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Abstract. We show the relation of the non-stationary difference equation proposed by one of
the authors and the quantized discrete Painlevé VI equation. The five-dimensional Seiberg—
Witten curve associated with the difference equation has a consistent four-dimensional limit.
We also show that the original equation can be factorized as a coupled system for a pair
of functions (]-" W, F (2)), which is a consequence of the identification of the Hamiltonian as
a translation element in the extended affine Weyl group. We conjecture that the instanton
partition function coming from the affine Laumon space provides a solution to the coupled
system.
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1 Introduction

The conformal blocks, more precisely, the matrix elements or the traces of the intertwiners
among the Verma modules of the Virasoro algebra, or the chiral algebra in general define special
functions which are ubiquitous in mathematics and physics. As special functions originated from
the representation theory of the symmetry, the hypergeometric series and Nekrasov function [39]
to mention a few, the conformal blocks should satisfy sufficiently simple but significant equations.
The Belavin—Polyakov—Zamolodchikov (BPZ) equation for the Virasoro conformal block with
degenerate field insertion is a celebrated example [8].

For the deformed Virasoro algebra [48] such an equation is expected to be some (non-
stationary) difference equation. Though the conformal blocks allow integral representations
of Dotsenko—Fateev type or the deformed matrix model type, the desired equations were not
known for a long time, more than a quarter century after the discovery of the algebra. While
most attempts to work out explicit form of the expected difference equation were not successful,
the non-stationary Ruijsenaars function has been proposed [47] (see also [34]). In an appropriate
limit, we can see that it reduces to the non-stationary affine Toda equation which is a difference
equation that involves the g-exponent of the Laplace operator (the g-Borel transformation B,
see Definition 2.2). Recently a remarkable progress has been made by one of the authors [46]
based on AGT correspondence [2]. Namely a non-stationary difference equation was discovered
for the Nekrasov partition function of the five-dimensional gauge theory with a surface defect.
The AGT correspondence tells that if the theory has four matter hypermultiplets in the fun-
damental representation, the partition function agrees with the genus zero five point function
with one degenerate field coming from the defect [1, 35, 49]. In [46] the five-dimensional lift
of AGT correspondence [6] was applied, where the surface defect is realized by imposing the
Higgsing condition on the SU(2) x SU(2) quiver gauge theory. Hence, the non-stationary dif-
ference equation proposed in [46] is regarded as a g-deformed version of BPZ equation. In the
decoupling limit of the matter multiplets it reproduces the non-stationary affine Toda equation
for the non-stationary Ruijsenaars function. A distinguished feature of these equations is the
appearance of the ¢-Borel transformation B.

The quantization of the Painlevé equations (or isomonodromic deformations more generally)
has been studied for many years. One of the motivation of such studies was its relation to the con-
formal field theories. This relation plays a key role in the recent studies of AGT correspondence
(see [42] and references therein). Also, there has been a large progress in the study of discrete
(or difference) analog of Painlevé equations in the last decades. The discrete Painlevé equations
are classified into additive, multiplicative (i.e., ¢-), and elliptic-difference equations [45], and
each class corresponds to gauge theories in four, five and six dimensions;

elliptic: Eél) ,
1
A
multiplicative: Eél) — Eél) — Eél) — DéD — AS) — A§1+)1 — A§1+)1 — Agl) — A(()l),
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Such a correspondence can be easily seen at classical level, however, the understanding at quan-
tum level is incomplete so far. Fortunately, for the ¢-difference Painlevé VI equation [28] relevant
for this paper, a natural quantization was worked out in [25] (see also [26, 33]) based on the ex-
tended affine Weyl group symmetry of type Dél). Recall that the Backlund transformations for
the discrete Painlevé equations are generated by the affine Weyl group and the automorphisms of
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the Dynkin diagram, which act on the dynamical variables as birational transformations. In this
paper, the discrete Painlevé VI equation always (except for Appendix A) means the quantized
one in the sense of [25], where the dynamical variables (F, G) are non-commutative and the time
evolution is defined by the adjoint action of the Hamiltonian. Since the prefix ¢- is already used
for classical g-difference analogue of Painlevé VI equation,' we will call the quantization of the
equation gg-Painlevé VI for short, namely we use the double “¢” standing for the g-difference
and the quantization. We warn the reader that the use of ¢g- does not mean any direct con-
nection to the gg-character introduced in [40]. But there is a similarity in the sense that the
full Q-background parameters (q,t) [39] are turned on in both cases. The fact that one of the
()-background parameters, say ¢, plays the role of the quantization parameter of integrable sys-
tems is the same as the Nekrasov—Shatashvili limit [41], which corresponds to the autonomous
limit of the Painlevé equations. The recent paper [46] gives us valuable lessons on the problem
of the quantization of the discrete Painlevé equation. The problem is also discussed from the
viewpoint of the cluster integrable system [9]. The relevant cluster algebras are associated with
the BPS quiver of five-dimensional superconformal field theories [11].

As we have mentioned above, in [25] by constructing a representation of the extended Weyl
group W(Dél)) on the non-commutative variables (F, G), explicit forms of the gg-Painlevé equa-
tion were derived both in the Heisenberg and the Schrédinger forms.

Definition 1.1 (Heisenberg form of gg-Painlevé VI).

_ G+ bs G+ bg F b F+ by
FF = qbrbg =22 GG = qbgby— L
0 b G+ bs L A AN

where F =T -F,G=T"'-G and T is a translation element in W(Dél)). b = (by,...,bg) are
the standard parameters for the ¢-Painlevé VI equation (see Appendix A).

Definition 1.2 (Schrédinger form of gg-Painlevé VI).
Hyp-u(b,G,Qlg,t™") = u(b,G.Qlg.t™"), (1.1)

with the Hamiltonian given by

1

p(—absG71) o (—absG 1) p(—b7 ' G) o (b5 ' G)
1

(gt 20,G ) o (gt 2y G (1717205 1G) o (1120 LG
X H(F_IG; q)_th1/47b,

Hyy =

B(F_IG; q)_1

where p(z) = (2;¢)eo and 0(X;q) = (X;¢)o0(q/X;@)00- Tja/ay, is a shift operator of the
parameters b and @ appears as a parameter of wave functions.

In this paper, we first show that the non-stationary equation proposed in [46] is successfully
identified with the gg¢-Painlevé VI equation. Namely, we prove

Proposition 1.3. By an appropriate gauge transformation from U(A,z) to u(b,G,Q|q,t*1),
the non-stationary difference equation in [46]

U@Aﬂx):,AﬂAﬂx)-B‘fﬁ(Aﬁx)-B‘JQJAﬁxﬂJ(Ajuig> (1.2)

is transformed to the qq-Painlevé VI equation (1.1), where B is the q-Borel transformation
and A;(A, z) are multiplications of () and ®(z) := (x;¢,t)c0 (see Section 2).

'In this paper, g-Painlevé VI equation, in contrast to gg-Painlevé VI, means the classical difference equation
obtained by Jimbo—Sakai [28].
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In contrast to the original form of the gg-Painlevé equation, the double infinite product
®(x) := (259, ) arises as a consequence of the gauge transformation. In (1.2), the parameter
is related to the dynamical variable G and A plays the role of the time variable. (See Section 2.2
for the dictionary of variables between Painlevé side and the gauge theory side.) U(A,x) is
regarded as a formal power series in x and A/z, which is motivated by the following conjecture
that the Nekrasov partition function solves the above equation. Hence, the virtue of the gauge
transformation in Proposition 1.3 is due to the conjecture that the Nekrasov partition functions,
which allow a combinatorial description, provide solutions to (1.2).

Conjecture 1.4 ([46], Conjecture 2.4). Let Z(A,x) be the Nekrasov partition function of five-
dimensional SU(2) x SU(2) gauge theory (see Definition 2.3). If we define a function W(A,z)
by imposing the Higgsing condition on Z (A, x), then it gives a solution U(A,x) = U(A,x) to the
equation (1.2).

The discrete time evolution of the g-Painlevé VI equation is given by a translation element
in Dél) root lattice, which is orthogonal to the symmetry D41 of discrete Py1. If we write the
translation element in terms of the generators of the extended affine Weyl groups, it is a prod-
uct of two factors which are exchanged by the automorphism 7 of Dél) Dynkin graph. The
factorization of the original difference equation as the coupled system reflects this fact. The de-
composition of the discrete time evolution (or the Hamiltonian) by the Backlund transformations
implies that the original equation, which is of the second order in B (i.e., in the g-exponent of the
Laplace operator), can be rewritten as a coupled system of the first order difference equations
in B, as was already suggested in the original paper [46].

Proposition 1.5. The following coupled system is gauge equivalent to the non-stationary dif-
ference equation of [46] and hence, to the qq-Painlevé VI equation

v — D (gt b2/bs) P (b1/b3) 1
B(tb/bs) @ (abs/br) p(—abs/G)o(—C/bs)
5T, . 7 ,v®
X (BTp,b) 90(_p_1qb2/G)90(—P_1G/b4) TopV 2)
T .v®@ — ¢(p*2tb6/b8)¢(p*2qb5/b7) 1
p,b (I)(p_quQ/lM)(I)(p—?tbl/bg) (p(_p_lqbl/G)ﬁp(—p_lG/bg)
5T, ! &
) (BTPJ)) @(_qu/G)SO(—G/bﬂ Vi

To motivate an analogous conjecture to Conjecture 1.4, let us recall that the instanton
counting with a surface defect allows another description in terms of the affine Laumon spaces
[3, 4, 20]. In this method the partition functions are identified with the conformal blocks of
the affine Kac-Moody algebra (the current algebra) without degenerate fields [32]. For ex-
ample, in the present case the parameter z, which originally comes from the insertion point
of the degenerate field, is replaced by the SU(2) spin variable of sls. The existence of the
surface defect is taken into account by introducing the orbifold action [21, 29]. The relation
between the two methods for incorporating a surface defect is discussed in [22] from the view-
point of integrable systems. In fact, the role of the affine Kac—Moody algebra was already
revealed in [14, 15|, where a pertinent theorem was proved to demonstrate that the prepo-
tential of the Seiberg—Witten theory is obtained from the leading term of the Nekrasov par-
tition function. We conjecture that the solutions to the coupled system are provided by the
K-theoretic instanton partition function derived from the equivariant character of the affine
Laumon space [20].
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Conjecture 1.6 (Conjecture 6.4). The partition function (6.9) gives a solution to the coupled
system in Proposition 1.5 by the following specialization of parameters:

q'/2by/bs, q'/%bg/bs

FO_ g (pQQ)A/Q’ (pQQ)l/z 2o G 12y G | g 12 |
a1 /%by/bs, g/ %b7 /by
q'/%by/bs, ¢'/%bg /by

FO g (pQQ)—Uz’ (pQQ)l/z G, VG g 1

g ?by Jbg, g1/ ?bg b3

The point here is that due to the symmetry of the translation element 7" which defines
the discrete time evolution of the gg-Painlevé VI equation, the pair of solutions (f W, F (2))
comes from the common instanton partition function of the affine Laumon space with different
specialization of parameters. An action of the quantum toroidal algebra of A, type on the
equivariant cohomology group and the equivariant K group of the affine Laumon space can be
defined geometrically [37]. In four-dimensional case (cohomological version) it has been shown
that the instanton partition function satisfies the Knizhnik—Zamolodchikov (KZ) equation for
the affine Kac-Moody algebra [38, 42]. Hence, the non-stationary difference equation should be
derived as a KZ type equation for the quantum affine algebra U, (;[2) or more likely U, (QTIQ)
Moreover, since the affine Laumon space has elliptic cohomology, it seems an interesting and
challenging problem to generalize our non-stationary difference equation to the elliptic case,
which might guide us for ascending some more Sakai’s geometric classification scheme of the
discrete Painlevé equations in the quantized setting.

The paper is organized as follows. In the next section, we first summarize the non-stationary
difference equation proposed in [46]. We make a gauge transformation to rewrite it in a form
which is natural from the viewpoint of the gg-Painlevé VI equation. We also propose a dic-
tionary between the variables on the gauge theory side and those on the Painlevé side. In
Section 3, we show that the adjoint action of the Hamiltonian involving the ¢-Borel transfor-
mation correctly reproduces the Heisenberg form of the gg-Painlevé VI equation. In Section 4,
following [25], we first recapitulate the quantization of the ?—Painlevé VI equation focusing on
the representation of the extended affine Weyl group W(D5l)) on the space of g-commutative
dynamical variables (F,G). We then make a comparison of the Hamiltonian in [25] constructed
from the representation of W(Dél)) and that of the non-stationary difference equation of [46]
which involves the ¢-Borel transformation. In Section 5, we introduce the five-dimensional
quantum Seiberg—Witten curve. We show the quantum Seiberg-Witten curve allows a four-
dimensional limit and it is consistent with our previous result [4]. This is regarded as a good
support for the conjecture in [46]. In Section 6, we propose a coupled system which is gauge
equivalent to the gg-Painlevé VI equation. Finally, we conjecture the instanton partition func-
tions of the affine Laumon space provide a solution (.7-" O, F (2)) to the coupled system. As
a consequence of the fact that the translation element T is given as the square of a certain
clement in the extended Weyl group (see (6.6)), F() and F®) are obtained from a com-
mon instanton partition function with two kinds of specialization of parameters, which are
related by the automorphism 7. A summary of the discrete Painlevé VI equation is provided
in Appendix A. Some of notations and conventions for the discrete Painlevé VI equation are
fixed there. A few examples for supporting our conjecture in Section 6 are presented in Ap-
pendix B. The four-dimensional limit for a factorized form of the Hamiltonian is discussed in
Appendix C.

Note added: A proof of Conjecture 6.4 is provided in [5].
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2 Non-stationary difference equation

Definition 2.1. Let T, » and T}, be the shift operators acting on the variables A and z by
Tonf(A x) = fal, x), Ty f(A,x) ;= f(A,bx). Let ¥, := 20, be the Euler operator in . We
have 9,2 = z(J, + 1), indicating that p:= ¢+ acts as the g-shift operator ¢’» = T4

Definition 2.2. Set B:= ¢”+(?»+t1)/2_ We define the action of B on a formal Laurent series in
as the g-Borel transformation:

B(chxn) _ an(n+1)/2cnl,n‘
n n

The fundamental relations among z, p = ¢’» and B = ¢?»W=+1/2 are
pr = qIp, Bp = pB, Bx = pxB. (2.1)

One can see the last relation by looking at the action on z™. In fact, both sides give the
same result; q%(”ﬂ)("“)az"“. The ¢-Borel transformation B (see [23, Section 2] and references
therein) plays a significant role in the non-stationary difference equation in [46].

It is convenient to introduce the notations p(z) € Q(¢)[[z]] and ®(z) € Q(q,t)[[z]] for the
infinite products:

p(z) = (23¢0)oo = [J (1 = ¢"2) = exp (— %1 jqnw”) ,

n=0 n=1
D(x) = (7;¢,t)00 = 1—q¢"t™z) =exp | — — "] .
(2) = (z1q,1) WHZO( ¢"t" ) p< ;n(l_qn)(l_tn) )
They satisfy
O(z) _ () ®(tal) 1T ®(tah) = o(a) T} (2.2)
O(tz) PAT), t,A ¥ tA" .

We also use the standard notation for the ¢-shifted factorial

n—1

(u; q)n = H (1 - qu), n e Zzo.
=0

See [24] for useful formulas for (u;q)p.

2.1 Five point function with a degenerate field

The correlation functions of the chiral primary fields ®(z) are the most fundamental objects in
two-dimensional conformal field theory with the energy-momentum tensor 7'(z) (the generating
currents of the Virasoro algebra). The BPZ equation describes the response of the correlation
functions under the insertion of the descendant fields created by the action of the Virasoro
algebra. The BPZ equation for the five point function on P*:

Yerr(A, ) i= (Pa,(00)Pa, (1)¢)A(2,1) ()P, (A)Pa, (0))pr

with a level two degenerate field, say ®a (2 (2)s AL T is the linear differential equation of the
form 7

(82 + a(A, )0y + b(A, z) + c(A, 2)97) Yerr(A, x) =0, (2.3)
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which has regular singularities at {0, A,z,1} and hence, is identified with the non-stationary
Heun equation.? We will reserve t for one of the equivariant parameters (2 background) of
the torus action on C? and A plays the role of “time” variable in (2.3). In the non-stationary
case, the constant part of the Heun operator involves the time derivative d5. Up to the gauge
transformation with the factor

2%(z —1)%(z — A)7,

the equation (2.3) agrees with the quantization of the Painlevé VI equation. The BPZ equation
is also obtained from the deformed Seiberg—Witten curve of four-dimensional supersymmet-
ric gauge theory in the Nekrasov—Shatashvili limit as the non-stationary Schrodinger equation
[16, 44]. This is also regarded as the quantization of (continuous, additive) Painlevé VI equa-
tion [4]. What we are going to discuss in this paper is an uplift of these stories to the triality of
the deformed Virasoro algebra, discrete Painlevé equation and five-dimensional supersymmetric
gauge theories.

Recall that in the AGT correspondence (r 4+ 3) point conformal blocks on the genus zero
curve are identified with the instanton partition functions of the linear quiver gauge theory of
type A,. Let us consider the five-dimensional uplift of the AGT correspondence. The instanton
partition function is expressed in terms of the K-theoretic Nekrasov factor Ny ,(u) = Ny ,(ulq, k)
defined by

Nas(ulg, ) =TT (1 —ug7n75H ) T (1= ug et NF),
()ex (ki)en
or equivalently

Nu(ulg, k) = H (“q_mﬂﬁlﬁ_iﬂ%q)Aj—Am' H (ugte—ro P71
j>i>1 o

q)na—uﬁﬂ'

Here ¢ and & are regarded independent indeterminates. The Nekrasov factor N ,(u) depends
on a pair of partitions (A, ), namely A = (A1, A2,...) is non-increasing non-negative integers
with finitely many positive parts. A denotes the conjugate of A. In [46], the instanton partition
function of five-dimensional SU(2) x SU(2) theory with four fundamental matter multiplets and
one bi-fundamental matter multiplet is considered. On the deformed conformal block side this
corresponds to the five point function on P!.

Definition 2.3.
Zha)= Y phaltielpleltie

v1,v2,p1,42€P

y H N@,ub(vfzf/%\qy t_l)NchMb (wna/mbMa t_l)Nua,z (Uma/fﬂq’ t_l) ,(2.4)
\abes Nugw, (0 /1], 1) Ny i, (M /] g, t1)
where P denotes the set of all partitions and @ is the empty partition.
The following parametrization was used in [46]:
v=q"2t2 w = v, p1=v *Thoa, p2 = U72TLA7
o1z

n =1, ng = Q, my =1, my = ¢12Q,

=10, =T §H=0L, §="Ti06aQ (25)
The coefficients of the expansion depend on parameters (Q, ¢1, ¢2,T1,...,T4) and the equivari-

ant parameters (g,t) of the torus action on C2. The parameters (Q, ¢1, ¢2) correspond to the

2The instanton partition function we are going to discuss is expanded in = and A/z. Hence, here we assume
the radial ordering with |z| < 1 and |A/z| < 1.
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equivariant parameters of the Cartan subalgebra U(1) x U(1) C SU(2) x SU(2) of the gauge
group and the mass of the bi-fundamental matter.> On the other hand the mass parameters M;
of the fundamental hypermultiplets are related to log T; up to the appropriate shifts of log g = €1,
logt = —e€9, log @ = —2a. The instanton partition function Z(A,x) is a formal power series
in (z,A/z), where they are related to the insertion points of the intertwiners up the SL(2,R)
transformation.

Let us consider the degenerate conformal block with the insertion of a level two degenerate
field. Then one of the external Liouville momentum has a special value and the degenerate
fusion rule tells that there are two allowed values for the intermediate momentum. According
to the AGT correspondence this imposes two conditions on parameters (Q, ¢1, ¢2) on the quiver
gauge theory side, which is often referred to the Higgsing condition. In the present case the
conditions are explicitly ¢ = ¢ V2t3/2, ¢y = ¢1/2t71/2 (or b1 = q VY2 ¢y = q3/2t_1/2).
Recall that there are two possibilities for the intermediate momentum. As a consequence, one of
the equivariant parameters, say t, is transmuted to the Higgsing mass parameter. Later we will
see t1/4 = p becomes a basic shift parameter, or the non-autonomous parameter (t — 1 is the
autonomous limit) on the Painlevé side. In the five brane web realization of the surface defect,
the parameter t is identified with the volume of S? connecting NS5 brane and D5 brane which
are non-intersecting. Note that D3 brane can wrap S® in type IIB string theory.

After imposing the Higgsing condition the instanton partition function

(A, @) = Z(A,2)] g,y 17208/ gyqi /212 (2.6)

has parameters (Q;711,...,Ty; A, x;q,t). Physically this is the instanton partition function of
the SU(2) gauge theory with a surface defect.* The parameter z is the insertion point of the
degenerate field. Then, the conjecture in [46] says

Conjecture 2.4 ([46]).

(A, z) = Ay (A, 2) - B- Ay(A,z) - B+ As(A, ) <A, thQ> : (2.7)

where
1 @(Tgt%Aafl) @(T4t2vAa:*1)

A =
Ai(A, ) o(Titvx) @(quvAx—l) (I)(T4t27)_1AQ;—1)’
Ao (A, z) = w<q1TzT3A>so<tT1T4A> : _
p(—T1Thx)p(—Q12) o (—TsTuQqtAx—) o (—qAz1)
2pAg1 30 A1
Ag(A,aj) = 1 (I)(Tng vAx ) (P(T4Qt vAzx )

o(TQ g vz) ®(T3Q¢%v— Az~ 1) ®(TuQq*v—Az—1)’
with v == ¢'/%t=Y2 and B is the q-Borel transformation.

In [46], several evidences for the conjecture have been provided. For example it was proved
for a special choice of mass parameters (external Liouville momenta)®

(Tla 15,15, T4) = (Ut_l’ U_l, v_l, vt_l)v

where the solution is expressed in terms of the Macdonald polynomials.

3If we extend the gauge group to U(2) x U(2), the (exponentiated) mass parameter of the bi-fundamental matter
may be identified with the equivariant parameter of the relative U(1) factor of the gauge group U(2) x U(2). Note
that the diagonal U(1) factor decouples.

4In general the gauge theory allows several types of the surface defect according to the breaking patters of the
total gauge group SU(N) which are labelled by partitions of N. But for SU(2) the breaking pattern is unique
SU(2) — U(1). Mathematically the breaking pattern defines a parabolic structure along a defect (or a divisor).

"Recall that the Higgsing condition is (¢1, ¢2) = (tvil, v).
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In this paper, we will investigate the structure of the difference equation (2.7), which is
independent of the validity of Conjecture 2.4. Hence, let us replace W(A, z), which was defined
by the Nekrasov partition function, with a generic function U(A, x) and write the equation as
follows:

U(tA, z) = Ay (A, 2) - B+ Ay(A,z) - B+ As(A, 2)U (A, thQ) . (2.8)

The difference equation (2.8) is called non-stationary, since there appears the shift A — tA on
the left hand side. It was pointed out [46] that in the mass decoupling limit Ty, 75, T3, Ty — 0,
the difference equation (2.8) reduces to the non-stationary relativistic affine Toda equation [47].

Remark 2.5. In the mass decoupling limit the difference equation (2.8) degenerates to

~ ~ 1 1
UToda(tA, x) = HUToda(Aa a:), H=£8- @(—Qflx)go(—qAx*l) -B- thQ,x'

The name “Toda” comes from the following fact.

Proposition 2.6 ([46, 47]). The operator H commutes with the quantum Hamiltonian of the
two-particle relativistic affine Toda system.:

ﬁToda = Tq,z + tQTq_’l} +tx + Al'_l.

One can confirm the existence and uniqueness of the solution to the non-stationary difference
equation (2.8):

Proposition 2.7. The equation (2.8) has a formal series solution of the form

UA x) = Z C@',jJ?i(A/lU)ja

1,j=0
and it is unique up to a normalization.

roof. It is easy to see that the operator Ty p — Ay - B - Ay - B - As is “triangular
Proof. Tt i t that th tor Tya — A1 - B+ Ay - B - A3T, ), , is “triangular”
in the sense that it sends the monomials z‘(A/x)’ to linear combinations of z‘*™(A/x)/*"
(m,n > 0). Moreover the leading coefficient with (m,n) = (0,0) is #/ — qU=DE—I+D (t4Q)I 7,
which is nonvanishing for generic parameters ¢, ¢ and ). Hence, the coefficients ¢; ; are uniquely
solved order by order with respect to i + j, once the initial value cq is fixed. |

We can eliminate ®-factors (the double infinite products) completely from the non-stationary
difference equation (2.8), by the following gauge transformation:

u(A,z) = O(gtToT3AN)P (t2T1T4A) As(tA, tqQx)U(tA, ). (2.9)

Using the relations

1
o(Tyvtz)p(Tovtz)p(TsvtAz—") p(TyvtAz—1)’

As(tA, tqQr) Ar (A, z) =

(0] (qTQTgA) d (tTl T4A>
(gtToT3N) D (LT TuA)

= (¢ILT3N)p(tT1T4A),

which follow from (2.2), we obtain
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Proposition 2.8. The difference equation (2.8) is gauge equivalent to
Hu(A,z) =u(A, ), (2.10)

with the Hamiltonian

1
o(Tyvtz)p(Tovta)p(TsvtAz—1) o (TyvtAz—T) 5
1
T 6. A 2.11
T (~Q2) p(~TiTiQatha o —gha ) A —

Remark 2.9. By a further gauge transformation, the parameter ) can be completely removed
from the Hamiltonian (2.11).

To see this, first we note that

c(c+1)

zBxt = Ypx)B=q 2 p°B,

for any complex parameter ¢, at least formally. Then we have

qtQ,xz " t,A

2 CHz¢ = qC(C‘f‘l)a(m)pc -B- b(l')pc B - T_l T_l
= ¢““a(z) - B b(¢°z) - B - Type(gr0)-1

s

7, 1)
where for simplicity we have defined
1 A A
a(z)” " = p(Thvtx)p(Tovtx)p | Tsvt— | ¢ | Tyvt— |,
x x

b(x) ™" = p(-T1Tax)p(—Q ') (—T3T4th2) © (—qA> :

T
Taking the exponent ¢ as ¢¢ = (th)%, we have
2 Ha = ¢““Va(z) - B- b((th)%x) BT}

By a rescaling

1
x — <Q> ’ x, A— QA, T, — Q_%Ti, (2.13)
tq qt

the functions in (2.12) become
A A
o) = Tl (1 ) o (77 ).

T

b((th)%w)il — p(=T1Trz)p(—x)p <—T3T4;\> @ (—t1A> ;

hence, @ is climinated from these factors. The remaining overall factor ¢“(*1 still depends
on @, but it can be removed by a further gauge transformation H — A~FHAF with ¢k = ¢e(ctD),
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2.2 Dictionary of five-dimensional gauge/Painlevé correspondence

In this paper, we will employ the following relations of the parameters in [46] and the root
variables for the ¢g-Painlevé VI equation (see Appendix A):

ap = (Ty/T3) Y4, ay = (Ty/To)Y4, ag = (tATYTy)~V/4,
as = (PATST)YA,  ay = (QTVT)YY, a5 = (tQT3Ty) 4. (2.14)
Namely,
2 2 ai 1 a%
VQT, = d2ad?, VQT, = - VIQTs = 7 VIQT, = 3 (2.15)
1 095 5
and
p:= e® = aga1a§a§a4a5 = t1/4, ti= a§a4a5 = tl/zA(T1T2T3T4)1/4,
tA
o= asas. (2.16)

In [25], t is identified with the “time” variable. The parameter p defines the shift parameter of
the discrete time evolution. On the gauge theory side A plays the role of the corresponding time
variable. We have to accept that (2.14) is not invertible. In fact, (2.15) and the last equation
of (2.16) involve the parameter ). But there is no way to fix ) from (2.14). This is due to
the fact that there is a scaling symmetry for the parameters (7;, A, Q) on the gauge theory
side,% while the root variables a; are regarded as “inhomogeneous” coordinates of the ambient
ten-dimensional Picard lattice of P! x P! with eight points blow-ups (or P? with nine points
blow-ups).

A related issue is the fact that the parameter @ is not invariant under the extended affine
Weyl group of Dél). This property was first pointed out in [10] in the case of the discrete
Painlevé I1I3 equation, which corresponds to the pure SU(2) Yang—Mills theory, by examining the
tau-function. The transformation law of () should be fixed by the invariance of the Hamiltonian
under the action of the extended affine Weyl group. For example, the Weyl reflections r4 and r3
roughly exchange @ with A*!. On the other hand, Q is invariant under the Weyl reflections 7g
and r;. Hence, the dictionary (2.14) tells that the exchange of 71 and T, corresponds to the
Weyl reflection 71 : (ay,as) — (al_l, alag). Similarly the exchange of T5 and T} gives the action
of ro: (ag,as) — (ag ', apaz) on the Painlevé side.

The parameter z is related to a pair of g-commuting dynamical variables (F,G) as

G = —¢, i.e., as multiplication by —¢,

F = (qt"2Q)?eq %,
where
&= 7q2A2T3T4 v 2zt
T Ty

and ¥¢ = £0/0¢. Note that the dynamical variables (F, G) satisfy

FG =q 'GF.

5In Remark 2.9, we use the scaling transformation (2.13). We can see the same transformation eliminates Q
in (2.15) and the last equation of (2.16).
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Parameters Higgsed quiver theory [46] qq-Painlevé VI equation
T; (dressed) mass parameters root variables of the outer nodes
Q SU(2) Coulomb modulus parameter of solutions
A instanton expansion parameter root variable of the inner node
x position of degenerate field insertion | dynamical variable (coordinate)
q Q) background along the defect quantization parameter
t Q) background orthogonal to the defect non-autonomous parameter

Table 1. Dictionary between the quiver gauge theory and Painlevé VI equation.

By the above dictionary the Hamiltonian (2.11) in terms of the variables of Painlevé VI
equation takes the following formula (for the definition of the variables b; see Definition A.5 in
Appendix A):

1 ~

Hyi = B
i 90(—qb5G_1)cp(—quG—l)go(—b;lG)4p(_bglg)
1 ~
% BTL T 2.17
PP 201G ) (gp 202G ) o (P05 G p(p20, ' G) T 1B bR (2.17)
For later convenience, by writing quté’x — (T;tll//fQ w)thI}Q . we have distributed Tq;}/QQQl and

combined it with B to define B = B - L2012 = Tignregy-1/24 B. Since G ~ —z~*, we
have the gqtl/ QQ)il/ ?_shift of the arguments of ¢ involving by,...,bs after commuting them
with T /3 in (2.17), compared with (2.11).
In terms of the variables b;, the symmetry of the Hamiltonian (2.17), exchanging (b1, ..

and (bs,...,bg), becomes more manifest.” The symmetry is related to the diagram automor-
phism 7 of Dél), see Figure 1 in Appendix A. Geometrically this is the exchange of P! in the
product P! x P! that appears in the description of the space of initial conditions, see Figure 2
in Appendix A. We will get back to this point in Section 6.

°7b4)

3 Heisenberg form of the ggq-Painlevé VI equation

We show the operator (2.11) gives the gg-Painlevé VI equation as the Heisenberg equation.
First, we consider a general linear operator H,p of the form

H,, = A(xz)-B-B(z) - B. (3.1)
The operator H in (2.11) is recovered from H,, as H = Haqu_tclg@, where
1

A(l’) = )

parz)p(azr)o(35) 0 (3%)

1

B(z) = , (3.2)

p(=b12)p(—boz)p (=55 ) o (—5%)
a; = ¢\/241/2T, ay = ¢\/241/2T, ag = ql/zt_lﬂT?:lA_l,
ay = q1/2t_1/2T4_1A_1,
by = T T, by = Q71, by =t Q1T T AT, by = AL (3.3)

Since, we will consider only the adjoint actions of H,, on x, p in this subsection, we have dropped
the factors independent of .

"The additional factor p~2 = t~%/2 for b, .
to be discussed in the next section.

.., ba should be related to the rescaling of the gg¢-Painlevé equation
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Proposition 3.1. Putting a(z) := A(qw)A(z)™!, b(z) := B(qz)B(z)™!, we have
Hap™'o™ Hay = b(p~'2)2™"'p?,  Hapa 'pHap ™' =27 'p~a(z).
Proof. Since B~z '8 = x_lp, B~ lzB = p~ 'z, we have
Hyy ‘27 'Hy = B'B(x) "B ' A(z) ‘o' A(x) BB(x)B
“1B(z)"'B 'z 'BB(z)B
=B" 1B(l‘) e 'pB(z)B = B~ 'B(x)"'B(qx)xz"'Bp
=B b(z)z'Bp = b(pfla;)xflpZ.
Similarly, using Bz~ 'pB~! =2~ Bz~ 'B~! = 27 'p~ !, we have
Hapz 'pH,, ™' = A(2)BB(2)Bz ™ 'pB~'B(z) !B 1 A(x)™?
= A(x)BB(z)z 'B(z) 'B ' A(x)"!
= A(z)Bz 1Bt A(x) ™t = A(x)zp T A(x) 7!
=z Yt A(gr)A(z) "t = 2 p ta(x).
Hence, the desired equations are proved.

Corollary 3.2. We put

f:: w_lp’ g:= ;L'_l, i.e., T g_l, ng_lf, ngQf97

then we have

HapfHap ! = (f +b1)(f + ba) bsbs

azas (g —a1)(g — a2)

Hab gHab

af (9—as)(g—a4)’
Proof. For the function A(x), B(x) in (3.2), we see

B (1 — 31.%')<1 — 321') . (1 + blx)(l + bQ.%')
a(z) = (1= 252)(1 — 242) asaz’, b(x) = (1% bsz)(1 1 byz)

Then from (3.4), we have

b3b4IL‘2.

azay (1 —a1/g)(1 —az/g)
qf (1—a3/g)(1—as/g)’

-1 1 n.—12  (I4bi/f)(1+ba/f)bsby
Hav ™ gHa = (0™ e)a™ 0" = (T AT 5/ ) a9

-Flabf-[_-[abi1 = milpila(aﬁ =

as desired.

(f +b3)(f+ba) qg

(3.4)

The equation (3.5) can be viewed as the Heisenberg form of the gg-Painlevé VI equation.
We will show the equation coincides with that obtained in [25]. To do this, we regard the qg-
Painlevé VI equation as a certain algebra automorphism on a skew field K® generated by the
g-commuting variables x, p and equivariant parameters T7,...,7y,Q,q,t. For any X € K we

define its discrete time evolution as

X=X :=UXU, (up = forward evolution)
X — X :=U"'XU, (down = backward evolution)

U= Hab th T t_A
Note that A = t~'A, hence

(a1,a2,as, a4, by, ba, bs, by) = (a1, as, tas, tay, by, ba, ths, thy).

8This skew field is essentially the same as F to be introduced in Section 4.1.
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Using Tyga.f = (th)_lqutQ,m and TyQ.9 = (th)_lgthQ@, we can rewrite the equa-
tions (3.5) as

f=H 'y 1T T AToio o Hoy ™ = gtQH,, fH,,~F = ¢ ~1(g—a1)(g —a2)
f ab qtQ, xf t,ALqtQ,xLlab q Q abf ab Qa3a4f (g—a3)(g—a4)’

- 1 (f+b1)(f+ba)bsbs _y 1.1
= TiaTyeHay 9Ha T\ T = TenTuiQu (F+bs)(f+ba) ¢ 7 A @Qs

(f +qt@b1)(f + thb2)g_1
(f +qQbs)(f + qQby) '

=+~ 1Qbsby (3.6)

Theorem 3.3. By a suitable rescaling F = af, G = —[f3g, the equation (3.6) can be written in
the form of [25]°

_ L (G+tp7ta?) (G +tptar?) o

F = qp*t
(G +t"pad) (G +t'pay )
F +ta?) (F + ta} >
e T iV G W (37)
(F 4+t ta2)(F +t1az?)
and t = p~2t.
Proof. From (2.15) and (3.3) the parameters are related as
gt aj [qt e, a3 V4@
ap = a%ai aa az = ;%1 av az = Oag A ) g = ;g A )
al 1 al 1 as [tA 1
by = 4 by = ~ by = -2 by = — t=—¢/—= = t1
1 Q ) 2 Qv 3 A’ 4 A’ as Q ’ p 4
Hence, from (3.6), we have
- 2a4ﬁ\/) ( 72 a4ﬁ\f)
- _ GaadgQ? (G+at®ig) (G+aify)
¥ (o) (o)
o 988Q .y (F+alat)(F +at)
T An (F+a4“Q) (F+%)'
By choosing rescaling parameters «, 5 as
1 A 1 VgA
o= =, B= . (3.8)
aqas \| tQ 105 41
we obtain the desired results (3.7). [

We should emphasize that the scaling parameters (3.8) are time dependent, since they involve
the parameter A, which is regarded as the time coordinate in the non-stationary difference
equation (2.8).

9See Proposition 4.5 for a derivation of (3.7).
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4 Extended affine Weyl group action on quantum variables

In the last section we have shown that after the appropriate gauge transformation, the adjoint
action of the Hamiltonian (2.11) of the non-stationary difference equation (2.8) correctly repro-
duces the discrete time evolution of the g-Painlevé VI equation. On the other hand, in [25]
a quantization of the g-Painlevé VI equation was performed by constructing a representation
of the extended affine Weyl group W(Dél)) on the space of g-commuting dynamical variables.
Thus, we have two Hamiltonians (2.11) and Hypas (see (4.6)) obtained in [25], which give the
same adjoint action on g-commuting quantum variables. Each Hamiltonian has its own advan-
tage. The advantage of (2.11) is that it is expressed in terms of the ¢-Borel transformation B
with the explicit formula (2.2), which allows us to work out the wave function to the Schrédinger
form gg-Painlevé VI equation (2.8) in the form of a formal series. The advantage of Hy,s is that
it is expressed as a composition of generators of W( pY )) as shown in (4.6). It is an interesting
problem how the symmetry W( pY ) of the qq- Palnleve VI acts on the wave function which is
given by the Nekrasov partition function. We expect that the comparison of two Hamiltonians
will give us a clue to solve this problem. In this section we first recapitulate the quantization
of the ¢-Painlevé VI equation in [25]. Then by Comparln% two Hamiltonians we try to see the
corresponding element to B in the representation of W

at the moment, we are not completely successful in thls task

constructed in [25]. Unfortunately,

4.1 Coxeter relations

To formulate the quantization of the discrete Py equation reviewed in Appendix A, we first
quantize the commutative canonical pair of variables f, g. Let F' and G be non commutative
variables satisfying the g-commutation relation;

FG =q¢ 'GF. (4.1)

Recall the notation K = C(a) = C(ao,...,as) for the rational function field in the root vari-
ables a;. Let K(F,G) be the K-algebra generated by F,G with the relation (4.1). It is
known that K(F,G) is an Ore domain (see [33, Section 2| and references therein). Denote
by F = K(F,G) the quotient skew field of K(F,G). Note that F is generated by aq,...,as, F
and G. For any formal power series h(z) in z, we use the formula

Ad(F)-WG) =h(q¢'G),  Ad(G)-h(F) = h(gF), (4.2)

in our computations.

As is summarized in Appendix A, the time evolution of the g-Painlevé VI equation is derived
from the translation element 7" in the extended affine Weyl group W. Hence, we need an action
of W on the quantum pair of dynamical variables (F, G).

Definition 4.1. Define the actions of rg,..., 75,001,045, 7 € W on the generators of F by the
rules:

ro: (ao,a1,a2,a3,a4,as5, F,G) — (ay", a1, a0a2, a3, as, a5, F, G),

ri: (ao, a1, a2,a3,a4, a5, F,G) — (ap,ay ', a1a2, a3, a4, a5, F, G),

-1 2

apa; G + aj

ro: (a07a17a27a37a47a5aF7G '_> a0a27a1a27a2 7a2a37a47a5aF ) ) )
apa; a5G +1

2. 1

azasa- F+1

3 5 G ,

r3: (CLO,CLl,CLQ,(lg,(Z4,(Z5,F,G — 1
asag F + a3

ap, a1, azas, az ', azas, asas, F,

N

—1
r4: (ao,ar,az,a3,a4,a5, F,G) = (ao,a1,a2,a3a4, a3 ", a5, F,G),
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. -1
rs: ((10,(11,@2,@3,@4,&5,F, G) — (a07a17a27a3a57a47a5 7F7 G)u

. -1 -1 -1 -1 -1 -1 -1
go1 - ((10,(11,(12,(13,(14,05,F,G)*—>(al yAg , Q9 ,Q3 ,04 ,0g aqF 7G>7

. -1 -1 -1 -1 -1 -1 -1
045 ((lo,CLl,CLQ,CLg,CL;l,CLg,,F,G)*—)(CLO y @1 5,09 , Q3 ;05 Gy aquG )7

. -1 -1 -1 -1 -1 -1
T: (CLO,CLl,CLQ,(Ig,CL4,CL5,F,G)P—>(CL5 y Ay 5,043 ,09 ,41 , Qg 7G7F)'

Then extend them to the actions on F by the requirements: (1) rg,...,r5 are the ring homo-
morphisms, (2) 091, 045, 7 are the ring anti-homomorphisms.

Note that we have defined o¢1, 045, 7 as ring anti-homomorphisms. Compare it with Defini-
tion A.1 in Appendix A, where they are ring homomorphisms.

Proposition 4.2. These actions on F are compatible with the group structure of the extended
affine Weyl group W. Namely they satisfy the Coxeter relations given in Proposition A.2.

One can check the Coxeter relations by straightforward calculations. We only present two
nontrivial cases.

Lemma 4.3. We have

r3(F) = F, rorsro(F) = rara(F), ro(G) = G, rarors(G) = rors(G).
Hence, we have the Coxeter relations

rorsro(F) = rarars(F), rarsra(G) = rarars(G).

Proof. We have!Y

F4b3
b5 G+b7 b3b5 b G"’b?
ro(F) =4/ —F ) r3ro(F) = F ! ,
2(F) \/; G+ bs a2(F) =55, Frbs G 4 by hybs

[bsbs G+ b7 A
T’QT37’Q(F): AjTiFG+bZE7

where
FG+b7 +b FG+b7 +b
= G TS Gy, B=— o G ybs.
Note that we have AB = BA.
Using
by = F b b b1bs b
F—I—blG+ 7 F+b1( (G+ 7)+ 3(G+ 1Y3 7))7
by “bsbs = F b “bsb b b
F+b1G+1 3bs5 F+b1( (G + b7 'bgbs) + b3(G + bs)),
we obtain
rare(F) = ieLyy ! (F(G +br) + b3(G + biby 'b7))
bib7" F(G + by 'bsbs) + bs(G + bs) 3 ‘

On the other hand, from

A=C Y (F(G+b7) + b3(G + bib3 'b7)),

9The variables b; are defined in Appendix A (see Definition A.5).
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b
B =C(F(G+ by bsbs) + bs(G + b5))gj:b7’
5

G+b7 1
=F—-
C G+ bs +blb5 b7,

we have

babs 1 .
F)—,/3%p F(G + b7) + b3 (G + by b7)),
rarsra(F) b1br F(G+b;1b3b5)+b3(a+b5)( (G br) b3 (G + biby br))

indicating that we have rorsro(F) = rara(F). [ |

Lemma 4.4. We have
~1 2 -1 —2
G G
oonra(F.G) = oo1 <Faoa_112+azG> _ (aoa_ll 5+ a3 qFl’G>,
apa; a5G +1 apay aq "G +1
apay *a3G + 1F_1 G)

— o, 2t G
apa; G+ aj

roo01(F,G) =2 (qF ', G) = <q

and

Jasaz'F +1 3 ay asqF T 41
oo1rs(F,G) = oo <F, WG) _ (qF_l,Ga3_1a4 asq ‘5:2 > ’
asas F + a3 ay asqF~'+ag

raoou(F,G) = r3(qF ', G) = <qF | 345F+1G> |

agag lp 4 a3
indicating that we have og1r2(F,G) = roo01(F, G), onrs(F,G) = r3oo1 (F,G).

Proposition 4.5. Let T = rorirgroog1r3rarsrsoss be the translation element in w. Writing
F=T-F,G=T"'-G for short, we have the qq-Painlevé VI equation

G +tpla? G +tptay?
G—i—t_lpao G+t 'pay?’

GG — ot-2 F + ta? F—l—ta;2
=TT P eI oy eie 2

FF = gp’t (4.3)

(4.4)

where the discrete shift of the time variable is T(t) = p~2t.

Note that compared with the classical version, there appears the factor ¢ on the right hand
side.

Proof. We can compute the action of the reflections and the diagram automorphisms as follows:

Jlak MRS NG AN NG AN Sl FEEN —aoal__lla%GH -
apa; G + d}
ro aoafla%G +1 1 n aoalaQG +1 1
agta;'G + ada3 ag'a1G + ada?al
T aoalaQG +1 aga;a3G + 1F_1 B 2t_2G +tp~ta} G +tp~lay? Pl
agta1G + ata?a3 apa;'G + a3 — 1 G+t71pag G +t~1pay?

Similarly for G,

2 -1 9 1
r r T o rs Gia4a: F 41 r azasa- F+1
G 2 G’—1>G G 2 G&G’é% 4 _?1 _15 3 5
asas '+ a3z ay as F +azaj
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rs a3a4a5F +1 r3 a3a4a5F +1 adagaz'F+1
ay; a5F—|— a3aiag ay a5F+ a3a4a5 a4ag1F+ a%
-2 1 -2 -3 —1 2 -2
5 _qa3°aqa; F+1 as%a; a; F+1 1.9 F4+ta; F+ta
745, (G123 4%5 3 %4 9 , = ¢G 12 4 4 m

asaz 'F +a3? ajlasF + az?a;*as? F+t'aF +tlag?

In terms of the variables b; defined by Definition A.5, we can write the equations (4.3)
and (4.4) as follows:

G+b5G+bg F+b F+b

GG = qbsb
G+bG+bs P3N T F 4 by

FF = qb7b8

By taking the conjugation (the adjoint action) by F or G~1 (see (4.2)), we can also write the
equations in the following manner:

G+ b5 G + bg GG_q,lbbF—i—blF—i—bQ

FF = q tbrbg
G+b7G—|—b8 F+b3F+by

where BZ = qb;.

4.2 Adjoint action and Yang—Baxter relation

In the Heisenberg form of the gg-Painlevé VI equation the Hamiltonian acts on the dynamical
variables (F,G) by the adjoint action. Hence, we have to work out the adjoint action of the
affine Weyl group generators including the diagram automorphism o = 0¢1045 in the translation
(see Appendix A). The fundamental part is to realize the birational transformation of the non-
commutative variables (F,G) by the Weyl reflections 9 and r3 as the adjoint action. We can
achieve it by using the following function [25]:

Definition 4.6. For X € F, and z € K, i.e., when we have zX = Xz, set

0(X;q9) = (X:9)o0(9/X; @) o,

Cxy - CXiDee(maXhg) 0(-X;q)
(20 = (—271X50)  (—27'aXha)  (m271X0q) (—271aXha)

Recall that F = K(F,G) is the quotient skew field of K(F,G).

Lemma 4.7. The function R(z, X) satisfies the following formulas:

R(2,X)=R(z,qX ),
0(—X;9)0(-X;q)
0(—zX; q)G(—z—lX; q)

R(z, X)R(z"1,X) = = R(z,qX)R(2",¢X).

We will need the following Yang—Baxter relation to check the Coxeter relations among the
adjoint actions of R; to be defined shortly (see Proposition 4.14) [25].
Proposition 4.8 ([19]). We have the Yang-Baxter equation
Rz, F)R(zy, G)R(y, I) = R(y, G)R(zy, F)R(z, G). (4.5)

The proof given in [18] was based on the Ramanujan’s summation formula, which implies the
expansion formula of R(z, X).
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Remark 4.9. Ramanujan’s summation formula for the bilateral basic hypergeometric series

b s) — - (@@ n _ (49)00(b/a3 @)oo(a2; @) 04/ a2 4)
Walasbiaiz) = Y G = e @) (5 Q) (b2 0)ed

, |b/a| < z <1,

n=—oo

gives

(4 9)o0(a/7%54) S (59 gy
Wadm@zas T = 2 men 07X

n=—oo

Essentially the same relation as (4.5) is proved in [36], where an elementary proof by the
Heine’s formula is provided. It is also worth mentioning that the Yang-Baxter relation (4.5) is
closely related to the quantum dilogarithmic identities.

Proposition 4.10 ([31]). We have the five term identity
(—F3 @)oo (=G5 @)oo = (=G @)oo(—FG; @)oo (—F ) o

Let us begin with the action of the affine Weyl group. The action on the root variables is
easily obtained by introducing the dual letters.

Definition 4.11. Let 0y,...,05 be the dual letters associated with the simple roots satisfy-
ing [0}, ] = ajj. Set

pi = eg\/—miai )

Later we also use the dual letters associated with the fundamental weights satisfying [8;-, ag] =0k
for a realization of the adjoint action of the diagram automorphism.

Lemma 4.12. The action of the affine Weyl group on K = C(a) is realized by the adjoint action
_ —1
Ty Ay = piazp; .

Among the Weyl reflections r;, only r9 and r3 act on (F, G) non-trivially. We can show they
are realized by the adjoint action of R(z, X).

Lemma 4.13.

-1 WG+ a2
R <a§, aOG) FR <a§, “‘)G> — P 2 _ . F
al al a—lagG—i— 1

-1 as2pgq
R(a2, 2F)GR(a2, LF) =9 _G—1;.G.
ay aq4 iF—i—a3

Proof. For any parameter z, the computation goes as follows:

1+27'G ., _G+=z

-1 —1
R(z,G)FR(z,G)"" = FR(z,qG)R(z,G)"" = Fi1 pos o G = SRR
14 z71Fp-1 zF+1
-1 _ 1, _ _
R(z, F)GR(z,F) " = R(z,F)R(z,qF) "G = T F FG = . G. [ |

Combining these two lemmas, we obtain the following result.
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Proposition 4.14. If we define
R; = pi, 1=0,1,4,5,
Ry =R <a§, ‘“’G) ps,  Rs=R <a§, ““F) ps,
al as
the action of the affine Weyl group on the skew field F is realized by the adjoint action
ri-u:Ad(Ri)u:RiuRi_l, 0<i<5, wuel.

As we have mentioned before, one can check Ad(R;) satisfy the Coxeter relation by using the
Yang-Baxter relation (4.5).

Next let us consider the adjoint representation of the diagram automorphism o := og1045."
Since

1

g ((10, ai,az,as, a4, as, F’ G) — (ala ap, az, as, as, a4, qF_17 qG_l)a
the action on the root variables a; is realized by
Ad(p2p1pop2pspapsps): (ao, a1, a2, a3, as, as, F, G) — (a1, ao, pas, p~ ' as, as, as, F, G)

up to the scaling of (a2, as), which is nothing but the action of the translation element 7. On
the other hand, the adjoint representation of o on the dynamical variables (F,G) is given by
suitable combinations of the theta functions with non-commutative variables in F.

Lemma 4.15. We have
Ad(O(F~'G;q) Y F = -G, Ad(O(F~'G9)7 )G = —¢ ' F1G2

Proof. Similarly to the proof of Lemma 4.13, we can compute

_ 1
0(F'G,q) 'F=F
( 7 (aF~1Gsq)  (G7'F5q)
1-F i@ _ -1 _ 1
:FijFﬁﬁwlﬁﬁ =-G-0(F'G;q) ",
1

_ —1
0(F~'G:q) G:G(qF—lG;q)m(G—lF;q)m

— —GF'GO(F'G;q) " !

=—q 'F'G* - 0(F'G;q) .
Lemma 4.16. For any z € K, i.e., when zF = Fz and 2G = Gz, we have
Ad((0(=G;q)0(=""G;q)) " )F = FG?,  Ad((0(2G;)0(z"'G;9)) ) F~' = G2F 1,
Ad((6(=G;¢)0(="'G;q)) )G = G.
Note that the right hand sides of the above relations are independent of z.

Proof. The second equation follows from the first. The third one is trivial. We can check the
first equation as follows:

(1-2G)(1-271G)
(1—-271G"1)(1—=2G1)
= FG?- (0(=G;¢)0(='G;¢)) . ]

" Though oo1 and o045 are anti-homomorphisms, the composition ¢ is a ring homomorphism.

(H(ZG; q)@(zilG; q))_lF =F (9(2G; Q)9(271G§ Q))_l
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Combining these lemmas, we find

Ad((@(zG;q)@(zilG;q))_IG(FflG;q) 1)F -G,
Ad((0(2G;9)0(27'G;q)) T 0(F'G;9) )G = —gF .

Hence, the square of this adjoint action!? agrees with the action of o on (F, G) (qFﬁl, qGil).
On the other hand, if we define

S = o3V —1(an—01)(95—0]) ”r(a4—a5)(611—811)’
the adjoint action Ad(S) gives the same action as

(p20190P203p1P503)  Tpaz Ty ay: (a0, a1, 02,03, as,a5) = (a1, ao, az, as, as, as)
on the root variables. Hence, the desired realization of ¢ by the adjoint action is

Proposition 4.17. If we define

-1
Y= <H (—GOG; q) 0 <—alG; q>> H(F_lG; q)_l
al a
-1
x <9 (“‘*G; q> 0 (“%:; q>> 0(F'G;q) " S,
as a4

the action of the element 0 = og1045 on the skew field F is realized by the adjoint action
o-u=AdX)uy, uel.

4.3 Comparison of the Hamiltonians

Following [25], we define the Hasegawa operator for the gg-Painlevé VI equation by
Hias := RoR1RoRoR3 Ry Rs R3X. (4.6)

Proposition 4.18. We have
1

HHas = — — 9F*1G;q_1
1T o (—absG ) p(—absG 1) o (b G) (b5 1G) ( )
1
X
w(qp‘leG‘l) (ap~2b2G 1) (p~2b5 G) o (=20, G)
X 0(F71G§ Q) Tp,asz 0}37 (4.7)

and this Hamiltonian Hyas and the Hamiltonian in (2.11) have the same adjoint action on
vartables x, p.

Proof. We proceed as follows:
RoR1RyRaR3RyR5R3Y
= R(ag, G) p2p1p0R<a2, G) pgR(a3, F) p3p4p5R<a3, F) P32

= R(aQ,a—lG>R((aoa1a2) ,a—OG>R(p (asagas)” ’%F)R< 2a§2,a—4F)

12We can specialize the parameter z of the first and the second actions at our disposal.
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< (o(-gpea)o(-5r6ia)) 060 (o(Geia)o(G6ia)

X O(F 1G5 q) ™ - Tpan Tt

P,a2 =" p,as
_ 2 a0 2 41 Qo a1 -1 . |
_R<a2,a1G>R((aoa1a2) ,aOG)(e( alG,q)H( aoG,q)) O(F1G; q)
2 —2 04 9 —9 05 aq . as . -1
x R(p?(asasas) ,—a—5G)R(p a ,—G—4G) (9(@—5G,q)e(a4a,q))
X 0(F'G;q) ™" Tpan Ty,
B 1 1
(_a?(g%G;q)oo(_a;%%qG_l;q)oo (_agalla% G; q)oo(_aoal‘;’a% qG_l;q)oo
1 1
x O(F'G;q)7"
(95Giq) (B qG i g) , (HGia)  (F2eG0)
X O(F1G;q) Ty ay Tyt (4.8)

Note that the combination of the shift operators T} 4, 15, (}3 keeps the constraints agaq a%a§a4a5 =
t1/4 intact. Hence, the desired equivalence is proved, if we can show the adjoint actions
of Q(FflG; q)f1 and B = T\ g1/2g)-1/2 5 - B are the same. The adjoint action of H(FflG; q)f1 is
already given in Lemma 4.15. On the other hand, the fundamental commutation relation (2.1)

for B implies
AdB(F)=-G, AdB(G)=—¢ 'F'G?

for F = 2 p, G = —z~. Recall that we have rescaled F and G. This is the reason why we have
to combine B with the shift operator T(qtl 2Q)-1/2 2 whose adjoint action produces the necessary

multiplication factor for F and G. |

The last equality in (4.8) is derived from the cancellation of the theta functions coming from
Rs, R3 (the Weyl reflections with respect to the inner nodes labeled by 2 and 3) and ¥ (the
diagram automorphism which exchanges the external nodes 0 <+ 1, 4 <+ 5). Hence, it is not
straightforward to see the correspondence of each factor in (4.7) to the generators of the extended
affine Weyl group appearing in (4.6).

Remark 4.19. Though H(F -G, q)_l and B have the same adjoint action on the variables
(F, @), this does not necessarily mean that they are the same as operators acting on some space
of functions. In fact, contrary to B or B, we do not know how to define the action of the
operator O(F -1a; q)f1 on the space of formal Laurent series in x.

As is well known, the Painlevé equations are derived from the isomonodromic deformation
of linear system. It is an interesting problem to find the Lax operators which give rise to the
qq-Painlevé VI equation. Note that the monodromy problem is naturally associated with the
Yang-Baxter relation of the universal R matrix. In fact, in [26] the universal R matrix of U, (5 [2)
was used to define local Lax matrices for the gg¢-Painlevé VI equation, which is a good starting
point to work out the problem completely.

5 Quantum Seiberg—Witten curve

5.1 Gauge transformation and U(1) factor

By the following gauge transformation
1

V22, V22 A A z) =v(A 5.1
<I>(t2T1T3A)<I>(th2T4A)(’D(q 2)ela i /fw)u(h, @) = vV (A, ), (5.1)
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the gg-Painlevé VI equation (2.10) is recast to Hv(D (A, z) = v(AD(A, z) with
= o(Tuq' 211 22) o (Tsq 21 /2 A1)
y (T T50)p(qToTyA)
go(—Tngx)ap(—Q_lx)cp(—TgT4thA:z_1)@(—qAx_l)

1
1 e
X thQ,th,A (p(T2q1/2t1/213)<,0(T4q1/2tl/2A$71) ’

H

B

(5.2)

Recall that we have made the gauge transformation twice; U(A,z) — u(A,z) — v(D (A, z). We
can see the total gauge factor from the original system of Higgsed quiver gauge theory is simply
(gt ToT3A) D (T TyA) @(T3q/ 2t~ 2 N [2) D (Taq~ /%520 /)
(PTVTEN) D (qtToTuA) @ (T3q /212N [2) @ (Tyq /32N Jz)

(5.3)

Note that in the original definition of A3 in [46] the four-dimensional limit is not well defined.
But after the above gauge transformation we can take the four-dimensional limit. In fact, let us
look at the gauge transformation factor in the plethystic form

O(gtTyTsM) P (PTIT4A) N i (q"T3 — 1) (T3 = T7') (tA)"
O (2T T3A) (gt ToTuA) —  a(l-g¢m)(1-1t)
(n3—pg)(pop—p1—cj—c3)
= (1—=A) €1e2 , h—0,

O (Tsq* %t~V 2N /) @ (Tuq 1252\ Jz)
P (Taq /24120 ) z) ® (Tuq'/?t3/2A /)
e [ - i (1 _ qnt—n) (qu—n/2t5n/2 _ Tgbqn/2tn/2)
n(l — q”) (1 — t”)

(e1+€2)(ng—p3+es+2€9)

N (1_A/$) €1e2 , h— 0,

A/ w)”)

n=1

where we set ¢ = e, t7"¢ and T; = e ™. This four-dimensional limit completely matches
with what we have found for the four-dimensional instanton partition functions. This gauge
transformation is also regarded as what is called the U(1) factor in the AGT correspondence [2].
Thus the gauge transformation (5.3) is a five-dimensional uplift of the U(1) factor. The five-
dimensional U(1) factor for the Nekrasov partition function has been proposed in [7, 27|, where
it is associated with pairs of parallel external lines in the fivebrane web diagram. However,
this U(1) factor does not recover that of [2] in the four-dimensional limit. In this sense the
relation of the U(1) factor in [7, 27] and our U(1) factor derived above is not clear at the
moment.

To simplify the computation with the quantum Seiberg—Witten curve, let us make the change
of parameters and variables:

AN = tT1 T3A, o =Tyq V2t %, (5.4)
dy = Tflql/Qt_l/QQ_l, dy = T2q1/2t_1/2,
ds =Ty ¢t 12, dy = Tug"*t'/2Q, (5.5)

so that H can be written as H = HST(J;éthj/\l with

1 (M) (g didadzdsA)

s = (o (A0 C o (din)o(—duw)p(—dshjz)p(—dsh /)
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« B ! (5.6)
¢(q  didoz)p(dsds/z) .

where we delete ” of 2’ and A’. Note that by the change of variables (5.4) and (5.5), we have
eliminated the parameter ¢ from (5.2). In fact, we can transform Hg to H,p defined by (3.1)
by the multiplication of @(A)w(q_1d1d2d3d4A), which commutes with B and the adjoint action
of ¢(q tdidax)p(dsdsA/z). 1t is this form of H that naturally leads to the solutions by the
instanton counting of the affine Laumon space with the following property. The instanton
partition function is a formal double power series in z and A/z:

ZAz)= ) cmar™ (A 2)", (5.7)

m,n>0

where the coefficients ¢, , are functions of @), T;, ¢ and ¢t. One of the characteristic features
is that the “boundary” coefficients cg, and ¢, factorize, which is a consequence of the fact
that there is a unique fixed point of the torus action on the instanton moduli space, which
corresponds to the topological number n = 0 or m = 0 This means Hg should be regarded as
the Hamiltonian on the gauge theory side.

5.2 Five-dimensional quantum Seiberg—Witten curve

When ¢t = 1, the gq-Painlevé VI equation becomes an autonomous system which admits a con-
served quantum curve. The quantum curve, which is a Laurent polynomial in (z, p), is identified
with a quantization of the Seiberg—Witten curve for the corresponding gauge theory. Here we
work out such a curve based on the commutativity with the operator Hg.

Proposition 5.1. Let D = D(x,p) be an operator of the form
D= Z Ci,jl‘ipj, (5.8)
2

with nonzero coefficients

c_1,1 Co1 C1,1 Ap —W dyds
€C-1,0 €00 €10 | = |—Ap(ds+dy) U —dp — ds
C-1,-1¢€0,—1C1,—1 Apdsdy —Apdsdy — 1 1

Then it satisfies the relation

Hs™'D(x, p)Hs = D(px, p), (5.9)
where u, p € C are free parameters.
Proof. We compute the successive transformations of the operators

D~ Dy -+ Dg,

under the adjoint actions Ad(X): D — XDX ! for factors X in Hg~'. In the following we will
display the operators D; by their coefficient matrices (Ci,j).l3

First, under the gauge transformation Ad(go(qw)go(%)) Tp 11:% p, we have
qr
0 0 —qp pg? + didy —qdydy
Dw— Dy = 0 —A,u (d3 + d4) u —di —ds 0
—A?pdzdy A (pdsdg +1) —1 0 0

BInitially the range (support) of the indices (i,4) is —1 < i, j < 1. However, by the adjoint action the range
of the power of x is extended to —2 < i < 2. See also the Newton polygons displayed below.
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Next, by the action of Ad(B71): a? s ¢~*(F1)/227p~% we obtain
—% —Ap(ds + dy) —qu 0 0
Dy +— Dy = 0  A(udsds+1) u %fh‘b 0
1 _ditdy _didy
0 0 1 1 7 2 (1122
Then by the gauge transformation Ad((p(—dlx)go(—d;g%)) Cp— %p, we have
+ 39z
—A,ud4 —,u(q + Ad1d4) —q,ud1
2
Dy > Dy = | A(udsdy + 1) u 4 tdidy
—Ads _ qtAdydy _do
q q
And by further gauge transformation Ad(gp(—dgﬂt)gp(—@%)) TP %p, we have
4w
0 0 —qu —qplds + dy) —qudyds
D3+ Dy = 0 Audsdy+1) w  bCEhd 0
—A2d3d4 —A(dg + d4) -1 0 0
Then the action of Ad (B‘l) gives
— A%dsds N (pudydy + 1) —qp 0 0
Dy D5 = 0 —A(ds+dy) uw —p(dy+da) 0O
0 0 1 pg’+dids  pdids
q? q?
_didy
Finally, by the gauge transformation Ad (go(dldT”)go(dgch;%)) P ﬁp, we have
qzr
A _W pudydy
D5 — Dg = —A(ds + dy) U —u(dy + d2)
Adsdy  —Apdsdy — 1 7
In total, we obtained the relation
Hs™'DHs = Ds = Dlosyuas
as desired. |

Corollary 5.2. If we set = (tqQ)™!, then we have

H™'DH = T, A(D),

where H = HSTt;é) thj\l. Namely, the operator D with p = (tqQ)~' is conserved under the

evolution by H in autonomous case: t = 1.

Remark 5.3. The converse of the Proposition 5.1 is also true. Namely, for a general operator D
of the form (5.8) with the initial support ,j € {—1,0,1}, the condition (5.9) with fixed p
determines the coefficients ¢; ; up to two free parameters. In fact, in order to keep the form
of the operator D under the successive transformations as above, one has six linear constraints
on the nine coefficients ¢; j. Then the condition (5.9) gives one more constraint. Hence, two

coeflicients (the constant term u = ¢y and overall normalization) remain free.



26 H. Awata et al.

Remark 5.4. The position of the nonzero coefficients c; ; shows the Newton polygon of the
operators Dj. Their transitions are as follows:
tH.

Eﬁgg@z
CHEEHLHD

We see the Newton polygon of D3 has also a rectangular shape. More precisely, we have

AdB~1!

AdB™!

D3 = D‘ 2 .
nq 1 A dodyA dg:c}
{dQ dg d4 dyap’ g ¥ q

This corresponds to the factorization property Proposition 6.1 which will be discussed in the
next section.

Since the parameter u is stable under the adjoint action, we can regard it as a trivial free
parameter. Setting u = 0 the quantum Seiberg—Witten curve is explicitly

(d3 + dy)Ap

x

A
Dsw (A, x) = (didex — pq) <1 — q:c) p— (di + do)x —

_|_(x_1)<1_d?’d4A'u)l
x b

1—-dip)(1—-d 1

+M(p—d3)(1?—d4)_
x p

d1d2A>
p

(5.10)

This is a non-commutative Laurent polynomial in (x,p): pr = gap. Note that the highest
and lowest terms in x and p are all factorized. When (z,p) are commutative, the curve (5.10)
reduces to the M-theoretic curve, which is obtained from the toric diagram, or the five-brane
web [12, 13, 17, 30].

5.3 Four-dimensional limit
We study the ¢ — 1 limit of the operator (5.6). Let us use the short hand notation such as
FPY = Ty T2, T I F = F(qa, ¢*b,q e, . .),
to represent the g-shifts of a function F' = F'(a,b,c,...).
Proposition 5.5. We have
(1= A)(Hs)d, = (1 —2)(Hs)x + do(x — MHsp,  di ¢ do,
(1—A)(Hs)g, = <1 — A) Hs + dy <A - A) p ' Hs,  dz > dy, (5.11)
and

Hsr = ¢*u(Hs) 3 p*. (5.12)
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Proof. We write Hg as Hg = A1BA3B A3, where

1 @(A)p(q~  didydzdsA)

ey T GCdin)p(—dar)p(—dsh /) p(—dih/z)
1

(g didow) p(dzdalr jz)

Then we have

Ay =

As

Alfi\l’x = (1 — qa:)Al, AQl[i\l’x =

Using these relations, we have

€T — T x _ _ _ 1— i _
(Hs) )™ Hs ™ = A" BALT A, BT AT = 1_qA A1(1 + dopa) AT
A
G 1+ d:):l_qix
1-—A 9¢2 l—qxp ’

hence
A:E A x
(1=A)(Hs)y" = (1 — qv)Hs + qdaz (1 - qw) (Hs)"p.

Putting x — x/q, we obtain the first relation of (5.11). Similarly, the second relation of (5.11)
follows from

A
A A p_1tdag A
A1d3 - ]. - E fl]_7 A2d3 - ﬁAQ, A3d3 - A3.

The relation (5.12) follows easily as
Hsxr = A1 BAsBAsxr = A1BAspxBAs = qA1BxAsBAs™p = qA1pxBABAs™p
= Px A BATBAZY p? = q2x(7-[s)2;:§ip2. |
Theorem 5.6. We put g = e, d; = e"™ | then we have

Hs — 1+ hHaq + O(h?), h — 0,
Ax—1

A —
H4d = ﬂx(ﬁx + 1) + J(’ﬂx +m1)(191 +m2) + Em(

1—A Uy —m3)(Vz — ma).
Proof. First, we consider the expansion
v:=Hg.1l=vg+ hvi + O(hz).
Obviously vg = 1. For the first order term vy, we have from (5.11)

(1 = A){(v1|my—mi—1) — v1} = ma(z — A)vy, mi <> ma,
(1 = A {(vi|mg—msg—1) —v1} = %m4(1 — x)vp, ms <> My,
hence we have
A—zx Azx—1

mimses + ————msmy.
r1—A

v =
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Then from this and iterative use of (5.12), we obtain

s = " (T, Ty, T T ) Hs

q,d3™ q,d4
—= qn(n+1)$n (Tququ7d2Tqu13thC}4)nv
A=z Az—1
=1+hn(n+1)+h (1 _A(n—i-ml)(n—i-mg) +;1 _A(n—mg)(n—m4)>
+0(h?).
This is the desired result. u
In a similar way, we can compute higher order corrections for v = Hg.1 as
h h? h3
= h4
v = exp (1 —ACl + a —A)202 + a —A)3C3 +O( )) ,

where
A
Cy =mima(A —x) + ;m3m4(:v - 1),

Cy = (12;95) [2m3m4 (x 4+ A= (mg+mg)(x—A))

—mymax (z + A+ (mq + ma)(x — A))],

2 2 _
ng(x—l)(:c—A)[mlmg (_A +A+8°+3Ar —2

12(z — A)
(m1 4+ mg)(A? + A+ Az +x —42?)  (my +ma)?(1 + A — 22)
+ +
4(x — A) 6
mima(l + A + 4x) A(Az? + 2% + 8A% + 3Az — A%x)
- + m3my
12 1223(x — A)
A(mg + my) (Az? + 2% + A%z + Az — 4A?) N A(mz +ma)?(1+ A —28)
4z3(x — A) (e
Am3m4(1 + A+ 4%) Amimomsmy
— + .
1224 x

Remark 5.7. The quantum Seiberg-Witten curve for four-dimensional N' = 2 SU(2) gauge

theory with Ny = 4 is equivalent to the quantum Py equation Dg%V\I/(A,x) = 0, where D‘SL%V
can be written as [4]

D = (1 — A)Adx + Deun,

and the Heun operator is

Dheun = (1 = A)(v —a1)(v —az) — %(1 —x)(v = ) (v = p2) = (z = A)(v = p3) (v — pa),

where v = bzd, and b = € /€2. The result of Theorem 5.6 is consistent with the correspondence
of the quantum Pyt equation and SU(2) Seiberg-Witten theory with Ny = 4 in four dimensions.

In five dimensions there are two mutually commuting Hamiltonians, one of which requires
the infinite product to generate the discrete time evolution, the other is related to the conserved
quantities and takes a simple expression (like the relativistic affine Toda Hamiltonian). We have
explicitly seen this is the case in the decoupling limit of the hypermultiplets (the pure Yang—
Mills case). In four-dimensional limit these two Hamiltonians degenerate to a single Hamiltonian,
which is obtained from the Seiberg—Witten curve.
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6 Relation to affine Laumon space

6.1 Factorization as a coupled system

We may use the same gauge transformation as (5.1) but exchanging 77 and T5 in the gauge
factor. By the dictionary in Section 2.2, we can see this is nothing but the action of the Weyl
reflection 71 (see Appendix A). By this ri-reflected gauge transformation, we obtain the following
Hamiltonian from (5.2) by exchanging 77 and T5:

~ 1
H= SO(Tqu/Qtl/zx)SO(T?)ql/Qtl/zAIA)

% (p(tTngA)gO(quT4A)
o(—T1Tox)p(—Q 'x) o (- TsTuQqtAz—") o (—qAz—1)

1
1 1
X thQ,th,A (p(qul/ztl/Ql‘)(P(T4q1/2t1/2A1'71) )

B

B

It turns out that this exchange of 77 and 75 is better for the purpose of factorizing the original
non-stationary difference equation.™

Our main point is that one can transform the non-stationary difference equation HVD) = yv@)
to the following coupled system:

v — @(qt‘lbg/b4)¢(b1/b3) 1 B
D (tbs/bs)P(qbs/b7) p(—gbs/G)p(—G/bs)
x ! (T, T)v® (6.1)
0(p~2qba/G)p(p2G/by)  1/Ha AT
@ — 2(tbs/bs)(gbs/br) 1 B
D (gba/ba)®(tb1/b3) p(qb1/G)p(G/b3)
X ! v, (6.2)

o(—qbs/G)p(=G/br)

where B := T(;:UQQ)WJ
CI)(qt_lbg/b4)(I)(b1/b3) _1@(tb6/b8)@(qb5/b7) 1 1
— (b /bs)o (gt bs /b T
Bt bs)D (qbe /br) L B (gba ba)B(th ) — 06/ bs)e (et b [br) T,
= e(tTaT3N)p(qT T4 T,

B. Note that by making use of the equality

we have called back the double infinite product ®(z), which we once eliminated to reveal the
relation to the gg-Painlevé VI equation, to factorize the original equation as a coupled system.
The possibility of such a factorization was already suggested in the proof of Conjecture 2.4 in
the special case of the “Macdonald” limit [46]. We believe this factorization is a significant
step towards a general proof of Conjecture 2.4. By the dictionary (2.14) in Section 2.2 and
Definition A.5 of the variables b;, it is straightforward to check the matching of parameters
(qtilbg/b4, b1/bs, tbe/bs, qb5/b7) to the parameters (thngA, T3TUA, t*ToTsA, th1T4A) on the
gauge theory side. Note that the parameters b; involve neither z nor A. On the other hand, G is
a monomial in z and A. But it is also easy to see the matching of (—qbs /G, —G/bs, —qbs /G, —G/b7)
to (ql/Qtl/ZTga:,ql/Qtl/ZTgA/a:,q1/2t1/2Tla:,q1/2t1/2T4A/a:). For remaining parameters we have
to take the commutation with the shift operators into account. Namely the parameters p~2gby /G

The virtue of the gauge transformation (5.1) is that it cancels <p(q1/2t1/2T2x) appearing in (2.9) so that the
total gauge factor is written in terms the double infinite product ®(z) only, as we have seen in the beginning of
Section 5.
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and p~2G/by are affected by T(;tle)m@ and for ¢b; /G and G/bs the action of TtT/lath,_Al is
also involved.
To rewrite the coupled system (6.1) and (6.2) to more symmetric one in VD and V| let us

introduce the following shift operator T, which commutes with 3:

Tp,b = Tft*1/4,xT;‘f1/2,A:
b+ (—p by, —p b2, —pbs, —pba, —p b5, —p ' bs, —pb7, —pbs), (6.3)

where p = ed = aoala%a§a4a5 = ¢!/4. Note that G is invariant under prb. For the transforma-

tion (6.3) of the parameters b;, the shift operator Ty1y2 p 18 enough, but to make G invariant
up to sign we need the combination with 7", 1/ ,. We also note that (T,371))2 = T (the discrete
time evolution) as far as the b variables are concerned (see Lemma A.8). Then we have

Proposition 6.1. We can rewrite (6.1) and (6.2) as follows:

(1) _ ‘I)(qt_lbg/b4)<1>(bl/b3) 1
"~ D(the/bs)®(qbs/br) o(—qbs/G)p(—G Jbs)

. 1 ~
x (BT, T, ,V?, 6.4
( p’b)w(—p‘lqbz/G)w(—p‘lG/bzx) P (64)
~ 9 @(prtbG/bg)(I)(p72qb5/b7) 1
TppVP =
’ ®(p~2gby/bs) ®(p~2tb1/b3) ¢(—p~'qb1/G)p(—p~1G/bs)

37 1 (1)
) g ieya—cn (0:)

The coupled system is gauge equivalent to the non-stationary difference equation (2.8).

V

Recall that the time evolution T of the discrete Painlevé VI equation is a translation element

in the extended affine Weyl group of Dél). It is remarkable that T allows a square root

T = ror1rore001T3rarsrsoas = (rar1roreoo17)(reriroraoo1T). (6.6)

In fact, the factorization into (6.4) and (6.5) is not unrelated to the existence of the square root
T2 .= (roryrore0o017), which acts on the b variables as follows:

T2 = (roriroraooiT): b (bg, b, bs, bz, p~2ba, p~2b1, p2ba, p2bs3). (6.7)
We define an operator

X: b (pbg, pbs, p~'bs, p~ b7, p” 'ba, p by, pby, pb3),
and assume that X does not act on (F,G). Then we have

Lemma 6.2. The action (6.7) on the parameters b; is represented by
TY? = (“1)X T,
where (—1) is the overall sign flip of b;. Two functions VD and V@ are related by
xv® =T,,v®. (6.8)

Hence, the coupled system in the form of Proposition 6.1 is quite natural from the viewpoint
of the gg-Painlevé VI equations, because the second equation (6.5) is obtained by applying X
to (6.4).
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6.2 Instanton counting with a surface defect

Now we want to point out that solutions to the coupled system (6.4) and (6.5) are given by the
instanton partition function of the affine Laumon space. In fact, we have already mentioned
that the gauge transformation introduced in the beginning of Section 5 is a five-dimensional
uplift of the gauge transformation from the Higgsed quiver gauge theory to the gauge theory
with a surface defect. A torus action on the affine Laumon space is induced by the standard
torus action on P! x P'. The fixed points of the torus action on the affine Laumon space of
type AWM are labelled by (r + 1)-tuples of partitions [20].

Definition 6.3. Set
[u; qln = u="2q =D/ (5 q),,
_ (u—1/2 - u1/2) (q—1/2u—1/2 - q1/2u1/2) o (q—(n—l)/2u—1/2 _ q(n—l)/2u1/2).

For a pair (), i) of partitions, the Zy orbifolded Nekrasov factor with color k is'®

(kIN) N _ —pit A1 —it].
N (U|Q7 )_ ,\#(u|Qa H) - H [uq a TR ’ ]7q]>\j—)\j+1
j>i>1
j—i=k(mod N)
SO U A (T T | R
B>a>1

B—a=—k—1(mod N)

Note that the equivariant parameters of the torus action on P! x P! are not (g,t), but (q, ).

We will substitute x = ¢~ later.16
From the equivariant character evaluated at each fixed point of the affine Laumon space of

type Agl) [20], we obtain

Uy, U2

f(uhu2;01,02;w17w2\$1,9€2’q7/€> =f1 v1,v2
w1, W2

€1,T2 |4, KR

(G—1l2) (G—1l2)
2 N (ui/vjlq, k)N AG) & (vi/wjla, H)x‘)\(1)|0+‘)\<2)|8x|/\<1)‘e+‘)\(2)|o
2

- x

=i , (6.9)
AW A@epij=1 NA(Z> AG) (Uz/UJ’qa K)

where @ denotes the empty partition and for a partition A = (Ay > Ay > -+ ), we set

Mo=> dar—1,  Ale:=> g

k>1 k>1

Note that the function f(uy,ug2;v1,v9; w1, we|x1, x2|q, k) is invariant under the overall scaling
of the equivariant parameters (up,us;vi,ve;wi,ws). The partition function (6.9) is a five-
dimensional uplift of the instanton partition function which is given, for example, in [4]. The
parameters (v, v2) are the Coulomb moduli of U(2) gauge theory, or the equivariant parameters
of the Cartan subgroup U(1) x U(1) C U(2). The parameters (uj,u2) and (wy,ws) are expo-
nentiated mass parameters of the hypermultiplets in the fundamental and the anti-fundamental
representations. They are also regarded as equivariant parameters for the flavor symmetry. The
expansion parameters are parametrized as 1 = x, x9 = A/x, where x counts the monopole num-
ber (the first Chern number of the U(1) connection on the defect), while A counts the instanton
number (the second Chern number). When A = 0, the terms with })\(1)‘6 + ‘)\(2)‘0 # 0 do not

15YWe associate a sinh factor with each monomial term in the equivariant character.
16The square root comes from the Zsy orbifolding,.
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contribute to the partition function. This means the sum in (6.9) is restricted to A1) = (m)
(a partition with a single row) and A2 = &, Physically this corresponds to the topological
sector with instanton number zero. As we see in Appendix B, the partition function is given
by the Heine’s ¢-hypergeometric series. The six parameters (ui,uz), (w1, ws) and (x1,x2) are
“external” spectral parameters which correspond to the (independent) dynamical variables on
Painlevé side. On the other hand, the parameters (v, v2) are “internal” parameters or the loop
parameters.
The function (6.9) should be compared with the non-stationary Ruijsenaars function [47]:

32

N NU~ ZIN) (tsj/silq, k)

Z H A@ ()

(7—iIN)
AW AW epij=1 N

NO) A(])(SJ/SZVL K)
(5)
X H [ pzars/zars)™,

B=1a>1

£ (2, pls, k] g, ) =
(6.10)

for N = 2. Both functions come from the affine Laumon space of type Agl). The non-stationary
Ruijsenaars function (6.10) corresponds to the theory with an adjoint matter, or the tangent
bundle overt the affine Laumon space, while the partition function (6.9) is for the theory with
four matter hypermultiplets in the (anti-)fundamental representation, or the tautological bundle.
In the AGT correspondence, the former is identified with the conformal block on a punctured
torus and the latter on P! with four punctures. In the mass decoupling limit, both functions are
conjectured to give solutions to the non-stationary affine Toda equation [47].

Conjecture 6.4. The partition function (6.9) gives a solution to the coupled system (6.4)
and (6.5) by the following specialization of parameters:

q'/%by /bs,
F1) — f (sz)—l/2
q1/2b4/b87
F2) — f

(p2Q) ",

q"/?bg /by

. (PPQ)
g ?by bs, ¢/ ?by7 by

q1/256/52

1/2

(p2Q) 1/2

¢Pp G g PG gt (6.11)

¢/*G, —g VARG | g, Y2 (6.12)

g %by [bg, g1/ %bs by

It is remarkable that the only difference between F(1) and F() is the exchanges of (b1, bs),
(b3, bs), (bs,b6) and (b7, bg) (see Figure 2) in the specialization of w; and the scaling —p of t.
Note that these exchanges of four pairs of b; are nothing but the action of the Weyl reflections ry,
r5, r1 and 7o, respectively. We can see that the specializations (6.11) and (6.12) are consistent
with the relation (6.8). In fact, under the action of X

b b b b b b b b b b b b
4’_>727_4 72’_>721_2 72'_>25_1 77’_>24_8

bs " by b’ bg T by bg

bs P by b

by P br by’

where we have used the constraints (A.1). On the other hand, these ratios are invariant by the
action of T, b,b- Finally TVPJ, generates the square root of the discrete time shift t — —p~'t.

In terms of the variables on the gauge theory side, the specialization of parameters is given
as follows:

g2t 2Q1 /2Ty, q1/2Q_1/2Tf1
Q-1/? #1/2Q1/2
¢ V212Q1/2 Ty, q—1/2Q—1/2T4—1

FO—f 2Py 0 2T PA fa | gt
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ql/2t1/2Ql/2T37 ql/QQ*1/2T1_1
F? = Q‘I/Q, #1/2Q1/2 t3/4T11/2T21/2$,t3/4T31/2T41/2A/x " 172
q_1/2t1/2Q_1/2T2’1, q_1/2tQ1/2T4

where by making use of the scaling symmetry of the partition function (6.9), we have made the
overall scaling of parameters by p. One can check that F?) is invariant under the exchange
of T7 and T,. We have examined our conjecture in several cases. The results are summarized in
Appendix B.

Thus we can formulate Conjecture 2.4 in terms of the instanton partition functions from
the affine Laumon space. According to the (four-dimensional) AGT correspondence, the par-
tition functions coming from the affine Laumon space should be identified with the conformal
blocks of the current algebra. In the present case it is the affine algebra Agl) = 5A[2. In the
original formulation in [46], the five-dimensional Nekrasov partition function are regarded as
a conformal block of the deformed Virasoro algebra. In our formulation it is natural to expect
that the coupled system of non-stationary difference equations defines a conformal block of the
quantum deformation of A( ) = 5[2, namely the quantum affine algebra U, (5[2) The advantage
of U, (5[2) to the deformed Vlrasoro algebra is that it is a quantum group (m particular we have
a coproduct), while the latter is not.

A Difference analogue of Painlevé VI equation

A.1 Affine Weyl group and Backlund transformation

Let A = A(Dél)) = (az‘j)?,j:o be the generalized Cartan matrix of type Dél) associated with the
Dynkin diagram in Figure 1.

Fix a realization (h, I1, HV) of A, where IT = {ay, ..., a5} C bh* denotes the set of simple roots,
IV = {ay,...,a¢} C b the set of simple coroots, with I and IIV being linearly independent.
We have (o), ;) = ai; (i,j = 0,...,5). Let Q = 25_0 Za; be the root lattice. Denote
by A, A and A_ the sets of all roots, positive and negative roots respectively. We have
A = A; UA_ (a disjoint union). The center of g = g(D(l)) is 1-dimensional and is spanned
by the canonical central element K = off + o + 20y + 2 + o + . Denote by § € Q the
null root 0 = ag + a1 + 29 + 2a3 + a4 + a5. Let d € h be the scaling element (defined up
to a summand proportional to K) satisfying (a;,d) = 0 for i = 1,...,5 and (ag,d) = 1. The
clements ay, .. .,ay, d form a basis of h. We have g = [g,g]+Cd, h = 3.7_, Ca +Cd. Define the
element Ay € h* by <A0,a;/> = dg; for i =0,...,5 and (Ag,d) = 0. The elements ay, ..., a5, Ay
form a basis of h* and we have h* = Z?:o Ca; + CAg. The affine Weyl group W = W(Dél)) is
defined to be the group generated by the fundamental reflections rq, 71, . .., r5 which act on h* by

Tz()‘) =A- <)\704f>/>0‘i7 S h*

Let a; (1 =0,...,5) be the formal exponentials a; = e*. Write a = (ao, ..., as) for short. De-
note by K = C(a) the field of rational functions in a. Define the actions of the generators r; € W
on K by setting the rules

—a;j

riaj=aja; Y o=eMTm, 0 <4, j <5,

and extending them as ring homomorphisms. It is clear that these actions are compatible with

the group structure, namely they satisfy the Coxeter relations: r =id (aij = 2), rirjri = 7375

(a;j = —1), and ryr; = rjr; (a;; = 0). We regard W as a group of birational isomorphisms of K.
Let 091, 045 and 7 be the automorphisms shown in Figure 1, namely

oor: (0,1,2,3,4,5) — (1,0,2,3,4,5),  o45: (0,1,2,3,4,5) — (0,1,2,3,5,4),
7: (0,1,2,3,4,5) — (5,4,3,2,1,0).
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001 i i 045

Figure 1. Dynkin diagram of Dél) and its automorphism.

Let W denotes the extended affine Weyl group generated by W together with g1, 045 and 7.
Let f and g be independent indeterminates, and consider the rational function field

K(f,9) = C(a)(f,9)-

Definition A.1. Define the actions of the generators rg,...,rs, 001,045, 7 € W on K(f,g) by
setting the rules

ri‘aj:ajai_a”, 0<i,57<5,

oo1 - Qi = (aﬂol(i))ia 045 " Q5 = (a045(i))71’ T0; = (aT(i))717 0<i<5,
ri-f=f ri-g=g,  1#23,

ro - f = f%g;—a%’
apa; "azg +1
oo f=f"" o019 =9, ow - [ =T, 015 9=9g ",
T-f=9  T-9=/f

ro-g=4g, r3-f=Ff, r3-g

and extending them as ring homomorphisms.

Proposition A.2. The actions are compatible with the group structure of the extended affine
Weyl group W. Namely they satisfy the Coxeter relations:

7“12 =id if Qi5 = 2,

’l“z'?“j’l"i = Tj’l”ﬂ“j Zf al-j = —1, ’I”Z‘Tj = ’I”j’l“i Zf al-j = O,
o =035 =7° =1id, 001045 = 045001, 001T = TO45,
00170 = 71001, 0017 = T3001, 1#£0,1,

04574 = T5045, O45T; = 13045, i#4,5,

Tr; = T5—4iT.
A.2 Difference analogue of Painlevé VI equation
Set for simplicity of display that

p= aoala%a§a4a5 = 66, t= a§a4a5.
Recall that the element

T = roriroroooirararsrsoss € W,



Non-Stationary Difference Equation and Affine Laumon Space 35

P! x {0} P! x {oo}
{oo} x P! VY
—bs —by
—bg —bg
{0} x P! ——

Figure 2. Space of initial data for Painlevé VI (8 points blow up of P! x P1).

acts on h* as a translation. Namely, we have
T: (GO, ai,az,as, a4, a5) — (a07 ai, paz, p_1a3> a4, a5) .
Write f =T - f and g= T—!. g for short.

Proposition A.3. We have the difference analogue of the Painlevé VI equation

o _og+tplal g+tpta?

ff=pt L,
g+t1pad g+t 1pay?
_ 2 f+ tai f+ taZ2
% fHtlad f+ttag?

Proposition A.4. The translation T admits the symmetry of the type Dil) in the following

sense.

(1) The translation T commutes with the action of the subgroup
(ro,T1,T2T3T92 = T3TOT3, T4, T'5) W(DS)) of W(Dél)),
(2) We have oo1T = Too1, o4sT = Toys and 7T =T 7.

Definition A.5. Introduce the following variables:

2
— azas 2 2 3 -1,2 as
by =tay? = 22 by = taj; = azajas, by =t af = ,
1 4 4 2 4 3U4q U5 3 5 a§a4
5 ajasal’ ! apa3’ 1 apaja3’
ala
by = tflpaa2 — 2, bg = tflpag = agala%.
ao
The parameters b; are not independent and they satisfy the constraints
bibabsby = 1, bsbsbrbs = 1, bibobrbs = p?, bsbabsbs = p~>. (A1)

Regarding p as a new parameter, we have six independent parameters. The root variables are
expressed as the ratios of b; (see Figure 1):

bs bs b7 by by b3
aé:E, azll:b767 a%:g, a§:%, ai:a, ag:a
Corollary A.6. We have
— b b b b
ff:b7bg+ 59+ be bf+ 1 [+ b2

, —b .
S+ b7 g + b 99 = O b,
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A.3 Tables of the action of W on K(f,9)
Lemma A.7. Write a = (ag, a1, az, a3, aq,as) for short. We have
To: (CL, fag) = (aal, ai, apaz, as, a4, as, fv g)a

—1
Ty (aafag)H agp, a4 7a1a2aa37a47a57fvg)a

T2 (avag) =

—

aoaflg + a%
aoafla%g +1’ >
a§a4ag1f +1

1
apgaz, a1a2, 4y, 4203, 04,05, f

1
r3: (a, f,g) = | ao,a1,a2a3,a;5 ", asas, asas, f,

/N N

Tq: ( f7 ) (CL al,ag,a3a4,azl,a5,f,g),
T5: (aafag) (aoaalaa2aa3a5va4>a517fvg)a
(a, f,9) = (a7} a5 a3t ezt ag et 71 g),

(a,f,9) — (ag' a7t ax a3t a5t art, f97h),

(a,f,9) = (a; ' a;" a5 05" oyt 0y g, f),
T: a— (ao,alapa27p_1a3,a4,a5)~
Lemma A.8. Write b = (b1, be, b3, by, bs, bg, b7, bs) for short. We have
To: (b f; ) blabQ;b37b4ab5yb67b87b73f7 )7
T (b fa b b2ab37b4ab6’b5ab77b87f7

bs b5g+b7)
0 frg) s (b2 by o b,/ by, b, bs, b,
) f (1 b 2\ 5 4 7, b6, b5, bs, f br g+ b5
b3 f—l—b3>
0. F.9) > (bbb by 2 by [ 2 b,/ sy /L, ,
3 f (32145 6 ™\ 5y 8 bgf bs f 4 b1

re: (b, f,9) = (b2ab1ab37b47b5,b67b77b8af7

rs: (b, f,g) — (b1,b2,bs,bs,bs,bg,b7,bs, f, g ),

oor: (b, f.g) + (by 030, b5 byt by, bs, bs, bs, f 1, ),
oas: (b, f,9) = (b3, ba,b1,ba, b5 b5, b7 b f97Y),
7: (b, f,g) — (bs, b, b7, bg, b1, ba, b3, ba, g, f),

T: b (p~2by,p 2bz, p°bs, p*ba, p~ b5, p~ bs, p b7, p°bs).

—~~

The action of T on (f, g) is read from the Painlevé VI equation.

B Evidences for Conjecture 6.4

B.1 Heine limit (the sector with vanishing instanton number)

The power of the parameter A counts the instanton number. In the A — 0 limit of the partition
function (6.9), only the fixed points with instanton number zero survive!” and the partition
function degenerates to the ¢-hypergeometric series. Note that in this limit the non-stationary
shift T; o becomes trivial.

Lemma B.1. The equation

Sy(x) = y(x), S = B B

"Recall that z1 = z and z2 = Az,
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has a solution given by the Heine’s q-hypergeometric series

a,b — (3;Q)n(b;Q)n
y(z) = 201(x) = 201 [ . ‘Q; 4 = T;)(q,q)n(c; ot
Proof. Recall that the Heine’s series 201 () satisfies the g-difference equation
Dhieine 2¢1(x) = 0,
Diteine := (1 —ap)(L =bp)p™' = (L =p)lg—cp)p™",  p="Tya
In a similar way to the proof of Proposition 5.1, we see the adjoint actions on Diyeine as

Ho H. 4, 2., 8o 8o 8

Ad p(z) AdB~! Ad;p(—%m)«p(—gm AdB~! Ad;p(;l—g.r)

and we have
57" Déeine S = DHeine-
Hence, we obtain
DteineS 201 (x) = S DHeine 2¢1(x) = 0.

Since the power series solution of the equation Dyeiney(z) = 0 of the form y(x) = 1+ O(x) is
unique, we have the conclusion S2¢1(z) = 201 (). [ ]

Remark B.2. Lemma B.1 shows the factorization of the coefficients ¢, o of the “boundary”
terms of the solution (5.7). The other cases ¢y, are similar.

B.2 Macdonald limit
B.2.1 Macdonald function of types A; and Ay [43]

The asymptotically free Macdonald function f92(x|s|q,t) of type A is written as

(t; @)a(ts2/51;9)a
(4 q)o(gs2/s1; )0

(qmz/tazl)o.

Fo(alslg, ) = 3

6>0
We have the eigenvalue equation

1*562/251‘1 1*75.@2/1‘1
S — S L —
11—:1:2/331 21—x2/331 &tz

D%2(s]q,t) 92 (x]slq, t) = (s1+ s2) f*2(x]s]q, t).

Dg[2 (Sy%t) =S TQ7J»‘1 +

The asymptotically free Macdonald function f9'(x|s|q,t) of type As is written as

(t; o, (21013855 /515
f9[3 (m‘s|q,t) _ Z 9 12( ) )

012 (
012,913,92320 (q7 q)912 (q7923+013q82/81; Q)

qaotry)?1?

012
(t;Q)0,5(ts3/5150)0,5 (ts2/515@)0.5 (q9237913t31/52; q) 615
(43 9)015(33/515 Qors (q52/515 @)6,5 (4201351 /52; q)
013 (t§ Q)st (t83/32; Q)923
(45 0025 (453/ 525 4) 02

013

x (q*xs/t*z1) (qa3/tzg)?. (B.1)
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The eigenvalue equation is

1—$2/t1‘11—1‘3/t$1
1—1’2/.%1 1—.7}3/161 4
1—t$2/$11—$3/tl’2 1—t$3/1‘11—t1‘3/1’2

+821—3}2/£L’1 1—.1‘3/%‘2 bz

D5 (s]q, t) f%5 (x[slq, t) = (s1 + s2 + 53) /%5 (2[slq, 1).

D% (slq,t) = s1

» 21

3 1 —$3/x1 1 —563/.7}2 s

B.2.2 Macdonald limit by tuning mass parameters
Consider the particular choice of the mass parameters
Ti=v"' Th=v, Ty=v1'  Ty=vt"l (B.2)

Proposition B.3. Let (B.2) be satisfied. Then the Nekrasov partition function V(tA,x) degen-
erates to the asymptotically free Macdonald function of type gls with (x1,x2,23) = (1/A,1/2,1)
and (s1,82,s3) = (1/Q,1,0),

W(EA, ) = 9 (1/A,1/2,1]1/Q, 1,00g, 1) (B.3)
Therefore, we have the eigenvalue equation
D% (1/Q,1,0[q,¢/t)¥(tA, ) = (1/Q + ¥ (tA, z),

where

—tA/qx 1 —tA/qT_l n 1—gA/tx 1 —t:/c/qT_1
1-A/z 1-A 9% 1Az 1—a 9%

D (1/Q. 1,0/, q/t) = Q-

We need the following lemma which is easily confirmed by the explicit formula of the Nekrasov
factor.

Lemma B.4.

(1) Nxn(1lg,x) # 0 if and only if Ay < p; (i > 1).
(2) Nou (g, ) # 0 if and only if A1 < pr (i > 1),

Then the proof of Proposition B.3 is given as follows:
Proof. Under the condition (B.2), we have (see (2.5))

’Uf;/nlzl, Ufi"_/ngzl, wnl/mlzt,

wng/my = 1, vmy /f; =1, vmy/fy = 1.

Hence, in view of the lemma above, we have the following parametrization of the quadruples of
partitions which give rise to the nonvanishing contributions in the partition function (2.4):

vy = (623), vy = (bhs), p =9, po = (612 + 013),

where 012,013,023 > 0. Then by making straightforward calculation and comparison with
(B.1) under the identification (x1,x2,x3) = (1/A,1/x,1), and (s1, s2,s3) = (1/Q,1,0), we ob-
tain (B.3). |
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Proposition B.5. Let (B.2) be satisfied. Then we have

0 _ N WEDm@Q/E Dm ) m _ oty )
’ mz;o @G Dm(@@s @ | AT = SRA/A1/2(1/Q, g, 1), (B.4)

@ _ (t:m(@" 8/t Dm ap2oy12ym g 3w (95 Dn(@Q/E Doy
d 2 (q;q)m(q”qQ;q)m( (at77Q) )" (0 /) (4 0)n(9Q; @)n rAT. - (B)

m,n>0
Hence, with the identification (x1,x2) = (1/A,1/x), we have the eigenvalue equation
D™ (1/Q, Mg, /) FY = (1/Q + HFY,

where

DY (1/Q, 1|q, q/t) = Q,ll —tN/qx, 4 m

P T*l'
1—AJz "N 1 —AJz 97

Proof. Under the condition (B.2), we have

th/Q, qt—1/2Q—1/2
J,—_-(l) =f Q71/27t1/2Q1/2 —tl/Zl', —A/.Z‘ q’t71/2 7
QU2 ¢ L3/2Q1/2

and
75@1/27 qt_1/2Q_1/2

FO— | g2 $1/21/2 t3/4x,t1/4A/:1; g, 712
Q12 171201/

One finds that F() has the factor

NS V0 ),

which is nonvanishing, if and only if E()\(Q)) < 1. The FO also has the factor

12 _ _

N(®7|)\()1) (qt 1/2‘(171‘: 1/2)7
which is nonvanishing, if and only if A) = @. Hence, the nonvanishing contributions for F()
arise if and only if we have (A1, A?) = (@, (m)) (m > 0). Making explicit calculation, we
have (B.4).

The F® has the factor
0]2 _
N()\(l ) (t|q7t 1/2)7

2) o

which is nonvanishing, if and only if E()\(z)) < 2. The F@ also has the factor

12 - _
N, 0l 1),
which is nonvanishing, if and only if A() = @. Hence, the nonvanishing contributions for F2)
arise if and only if we have (A, \®)) = (&, (n+m,n)) (m,n > 0). Making explicit calculation,
we have (B.5). [

We have seen how both partition functions ¥(¢A, z) and F(!) are simplified to the asymptot-
ically free Macdonald functions in the limit (B.2). If Conjectures 2.4 and 6.4 are true, they are
related by the following gauge transformation.
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Conjecture B.6.

1
P (tQTQTgA) (I)(thlT4A
B q)(thngA)‘I)(tQTlT4A)
C O(2TRT3A) (gt Ty TyA)

FO) —

)cp(ql/Qtl/QTlcc)cp(ql/2t1/2T4A/f€)w(A7 z)

(g2 2Ty 2) o (g P TyA J2) As(EA, tgQu) T (A, ).

We can prove this is indeed the case.
Lemma B.7. We have

(tA; @)oo (13 9) 0
(qA; @)oo (475 ¢) o

Proof. We find that the Macdonald operators D%:(1/Q, 1,0l|q, ¢/t) and D92(1/Q, 1|q, q/t) are

gauge equivalent

(tA; @)oo (t50)0 g1, (9A; @)oo (975 9) 0 L
(08 @) (075 0) =D%(1/Q,1,0lq, q/1) th D)o G g)e D (/@ a,a/t):

Then the equality (B.6) follows from the uniqueness of the normalized asymptotic eigenfunctions
of D(1/Q,1,0lg,q/t) and D*2(1/Q, 1|, q/t). u

2 (1/A,1/211/Q, 1)g,t) = Fo(1/A,1/2,111/Q,1,0g,1). (B.6)

Proposition B.8. Conjecture B.6 holds in the Macdonald limit (B.2).
Proof. Under the condition (B.2), we have
O(gtToT3A) (T ThA)
(2T T5M) ®(qtTiT4A)
_ (tAig)e (1) .
 (aM59)eo (g739)

Now we are ready to prove Conjecture 6.4 in the Macdonald limit. We need the following
formulas for the proof.

go( 1/2t1/2T1m) @(q1/2t1/2T4A/:I:) As(tA, tqQx)

o0

Lemma B.9 ([46]). For n € Z, we have

_ 14n -n
B 1 " = S0( q OAE) ( /BA/x) qn (n+1) /2 n (B.?)
p(ax)p(BA/x) p(aBA)
_ gp(q_lozBA) _ 1)/2
B lo(az)p(BA/z)z" = g D 2gm B.8
()3 e = T (B
Proposition B.10 (¢-Chu-Vandermonde sums [24]). For n € Z>q, we have
a,q " (¢/a; q)n
L n B.
ain |1 | gra = LD, (B.9)
a,qg " cq” c/a;q)n
201 [ g q} = (/,7(1). (B.10)
a (¢ @n
Proposition B.11. Conjecture 6.4 holds in the Macdonald limit (B.2). Then
1 1
2 — (1)
e T S VS e O TV .
1 1
M) = o(tA T, T T, - @), B.12
P = ) e ) o ahya) (s i sy vaa T (B2
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Proof. First, we show (B.11). By using (B.7) and the g-binomial formula, we have

1 1 (1)
AN oA ol)olahfiz)”
B 1 1 (a/t; )n(aQ/t; Q) o)
_SO(qA)w(—qtrv)so(—A/w)Bs@(tx)sa(qA/tw)nz;{) (4 9)n(aQ; @) r(Af)

_ Z g0(_(11—%95)tp(—qh-nA/tx) (q/t; 9)n(qQ/t; q)ntnqn(n_l)/2
& vl-atr)e(=A/z) (¢ O)n(a@; @)n

= (e, W @60, (@500 aQ/ D nin-1)2 .
_k,l,zn>0 (¢ Dk e (@ D) 1 (A/2)".

(A/x)"

Note that we have the truncation of the summation as » 3, ; .50 = D p ;50 2_n—y Decause of the
factor (¢7"; q)k. Shifting the running index n by k as n — n+k (hence changing the summation
Tange as Y i 50D pek ~ Dki>0 2meo accordingly), we have

_ Z (q—k n. q)k( qt)k (qk-f—n—i-l/t;q)l(

_1)1
pido @Dk (a:9)

)
(Q/t Q)k—i-n(QQ/t Q)k-‘rn k+n (k+n)(k+n 1)/2 A l+nAk
@ Din0Q D | ()

Then we change the running index [ to m (where m = 1 +mn) as >, 50 = D50 2neo-
Simplifying the factors, we have

’““/ /DR @Q/E Dk
kzmn;) A/z) (¢ r (9Q; (%)
( k+1Q/t q)n mnyn
an; 4 q ("1Qsq),, !
kﬂ/tq G m m @/t Ok Q6 @)k (0 1k
- kZ>OmZ>O (qk“@q)m( Afe) (Ga)e Qi q)k (£°A)

= T(qtl/QQ)l/QJ.F(Q).

Here, we have used the ¢g-Chu—Vandermonde summation formula (B.10) in the last step.
The second equation (B.12) can be shown in exactly the same manner as above. Note
that (B.12) is equivalent to

_ _ 1 _
(Ty)e, Tt,/\})T(QtlmQ)*l/?@f@)ZMSD(_I')‘P(_QA/CC)B Yo(gz)p(th/z) F

By using (B.8) and the ¢g-binomial formula, we have

p(tA)

_ (9/t;0)n(aQ/t; @)n
= ——o(—2)p(—qA/z)B L p(qx)o(tA/z)
p(eh) 7 P e n%:o (¢ 0)n(qQ; )

-y p(—z)p(—qA/z)  (9/t;9)n(9Q/t; @)n
S o(=q"z)e(—q A z) (¢ q)n(9Q; @)n

o(—2)p(—qA/2) B p(qa)p(tA/z) FY

t"(A/x)"

tann(nfl)/Q (A/Ji)n
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s (" )k (—gz)* (¢" "/t q) (—g~"tA/z)!

pio (@ Dk (g3 9)u

0/t Dn(aQ/E D o —n(n—1)/2
X g™ AJx)™.
(4 O)n(aQ; On (A/2)
Note that we have ) kdn>0 = =>4 150 > 1. because of the factor (¢~"; ¢)g. Shifting the running

index n by k asn — n+k (and changmg the summation range as ) ;. 150 D pop = D150 Dm0
accordingly), we have

k+n+1 /t; q)

@ "D rrk( L —n—kpl
-2 S S (¢:9): (=)

pido @Dk
(0/t; D0 (@Q/E Dk+n kot —(otn)(k+n—1)/2 I+n Ak
(@ D n(4Qs D (/%)

Changing the running index [ to m (where m = l+n) as 37, 5 = >_,,50 D_nwo> and simplifying
the factors, we have

_ @ 60) 0 o @58 QI Dk & ko hm
_kz>0m>0 (¢ Om (=A/) (¢; 9)x (qQ;q)kAq t

(™). (@T1Q/E4),
XT;] @On ("' Q5q),

_ (@'/t9),, Gdm m @/t Ok (@Q/t Dk &
_kz>0m>0 (@ @)m (qkﬂ@;q)m( Wh/) (e (9Q; )k ()

— - 2
(Ttl/2 thA)T(qtl/ZQ)*l/z,ac‘F( ),

Here, we have used the ¢-Chu—Vandermonde summation formula (B.9) in the last step. |

B.2.3 Macdonald limit in [46]

For the sake of readers’ convenience, we recollect the facts concerning the choice of the param-
eters investigated in [46]

T = Ut_l, T = U_l, T35 = U_l, Ty = vt L (B.13)
Note that in the limit (B.13) we have (See Conjecture 2.4);
1

Al o) = p(qt~1z)p(tA /)’

o p(tA)p(qt>A)
Arlh,2) = p(—t1z)p(—Q1r)p(—qQA/x)p(—gA/z)’

1
As(h, o) = e(¢'Q'2)p(¢?t QA /)’
Set

o (a/t: )r(d'4Q/t; q), ok (EI(Q ) ol

U= S da@a, O wanta@san )
(a/t; @kt O w (0% 9),(1Q; 0),

Lah/2)"

Vda)= ) (—(—qQA/x)
k>0

)k(4Q; @)k (¢ 0)1(¢%qQ; ),
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Proposition B.12 ([46]). When (B.13) is satisfied, we have

U(Az) =U(A ),

and
_ p(tA) 1 oz
viho) = so(—Qflx)so(—qQA/fc)Bw(q”Q“w)w(th*QA/x) v <A’ tqQ) ’
o) — o(qt2A) 1 i
vteh,z) = o(qt=1z)p(tA/x) @(—t‘lx)ﬂ—qA/w)V(A’ )
Proposition B.13. In the limit (B.13), we have
Q(tA/x) 2 — (t; Dr(dQ5q), VS GG !
olah sty )_MZN) (a5 Q)k(QZQQ§Q)k(QA/t M saoa@s o MY

= [ (1/A, 1/, 10Q " 1. 1]q,1), D% (1Q ™, 1. 1]q, 1),

U(tA,z) = (tQ '+t + 1)M\D(m,x),

o(qA/tz)

p(tA/z)
p(gA/tx)
where

_ 1 —=Atzl1—-A/t___
DY (tQ 1 ¢, 1]q,t) = tQ ™" 1—A//x 1_/{ T\

1—tA/zl—a/t__, 1—tA/xl—tx
1-AJz 1—2 P 1—-A/z 1—-x

+1

Ty ATy

Remark B.14. In the limit (B.13), the set of partitions giving rise to the nonvanishing contri-
butions for F(1) remains rather big. This seems to be consistent with the appearance of double
infinite products in the gauge transformation

P(q HPN)P(¢*t2A)  (tx)

O — y(eA0),
S NB(EN) pla i) A)

In four-dimensional theory, the set of partitions giving rise to the nonvanishing contributions is
_2(61+€2>2
the same. The four-dimensional limit of the ratio of double infinite products is (1 —A) <

On the other hand the corresponding set of partitions for F2) becomes small and gives us

o FO) EDm(@ ¢/t Dm0 i (@/E D)n(@@/t n o \n
Haeoza m%o (¢; Q)m(q”qQ;q)m( Afe) (45 )n(qQ; )n (F8)"

C Four-dimensional limit in a factorized form

In Section 5, we computed the four-dimensional limit of the operator Hg. Here, we will consider
the limit of each factor

- A\ o A
Br= et ine < d3x> B p(qr)e (33) ,

== 1 —1 A 1 A
Ky = mw(q didaz) <d3d4x> Bl p(—dy) ( d4x> 7
(P(qfldgdy\)

N = )
¢ (g 1d1dadsdsA)
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in the decomposition
Hs™h = NKKq,

separately. We show that each factor K; has also a well defined four-dimensional limit, though
the result is not usual differential operator any more. To describe the results in a simple
form, it is convenient to use the normal ordering : : which is a C-linear map from a commu-
tative ring C(z,9:) /9,2—c0, t0 the corresponding non-commutative ring C(z,9z) /9, 2—z(9,+1)
defined by

2" F(x,0,): = 2™ F(x,9,):, F(x,9,)00: = 1 F(x,0,):9,", 1= 1.

Theorem C.1. For g = €', d; = ¢", we have

A —m3+s h
K =:(1+z) ™% (1+x> <1+2A1) +0(h?):,
A —m3+z h
. —m _193: .
N=(1- A)*(m1+m3) 1+ ﬁ (m1 4+ ms3)(m1 + 2mg + m3 + 2my — 3) + O(h2),
2 (1—-A)
where
— 1 Ay, —1)(0, — m:
Ay = M= D ) | Wt = DWa = ms) 9 4y,
1+z 144
z(Vy —my1 — 2ma + 3) (9, + mq) %(19;,; +m3 + 2my — 1)(9, — m3)
Ay = — N — X
—_z 11
— V(0 + 1).

Proof. From (B.8) in Appendix B, we have

_ A p(A) -
B~ o(qx)e <> 2" = g g
x p(—amx)p(—q"2)

and hence

o(—diz)o(—ds2) —n(n+1)

(=g "x)p(—q"2) o

Klﬁﬂn =

Then, using the limiting formula of the g-binomial theorem

So(qjm)ioo (qj)kxk;i ) hj(j—1) = 2
p(r) = (@ =0 ){1+ 2 1—w}+0(h)’

we obtain

n —mi1—n A Tmatn h 2

z(n—my + 1)(n+ mq) N %(n—l—mg—l)(n—mg)
1+ 1_|_%

Al = —n(n+1),

as desired.
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The expression for Ky follows from that for K; by the substitution
z — —q 'daz, A — g tdadyA.

The limit of NV follows directly as

2 (¢ tdadsA)" — (¢ didadsdsA)" O (gmetma—ipN)t(1 — gmatmatn

_ Z 24) (q 1234):expz(q )( q )
n(l—q") = n(l—q")
1 nh

= Zﬁ 1+nh(m2+m4—1))A (m1+m3) <1+2(m1+m3—1)>}

n=1

+ O(h?),

_ A" m1—|—2m2+m3+2m4—3) 2
—eXP{m1+msz::n ( > }+O(h%),

h(mi + 2ma + ms + 2my — 3) A"
= <1+ 5 19/\) exp{(ml—i-mg)z_:ln}—l-(')(hﬂ)’
= (1 — A)"(matms) (1 + ’;(ml + ms3)(m 42127112“/&? m3 +2my — 3)> +O(R?). [ |

Remark C.2. The result of Theorem C.1 is consistent with the result in Section 5. For instance,
the consistency in the leading order is given by the identity

(1 _ M1z _ é Tt .. —m1—"z é Tt . _ Aymi+ms
(1 —x) 1 (14 2) 1+ t=(1-A) ,
x

x

which follows from formal computations such as

(14 z)"m e <1 + i) e fla) = (1+2)"™ <1 + ’;)m f (ml i 2) .(C)

In relation to (C.1), the formula

T

(1—2)%.F(a,b,¢;—x) = (1 — ) °F <a, b, c, ]
T —

> =F(c—a,b,c;x).

for the Gauss Hypergeometric series F'(a, b, c; x) will be instructive.
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