ha(X,Z)
and a vector of integers w = (wy, ..., wy) such that ", w; = ¢1(L)- 3, we consider the moduli
space M := Mg, (Y]Di,ﬁ,w) of logarithmic stable maps to Y = Px(Ox @& L) endowed with
the divisorial log structure D + D™ = Px(Ox) + Px (L) and with prescribed contact order w;
at g; along DT + D~ [1, 19]. Positive w; encode the tangencies with D and the negative w;
the tangencies with D~.

This space compactifies the moduli space parametrizing maps from marked curves to X,

f: (Cvpla"'7pm7q17"'7qn) _>X7

together with an isomorphism

A: f*L(—ZaiqZ) >~ Oc.

Using the language of logarithmic trivializations introduced in the previous subsection, this
description can be extended over the boundary.

Definition 2.10. We define M(X, L) to be the stack over LogSch/* whose objects are

(1) A log smooth curve C — S with n marked points with logarithmic structure and m
schematic marked points.

(2) A stable map f: (C,p;,q;) = X.

(3) A logarithmic trivialization A € H%(C, f*L* Doy MEP), such that the induced o € H%(C,
M%p) is locally on C comparable with 0 and the slope of « along the i-th marking is w;.

We recall that a section o € H° (C, M%p) is said comparable to 0 if at each point x € C we
have that either a(z) > 0 or a(x) < 0 in the partial order on M%fw defined by the monoid M ¢ .
We refer the reader to [43, Section 2.5] for further explanations on the geometric meaning of
this condition.

Proposition 2.11. The moduli space M(X, L) is equivalent as a stack over logarithmic schemes
to the moduli space of logarithmic stable maps M of Gross—Siebert, Abramovich—Chen with
target (Y =Px(Ox @ L), My) and fized tangencies w; along the markings qi,...,q, [1, 19].
Here My is the divisorial log structure defined by the fiberwise 0 and oo sections.

Proof. The proof essentially consists in unravelling the definition of logarithmic stable map to
a Pl-bundle. For the case of log stable maps to toric varieties, the analogous result is proved,
for example, in [43, Proposition 2.5.1.1].

Let Tot(L) &+ X be the total space of L endowed with the zero section logarithmic struc-
ture My, First, we argue that a logarithmic stable map C' EN Tot(L) is the same as a logarithmic
trivialization A such that the associated « is a section of the log structure, i.e., « € H° (C’, Mc).
Indeed, by definition, a log map is a map F of the underlying schemes, namely f: C' — X plus
a section of f*L, together with a morphism F~'M; — M¢ of the logarithmic structures. Using
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the Borne—Vistoli description of fine and saturated log structures [9], the latter is the same as
a morphism of the characteristic sheaves F ~'M — Mo such that the maps to Divo commute.
The first map comes from M = Ny — Divrey(r), 1 — OL(X) = 7*L pulling back along F. It
follows that a lift of the morphism of characteristic sheaves to a morphism of the logarithmic
structures correspond to an isomorphism f*L =* O¢(a) for a the section of M induced by the
map on characteristic sheaves.

At this point we argue parallel to [43, Section 2.5.1].

The PL-bundle Px(Ox @ L) with its fiberwise toric log structure can be constructed as the
quotient of the rank 2 vector bundle Ox @ L minus the 0 section for the fiberwise G,,-action.

Then any logarithmic map C' — Px(Ox @ L) locally lifts to Ox @ L \ Ox.

By the discussion above, this lift can be represented by a, b logarithmic trivializations of O¢
and f*L such that the associated M%p section @ and b are in M. Notice that the ratio A = ab™!
is a well defined G,,-invariant section of the torsor f*L* ®og Mgp, namely a logarithmic trivi-
alization of f*L.

Notice however that not all the section o € H° (C, M%p) can arise this way: indeed, since (a, b)
must avoid the zero section, this means that locally around each point x € C' either a, € M¢c,
or by € M¢ is zero (i.e., lifts to an isomorphism of trivial G,,-torsors). For a = @ — b, this
translates precisely to being locally comparable to zero. |

Remark 2.12. If in Definition 2.10, we drop the request on the local comparability with zero
of the section o € HY (C, MgCP), we would obtain the stack over LogSch/® parametrizing log
maps to the G,y bundle Tot(L) xg,, Giog associated with L. Similar moduli stack have been
considered various times in the literature [30, 42, 43, 44].2

Remark 2.13. The definition and the characterization above can easily be adapted to the case
of moduli of logarithmic stable maps to expansions [24, 26, 32]. Indeed, it is sufficient to add
the condition that the values of (V') are totally ordered; similar discussions appear in [30, 42].

In the classical language of [26], maps in the boundary of M which differ by the rubber action
are identified. It is explained in detail in [14] how to see this from the logarithmic prospective.

We are also interested in considering log maps to degenerations, i.e.,

e Logarithmic maps to Y; & A} certain one parameter degenerations of Py, (0 ® L) to
Yo = (Y1, DY) U (Y, Dy) U+ U (Y, DY),

where (Yg,D;t) are Pl-bundles over Xy glued along their infinity and zero sections; A}
is endowed with its toric log structure and Y; with the divisorial log structure defined
by Yo + Dt + D, where DT are the 0 and oo-section of the family, and making p log
smooth.

e Logarithmic maps to the log smooth scheme Yo — (Spec k, N) with the log structure pulled
back from the family Y,

We recall the following definition.

Definition 2.14 ([30, Definition 5.2.1]). A divided tropical line over a logarithmic scheme
(S, Mg) is defined as follows. Let P be an MgP-torsor and P the associated M%p torsors; fix
Y < 71 < -+ < v a non empty collection of sections of P defined locally on S. Then P, C P
is defined to be the subfunctor whose local sections are comparable with all the ~;.

2We thank an anonymous referee whose comments suggested us to add this remark.
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It is proved in [30, Proposition 5.2.4] that P, := P., x5 P is a 2-marked family of semi-stable
genus zero curve.

We then consider the following variation: fix (X, My) & (S, Ms) with X — S smooth
projective and My = p*Mg. The two cases of interest listed above correspond to the case
where (S, Mg) is A with its toric log structure or a standard log point.

Let P € LogPicy, g and P the induced M?Cp—torsor. Let v9 <71 < - <y be a non empty
collection of sections of P. Notice that where the logarithmic structure of X is trivial P is a line
bundle in the usual sense and all the ~; coincide and are necessarily zero.

Lemma 2.15. In the notation above, let P, C P be the sub-funtcor of sections locally comparable

with all the v; and Py = P X P,. Then Py, — X — S is an expanded degeneration of Y =
Py (L & O) for L the line bundle on X of lifts of o to a section of P.

Proof. Since we assumed that the collection of sections is not empty, P admits a trivializa-
tion 7g: X — P which we think as the zero of My group. Notice that if the log structure on S
and thus on X is generically trivial, then all the ; coincide and are actually zero on the locus
of X with trivial logarithmic structure. Then there exist a line bundle £y representing the log
line bundle P, namely the Ox-torsor of lifts of 7o to a section of the log line bundle. We al-
ready proved in Proposition 2.11 that the subfunctor of P = L ®x Mggcp whose local sections
are comparable with g is the P1-bundle Y = Py (Lo @ O) endowed with its boundary logarithmic
structure. Once a trivialization is fixed, we have that

vi —v0 = 0; € HO(MY);

these are maps Trop(X) = Trop(S) i, Trop(Y). Subdividing along the image, we obtained the
desired degeneration.
Alternatively, the statement can be proved following the steps of [30, Proposition 5.2.4]. W

Let Y; — Al a semi-stable degeneration coming form a subdivided tropical line; for example,
this is the case if Y; is constructed starting from Py, (Ox, & £:) by successively blowing up the
zero and the infinity section on the central fiber. Denote by M(Ht /Al) the moduli space of
logarithmic stable maps to Y;/A! from families of log smooth curves with fixed genus g, number
of markings m, contact order (wi,...,w,) along D; + D} and curve class 3. Then we have the
following,.

Corollary 2.16. The moduli space M(‘ét/Al) parametrizes the following data:

(1) A diagram of logarithmic maps

for C — S a family of log smooth curves.

(2) A section X € H°(C, f*L* ®ox ME) such that the induces o € H°(C, Mgcp) is locally
comparable with f*~;.

Remark 2.17. Parallel to before, if we want to instead consider logarithmic maps to expanded
degenerations [24, 26, 32], it suffices to further impose that for each geometric point s the values
of a(V) for V e I'y are totally ordered.
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3 Correlated virtual class

3.1 Recollection on Albanese varieties
3.1.1 Complex setting

For X a proper, smooth variety over the complex numbers the Albanese variety was origi-
nally defined via transcendental methods using path integrals of closed holomorphic 1-forms.
Let H1(X,Z) denote the torsion free part of the first homology group. There is an inclusion via
the integration on paths:

Hl(Xaz) —>H0(X79X)*7 Y <w'_>/w>7
v

where H°(X,Qx)* denotes the dual to the vector space of holomorphic 1-forms. The Albanese
variety of X is the complex abelian variety obtained as the following quotient:

Alb(X) := HY(X,Qx)*/H\(X,Z).

We list below some results and properties of the Albanese variety and refer the reader to [5,
Section 11.11] or [39] and references therein for all details and proofs.

(1) When X is an Abelian variety, then Alb(X) = X.

(2) Let xg € X a point, then there is an algebraic map, called the Albanese map

ax: X — Alb(X), x —> (wr—>/ w) mod H,(X,Z),
o

sending x( to the identity element. This map is unique up to translation in the sense that
choosing a different g amounts to compose ax with a translation.

(3) The Albanese map satisfies the following universal property: let ¢: X — A be a map
to an abelian variety, then there exists a unique homomorphism of abelian varieties
¢: Alb(X) — A such that (0) = ¢(xp) and poayx = .

(4) Let X i> Y a morphism of algebraic varieties, then the map to the Albanese varieties are
functorial, i.e., there exists a homomorphism of abelian varieties f. making the following
diagram commute:

x—1 .y
ax ay

Ab(X) L Ab(Y),

where ay maps f(xo) to the identity.
(5) The Albanese variety Alb(X) is the dual abelian variety of the Picard group

Pic’(X) := HY(X,0x)/H (X, Z),

i.e., Alb(X) = Pic?(Pic’(X)). Identifying Pic’(X) with the connected component of the
identity of the group of line bundles, the functorial homomorphisms of Albanese variety fi
is the dual of the pullback map.

Remark 3.1. Notice that in the complex setting, H'(X,Ox) can be seen as sheaf cohomology
or alternatively as the Dolbeault cohomology group of (0, 1)-forms.
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3.1.2 Algebraic definition

The interpretation of the Albanese varlety as the dual abelian variety of Pic! X/s allows a more
algebraic definition. Indeed, when X 9, S be a smooth, projective, morphism with connected
geometric fibers over a scheme S, Grothendieck proved that there exists a smooth S-scheme, lo-
cally of finite presentation, Picy,s representing the relative Picard functor and an abelian scheme
(in particular, smooth and proper) Picgc /g over S whose fibers Pic(:))cs Jk(s) BT€ the connected com-
ponents of the identity in Picy, /p(s). See, for example, [17, Section 9], or [10, Chapter 8] and
references therein. Then by [20, Theorem 3.3] (see also [35, 36]), we can consider the dual
abelian scheme

. Vv
Albx/s = PlC x/s /S (PIC%/S) .

If g: X — S has a section og: S — X, then we get an Albanese map to Albgc/s constructed in
the following way.

Let P be the unique Poincaré line bundle on X x Picgc /s which trivializes along og in the
sense of [10, Section 4].

Then we define the Albanese morphism

ax/s X A g, (UL X) e (f xid) P
Given X —> Y a morphism of smooth, proper, geometrically connected S-varieties and og: S
— X a section, it follows from the universal property of the Albanese scheme that there exists
a unique homomorphism f, of S-abelian schemes making the following diagram commute:

x— I .y

ax/si ia‘a/s

where ay,g and ay,5 sends the sections og: S — X respectively foog: S — Y to the identity
element. Alternatively, f. can be described as the dual (in the category of abelian S-schemes,
see [35, Section 1.8]) of the pullback f*: Picg/s — Picgc/s-

3.1.3 Self-duality for smooth curves

As explained, for example, in [17, Section 9.5.26], when € — S is a family of smooth, projective,
geometrically connected genus g > 0 curves over a Noetherian base, there exists an self-duality
isomorphism Albg/s — Picg/s.

If we have a section og: S — C, then the self-duality has a very explicit description using the
Abel-Jacobi map Ay,: C — Picg /s given by

Agy: € — Picgg, (T =€) — Oc,(pr — oolr),

where pp: T — € xg T is the induced section of Gy = € xg T. The self-duality isomorphism
is simply given by the pullback along the Abel-Jacobi map. The isomorphism does not depend
on the choice, nor on the existence of the section, see, for example, [16] for a proof.

Notice that A,, coincides with the Albanese map defined using the Poincaré line bundle
on X x PicgC /s rigidified along the section .

3.2 Refinement of the moduli spaces

Let M = Mgy m (Y\Di, B, w) be the moduli space of logarithmic stable maps to Y = P (0@ L)
considered in the previous section and let us now assume that L € Pic®(X): we have ¢1(L) = 0.
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3.2.1 Morphism to Alb(X)

Using the tangency orders w, we consider the map

Qo - (mz) e X" — Zwiax(xi) S Alb(X)
=1

As > w; = 0, this map does not depend on the choice of a base point in X and is uniquely
defined. Indeed, for zy, z(, two choices of base point and ax, a’y the corresponding morphisms,
we have that ay =t, () ©ax and thus

> widly(w) =Y wilax () —ay(20)) = > wiax(x;).
i1 i=1

i=1
Now, consider the morphism from the moduli space to the Albanese variety of X by composing
with the evaluation map:

ke ML X" 2 Alb(X)
defined by

(€L X, (p)7 1, (@)1, Oc(@) =2 FPL) > (2= fo )iy = > wiax ().
=1

Recall that (¢;);; are marking with logarithmic structure while (p;)7"; are standard schemat-
ical points on C.

Lemma 3.2. Let § € Hy(X,Z) be the homology class of a complex curve. The bilinear map
¢ a®we H"(X) o HYY(X) '—>/oz/\w cC
B

mnduces a morphism
ps: Pic’(X) — Alb(X).

Proof. We use the isomorphisms H%!(X) = HY(X,0x) and H'(X) = H°(X,Qx) as well
as the Hodge decomposition H?(X,C) = H%'(X) @ H'(X). Through the above isomor-
phisms, the map H'(X,Z) — H'(X,0Ox) yielding Pic’(X) is actually the composition of
HY(X,7Z) — H'(X,C) followed by the projection onto H*!(X). The bilinear map ¢ induces
a linear map ¢*: H®'(X) — H'9(X)*. To prove that it descends to a map Pic®(X) — Alb(X),
we need to show that

¢*(H'(X,Z)) C Hi(X,Z) C H'(X,Qx)*.
Let w € H'Y9(X) and v € H'(X,7Z). We write v ® C = 4% 4+ 419 for its Hodge decomposition
in H?(X,C). We have

" (7)(w) = / A%1Aw  (by definition)
B

- /5(70’1+71’0)Aw:ﬁﬂ(VUw)Z(ﬁﬂv)ﬂw,

where the second equality follows from the fact that fﬁ 1O Aw =0, since B is the class of
a complex curve. The last line ensures that ¢*(v)(w) is a period of w since BN~y € H(X,Z).
Therefore, as desired, H*(X,0x) — H°(X,Qx)* descends to a map

v HY(X,0x)/HY(X,Z) — H°(X,Qx)*/H1(X,Z). u
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Remark 3.3. Giving a non-degenerate positive bilinear map H'(X,0x) ® H’(X,Qx) — C
amounts to providing a polarization, i.e., an ample line bundle £, on the Abelian variety Pic®(X),
see, for example, [39]. In an Abelian variety, a polarization then induces a map

Ag: LePic®(X)— 3L @ L7 € Pic’ (Pic’ (X)) = Alb(X).

Assume X is projective with hyperplane class h € H?(X,Z) giving a Kéhler form on X. Then
we have a polarization given by the non-degenerate positive bilinear form

o: a®w>—>/ R A oA w.
X

Assume the class 8 is obtained by intersecting sufficiently many hyperplane sections: ( is
Poincaré dual to " 1. Then, the previously defined morphism g is actually the morphism Ag
provided by the above polarization on Pic?(X).

We claim that the morphism & is in fact constant to ¢g(L). To prove the latter, we start
with the case of smooth curve, and then use it to deal with the case of nodal curves.

Proposition 3.4. The morphism k: M — AIb®(X) defined above is constant equal to pg(L).

Proof. Let us first look at a geometric point s = Spec(C) — M of the moduli space such that the
source curve C'is smooth. We claim that in such case k(s) = f. f*L, where O¢ (Z;;l wiqi) =~ f*L
(by definition of the moduli functor) and f.: Pic®(C) — Alb%(X) is the morphism obtained
dualizing f*: Pic®(X) — Pic’(C) via the self-duality isomorphism of Pic®(C).

To see that, choose pg a point in C and zp = f(po); then the functoriality of the Albanese
morphism for compatible choices of base point gives

f«(f°L) = [ <OC <§ wi‘]i)) = J« (g wiApO(Qi)) = gwiaX(xi)

with the last equality following from the commutativity.
Since we are working over C, we may use that for X (resp. C), we have

Pic’(X) = HY(X,0x)/H (X,Z) and  Alb(X)= H%X,Qx)*/H.(X,Z).

Through Hodge theory, H!(X, Q) is isomorphic to the Dolbeault cohomology group H%!(X).
In particular, by functoriality, the pullback map f*: Pic®(X) — Pic’(C) is in fact induced
by f*: HY(X,0x) — HY(C,O¢), which is the pullback at the level of (0, 1)-forms. Using that
H(X,Qx) = H"°(X), the composition f,f* is induced by the C-linear map

po: HY' (X)L BOYO) ~ HY(O) L5 HYWO(X),

where the second arrow is the dual to the pullback map for holomorphic forms. The middle
isomorphism is provided by the Poincaré duality. Finally, if « € H%!(X) is a (0, 1)-form on X
and w € H'Y(X) an holomorphic 1-form, we have

wc(a)(W)z/cf*aAf*wz/Cf*(aAw)Z/f(c)asz/ﬁaAw,

where the penultimate equality is push-pull formula.

Now, assume that C' is nodal; we write v: | |Cy — C for the normalization map and
fv: Cy — X for the restriction of f o v to the component Cy of the normalization. Since
each Cy is now smooth, the discussion above tells us that the morphism

fvefi: Pic®(X) — Pic(Cy) — AILY(X)
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is equal to ¢g, , where By = fy,[Cy]. Furthermore, since ) Sy = 3, we have
ps=> ¢p: Pic(X) = [[Pic®(Cv) = ALY (X),  L—v"f*'L—=> fru(fil)
1% %

To conclude the proof, we only need to argue that

Y fvslfoL) = w(s).
%
When C is singular, f*L =* O¢(a) for o € H°(C, ng) such that

Oc(a)ley = OCV<ZSeV >

eV

satisfying the balancing condition ), se v (o) = 0. Here s.y () is the outgoing slope of «
at V. Notice that o induces an orientation on the edges of I'. We denote with w, the slope along
an edge with this induced orientation. Then if V', W are the two vertices adjacent to a bounded
edge e, we will have s¢ v (o) = —s¢,w () with one of the two being we.

We know from the analysis for the smooth case that

Fra(foL) = sev(@)ax (fv o q).

eV

From the observation above and the fact that fy(¢.) = fiv(ge) since the maps are induced by
the maps on the nodal curves, it follows that when we consider ) ,, fy«(f{-L) the contributions
coming from the nodes cancel out and we obtain the required identity. |

Example 3.5. Assume X = F is an elliptic curve. We have Alb(E) 2 Pic’(E) = E. For the
homology class 8 = a[E], the associated map ¢g is just the multiplication by a.

Remark 3.6. For a family C/S L, X x S with non-smooth family of source curves, it is not
obvious how to define
. [0 0
F.: Picg)g — AI’(X) x 8.
Indeed, Pic[co] g — 5 is not an abelian scheme, as it is no longer proper, and we do not have an
Abel-Jacobi map. There are two possible ways to fix the situations.

e We can consider the compactified Jacobian PIC[C]/ g C J c/s parametrizing rank one, torsion
free simple (€, 0)-quasi-stable sheaves on the fibers of C' — S for €, the canonical degree 0
polarization on C/S in the sense of [33, Section 2.1]. We refer the reader to [33] and
to [34] for existence and properties of the compactifications. Then a family version of the
argument in [34, Section 5] shows that there is an isomorphism of S-group

Picl¥ 8”’0)

c/s — PIC (JC/S

(0]

and we can then define F as the dual of F* composed with the natural inclusion of PicC /8

with the compactified Jacobian.

e Alternatively, one should in future be able to use the theory of logarithmic abelian va-
rieties and of logarithmic Picard group developed by Molcho-Wise [38]. They show
that LogPicgv/g — S (where the superscript C¥ means we are considering C' — S en-
dowed with the vertical log structure) is a proper group stack over LogSch whose fibers
are logarithmic abelian varieties in the sense of Kajiwara, Kato and Nakayama [22]. Tt is
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expected that many classical results about abelian varieties admit generalization for loga-
rithmic abelian varieties. In this spirit, in a forthcoming paper [37] Molcho—Ulirsch-Wise
will show that LogPiccw /g is self dual in the category of logarithmic Abelian variety, ad-
mits a Abel-Jacobi map and is universal for morphism to abelian groups over log schemes.
Once such a theory will be fully developed, considering the composition
. [0 . F*
Picgg < LogPiccu s — AIb(X) x S
we would obtain the desired extension.

Once the extension Fj is defined, one can look at the closed points to give an explicit de-
scription of FyF*L and verify that this coincide with " ; wiax(f o ¢;). Since we do not need
the extension at the level of universal Jacobian but only the map from M, we do not fill in the
technical details left out in this remark.

3.2.2 Refinement by correlation

Let us go back to the setting of M(X, L) where we fix the ramification profile. To simplify the
notation, for a given point in M, we set x; = f o ¢;. We are interested in the case where the
contact orders have a non-trivial common divisor, i.e., there is some 1 # 6| ged(w;); the we can
consider the morphism

n wi
Aoy /5: (xi)GXnHZFGX(%)-
i=1

Composing with the evaluation map, we define

K: M — T%(L, B) C Alb(X),

n
(f: C = X, (071, (@)izr, Oc(@)] ) = FFL) — ) %ax(%’). (3.1)
i=1
In fact, k% composed with the multiplication by & is the previously defined k. As & is constant
equal to ¢g(L) by Proposition 3.4, this ensures that x° has values in T°(L, 3), the set of -
roots of ¢g(L). The latter is a torsor under the finite group Tors(Alb(X)) of o-torsion elements
in Alb(X). In the particular case where L = Oy, T°(X,0Ox) is exactly the set of d-torsion
elements in the Albanese variety Alb(X).

As L does not possess any canonical d-root, Proposition 3.4 no longer applies for x°, which
has no reason to be constant anymore. The morphism «° defined in (3.1) thus determines
a decomposition of the moduli space of logarithmic maps to Px(Ox @ L) into components,
according to the value taken by k. This refinement is called correlation, as it stems from
relations between the images of the points inside the Albanese variety. The image /15( f) is
called a correlator and is usually denoted by 6.

Remark 3.7. The preimages (/4;5)_1(9) of elements § € T°(L, 8) are called components of the
moduli space but they are not necessarily connected.

In particular, it follows from the discussion above that we have the following.

Proposition 3.8. Let M be the moduli space of logarithmic stable maps to Y = Px (0@ L) with
the divisorial log structure defined by D~ 4+ D*. Assume that L € Pic®(X) and that §| ged(w;).
Then we have a splitting of the virtual class

[M] vir — Z [MG] v1r’
0TS (L,B)

where T°(L, B) is the Tors(Alb(X))-torsor of §-roots of ps(L).
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Definition 3.9. We encompass the information of the correlated virtual classes in the full
correlated virtual class

= ST M),

0€T?(L,B)

which is an element in the group algebra Q[Alb(X)] with cycle coefficients and support over the
torsor T9(L, B).

3.2.3 Correlated Gromov—Witten invariants

The projection Px (O ® L) — X identifies D~ and D with X. The evaluation map hence takes
the following form:

ev: Mg,m(Y]Di,ﬁ,w) — Y™ x X",

we integrate pullback of cohomology classes over the full correlated virtual class to get correlated
Gromov—Witten invariants: for vq,...,vm € H*(Y,Q) and 71,...,79, € H*(X,Q), we set

<<71a"'77m7;71""5:>7n>>35w:/ HeV;‘(VZ)Hé\{/j(ﬁl)a
o [vae ™y 1

which is an element in Q[Alb(X)] with support on the torsor T%(L, ). As the computations
in the elliptic case from Section 5 illustrate, distinct correlators may provide different Gromov—
Witten invariants, so that the refinement is non-trivial.

3.3 Deformation invariants and relations of correlated classes

Let (X, £) & B be a family of smooth projective varieties over B and let £ € Pic?(X/B) (in fact
log smoothness is sufficient). Let Y = P(O®L) — B the associated family of P!-bundles, with the
natural boundary structure D = D~ +D~. Fix § an effective curve class on X relative to B and
fix contact order w = (wy,...,wy) of (q1,...,q,) with the boundary. As in the previous section,
the results of [1, 19, 32] we have that the moduli stack Mp := My, (Y|D, By, w) parametrizing
diagrams of logarithmic maps

¢ — (YD)

L

S— B

is a Deligne—-Mumford stack, proper over B end endowed with a perfect obstruction theory
Rr F*T,)%, relative to B.

As for the case of absolute stable maps, for B regular and connected, the basic properties of
the virtual class construction [4, 29] ensure that the degree of the class ev*y N [Mb] " does not
depend on b € B; we also refer the reader to [28, Appendix A] and references therein for more
details on the deformation invariance.

As Mp is a special case of Corollary 2.16, we still have the description of the moduli space
in terms of logarithmic trivializations. As in the case of B = Spec(C), we have the map

KRB: MB — Alb(X/B)
defined by

(€ L0, (p)rs (@), 74 22 Oc(0)) = > wiayys(f o a:)
i=1
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which is constant with valued ¢g, (£) on fibers of B. In particular, if § divides ged(w;), we get
a refinement morphism

kS Mp — TS(X, L) € AIb(X/B),

where T%(X, L) is a the torsor under the B-group Tor5(AlbO(DC/B)) of d-roots of g, (L)
over B. This torsor is not necessarily trivial, but we can always choose B’ — B étale such
that TS(X,L) xp B’ = T2, (X', £') trivializes.

Thus, working étale locally on B we can always assume that T g(x, L) has a section over B,

i.e., it is trivial. Then Mp split into connected component M% indexed by the sections 6: B —
T%(X, L).
B ’

Theorem 3.10. The correlated Gromov—Witten invariants are deformation invariant, i.e.,
let X - B and Mg — B as before and assume that T]‘;%x L) has a trivializing section 6.
Then for any such section the degree of classes ev*y N [Mb(bs]m for v € H(Y"™™) does not
depend on b € B.

Proof. Since M% — Mz is open, the perfect obstruction theory R, F *T;‘;% relative to B re-
stricts to M%. The results then follows once again from the propertied of the virtual class
construction [4, 29] as explained for example in [28, Appendix A]. [ |

By choosing suitable families of deformations of Y — B, we can exploit Theorem 3.10 to find
non-trivial identities among the correlated classes.

The morphism ¢g: Pic’(X) — Alb(X) induces a morphism between their d-torsion el-
ements. We thus have the subgroup ¢g(Tors(Pic®(X))) C Tors(Alb(X)). In particular,
the support T‘S(L, B) of the correlated Gromov—Witten invariants is stable by the action of
¢g(Tors (Pic’(X))). Furthermore, we have the following.

Theorem 3.11. The correlated invariants ({(y1, ..., Ym, V1, -- - ,;Vn>>g 5 aT€ invariant under the
action of g (Tor(; (Pic0 (X))) )

Proof. We consider the family over B = Pic(X) induced by the universal line bundle: the fiber
over L € Pic’(X) is P(O @ L). Thus, in this case, the torsor appearing before Theorem 3.10 is

TE(X, L) = {(L,0) € Pic’(X) x Alb(X) s.t. 66 = ps(L) € Alb(X)}.
To get a section, we use the base change ps: L — L®° from Pic’(X) to itself. We thus have
psTE(X, L) = {(L,0) € Pic®(X) x AIb(X) s.t. 60 = ¢5(L®°) € Alb(X)}.

This torsor now has a section provided by L — 6y(L) = ¢g(L). Deformation invariance tells
us that for any choice of R, the correlators 6y(L) and 6y(L ® R) provide the same invari-
ants. However, the latter are correlators for the a priori distinct P'-bundles associated to L®?
and L® @ R®%. Assuming R is of d-torsion, these P!-bundles are the same. Furthermore, the
correlators differ by

0o(L @ R) — bo(L) = (L @ R) — ¢(L) = ¢p(R),
yielding the result. u

Finally, we have the following relations between the classes corresponding to different levels
of refinement.
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Lemma 3.12. The multiplication by d in Alb(X) induces a morphism of Q[Alb(X)] denoted
by m[d]. The different full refined virtual classes are related as follows:

m[5] () -

Proof. The relation merely comes from the fact that multiplication by ¢ /6" provides a surjection
from d-roots of pg(L) to &'-roots of ps(L), so that if &' € T% (L, §), then we have

M= || u
(5/6")6=0"

4 Refined decomposition formula

Our goal in this section is to give a refinement of the degeneration formula [15, 27] keeping track
of our refinement.

4.1 Recollection on the degeneration formula

We consider Y; > Al a semi-stable degeneration of a P!-bundle Py, (L ®0) — Al 4o coming
from a subdivided tropical line as in the setting of Corollary 2.16.

As observed above, that is for example the case when Y; 2y Al is constructed starting from
a family of P!-bundles over X — A! by successively blowing up the boundary divisors on the
central fiber.

We recall some notation; write the N components of the central fiber as follows:

Yo = (V1. DE) U (12, D) U+ U (V. D),

where Y; and Y, are gluing along DJr =D .

Endowing A! with its toric log structure and Y; with the divisorial log structure coming
from Yo + D] + DY, p is logarithmically smooth. Let C(Y) 2, R>( denote the tropicalization.
Then the fiber over any point of R<g, which we denote by Y, is a subdivided real line with N
vertices corresponding to the irreducible components of Yo and two legs corresponding to the
divisors Dy, Dj;.

Since Y; & Al is logarithmically smooth, the moduli space M(Y,/A!) of (expanded) logarith-
mic stable maps to Y;/A! admits a perfect obstructlon theory relative to Al [15, 19, 26, 32]. In
particular, there is a well defined virtual class [Mo] for the moduli space of logarithmic stable
maps to the central fiber Yy and moreover, as recalled above, the logarithmic invariants defined
integrating [MO] I and [Mt] I coincide. This allows one to compute the invariants for maps to
the smooth fiber on the degenerate fiber.

The degeneration (or decomposition) formula [15, 25, 27] expresses the virtual fundamental
class of the central fiber [MO] " as a sum of virtual classes over a collection of decorated graphs,
which we call degeneration graphs; these encode combinatorial types of curves in the central
fiber Yo.3

Definition 4.1. A degeneration graph for Yo = |JY; is a graph I' with the following decorations:

(1) We have a graph map ¢: I' = Y, inducing an orientation on the edges of T';

(2) Vertices are decorated with: a genus gy € Zx¢ and a curve class By € Ha(Yyvy,Z),

3We warn the reader that this terminology is not standard; in [27] degeneration graphs are called admissible
triples, in [25] they are referred to as bipartite decorated graph
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<

>

Figure 1. Example of degeneration graph.

(3) Every oriented edge e and every leg [ (also called unbounded edges) comes decorated with
a weight we, w; € Z such that the map ¢ is balanced.

(4) The flow through a vertex V, defined as the sum of the outgoing positive weights, is equal
to By - [D;F(V)}
In what follows, we say edge and use the notation e for both edges and legs, unless the distinction
is important.
An automorphism of a degeneration graph I' is an automorphism of the underlying graph
compatible with the decorations. We denote by Aut(I") the group of automorphisms.

Remark 4.2. In the above definition, balancing means that for every vertex V', the sum of
incoming weights matches the sum of outgoing weights.

Example 4.3. In Figure 1, we draw an example of C(Y) — R (on the left) and a corresponding
example of degeneration graph (on the right). We represent both the markings carrying non-
trivial contact order, namely unbounded edges and the internal marking (only C,,, has an internal
marking here). Furthermore, each edge, bounded or not, is decorated with the absolute value
of its weight; the sign is then determined by the natural orientation.

Finally, each vertex v is further decorated with the data of the genus g, of the source curve
and a curve class 3, € Ha(X,Z). We represent with a cross the components with g, = 0 and 3,
a multiple of the fiber in Yy(,,).

Let I" be a degeneration graph. Let V be a vertex decorated with genus gy, class By. Let ny
be the number of adjacent edges in I' with non-zero weight and my the number of adjacent
legs with trivial weight (called marked points). Let w. = (we)ery be the collection of signed
adjacent weights with sign prescribed by the divisors, so that > |, we = 0. We have a moduli
space of logarithmic maps associated to each vertex My = Mgy, my (Y1) De(v), By, we).

Let I be a degeneration graph with a chosen labelling of its bounded edges. For a fixed T,
there are |Ey(T")|!/| Aut(T")| such labellings. The cycle version of degeneration formula, as pre-
sented by [24] (see also [15, 27] for previous versions) states that

vir ll" * Al vir
Mol = Zf: GG (1;[ My ) .

We recall the notation and refer to [25] for the proof. We denoted by I = lem({w.}); by A' the
Gysin pullback along the diagonal inclusion

D::HX%X:HX"V;
e \%4
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to the fiber product

[lecp, ) we
Ir

by ¢r: Mz — Oy My the étale map of degree

Oy My —— [[y My

| |

D% X

corresponding to lifts of the maps in (O, My to a log stable map to Yo; by F: Mz — Mg the
natural clutching map, shown [24, Lemma 9.1] to have virtual degree |Ebl(r) !

As also explained in [25], and in full details in [18, Chapter 19], via the cycle map A, kN H,,
we can reduce to perform the computations of the invariance in (Borel-Moore) homology rather

then Chow homology. In particular, by [18, Section 19.1, Theorem 19.2]

l <A! (1;[ [MV]V“» = c1<<1;[ [MV]V“» Nev*DY

in Ho(I [y [Mv]m) where DY € H*(X) is the Poincaré dual of the class of the diagonal. Then
using push-pull formula along the following diagram:

M= — M,

Lﬁr Y

Oy My — [Ty My —= Yo

and the identity above, we then obtain as an immediate corollary from (4.1) the following
numerical version of the degeneration formula. Using the Kiinneth decomposition of DV, we can
split the cap product over the vertices and get

M) -3 ALve
w « *
< %> = TAut(T : / m evi%-Uev DY. (4.2)
g’

4.2 Toward the refined degeneration formula

For Y; — A!, a degeneration coming from a divided tropical line, the interpretation of the moduli
space given in Corollary 2.16 allows us to define the refinement morphism ry:1 : M(‘jt /Al) —
Alb (X/Al) as the Albanese evaluation, i.e.,

(e, (pj)jz1, (@)iz1, f*L = Oc(a szaDC/Al © qi).

The same argument given in the second part of Proposition 3.4 to compute the x(s) in the
case of a semi-stable curve allows us to show that xo: M(Yo/ Spec(N — C)) — Alb(Xy) is the
constant morphism ¢g,(£g). Therefore, as in the case of smooth one parameter families we
have that if § divides ged(w;) there is a morphism £, : M(Y¢/AY) = T2, (X, £). Up to passing
to an étale neighbourhood of 0 € A!, we can assume that T 9 (X, L) trivializes. In particular,
we obtain a decomposition of My = M(Ho / Spec(N — C)) into connected components indexed
by 0 € T2, (X, £)]o = T°(Xo, £Lo)

[MO] vir _ Z [Mg] vir.

0cT? (xO,Lo)
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Our goal is now to prove a decomposition formula for the components [Mg]m.
Let T' be a degeneration graph; for each vertex V let dy is the g.c.d. of the weights of the
edges adjacent to V. Then, as discussed in Section 3.2.2, we have a refinement

[MV] vir _ Z [M@V] Vil"

Oy TV

where T is the torsor providing the refinement for Yyy). We aim to describe the compo-
nents [Mg] "™ in terms of the refined components M?)’.

Remark 4.4. Clearly several choices of § = (y/) may contribute to a common MY on the smooth
fiber. On the other hand, as we will see shortly, a fixed collection § = (6y) may contribute to
several distinct MY and should thus not be considered as a further refinement of the M§.

For this reason, the best way to express the refined degeneration formula is in term of full
correlated virtual class (see Definition 3.9):

M= 3 [ (0) € Ho(M,Q) @ Q[AIK(X)).

0€T9(L,B)

In the group algebra Q[Alb(X)], we also have the division operators defined as follows on
generators

JHICEE SN G!

df’'=60

where 7 is the rank of Alb(X), which is thus a real torus of dimension 2r. In other words,
0 [é] maps an element to the average of its d-roots.

4.3 General degeneration formula

Let T be a degeneration graph and V one of its vertices. Let ér be the g.c.d. of the diagram, i.e.,
the ged of the edge weights. Let ny be its valency, by which we mean the number of adjacent
edges and legs, and my the number of marked points with trivial contact order. We have the
evaluation map evy : My — X" and the Albanese map

w

“ax(ze) € Alb(X).

av: (Te)erv € XMV — Z oy

eV

The refinement morphism ky is the composition ay o evy .

By definition, the evaluation map evy restricted to the connected component M?,V takes
values in J{f/‘/ = ay (Oy).

Let 8 = (0y) be a vector of correlators indexed by vertices; we denote

mE=T]my,  3=]]or.
1% 1%

Furthermore, we denote by évy the evaluation map restricted to JV[(‘;/V (omitting Oy in the
notation) and by ev = [, evy, still omitting # in the notation.
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As before, we have X =[], X"V and a natural inclusion ¢: HY < X the inclusion, so that
we have ev = 1 oev. All the data sits in the following diagram:

lev\

|
L X —2 5 Alb(X)VOI
5

w/§

Alb(X)

As above, D denotes the diagonal inclusion for each pair of coordinates corresponding to
a bounded edge of I'. The components of a are the ay, while a,,/s is the morphism giving the
global refinement, i.e., @ /5(7) = Zeleg & cax(Te).

Clearly, the evaluation map [[ My = X may be factored via L] H? and refined by 6

|_|MQ£|_|J-CQ<—>X.

Intersecting the diagonal D with the codomain, the latter also gets refined into |_|Q D2, where
we set D? = D N HE. Therefore, the fiber product () My also gets refined into Ly (O My )e,

and we have the following cartesian diagram:

Oy My = (O Mv)? —— TTy My = Ll M”.

| J=

Ll, D? L1y 3
L]
D X

The key is that each D? is itself disconnected and the various distinct components can
contribute to distinct M§. This contribution is controlled by the following lemma.

Lemma 4.5. Let x € DY. Then, it satisfies
sl Z

Proof. Let z = (z)) € D?. We have the following:

(;iaw/(;(:c) = 5(; —aX (ze) Z 5—ax Te) = ZZ %;ax(lfv,e)
elog eleg V eV
oy
= Z ?av zv) 5*9%
where the third equality follows from the balancing condition that has to be satisfied by those
maps that glue to a map to Y. |

Remark 4. 6 The proof relies on the fact that a,, s belongs to the Q-span of the ay: we have
the identity 2 5 0w/s = > ‘;F ay. We may assume that dr|d by choosing § to be the g.c.d. of the
tangency orders For other §, we always can unrefine using Lemma 3.12.
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In particular, a,, /s (DQ) can take a discrete set of values, indexed by the torsor of (6 /dr)-roots
of > %—‘F’Qv; these values index disjoint components of DZ. Denote by D%? be the component
of DY corresponding to 6 € ay, /5 (DQ) and let A%Y be the restriction of A to this component
then A2 = Do A9 If L is chosen generically, we can assume that H? and D? are manifolds
since they are defined transversally. In particular, A? is a regular embedding.

Theorem 4.7. In the notation of this section, we have a refined decomposition

M@ vir _ 71—‘ " *AQ,Q,!( MOV v11r>7
ol ?% o (P

|4

where the second sum is over the 8 = (0y) such that ‘;—‘F’HV = %9.

Proof. The proof follows from the usual decomposition formula and Lemma 4.5. The compat-
ibility of the Gysin pullback from [18, Chapter 6] ensures that we may replace A by the sum
over the refined diagonals A7,

To get the #-part of the decomposition for a given 8, we only take the diagonals involving
the chosen 6. Following Lemma 4.5, this requires to sum over the ¢ satisfying > ‘;—‘F’GV = %9,
and we obtain the desired identity in He(M, Q) ® Q[Alb(X)].

In order to extract a numerical version of the refined decomposition formula which can actu-
ally be used to compute the invariant, we need deg(AQ’e’!aﬂev*v) for € H, (MQ, Q). This means
that we need expressions for the Poincaré dual classes (DQ’G)V.

In the unrefined setting, an explicit expression of the class DV Poincaré dual to the diagonal is
provided by the Kiinneth decomposition, which allows us to write the class D" in terms of a basis
of H*(X, Q). This provides a decomposition of :* D" but not for the (DQ’Q)V. Furthermore, we
do not a priori know much of the cohomology of HZ. Therefore, this task may be especially
hard if the classes (DQ’G)v are not pulled back from X.

4.4 Degeneration in the elliptic case

We first prove the following lemma.

Lemma 4.8. The diagonal components D%Y indezed by 0 € Aoy /§ (DQ) are cobordant in D (and
thus in X). In other words, (s [DQ’G] does not depend on the choice of 0 € ay, /s (DQ).

Proof. Let 0 € a5 (D?) and ~v(t) € Alb(X)V™I be a loop based at §. The idea is to use the

loop 7(t) to construct a cobordism between the different components D%?. We claim that there
is a unique path ~(¢) € Alb(X) such that v(0) = 6 and in Alb(X) we have

290 = X Faw (o).

To construct it, let @ be a lift of § in the universal cover H(X,Qx)* of Alb(X), and consider
the loop )y, %—‘F/'yv(t) in Alb(X). We can lift the loop to a path in H(X,Qx)* starting at %9.
This path can be written as follows ¢ — %9 + p(t), where p(0) = 0 and p(1) € H1(X,Z) C
HO(X,Qx)*. The path p is determined by ~. It corresponds to a loop in Alb(X), and its class
[p] = p(1) € Hi(X,Z) C H(X,Qx)* satisfies [p] = Z.(7), where X,: H;(Alb(X)VDI 7) —
H;(Alb(X),Z) is induced by X: (6,) = > ‘55—"9{/. Finally, we divide by §/dr: the path we care
about is the image in Alb(X) of ¢t — 6 + (S/TFp(t). In particular, v(¢t) € Alb(X) may not be
a loop.

Starting with a generic path ~(t), the path v(t) € Alb(X) is also generic. Therefore, its
preimage by a,,/5|/p: D — Alb(X) provides a cobordism in D between D%7(0) and D&Y,



26 T. Blomme and F. Carocci

To finish the proof, we need to prove that (1) may take any value in a,,/s (DQ). Equiva-
lently, We need to show that any element of Tors/s.(Alb(X)) has a lift in H Y(X,Qx)* of the
form 57— 5 p(1), with p as above. This amounts to the surjectivity of ¥.. The latter is ensured
by the fact that the g.c.d. of dy/or is 1, finishing the proof. [ |

Remark 4.9. The key point in the proof is the surjectivity. Otherwise, the elements in the
torsor would split in different classes modulo the image of the morphism.

Remark 4.10. This lemma is easier to prove in the elliptic case since all maps are actually
group morphisms, so that the various components are in fact parallel subtori.

Now, let us work under the additional assumption that the .*: H*(X™,Q) — H*® (3—[?,‘/,@)
are surjective. This hypothesis is satisfied when X is an elliptic curve, since each Hy’ is now
a subtorus of X™V. Using Lemma 4.8, we can now prove the following.

Lemma 4.11. Given v € H*(X,Q) and [N] a cycle class in H.(MQ, Q), the intersection
numbers ev[N] N ((DQ’Q)V U*y) do not depend on 6 € oy /5 (DQ):

Proof. If L is chosen generically, every choice of 8 is also generic and J—C?}’ is thus a submanifold
of X™v. In particular, we have Poincaré duality. Let p be the class Poincaré dual to ev,[N]
inside HZ, so that we have

&N N ((D20)Y Uety) = [HE] 0 ((D20)Y U puy) = [D29] N (nUy),

since (DQ’(’)v is Poincaré dual to DY inside HZ. By surjectivity, we can write p = (*[i.
Moreover, as we compute an intersection number, we may as well compute its push-forward
inside Hy(X,Q) and use push-pull formula, so that the number we care about is

L [DQ’Q] N (RUY)) =t [DQ’G] N (pUy).

As by Lemma 4.8 ¢, [DQ’G] does not depend on 6, we get that the intersection numbers do not
depend on the particular choice of 6 € a5 (DQ). |

We may now state the degeneration formula under the surjectivity assumption.

Theorem 4.12. Consider a one parameter family degeneration Y; of P'-bundles with common
base X whose central fiber is a union of P'-bundle glued over their boundary divisors. Under
the surjectivity assumption, we have the following decomposition of the virtual classes:

bor =33 (4TI 1): 7] (Z5)

where A: D — X is the usual diagonal inclusion.

The “=” means that the equality is true when we compute the intersection with the pullback
of a cohomology class by the evaluation map.

Proof. We just rebrand Theorem 4.7 using Lemma 4.11 to show that both classes have the
same intersection numbers with classes of the form ¢*y. Notice that since this is a statement
about intersection numbers, as in equation (4.2), we replace the sum over labeled graphs r by
a sum over degeneration graphs I', each one having precisely || X (F”) labellings. Taking into
account the degree of ¢r and the virtual degree of F' gives the coefficient for each I', which is

independent of the refinement.
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Let [Me]wr =11 [MGV]VH and r be the dimension of Alb(X), so that the cardinality of 6 /dp-
torsion elements is (&/ 6p)27" Intersection numbers in the (co)homology of HZ between a class
in H, ( ,Q), some (Da 9) and some (*vy can be computed in the (co)homology of X by push-
pull-formula. By Lemma 4.11, the results do not depend on the specific choice of §. Therefore,
they are equal to their average

(6. M 0 ((D2) U i) = 0, ( e (w/61> (D)7 u ”))
0
1

~(8/or)>
1

~(8/0r)

As the W are precisely the coefficients appearing through the use of ® [6/%] and its support

L (e~v* [M ]Vlr NDY UL 7)

T eV [MG] vir (DV U fy).

the 0 we care about, we get the result. |

Corollary 4.13. Under the surjectivity assumption, the full correlated virtual classes satisfy the
following decomposition formula:

1

M 5 — H we A! M or

ol Z Aut(m)]° | 5/0r 1;[[[ v

Proof. We rewrite Theorem 4.12 to make appear the full refined classes at the vertex level

[Ioet =TTm 2] (S b1 00) = [13 bt (o)

1% 1% Oy Vo Oy
v 0
=TI (S50 )
0 v r
yielding the result. u

Remark 4.14. The formula tells us that even if each vertex is entitled to a refinement at the
level dy/, to recover the refinement for the global degeneration graph at the level §, we only need
to know the refinements at the level dr. Moreover, due to the presence of D[(S/%F], the class
associated to the graph I' is invariant under Tors/s.(Alb(X)). In particular, if or = 1, all the
correlated classes coming from I yield the same invariants.

5 Computation of local invariants

5.1 General considerations and statement

Our goal in this section is to compute the correlated GW invariants in the case where X = F
is an elliptic curve, the genus of the source curve is ¢ = 1, and with a unique interior point
constraint. These local invariants will be used in combination with Theorem 4.12 to obtain an
explicit computation algorithm and derive regularity results for general correlated invariants in
Section 6.

We consider Y = P(O @ L) for L € Pic’(E); fix an homology class 8 = a[E] € Hy(E,Z) and
a vector w = (wq,...,wy,) of tangency orders. The moduli space

M(a, w) = My 1 (Y|D*, a[E], w)
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is the moduli space of log stable maps as in the previous section. For d|ged(w;), we saw that
it decomposes into components Me(a,w). The correlators 6 satisfy 00 = @, g (L) = al,
where A = pg)(L) is the image of the line bundle L € Pic’(E) ~ FE through the isomor-
phism ¢g. We denote the torsor by T(L,a).

5.1.1 Uncorrelated case

We recall the computation of the non-refined invariant

<pt07 1U)1 ) ptw27 s 7ptwn>1,a[E],w = /

we€V0(pt) | | evi(pt).
[M(a,w)] ’ ]‘;[

Lemma 5.1. The uncorrelated relative GW invariant has the following value:

<pt07 1U)1 ) ptw27 s 7ptwn>1,a[E],w = an—la_(a) : w%v

where o(a) =} g, d is the sum of divisors function.

Proof. This elementary formula is computed, for instance, in [7]. Briefly, it may be obtained
as follows. Genus 1 parametrized curves in Y realizing the class a[E] + b(w)[P'] come from
degree a covering maps f: C' — E. Up to translation, these are group homomorphisms. We may
fix the translation parameter using the marked point py, mapped to a fixed point in E. Then
we see that these are in bijection with the index a sublattices of 71 (E) ~ Z2, of which there
are o(a).

Given one of the o(a) covers f: C' — E, enhancing to a map to Y = P(O & L) amounts to
find a section of f*L, with poles and zeros of prescribed order w; and fixed image in F.

We denote by y; the marked points in C' (with not trivial contact order) and let z; = f(y;)
their image in E. For 2 < ¢ < n, there are a possible choices for each y; given that z; is fixed.
The position of y; is determined by the relation » w;y; = f*(A\) in C, ie., y; is a wy-root
of f*(A\) — >, wiy;. There are w? possible choices for y;, yielding the result. [

5.1.2 Statement

We now consider the correlated invariants

<<pt07 11U17ptw2a s 7ptwn>>(i,ﬁ,w = /
[M(a,w)]®

n
evi(pt) [ [ evi (o),
2

which is an element of the group algebra Q[E] with support on T°(L, a).

Before giving a closed formula for the full local correlated invariant, we need to introduce
certain functions with values in Q[E].

First, we consider the average of torsion elements

1
Yai= > (0) € Q[E).
df=0
They satisfy ¥4, a4, = Viem(d; do)- We then define the following functions: for d|d,
B5(d) = [ [ niar = Lup@y<vp ()0 pntarsn),

p

where the products is over primes and v, is the p-adic valuation. The 1 indicates that the second
term for each factor of the product only appears if v,(d) < v,(6).
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Example 5.2. If d = §, so that 95(5) = J5. If 6 = p” is the power of a prime number p, the

values of ¥, for its divisors 1,p, ... ,pU~ L p¥ are ¥, — Up, Op — D2,y oo, Upo—1 — Upv and Jpo.
Next, we consider the variants of the arithmetic function o(a) = >_;, d defined as follows:

7% (a) = o(a/d) if d|a and 0 else. Combining both, we define the following function, with values

in Q[Tors(E)]
os(a) =Y 7/ a)9s(d).
d|é

For concrete computations, it may be convenient to express os(a) as a linear combination of
the ¥4 for d|6 but with different coefficients. To do so, consider the following function on N:

i) = [T 1, @< ") (7).
V4

In the above product of function, the argument a is factorized over prime numbers, so that
for a = prp(a) and d = le’p(d)’

7l(a) = [Jo""" (7).

The following identity is proven in the proof of Theorem 5.3. Thanks to multiplicativity, it
suffices to check it for powers of primes, where it stems from a summation by part

os(a) = Z T (a)s)4-
s

Doing a summation by parts for each prime numbers is called a multiplicative summation by
parts.
The torsor consists of §-roots of aA. However, a\ has no canonical §-root. The furthest we

can naturally define is the ged(a, d)-root ﬁz’é). Then, pick 0y to be any choice of root such
that meo = m)\. A correlator 6y as before is called a special correlator. Theorem 3.11
ensures that the result does not depend on the choice of the latter.
One way to construct special correlators is as follows: if Ay satisfies Ag = A, one may
take 6y = aXg. Indeed, one has
1) a a

gcd(a,é)(a 0) ged(a, d) 0 gcd(a,é))\

Theorem 5.3. The full local correlated invariant has the following expression:

<<pt0, 1w17ptw27 s 7ptwn>>ia[E},w - an_lw%gé(a) ' (90)7 (5'1>

. . . . 5 . a
where Oy is any special correlator, i.e., satisfies 2ed(a9) Oy = gcd(w))\.

Without assuming Theorem 5.3, it can be checked from the definition of o that

os(a) = o5(a)Vs/ged(a,6): (5.2)
so that the right-hand side of (5.1) does not depend on which 6y we choose. It may thus be
1
replaced by 195/ ged(a,0) (00) =0 [5/ gcd(a,&)] (gcd?a,é) )\) ’
Assuming instead Theorem 5.3, equation (5.2) is in fact a consequence from Theorem 3.11,
which tells us that the correlated invariant is invariant when multiplying by an element of

@qrp)(Tors(E)) = a - Tors(E) = Tor,) ged(a,s)(E)-

See the second part of the proof of Lemma 5.7 for a proof of the second equality. In particular,
it is also invariant by multiplication by 95/ gcd(a,6)-

With the above formulation, the correlated invariant appears as a refined version of the
uncorrelated invariant, and the refinement takes the form of o5 replacing o.
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5.1.3 Applications

Before going to the proof, we present some applications.

Example 5.4. If a is coprime with §, every 5%/ 4(g) vanishes except for d = §, and we thus recover
that o5(a) = o(a)ds. In other words, the curves are equally spread among the correlators.

Example 5.5. Let .J; be the second Jordan function, defined by Ja(p®) = p?*~2 (p2 — 1). It
counts the number of elements of order n in (Z/nZ)>.
The (0)- Coefﬁcient of 195(d) is equal to the product of (0)-coefficients for each prime p. The lat-
ter is ﬁ(gu/aoul% to 21, 5o W if v,(d) <vp(6) and pQV —,7 else. This matches the values of the func-
2

tion , Wthh is also multiplicative. Therefore, we get that

n—1 (W12 _
<pt07 1’w17ptw27 s 7ptwn>f?a[E]’w =a 1 (7) Z JQ(d)O’d(CL).
d|é

However, this application is partially a lie since this computation is actually the first step toward
proving Theorem 5.3.

From m[6/8'] ([M(a, w)]°) = [M(a, w)]%, we deduce that the functions o satisfy

m [6/0'] (o5(a)) = o5(a),

which may also be checked directly from the definition of o.

Using Theorem 5.3, we immediately get the quasi-modularity result for the generating series
of correlated invariants. Here, we extend the notion of quasi-modularity for functions with value
in a vector space, here chosen to be C[E]. In the finite-dimensional case, it just means that all
coordinate functions are quasi-modular forms. See Section 6.3 for more details.

Corollary 5.6. The following generating series is quasi-modular for T'y(0)

1
Z<<pt07 Lo, s ptu)g? s >ptwn>>l,a[E],wqa'

a

Proof. The generating series of o is the first Eisenstein series Fa(q), known to be a quasi-
modular form. The result thus follows from the quasi-modularity of the generating series
>, 74 a)q® = E2(q?) for the congruence subgroup I'g(d). [

The rest of the section is dedicated to the proof of Theorem 5.3, by refining the proof of
Lemma 5.1. We proceed in several steps. The first is to study the curves coming from a common
covering map f: C — E. Summing over covering maps in Section 5.3, we are then able to find
a closed expression for the (0)-coefficient. Multiplicativity properties and an induction relation
are thus sufficient to prove the formula from Theorem 5.3.

5.2 Contribution of a fixed cover

Let us consider a fixed cover f: C — E, which is a group homomorphism choosing the marked
point py and its image as neutral element. Its kernel ker f has cardinality a, the degree of the
covering. Let f*: E — C be the dual map between the curves seen as their Picard groups. The
lifting condition writes itself > 1 wjy; = f*(A), where A € E corresponds to the line bundle L.
We have the following group morphism:

o —s gt x C, (/{/‘J)’—> (f(k?Z),---,f(k?n),ijkj>
1
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with its kernel K(f { ) € C x (ker f)" st Y Twik; = 0} In particular, it sits in the
following exact sequence from which we see it has cardinality w?a™~!

0 — Tory, (C) — K(f) — (ker f)"~1 = 0.

For the cover f, the set of curves matching the constraints (x;) is in bijection with the
following K (f)-torsor

S\ = {(yj) €C"st. V2<j<n fy) =x;and Y wyy; = f*(\) € C} ,
1

also having cardinality w?a™ . We now wish to refine the above description. To do so, we use
the correlator function

k: C" — E, (y5) —> Z %f(y])
1

The correlators are the elements § € E satisfying 00 = f.f*(\) = aA. Among them, recall
we have the special correlators satisfying gcdfam Oy = gcd?a,ts))\ and that a\g, where d\g = A is
a special correlator.

Lemma 5.7. The image of K(f) via the correlator function is k°(K(f)) = f(Tors(C)). Fur-
thermore, it contains Tors/ ged(a,s)(E)-

Proof. The equality follows from the definitions. Assume that (k;) € K ( f). Then we have that
ST w;k; = 0 and it follows that "7 “Zk; € Tors(C) and consequently x°((k;)) = f(3°7 % k ;) €
f(Tors(C)). Conversely, let f(s) € f(Tor(;(C’)) with s € Tors(C). Let k1 be such that s = “ k1,
which exists because C is divisible, and k; = 0 € ker f if j > 2. We have

f(s)=f <%k1) = %(k1,0,...,0) and ijkj =ds = 0.
1

Thus, we have the reverse inclusion f(Tors(C) C k(K (f)).

We now prove that Tors/ged(a,s)(£) C f(Tors(C)). Using the dual morphism f*, we start
from f*(Tors(E)) C Tors(C'). We now apply the morphism f and use that the composition
fo f*' E — E is the multiplication by a, so that a - Tors(E) C f(Tors(C)). We now claim
that a - Tors(E) = Tors/ ged(a,s) (&), which concludes the proof:

e If z is d-torsion, we have —2—~azx = —% 6z = 0, so that we have the inclusion
ged(a,d) ged(a,0)

a - Tors(E) C Tors/ged(a,s) (E)-

e As |Tor,(E)| = u?, the short exact sequence
0 — Torg(E) N Tors(E) = Torgeq(q,s)(E) — Tors(E) % a - Torg(E) — 0,

ensures that they have the same cardinality (m)? |

The following proposition gives a description of the correlators in the image of the tor-
SO S) zo..... 20

Proposition 5.8. The correlators achieved by the solutions, i.e., the set H(S(S)\@vazn), form
a f(Tors(C))-torsor which contains the special correlators 0y. Solutions are uniformely spread
among the correlators.



32 T. Blomme and F. Carocci

Proof. The solutions form the K(f)-torsor Sy s, . ... Applying the correlator function, we
immediately get a torsor under x°(K(f)), equal to f(Tors(C)) by Lemma 5.7. We also get that
the solutions split evenly among the elements.

We now need to prove that it contains the special correlators. Special correlators form
a torsor under Tors/scq(q,5)(£), which lies in f(Tors(C)) by Lemma 5.7. Thus, it suffices
to show it contains one of them. Pick yo,...,y, such that f(y;) = x; and choose y; such
that > 7 %yj = f*(M\o), with A9 = A; notice that this always exists as C' as well is a divisible
group. In particular, as 6Ag = A, we have that Y | w;y; = f*(\) and (y;) is indeed an element
..... 2,- Moreover, we have that x°((y;)) = f o f*(Ao) = a)o, which is one of the special
correlators. Therefore, all special correlators belong to the image torsor. |

To finish this section, we provide a first expression of the local correlated invariant as a sum
over the covers f: C — E. The cover f corresponds to a sublattice A C 71(FE) ~ Z?. We can
find a basis (eq,e2) such that A = (key, (a/k)es) for some unique k such that k?|a. We say
that A, and by extension the associated cover, is of type (k,a/k).

Let ¥(f) € Z|E] be the element with coefficient 1 for every element in f(Tors(C)).

Proposition 5.9. The correlated invariant admits the following expression:
w1

2
({PE0s Lurs Pl -+ P Mmoo = " (55) D2 ged(k,6) ged(a/k, 2)0(F) - (o).
f: C—E

Proof. We know by Proposition 5.8 that the w?a” ! solutions for a fixed cover f: C — FE
uniformely spread among the possible correlators, so that we get some integer multiple of the
torsor ¥(f) - (Ay) indexing the possible correlators. To conclude, we merely need to compute the
cardinality of f(Tors(C)).

The basis (e1,ez) diagonalizing the lattice inclusion provides real coordinates on E and C
such that f has the following expression:

f: C~ (R/Z)2 — F~ (R/Z)2, (u,v) — (ku, (a/k)v)

from which we see that | f(Tors(C))| = WM. Therefore, each correlator carries

- (%)2 ecd(k, 6) ged(a/k, 6)

solutions. Summing over covers yields the result. |

Our next goal is to find an expression avoiding the summation over the morphisms f: C — F,
i.e., the index a sublattices of 71(F) ~ Z2.

5.3 Computation of the (6y)-coefficient

The next step toward the proof of Theorem 5.3 is to use Proposition 5.9 to compute the (6y)-
coefficient, where 6 is a special correlator, belonging to the support of all terms in the sum.

To do so, we need to know the number of sublattices of 1 (E) ~ Z? of a given type, which is
precisely the definition of the Dedekind -function: it the unique multiplicative function such
that for any prime number p, ¥(p%®) = p®*~!(p + 1). There are 1)(n) index n sublattices of Z>
having type (1,7n), which are also known as primitive sublattices. Merely dividing by k, we get
that there are w(,;%) sublattices of type (k,a/k).

Example 5.10. We have 1(2) = 3 as there are 3 sublattices of Z? of index 2. If (e1,ez) is
a basis of Z2, these lattices are (2e1, e2), (e1,2e2) and (e1 + ez, e1 — e2).
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Remark 5.11. In particular, as there are o(a) index a sublattices, we get that
a
> (ﬁ) =o(a).

This may also be checked using the multiplicativity of 1) and ¢ and the fact that the identity is
true on powers of prime numbers.

Using Proposition 5.9, we get the following expression.

Lemma 5.12. Let s5(a) = > 2, gcd(k, §) ged(a/k, )Y (). For the level § refinement, the (6)-
coefficient is equal to a™ ! (%)285(@.

Proof. We need to compute the (0)-coefficient of 3, -, p ged(k, §) ged(a/k, 6)9(f). As each o)
has by definition coefficient 1 at (0), and as there are w(l%) lattices of type (k,a/k), we get the
result. |

Before getting to the computation of the full local correlated invariant, we transform the
above expression to better suit for our purposes, transforming the sum over k%|a into a sum
over d|¢ using arithmetic functions more convenient than ).

o We already introduced the sum of divisors function o(a) = 3_,, d, whose Dirichlet gener-
ating series is ((s)((s — 1).

e Given d € N, the Dirichlet generating series of 7%(a) = 1gq0(a/d) is

= 7(a %
ST =Y e - et -,

Lemma 5.13. The function ss(a) is fully multiplicative in the following sense:

ss(a) = H S (5) (p (@),

where products are over the set of prime numbers. Furthermore, we have the following expression:
ss(a) =Y Jo(d)g%(a).
d|s

Proof. We first prove the multiplicativity: assume that we have the decomposition in products
of primes a = [[p®» and & = [[p%. The sum over k?|a writes itself as sum over the families (i,)
with 2¢, < o, indexed by the set of prime numbers P

> " ged(k, 6) ged(a/k, 6)y(a/k?) = > [ (por2r)pmintivoe)tmintor=ip.op),

k2|a 2ip<ap

using the multiplicativity of the Dedekind function ). We can factor the sum as a product and
get the sought multiplicativity.
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To prove the desired identity, we compute both Dirichlet generating series. The multiplica-
tivity allows to factor the generating series as a product over prime numbers so that

S;S(;lt) _ H( Z d)(poc—Zz‘)pmin(i,d)—f—min(oc—i,d)p—sd—toz)'

a,0=1 pe?P d,2i<a

To finish the computation of the Dirichlet series for ss(a), the inner sum may be rewritten

Z w (pi)pmin(j,k)+min(i+j,k)p—ks—2jt—it7
Z’7j7k

where p is a prime number and 4, j,k > 0. Setting aside i = 0, @Z)(pi) = p~Y(p+ 1) and we
can split according to the value of k and compute the geometric sums, yielding some rational
function in p~! and p~*.

For the second expression, the Dirichlet series is

Z Zd|5 JQ(d)ad(a) _ Z M (Where 5 = dk)

o°at dsksat
d,a d.k,a
B Jo(d) 11 _ ((s+t—2) B
- s 45 ks dt ()¢t —1) = WC(S)C@)C@ 1).

Using that ((s) = ][ 1—7;3—57 it can also be expressed as the product of values of a rational
function at prime numbers. By a technical but elementary computation, we check that both
rational functions are actually the same, so that generating functions have equal coefficients,
finishing the proof of the identity. |

Notice that if gcd(a,d) = 1, we have 3%(a) = 0 for every divisor d of 6. Then, we have
ss(a) = o(a). This way, the remaining terms may appear as a correction term when ged(a, 0) # 1.

Example 5.14. If p, g are distinct prime numbers, we have the following values:

2

Sp =20 + (p2 - 1)6p7 sz =0+ (p2 _ 1)510 + (p4 _pQ)Ep ,
Spg = 0 + (p2 — 1)6” + (q2 — 1)Eq + (p2 — 1) (q2 _ 1)5pq.

5.4 Case of other correlators

To finish the proof of Theorem 5.3, we now study the case where 6 # 6, is another correlator.
We proceed in several steps:

e First prove that the coefficients do not depend on the precise correlator # but only on the
order of § — 6 inside Tors(E). To do so, we use the deformation invariance for a suitable
family where we deform the base curve F.

e Then, through Lemma 3.12, we prove an induction relation that enables a formal compu-
tation of the correlated invariant for 6 # 6.

e Using the induction relation, we show the multiplicativity of the coefficient functions, so
that we may restrict to the case of powers of primes, which we compute also using the
induction. Combination of both leads to Theorem 5.3.
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5.4.1 Dependence on the order

Assumed that L = O and choose 6y = 0, so that the torsor of correlators is actually Tors(E).
For 0 € Tors(E), its order w(#) is the smallest positive integer n such that nf = 0.

Lemma 5.15. Assuming L = O, the correlated invariant (pty, ly,, Pty,, - - - ,ptwnﬂ o[E)w only
depends on the order w(0).

Proof. Write E as some E, = C/(1;7) for some complex number 7 in the Poincaré half-plane.
For any v = (2%) € SLy(Z), we have an isomorphism between E; and E,., where -7 = ‘Cfig
The isomorphism is actually given by

¢: (zmod1,7) —>

dl,~v-7.
o mod1,v -7
Choose a path 7(¢) in the Poincaré half-plane going from 7(0) = 7 to 7(1) = - 7. The d-torsion
elements in F, . are deformed continuously along with 7(t) as they can be written as ur(t) +v,
where u, v € Tors(R/Z). The identification ¢: E; — E. .. then induces some monodromy among
torsion elements. More precisely, if u,v € Tors(R/Z), we have

b
@1 <um—id +v) =u(ar +b) +v(er + d) = (au + cv)T + (bu + dv).
CT

Therefore, we deduce that the values of the correlated invariants for the torsion elements 6 =
ur +v and v -0 = (au + cv)T + (bu + dv) are the same. As the action of SLy(Z) on the set of
torsion elements of the same order in Tor;((R/Z)?) is transitive, we conclude. [

5.4.2 Coefficients, induction relation and multiplicativity

For r(d, let ss[r](a) be such that for any 6 € Tors(E),

0 _ n-1 (W 2
(Ptos Lus Pl -+ Ptus, M afimo = 4" (5 ) s51(6)](a).

In particular, we have ss[1] = s, corresponding to § = 0. We also set the global function with
values in the group algebra Ss(a) = > 50— ss[w(6)](a) - (#), so that

n— w2
<<pt07 1w7 pth? v 7ptwn>>(1s,a[E],w =a ! (g) St;(a)'

The definition of S5 directly comes from the invariants. Theorem 5.3 consists in proving that
% = o0, as defined before Theorem 5.3.

Lemma 5.16. For every pair §'|0, we have the following relation:

Y Ja(r)sslrl(a) = () sss(a)-

r|6’

Proof. We already have m [¢'] ([M(a, w)]’) = [M(a,w)]%/?". Integrating the point constraints
and looking at the (0)-coefficient yields

o (1) sypt@ = 3 o (2) st

6’'6=0

The sum is over # such that 6’6 = 0. For any r|d’, there are Ja(r) elements of order exactly r,
yielding the desired relation. |
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These relations form a system which is triangular for the order given by the divisibility. They
are thus sufficient to compute all the functions ss[r]. We carry out some examples below.

Example 5.17. If § = p is a prime number, we have s,[1] + (p2 — l)sp [p] = p?o. As we already
know that sp[1] = s, = o + (p? — 1)5?, we deduce that

(P = 1) + (0" = 1)splp] = (v = 1),
and thus sp[p] = o — >.

Example 5.18. For § = p?, we have the following equations:

sp2 + (07 = 1) spe[p] + (0

— p®)sp2[p?] = p's1 = plo,
5p2 + (p2 — 1)5p2 | = p25p = p2o’ + (p4 —pQ)Ep,
sp2 = 8,2 = 0 + (p* — 1)a” + (p* —p2)6p2,
which solves for

sp =0+ (P2 -1+ (p* —p?)a”,  spl) =0+ (p° —1)a? —p%?,

spz[pZ] =0 —or.

To reduce the computation down to the powers of primes, we use the induction relation to
prove the multiplicativity of the functions ss[r](a) and Ss(a).

Proposition 5.19. The function ss[r](a) and Ss(a) are fully multiplicative: for pairs of coprime
elements (r1,72), (a1,a2) and (d1,02), we have

8510, [r172)(a1a2) = sg, [r1](a1)ss,[r2](a2)  and  Ss5,(a1a2) = S, (a1)Ss, (a2).

Proof. We show multiplicativity by induction. It is true for » = 1 by multiplicativity of ss.
For the induction step, we use the identity from Lemma 5.16 and the multiplicativity of sg,

(61)%(85)% 65, /51 (a1) 55, /51 (a2) = (6162) 55,5, /516, (a102),

> Ja(r1)Ja(r2)ss, [r](a1)ss, [ra)(a2) = Y Ja(r)ss,s 1] (a1a2)
r1]6] 7|8, 8%

72|0%

- Z Jo(r1)J2(12) 85,5, [r172](ara2).

7118
r2|8%

To get the last sum, we use that each divisor of 705 can uniquely been written as a product of
a divisor of 0] and a divisor of d5. If we assume multiplicativity for r a strict divisor of 145,
all the terms in the sum except the last one are equal, and we are left with the multiplicativity
for r = 614}, finishing the induction. The multiplicativity of S5 follows from the multiplicativity
of S(S[ﬂa

(3 saletonlian: @) (X ssletel(e)- @)

6101=0 8205=0

= > ss[w@))(a1)ss,[w(82)](az) - (61 + 62).

6101=08202=0

As each 6109 torsion element can be written uniquely as the sum of a d;-torsion and a Jo-torsion
element, we conclude. |
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5.4.3 Computation for powers of primes

Because of multiplicativity, we only need to compute the function when a,r,d are the power of
a common prime p. Recall that we defined the elements of Q[E]: Jq = 75 >_49=(6). We also
momentarily set 95" = 3° 5 _4(0).

Proposition 5.20. The function (0,7,a) — ss[r](a) has the following values over powers of
primes, forr >0

d—r
9y pd—r+1 N 99 pd—7+1
$palp"] = Spa-r — p2d=2rgp = Z Jo (pj)op] — p2d=rgp )
0

Consequently, we find the following expressions for Spa:

S d -t T (e d '
p—é’d =@~ )+ = 00+ Y (D — Dy ri1).
r=0 1

Proof. By Lemma 5.16, we have the following relations:
r . .
p2rspd7r = Z JQ (p])spd [pj] .
§=0

For r > 0, making the difference between relations for » and r — 1, we get

2r—2

pQTSpd—r — P s pari1 = J2(p")spa[p"] = p?r2 (p2 - 1)8pd [p"].

Therefore, after dividing by p* ~2, using that Spd—r+1 = Spa—r + J2 (pd_”l)ﬁpdqﬂ, we finally
get

d—r+1

(P* = Dspr = 2 (p"7)F T = (07 = 1) spalp'].

Dividing by p? — 1 yields the desired expression. Then, we deduce that Spa has the following
expression:

d
) __d—r+1 3
Spi = s,ath + Z(Spd*T _ p2(d P ) ,ggpm
r=1

d
= Spdﬁl + Z(Spd_r _ pZ(d_T)Epd7T+1) . (p21”19pr _ p2r—2ﬁpril).
r=1

We can now split the sum performing a summation by part to get
C1)—pd _
Spi = (8pa — spa + p?ld-Ngp )91+ (o — Jp)p2d19pd

d—1
+ Zp2rl9pr (Spd—r - p2(d7T)5pd_T+l — Spd—r-1 + pQ(dirfl)Epd_T)
1

d
=25 9+ p* Y (@ )0,
1

This yields the first expression. Performing a second summation by part yields the second
expression. |
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We have two expressions of S,4, depending on which feature we wish to emphasize: the J4
or the 3%. The first ones are useful to compute in the group algebra since they are projectors,
while the second are multiplicative functions that provide quasi-modularity properties.

Proof of Theorem 5.3. Combining the multiplicativity from Proposition 5.19 and the ex-
pression for powers of primes from Proposition 5.20 yields and explicit expression for S5 and we
finally get that % = 0s. |

6 Floor diagrams and regularity

Our goal in this section is to obtain regularity results in the flavor of [7] in the refined setting
provided by the correlation. To do so, we use the correlated degeneration formula from The-
orem 4.12 along with the local computation from Theorem 5.3. The use of the decomposition
formula for a family of E x P! with central fiber a chain of E x P! glued along their boundary
divisors leads to combinatorial objects called floor diagrams. The latter appear in [7] although
they are obtained through tropical techniques. Using these floor diagrams, we are able to prove
the quasi-modularity in the base direction, and the piecewise polynomiality in the tangency
orders. We explain how to adapt the floor diagram to the correlated setting, using coefficients
in the group algebra Q[E].

6.1 Floor diagrams and their multiplicities

We first recall the notion of floor diagram in the setting of curves in E x P!, already developed
in [7].

Definition 6.1. A floor diagram ® is the data of a weighted oriented graph with the following
properties:

(1) The graph has three kind of vertices:

e sinks and sources which are univalent vertices, referred as infinite vertices,
e flat vertices which are bivalent with one ingoing and one outgoing edge,
e floors which carry a label ay € N.

(2) The set of flat vertices and floors carry a total order compatible with the orientation.

(3) The edges have a positive weight we, such that the weighting makes floors and flat vertices
balanced.

(4) The complement of all flat vertices is without cycle and each connected component of the

complement contains a unique sink or source.

For floor diagram, as for curves, we have a notion of genus and class, recalled in the next
definition.

Definition 6.2. Let © be a floor diagram.
e The genus ¢g(®) is its genus as a graph where floors are considered to have genus 1:
g(D) =b1(D) + |V(D)], where V(D) is the set of floors.

e The class of D is a[E] + b[P'] where a =}, ay is the sum of floors weights, and b is the
sum of flows at the sources (or sinks, since the flow through the diagram is preserved by
the balancing condition).

e The tangency profile w is the collection of +w, for edges adjacent to infinite vertices (with
a + for sinks and — for sources).

e The d-ged of a diagram is the ged of its edge weights and 6.
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D1 Dy

Figure 2. Floor diagrams.

We depict floor diagrams as on Figure 2, with edges oriented from bottom to top: sources
are at the bottom and sinks at the top. Floors are big-shaped with a bullet while flat vertices
are bullets on edges.

Example 6.3. We have two different floor diagrams on Figure 2. The first diagram has genus 3,
ged 2 and tangency profile (2,2, —2, —2). The second diagram has genus 4 and ged 1, although
the ged of the weights at infinity is 3. The tangency profile is (3,3,6,—3,—3,—6). For each
diagram, we can check that all vertices are balanced and the complement of all flat vertices is
a forest.

Floor diagrams encode some combinatorial types of curves in an expanded degeneration
of E x P!, which is the gluing of copies of E x P! along their boundary divisors. As we prove in
Theorem 6.5, the latter are exactly the graphs appearing in the decomposition formula, up to
a redecoration.

e Sources and sinks correspond to marked points mapped to the boundary divisors of the
expanded degeneration.

e Flat vertices correspond to genus 0 components with an internal marked point mapped to
a fiber of E x P!,

e Floors correspond to genus 1 components in the class ay [E] + by [Pl] where by is the flow
through V. Its intersection profile with the boundary divisor is prescribed by the adjacent
edges.

e Edges correspond to nodes in the domain mapped to the singular locus of the expanded
degeneration.

e Edges relating vertices which are not consecutive in the order on floors and flat vertices
should be subdivided. The new bivalent vertices would correspond to components mapped
to a fiber but without marked point.

Let w = (wy,...,wy,) be a tangency profile and let § be a common divisor. Let © be a floor
diagram and dg its d-ged (the ged between its edge weights and 6). Recall that we have the
division operator 0 [(S/%D] over the group algebra.
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Definition 6.4. We define the correlated multiplicity of ® to be

m(;(@):a[(s/l%] <1;[a’{; Tsy av) IT we ] w?(ao)€QlE]

e€Ey(D) e€EF, (D)

where the first product is over the floors, the second product over the set of bounded edges Ey (D),
the last product over the set of possibly unbounded edges not adjacent to a flat vertex F, (D),
and d)\g = A.

In the literature (for instance, [7, 13]), the flat vertices are not vertices but they are considered
as markings on the graph. Deleting flat vertices and merging the adjacent edges sharing the
same weight, the exponent of the weight w, of a bounded edge (resp. end) in the multiplicity
would be 2 (resp. 1) if the edge carries a marking, and 3 (resp. 2) if it is not, matching the result
from [7].

This multiplicity m is a refinement of the multiplicity presented in [7], which is actually the
multiplicity m.

6.2 Correspondence statement

We now use the degeneration formula to prove that the count of floor diagrams with the ad-
hoc multiplicity yields the correlated GW-invariant. We consider a degeneration Y, of P(O @ L)
into n + g — 1 components and one point constraint in each component. In particular, for a curve
f:C — Yy, among components of C' mapped to a common component of Yg, exactly one may
contain a marked point.

Theorem 6.5. We have the following equality:
-1
{{pt" 7 1y, Ly W[E ng

where we sum over floor diagrams © of genus g, in the class 3, having tangency profile w.

The proof is standard application of the decomposition formula which we recall for sake of
completeness.

Up to the factor | AHt( ol and the operator 0 [ 576 ] the multiplicity of a degeneration graph I'
given by the degeneration formula is as follows:

n—+g—1

ev'AU ev; (pt).
/Hv[[MV]]‘sF II[

This integral splits as a product over the vertices of the graph once we use the Kiinneth decom-
position of the diagonal. If (b;) is a basis and (bf’k) the Poincaré dual basis, we have

A= (-1 @ bF

In our case, taking the basis (1, «, 3, pt) of H*(E,Q), we have
A=1pt+pt@1l+a®f—-0®a.

Expanding, it amounts to sum over all the possible insertions of Poincaré dual classes of E at
the extremities of bounded edges of I', which we call a Poincaré insertion. We now consider
a degeneration graph I' and aim at transforming it into a floor diagram. This is the content of
Lemmas 6.6 and 6.7.
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Lemma 6.6. If I is a degeneration graph with non-zero multiplicity, we have the following:

(1) Inner vertices have genus 0 or 1, and a genus 1 vertex is adjacent to a marked point.
(2) A genus 0 wvertices is bivalent and its class is of the form w[]P’l}.

(3) For a marked genus 0 verter, adjacent Poincaré insertions are 1 € HO(E, Q).

Proof. (1) Let V be a vertex with genus gy, valency ny, and my = 0, 1 adjacent marked points.
The dimension of [My]°" is ny + my + gy — 1. For the multiplicity associated to a Poincaré
insertion to be non-zero, the sum of ranks of the insertions (Poincaré insertions coming from A
and the pt if my = 1) needs to match this dimension. The sum of ranks of these insertions is
at most (ny — 1) + 2my. The maximal rank of Poincaré insertions is ny — 1 and not ny due to
the existence of a relation between the position of points at infinity: choosing only pt insertions
at every flag yields 0 invariant. Therefore, we have the inequality

ny+my+gy — 1 <ny — 1+ 2my.

In other words, gy < my, which implies (1): gy may only take the values 0,1, and a genus 1
vertex is marked.

(2) Assume that gy = 0. As there all maps from a rational curve to an elliptic curve are
constant, the class associated to V is necessarily of the form w[]P’l]. Fibers varying in a 1-
dimensional family, we may only impose a unique point constraint:

e If my = 1, we already have an interior point constraint, and the dimension is (ny +1) —1.
Thus, we have ny < 2.

e If my = 0, the dimension is ny — 1, and we the sum of rank of the Poincaré insertions is
at most 1, so that we also have ny < 2.

In either case, as ny > 2 due to the class intersecting both divisors of the singular locus, we get
the bivalency statement from (2).

(3) Assume that V has genus 0 and is marked (my = 1). Then the dimension of My is 2
and is already matched by the rank of the point insertion at the marked point, finishing the
proof. |

Lemma 6.6 is a big step toward the transfiguration of a degeneration graph into a floor
diagram: edges are already weighted, vertices are split into flat bivalent vertices and floors as
advertised after Example 6.3. The total order comes from the total order on the components
of Yo. However, we still need three features:

e delete unmarked genus 0 vertices, which is achieved through Lemma 6.8,

e prove that the complement of genus 0 marked vertices is a forest with each component
containing a unique infinite vertex,

e the multiplicity matches my.
Consider I' our degeneration graph. We can cut I' at each genus 0 marked vertices, replacing
each bivalent vertex by two univalent vertices. The new graph (which may be dlsconnected) is

denoted by ['. We then remove the infinite vertices and get a non-compact graph I° called open
cut graph.

Lemma 6.7. IfT" is a degeneration graph with non-zero multiplicity, and T° the associated open
cut graph, we have the following:

(1) Ewvery connected component of T° has Euler characteristic 0.
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(2) There are no compact connected component of re: every component of T contains an
infinite verter.

(3) T has no cycle, and each connected component contains a unique infinite vertex.

(4) The Poincaré insertions are uniquely determined:

e for a marked genus 0 vertex, 1,1 € H*(E,Q),
e for an unmarked genus 0 vertex, 1,pt € H*(E,Q),
e for a (marked) genus 1 vertex 1,pt,...,pt € H*(E,Q).

Proof. Let C be a connected component of the compact graph L. We denote by

V1 the set of genus 1 (inner) vertices,

Vo the set of genus 0 unmarked vertices,

0 the set of univalent vertices resulting from the cut,

e O, the set of infinite vertices,
e F the set of edges not adjacent to a vertex of 9 U On.

Notice that we counting the flags adjacent to the vertices of Vo U Vy in two ways, we have
that >y nv + 2[Vo| = 2[Ep| + [9] + |0|. The dimension of J[y ey, cyuv, (o) [My]0r is

I Dbwlr=> w++ D 1

VEVH(C)UV:(C) V1(C) Vo(C)
= 2|Bp| + [0] + [Oco| + [V1| = [Vol.

For the invariant to be non-zero, it needs to match the sum of ranks of the insertions:

e the points for each vertex of d through Lemma 6.6,
e the point insertions for every vertex of Vi,

e the diagonal insertions for every edge of Ej.

Therefore, we have
2[Ep| + 10| + |0co| + |V1| = [Vo| = [0] + 2| V1| + | Ep|.

This yields | V1| 4+ |Vo| — |Eb| — |0s| = 0. This quantity is precisely the Euler characteristic of C'
where we deleted the vertices of 0. Hence, we have (1).
As the Euler characteristic is 0, we have two possibilities:

e the connected component is compact with a unique cycle,

e the connected component has no cycle and contains a unique end, meaning || = 1.

The point (2) forbids the first possibility so that we have (3). To prove (2), we may use [8,
Proposition 4.17] (and more precisely Step 5) that states that in the event where we have a cycle,
the invariant is 0 since we have no monodromy in this situation.

The statement about insertions follows from an induction on the trees of the forest fo, pruning
the branches until we are left with the edges adjacent to Ox. |

The local computation at the genus 1 vertices has already been carried out in Theorem 5.3.
We end with the local computation at the genus 0 vertices justifying the deletion of unmarked
genus 0 vertices before proving Theorem 6.5.
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Lemma 6.8. For bivalent vertices, we have the following invariants:

<<pt07 1’LU7 1*w>>101}707(w7—u)) =1- (O) and <<ptw7 1*w>>’8},ﬂ,(w,—w) = E ' (0)

Proof. Curves in the class w[Pl] are mapped to some fiber of E x P'. Therefore, the only
correlated invariant which is non-zero in this situation is for (0). The uncorrelated computation
has already been carried out in [11, Lemma 3.3]: in both situations there is a unique map to
the fiber, but with a Z/wZ automorphism group in the second case. |

Proof of Theorem 6.5. The number of marked points is equal to n + g — 1. We consider
a degeneration Y; of E x P! with a central fiber Yo having n + g — 1 irreducible components.
We apply the degeneration formula from Theorem 4.12, putting exactly one point constraint
per component of the central fiber. Degeneration formula asserts that the correlated invariant
we care about is a sum over the degeneration graphs. We need to show that the degeneration
graphs with non-zero multiplicity are actually the floor diagrams involved in the sum, and that
they share the same multiplicity.

Given a degeneration graph I', Lemma 6.6 ensures that the vertices have the right genus and
valency while Lemma 6.7 (3) states that the complement of all flat vertices has no cycle and
each component has a unique end, so that I' is indeed a floor diagram. In particular, there are
no automorphisms.

Furthermore, by Lemma 6.7 (4), the Poincaré insertions coming from the Kiinneth decompo-
sition of the diagonal are uniquely determined, so that the multiplicity splits as a product over
the vertices. The multiplicity at genus 0 vertices is provided by Lemma 6.8 and tells us that we
may forget about genus 0 unmarked vertices, as their multiplicity cancels with a factor of [], we
when merging the adjacent edges.

The local multiplicity at the genus 1 vertices is provided by Theorem 5.3, yielding the mul-
tiplicity ms. |

Remark 6.9. The diagram setting can be adapted to deal with invariants including boundary
constraints. To simplify notations, we only consider the case of interior point constraints.

6.3 Quasi-modularity

We now use the floor diagrams to prove some regularity statements for the invariants, starting
with the generating series in the base direction: varying a in the curve class a[E] + b[IP’l]. For
that purpose, we assume that L = O, so that we may choose A\g = 0 and the term (a)g) in the
diagram multiplicities disappears.

We consider quasi-modular forms with values in the vector space Q[Tors(E)]. Usual quasi-
modular definitions extend naturally to the setting of functions in a vector space.

Definition 6.10. Let V be a complex vector space and f: H — V a meromorphic function on
the Poincaré half-plane and I' C SLy(Z) a subgroup.

(1) We say that f is modular of weight k if for any (‘C’ Z) € I we have

er s (T10) = 5o

(2) We say that f is quasi-modular of weight k and depth s if there exists functions f;: H — V'
such that for any (‘; Z) € I' we have

et () - S0 (5)




44 T. Blomme and F. Carocci

A function f: H — V is (quasi-)modular if and only if all its coordinate functions are
(quasi-)modular. Furthermore, in the quasi-modularity case, all f; are also quasi-modular forms
and fo = f. Furthermore, if the vector space V is endowed with an C-algebra structure, the
product of quasi-modular forms is also quasi-modular. If (1) € T, we can set q = e*™™ and
develop the quasi-modular forms in Fourier series, or conversely consider generating series in q
as meromorphic functions potentially quasi-modular.

Example 6.11. We already saw that the generating series ) -, os(a)q® are quasi-modular
forms for the congruence subgroup I'g(d). Its derivatives > o~ a"o5(a)q® are as well.

Theorem 6.12. Let w be a tangency profile of length n. The generating series

o0

n+g— 4 a
Zl<<pt o 1>>g,a[E],wq

is a quasi-modular form for the congruence subgroup T'o(d) with values in the group algebra
C[Tors(E)].

Proof. Up to the labeling of floors by (ay ), there is a finite number of floor diagrams. It thus
suffices to prove the statement for each unlabelled floor diagram.

Let © a floor diagram without floor labels and let W =[], 5y we HE )wg. Let D ((av))
be the floor diagram obtained by labeling the vertices with (ay). As 0 [ 5767 j is compatible with
the product, we have the following factorization

i(zmm(( e = S mata (s

a=1 “Yay=a
s T
%
=W-0 {6/59] H <Z ay’ 10'59 av)qa"> .
As each series is a quasi-modular form, so is their product. |

Remark 6.13. The optimality of § in the statement is ensured by the existence of floor diagrams
with ged 6.

Remark 6.14. If we do not assume that L = O anymore, the coefficients of the generating
series are multiplied by (a)g), where 6A\g = A. The naive version of quasi-modularity is not
satisfied anymore. It is not really clear which kind of regularity to expect for these functions,
with values in C[E] and not the finite-dimensional C[Tors(E)].

6.4 Piecewise polynomiality

We now vary the tangency orders, considering them as variables. We study the function
N3y w = (w1, wa) — (O L, L)) i € Q[Tors (B)].

For this definition to make sense, we need to restrict to the sublattice where all the w; are
divisible by 9, so that the d-refinement makes sense.

Up to the labeling of edges by their weight, there is a finite number of floor diagrams of genus ¢
with n ends and with a class of the form a[E] + * []P’l]. The orientation is still part of the data,
only the edge weights are missing. Let ® be one of them. To make ® into a true floor diagram,
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one only needs to add weights to the edges. We denote by (29 the set of weightings w of D, i.e.,
functions from edges to positive integers that make the floors and flat vertices balanced. For
a weighting w € Qgp, we denote by d,, the gcd between § and its coordinates. The tangency profile
is the restriction of the weighting to the infinite ends. For a fixed tangency profile w, we denote
by Qo (w) the set of weightings that induce w on the ends of ©. Although by assumption w is
divisible by 4, w may not be.

The multiplicity from Definition 6.4 contains as a factor a monomial in the edge weights,
which we denote by fg,

fo: weQpr— H We H We,

Ey(D) Eo (D)

where the first product is over bounded edges of ® and the second product is over edges not
adjacent to a flat vertex. The remaining part of the multiplicity depends on the floors weights ay
but also on the weighting w through its ged é,,. We denote it by

Do(0,) =0 [5/1&,} ( ' a@‘/_ldaw(av))

so that ms(D(w)) = ®5(d,)fo(w). Even if we only care about the weighting that make the
vertices balanced, this function is defined for all assignations of weights to the edges, not only
the elements of (9. Before going to the main statement of the section, we reformulate the
expression of ®5(d,) to suit our purpose.

Lemma 6.15. For a chosen diagram ® up to edge weights, there exists functions T? such that

= Y7 (0u)0s/a-

d|6.

Proof. We use the expression of o, highlighting the role of the 9,4

o5, (av) =Y Ty (av)ds, a-
o

As the map [6/5 ] is compatible with the product and [6/%] (Us,,/a) = Us/q, we have that
Do (bu) = H( WY Ty (av ﬁa/dv>
1% dy |,
We expand the product and use that J5/q,95/4, = U5/ ged(dy,do)s

Do (d) = ([ 1)2( > HT )ﬁé/d

Ao N dy e
ged(dyv)=d

We thus have the existence and an expression for the desired coefficients Y2 (d,,), which only
depend on 4, and d once ® is fixed. |

Our statement relies on [3, Theorem 4.2] which is a generalization of [45, Theorem 1]. To
apply the theorem, we provide a second description of the weighting set Qg (w) as the set of
lattice points of a flow polytope. Let Ap be the adjacency matrix of ®: rows are indexed by
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vertices (floors, flat vertices, sinks, sources) and columns by edges. Coefficients are given by the
following rule:

0 ifVée,
Ap(Vye) = 1 ifeendsatV,
—1 if e starts at V.
In particular, for an element w € Z" 1B the image Apw is exactly the divergence at each

vertex: the difference between incoming and outgoing weights at V. Therefore, if d = (dy) is
the vector with coordinate |w;| for an infinite vertex and O else, we have

Qo(w) = {we N HE®) gt Agw = d}.

Theorem 6.16. For fized a, g, n, 9, the function w — N(‘ig(w) 1s precewise polynomial in the
sense that there ezists piecewise polynomial functions Py(w) for d|0 such that

= Z Pd(w)ﬂd

djs

Proof. Up to the weighting of the edges, there is a finite number of floor diagrams of genus g
with class of the form a[E] + * [}P’l] and n ends. Grouping them together, we get

=Y Ni(w), with Ni(w)= 3 ®p(d)fo(w).
D

wEND (w)

Thus, to prove piecewise polynomiality, it is sufficient to consider a unique unweighed floor
diagram ©.

Let © be such an unweighed floor diagram. If there was no ®9(d,,), [3, Theorem 4.2] already
applies and yields piecewise polynomiality. Due to the presence of this factor depending on the
ged 4y, our second step is thus to first use the expression of ®5(dy,), split the sum and perform
a multiplicative summation by parts (as described before Theorem 5.3). We aim to change the
sum over w and a given d,, into a sum over the w in a sublattice. Using Lemma 6.15, we have

Ny(w)= ) (Z Y3(6 195/d> fo(w).

wep (w) “d|dw

To perform the multiplicative summation by parts, we can find coefficients '7d©7 which are linear
combinations of the ?5/4, such that for each 4, we have

Do = Y3(0)s/a
dis. I3,

Such coefficients exist because the equations given for each J, form a triangular linear system.
We can now switch the two sums and get rid of the dependence in the ged 4,

Ny(w)= <Z’)’d>f® => 7 > f@

weﬂg(w) d\é d|5 UJEQ@
dJd.,

The last step is now to apply [3, Theorem 4.2]. For each d|d, we can rewrite

Yo fow = > fold).

weN (w) w'€Qo(w/d)
d|w
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The function is piecewise quasi-polynomial with respect to the chamber complex of Ap. Fur-
thermore, as Ap is actually unimodular (it is a submatrix of the root system A,_i, see [3,
Example 4.4]), we in fact get piecewise polynomiality and not only quasi-polynomiality. Sum-
ming over all diagrams, we conclude. |

Example 6.17. Assume § = p is a prime number and ® is a diagram up to edge weights. Then
we have two kinds of weightings:

e the weightings with ged 1 and multiplicity Y9 (1)d, - fo(w),

e the weightings with ged p and multiplicity (T? (p)Yp + T? (p)ﬂl) - fo(w).

The multiplicative summation by parts tells us to count all weightings with the multiplicity of
ged 1 weightings, and correct by counting the ged p weightings with multiplicity

(D) = TP+ 15 (0)1) fo w).

g

g

g

g
S
g

. XY

.) . .)

w w w w w1 w2 w1 w2
.) .) .

w w w w w w

Figure 3. Floor diagrams of genus 3.

Example 6.18. We end this section with an explicit computation. We take n = 2 and ¢ = 3
and a chosen ¢, for instance § = 2. As n = 2, the tangency profile is necessarily (w, —w) and w
is divisible by §. Up to weights of the edges and floors, we only have six floor diagrams, of two
different kinds. For the first four floor diagrams, the multiplicity is a constant term in Q[Tors(E)]
times w?, which is indeed a polynomial in w. We now care about the diagrams of the second
kind. To choose a weighting of the edges, one needs to choose a splitting w = wy + wo. If they
are both even, the gcd ¢, of the diagram is 2, otherwise both of them are odd and the ged is 1.
The multiplicity is

] (05, (1), (a2)) whuus,

a%a%b [2/%

where we have the two expressions

oi1(a) = o(a)vy, o2(a) =7%(a)d1 + (o(a) — 72 (a))Vs.

Therefore, in the odd case the multiplicity is a?a30(a1)o(az)d2 - w3w?w3, and in the even case

a%a% (52((11)62(&2)191 + (0(&1)0’(&2) - 52(a1)52(a2))192) . w3w%wg’.
To get the result, we sum the multiplicity in the odd case over 1 < w; < w — 1 to get a first
polynomial, and sum the difference between the two multiplicity over the even w; satisfying the
same inequalities.
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