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Abstract. We show that the hyperbolic manifold H"/Z"~2 is not rigid under all compactly
supported deformations that preserve the scalar curvature lower bound —n(n — 1), and that
it is rigid under deformations that are further constrained by certain topological conditions.
In addition, we prove two related splitting results.

Key words: scalar curvature; rigidity; ALH manifolds; p-bubbles

2020 Mathematics Subject Classification: 53C21; 53C24

Dedicated to Jean-Pierre Bourguignon
on the occasion of his 75th birthday

1 Introduction

In [21, Section 3] and [22, p. 240], Gromov stated the following generalization of Min-Oo’s
hyperbolic rigidity theorem [30].

Statement 1.1 (“generalised Min-Oo rigidity theorem”). Parabolic quotients Z = H"/T" of the
hyperbolic n-space admit no non-trivial, compactly supported ‘deformation’ with scalar curvature
R> —n(n—1).

According to [21], a deformation can change not only the metric, but also the topology of
a compact region in Z. If the deformation is topologically a connected sum with a closed n-
manifold, Statement 1.1 is known to be true for (at least) Z = H"/Z"~! with idea of proof
already outlined by [19, Section 53] (for a detailed treatment, see also [2, Theorem 1.1]). The
situation turns out to be more subtle if broader types of deformations are considered, allowing,
for example, surgeries along an embedded, non-contractible loop. In this latter case we construct
a counterexample to Statement 1.1, which, more precisely, demonstrates the following.

Theorem 1.2. For n >3, let H"/Z"2 be equipped with the standard hyperbolic metric. There
exists a complete Riemannian manifold (M™, g), not (globally) hyperbolic, and compact subsets
K C M and K' C H"/Z"2, such that (1) Ry > —n(n — 1) and (2) M \ K is isometric
to (H"/Z"~2) \ K.

This paper is a contribution to the Special Issue on Differential Geometry Inspired by Mathemati-
cal Physics in honor of Jean-Pierre Bourguignon for his 75th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Bourguignon.html
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Remark 1.3.

(1) While the theorem above concerns non-rigidity of H"/Z"~2, it is also interesting to ask
whether its statement still holds if H"/Z"~2 is replaced by H"/Z"~!; this will be answered
in the affirmative in Section 2.4.1. Thus, we obtain counterexamples to the “weak rigidity
of H"/Z"~” mentioned in [20, p. 678].

(2) En route to proving Theorem 1.2, we obtain counterexamples (see Proposition 2.6) to the
following statement in [21, p. 12]: Represent H"/Z"~2 as a warped product (H2 x P2, gH)
(see formula (2.1)), and, for a geodesic 2-disk D* C H?, let X = D? x T2 C H? x T2
with the restricted metric gg|x; then no Riemannian manifold (M”,g) with boundary
isometric to X can have scalar curvature Ry > —n(n — 1) and mean curvature' of M
greater than that of 0X.

(3) Our proof of Theorem 1.2 is constructive, which, a little to our surprise, shows that M can
be chosen to be homeomorphic to H"/Z"~? (see Section 2.4.2); moreover, R, > —n(n—1)
for some points in K.

From the perspective of our construction, the non-rigidity of H"/Z"~2 seems closely related
to the fact: A deformation supported in a compact subset K can ‘break’ the incompressibility?
of some submanifold that is disjoint from K. On the other hand, rigidity does hold if one only
considers deformations that preserve such incompressibility, as the next theorem shows (cf. [11,
Theorem 1.8]).

Theorem 1.4. For 3 < n < 7, let (M™, g) be a complete Riemannian manifold® with scalar
curvature Ry > —n(n—1). Suppose that there exist compact subsets K C M, K' C H"/Z"2, and
an isometry f: M\ K — (H"/Z""?)\ K'. Representing H"/Z"~? topologically as R% x T"~2, let
p € R2 be such that T = {p}xT""2 is disjoint from K', and suppose that the map f~*r: T — M
is incompressible. Then (M, g) is isometric to H"/Z" 2.

Technically, we will derive Theorem 1.4 as a consequence of Theorem 1.5 below. The latter
can be regarded as a kind of positive mass type theorem for manifolds with an ALH end; its
statement relies on a gluing construction, which we now describe.

Gluing construction: Let N™ be a smooth manifold, and suppose that ¢: TF — N (1 < k <
n —2) is an embedding with trivial normal bundle. Moreover, write H"/Z"~! (topologically) as
the product R x T %=1 x T* and define

g: TP 5 Rx T F 1 T" = HY/Z"" by ¢(p) = (t,4,p)

for some fixed t € R and ¢ € T**~1. By removing tubular neighborhoods of ¢(Tk) C N
and 1/)(']1"“) C H"/Z"~! and then identifying the respective boundaries in the obvious way, we
obtain a manifold M. For brevity, M will be referred to as obtained by gluing N and H"/Z"~!
along T* via (¢,%). In particular, for ¢ sufficiently large, (¢, 00) x T?~1 C H"/Z"~! remains an
‘end’ of M, and this end is denoted by &.

Theorem 1.5. For3 <n <7, let N" be a smooth manifold that is either closed or non-compact
without boundary, and let M™ be obtained by gluing N with H"/Z"~ along TF wvia (¢,v) (see
description above). Suppose that

(a) the map ¢: TF — N is incompressible;

!Unless specified otherwise, in this article the mean curvature along a boundary will always be computed with
respect to the outward unit normal.

2A continuous map f: X — Y between topological spaces is said to be incompressible if the induced map
fe: m(X) = m1(Y) is injective; when f is an inclusion, we say ‘X is incompressible in Y.

3In this article, all manifolds are assumed to be orientable, and all hypersurfaces 2-sided.
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(b) g is a complete Riemannian metric on M with Ry > —n(n — 1);

(c) (&,9) is asymptotically locally hyperbolic (ALH) (see Definition 3.1).
Then mg 4 > 0 (see Definition 3.2). In addition, suppose that

(d) the curvature tensor of (M,g) and its first covariant derivatives are bounded;

(e) there exists some o > 0 such that Ry < —a outside a compact set.
Then k =0 (see (3.1) for the definition of k) only if (M, g) is Einstein.

Readers familiar with positive mass theorems may have noticed that the second half of Theo-
rem 1.5 is not in an ideal form; in other words, one wants to know whether the vanishing of mg¢ g4,
and not just x, implies that (M, g) is isometric to H"/Z" !, even without the assumptions (d)
and (e). In our proof, these assumptions play a role in making sure that the normalized Ricci
flow (NRF) starting at g has desired properties (see Lemma 3.4); on the other hand, it seems
subtle to prove hyperbolicity from (M, g) being Einstein and the assumed ALH decay rate. Thus
we decide to leave the stronger statement for future investigation.

Theorem 1.5 has the following corollary.

Corollary 1.6. For 3 <n <7, let N® be a closed manifold, and suppose that M™ is obtained
by gluing N with H"/Z"~ along T* via (¢,v). Suppose that g is a complete metric on M such
that (M, g) is isometric to the hyperbolic manifold H™ /Z"~1 outside a compact set,* and suppose
that

(a) the map ¢: TF — N is incompressible;
(b) Ry > —n(n—1).
Then (M, g) is isometric to H" /7" 1.

In fact, Corollary 1.6 remains true if N is allowed to be non-compact, which can be deduced
as a corollary of Theorem 1.10 below (see Remark 4.5).

Besides rigidity problems modeled on complete manifolds, it is often natural to consider
similar problems for manifolds with boundary and scalar /mean curvature bounds. In this regard,
we present a splitting result of ‘cuspidal-boundary’ type (see [21, Section 4, last paragraph]).
Our proof relies on an approximation scheme developed in [38] involving p-bubbles.

Theorem 1.7. Let (M4,g) be a complete, non-compact Riemannian 4-manifold with compact,
connected boundary OM. Suppose that mo(M) = w3(M) = 0 and that the scalar curvature
R, > —12. Then

inf H <3,

oM
where H is the mean curvature of OM. Moreover, if

inf H = 3,

oM

then (M, g) is isometric to ((—oo, 0] x X, dt* +e*gy), where t is the coordinate on (—oco,0] and
(3, g0) is a closed 3-manifold with a flat metric.

4That is, there exists an isometry f: M \ K — (H"/Z"~')\ K’ for some compact sets K C M and K' C
Hn/anll
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Remark 1.8. Theorem 1.7 would fail if one allows M to be compact. Indeed, take
M =S' x B3, g = cosh? pd6? + dp? + sinh? pgse, P < po,

where # € S', p is the radial coordinate on B3, and gs: is the standard round metric on S2.
In this example, M has contractible universal cover, so both its w2 and 73 vanish. Moreover,
since g is hyperbolic, R, = —12, but the mean curvature Hyys = 2 coth pg + tanh pg > 3.

Counterexamples also exist if one drops the assumption on w3 (M) and 73(M). In fact, let us
take the manifold (M’ g’) in Section 2.4.1 and then, for sufficiently small 2y > 0, remove the
subset {0 < z < zp} from M’; the result is a manifold M" with

mo(M") # 0, Hypgr =3 and R > —12.
Clearly, M" % [c,00) x OM" = [¢,00) x T3.
Finally, we present an analogue of Theorem 1.7 in more general dimensions.
Definition 1.9 (cf. [11]). We say that a closed, connected manifold ¥ belongs to the class Cyeg, if

e Y is aspherical,® and
e any compact manifold ¥’ that admits a map to ¥ of nonzero degree cannot be endowed

with a PSC metric (i.e., metric with positive scalar curvature).

It is well known that T" € Cqeg for n < 7; also note that the second item in Definition 1.9 is
redundant when dim ¥ < 5, according to [13].

Theorem 1.10. For 3 < n < 7, let (M™,g) be a complete and non-compact Riemannian
manifold with compact, connected boundary OM . Suppose that

(a) OM is incompressible in M,
(b) OM € Cyeg,
(¢) Rg > —n(n—1),

then

inf H <n-—1,
oM

where H is the the mean curvature of OM .
Moreover, if

inf H=n—1,
oM

then (M, g) is isometric to ((—oo,0] x ¥, dt? + e*'gy) where t is the coordinate on (—o0,0] and
(3, g0) is a closed (n — 1)-manifold with a flat metric.

Additional notes on the literature. (a) All our main theorems are fundamentally related
to Gromov’s fill-in problems (e.g., [21, Problems A and B]; [22, p. 234, Question (c)]). (b) The-
orem 1.10 can be viewed as a generalization of [36, Theorem 3.2]. (c¢) It is a classical theme
to relate incompressibility conditions with scalar curvature (see [23, Section 11]). (d) To adapt
to modern language, our Theorem 1.5 considers manifolds with a prescribed end and some
‘arbitrary ends’; the study of positive-mass type theorems on such manifolds has generated con-
siderable interest recently (see, for example, [10, 12, 29, 40]). (e) While in this paper we focus

A closed, connected manifold is said to be aspherical if it has contractible universal cover.
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on rigidity results for complete, non-compact manifolds with boundary and scalar curvature
lower bounds, similar results in the compact case (with boundary) are obtained by Gromov
in [21, Section 4]. In both cases, the proofs rely on the p-bubble technique. (f) It would be
interesting to compare Theorem 1.5 with some recent progress in proving positive mass and
rigidity results for ALH manifolds (see [1, 16, 17, 26]); in this latter development, manifolds are
often assumed to have nonempty inner boundary with the mean curvature bound H < n — 1
(now H is computed with respect to the inner unit normal); such mean curvature bounds serve
as barrier conditions in the method of ‘marginally outer trapped surfaces’ (MOTS), which can
be viewed as a generalization of the p-bubble technique.

Organization of this article. The proof of Theorem 1.2 is technically independent from
the rest of the work and is included in Section 2. Section 3 serves as a preliminary to proving
Theorem 1.5, presenting results concerning NRF and conformal deformations. In Section 4, we
prove Theorem 1.5, followed by proofs of Corollary 1.6 and Theorem 1.4. In Section 5, we prove
Theorem 1.7 and Theorem 1.10. Several of the proofs rely on the so-called ‘u-bubble’ technique,
a brief discussion of which is included in Appendix A. Appendix B includes two topological
lemmas.

2 Non-rigidity of H"/Z" 2

Let the hyperbolic n-space H" be represented by the upper half-space model R} = {(z,y, 2):
r €R,y € R"2 2 >0}, and let Z"~2 act by translating along the orthogonal lattice 27Z"~2 C
R"~2 while keeping the z, z-coordinates fixed. The quotient space is denoted by H"/Z"~2 and
has the hyperbolic metric

g = 22 (dz2 + de) + 27 2gpn-2, (2.1)

where the subscript ‘H’ stands for ‘hyperbolic’, and grn—2 is the associated flat metric on T"2.
Henceforth, we will regard (x,z) as coordinates on the hyperbolic plane H?; manifestly that
(H"/Z”_Q,QH) is a warped product of H? and (T”_z,ng_z).

The following lemma is easily verified by standard computation, so we omit its proof.

Lemma 2.1. Let V, V? denote the gradient and Hessian with respect to gy (same below).
We have

(a) Vz=220/0z,
(b) V22(0/0x,0/0z) = —V?2(0/02,0/0z) = —1/z2,
(¢) V%2(0/0z,0/0x) = 0.
Next, we proceed to prove Theorem 1.2 by constructing an example that satisfies all its
conditions. The idea is to remove a suitable compact subset, X, ,, from H" /7"~ and then

‘glue’ the result with a compact manifold, X,, along their boundaries; Xp,r and X, will be
defined in Sections 2.1 and 2.2 respectively, and then we handle the gluing step in Section 2.3.

2.1 First preliminary construction
Let p € H?, and define
Xpr i =Dp(p) x T2 CHY/Z"?  and Y, :=0X,,, (2.2)

where D,.(p) C H? is the geodesic disc, centered at p, of radius r > 0; the inclusion in (2.2)
makes sense since H"/Z"~2 is a warped product of H? and T" 2, as we already noted.
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Now we have two sets of coordinates for H?: (x,z) and the polar coordinates (g, ) centered
at p. In terms of the polar coordinates, the metric on H? reads

gz = do? + sinh? p d6?.

Lemma 2.2. The boundary Yy, C (Xpr,gmu) has the mean curvature

d
H,, = cothr — (n—2)z7 122, (2.3)
do
Moreover,
(a) |Hpy —cothr| <n—2;
(b) There exists a constant 1o > 0 such that Hy,, > 0 for all r < ry.
Proof. The formula (2.3) is straightforward to check by using the representation
gr = do? + sinh? pd6? + 2 2 gpn-2.
Moreover, since both 271V z and Vp have unit norm with respect to gg,
0z _1
90|~ |(Vz,Vo)| = |2(27'V2,Vo)| < . (2.4)
This implies (a), and (b) follows since cothr — oo as r — 0. [

Lemma 2.3. There exists a constant C, > 0, depending only on r, such that on 9D, (p) we have
|0pz(r,0)| < zsinhr and ‘Bgz(r, 0)| < Cpz.

Proof. Since both 27 1Vz and (sinhr)~1(9/06) have unit norm with respect to g, we have
|0pz(r,0)| = [(Vz,0/08)| < zsinhr-

Moreover, a calculation shows that
V22(0/860,0/00) = 03z + (,2) sinh g cosh . (2.5)

By Lemma 2.1 (b), (c), the left-hand side of (2.5) has its magnitude bounded by (sinh? p)z; thus,
using (2.4) and evaluating (2.5) at o = r, we get

‘832(1", 0)| < sinhr(sinhr + coshr)z.
Taking C, = sinhr(sinhr + coshr) finishes the proof. |
2.2 Second preliminary construction
Let D be a 2-disc with polar coordinates (@, é), where
0<g<7/3 and 0<6<2m.
Equip D with the metric
gp = dg® + 4sin*(p/2)d6>.

Thus, (D, gp) is isometric to a ‘cap’ in the round sphere of radius 2.
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Now let » > 0 and z(p, 6) be as in Section 2.1 above. Consider

X, =S'xDx1T"3
equipped with the metric
g = sinh?rd6” + (z(r, 9))72917 + (2(r, 0))72ng73, (2.6)

and let Y, := 0X,. By construction, the boundaries (Ypr, gmly,,) and (}_/,n,gh-/r) are isometric
under the obvious identification.

Lemma 2.4. The boundary Y, C (Xr,g) has the mean curvature

H,. = \ggz(r, ) (2.7)

Proof. Standard computation by using (2.6). [

Regarding the scalar curvature of a warped-product metric, the following is well-known.

Lemma 2.5 (cf. [23, Proposition 7.33]). Let (N"~* k) be an (n — 1)-dimensional Riemannian
manifold with scalar curvature Rp. Given any smooth function ¢(0) defined on an interval I
and a constant a > 0, the warped product metric g = a?>d0? + ¢(0)%h defined on I x N has the
scalar curvature

_ 1 AN / 2
e (89
a ¢ ¢
In our case, to compute the scalar curvature of g, it suffices to substitute h = gp + gpn-3,
¢(0) =1/z(r,0) and a = sinhr into (2.8). Noting that R, = 1/2, we have

+ ¢ 2Ry, (2.8)

Ry = (n—1)(sinhr) 2{—20y[209(1/2)] — n[20(1/2)]*} + 2*/2
=(n— 1)(sinhfr)_2{2(8gz) /z—(n+ 2)[(892)/,2]2} + 22/2, (2.9)

where z, 9pz and 03z are evaluated at (r,6).
Now we are ready to observe the following.

Proposition 2.6. For fived r > 0, the manifold (X, g) satisfies:

(a) The scalar curvature

for a constant Cy,, > 0 depending only on n and r. In particular, we have Rg > —n(n—1)
provided that p € H? is chosen to have a large enough z-coordinate;

(b) Under the obvious identification (isometry) between Y, and Y,, we have H, > H,, pro-
vided that the z-coordinate of p is large enough.

Proof. (a) follows from (2.9) and Lemma 2.3; (b) follows from Lemma 2.2 (a) and (2.7). [
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2.3 The gluing step

Lemma 2.7 ([8, Theorem 5]). Let Q be a compact n-manifold with boundary 0%, and let g
and G be two smooth Riemannian metrics on ) such that

(a) g—g =0 at each point on OQ;
(b) the mean curvatures satisfy Hy — Hy > 0 at each point on 0.

Then, given any € > 0 and any neighborhood U of 0N2, there exists a smooth metric g on Q with
the following properties:

(1) Ry > min{Ry, R} — € in Q;
(2) g=g inQ\U;
(3) g =g in a neighborhood of OS).

Remark 2.8. By an arbitrary extension, in Lemma 2.7 it suffices to assume that ¢ is defined
only in a neighborhood of 0.

To prove Theorem 1.2, a basic idea is to apply Lemma 2.7 to obtain a metric § on X, which
agrees with gy in a neighborhood of X, = dX,, ,, so g extends smoothly into (H”/Z"‘z) \ Xpr
by gr. A compromise is the e-cost to the scalar curvature estimate. Thus, one would like to
have a bit more scalar curvature to begin with, so that the cost can be absorbed, maintaining
the desired lower bound R; > —n(n — 1). This can be achieved by a suitable deformation of gp
in a neighborhood of Y, C H"/ Z"~2, as the following lemma shows.

Lemma 2.9. Let

1

1—ee o, < 1o,

u() = e=ro (2.10)
17 Y Z To,

and define
gy = [u(g)]2d92 + sinh® pd6* + [2(0, )] 2 gpns.
As long as rg > 0 is small enough, we can find 6 > 0 such that
Ry +n(n—1)>0 for o € [ro — 26,10).
Proof. By [34, Claim 2.1], we have
Ry = Rgy + (1= u"?)(Ry(g) — Ryyy) + 2u™>4 (0) Hp,p, (2.11)

where (o) = sinh? pd6? + [2(o, 9)]_29’]Tn—2 and Ry, = —n(n—1).
We want to estimate the right-hand side of formula (2.11). To start with, by Lemma 2.5,

Ry = (n — 2)(sinh g)_2{2(83z)/z —(n+ 1)[(89,2)/,2]2}.

Thus, by the proof of Lemma 2.3, there exists a constant C,, ,,, depending on n, 7y only, such
that

[By(g)] < Cnirg for o € [ro/2,m0]. (2.12)

Next, by the definition of u, we have, for o < rg,

1 2 1 1
0>1—u?=u"?(—2ee70 +ee=0) > —2u %ee=70 > —2u ee—0. (2.13)
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Moreover, for sufficiently small o, we have Hp, , > 1 for any ¢ < r9 (Lemma 2.2 (b)), and so

1

203/ (0)Hp,p > 2u3ee=70 (9 — 1) 2. (2.14)

On combining (2.11), (2.12), (2.13) and (2.14), we obtain that

1

Ry — Ry, > 2u" 270 [(rg — 0) > = Cnyy —n(n—1)]  for g € [ro/2,70].

9u

Clearly, we can choose a small § > 0 such that
Ry — Rg, >0 for o € [rg — 20,19).
This completes the proof. |

Proof of Theorem 1.2. Let ry be small enough, and let u(g), g7 and ¢ be as in Lemma 2.9.
Define

c:= min Ry +mn(n—1)>0.
0€[ro—28,r0—4] H

Take r := ro — J, and note that we still have the freedom of choosing p € H?.

Suppose that the isometry between Y,, and Y, maps q € Y,, to g € Y,. Furthermore,
by using Fermi coordinates, any point in a small neighborhood of Y,, C X, , is uniquely
represented by a pair (g,d’), where d’ is the gf,-distance to Y, ,. Similarly, (g,d) coordinatizes
a neighborhood of Y, C X,. By identifying (q,d) with (g,d), we have arranged that g}; = g
along Y.

To apply Lemma 2.7, assign Q = X, g = gy (defined in a neighborhood U of Y, ¢ X,, via
the identification above) and § = g (defined on X,). As noted above, Lemma 2.7 (a) is satisfied.
Furthermore, the mean curvature of Y, C X, with respect to g}, is H,,, := Hp/u(r) > Hy,
but by choosing p to have large z-coordinate, we can still arrange that H, > HI’M (see the proof of
Proposition 2.6 (b)). Next, by shrinking U if needed, we can assume that Ry > c—n(n—1) on U,
and we can assume the same lower bound for Rg by choosing p suitably (Proposition 2.6 (a)).
Finally, take € = ¢/2.

With the above setting, Lemma 2.7 applies and yields a metric § defined on X, satisfying
e Ry > —n(n—1)+c/2;
® g=gon X, \U;
gl in a neighborhood of Y, C X,..
Thus, § and g, piece together to become a smooth metric g defined on

M = [(H/202) \ X,,] U Ko/

where ~ indicates boundary identification, with (non-constant) scalar curvature Ry > —n(n—1).
(For the reader’s convenience, Figure 1 includes a schematic, 1-dimensional illustration of the
construction.)

In the statement of Theorem 1.2, take (M,g) = (M,g), K = X, U (Xp,,\Xp») C M and
K' = X, ,, and the proof is complete. |
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¥ -2
X, (/2" )\ X,,
| u._
:/_/—: '
ro — 20 § T 0! 0
g Pg 9u 9 9H
scalar > —n(n —1) > —n(n— 1) > —n(n— 1) > —n(n—1) =-—n(n—1)
curv. +c bo4c/2 Pt : :

Figure 1. A schematic picture of (M, g).

Figure 2. An illustration of (S* x R?)\ (D? x S'), where D? x S' is shaded.

2.4 Further remarks
2.4.1 Surgery applied to H"/Z"~1

The construction above only modifies a portion of H"/Z"~2 that is contained in between o <
x < x1 for some xp,x7 € R. By a translation, we can always arrange that o = 0. Now,
T: (z,y,2) — (x + x1,y,2) maps a neighborhood of {x = 0} isometrically to a neighborhood
of {x = z1}. Thus, by removing the subsets {x < 0} and {z > 21} from M and then identifying
{z =0} and {x = 21} via T, we obtain a smooth Riemannian manifold (M’,g’) that satisfies
Ry > —n(n —1). In fact, (M’ g') can be viewed as a compactly supported ‘deformation’
of a hyperbolic cusp H"/Z"~!, where Z"~! acts on (z,y) € R""! by translating along the
lattice 217 x 27 Z™2. This serves as yet another counterexample to Gromov’s Statement 1.1.

2.4.2 A note on topology

It is interesting to determine the topology of both M and M’ above.

Topologically, M is obtained by a surgery along {p} x S' € R? x S! and then taking product
with T?~3. The result of that surgery is homeomorphic to S' x R2. To see this, view S? as the
union of D? x S! and S! x D? with the boundaries identified. Then R? x S! is simply S? with the
core circle C = S x {q} removed. Surgery of S? along {p} x S! yields S x S2. Then removing C
from S' x S? gives S! x R2. In conclusion, M = S! x R? x T"3, which is homeomorphic to
H" /72 =2 R? x S! x T"~3 via a map that switches the first two factors.

Regarding M’, note that by identifying 2 = 0 and = z; in {0 < z < x;} C H?, one
obtains an open annulus, or equivalently R?\{0}. Thus, M’ is obtained by a surgery along
{p} x S' c (R*\{0}) x S! and then taking product with T"~3. In this case, a similar argument
as the above applies, and the result of the surgery is homeomorphic to (Sl X Rz) \ (ID)E X Sl),
i.e., the result of removing a solid torus that is contained in a 3-ball B® C S! x R? (see Figure 2).
Thus M’ = [(Sl X R2) \ (]D)? X Sl)] x T"=3. In particular, the two ends of M’ are separated by
a hypersurface with the topology S? x T"~3; the same is not true for H"/Z" .
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3 ALH manifolds, mass and deformations

This section includes basic notions and results concerning ALH manifolds, possibly with arbi-
trary ends, and their NRF and conformal deformations. These results will be used in proving
Theorem 1.5.

3.1 ALH manifolds and mass

Definition 3.1. Let (M™,g) be a complete Riemannian manifold without boundary. Suppose
that

(1) for some (sufficiently large) compact set K C M, M \ K has a connected component £
that is diffeomorphic to (0,1) x T"~!, and

(2) restricted to &£, the metric g admits an asymptotic expansion of the form
1 2 T n+1
9=7> dr +h+?/€+(9(7 ) (3.1)

where 7 is the coordinate on the interval (0,1); h denotes a flat metric on T"~!, which
represents metric at the conformal infinity & (i.e., when 7 = 0); & = rapdy?dy? is
a symmetric tensor defined on T"~!, where (yA) are flat coordinates on T"~!; finally,
O(T"‘H) stands for a remainder Q = Q 4p dy*dy® with the asymptotics

‘QAB‘ + Z |7k85‘8f3 QAB‘ < Cortt as 7 — 0,
la|+h<2
for some constant C', where a = (a1, ..., a,—1) are multi-indices.

Such an (M, g) is called asymptotically locally hyperbolic (ALH), and € an ALH end. Moreover,
if M \ € is non-compact, we say that (M, g) is ALH with arbitrary ends.

Definition 3.2 (cf. [28, Definition 1.1]). Given a Riemannian manifold (M, g) with an ALH
end &£ on which g admits the expansion (3.1), we call

me g = trps = hAB/iAB
the mass aspect function associated to the pair (£, g). Furthermore, define

me g *= SuUp me 4.
Trn—1

Throughout, let each 7-level set in £ be denoted by £-. The following lemma shows how mg 4
is related to the mean curvature of £, C &.

Lemma 3.3. Let (M”,g) be a Riemannian manifold with an ALH end £. If mg g, < 0, then
there exist constants 19, C > 0 such that

He, 2 (n—1)+Ct"  for7 <, (3.2)
where Hg,_ is the mean curvature of & computed with respect to the ‘outward normal’ —0/0T.

Proof. Before making any assumption about mg 4, we have

-2
i - me gT" + O(T”+1). (3.3)

He, =(n—1)—

.

For mg 4 < 0, let us take C' = —myg 4/10, and clearly (3.2) holds for some 79 > 0. [



12 T. Hao, Y. Hu, P. Liu and Y. Shi

3.2 NRF deformations

Given a Riemannian n-manifold (M™, gg), the normalized Ricci flow (NRF), with initial met-
ric g, is by definition a smooth family of Riemannian metrics g(¢) on M satisfying the evolution
equation

org = —2[Ricy + (n —1)g],  9(0) = go. (3.4)

Lemma 3.4. Suppose that (M",go) is a complete Riemannian manifold with an ALH end &
that satisfies Rgy > —n(n — 1) as well as the assumptions (d) and (e) in Theorem 1.5. Then
there exists a T > 0 such that, for t € (0,T], g(t) is complete and satisfies (3.4) along with the
following properties:

(1) (£,9(t)|e) remains ALH, and g(t) has the expansion (see equation (3.1))
1 2 ™ n+1
g(t) = — |dr +h+zn(t)+0(7 IIE

(ii) on M, Ryyy > —n(n —1) for all t € (0,T];
(#i) if go is mot Einstein, then Ryqy > —n(n — 1) for all t € (0,T];

(iv) outside a compact subset in M, Ry < —a/2 fort € (0,T];

(v) if K(0) =0, then k(t) =0 for all t € (0,T];

(vi) if k(0) = 0, then for any t € (0,T] we have Ryyy +n(n —1) = O(r") as 7 — 0.
Proof. The existence of g(t), t € (0,77, satisfying (3.4) follows from the existence of a solu-
tion §(t), t € (0,7, of the Ricci flow initiated at go. They are related by a time-transformation:
e2(n—1)t _ 1

2(n—1)

Thus, up to constant factors, the curvature tensor Rm(#) of g(¢) satisfies the same estimates as
Rm(®(t)) of g(®(t)). In particular, it follows from [33] that, for all ¢ € (0,77, g(t) is complete,
and |Rm(¢)| is uniformly bounded.

Now we turn to proving the properties. (i) follows from [5, Proposition 3.1]. (i7) can be
verified by applying the maximum principle (see [15, Theorem 7.42]) to the evolution equation®
satisfied by e2("71)t(Rg(t) + n(n — 1)); to prove (éii), invoke the strong maximum principle on
the domain Q x [0,¢], where Q C M is compact on which gy is not Einstein, and then let
exhaust M. (iv) would follow once we show that the integral

g(t) == e 25 (B(1)),  where ®(t) =

t —_— —~.
/ OyRmdt/, te (0,T] (3.5)
0

is uniformly bounded; to see this, note that the first covariant derivatives of ]:_/{\I/H(O) are assumed
to be bounded (assumption (d) in Theorem 1.5), by [14, Theorem 14.16], we have
e C
2
‘Vg(t)Rm(t)’ < %

for some constant C' > 0; in addition, the evolution equation of Rm reads’
8tR\I/n = Ag(t)RTn + R\I/n * R\II/I;

of course, 1/4/t is integrable; combining these, it is easy to see that (3.5) is uniformly bounded
for small enough TV; since, by assumption (e) in Theorem 1.5, R; < —a outside a compact
set, (iv) follows. (v) follows from [5, Proposition 4.3]. Finally, (vi) follows from (v) and [5,
formulas (3.19)—(3.21)] (note that ¢g*/(7) provides an extra factor of 72). [

SFor the evolution equation satisfied by Ry(1), see [5, formula (5.1)].

"Rm * Rm indicates a specific linear combination of the traces of Rm ® Rm.
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3.3 Conformal deformations
Throughout this section, ¢, :=4(n —1)/(n — 2).

Lemma 3.5. Let (M, g) be complete with an ALH end &, and let f € C*°(M) be a non-negative
function that satisfies

(a) supp f C K UE for some compact subset K C M;

(b) feO(™) as T — 0 where T is the function occurring in the expansion (3.1).

Then there exist a function v € C*°(M) and a constant dy such that 0 < §p <v <1 and
—cnAgv+ fo =0 in M. (3.6)

Proof. Let {€;}°, be a sequence of smooth, bounded domains satisfying ©; € ;11 and
\U; @ = M. For each i, the Dirichlet problem

— cnAgv; + fu; =0 in €,
v;=1 on 0, (3.7)
has a positive solution v;. By the maximum principle, 0 < v; < 1. Thus, v := lim; o v; is well
defined on M, satisfying 0 < v < 1 and (3.6). It remains to show that v has a positive lower
bound.
Without loss of generality, assume that >; C 0€); is the only component of 0€2; that is
contained in &; in fact, let us assume that each ¥; is a 7-level set. Denote 19 := 7|5,.

To refine the estimate of v;, we construct an auxiliary function £ and compare it with v; via
the maximum principle. Indeed, let a € (0,n — 1) be any constant, and define

§=1—(1/m0)%, 7 < 70

Using the fact that —In7 is, up to adding a constant, the distance function to Yy, one easily
computes that

Agé = a(Heg, — a)(1/0)°. (3.8)
Thus, by (3.3), for sufficiently small 79, there exists a constant Cy, o -, > 0 such that
Ayl > Cpary ™ for any 7 < 7p.
Now, (3.7), the fact that v; < 1, and the assumption that f € O(7") together imply

Agvi < C}’nT” in (Ql\Qo) né&,
v; >0 on 207

v =1 on Y,
where C},n is a constant depending only on f and n. In comparison,

Agé > Cp o™ in £\Qo,
£E=0 on X,
§<1 on ;.
Thus, for sufficiently small 7y, the maximum principle implies that v; > & in (€;\Qp) NE. Upon

taking limit, v > £ > 0 on £\Qy. Since v > 0, the strong maximum principle, applied to (3.6),
implies that v > 0 on M.
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When M \ € is compact (i.e., M having no arbitrary end), the above already implies that v
has a positive lower bound. When M \ £ is non-compact, since f is supported in K U &, by
choosing € to include K, we have that each v; (i > 1) is harmonic on ;\ (2 U £); using the
maximum principle again, we get

min v; = min v; —— min v =: 0y > 0.
Q:\(QUE) 90\E 900\E

To finish the proof, it suffices to take do = min{dam, info, v,infe\o, £} |

Proposition 3.6. Let (M™, g) be complete, with an ALH end € and with Ry, > —n(n—1) on M.
Let R € O (M) be a function that satisfies

(@) —n(n —1) < R < min{Ry,0};

(b) supp(Rg — R) C EU K for some compact subset K C M;

(¢) R=-n(n—1) on &\ K’ for some compact subset K' C &.
Then the Yamabe equation
—cpAgu+ Rgu — R 2 =0 in M,
u—1 towards & (3.9)

has a solution u with 0 < 8y < u < 1 for some constant dy. In particular, the metric u*/ ("=2)

is complete and has the scalar curvature R.

9

Proof. The proof follows a super/sub-solution argument. To start with, define Ly by

— n+2

Lyu = —c,Agu + Ryu — Run—2.

Note that Ly1 = R; — R > 0 by assumption. Thus, 1 is a super-solution of (3.9).

To find a sub-solution to (3.9), take f := R; — R > 0. Note that R; = —n(n — 1) + O(t")
in £. Thus, Lemma 3.5 applies and yields a solution v to (3.6), satisfying 0 < §yp < v < 1 for
some constant dg. Now we compute

— nt2 — _4 = _4
—cnAgv + Rgv — Run—2 = —c, Agv + fo+ R(l — vnﬂ)v = R(l — vn*2)v <0,

where the inequality follows from the assumption that R < 0 and the bounds for v. Thus, v is
a sub-solution of (3.9).
Then one finishes the proof by following the argument of [4, Proposition 2.1]. |

Next, we will focus on the behavior of u towards the ALH infinity &.

Lemma 3.7. Let u be as in Proposition 3.6. Given any o € (0,n — 1), there exists a constant
70 > 0 such that

1—(1/m)*<u<1 for any T < 7.
Proof. Let £ :=1— (7/79)“. By (3.8), we have
ng€ — (Rg — R)E = cpa(He, — ) (7/70)* — (Rg — R)&. (3.10)

Since R, — R € O(7™) in &, the right-hand side of (3.10) is positive for 7 < 79, provided that 7o
is sufficiently small. On the other hand, since R < 0 and 0 < u < 1, (3.9) implies that

cnAgu — (Rg — R)u <0.
Regarding boundary data,

u—§&>0 along 7 =79 and limu = lim £ = 1.
70 T—0

Now the maximum principle implies that u > £ for 7 € (0, 7. |
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Proposition 3.8. Let (M",g), R and u be as in Proposition 3.6. Additionally, suppose that
Ry +n(n —1) € O(r"*) and that, however small 7y is, Ry > —n(n — 1) at some point in
{r <79} C&. Then u must have the following asymptotic expansion near T = 0:

u=14upt" + O(Tn+1_€),

where ung < 0 is a smooth function defined on the conformal infinity &g = T"! and € > 0 is an
arbitrary small constant.

Proof. Let us take w :=u — 1 < 0. By [3, Theorem 1.3], w has the expansion
w = Z Z Ui T log T)
i=1 j=0
where u;; € C*(&y). Clearly, the proof would be complete once we verify the conditions:

(C1) uy =0 for i <mn;
(C2) up; =0 for j > 0;
(C3) upp < 0.

Verification of (C1). By (3.9), w satisfies

1 _ n+2
Agw —nw = — |Rg(w+1) — R(w + 1)n—2} — nw.

Cn

Since only a neighborhood of & is concerned, we can simply substitute R = —n(n — 1); by
rearranging terms, we get

1 -1 n 2
Agw—nw:—[Rg—l—n(n—l)]u—i—M [(w—i—l)n%—l—n—i_ w

Cn Cn

=: A+ B.

n —

Since lim; ,ou = 1 and 0 < Ry +n(n —1) € (’)(T”H), we have A > 0 and A € (’)(T”H).
On the other hand, B is the remainder of a Taylor expansion truncated at the linear term, so
B = O(w?) as 7 — 0. By Lemma 3.7, w = O(7%) for any a < n — 1. Of course, we can choose
o > (n+1)/2, and thus B = O(72*) = o(7""!). In summary, for sufficiently small 79, we have

0 <Ajw—nw e O(T"+1) for 7 < 719. (3.11)
Now consider any § € (n — 1,n). Using (3.3), it is easy to verify that
AgtP —n7? = —(B+1)(n— )7’ + O(7"+?).
Clearly, there exists 79 > 0 such that

(Ay—n) (w + )\TB) <0 for all 7 < 19 and constants A > 1.

Fix such a 79, and let us choose A > 1 such that w| {r=ro} T )\TOB > 0; moreover, we have
lim, _o(w 4+ A?) = 0. Thus, by the maximum principle,

w > Ve for 7 < 9.

Since f € (n — 1,n) is arbitrary and w < 0, this verifies (C1).
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Verification of (C2). By (C1), we have

N'"/
w = Zunﬂ”(log T)j + (’)(T”H_E).
=0

Further information about w,; is obtainable by computing (A, — n)w using this expansion and
then comparing the result with (3.11). In fact, direct computation and (3.3) yield:

(Ag—n)1" = C’)(T"+2),

(Ay —n)[r"(logT)] = [(n+1)j(log 7Y 45 — 1) (log T)j*Q] "+ (’)(T"”)
with 1 < j < N;. Now, since u,; are all defined on &, we have Aju,,; € (’)(72); and since the

remainder O(7"17¢) does not contribute to the coefficients s; of 7"(log7)? in (Ay — n)w, we
have that s; equals to

(n+ Dupt + 2up2 for 7 =0,
2(n + 1)up2 + 6ups for j =1,

Np(n+ Dupn, for j = N, —1,
0 for j = N,.

By (3.11), all s; must vanish, which implies that
Upj =0 forj=1,...,N,.

This verifies (C2).
Verification of (C3). Consider an auxiliary function ¢ := —9 (7‘” —i—T"H) where § > 0 remains
to be chosen. Now

(Ay—n)¢ = —5[(71 +2)7 L 4 O(T”+2)],

so (Ay —n)¢ < 0 provided that 7 is small, and let us choose 7y accordingly (note: this is
independent of the choice of §). By comparison, recall from (3.11) that (A;—n)w > 0 for 7 < 7.

Regarding boundary data, first note that the assumption about R, implies that w cannot be
identically zero for 7 € (0, 7p]; thus, the strong maximum principle implies, in particular, that
w < 0 along 7 = 79. This allows us to choose ¢ such that w < ¢ along 7 = 19. Moreover, both
w,( — 0 as 7 — 0. Now, by the maximum principle, we get

w< (= —5(7’" + T"H) for 7 < 79.
This proves that u,g < 0, verifying (C3). |

Lemma 3.9. Let (M"™,g) be a Riemannian manifold with an ALH end £, on which the asymp-
totic expansion (3.1) applies. Suppose that u = 1+ 7™ + O(7"H1) is a function defined on &,
where p € C*(&y). Then, up to a diffeomorphism that restricts to be the identity on &, the
deformed metric g = uﬁg on & has the expansion

N _ntl
g= = [dT° +h+ —Rk+O(T") |,
T n

where

h=h and R:K—FM
n—2

wh.

Proof. A standard argument following the proof of [6, Lemma 6.5]. |
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4 Two rigidity results

The goal of this section is to prove Theorem 1.5, Corollary 1.6 and Theorem 1.4. The reader
may consult Appendix A before proceeding.

Proposition 4.1 (cf. [11, Theorem 1.1]). For 3 <n <7, let M™ be a (connected) non-compact
manifold with connected, compact boundary . Let ¢: % — M be the inclusion map. Suppose
that ¥ € Cqeg (see Definition 1.9) and that the map ¢ is incompressible. Then M admits no
complete metric g with Ry > —n(n —1) and Hy, > n — 1.

Proof. To begin with, by the classification of covering spaces, there exists a covering of M, say
p: M — M, that satisfies

~

pe(m1(M)) = tu(mi (X)) C m (M), (4.1)

where base points for the fundamental groups are omitted. Moreover, by the homotopy lifting
property, there exists an embedding : > — M such that « = poi.
By (4.1) and the incompressibility of ¢, the composition

J = (L*—llL*(m(E))) O Py 7T1(M) — m (%)

is a well-defined group homomorphism. Since ¥ is aspherical, by [24, Proposition 1B.9], there
exists amap j: M — ¥ such that j,: 71'1(M) — m1(X) is equal to J; in particular, j.oix = idy (x);
then, by applying the uniqueness part of [24, Proposition 1B.9] to 3, it is easy to see that jo i
is in fact homotopic to idsy;.

Since ¢ is an embedding, each boundary component of M , which is a lifting of 3, must be
diffeomorphic to X. In particular, denote 3= £(3). Since j o ¢ is homotopic to idy, we have
(3] = 6[2] # 0 € Hyoo1 (M Z).

Now, for the sake of deriving a contradiction, suppose that g is a complete metric on M with
Ry, > —n(n—1) and Hy, > (n—1)(1+0) for some constant § > 0. Let ¢ := p*g be the pull-back
metric on M, and define p(z) := disty(x,3) for z € M.

For an arbitrarily large 7" > 0, let

Dp:={z ¢ M: p(z) < T},

and let 3; (0 < i < k) be those components of &M that satisfy
$,NDr + 2,

where g = 3. Define (see Figure 3 below)

Ur =Dru U )3F and Ure = {JJ e M: dist(z,Ur) < e}.
0<i<k

Since M is complete, connected and non-compact, so is M, and we have Uy € Ur,. Moreover,
for small enough e,

Ure N <aM— U z) =
0<i<k

Thus, by the smooth Urysohn lemma, there exists a function n € C* (M ) with

0, zelUr,
n(z) = -
1, xz¢€ M\uTye.



18 T. Hao, Y. Hu, P. Liu and Y. Shi

Z/{T.,e

Figure 3. A schematic picture showing Uy, Ur . (left figure) and B, (right figure). The complement
of Ur ., which may include more boundary components of M , is not displayed.

Let a € (0,1) be a regular value of . Automatically, n7!(a) is a smooth, closed hypersurface
of M, and =" (a) N OM = .

By the above arrangement, B, := 1! ([0, a}), equipped with the restriction of the metric g,
is a Riemannian band with

oy =3 and . =0B,\ % =n""a)U U .
1<i<k

By letting f = j|p, and using Lemma A.8, one easily sees that B, satisfies the NSep ' property
(see Definition A.6). Then take 0, = n~*(a).

With these choices, all assumptions of Lemma A.9 are satisfied for (B,, §|g,;0—,0+) and 0.
Since (M , g) is complete and non-compact, the distance disty(0s,04) can get arbitrarily large
as one chooses large T'. This contradicts Lemma A.9. |

Remark 4.2. Proposition 4.1 still holds if M is allowed to be compact. In fact, proceeding along
the same proof, we still have [2} #0¢€ HnA_l (M ;Z), so M cannot be compact with a single
boundary component. Hence, either (1) M is non-compact, and the previous proof applies
verbatim; or (2) M is itself a Riemannian band with 0+ = 3 that satisfies the NSepproperty
and the curvature bounds Ry > —n(n—1), Hy, > (n—1)(1+44); however, by Remark A.10 (A),
such a band cannot exist, reaching a contradiction.

Proposition 4.3. For 3 < n < 7, let (M”,g) be a complete Riemannian manifold without
boundary, with an ALH end & = (0,1) x T" Y, and satisfying Ry > —n(n — 1). Suppose that
Y := M\ € is non-compact and that Y = T ! is incompressible in M. Then megg > 0.
In addition, if the assumptions (d), (e) in Theorem 1.5 hold, then k = 0 only if (M,g) is
Einstein.

2|

Proof. Suppose, on the contrary, that mg , < 0. Let 7 be a defining function compatible with
the ALH structure of £ (see (3.1)). Then by Lemma 3.3, there exists a small 79 > 0 such that
the mean curvature of the level set &£;, satisfies

HgTO >(n—1)+d

for some &g > 0.

Now, remove {0 < 7 < 19}, a subset of £, from M and denote the resulting manifold by M’.
By using the assumptions, it is easy to see that M’ = &, = T"~! is incompressible in M’.
Clearly, OM’ € Cqeg. By Proposition 4.1, we get a contradiction. This proves the inequality
meg 2> 0.
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Next we turn to the second part of the proposition. Again we argue by contradiction. Assume
that k = 0 without (M, g) being Einstein. Let g(¢) be the NRF initiated at g. Then by
Lemma 3.4, for some small ¢y, we have

(i
(ii

(iii

Rgy(ty) > —n(n — 1) on M;

Ry(1y) £ —a/2 < 0 outside a compact subset of M;
Rytp) = —n(n—1) + O(7"1) on &;

(€, 9(to)|¢) remains ALH with x(to) = 0.

— — ~— ~—

(iv

It is easy to check that a function R as described in Proposition 3.6 exists; thus, there is a positive
function u € C°(M) such that g := u®/("2g(ty) is complete with R = R > —n(n — 1).
Furthermore, thanks to (i) and (¢i7) above, both Proposition 3.8 and Lemma 3.9 apply. As
a consequence, (5 , g]g) remains ALH and satisfies

4(n+1)

———upoh,
(n—2) "

R =
where u,g < 0, and h is a flat metric on T"~!. Clearly, me g = trpk < 0. This contradicts the
first part of the proposition. |

Proof of Theorem 1.5. For convenience, let N, (resp., H,) denote the result of removing
a tubular neighborhood of d)(']I‘k) from N (resp., 1,[)(’]1"“) from H"/Z"~1). Both ON, and 0H,
inherit the product structure " %=1 x T*, which are identified to form M. In symbols, M =
H, Ug Ny, where ®: OH, — ON, is the identification map.

By Proposition 4.3, to prove the theorem it suffices to show that the boundary ¥ of M \ £ is
incompressible in M.

To show this, it in turn suffices to show that the T*-factor of N, is incompressible in M,
according to Lemma B.2.

If this was not the case, let L be a non-contractible loop in {z} x T¥ C AN, that is contractible
in M.

Now consider

H = (St x T - B) x T,

where B is an (n — k)-ball embedded in S' x T"~*~1. Topologically, M can be viewed as
a subset of M := H' Ug N,, so L is also contractible in M’. By [11, Lemma A.3], H' satisfies
the ‘lifting property’ (see [11, Definition A.2]). Thus, [11, Lemma A.4] applies, showing that L
is contractible in N, and hence in N; since {z} x T*¥ and ¢(T*) are homotopic in N, ¢ cannot
be incompressible, violating the assumption (a). |

Remark 4.4. The proof above can be made more direct if one assumes that k£ < n — 2. In this
case, both m1(ON,) and 71 (0H,) are isomorphic to m (Tk), and it is easy to see that the maps
71 (ON,) — 71 (N,) and 1 (0H,) — ™1 (H,) are both injective. By van Kampen’s theorem, we
have (M) = 71 (Ho) *x,(0N,) T1 (No). Thus, a direct application of [31, Theorem 11.67 (7)]
shows that N, is incompressible in M, and it follows that the T*-factor of N, is also incom-
pressible in M.

Proof of Corollary 1.6. In this setting, the assumptions (a — e) in Theorem 1.5 are satisfied.
Since x automatically vanishes, we conclude that g is Einstein. Write the metric on H"/Z"~!
as dt? + e?!gy where g is a flat metric on T"~1. Since H"/Z"~! is isometric to (M, g) outside a
compact set, one can remove the corresponding cusp (i.e., {t < —a} for some a > 0) from M
and obtain a complete, non-compact manifold (M, ¢’) with boundary OM’ = T"~!  satisfying
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Hypp = n—1, where the mean curvature is computed with respect to the inward normal. By [18,
Theorem 2], (M, ¢) is isometric to [—a, 0c0) x T"~! with the warped product metric d#/ 2462 gy
by using this fact and the respective distance functions to dM’ C M and {—a} x T"! C
H"/Z"~1, it is easy to construct an isometry between (M, g) and H"/Z" 1. [

Remark 4.5. The statement of Corollary 1.6 remains true when N is non-compact without
boundary. In fact, one only needs to prove the incompressibility of a T !-slice located far into
the ALH infinity of M, and this is handled by a corresponding step in the proof of Theorem 1.5.
Then the result follows directly from Theorem 1.10.

Proof of Theorem 1.4. Let (z,z) be the standard coordinates on Ri, a topological factor
of H" /Z"~2. Since K is compact, via the isometry f, both z and z can be regarded as coordinate
functions on M \ K. Thus, for a large enough xy > 0, we can remove {|z| > xo} from M and
then identify {x = £z} in the same way as we did in Section 2.4.1. The result is a complete
Riemannian manifold (M*,¢*) with an ALH end &, satisfying Ry« > —n(n — 1). Moreover,
(M*,g*) is isometric to H"/Z"~! outside a compact set; thus, the assumptions (d), (e) in
Theorem 1.5 hold automatically, and x = 0 for (&, g*|¢).

It is easy to see that M™ is of the form Mg M> as described in Lemma B.2 with k = n—2. In
particular, My can be viewed as a subset of M. By assumption, f~!(T) is incompressible in M
and hence in Mj. Using the proof of Theorem 1.5, one can show that f~1(T) is incompressible
in M*; then by Lemma B.2, (M \ £) = T"! is incompressible in M*.

Thus, all conditions in Proposition 4.3 are verified for (M*, ¢g*), and we conclude that g* is
Einstein. The proof of Corollary 1.6 shows that there is an isometry f: (M*, g*) — H"/Z"! that
uniquely extends the isometry, induced by f, between the ‘cuspidal ends’ in M* and H"/Z" 1.
Let zp > 0 be sufficiently small; then by using distance functions to the hypersurfaces {z = 2o}
in both M and H"/Z" 2, it is easy to construct an isometry between (M,g) and H"/Z" ?;
details are left to the interested reader. |

5 Two splitting results of ‘cuspidal-boundary’ type

The bulk of this section is dedicated to proving Theorem 1.7. The proof of Theorem 1.10, which
largely depends on those of Proposition 4.1 and Theorem 1.7, will be sketched at the end of the
section.

Now we begin our proof of Theorem 1.7.

In addition to its hypothesis, let us assume that Hgy; > 3. Under this assumption, the
proof would be complete once we show that (M, g) is isometric to ((—oo,0] x %, dt* + e*gp)
for some closed 3-manifold ¥ carrying a flat metric go. In fact, ¥ will occur as a hypersurface
in M, obtained by an approximation scheme involving p-bubbles (Sections 5.1 and 5.2); then
we show that ¥ must be compact and that (M, g) is isometric to the desired warped product
(Section 5.3).

The reader is recommended to consult Appendix A before proceeding.

5.1 Specification of p; and Ej

Since M is non-compact with compact boundary, there exists a smooth, proper map p: M —
(—00,0] (see [38, Lemma 2.1]) such that

p~H0) = oM, |dply < 1.
Fix a smooth function n € C*°((—o0,0]) satisfying

n(t) =0 foranyt < -1 and n(0) = 2;
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define 74 by 3coth(27;) = 3+ k!, and then define fiz,: (—7%,0] — R by
fi(t) = 3coth(2(t + 7%)) — k™ 'n(t).

Thus, {74}72, is increasing and tends to infinity, and

~

,u,k(—Tk) = +00 and ﬂk(O) =3—k L

Now, choose ag, regular values of p, such that 7, < ap < min{7x41,7 + 1}, and then define
E,:=p! ([—ak, 0]) C M. Denote 0, := p~'(—ay), which are smooth hypersurfaces of M. This
makes (Ey, g|g,; 0, ,0M) a Riemannian band. Finally, let py := (7%/ax)p, and define

[k 3= fUs © Pk

By this arrangement, pi] o = 00

5.2 pug-bubbles in Ej

For each fixed k, consider (Ey, g|g,; 0, ,0M). Note that Hyys > 3; by construction, u, satisfies
the barrier condition (see Definition A.1). By Fact A.2, a smooth ug-bubble € exists. Define
Y = 08 \ 0, , which is smooth, closed, and separates 0;  from M.

The following lemma shows that all 3; must meet a fixed compact subset of M.

Lemma 5.1. Let K := {x € M: disty(x,0M) < 10}. Then £, NK # @.

Proof. Suppose on the contrary that ;N = &. This implies that nop, = 0 on ¥j. Moreover,
by assumption, R, > —12, and by construction, |dpy|, < 1. Thus, we have (see (A.1))

4
R > —12 + §[3 coth(2(pr + 7))]? — 12[sinh(2(p + 7)] 2 = 0 on Y.

This, along with Fact A.5, implies that ¥, admits a PSC metric; since X}, is separating, we get
a contradiction, by Lemma A.11. |

5.3 Convergence of X,

By using [37, Theorem 3.6], one can show that the second fundamental form IIy, is uniformly
bounded within any compact subset of M. Thus, by Lemma 5.1, ¥} subconverges to a smooth
hypersurface ¥ in M (for convenience, denote the subsequence by the same symbol ¥x). Within
compact subsets of M, the convergence is uniform and has multiplicity one; moreover, ¥ bounds
a ‘minimizing 3-bubble’ for which minimality is interpreted with respect to compactly supported
perturbations (cf. [25, Lemma 4.10]). Depending on whether ¥ is compact, we consider the two
cases below.
Case 1: ¥ is compact. By minimality, we have (see Fact A.3)

1
Hy=3 and  Ly=-As+ (Ry - RY) >o0. (5.1)

Since Ri = Ry+12 >0, (5.1) implies that —Ay + %Rz > 0; thus, there exists a smooth function
u > 0 defined on ¥ and a constant A > 0 such that

1
(—Ag + 2R2> U = Au. (5.2)
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Define gy, = ugy, where gy, is the metric on ¥ induced by g. We have
2 2
A
- 2“) =y} (2/\ 43|V ) > 0. (5.3)
U U

2

Since each X is separating, so is 3. By Lemma A.11, ¥ admits no PSC metric; then by (5.3)
and the trichotomy theorem of Kazdan and Warner, R, = 0. Thus, A must vanish, and v must
be a constant; (5.2) in turn implies that Ry, = 0. Then by Bourguignon’s theorem (see [27,
Lemma 5.2]), gx is Ricci-flat, which must be flat since dim ¥ = 3.

Now we prove that a neighborhood of 3 splits. When ¥>N0OM = &, since X is the boundary of
minimizing 3-bubble, [2, Theorem 2.3] implies that there exists an open neighborhood of ¥ that
is isometric to a warped product ((—e, €) x X, dt? + eztgg), where ¢ is the coordinate on (—e¢, €)
and Y corresponds to ¢ = 0. When X N IOM # @&, we must have ¥ = OM, by the maximum
principle. In this case, the proof of [2, Theorem 2.3] still applies and gives an open neighborhood
of 3 that is isometric to a warped product ((—e, 0] x ¥, dt? + e%gz).

Thus, a neighborhood of ¥ is foliated by the t-level sets. Note that moving along the foliation
leaves the energy functional invariant; thus, each t-slice also bounds a minimizing 3-bubble, to
which the same analysis above applies.

_ 3| Vu
RgE:u 1<R2+2 7

This implies that a maximal neighborhood U of 3 on which the metric splits as
(I x ,dt* + e*gx)

must be both open and closed in M. By connectedness, Y = M, and I must be of the form
(—o0, ¢]. This achieves the desired splitting.

Case 2: X is non-compact. By finding a contradiction, we prove that this case does not occur.
The argument largely follows the proof of [38, Theorem 1.1], so we only sketch the steps.

Let

(M, gi) = (i x S, g5, + updt?),

where uy, is the first eigenfunction of Ly, ; that is, Ly, up = Apug with Ay, > 0. Since dim X, = 3,
[9, Corollary 1.10] implies that M}, admits no PSC metric.
Now

Ay u
T T SV (5.4)

R, =R
9k m

-2

954,
By construction, Ri’“ > 0 outside K, and there exist d; > 0, satisfying lim §; = 0, such that
R > —§;, on M. Since Ry, cannot be positive and A\; > 0, by (5.4), we must have lim \; = 0.

Next, choose g € X N K so that limg, = ¢ € X, and let px = (qx,t0) € X x S! and
p = (q,to) € M = ¥ x S'. Normalize uy, such that ug(qr) = 1. By the Harnack inequality, uy
converges smoothly to a positive function u on ¥ with u(q) = 1. Thus, (M, gr) converges in
the pointed smooth topology to (]\7, g), where § = gy, + u2dt?.

Now one can follow the proof® of [38, Proposition 3.2] to show that Ricz = 0, and then follow
the proof? of [38, Theorem 1.1] to show that wu is constant, which implies Ricy,, = 0.

In summary, (3, g5;) is complete, non-compact, Ricci-flat, and with finite area; this contradicts
[32, p. 25, Theorem 4.1]. |

8The proof of [38, Proposition 3.2] only relies on M admitting no PSC metric and the properties of RY*
mentioned above.
In particular, the boundedness of area(X) follows from AGE () < AgE (Ex) and g, > 0.
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Remark 5.2. The PSC obstruction, provided by [9, Corollary 1.10], for manifolds of the form
¥ x St only works when dim ¥ # 4. On the other hand, if ¥ (2 < dim ¥ < 6) is closed, orientable,
and if it admits a map of nonzero degree to some X’ € Cgeg, then by a similar argument as [11,
Theorem 1.1], one can show that ¥ x S! admits no PSC metric.

Proof of Theorem 1.10. The inequality infg); H < n—1 follows directly from Proposition 4.1.

To prove the second part of the theorem, first obtain a covering (M , g) of (M, g) as in the
proof of Proposition 4.1, and then apply (essentially) the same proof of Theorem 1.7 to (M , @);
to assist the reader, we list a few points that may need attention.

e OM may not be connected, but Riemannian bands can still be constructed in a similar
manner as in the proof of Proposition 4.1. To avoid clash of symbols, denote S := M and
let S be a fixed lifting of S in M. Thus 84 = S and 8, C d_; p > 0 can be defined such
that pix|s, = oo and pg|g = (n—1) —1/k; on 0_ \ O (if nonempty) we have H > n—1; one
can check that the barrier condition is satisfied, and the s exist; restricting j: M — S
to Xy yields a map X — S of nonzero degree.

e An adapted version of Lemma 5.1 holds; in the proof, invoke Lemma A.8 instead of
Lemma A.11. It follows that X, converges to some 3.

e When ¥ is compact, the corresponding part in Section 5.3 applies, apart from dimensional
adjustments and the fact that Ricci-flatness may no longer imply flatness.

e When ¥ is non-compact, we need to argue, without relying on [9, Corollary 1.10], that
M;, = ) x S' admits no PSC metric, and this is already addressed by Remark 5.2.

The consequence is that (M , g) is of the form
((—oo, 0] x ¥, dt* + e2tgg),

where gy is Ricci-flat. In particular, the covering M — M is 1-fold and hence an isometry.
Since ¥ = M is assumed to be aspherical, gs; must be flat, which can be seen by applying
the Cheeger—Gromoll splitting theorem to the universal cover; for details, see the beginning
paragraph of [12, Section 6]. |

A p-bubbles

This section collects some ‘definitions’ and ‘facts’ concerning the u-bubble technique, about
which we make no claim to originality. For detailed expositions and proofs, the reader may con-
sult [9, 12, 37, 39] and [22, Section 5]. This section also includes three supplementary ‘lemmas’.

A common setting for p-bubbles is a Riemannian band, namely a compact, connected Rie-
mannian manifold (M " g) whose (nonempty) boundary is expressed as a disjoint union M =
0_ U 04, where each of 04 is a smooth, closed and possibly disconnected (n — 1)-manifold.

Given a Riemannian band (M "g;0—, 8+) and a function p € C'* (M ), consider the following
variational problem: Let €y be a smooth open neighborhood of 0_; among all Caccioppoli sets
Q C M that satisfy 0_— C 2 and QAQy € M, seek a minimizer of the functional

AL () = H"H(0Q) — H" 1 (090) — /M(XQ — X ) dH™,

where H* is the induced k-dimensional Hausdorff measure, and yq, X, are characteristic func-
tions. Such a minimizer is called a p-bubble.

Existence and regularity of u-bubbles are well-established when p satisfies the following ‘bar-
rier condition’.
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Definition A.1. Let (M”,g;ﬁ_,(‘L) be a Riemannian band. A function pu € C* (M) is said
to satisfy the barrier condition if, for each connected component S C 95 (resp., S C 0-),

e cither y smoothly extends to S and satisfies Hg > p|s (resp., Hg > —p|s), where Hg is
the mean curvature of .S with respect to the outward normal,

e or ;1 — —oo (resp., u — +00) towards S.

Fact A.2. For 3 < n <7, if p € C® (M) satisfies the barrier condition, then there exists
a smooth p-bubble Q. In particular, O\ O— is homologous to 01 and is separating (see Defini-
tion A.6 below).

Also well-known are the following variational properties. To fix notation, let ¥ denote the
hypersurface 92 \ 0_ with outward unit normal v; let Ry and Ay be, respectively, the scalar
curvature and the Laplacian along ¥ (with the induced metric); let Hy, and II be, respectively,
the mean curvature and the second fundamental form of 3, computed with respect to v; define
the operators

Jy = —Axn+ - (Rz — Ry — i — 1I%) — v(p)
=—-Ay+ (RE — RY),
where

n
R = Ry + mlﬁ — 2[dplg. (A1)

Fact A.3. Suppose that Q) is a smooth p-bubble. We have
(a) HE = ,U"E;
(b) Ly > Jx > 0.

The semi-positivity of Ly has several applications, and we shall list a few. To start with,
let w > 0 be an eigenfunction associated to the first eigenvalue A > 0 of Ly. Consider the
warped-product metric h := g, + u2d6? defined on 3 := ¥ x S!, where 6 € S,

Fact A.4. Suppose that Q) is a smooth p-bubble. The scalar curvature of (f], iL) is
sz = RE — 2u_1Agu = Ri + 2.
In particular, if Ri >0 on Y, then ¥ x S! admits a PSC metric.

Alternatively, one can compare Ly with the conformal Laplacian on 3 and obtain the fol-
lowing.

Fact A.5. For n > 3, suppose that ) is a smooth p-bubble on which Ri > 0. Then X admits
a PSC metric.

With additional topological assumptions on M, Fact A.5 can be used to prove width estimates
for (M, g). To be precise, we start by recalling the following notion (cf. [9, Property A]).

Definition A.6. Given a (topological) band (M”; o_, 8+), we say that a (closed) hypersurface S
in M is separating, if all paths connecting 0_ and 04 must intersect S. A band is said to satisfy
the NSep ™ property if no separating hypersurface admits a PSC metric.
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Remark A.7. If § € M"™ is a separating hypersurface, then there exists a minimal list of
connected components S; (i = 1,...,k) of S such that their union S’ remains separating. For
details, see [9, Lemma 2.2]. Using intersection theory, one can show that [S'] # 0 € H,,_1(M;Z).
Moreover, with suitable orientation, &’ is homologous to 9y in M.

Lemma A.8. Let (M",g;i?_,8+) be a Riemannian band, and let v: Oy — M be the inclu-
sion map. Suppose that 04 € Cyeg (see Definition 1.9) and that there exists a continuous map
f: M — 0y such that f o is homotopic to idy, . Then (M, g) satisfies the NSep™ property.

Proof. Suppose that S is a separating hypersurface in M, and let S’ be as in Remark A.7; in
particular, " is homologous to 04 in M. Now since f o is homotopic to idg, , it is easy to see
that the restriction f|s: 8’ — 0M has degree 1. Since 04 € Cqeg, S" admits no PSC metric. W

The next lemma is a variant of Gromov’s band-width estimate [22, Section 5.3].

Lemma A.9. For 3 < n < 7, let (M",g;a,,&r) be a Riemannian band that satisfies the
NSep ™ property, and let 0, C O_ be a compact subset without boundary. Suppose that

(@) Ry > —n(n—1);
(b) Hop_\o, 2 —(n—1);
() Hp, > (n—1)(1+49) for some constant § > 0.
Then there exists a constant Ty > 0, depending only on J, such that
disty(0k, 04) < Ts.
Proof. Set e = §/3, and define Cy,T5 > 0 by

1+46/2
+9/ and Ts Cs

coth(Cs/2) = e = nite)

For the sake of deriving a contradiction, suppose that disty(d,,d+) > T5. By the proof of [39,
Lemma 4.1], there exists a smooth, proper function p: M — [Ty, 0] such that

p H(~Ts) = 0,, p 1(0) = 04, and |dplg < 1. (A.2)

Now consider the function

1
""62)75""05> , t e (=Tjs,0].

h(t) = (n — 1)(1 + €) coth (”(
By construction, h is decreasing, strictly greater than n — 1, and satisfies

h(0) < Hy, lim h(t) =00,  ——h()*+20'(t)=n(n—1)(1+¢€)% (A.3)
t——Tj n—1

Combining (A.2), (A.3), and the assumptions (a), (b), (¢), one can easily check that the function

i := hop, defined on M \ Oy, satisfies both the barrier condition and the inequality R’_f_ > 0. By

Facts A.2 and A.5, there exists a separating hypersurface ¥ in (M;0_, 0+ ) that admits a PSC

metric. This contradicts the NSep™hypothesis. |

Remark A.10. We mention two variants of Lemma A.9, both of which can be obtained by
slightly modifying the proof above. (A4) For 3 < n < 7, no Riemannian band can simultaneously
satisfy the NSep T property and the conditions Ry > —n(n—1), Hy_ > —(n—1) and Hyp, > n—1.
(B) For 3 <n <7, let (M",g) be a complete, non-compact Riemannian manifold with compact
boundary M. Suppose that M satisfies the NSep*property (see below); then (M, g) cannot
satisfy the conditions Ry > —n(n — 1) and Hpps > n — 1 simultaneously.
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The concept of separating hypersurfaces can also be defined for complete, non-compact Rie-
mannian manifolds (M, g) with compact boundary—just require that S intersects with all paths
connecting OM and infinity. The NSep T property can be extended to such manifolds.

Lemma A.11. Let (M4,g) be a complete, non-compact Riemannian 4-manifold with compact
(nonempty) boundary OM . Suppose that the homotopy groups wa(M) = w3(M) = 0. Then (M, g)
satisfies the NSep™ property.

Proof. Suppose that S C M is a (closed) separating hypersurface that admits a PSC metric,
and let 8’ C S be as indicated in Remark A.7. In particular, &’ admits a PSC metric, and
[S'] # 0 € H3(M,Z). Since mo(M) is trivial, the topological classification of closed 3-manifolds
admitting a PSC metric implies that &’ is homologous to a spherical class in Hs(M,Z) (see [35,
p. 112]). Since m3(M) is also trivial, this violates Lemma B.1 below. [

B Topological lemmas

Lemma B.1. Let M be a non-compact 4-manifold satisfying m3(M) = 0. Then H3(M,Z)
contains no nontrivial spherical class (i.e., classes of the form [83/1“}).

Proof. Let [3] denote the fundamental class of S3/T" where T is a discrete subgroup of O(4).
Let i: S*/T — M be a continuous map. The goal is to prove that i.[3] = 0 € H3(M,Z). Now

let [a] be the fundamental class of S®. The composition S* = S3/T %y M induces a map at the

level of Hj(-,Z), such that [a] == d[g] N di[f] where d is the degree of 7. Since m3(M) = 0,
Hurewicz homomorphism implies that

di[f] = (iom)«[a] = h([ion]) =0 € H3(M,Z),

where h: m3(M) — H3(M,Z) is the Hurewicz map. Thus, in order to show that i.[3] = 0, it
suffices to show that H3(M,Z) is torsion free, and this follows from M being non-compact (see
[7, Corollary 7.12]). [

Lemma B.2. Forl <k <n-2,let M; = (RXT"*’“*I—B) x Tk, where B is an embedded (n—k)-
ball in R x T *=1. Let My be a smooth, possibly non-compact, manifold with boundary OMs.
Suppose that ®: OMy — OMs is a diffeomorphism, and let M := My Ug Mo be the manifold
obtained by identifying OMy, M via ®. Lett € R be such that {t} x T"*~1 is disjoint from B.
Then the hypersurface ¥ = {t} x T~ is incompressible in M if and only if the T*-factor!®
of OM> is incompressible in M.

Proof. In M, the T*-factor of ¥ is homotopic to that of 9M; and hence to that of 9Ms. Thus,
(=) is clear.

For (<), we prove its contrapositive. Suppose that L C ¥ is a non-contractible loop that is
contractible in M. Write

[L] = (m,-ozi,njﬁj) € m (Tn_k_l) X 1 (Tk) = Wl(z),

where o; generates the fundamental group of the i-th S!-factor in T"*~1! and m; € Z, similarly
for B; and n;. Let us write &, Bj for the corresponding elements in the homology class H(X;Z).

It will be convenient to view the R-factor in R x T* %=1 as S! minus a point, and to view M
as a subset of M = Ml L Mo, where M1 = (Sl x Tn—k=1 _ B) x TF.

ONote that @M> has the product structure S**~1 x T* induced by ®.
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Let 1: ¥ < M be the inclusion map. For 1 < i <n—k—1, let 6; be the coordinate on
the i-th S'-factor of T"*~1. By construction, there exists t; € S! such that §; = t; defines
a hypersurface S; in M that is ‘dual’ to t4+¢;, in the sense that the intersection products

[Si] - tes =1 and  [Si]- by = [Si] - 1B =0, i #1i.
Since L is contractible in M C M , we have

Zmib*di + anL*Bj =0e€e Hl(M; Z);
- ,

J

by taking intersection products with [S;], we see that m; =0 foralli=1,...,n—k—1,s0 L is
homotopic to a loop in the TF-factor of ¥. Thus, the T*-factor of ¥ is not incompressible in M.
By homotopy, the same is true for the TF-factor of 9M,. This completes the proof. |
Acknowledgements

We thank Shihang He for kindly sharing his proof of Lemma B.1. We also thank the anonymous
referees for carefully reading the manuscript and offering suggestions, which has led to improved
exposition and a more direct argument now included in Remark 4.4. Research leading to this
work was supported by the National Key R&D Program of China Grant 2020YFA0712800
(T. Hao, P. Liu and Y. Shi) and the China Postdoctoral Science Foundation Grant 2021TQ0014
(Y. Hu).

References

[1] Alaee A., Hung P.K., Khuri M., The positive energy theorem for asymptotically hyperboloidal initial
data sets with toroidal infinity and related rigidity results, Comm. Math. Phys. 396 (2022), 451-480,
arXiv:2201.04327.

[2] Andersson L., Cai M., Galloway G.J., Rigidity and positivity of mass for asymptotically hyperbolic mani-
folds, Ann. Henri Poincaré 9 (2008), 1-33, arXiv:math.DG/0703259.

[3] Andersson L., Chrusciel P.T., Friedrich H., On the regularity of solutions to the Yamabe equation and the
existence of smooth hyperboloidal initial data for Einstein’s field equations, Comm. Math. Phys. 149 (1992),
587-612.

[4] Aviles P., McOwen R.C., Conformal deformation to constant negative scalar curvature on noncompact
Riemannian manifolds, J. Differential Geom. 27 (1988), 225-239.

[5] Balehowsky T., Woolgar E., The Ricci flow of asymptotically hyperbolic mass and applications, J. Math.
Phys. 53 (2012), 072501, 15 pages, arXiv:1110.0765.

[6] Bonini V., Qing J., A positive mass theorem on asymptotically hyperbolic manifolds with corners along a
hypersurface, Ann. Henri Poincaré 9 (2008), 347-372, arXiv:0711.0539.

[7] Bredon G.E., Topology and geometry, Grad. Texts in Math., Vol. 139, Springer, New York, 1993.

[8] Brendle S., Marques F.C., Neves A., Deformations of the hemisphere that increase scalar curvature, Invent.
Math. 185 (2011), 175-197, arXiv:1004.3088.

[9] Cecchini S., Rdade D., Zeidler R., Nonnegative scalar curvature on manifolds with at least two ends, J. Topol.
16 (2023), 855-876, arXiv:2205.12174.

[10] Cecchini S., Zeidler R., The positive mass theorem and distance estimates in the spin setting,
arXiv:2108.11972.

[11] Chen J., Liu P., Shi Y., Zhu J., Incompressible hypersurface, positive scalar curvature and positive mass
theorem, arXiv:2112.14442.

[12] Chodosh O., Li C., Generalized soap bubbles and the topology of manifolds with positive scalar curvature,
arXiv:2008.11888.

[13] Chodosh O., Li C., Liokumovich Y., Classifying sufficiently connected PSC manifolds in 4 and 5 dimensions,
Geom. Topol. 27 (2023), 1635-1655, arXiv:2105.07306.


https://doi.org/10.1007/s00220-022-04467-x
https://arxiv.org/abs/2201.04327
https://doi.org/10.1007/s00023-007-0348-2
https://arxiv.org/abs/math.DG/0703259
https://doi.org/10.1007/BF02096944
https://doi.org/10.4310/jdg/1214441781
https://doi.org/10.1063/1.4732118
https://doi.org/10.1063/1.4732118
https://arxiv.org/abs/1110.0765
https://doi.org/10.1007/s00023-008-0358-8
https://arxiv.org/abs/0711.0539
https://doi.org/10.1007/978-1-4757-6848-0
https://doi.org/10.1007/s00222-010-0305-4
https://doi.org/10.1007/s00222-010-0305-4
https://arxiv.org/abs/1004.3088
https://doi.org/10.1112/topo.12303
https://arxiv.org/abs/2205.12174
https://arxiv.org/abs/2108.11972
https://arxiv.org/abs/2112.14442
https://arxiv.org/abs/2008.11888
https://doi.org/10.2140/gt.2023.27.1635
https://arxiv.org/abs/2105.07306

28 T. Hao, Y. Hu, P. Liu and Y. Shi

[14] Chow B., Chu S.-C., Glickenstein D., Guenther C., Isenberg J., Ivey T., Knopf D., Lu P., Luo F., Ni L.,
The Ricci flow: Techniques and applications: Part II: Analytic aspects, Math. Surveys Monogr., Vol. 144,
American Mathematical Society, Providence, RI, 2008.

[15] Chow B., Lu P., Ni L., Hamilton’s Ricci flow, Grad. Stud. Math., Vol. 77, American Mathematical Society,
Providence, RI, 2006.

[16] Chrusciel P.T., Galloway G.J., Positive mass theorems for asymptotically hyperbolic Riemannian manifolds
with boundary, Classical Quantum Gravity 38 (2021), 237001, 6 pages, arXiv:2107.05603.

[17] Chrusciel P.T., Galloway G.J., Nguyen L., Paetz T.-T., On the mass aspect function and positive energy
theorems for asymptotically hyperbolic manifolds, Classical Quantum Gravity 35 (2018), 115015, 38 pages,
arXiv:1801.03442.

[18] Croke C.B., Kleiner B., A warped product splitting theorem, Duke Math. J. 67 (1992), 571-574.

[19] Gromov M., Positive curvature, macroscopic dimension, spectral gaps and higher signatures, in Functional
Analysis on the Eve of the 21st Century, Vol. II (New Brunswick, NJ, 1993), Progr. Math., Vol. 132,
Birkhauser, Boston, MA, 1996, 1-213.

[20] Gromov M., Metric inequalities with scalar curvature, Geom. Funct. Anal. 28 (2018), 645-726,
arXiv:1710.04655.

[21] Gromov M., Scalar curvature of manifolds with boundaries: natural questions and artificial constructions,
arXiv:1811.04311.

[22] Gromov M., Four lectures on scalar curvature, in Perspectives in Scalar Curvature. Vol. 1, Editors M. Gro-
mov, H.B. Lawson Jr., World Scientific, Hackensack, NJ, 2023, 1-514, arXiv:1908.10612.

[23] Gromov M., Lawson Jr. H.B., Positive scalar curvature and the Dirac operator on complete Riemannian
manifolds, Inst. Hautes Etudes Sci. Publ. Math. 1983 (1983), 83—196.

[24] Hatcher A., Algebraic topology, Cambridge University Press, Cambridge, 2002.

[25] Hu Y., Liu P., Shi Y., Rigidity of 3D spherical caps via u-bubbles, Pacific J. Math. 323 (2023), 89-114,
arXiv:2205.08428.

[26] Huang L.-H., Jang H.C., Scalar curvature deformation and mass rigidity for ALH manifolds with boundary,
Trans. Amer. Math. Soc. 375 (2022), 8151-8191, arXiv:2108.12887.

[27] Kazdan J.L., Warner F.W., Prescribing curvatures, in Differential Geometry (Proc. Sympos. Pure Math.,
Vol. XXVII, Part 2, Stanford Univ., Stanford, Calif., 1973), Proc. Sympos. Pure Math., Vol. 27, Part 2,
American Mathematical Society, Providence, RI, 1975, 309-319.

[28] Lee D.A., Neves A., The Penrose inequality for asymptotically locally hyperbolic spaces with nonpositive
mass, Comm. Math. Phys. 339 (2015), 327-352, arXiv:1310.3002.

[29] Lesourd M., Unger R., Yau S.-T., The positive mass theorem with arbitrary ends, arXiv:2103.02744.

[30] Min-Oo M., Scalar curvature rigidity of asymptotically hyperbolic spin manifolds, Math. Ann. 285 (1989),
527-539.

[31] Rotman J.J., An introduction to the theory of groups, 4th ed., Grad. Texts in Math., Vol. 148, Springer,
New York, 1995.

[32] Schoen R., Yau S.-T., Lectures on differential geometry, Conf. Proc. Lecture Notes Geom. Topology, Vol. 1,
International Press, Cambridge, MA, 1994.

[33] Shi W.-X., Deforming the metric on complete Riemannian manifolds, J. Differential Geom. 30 (1989),
223-301.

[34] Shi Y., Wang W., Wei G., Total mean curvature of the boundary and nonnegative scalar curvature fill-ins,
J. Reine Angew. Math. 784 (2022), 215-250, arXiv:2007.06756.

[35] Wang J., Contractible 3-manifold and positive scalar curvature, Ph.D. Thesis, Université Grenoble Alpes,
2019, available at https://theses.hal.science/tel-02953229.

[36] Yau S.-T., Geometry of three manifolds and existence of black hole due to boundary effect, Adv. Theor.
Math. Phys. 5 (2001), 755767, arXiv:math/0109053.

[37] Zhou X., Zhu J.J., Existence of hypersurfaces with prescribed mean curvature I — generic min-max, Camb.
J. Math. 8 (2020), 311-362, arXiv:1808.03527.

[38] Zhu J., Rigidity results for complete manifolds with nonnegative scalar curvature, arXiv:2008.07028.

[39] Zhu J., Width estimate and doubly warped product, Trans. Amer. Math. Soc. 374 (2021), 1497-1511,
arXiv:2003.01315.

[40] Zhu J., Positive mass theorem with arbitrary ends and its application, Int. Math. Res. Not. 2023 (2023),

9880-9900, arXiv:2204.05491.


https://doi.org/10.1090/surv/144
https://doi.org/10.1090/gsm/077
https://doi.org/10.1088/1361-6382/ac1fd1
https://arxiv.org/abs/2107.05603
https://doi.org/10.1088/1361-6382/aabed1
https://arxiv.org/abs/1801.03442
https://doi.org/10.1215/S0012-7094-92-06723-8
https://doi.org/10.1007/s10107-010-0354-x
https://doi.org/10.1007/s00039-018-0453-z
https://arxiv.org/abs/1710.04655
https://arxiv.org/abs/1811.04311
https://doi.org/10.1007/10.1142/9789811273223_000
https://arxiv.org/abs/1908.10612
https://doi.org/10.1007/BF02953774
https://doi.org/10.2140/pjm.2023.323.89
https://arxiv.org/abs/2205.08428
https://doi.org/10.1090/tran/8755
https://arxiv.org/abs/2108.12887
https://doi.org/10.1007/s00220-015-2421-x
https://arxiv.org/abs/1310.3002
https://arxiv.org/abs/2103.02744
https://doi.org/10.1007/BF01452046
https://doi.org/10.1007/978-1-4612-4176-8
https://doi.org/10.4310/jdg/1214443292
https://doi.org/10.1515/crelle-2021-0072
https://arxiv.org/abs/2007.06756
https://theses.hal.science/tel-02953229
https://doi.org/10.4310/ATMP.2001.v5.n4.a4
https://doi.org/10.4310/ATMP.2001.v5.n4.a4
https://arxiv.org/abs/math/0109053
https://doi.org/10.4310/CJM.2020.v8.n2.a2
https://doi.org/10.4310/CJM.2020.v8.n2.a2
https://arxiv.org/abs/1808.03527
https://arxiv.org/abs/2008.07028
https://doi.org/10.1090/tran/8263
https://arxiv.org/abs/2003.01315
https://doi.org/10.1093/imrn/rnac117
https://arxiv.org/abs/2204.05491

	1 Introduction
	2 Non-rigidity of H^n/Z^(n-2)
	2.1 First preliminary construction
	2.2 Second preliminary construction
	2.3 The gluing step
	2.4 Further remarks
	2.4.1 Surgery applied to H^n/Z^(n-1)
	2.4.2 A note on topology


	3 ALH manifolds, mass and deformations
	3.1 ALH manifolds and mass
	3.2 NRF deformations
	3.3 Conformal deformations

	4 Two rigidity results
	5 Two splitting results of `cuspidal-boundary' type
	5.1 Specification of mu_k and E_k
	5.2 mu_k-bubbles in E_k
	5.3 Convergence of Sigma_k

	A mu-bubbles
	B Topological lemmas
	References

