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Abstract. We propose a definition by generators and relations of the rank n — 2 Askey—
Wilson algebra ato(n) for any integer n, generalising the known presentation for the usual
case n = 3. The generators are indexed by connected subsets of {1,...,n} and the simple
and rather small set of defining relations is directly inspired from the known case of n = 3.
Our first main result is to prove the existence of automorphisms of aw(n) satisfying the
relations of the braid group on n+ 1 strands. We also show the existence of coproduct maps
relating the algebras for different values of n. An immediate consequence of our approach
is that the Askey—Wilson algebra defined here surjects onto the algebra generated by the
intermediate Casimir elements in the n-fold tensor product of the quantum group U,(sl2)
or, equivalently, onto the Kauffman bracket skein algebra of the (n + 1)-punctured sphere.
We also obtain a family of central elements of the Askey—Wilson algebras which are shown,
as a direct by-product of our construction, to be sent to 0 in the realisation in the n-fold
tensor product of U,(slz), thereby producing a large number of relations for the algebra
generated by the intermediate Casimir elements.
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1 Introduction

The (usual) Askey—Wilson algebra, denoted in this paper ato(3), originally appeared in [31] to
provide an algebraic underpinning for the eponym polynomials. Indeed, these polynomials are
solutions of a bispectral problem, i.e., they satisfy a recurrence and a difference relation. By
identifying the algebraic relations the recurrence operator and the difference operator obey, the
relations of atw(3) have been discovered. Another occurrence of this algebra appears in the Racah
problem which consists in studying the different recouplings of three irreducible representations
of Ug(slp). This leads to an algebraic interpretation of the 6j-symbols of U,(slz), that appears
to be intimately linked to the Askey—Wilson polynomials [16, 17]. This is based on the fact that
the intermediate Casimir elements of Uy (sl3)®3 verify the Askey—Wilson relations of ato(3) [21].
This led to a new point of view on the centralisers of Uy(slz) in tensor products of any three
possibly different spin representations [8, 9]. The Askey—Wilson algebras have subsequently
found applications in different contexts as association schemes [1, 25, 28], Leonard pairs [29],
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Kauffman bracket skein algebras [3] and symmetry of physical models [14, 23, 26]. In addition
of that, the representation theory has been studied in [20]. For more details about the Askey—
Wilson algebra ar(3), we refer to the review [4].

The incarnation of the Askey-Wilson algebra aro(3) related to U,(sl2)®3 offers a natural
path to a generalisation by considering U,(sl2)®™ instead. This path has been already used in
different contexts, for example identifying the intermediate Casimir operators as symmetries of
quantum g-deformed Calogero—Gaudin superintegrable system [13]. Similarly, the incarnation
related to the Kauffman bracket skein algebra of the sphere with 4 punctures naturally suggests
to increase the number of punctures to n + 1. Fortunately, this was proved recently [3] that
the subalgebra of U, (sl2)®™ generated by the intermediate Casimir elements and the Kauffman
bracket skein algebra of the sphere with n 4 1 punctures are isomorphic, so that these two ways
of generalisation actually coincide. Following the terminology of [4], we call the resulting algebra
the “special Askey—Wilson algebra” and denote it saw(n).

We emphasize that for n = 3, the Askey—Wilson algebra aro(3) and the special Askey—
Wilson algebra sato(3) are different. The algebra atv(3) has a simple definition in terms of
g-commutation relations for 3 generators, resulting in an algebra with a polynomial PBW basis,
while the algebra saw(3) is obtained by further quotienting out by a certain central element,
which looks slightly complicated. So this should come as no surprise that the problem of finding
an explicit algebraic description of saw(n), for any n, by generators and relations seems quite
difficult. We refer to the appendix in [3] for the case n = 4.

Due to the importance of at(3), different attempts to generalise its definition appeared
previously for n = 4 [19, 27| or for any n [10, 11, 12] but a complete set of relations had not been
provided. The point of view in the paper is that it would be interesting to have an Askey—Wilson
algebra aw(n), which would be a genuine generalisation of aro(3), and which would have the
special algebra saw(n) as a quotient. This would provide the complete analogue for any n of the
general picture for n = 3. This would also provide the quantum analogue of the ¢ = 1 classical
case, where we have the higher-rank Racah algebras defined in terms of simple commutation
relations, which admit as a (rather complicated) quotient the special Racah algebras describing
the diagonal centraliser in U(sl2)®", see [6]. To be interesting, the algebra atw(n) should have
a rather simple and natural definition, and should enjoy natural properties. It could be then
considered in particular as an intermediary step, interesting in its own as is at(3), towards the
description of sato(n).

In this paper, we provide a definition of the algebra aw(n) in terms of generators and relations
satisfying the above requirements, see Definition 2.4. It possesses % generators, n + 1 of
them being central. One property of the algebras atwo(n), which is our first main result, is the
existence of coproduct maps relating atw(n) to aro(n + 1), and of a group of automorphisms, for
each aw(n), satisfying the relations of the braid group on n + 1 strands. The construction of
the automorphisms is done in two steps. First, we construct maps satisfying the relations of the
braid group on n strands. These maps mimic at the level of aw(n) the natural coproduct maps
and conjugation maps by the R-matrix in Ug(sl2)®". They also have natural interpretations
in the Kauffman bracket skein algebra. We indicate that an action of the braid group on 3
strands by automorphisms of aw(3) was obtained in [28]. The connection with the R-matrix
of Uy(slz) was provided in [7]. We also show that, as for n = 3 in [28], the realisation of the
braid group on n strands as automorphisms actually factors through its quotient by the centre
for any n. Second, we note that we have a larger group of automorphisms since we supplement
the braid group on n strands with another generator realising the braid group on n + 1 strands.
This additional generator has a natural interpretation in the skein algebra (since there are n+ 1
punctures) and seems to be new already for n = 3.

We find it remarkable that the algebra aw(n) with its relatively simple presentation is able to
retain the properties of having coproduct maps and braid group automorphisms, which may seem
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to be intrinsic properties of the quotients saw(n) realised in Uy(sl2)®™. In fact, our conceptual
guiding principle for deciding how many and which relations to put in the definition of aw(n)
was the following: we put the minimal set of relations ensuring the existence of these coproduct
maps and automorphisms (and of course such that aw(3) is the known usual Askey—Wilson
algebra). This approach via this kind of universal property turns out to be quite fruitful since,
first, it results in a natural presentation of arw(n) and second it allows us to collect easily several
interesting consequences, as we discuss now.

First of all, the automorphisms and the coproduct maps allow to obtain directly many rela-
tions satisfied in ar(n) as consequences of the defining relations. We recover thus many relations
calculated for example in [3, 12, 27]. Secondly, this approach allows us to obtain without any
calculation that the algebra aw(n) indeed surjects onto the algebra in Uy(slz)®" generated by
the intermediate Casimir elements, or equivalently onto the Kauffman bracket skein algebra of
the (n + 1)-punctured sphere.

Then in a second part of the paper, we turn to more involved consequences of the defining
relations of ato(n), namely, the existence of a large family of central elements. Here also the
coproduct maps and the automorphisms are put to full use. Indeed, we start with the known
central element of aw(3) (the one which is sent to 0 in the special quotient realized in Ug(slz)®?),
and we obtain a family of central elements in ato(n) by applying as much as we can the coproduct
maps and the automorphisms. We are able to describe a minimal spanning set for this family of
central elements, indexed by subsets of {1,...,n}. On this family of central elements, the action
of the n-strands braid group automorphisms is shown to be realised simply via the permutation
action of the symmetric group on n letters. Again, as an immediate consequence of the approach
advocated here, we have that all these central elements become 0 in Ug(sly)®™. Therefore, we
get many relations satisfied by the quotient sarw(n). However, it remains an open question to
decide if putting all these central elements to 0 is enough to get a presentation of saw(n). It is
actually an open question whether sat(n) is a quotient of atw(n) by a central ideal. Comparing
with the appendix of [3], we were able to check this latter property only for n = 4, but we still
do not know whether our family of central elements generate the ideal.

Other open questions also remain mainly about the uses of the higher rank Askey—Wilson
algebra. For example, a quotient of ato(n) should describe the centralisers of U, (sl2) in tensor
products of any n possibly different spin representations, generalising the results of [8, 9] obtained
for n = 3. Further, the connection with the multivariate Askey—Wilson polynomials [15, 18, 22]
should be very fruitful. Indeed, the study of the representations of the algebra aw(n) provides
the bispectrality operators of these polynomials, generalising to the g-deformed case the known
connections between the multivariate Racah polynomials and the higher-rank Racah algebras [5].
Finally, we performed some computer aided proofs, see for instance Proposition 5.2: a conceptual
proof of it would be nice to achieve.

Organisation. We give the notations and the definition of the algebra ato(n) in Section 2
and we prove many consequences of the defining relations. The description of the group of
automorphisms realising the braid group is in Section 3 and the technical part of the proof is
postponed to Appendix A. Section 4 deals with the coproduct maps and their relations with
the automorphisms of the previous section. The central elements of atwv(n) and their properties
are given in Section 5. The connections with U, (sly)®" and with the skein algebra are given in
Section 6 while the links with the higher rank Racah algebra are found in Section 7.

2 The Askey—Wilson algebra at(n)

In this section, we give a definition of ato(n) by generators and relations and draw some conse-
quences of this definition. The algebra ato(n) considered here is over C(g) for an indeterminate g.
It is also defined over C if we take ¢ a non-zero complex number such that ¢? # 1.
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2.1 Definition
Let us define some notations and terminology on sets and subsets:

e For two subsets I,J C {1,...,n}, we say that I < J if all elements of I are strictly smaller
than all elements of J.

e A non-empty subset I C {1,...,n} is connected if it consists in a subset of consecutive
integers.
e Two disjoint connected subsets I, J C {1,...,n} are adjacent if their union is connected.

e A hole H between two disjoint connected subsets I; and I consists in the connected subset
between I; and . Visually, we have

In this picture, and in all the similar pictures below, the integers (drawn as e’s) are ordered
either from left to right or from right to left (depending on the respective positions of I;
and I in the natural order). So such a picture does not mean that [; < I, it means
that I, H, I are adjacent connected subsets.

e A sequence (Iy,...,Ix) of non-empty connected subsets of {1,...,n} is said monotonic if
either [ < b <---<Ipor Iy >1Iy > > 1I.

By direct computation, we can show the following relations, called g-Jacobi relations:

[14,B),,C], - [4,[B.C),], = (q_lql)Q[B, c, All, (2.1a)
-1
[Av [Cv B]Q]q B [C’ [Av B](I]q = Ztg_l “A7 C]a B]q% (2'1b)
[A,[B, Clg] + [C,[A, Blg] + [B,[C, ] =0, (2.1c)
where the g-commutator is defined by
A, B], = _1q_1 (¢AB — ¢"'BA) = [B, Al,1, (2.2)

and [A, B] = AB — BA is the usual commutator. Of particular interest is the case when A
and C' commute. In this case, the right-hand sides of (2.1a) and (2.1b) vanish and we have

[A,C], = AC,  [A,BC],=[A,B,C, [A CBl,=CIA, B,

that we will use without mentioning.
In the following, we consider the elements C; indexed by all the connected subsets I C
{1,...,n}. By convention, we set

Cp:=1. (2.3)

A notation for C; forgetting the accolades for a set will be used: if I = {i,i+1,...,j}, Ciit1.j
stands for C7.

Example 2.1. For n = 3, the elements C are C1, Co, C3, Ci2, Co3, Cio3 and, for n = 4, they
are C1, Ca, C3, C4, C12, Co3, C34, C123, C234, C1234.

If a connected subset I is written as the disjoint union of two connected subsets I; and I,
then Cr, 1, and Cr,;, mean C7.
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Example 2.2. If [} = {1} and I = {2, 3}, the notations C, 1, and Cr,7, both mean Cja3.

We also want to define elements Cr, 7, with a hole between I; and I5. Let us consider I1, I
two non-empty and disjoint connected subsets of {1,...,n} with a non-empty hole H between
them. Visually, we have

where the integers 1,...,n, (drawn as e’s) are ordered either from left to right or from right to
left (depending on the respective positions of I; and I in the natural order). The element Cr, 7,
is defined by

Cnn = —[Chu,Cunlq+CrCL + CuCrur,. (2.4)

Sometimes a “,” in C7, 1, is inserted for clarity.

Example 2.3. As an illustration, we have
C13 1= —[C12, Ca3]q + C1C3 + C2C123, Ca36 := —[Ca345, Cu56]q + C23C6 + Cu5C23456-

For n = 4, the relation (2.4) defines the elements Ci3, Cs1, Cog, Cya, Ci4, Ca1, 012,4, 04712,
C1 34, C34.1.

We are ready to give a definition of the algebra ar(n) by generators and relations, using the
notations introduced above.

Definition 2.4. The algebra aw(n) is the unital associative algebra generated by the ele-
ments Cf, where I is any non-empty connected subset of {1,...,n}, satisfying the following
relations:

e for any two connected subsets I and J,

[C],CJ]:O ifINJ=gorlCJ; (2.5)

e for any monotonic sequence of three adjacent non-empty connected subsets (I1, I2, I3),
Cnp, = _[012137 01113](1 +Cr,Cr, + CI3CI112137 (2'6>

where Cf, 1, is defined by (2.4);

e for any monotonic sequence of four adjacent non-empty connected subsets (11, I2, I3, I4),
Cni = *[01113’ 01314]4 +CnCrL + Cr,CnL 114 (2'7)
where Cr, 15, Cr,1, and Cy, 1,1, are defined by (2.4).

Note that in aw(n), the element Cp,,, obtained from (2.4), is in general different from Cf, 1.
However, it is obtained by simply replacing ¢ by ¢~! in Cy, 1,:

Crn = —[Cru,Cunlg1 + CrCr + CuCrum,.

We have used that, from our notations, we get Cr, g = Cp, and other similar equalities implying
adjacent subsets.
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Lemma 2.5. Let (11, H, I2) be any sequence of monotonic adjacent connected subsets. In aw(n),
the elements Cr,1, and Cr,1, are connected as follows:

-1

q
q—+ q‘lC[lIQ + ‘q P Crn = —CuonCrr + Cr,Cr, + CuCr ar,, (2.8a)
-1
q
WC’MQ + WCIQII =—-CnuCrr, +Cr,Cr, + CaCrur,. (2.8b)
Proof. Replace Cr, 1, and Cp,1, by their definition to get the results. |

Example 2.6. For n = 3, the Askey—Wilson algebra aro(3) is generated by C1, Ca, C3, C12, Ca3
and Ci23. Relation (2.5) proves that Cy, C, C3 and Ci23 are central. The defining relations (2.4)
lead to

Ci3 := —[C12,C3)q + C1C3 + C2C123. (2.9)
The relations (2.7) do not exist for n = 3. The ones given by (2.6) with the subsets (1,2, 3)
or (3,2,1) read

Cie = —[ng, Clg]q +C1Cs + C'?;C1237 (2'10)

C23 = —[Clg, C3l]q + 0203 + C'10123- (2'11>

Using the definition (2.4) of C3; and the g-Jacobi relation (2.1a), one proves that (2.11) can be
replaced by

023 = —[013, Clz]q + 0203 + 010123- (2'12)

Relations (2.9), (2.10) and (2.12) are the usual defining relations of the Askey—Wilson alge-
bra aw(3) [31] (see also [4]). Let us remark that there may be a change of normalisation for
the generators used here and the ones used in the previous literature. For example, there is the
change

Cr

C[—)
qg+q

—1 9y
to compare with [4, 12] or C; — —C7 to compare with [27]. The normalisation of this paper is
chosen so that we have (2.3): Cz = 1. Let us also point out that there is an unusual denominator
in the definition (2.2) of the g-commutator.
2.2 Properties
It is easily shown from (2.5) that
Ciy, 1=1,2,...,n, Cia_, are central in aro(n).

There are also other relations implied by Definition 2.4.

Lemma 2.7. In the algebra aro(n), the following relations are also satisfied:

e for any monotonic sequence of four adjacent non-empty connected subsets (I, I, I3, 14),
the following commutations hold:

[011[2,011[2]4] =0, [011[2,014[2[1] =0, (2.13a)
Cr1,Crin] =0, [CL14, Crisn] = 0,

Ch115,Cri) =0, [Ch1,15,Cr31,] = 0,

Cr1n,CnLy] =0, (CLisn, Crnn) =0,

Cr,1;,Cr1n) =0, Cr5,Crnl =0;
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e for any monotonic sequence of three adjacent non-empty connected subsets (11, I, I3),

01112 = _[012137 CIIIS]Q + 011012 + 0130111213’ (2.14&)
01213 = _[01113’ Ch[z]q + 012013 + 011011[2137 (214b)
01113 = _[011[2’ CIQIB]Q + 011013 + 0120111213; (2'14C)

e for any monotonic sequence of four adjacent non-empty connected subsets (I, I, I3, 1),

Crn = —[Cni,, 012[4]q +Cr,Cr +CLCL LI, (2.15a)
Crn, = —[011[4, 011[2]q +CrL,Cr, +Cr,CrL L1, (2.15b)
Cni, = —[012[4, C[1[4]q +CLCL +CrCrLL1L, (2.15(3)
Cni,=—[Cnis:Cranlg + Cr,Cr + Cr,CrL 11,5 (2.16a)
Cni; = —Cri.Crnlg+ CrnCr + Cr,.Cr 1,1, (2.16Db)
Cri, = -Cn1, 011[3]q +CLCrL +Cr,Cr,1,, (2.16¢)
Cnin =—Cun,Chinle+ CrnCrnn + CLCniil,, (2.17a)
Cri, = —[01213[4, 011[2]4]q +CLCL +CrLn,CrLLs1,, (2.17b)
Chin =—Crin, Cunle+ Crlhi, + CrCr L, (2.17c)
Crnnn = —[Cnnn, Cunle+ Cr,Cnrn + CLCrL L1, (2.18a)
Curn =—CniCrile+ CnCL + CrnnCriisn,, (2.18b)
Cnoi =—CLn,Crinle+ CnChnn + Cr,Cris1,, (2.18c)
Crnn = —[CLn, Cninle + CrCnn + Crn,Crn L1, (2.19a)
Crnnn = —[Cnnn, Cnile+ CrnnCrn + CLCLL 1L, (2.19b)
Cr = —[Cnhin, Cnnule + Cnln + CnnCrn - (2.19¢)

Proof. To prove the relations in (2.13), replace the elements with one hole using (2.4) and
remark that all the generators appearing commute with the term without any hole using (2.5).

Relation (2.14a) is the relation (2.6) in the Definition 2.4. To prove relation (2.14b), we follow
the same steps as in Example 2.6. Relation (2.14c) is just (2.4).

Relation (2.16a) is just a copy of (2.7). To prove (2.15a), we evaluate the g-commutator by
replacing Cr,1, by its defining formula (2.4). Then we use the g-Jacobi relations (2.1a) and the
relation (2.5).

The other relations are proven similarly: (2.16b) is obtained expressing Cr,1, by (2.15a)
in the g-commutator [Cy,1,, Cr,1,]4, while (2.15b) is deduced from (2.7) and (2.17a) is deduced
from (2.15b) (With (Il, Iy, I3, I4) — (14, I3, I, Il)), and (2.18&) from (2.16b) (With (Il, 1o, I3, I4) —
(14, 13,12, 17)). Relations (2.17b), (2.18b), (2.19a) and (2.19b) are deduced from (2.4).

To prove (2.19¢) (resp. (2.16¢), (2.15¢), (2.17¢), (2.18c)), we use the definition (2.4) of Cr, 1,1,
(resp. Cn 1, Cro14, Cra1,5 Cru1,), the g-Jacobi relation and the relations just proven. [

Remark 2.8. In Lemma 2.7, the relations are organized in clusters of three. These clusters
correspond to three equations defining a ato(3) algebra.

Lemma 2.9. In aw(n), the following relations between commutators hold, for any monotonic
sequence of four adjacent non-empty connected subsets (11, I2, I3, 1),

[01112’ C’1213] 0111214’ 0121314] + [013147 01114]7 (2'20)
[C12137 C1314] 0111213’ 0111314] + [01114’ 01112]7 (2'21)
[011[270121314] = [011]214701213] + [011[213301214]7 (222)

= |
= |
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[013147 C111[213] = [01113147 01213] + [01213[47 011]3]7 (223)

[01112137 0121314] = [Chfzv CI2I4] + [01311701314]7 (2'24)
and

[011[37 C11[214] = [01113[47 01112] + [011[2137 011[4]7 (225)

[012147 0111314] = [01112147 01314] + [01213147 01114]7 (2'26)

[011147 C[3]1] = [012137 01214] + [C11]2147 011]213]- (227)

Proof. We first prove relation (2.20). Relations (2.21)-(2.24) follow the same steps. We use
the relation

-1

[A7 B] = Z_T_Z_l ([AvB]q - [BﬂA]Q)7 (2'28)

to split each commutator in (2.20), and simplify the global factor g;g_l. Then, the left-hand

side of (2.20) leads to —Cf, 1, + Cr,1, . For the right-hand side, using (2.17b) and (2.16b), we get

r.hs. = [Chfzfzu 0121314]!1 + C’1311 - C111013 - C’1214611121314 - 01113 + CI1CI3
+ 0140111314 - [CHLU CI3I4]q'

Now using (2.4) for Cr,1,1,, the g-Jacobi identity, one obtains

r.hs. = [_[0111213’ 0121314](17 01314]q + 014 [011127 0121314]q + 0130111213140121314 + 013[1

- 01214011121314 - 01113 + 0146111314 - [01114’ C’1314](1'

Finally, using (2.4) again for [Cr 1,15, Cro1514)q and [Cr, 15, Cry151,]q, We obtain r.hs. = Cpp, —
C1, 15, which proves (2.20).
Using (2.28) and (2.6), relation (2.25) is equivalent to

[Cri: Crnle — [Chnn: Cnile
= 01201314 - 01401213 - [011127 0111314](] + [01112137 01114]11'

Then, we replace the first Cr, 1,1, and the second Cf, 1, by their definition (2.4), Cr, 1,1, by (2.19b)
and Cr,1, by (2.7). After some manipulations, we get

CIS([C11[27 01114]q - [Chlesa 0111314]q + 01113011121314 - 0110111214) =0.

This last relation is proven replacing C, 1, and Cy, 1,1, by their definition (2.4) that proves (2.25).
Relations (2.26) and (2.27) are proven similarly. [ |

In the following lemma, non-trivial commuting relations between elements of ato(n) are pro-
vided.

Lemma 2.10. In the algebra aro(n), the following relations are also satisfied for any monotonic
sequence of four adjacent non-empty connected subsets (11, I2, I3, 1),

Ch15,Crn] =0, (2.29a)
[01113147 01113] =0 [011[2147 01214] - 07 (229b)
[01113147 01114] = 07 [01112[47 011[4] =0. (2.29(3)
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Proof. To prove (2.29a), we use (2.4) to express Cr,1, to get

[011137 01412] = [011137 _[013147 01213]11 + 0130121314]
= [013147 [szfsv Cflfs}q] + [012[37 [011137 01314]11] + szs [Chlzsv C121314]7

where we used the g-Jacobi identity (2.1c) in the second step. Then, the above g-commutators
are expressed using (2.6) and (2.7). Finally, (2.23) (multiplied by C7,) ends the proof of (2.29a).

The expression of Cr, 1,1, (resp. of Crr,1,) given by (2.18a) (resp. by (2.17a)) now con-
tains only elements commuting with C7, 7, (resp. Cr,1,) which shows that relations (2.29b) hold.
Relations (2.29¢) are proven similarly using relations (2.15a) and (2.7). [

A relation [C,1,,CrL1,] = 0, as proven in the lemma, appeared already in the realisation
studied in [27]. Let us also emphasize that [Cr, 1, Cr,1,], [Cr, 15, Crs1, ] # 0. Nevertheless, these
commutators have nice expressions.

Lemma 2.11. For any monotonic sequence of four adjacent non-empty connected subsets (11, I,
I3, 14), one gets

W =Chi, — Chip, — Cri(CrCr + CLCL 1)
+Cnn(CrLCL + CrlhL), (2.30)

W =CLCLCnLL, + CrCLCLL, — CLCLCHLL, — CLCLCLI, — CLi,ClLi,
+ CrCni,- (2.31)

Proof. To prove (2.30), let replace Cr,y, by its definition and express the (¢-)commutators to
obtain

[01113’ 01311] = - [Chlsa [C1213701112]Q]

1 _
= - q — q_l (qCI1130121301112 - q 101113011[2C1213 - qCIQI3C11[QC[1]3

+¢'Cr,0LLCLI)-

Then, in the four elements of the above sum, we move Cf, 7, in the middle of the products
using (2.14a) or (2.14b) to get (2.30).
Replace Cp,, in the right-hand side of (2.31) by using (2.8) to get
1
r.hs. = g [Criy, —a*Crt, + (€ +1)(—Cr1,CLp + Cr,ClL + C,CLis1,)]

_ q

q—1/q
We have used in the second line the result of Lemma 2.10. By using the commutation relations
to move Cp 1, in the middle of the two first elements of the sum and (2.23) to replace the
commutator, one gets the results (2.31). |

(—CnCLuChLi; + CruCrLiCrLi; + Cr(Chis, Crs1i])-

Remark 2.12. Lemma 2.7 allows us to give an alternative definition of aw(n), where the
defining relations (2.6) and (2.7) are replaced by

0111214 = *[012137 0111314]11 + C’1201114 + 0130111213147 ifh =gor H=a, (2.32&)
0111314 = _[01112147 CIZIS]Q + CI1I4013 + 0120111213147 itH=0gorl=4a, (2'32b)
01213 = _[01113[4’ 0111214]11 + CISC12 + 01114011[213147 flhhy=gorh =0 (2'32C)
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for any monotonic sequence of five adjacent connected subsets (I1, I2, H, I3, I4), represented by
the picture

.0 ... 00 .. @

o . ....0 ey
I I H I3 Iy

o ...,0 0 oo ...

Indeed, when H = &, the four sets Iy, I, I3, I; become adjacent: (2.32a) and (2.32b) are
equivalent to (2.19a) and (2.19b). For the other cases, one needs a relabeling of the sets:
for 1 = @, (IQ,H,I3,I4) — (Il,IQ,Ig,Ll) and for I} = &, ([1,[2,H,[3) — (11712,13714).
Then, (2.32a) for I) = @, (2.32b) for Iy = @, (2.32¢) for I = @, (2.32¢) for Iy = @ are
equivalent to (2.16a), (2.15a), (2.16b), (2.15b), respectively.

This set of relations already appeared in [12] as relations satisfied by the intermediate Casimir
elements of Ugy(slp)®" and in [3] to describe the relations of the Skein algebra Skq(Xon11).

2.3 Definition of elements Cfy, . r,

In this section, we show how to define unambiguously elements C,  , in ato(n), for any mono-
tonic sequence (I1,...,I)) of non-empty connected subsets of {1,...,n}. We suppose that the
holes between I; and I, denoted by Hj, are non empty. Visually, we have

We define Cf, 1,...1, recursively on k.
The case k = 2 (a single hole) was already dealt with in (2.4). For k > 2 arbitrary, we choose
a hole, that is we choose a € {1,...,k — 1} and we set

Ch..1, = —[Creot,, Coro0)q + Cro,Crey + CH,Cloy Ho I o (2.33)

where I<, and I, respectively mean I ...I, and 41 ... I;. All subsets involved in the right-
hand side have strictly less than k& — 1 holes, so that the corresponding elements are already
defined in a preceding step of the recursion. From this definition, one sees that C7y,. 7, is of
degree k in the generators. One sees also by an easy recursion that

— (up
CIIWII@ — Clk...ll'

To calculate completely C7, s, in terms of the generators, we have to use (2.33) k—1 times using
successively all holes of the sequence. The following lemma shows that the resulting element
does not depend on the order with which the holes are selected.

Lemma 2.13. Let k > 2, (I1,...,I) be a monotonic sequence of non-empty connected subsets
of {1,...,n} with non-empty holes between I; and Ij;q.
1. The definition (2.33) of Cr,..1, is independent of the choice of a € {1,..., k—1}.

2. Let I = 1 U---UIx_q1 and J be a connected set in {1,...,n}. IfINJ =& orJ C I
or I C J, then we have [Cr, 1,_,,Cs] =0.

3. Let 1 <p<k—1, one gets

Chy..1,,Clypy..1] = 0. (2.34)

Proof. We prove the three properties simultaneously by a recursion on k. If k = 2, item (1) is
obvious, while for items (2) and (3), there is no element with hole and they are implied by the
defining relations (2.5).
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Let k > 2 and suppose that the lemma is true for ¥’ < k. Consider the sequence (11, I, ..., It).
Take two holes H, and H,11 of the sequence. We will show that using H, or H,;1, (2.33)
provides the same element. To lighten the presentation, we introduce the following notations:

I=1...1,, H=H, J=I1, H =Hy, K=Ipo.. I
Relation (2.33) with the hole H = H, gives

Cﬁl)fk = —[Cru,Cuiklq + C1Cix + CuCruk,

to be compared with
C§f+2 = —[Cria,Cruklq + C1sCk + Crp Crymk, (2.35)

obtained from relation (2.33) with the hole H' = H,1.
Using (2.33) for Cyji with the hole H' (and the recurrence hypothesis), one gets

C}?)Ik = [Cr1,[Chsm Crrkle — CasCr — CH'CHJH'K]q +Cr1Crx +CuCruyk. (2.36)
From (2.34) and the recursion hypothesis, one gets the following commutation relations
(Ciu,Ck] = [Crn,Cw] = [Cr,Crk]| = [Ch, Crk] = [Cra, Crrx] = 0.

Using the ¢g-Jacobi identity and the above commutation relations, (2.36) becomes

CS)I,C = [[Cra. Crnrles C'H'K]]q —[Cra,Cr1leCx — Cu[Crr, Crnklg
+CrCik + CuCrujk.

Then, we use the definition (2.33) for a fewer number of holes to expand all the g-commutators
and we get the right hand side of (2.35). This proves the point (1) for k.

We consider the sequence I = I ...1I;_; and J a connected subset. By recurrence hypothesis,
Cr is defined uniquely by (2.33) independently of a. Choose a such that 1 < a < k — 2.
If INnJ = @, since J is connected, we have either J N H, = & or J C H,. Then, through the
use of (2.33), the commutator [Cr,Cj;] reduces to combinations of commutators [Cx, Cy] with
sequences K of at most £ — 3 holes and obeying either K NJ = @ or J C K. Thus, they vanish
by the recursion hypothesis.

We suppose now that J C I. Since J is connected, then we have either J C I<,, or J C Is,.
In all cases, using (2.33) again leads to commutators that vanish due to the recursion hypothesis.

When I C J, the use of (2.33) again allows to construct C in terms of sequences with less
holes, and to conclude using the recursion hypothesis which finishes the proof of item (2)

Item (3) is proven by expressing Cy,p,..1, and Cp,,,. 1, only in terms of the generators of
ar(n) by recursively using (2.33) and then (2.5). [

Example 2.14. Both following expressions of the element C135 are equivalent:

Ci35 = —[C134, Cus5]q + C13C5 + C4C1345 = —[Ci2, Couslq + C1Cas + CaClas.

3 Braid group action as automorphisms on ato(n)

In this subsection, we define some maps on the generators of atv(n) and show that they extend
to automorphisms of ato(n). Then, we show that they satisfy relations including the defining
relations of the braid group. We emphasize that this defines an action on aw(n) of the braid
group on n + 1 strands.
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3.1 Definition of the maps r;
We start by defining an algebra anti-automorphism which is the identity on the generators:
APy Cr— Cp  for any connected subset 1. (3.1)

To check that -"P is well defined, note first that the commutation relations (2.5) are obviously
preserved. Then the defining relation (2.6) is sent to relation (2.14b) corresponding to (I3, I2, 7).
Similarly the defining relation (2.7) to relation (2.15a) corresponding to (Iy, I3, I, I1).

Note that applying the definition on -"P on the formula (2.4) defining elements Cf, 1,, we find:

C}llplz = Cp,;, for any disjoint connected subsets I, Is.

To prove the above relation, we have used the anti-morphism property of -"P and some commu-
tation relations.

Remark 3.1. Note that there is also an algebra automorphism which is the identity on the
generators and sends ¢ to ¢~!. It also sends Cf, 1, to Cp,1,. The verification is similar as for the
anti-automorphism -"P.

We define maps on the generators of atw(n) extended (keeping the same names) multiplica-
tively on any product of the generators of ato(n) and linearly on any linear combination. We
prove that this indeed results in well-defined automorphisms of ar(n) in Theorem 3.8.

Definition 3.2. Let i € {1,...,n — 1}. The map r; on the generators of aw(n) is defined by
Civ1.k= Cijyo.x  fork>1+1,
rii § Cji—= Cig1i-1..j for j <1, (3.2)
Ci.r—Cj i if {i,i+1} C{4,....,k}tor {i,i+1}n{y,...,k} = 2.
The map 79 on the generators of aro(n) is defined by
Ceir = Cin, 2<j<k<mn,
(O Cr
Finally, for a € {0,1,...,n — 1}, the map 7, on the generators of ato(n) is defined by
7o(Cr) = (1o (Cp))"P for any connected subset I,
where the involution ."P is defined in (3.1).
Let us remark at once that r, and 7, are related by the involution ."P in general, namely,
To(X"P) = (rq(X))"P for any X € aw(n). (3.3)

Indeed, this is true when X = Cf7 is a generator, by definition of 7,, and thus it is also true for
any product of the generators using the antimorphism property of ."P.

Example 3.3. Note that, for i = {1,...,n — 1}, the maps r; and 7; restricted to the central
elements C1,...,C), act as the transposition of C; and C;y; (and they leave the central ele-
ment C] _, invariant). The maps ro and 79 exchange C with C1_, and leave the other C;
invariant.

Here are some examples of the action on non-central generators Cfy:

12(C34) = Caa, r2(Ci2) = 1r2(C21) = C31 and  T2(C34) = Cya, 72(Ch2) = Ci3.
For n = 3, the actions of ry and 7 are
ro(C12) = Cs1, r9(Ca3) = Ca3 and  7o(Ch2) = Ci3, To(Ca3) = Cas.

Note that ro cannot be expressed in terms of r;, 75, i = 1,...,n — 1, since ro(C1) = Cy.__n.
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There exist explicit formulas on arbitrary elements C7. Indeed, even if the image by the
maps 7q, T of an arbitrary element Cy, . is not always another element Cy, . j,,, there is still
an explicit formula.

Proposition 3.4. Let I = (I1,...,I) be a monotonic sequence of connected subsets.
1. Forie{l,...,n— 1}, the maps r;, 7; act on CT as follows:
e IfIN{i,i+ 1} has exactly one element, denoted {a} = I N{i,i+ 1}, then
ri(C1) = —[Cii+1, Ctlg + Cliiv11\{a}C1\{a} + CaClrugiit1} (3.4)
7i(Cr) = —[C1, Ciiv1lg + Cp it {a}Cr\fa} + CaCrugisiv1y-
o IfIN{i,i+ 1} is empty or contains exactly two elements, then
ri(Cr) =7(Cr) = C. (3.6)

2. The maps ro, 7o act on C; as follows:

70(Cr) = —[C2.n, Crlg + Cpa,.np1C1 + Crng2,.. 0} Crony  if1 €1,

7o(Cr) = —[Cr, Ca. nlg + Cpa,. . ap1C1 + Cinga,..}Croms  if 1 E I,

7“0(0]) ZF()(C]) =y, ifl ¢I. (3.7)
Proof. First, note that the formulas for 7., a = 0,1,...,n — 1, follow from the ones for r,,

using (3.3).

Then, we prove the formulas by recursion on k. The case £ = 1 corresponds to a sequence
without hole and the actions (3.4)—(3.7) correspond immediately to the ones of definition 3.2,
using the Definition (2.4) of elements Cf, 1, with one hole.

Now, we take k > 1 and we use the definition (2.33) to write

Cr=-[Cnu,Cunlq+ Cr,Cr, + CuCrur,,

with all elements appearing in the right hand side having fewer than k holes. So we can apply
the induction hypothesis for the action of r;. When {i,i + 1} C I or {i,i + 1} NI = o, the
map 7; acts trivially on each term in the right hand side and the result is immediate. When
{i,i+ 1} NI = {a}, the map r; leaves invariant one term in the g-commutator. In this case,
the calculation to be done is exactly the same as the one detailed in the appendix around

formula (A.1).
The verification for ry follows exactly the same steps and we leave it to the reader. |

Thanks to this proposition, we can relate the action of r,, 7, to a usual commutator.

Corollary 3.5. Let I = (Iy,...,I;) be a monotonic sequence of connected subsets. We have
1

+q .
ri(Cr) —7(Cr) = q — Z_l (Cr, Ci i), ic{l,...,n—1},
_ +q7!
ro(Cr) — To(Cp) = 2 q_l [C1, Ca.. .

Proof. If IN{i,i+1} is empty or contains exactly two elements, then C; ;11 commutes with Cf,
see Lemma 2.13. In this case, we also have r;(C) = 7;(C7) so the formula is checked. Similarly,
if 1 ¢ I, then Cy._,, commutes with C7, again by Lemma 2.13, and we also have ro(C1) = 7(C7).
Otherwise, the formulas follow immediately from
-1

q+4q
[A’ B]q - [B’A]q = q— qil [AvB]7

since, in r4(Cr) and 74(Cr), the right-hand side outside the g-commutators coincide. [
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The actions of r; and 7; on an element C, ., may be simple and give another element Cy, . T
The conditions on ¢ and the sets I; such that this happens are given in the following proposition.

Proposition 3.6. Let I = (I1,...,I) be a monotonic sequence of connected subsets.
1. Letie{l,...,n—1}. The action of r; on Cr, .1, gives the element

e where i+ 1 is replaced by i in Iy ... Iy, if the sequence Iy < --- < Ij is increasing and
contains 1+ 1 and not i. More precisely, if i+ 1 is the smallest element of a subset I,
then

7i(C1) = Cry 1y i TN [i41} Tos 1o I

e where i is replaced by i+ 1 in Iy ... Iy, if the sequence Iy > --- > I}, is decreasing and
contains © and not i + 1. More precisely, if i is the biggest element of a subset Iy,
then

ri(C1) = Crdy it LA} D1 -
2. If the sequence is increasing: I < Iy < --- < Iy, and 1 € I;. We have

10(Chilo..1,) = CHyHy, 1. H1 1

where Hy < --- < Hy, is the sequence of connected subsets complementary to (I,...,Ij)
in {1,...,n}.

Proof. Leti € {1,...,n—1}. We detail the proof of the relation when the sequence I1 < - -- < Ij,
is increasing and contains only ¢+ 1. The proof for the other case is similar and should be carried
at the same time. We make again a recursion on the number of holes. For k = 1, we get the
definition (3.2).
We consider I =1y ...1p_11;... I with k> 1and i+ 1 € I,. We denote I, = I\ {i+ 1}.
We assume first that ¢ > 2, and take H to be the hole between I7 and I5. Since ¢ > 2, H does
not contain the indices 7, i + 1. We write C} as

Cr=-1Cnu,Cun..1,J¢g + Cr,Cr..1, + CuCrHL,...1,. -
Applying r;, we get by linearity
ri(Cr) = =CrLu,7(Cury. .1.)]lq + Cr,7i(Chy..1,.) + Curi(CriH 1,1,

where we have used (3.6) when 7; acts trivially. Since the remaining generators have one hole
less, we can use the recursion hypothesis to get

ri(Cr) = —[CnH, CHIQ...Ig_l,i,IZ,...Ik]q +CnCr 1, yin.. 1, T CuCrun. 1, in..1,-  (3:8)

One recognises in the right-hand side of (3.8) the expression of Cr 1, 1, i1 1.
sty dy k

We consider now the case where ¢ = 1 or £ = 2 and k£ > 2. We start now with a hole H
between I 1 and Ip. By hypothesis H does not contain ¢ nor ¢ + 1 and we can perform
a calculation analogous to the one done above to end the recursion.

Finally, it remains only to consider the case k = ¢ = 2. In this case, we use an induction on
the size of the hole H between I; and Is. We still have i + 1 € Iy and I}, = Iy \ {i + 1}. If the
size is 1, then H = {i} and applying r; on the defining formula for C7,1,, we find

ri(chfz) = _[CiJrl,haCHIQ]q + ChCHIé + Ci+1CI1H127
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which is indeed equal to C, ; ;j thanks to relation (2.17a) with (11, I2, I3, Is) = (I1, {i}, {i + 1},
I}). Then if the size of H is greater than 1, then we denote H' = H \ {i} and we write Cf, 1, as
follows:

Cnn =—Cnu,Cunly+CrCL + CaCru,,
which is relation (2.15a). We can then use the induction hypothesis to apply r; and find
ri(Cnr) = = [Cnm, Cunl, + Cr.Cin + CuCrm,

which is, by (2.33), equal to Cr,.i,1; as it should.
We postpone the proof of the relation for ry to the appendix. |

There are opposite rules for 7;, ¢ = 1,...,n — 1, which are obtained using the relation with
the antiautomorphism "P and read explicitly as:

e if there exists a subset I, whose the smallest element is ¢ + 1 in the decreasing sequence
Iy > oo > I, then 7(Cr) = Cr 1, | 1\ {41} i L1 i

e if there exists a subset I; whose the biggest element is ¢ in the increasing sequence I; <
co < I, then 7(C1) = Cry 1y | 1\ (i} sit 1 Tos 1 I

The rule for 7 is that if the sequence is decreasing: Iy > Iy > -+ > I, and 1 € I,. We have

70(Cn..1,) = Ci,H,_,..H, Hy>

where Hi 1 < .-+ < Hj is the sequence of connected subsets complementary to (I,..., )
in {1,...,n}.
Example 3.7. Let ¢ € {1,...,n — 1}. The rules above can be remembered as follow: r; can

only transform the letter ¢ 4+ 1 into ¢ when the sequence is increasing, and ¢ into ¢ + 1 when the
sequence is decreasing (so that r; always moves a letter, either i or i + 1, to the left, keeping the
sequence monotonic). For example,

r2(C34) = Cou, r2(Cl2) = 12(C21) = Ci1, r2(C35) = Cas, r2(Cs2) = Cs3.

Note that, for example, ro(Cas5) is not another C; (since Co; # Csg, the rule above cannot
apply). Nevertheless, ro(C2s) can be computed through the formula in Proposition 3.4 above.
We have a similar (but reversed) rule for 7;, so that for example,

72(C34) = T2(Caz) = Clag, 72(Ch2) = C13, 72(Cs3) = Cso, 72(Cas) = Css.

Similarly, 72(C52) is not another C; but can be computed through Proposition 3.4 above.

3.2 Action of the braid group by automorphisms

We are now ready to state and prove the main result of this section.

Theorem 3.8. The maps rq, Tq for a=0,1,...,n —1 are automorphisms of aw(n) satisfying:
TqTaq = Taqrq = Id, a=0,1,...,n—1,
TaTa+1Ta = Ta+1TaTa+1, a=0,1,...,n—2,
TaTh = TpTa, a,b=0,1,....,n—1 with |a —b| > 1,

which are the defining relations of the braid group on n + 1 strands.
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Proof. The difficult part of the proof is that the maps r,, 7, are indeed morphisms. The details
of this part are given in appendix. Once this is known, it remains only to verify the relations
stated in the theorem for the maps r,, 7,. Since they are morphisms, it is enough to check the
relations on the generators of aw(n).

The relations r,7, = T4re = Id is an immediate consequence of Proposition 3.6 (which was
proved also for ry in the preceding step, see Appendix A). Using this proposition, it is also
straightforward to check that both sides of the 3-term braid relation gives the same result when
applied on a generator. This is immediate on an element C; with I of size 1, and otherwise we

have, for the non-trivial cases if i € {1,...,n — 2}:
Civo.k = Ciivs .k for k> i+ 3,
Civt.k = Ciit1,i43.k for k > i+ 2,

TiTi41Ts = Tip1 741" . .
Cj..iv1 = Cig2,i115i-1,...,; for j <,

Cj.i—=Citai-1.; for j <i—1.
If ¢ = 1, the non-trivial cases are

Cs.j = Cy jy121 for j > 2,

roriro = rirori: .
{Cl...j = Cp..j+1,2 for j > 2.

Then let a < b with |a—b| > 1. Let I be a connected subset. If I is such that one of the maps 7,
or r, (say 7o) leaves invariant C7, then it is easy to see that r,(Cy) is still invariant by r4, so
that the relation rqry, = ryr, is verified. The only remaining case is when I = {a+1,...,b}. In
this case, it is easy to check, using again Proposition 3.6, that we have

Coat2.b-16+1 ifa >0,

TaTh = TpTa: Ca+1...b — .
Ch..b42,b,1 ifa=0.

Therefore, we have r,r, = 7,7, which is equivalent to r4ry = rp7r. |

3.3 Quotient by the centre of the braid group

At this point, we have an action of the braid group on n+1 strands by automorphisms on aro(n).
This action is not faithful, which means that there are more relations satisfied by the maps r,, 74,
not implied by the relations in Theorem 3.8. To give additional relations, consider the following
elements:

Ng.. p=Ta TafiTa - Th---Tap1Tq =Talatl---Th* . TaTatl Ta for a <b, (3.9)

where the equality between the two expressions is easily obtained using the braid relations. It
is well known [24] that (A, ;)% generates the centre of the braid group generated by 74, ..., 7
as longas b —a > 1.

Proposition 3.9. As automorphisms of ato(n), the maps ro, 71, ..., n—1 Satisfy:
(Ao, n-1)2= (Ao, n2)?= (A1, n1)*=1d
These relations can equivalently be written as:
(Al,...,nfl)2 =1d, o1 ... rlrgrl ety = Id. (3.10)

This allows to express r% i terms of the other automorphisms as:

2 _ - 2 — 2
TG =T1...Tn—9Tp _1Tn-2...71 = (Aa,_ n_1)".

[RAS}
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Proof. Note that all these relations are satisfied on the central elements C1, ..., C,, (1., since
restricted on this stable subset, the automorphisms r, are all involutions.

We first describe explicitly the action of Ay _,—1 on a generator C;. Let I = {i,...,j}
with ¢ < j. We have

At n-1(Ci.j) = Crn_jii1,. n—it1-
To prove this formula, we note first that

Ciy1..j+1 ifj <k,
1. rk(Cig) = Crigr.; fi—1<k<j—1,
CZ] ifk<i—1.

This is easily checked using Proposition 3.6. Now, when applying A;,_,—1 (we use the second
formula for Ay ,—1 in (3.9)) on C;._;, the element C; ; remains invariant until reaching the
string 71 ...r;—1. Then (after acting with the strings ry ...7r;—1 to 71 ...rj_1) it becomes C}._j—_;,
just before reaching the string 71 ...7;. The n — j last strings (from ry...r; to ri...7,—1) send
it to Cp—j+1,...,n—i+1, which is the desired result.

At this point, this makes it clear that (AL,”,n,l)Z is the identity. We move on to calculating
Ay,...n—1. We have, still using Proposition 3.6:

5.

Cnfj“.nfi 1f.7 7£ n,

Ag..n—1(Ci.j) =rn-1...1170A01,. n-1(Ci._5) = o
Chniv1.n ifj=n.

Here also, this makes it clear that (Ao,m,n,l)2 is the identity. At this point, relations (3.10) are
implied using;:

Ag,.n—1="Tp-1---T170A1, . n—1 = A1, n170T1-- - Tn—1-

Finally, we get that Ay . ,—2 squares to the identity from the already obtained relations and

ANo,..n—2 =Tp-1...T1T70A0,..n—1 = Do,...n—1T0T1 - - - Tp—1-

Using that Al,...,n—l = Tp—1.-- 7“1A27.__7n_1 = A27_._7n_17“1 ...Tp—1 and (A17_._7n_1)2 = Id, the
second equality in the expression from ry follows. |

Remark 3.10. Let n = 3 and consider only the automorphisms r1, ro, 71, To. The preceding
proposition implies that these automorphisms give an action of the braid group on 3 strands,
which factors through the quotient by its centre, generated by (rireri)?. For n = 3, this
quotient of the braid group is also called the modular group and is isomorphic to PSLy(Z). This
automorphism group has been already found in [28] for the universal Askey—Wilson algebra, and
moreover in this case the action is faithful meaning that there is no more independent relations
satisfied by the maps rq, 79.

For arbitrary n > 3, considering only the automorphisms r;, 7; with ¢ =1,...,n— 1, we have
an action of the braid group on n strands, which factors through its quotient by its centre, thus
generalising the result of [28] for n = 3. We do not know if the action is faithful for this group.

Remark 3.11. Even for n = 3, we have a new automorphism 7y, which produces an action of
the braid group on 4 strands on ato(3). This action also factors through the quotient by the
centre, here generated by (7’27’17’07"27"17"2)2. We have more relations since r% is expressed in terms
of the other generators. For n = 3, the formula for r% is simply r% =r2.

For any n, adding rg, we have an action of the braid group on n + 1 strands, which also
factors through its quotient by the centre. We also have more relations since 7’8 is expressed in
terms of the other generators. Note that rg is never in the subgroup generated by rq,...,r,_1,

as can be seen from the formula r79(Cy) = Cy. .
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Remark 3.12. It may be clear that we must also have an automorphism r{, which is similar
to rg, but acts on the index n instead of 1. Indeed, we can define the following map:

e Cgiky = Ok 1<j<k<n-—1,
Ciymy—=Cuj-iyn, 1<j<n

This extends to an automorphism and it satisfies ryriry = rirgr; if ¢ = 0 or ¢ = n — 1, and
commutes with the other r;’s. So altogether, the maps r9,71,...,r,—1,7( generate the Artin
braid group associated to the affine Dynkin diagram of type A. However, it is not so useful to
consider this additional automorphism r{, since it can expressed in terms of the others. We have

! —
o =Tnpn—-1...T17071...Tn—1-

This can easily be checked directly on the generators. Note that the braid relations involving r{,
thus follows from the relations in Proposition 3.9.

3.4 Consequences of the automorphisms

From the fact that r; and 7; are automorphisms of aw(n), we can deduce other relations between
the elements of the Askey—Wilson algebra. As stated in the following proposition, relations es-
tablished in the previous lemmas can be generalised to the cases where the sets are not necessarily
adjacent.

Proposition 3.13. For any monotonic sequence of non-empty subsets (11, I, I3,14), the rela-
tions of Lemmas 2.7, 2.9, 2.10 and 2.11 which contain only increasing (resp. decreasing) sequence
also hold in aw(n)

Proof. Let us prove the proposition for an increasing sequence of subsets Iy = {ig,ig+1,...,j¢}
with iy < jp < 4g41. We introduce the subsets I3 = {ig +i4 — jg — 1,...,0q4 — 1}, I, =
{i2+i3+i4—j2—j3—2,...,i3+i74—7j3:2} and I} = {i1+i2+i3—|—i4—j1—j2—j3—3L..,i2+
i3 +i4 — jo — j3 — 3} such that ([y, I, I3, I4) is a sequence of adjacent subsets and #1I, = #I,.
Then, the relations of the lemmas hold for (I, I3, I3, I4). We consider the ones which contain
only increasing sequences (for example, second relation of (2.13a) is excluded). Acting with
the automorphisms 7, iy tigis—ji—jo—ja—4, then ri i, iz yis—ji—jo—js—5 up to 7, we bring the
smallest index of I; to iy (which is the smallest index of I7). Iterating the process, we change
the sequence (I, Iz, I3, I4) to (I, Iz, I3, I4), so that these relations hold also for this sequence.
The remaining relations are established using the just proved ones, and following the proofs of
the lemmas. |

From now one, we use the relations of the lemmas in the general setting of Proposition 3.13
without mentioning it.
4 Coproduct maps on ato(n)

Let a € {0,1,...,n} and 1 < j < k < n. We consider the following map:

Cj.k when k < a,
0ot Cj k> Cj krr1  when j<a<k, (4.1)
Cj+1...k+1 when a < J-

Note that Jg corresponds simply to increase the indices by one. We call the maps J, coproduct
maps. The terminology will be clear when considering the tensor products Ugy(sl3)®"™.
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Proposition 4.1. Leta € {0,1,...,n}. The map 0, defines a morphism of algebras from aro(n)
to aro(n +1).

Proof. Due to the form of the defining relations of atwo(n) involving connected subsets of
{1,...,n}, it is immediate to check that the maps d, preserve them. |

Example 4.2. One gets from the definition: §3(C) = C1, 62(C12) = Cia3, d2(C3) = Cy.

4.1 Relations between the coproduct and the braid group action

Below we give the relations between the coproduct maps and the automorphisms forming the
action of the braid group. They actually reflect the quasi-triangularity of Ug(slz) when the
algebra atv(n) is realised in Uy(sl2)®™, see a later section. However, the realisation of ato(n) in
U, (sl2)®™ is not faithful, and thus it is remarkable that the relations below are already satisfied
in atv(n) before taking the quotient corresponding to its realisation in Ugy(sl3)®"™.

Proposition 4.3. We have the following identities for morphisms from aw(n) to ato(n + 1):

7:0; = 0;; 0; = T;0; fO?”i:(),l,...,n,

0iTi = Tip17i0ir1;  TiTiy10; = 01Ty fori=0,1,...,n—1,

017 = TiTiy10i;  Tig1Ti0ip1 = 0iT fori=0,1,...,n—1,
51'7“]':7"]'51‘; 5ﬁj:?j5i fori=0,1,...,nandj <i-—1,
51'7"]' = T‘jJrl(Si; (Sifj = Fj+15i fori=0,1,...,n and j > 1.

Proof. All the equalities need only to be checked on the generators Cy of ato(n), with I a con-
nected subset of {1,...,n}. All these verifications are straightforward. |

4.2 On the definition of at(n)

We give a more conceptual equivalent definition of the algebra aw(n), which puts forward the
role of the coproduct maps d; and of the automorphisms r;. In the following discussion, we can
and we will ignore the index 0 for the coproduct maps and the automorphisms.

For any n > 1, we consider the algebra at(n) as generated by elements C; with I any
connected subset of {1,...,n}. Let us introduce the natural map:

tn: aro(n) — aw(n + 1),
Cr — Cr (I a connected subset of {1,...,n}),
and recall that we have the coproduct maps d1,...,d, defined in (4.1). We make the following
requirements:

1. For n > 1, the map ¢, and the coproduct maps are morphisms from aw(n) to ato(n + 1).

2. For n > 1, there exist automorphisms 71,...,7,—1 of aw(n), commuting with ¢,, and
satisfying the conditions in Proposition 4.3 (where 71, ...,7,_1 denote the inverses).

3. For n =2, aw(2) is commutative, and the automorphism r; exchanges C; and Cs.

4. Finally, for n = 3, we impose the following formulas for the automorphism 7;:

11(C23) = —[C12, Caslq + C1C3 + C2Cl23,
71(Ca3) = —[Ca3, Ci2]g + C1C3 + C2C123, (4.2)

that is, with our notations, 7“1(023) = (13 and 71 (023) = (4.
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Note that the condition of commuting with ¢,, in the second item simply means that if r;(C7) is
calculated in ar(n), the same result will be true in aw(n') for any n’ > n.
Now let us discuss the meaning of the above requirements step by step:

e When considering Hopf algebras, the first two items encode the quasitriangularity. Namely,
let A be a quasitriangular Hopf algebra and C be any element of A. We can define elements
C7 in A®™ obtained by repeated applications of the coproduct map of A on C. Then the
first two items will be automatically satisfied if we take the subalgebra in A®™ generated
by these elements C;. The maps §; are realised by

A A® o A®MHD)

which is the coproduct A applied in the i*" copy of A. The automorphisms r;, i =
1,...,n — 1, are realised by

Pi: A®n — A®n,

1
X = 71 (R X Ry ),

where R is the R-matrix and 7; ;41 is the flip operation between the it and (i + 1)th
copies of A. Then the relations in Proposition 4.3 becomes direct translations of the
quasitriangularity of A.

e Now the third item will be automatically satisfied if we take for C' a central element of A
(such as for example the Casimir element of a quantum group Uy(g)). This is immediate
to check.

e The final requirement is the only one which is very specific. It comes from a relation which
was shown to be satisfied when C' is the Casimir element of Ug(slz) [7].

The first key point about these requirements is that they completely fix the action of the
automorphisms 7i,...,7r,—1 and their inverses on the generators. This is straightforward to
check, recursively on n, and we will only show how this works for n = 3, leaving the remaining
details for the reader. First, we apply the relations

r151 = 51 and 7‘252 = (52,

on all generators C7, Co, C12. We get that rq leaves invariant Cs, C1a, Ci23 and that ro leaves
invariant Cy, Cos, Ci23. Since we already know that r; exchanges C; and Cs and the action
of r1, 71 on Cas (the last axiom), we are done for 1 and its inverse. Then, we use the relations

(517“1 = 7“27“152 and (527’1 = 7“17’2(51.

This gives the remaining actions of ro and its inverse, namely that ro exchanges Cy and Cs
and 7“2(012) = (31 and ?2(012) = (3.

Then, the second implication of these requirements is that all relations appearing in the
definition of aw(n) are necessary. For n = 3, the commuting relations are easy to obtain from
the commutativity of ato(2) by applying the coproduct maps and some suitable automorphisms.
Then, using the known actions of the automorphisms, we apply 7172 on the first relation in (4.2)
and T2 on the second relation in (4.2), and we recover the usual defining relations of ato(3) as
discussed in Example 2.6. For n > 3, it is straightforward to get all defining relations from those
for n = 3 by repeated applications of coproduct maps and automorphisms.

Since we know from the results in the preceding sections that our definition is also suffi-
cient to satisfy the above requirements, we conclude with the following conceptual view on the
algebras ato(n).
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Proposition 4.4. The defining relations in Definition 2.4 of the algebras aro(n) are necessary
and sufficient to satisfy the above requirements (1) to (4). In other words, the algebras aw(n)
are the largest algebras satisfying these requirements, and for any other sequence of algebras Ay,
satisfying these requirements, we have that A,, is a quotient of ato(n).

5 Casimir elements

In this section, we use the known central element of ato(3) and the machinery of coproducts and
braid group automorphisms to produce a family of central elements of aw(n) for any n.

Let (I1,12,13) be a sequence of subsets such that [; < Is < I3 (not necessarily adjacent)
where each I; is seen as an increasing sequence of connected subsets. We define the following
element of aw(n)

272 —2,12 2,12 2 2 2 2
Crp, +a°CL,+aCf 1, +Cpy, + Cr + O + O
q+qt

- qCIII2 (Ch 012 + 0130111213) - qilcfzfs (012013 + Ch 0111213)

'911,12713 = q011120121301113 +

1

- q01113 (011013 + 0120111213) + (q + q_l)CI1CI2CI3ChIz]3 - q-+ q—l’

(5.1)

called Casimir elements. This name comes from the fact that these elements are central in aro(n)
as shown below. The last term in (5.1) ensures that (27, 7, 7, = 0 whenever at least one of the
subsets I, Iy or I3 is empty.

Note that the coproduct maps are easy to apply on the elements {27, 1, 1,. We have immedi-
ately:

52'('911,12,13) = QI{,IéJéa (5.2)

where I/ (a = 1,2,3) is obtained from I, by increasing by 1 all elements strictly greater than i,
and furthermore adding ¢ + 1 next to i if ¢ € I,.

5.1 The central element of ato(3)

In ato(3), there is only one Casimir element denoted (2 23. It was first introduced in [16], see
also [4, 31]. We record its main properties in the following proposition.

Proposition 5.1. The element £21 23 is central in aro(3) and is invariant by r1, 71, T2, Ta.

Proof. The centrality of {2y 23 is proven in [16]. Since 7; is the inverse of r;, it is enough to
show the property for 7; and rp. Their actions on {21 23 are easy to compute. Then, algebraic
manipulations using the ato(3) relations show that we get back to 21 2 3. |

5.2 The central elements of atu(4)
In arv(4), the possible choices of I, I5, I3 lead to the following list of Casimir elements:

o3, 2124, 134, 2234, 1234, 21234, 121234 (5.3)
We have the following properties.

Proposition 5.2. The elements in (5.3) are all central in avw(4) and satisfy

o34 — 134 — (2034 =10N234— 24— S134=1021231— 23— 124. (5.4)
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Proof. We do not have a simple proof for the equalities in (5.4) and for the fact that £2; 5 3 com-
mutes with Cs4. For these two facts, we rely on computer-aided calculations [30], that we use in
the following way. We have implemented the relations (2.13a)—(2.16¢), (2.17b), (2.18b), (2.19a)—
(2.19¢), (2.22)-(2.23), (2.25)—(2.26), (2.29b), (2.29¢) and (2.31) which allow us to order the
elements of the following set

G = {Ci34,C14, Ci24, C24, C13, Ca34, C123, C34, Ca3, Ci2}.

Therefore, any word W € ar(4) can be written as follows:

W= ai, i1o(C134)" (C14)" (C124) (C24)" (C13)"* (C1) (C123) " (C4) "™ (C3) " (Chr) ™.

11,...810

The diamond lemma checks the associativity of the product in the algebra. It consists in choosing
three elements A, B, C of G in the wrong order and to order them following two different ways:
firstly we order AB, then we order the result with C, secondly we order BC, and then we order
the result with A. This provides relations between ordered monomials. We have computed also
further relations by using the diamond lemma with these new relations and the ordering ones.
This set of relations allows to check (5.4) and that (21 2 3 commutes with Cs4.

At this stage, we know that (21 23 commutes with Cia, Co3, Ci23, from Proposition 5.1,
and with C34. This implies that it commutes with Co4, using the definition of Co4 in terms
of C123 and C34. Then since Cozq = T172(Cl24) and since 71, T2 leave (2 2 3 invariant, it follows
that 21 23 commutes also with C34 and is therefore central in ato(4).

Now we can obtain all others (2; ; ;. from (21 3 3 by applying some automorphisms as follows:

D24 =T3(0123), D34 =To(f24), 2234 =T1(134).

These are directly obtained from the definition of (2; ; , and the explicit formulas for the action
of the automorphisms r; in Proposition 3.6. So we have that all {2; ; , are central in ar(4).
Finally, we note that, by definition of the coproduct maps, we have

1934 =61(82123), (1234 = 62(82123), (1234 = 63(8212.3),

and that these three elements coincide, due to the equalities (5.4) up to elements which are
already central. So for any generator C7 of ato(4), we only need to show that it commutes
with one of these three elements. We can assume that |I| > 1 (otherwise C7 is central), and
thus we have that C; = 6;(C) for some i and some J C {1,2,3}. Applying d; to the relation
[£2123,Cy] = 0 of ato(3), we get that C; commutes with one of the elements above, as needed. W

We associate a central element wg to any subset S C {1,2,3,4} with |S| > 3:
e for S = {a,b,c}, we set wigpcy = Pape With a <b < ¢

e for S ={1,2,3,4}, the relations (5.4) allow to define a unique element:

wi1,2,34) = 1234 — 134 — 234 =234 — 124 — (134

=234 — 123 124

The following result gives the action of the braid group automorphisms on the central ele-
ments wg and shows that this action simply amounts to the permutation action of the symmetric
group on the subset S. Below, (i,7 + 1) denotes the transposition of ¢ and 7 + 1.

Proposition 5.3. For all S C {1,2,3,4} with |S| > 3, and alli = 1,2,3, we have

TiWs = TiWs = W(;i+1).S-
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Proof. Several actions of the automorphisms on the elements {2, . are immediate to obtain
from the explicit formulas for the action of the automorphisms r; in Proposition 3.6. In fact, we
have at once that (2, is invariant by r;, 7; if {i,i + 1} C {a,b,c}. We also have immediately
that if {i,7+1}N{a,b,c} = {i}, then 7; transforms 7 into i+1, while if {7, i+1}N{a, b, c} = {i+1},
then r; transforms 7 + 1 into 7. So it remains to show

r3(212,3) = (21,24, ro(212.4) = (134, r1(2134) = (2234. (5.5)
First, we note that, either directly or using the relation r;6; = J;, we have

181234 = (2123 4, ro821 234 = 21,234, 1381 2,34 = £21,234.
Using the relation r3d; = §17r9 and r1d3 = 371, we get also

r3fl234 = (112,34, r1f,234 = (21,2,34.
Then, using (5.4), we can write

o3+ 24 =10M234— 1234 — S 34— (2234.

The right-hand side is invariant by r3, so we deduce that the left-hand side is as well. Since
we already know that r3f21 24 = (2123 we conclude that r3621 23 = (21 24. The other actions
in (5.5) are proved in a similar way. [ |

5.3 Central elements of atv(n) for any n

The definition of wg introduced in the previous section for n = 4, is now generalised. If
S c{1,...,n} we naturally consider the element wg defined below as an element of ato(n’)
for any n’ > n.

Proposition 5.4. Let S C {1,...,n}, with |S| > 3. Let I, I, I3 be three non-empty subsets
of S such that Iy Uly U I3 =S5 and I; < Iy < I3. The quantity

wg = Z (*1)‘S‘_|I‘_|J|_|K|QI,J,K (5.6)

ICIy,JCIy
KcClIg

is well defined in the sense that it does not depend on the choice of Iy, Is, Is.

Proof. In the course of the proof, we will denote wy, 1, 1, the right-hand side of (5.6). We
prove this proposition by recursion on the cardinality of S. The case |S| = 3 is trivial.
For S = {1,2,3,4}, the proposition is proven by equation (5.4). Suitable applications of
the maps 71,...,7,—1 to the equalities (5.4) yield the corresponding equalities for any in-
dices a < b < ¢ < d. For example, 74 changes 4 in 5. This allows to prove the statement for
S ={a,b,c,d}.

Now we take k > 5, suppose that wg is well defined when |S| <k and consider S={1,2,... k}.
By recursion hypothesis, we have

w{lv'“)k_l} = w{l7'-~7p_1}7{p1'“)q_1}7{q1'“’k_l} = w{17'-~7p}7{p+11'“>q_1}7{q"“7k_1}'

From (5.2), the following formulas for the application of d; are easy to check:

61w{17vpil}v{p77q71}7{q77k71} = w{17277p}7{p+177q}7{q+177k}

T W3, b ot ab {at 1ok} T @2 b o+ ad (g1 k) (5.7)
51w{1,,p},{p—‘rl,,q—l},{q,,k—l} = w{1,2,7p+1},{p+2,,q},{q+1,,k}
T W3, 1 P42} {at Lk} T W2, 1 D42, g} {g 4 Ly} (5.8)

By recursion hypothesis, the two last terms in (5.7) and in (5.8) coincide, so that the two
remaining terms coincide as well. This shows that we can move a letter from I; to I3. The
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similar statement from I, to I3 is proven along the same lines. This allows to relate any possible
choices of Iy, I, I3. Suitable applications of the maps 71, ...,7,_1 yield the statement for any S
of cardinal k, as it was done above for k = 4. |

Action of the coproduct maps. We deduce how the elements wg in ato(n) are related to
those of aw(n + 1) by the coproduct maps.

Corollary 5.5. Let S’ C {1,...,n} and i€ {1,...,n}.
o Ifi¢ S, we have
diwgr = wg,

where S is obtained from S’ by increasing by 1 all elements greater than i.

o Ifie S, we have
Oiwgr = wg + WS\ {i} + WS\ fi+1}> (5.9)
where S is obtained from S’ by increasing by 1 all elements greater than i, and adding i + 1.

Proof. When i ¢ ', the formula is immediate using (5.2) on any definition of wgr. If i € S,
from the preceding proposition, we can define wgs using a partition (11, I, I3) of S’ such that
one of the subset is the singleton {i}. Then the formula (5.9) becomes straightforward to check
using (5.2). [ |

Centrality of the elements wg. Now we can prove that all elements wg are central. Note
that this is equivalent to the centrality of the elements (27, 1, 1, since both sets span the same
space.

Proposition 5.6. For any S C {1,2,...,n} with |S| > 3, the element wg is central in aro(n).

Proof. First, we note that it is enough to prove that wy _j is central for any k£ > 3. Indeed,
if we have S = {i1,...,ix} with i; < i9 < --+ < iy, there is a sequence of 7;’s sending w;_j
to wg. For example, the sequence 7;, ...7}), transforms the index k in wy._j into 7y, and a similar
argument allows to transform the other indices into i1,40,...,ix_1. So indeed the centrality
of wy. ;. implies the centrality of wg since they are related by an automorphism.

Now we prove that wy_j is central by induction on k. Let kK = 3. It is immediate that wo3
commutes with Cy if I is disjoint from {1,2,3}. So we take I = {a,...,b— 1,b} with a < 3
and b > 3 and we use induction on b. Propositions 5.1 and 5.2 deal with the casesb = 3 and b = 4.
So let b > 5. In this case C7 = 6,—1(Cy. p—1). By induction hypothesis, wi23 commutes with
Cy..»—1 and applying dp_1, using that d,_1(wi23) = wio3, we get that wia3 commutes with C7.

Next, let £ > 3 and assume by induction that wg is central for any S with |S| < k. We will
prove that wy. x+1 commutes with Cj for any connected subset I and it is enough to assume
that |I| > 1, since otherwise C7 is central. Since |I| > 1, then C; = §;(Cy) for some i and
some J. By induction, we have that [wy. ,Cs] = 0, and applying d;, we get

(Wi, k1) WLk 1 T 91 k1 i1y Cl =0,

using Corollary 5.5 for the action of d; on wy . By induction hypothesis, C; commutes with
the two summands corresponding to subsets of size k, so we conclude that it commutes also
with w{l,-.-,k’-l-l}' |

Action of the automorphisms 71,...,7,_1. The following result gives the action of the
braid group automorphisms r1,...,7,-1 on the central elements wg and shows that this action
simply amounts to the permutation action of the symmetric group on n letters on subsets S
of {1,...,n}. Below, (i,7 + 1) denotes the transposition of i and i + 1.
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Proposition 5.7. For all S C {1,...,n} with |S| >3, and alli=1,...,n — 1, we have

ri(ws) = Ti(ws) = Wi it1).(5)- (5.10)

Proof. We first consider 27, 1, 1, as defined in (5.1), and set S = I U Ip U I3.

If {i,i +1} C I (or Iz or I3) or if {i,i+ 1} NS = @, it is clear that r;(27, 1,.1,) = 21, 15,15
Ifiel; and i+1 & S, then 7; transforms 7 into i 4+ 1 for each element C; entering the definition
of 21, 1,15, s0 that (21, 1, 13) = 2i41).1,,15,15- We get similar expressions when i € I or i € I3
and 7 + 1 ¢ S. Reciprocally, if i +1 € Iy and i ¢ S we get (921, 1,,15) = 23i,i41).1, 1,1, and
analogous expressions for i +1 € Iy or i+ 1 € I3 (and i € 5).

From the previous paragraph, we get immediately that

when i € S and i +1 ¢ S, Ti(ws) = Wiit1).(9)>
when i +1€ S andi g S, ri(ws) = W it1).(s)- (5.11)

Now, we are ready to prove (5.10) using a recursion on |S|. Let ¢ € {1,...,n — 1}, and
consider 7;(wg). We note that when {i,i4+ 1} NS = &, the relation (5.10) is obvious, so that we
will always assume that {7, + 1} NS is not empty.

We start with |S| = 3. If {4, + 1} C S, then acting with suitable 7’s and 7’s commuting
with r;, only using (5.11), it is sufficient to consider S = {i — 1,4, + 1}, or S = {4,i + 1,7 + 2}.
Then, the result follows from Proposition 5.1. If i € S and i+1 ¢ S, then acting with suitable r;’s
and T’s commuting with r;, only using (5.11), it is sufficient to consider S = {i — 2,7 — 1,4},
S={i—1,i,i+2}, or S ={i,i+ 2,7+ 3}. Then, the result follows from Proposition 5.2. The
last case i +1 € S and ¢ € S is dealt with similar arguments.

Let |S| > 3 and assume that the proposition is proved for sets of size smaller than |S|.
Suppose {i,i + 1} C S. Then, there exists a subset S’ with 3 < |S’| < |S]| such that using
Corollary 5.5, we have

ws = diws — Wa\ (i} — WS\ {i+1}-

The map r; exchanges wg\ ;3 and wg\ {;41) by induction hypothesis, and leaves d;wg: invariant,
since 1;0; = d;. We conclude that r;(wg) = wg.

Ifie Sandi+1¢ S, by (5.11), we only need to consider the action of r;. Acting with
suitable 71’s and Tx’s commuting with 7;, only using (5.11), it is sufficient to consider S = S1U S5
with S1 = {...,i} and S2 = {i +2,...} and both connected. If |Sa| > 1, there exists a subset S’
with 3 <|S’| < |S| such that using Corollary 5.5, we have

ws = 0i4+2Ws" — WS\ {i+2} — WS\ {i+3}-
Note that r; commutes with J;12. Using the induction hypothesis, we find
riws = 5i+2w(i,i+1).5’ — W(5,i+1).5\{i+2} — W(i,i+1).5\{i+3}-

Using again the Corollary 5.5, the right-hand side is indeed w(; ;11).5-
Finally, if [Sa| < 1, then |S1| > 2, there exists a subset S’ with 3 < |S’| < |S| such that using
Corollary 5.5, we have

ws = 0i—awg" — Wa\ {i—2} — WS\ {i—1}-
Note that r;0;_o = d;_9r;—1. Using the induction hypothesis, we find
TiWws = 0i—2W(i—1,i).8" — W(ii+1).5\{i—2} — W(ii+1).5\{i—1}-

Using again the Corollary 5.5, the right-hand side is indeed w(;;41).s. The last case i +1 € §
and i ¢ S is dealt with similar arguments. |
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Remark 5.8. A consequence of the above properties of the central elements wg is that they are
invariant under the map (.)"P. Indeed, it is checked by direct calculation for wy1,2,3), and then
extended to wyy k) using the fact that the coproduct maps commute with (.)"F. Finally, the
property for any set S is obtained from the equality r;(X"P) = 7;(X)"P, valid for any element X,
and the fact that r; = 7; on the Casimir elements.

Action of the automorphism rg. So far we have proved in particular that the set
I'y, = Span{ws, S C {1,...,n}}

of central elements is stable under the action of the automorphisms ri,...,r,—1 (and their
inverses). Here we complete our study by considering the automorphism ry. There are explicit
formulas for the action of rg on the central elements wg but they are not very illuminating, so we
shall be satisfied by proving that the automorphism 7y does not produce new central elements

Proposition 5.9. The automorphism ry of aw(n) leaves stable Ty, and moreover satisfies
r3(ws) = wg for any S C {1,...,n}.

Proof. First, note that 7“8 (ws) = wg follows from the formula 7“8 =7.. .?n,gfi_lfn,g LT
of Proposition 3.9 and the fact that T, is stable under r1,...,7,—1 and 7% = ... =12, = Id
on I',.

Then we prove by recurrence on n that in aw(n), we have that ro(wi23) € I'y. For n = 3,
this is a straightforward calculation to show that ro(wi23) = wi23.

For n = 4, a direct application on the definition of 27, 1, 7, of the explicit formulas of
Proposition 3.6 for the action of the automorphisms r, gives

ro(wigs) = TaT2 (215 3.4) = TaT2(212,3.4),

where we used the invariance under the map ."P of the elements {2, 1, 7, for the last equality;
this follows from Remark 5.8. The last expression is in I'y since 2123 4 is in this span, which we
already know to be stable by 7o, 73.

Then we apply the coproduct map J,4 on the statement ro(wi23) € I'y. The map d4 commutes
with ¢ (see Proposition 4.3) and obviously sends w23 to wies. It also sends Iy, to I'y41, from
Corollary 5.5, so by induction we conclude that ro(wi23) € '), for any n > 3.

Next, quite similarly as in the previous paragraph, we apply 03 on the statement 7 (w123) €Ty,
The map 03 still commutes with 79 and this allows to prove that 79(wi234) is in the desired span.

Going on applying d4,05,..., we get by induction that ro(wi. ) is in the desired span for
all k> 3.
Now, using Proposition 5.7, one can go from w;_j to any wg with |S| = k by applying

a suitable sequence of maps r;. Moreover if 1 € S, we can use only the maps r; with i > 2 (we
do not need to touch the letter 1), which commute with rg. Thus ro(wg) is in the correct span
ifles.

Finally, if 1 ¢ S, then we trivially have ro(ws) = wg since wg is expressed in terms of
generators C7 with 1 ¢ I, and these are all left invariant by rg. |

Example 5.10. During the proof, we got the equality ro(w1,2,3) = T372(f212,34). This can be
used to give explicit expressions for the action of rg. We skip the details and give the results
for n = 4. In the basis w123, wio4, Wis4, Wasd, wios4, the action of rg is given by the following
matrix:

1000 O
0100 O
0010 O
1111 -2
1110 -1
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Explicit but cumbersome formulas can be obtained for any n by applying suitable coproduct
maps and automorphisms as described during the proof.

Remark 5.11. Since r§ =7} =--- =72_, = Id on the set of central elements wg, the action of
the braid group on n + 1 strands by automorphisms become an action of the symmetric group

on n + 1 letters on I';,.

6 Connections with U,(sl2)®" and the skein algebra

In this section, we show how the ato(n) algebra is related to U,(sl2)®™ and to a certain Kauff-
man bracket skein algebra. More precisely, one has to consider in U, (sl2)®™ the subalgebra
generated by the intermediate Casimir elements. We note that this algebra was recently shown
to be isomorphic to the Kauffman bracket skein algebra of the sphere with n + 1 punctures [3].
Therefore, we will mostly discuss the U, (sly)®" case.

Consider the quantum group U,(slz) following the conventions and notations of [4], and
denote by @ its Casimir element (note that we have divided the Casimir element of [4] by
q+q ', as explained in Example 2.6). By repeated application of the coproduct map of Uy (sl2)
on ), we construct the intermediate Casimir element @)y, where I is a connected subset of
{1,...,n}.

We have a morphism of algebras given by

@i aro(n) — Uy(sl)®",
CI — va

It is known that the defining relation of atw(n) are obeyed by the elements Q7 [3, 12]. Alterna-
tively, the statement for general n is obtained by applying the coproduct maps and the braid
group automorphism on the corresponding statement for n = 3. We refer to the discussion in
Section 4.2.

Remark 6.1. We wish to stress that several authors [3, 12] call the image of the map ¢ the
Askey-Wilson algebra aw(n). We follow instead the terminology of [4], where the image of ¢
was referred to as the special Askey—Wilson algebra.

The maps d; and r;, 7; are interpreted naturally through the morphism ¢. Indeed, §; is sent
to the coproduct map

Ai: Uy(sl)® — Uy(sly)®mHD)

which is the coproduct A applied in the i copy of U,(slz). In the same way, the morphisms r;,
i=1,...,n—1, are sent to the morphisms

pi: Uy(sly)®™ — U, (sla)®",
X = Tiiy1 (Ri,i+1XR;i1+1)a

where R is the R-matrix and 7; ;41 is the flip operation between the ith and (i + 1) copies
of Ug(sly). This was shown for n = 3 in [7]. It is then extended to general n using the
relations between the coproduct maps §; and the automorphisms 7; in Proposition 4.3, see also
the discussion in Section 4.2.

Similarly, the maps J; and r;, 7; are also interpreted in the skein algebra by, respectively, an
operation doubling the puncture ¢, and the half Dehn twist, see [4] or [3] for more details.

Remark 6.2. The map rg is naturally interpreted in the skein algebra as a half Dehn twist
involving the puncture at infinity. Such an easy interpretation of the map rg in Ugy(slz)®™ does
not seem to exist.
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To describe the algebra generated by the intermediate Casimir elements in Ugy(sly)®", we
need to determine the kernel of ¢. A first step in this determination is given by the following
proposition, which becomes an easy by-product of our construction.

Proposition 6.3. All the central elements wg, S C {1,...,n} are in the kernel of the map @:

p(ws) = 0.

Proof. The fact that ¢(w( 2,33) = 0 is known, see, e.g., [4]. The general statement then follows
from the fact that any wg can be obtained from wy; o3y through suitable applications of the
coproduct maps 9; and the automorphisms r;, 7;, see Corollary 5.5 and Proposition 5.7. |

We do not know a set of generators for the kernel of ¢ in general. For n = 3, it is known that
wy1,2,3) generates the kernel [4]. For n = 4, a generating set was given in [3, Appendix A]. We
were able to check that all the expressions® in [3, Appendix A] correspond to central elements
in ato(4), so that the kernel of ¢ is generated by central elements for n = 4. Moreover, we
also showed that the so-called loop triple relations, link triple relations and double and triple
crossing relations in [3] are identically zero in the algebra atw(4), but we still do not know if the
kernel is generated by the central elements wg. Similarly, for n > 5, it would be interesting too
compare aro(n) with the defining relations of the Kauffman bracket skein algebra given in [2].

7 Limit to the Racah algebra

In this section, we consider the limit ¢ — 1 in the relations of the algebra ato(n), and show
how to recover some relations of the Racah algebra R(n). In particular, we find all the defining
relations of R(4), as described in the appendix of [5].

We use the following change of generators, for any connected subset I,

(- )

Tt Kr+1.

Cr=

For any expression in ato(n) in terms of the generators C7, we replace Cy using the above change
of generators, and then look at the first non-trivial coefficient in the expansion around ¢ = 1.

7.1 Relations with 3 subsets

Let Iy, I, Is be a monotonic sequence of adjacent subsets. The first non-trivial coefficients in
relations (2.6) and (2.14b) in the limit ¢ — 1 give

1
5 [K11[27 [K11127 K[213H = K%1[2 + {K11127 KI2I3} - (Kfl + Kfz + Kfs + K111213)K1112
- (Kll - KIQ)(Klg - Kh]z[g)v (71&)

1
5 [Kfzfzsﬂ [Klzfzsv Kll—[QH = K%QIg + {K11]2’ K1213} - (Kfl + Klz + KI3 + K111213>K1213
- (Kh - K111213)(K13 - Kfz)v (71b)
where {A, B} = AB + BA is the anti-commutator. One recognises the relations defining an

algebra R(Iy, 2, I3) isomorphic to the Racah algebra R(3), see, e.g., [4], where such limit was
already considered for n = 3.

!By expression, we mean here the right-hand side minus the left-hand side of each relation.
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7.2 Relations with 4 subsets

Next, we consider a monotonic sequence of adjacent subsets I, Is, I3, I, and the relations (2.15)—
(2.19). We use the notation with a prime on the number of the equation when we consider it by
exchanging the order of the subsets (I, I, I, I4) — (14, I3, I, I1). It is easy to see that all the
relations (2.15)—(2.19) as well as their prime versions have the same first non-trivial coefficient
in the limit ¢ — 1:

[K11127 KIQIS] + [besv K1314] - [Kflfzfzav K1314] - [K11127 K121314] + [KI112137 K12[3I4] =0, (72)

One recognises one of the relations defining an algebra R(I1, I3, I3, I4) isomorphic to the Racah
algebra R(4): it corresponds to the relation (A.13) of [5].

Now, considering the sums (2.16a)+(2.15a)’, (2.16a)'+(2.15a), (2.19a)+(2.19b)’, (2.19a)'+
(2.19b), (2.16b)+(2.15b)’, (2.16b)'+(2.15b) leads to six new relations. For example, (2.16a)+
(2.15a)" gives

1
5 [K13I4’ [KI1I27 KI2I3H = thz (Kfzfs + K1314 - KI21314 - Kfs) + KI2I3 (KI314 - KI1121314)
- Kpn K, + Knnn(Knpn — Ky — Ki,) — KL K

+ (KI2 + K13)K11121314 + KlzKlga

where we have used (7.2) to simplify the right-hand side of the relation. Among these six
relations, four of them are (A.14)—(A.17) in the notations of [5], where the indices 1, 2, 3, 4
are replaced by the subsets Iy, Is, I3, I4. The remaining ones can be obtained using these four
relations and the relation (7.2).

The four relations, together with (7.1a)—(7.1b) and (7.2), form a complete set of defining rela-
tions for the algebra R(Iy, I3, I3, 1) isomorphic to the Racah algebra R(4), see [5, Appendix A]
(it can be shown that the remaining defining relations in [5, Appendix A] are consequences for
these ones).

The relations obtained above involving 3 and 4 subsets of {1,...,n} are a set of defining
relations of the so-called higher rank Racah algebra R(n) as studied, e.g., in [6]. In fact, it is
easy to show that the defining relations (3.2f) and (3.2g) in [6] are a consequence of the others.

7.3 Casimir elements

The first non-trivial coefficient in the expression (5.1) of £2; 2 3 provides the Casimir element w23
of R(3), see [4]. Similarly, for 2, 1, 1,, it provides the Casimir element of the algebra R(I1, I2, I3).
Up to a global multiplicative constant, using the calculation made in [5], it follows that the
central element wyy 934y provides in the limit the central element of R(n) called x1234 in [5, 6].
We note that in the Racah algebra R(n) the natural way to build central elements involving 5
and 6 indices leads to elements which were shown to be equal to zero in the algebra R(n) [6].
We do not know if and how this fact has its counterpart on our central elements wg of atw(n).

A Details for some proofs

All along the proofs, for simplicity, we will use a notation which omits the accolades and the
symbol for union of sets, for example, as

Na, for I\{a} and Iaoral, forIUf{a}.

The last one, using Ia or al, will not lead to any ambiguity since it will be used only when a is
adjacent to I so that C7, = C,; with our conventions.
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A.1 Proof of the morphism property for r;, 7;, 2 =1,...,n —1

The morphism property is what remains to be done for the proof of Theorem 3.8. We need to
check that the maps r;, 7; for ¢ = 1,...,n — 1, given on the generators by (3.4)—(3.5) preserve
the defining relations (2.5)—(2.7) of atv(n). We will use Proposition 3.4 without mentioning.

As a first reduction, recall that 7;( X"P) = (r;(X))"P. Therefore, if we prove that the maps r;,
i=1,...,n — 1 are morphisms, it will imply that the maps 7;, i = 1,...,n — 1, are morphisms
as well. So we only need to deal with the maps 7;.

Commutation relations. We start with the commutation relations (2.5). We take I and J
as in (2.5). There are several cases to consider.

e Assume that r;(Cr) = Cy and r;(Cy) = Cy. Then there is nothing to do.

e Assume that r;(Cr) = Cr and r;(Cy) # C; (the case with I and J exchanged is similar).
We use the action of r; given in Proposition 3.4. With notations such that {a} = J N
{i,i+1} and {a,b} = {i,7 + 1}, we must check that

[C1, —[Ciiv1,Crlq + CpCp\g + CaCrp] = 0.

This is true since C; commutes, using the defining commutation relations, with all terms
appearing in the expression for r;(Cy).

e Assume that r;(Cr) # Cr and r;(Cy) # Cy and I N J = @. This happens when

..ee ... 0eabe . ee . . .

11 14

with {a,b} = {i,i+ 1} and I = Iya and J = bl4. Applying r; on [Cr,C;] = 0 gives the
relation

[Cbr,, Car,] = 0.

This is a particular case of relation (2.29a) proved in Lemma 2.10.

e Finally, assume that r;(Cr) # Cr and r;(Cy) # Cy and I C J = &. This happens when

...e,abe . e e . . ee . .,

N——
I3 Iy

with {a,b} = {i,7 + 1} and I = bl3 and J = bl314. Applying r; on [Cr,Cs] = 0 gives the
relation:

[Cary, Cars1,) = 0.
This is a particular case of relation (2.29b), proved in Lemma 2.10.

The remaining relations. These relations are of the form
Ck = —[Cr1,Cylqg + CnsCh1 + CrnsCruy- (A1)

We have three different situations which may happen when acting with ;. Consider the two
elements inside the g-commutator:

e The action of r; leaves both of them invariant. This happens when {i,7 + 1} is disjoint
from every occurring subset. In this case, r; leaves stable every elements appearing in the
relation, and the relation is trivially preserved.
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e The action of r; only leaves one of them invariant. We will deal with these cases just
below.

¢ Finally, the action of r; is non-trivial on both elements. In this case, one can check that r;
leaves invariant the left hand side. These are the difficult cases. We will deal with them
one by one.

We treat the second situation. We must apply r; on a relation (A.1) and we assume that
r;(Cy) = Cj while r; acts non-trivially on C7 (the other case is completely similar). There are
two possible situations: {i,i+1}NJ =& or {i,i+ 1} C J. We will give the details for the first
situation, the other one can be treated in a similar way.

Let {a} = {i,i+ 1} NI and {a,b} = {i,7 + 1}. We apply r; on the right hand side of the
relation and, according to the action of r; given in Proposition 3.4, we find

—[ri(C1), Cylq + 1i(Cns)C1 + Crari(Cruy)
= —[Ciit1, —[C1, Cslg + CpyCpg + CrnsCrusly + XX
= —[Cii+1,Cklg + X X.

For the first equality, we use the explicit action of r; and we collect the various g-commutators
appearing, using g-Jacobi. The remaining terms are collected in

XX =—[CyCpq + CaCrb, Cilg + (CnsaCh + CaCring)C\g + Crng (CoCrpa + CaCls).
In every cases fitting this situation, it is straightforward to check that

—[Cha C’J]q =Cx\a + C1\asCn1 + CrnsCryas
—[Cr, Cslg = Cxp + Crpn yC 1 + C1nsCroy,

and we find that XX is equal to Ck\,Cp + CoCkp. Comparing with the action of r; on the
left hand side of (A.1), we get r;(Cx) = —[Ciit1,Cklq + Cg\oCy + CaCkyp, which is true
(Proposition 3.4).

The remaining case of relation (2.7). From now on, we need only to treat the cases
where r; acts non-trivially on both sides of the g-commutator. For this relation, this means that
we have

..e0 ... 00 . ... 0qbe .. ee .. ee .. where {a,b} = {i,i+ 1}. (A.2)
e N — N—— e N —
L Iy I3 Iy
We start with some preparations. For two disjoint connected subsets I; and Iy, consider the set
of relations

Cni, =-1Cnu,Cunle +Cr.Cr, + CuCru, (A.3)

for any connected subset H between I7 and Iy adjacent to either I; or I4. These relations are
satisfied, due to the defining relation (2.7) and relation (2.15a). Denote dist([1,I4) the size of
the hole between I; and Iy.

Proposition A.1. For given I and Iy, the relations in the set (A.3) are all equivalent mod-
ulo the commutation relations and the relations of the type (A.3) for subsets I} and Ij with
dist(I1, I}) < dist([q, I4).

Proof. Assume that H is adjacent to I;. Split the hole between H and I, into Hy and Hs
according to the following picture:

..e0 .. 00 .

e.0 [ ]
L,0.0 @, ey
—— —— Y Y
I H H; Ho Iy

e ....0 0 oo .. ..
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Then in the right hand side of (A.3), replace Cry, by its expression starting with [Cr,, CH,1,]g5
obtained from (A.3) with I replaced by H. Using the g-Jacobi relation and also relation (A.3)
with I replaced by Ha, we find that the relation (A.3) becomes

01114 = _[Clez’ CH214]11 + CIl 014 + CH2011H214‘
This proves the proposition, since Hy was arbitrarily chosen (adjacent to Iy). |

Now we come back to the proof for the defining relation (2.7) in the situation (A.2), and we
reason by induction on dist(Iy, I4) (which is at least 2). If the hole between I; and I contains
strictly more than two elements, thanks to Proposition A.1 and using the induction hypothesis,
we can replace relation (2.7) by the one where I3 is replaced by a subset H either adjacent to Iy
or to I; and such that H N {i,i+ 1} = @. This relation is trivially preserved by r;.

Finally assume that dist(I1,4) = 2, so that Iy = {a} and I3 = {b}. The action of r; on the
relation gives

Cnn =—[Cha) Canlq+ Cr,.Cr, + CoClyaly,

where we have used Proposition 3.6 for the action of r;. This relation is proved in (2.15a).
The remaining cases of relation (2.6). Recall that the relation is

01112 = _[012137 01113]11 + 011012 + 0130111213‘ (A'4)

Using the definition of Cf,7, and the g-Jacobi relation, we find the equivalent form of this
relation:

01112 = _[C1311701213]q + 011012 + CI3C111213' (A'5)

Proving that (A.4) is preserved by r; is equivalent to proving that (A.5) is preserved by r;, since
we only used the commutation relations (which are already proven to be preserved by ;) to
move from one to the other.

Recall that it remains only to treat the case where r; acts non-trivially on both sides of the
g-commutator in (A.4). This happens when {7, + 1} is either {a, b} or {c,d} as pictured below

..o0 ... eabe . . eee .. cde ...
—_— —
I I I3

Case 1: {¢,i+1} = {a,b}. We are going to reason by induction on the size of I;. So first,
assume that I; = {a}. We denote I» = bl}. Using the equivalent form (A.5), the action of r;
gives, according to Proposition 3.6:

Cavry = —[Crp, Caryrylg + CoClary + Cr,Copry 1

Such a relation was proven in Lemma 2.10, relation (2.18¢).
Now assume that we can split I; into a union of two non-empty connected subsets Iy U I}
with I] adjacent to I. Relation (A.4) reads now as

CI()]{IQ = _[01213) 0101113]11 + CI()IiCIQ + CISCI()IiIgIg' (Aﬁ)
Now we are going to use the following relations:

Crnr = —[Criy Crnle + Crlrry + Cr,lrr s, (A7)
Cr1y = —[Cr, szfo]q +Cr,Cr + Cr,Cn 110, (A8
Crr = —[Cnii: Crnle + CoCr + Cr,Cryr 1y, (A.9)
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Crrn = =[Cri: Chkile + CroCr1, + CrCrn s, (A.10)
Crn = —[CLi, Crple + Cr,Cr + Cr,Cri 115 (A.11)

We use (A.7) to replace Cp, g, in the g-commutator in (A.6), and use all the others to calculate
the resulting expression, and we find that the relation simply becomes

Crorn = =[Cri: Crnnls + Crlrn, + Clrn i, (A.12)

It is easy to check that the relations (A.7)—(A.11) we have been using are all valid (they are either
defining relations, or were proved in Lemma 2.7). For relations (A.7)—(A.10), the map r; leaves at
least one member of the g-commutator invariant, and thus these relations are preserved by r; (see
the beginning of the proof of the remaining relations above). The stability of (A.11) by r; is the
induction hypothesis since this is indeed (A.4) with I; replaced by I. Therefore, we have been
using relations that we know are preserved by r; to transform (A.6) into the relation (A.12).
This latter relation is trivially preserved by 7;. We conclude that the relation (A.6) that we
started with is preserved by 7;.

Case 2: {i,i+ 1} = {c,d}. We are going to reason by induction on the size of I3. So
first, assume that I3 = {c}. Using the equivalent form (A.5), the action of r; gives, according
to Proposition 3.6 as

Cnn = —[Can,Canlq + Cr,Cr, + CaCar,r, -

Such a relation was proven in Lemma 2.10, relation (2.16¢) (with (I3, Is, I3, 11) — (d, ¢, I2, I1)).
Now assume that we can split I3 into a union of two non-empty connected subsets I U Iy
with I adjacent to I5. Relation (A.4) reads now as

Cnn = —[Crnn.Crnnle + CLCrn + Crn,Crnn - (A.13)
Now we are going to use the following relations:
A.14
A.15

A.16
Ar

CI1I§I4 = _[0111214’ Clzfé]q + C1111401{3 + 0120111213147
Cun = —CrLyn: Crnnnle+ CrnCry + Conlrni,,
Cnn = —Cnu: Crple+ CrCr + Cr,CrLuu,,

(
(
(
Cnnr = —Conn Cnule+ CrnCn + Cr.lrLnn - (

)
)
)
)

We use (A.14) to replace Cp 1, in the g-commutator in (A.13), and use all the others to calculate
the resulting expression, and we find that the relation simply becomes

C'11[2 = _[Olé117cfgfé]q + CIICI2 + Cfécllfglé‘

Now this final relation is trivially preserved by 7;. Moreover, it is easy to check that the
relations (A.14)—(A.17) we have been using are all valid (they are either defining relations, or
were proved in Lemma 2.7). For relations (A.14)-(A.16), the map r; leaves at least one member
of the g-commutator invariant, and thus these relations are preserved by r; (see the beginning
of the proof of the remaining relations above). Finally, the stability of (A.17) is the induction
hypothesis since this is indeed (A.4) with I3 replaced by I (and Iy replaced by I>I3). So, as in
Case 1, this concludes the verification.

A.2 Proof of Proposition 3.6 for r,

The formula to be proven is 70(Cr,1,..1,) = CH,H,_,..H,1 When 1 € Iy and I < I < ...Ij is an
increasing sequence of connected subsets, and H; < --- < Hp is the complementary sequence
in {1,...,n}.
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We use induction on k. For k = 1, this is just the definition of rg. For k > 2, we use
the definition (2.33) of Cr,1,. 1, using the hole H; between I; and I, and using the induction
hypothesis for the action of ry, we are led to proving

Co.Hy, y..ti1 = —CHylHy 1. Holo 1, CH L. .1 g + CHL I, . Ho I Hy 10T 1,
+ Cr, CrgHy . Ho - (A.18)

For k = 2, this reads

Crym1 = —[CHy1 1, CHi 1,)qg + CHo 1o, 1CT, + CH CHy 1 (A.19)

If {1} is adjacent to Hj, this relation is a particular case of (2.19b). If {1} is not adjacent
to Hy, the relation we know from (2.19b) is (A.19) with 1 replaced by a, the letter adjacent
to Hi. Then we can apply to that relation a sequence of automorphisms, namely, 71 ...7,_1, to
get (A.19).

Now from (A.19), we can apply a sequence of automorphisms 7; to split I» into a sequence
I < --- < I with holes, and get (A.2) in the general case. To show this, let H; = {a,...,b—1}
and Iy = {b,...,c}. Then relation (A.19) reads

Cn...c—l—l,b—l...a,l = _[Cn...b,l, Ca...b...c}q + Cn...a,le...c + Ca...b—lcn...chl,l-
Applying 7., according to Proposition 3.6, we get
Cn...c+2,c,b71...a,1 = _[Cn...b,ly Ca.A.b...cfl,chl]q + Cn...a,lcb...cfl,c+1 + Ca...bflcn...c—&-?,c,l-

Thus we have successfully created I, = {b,...,c — 1}, I} = {¢+ 1} and a hole Hy = {c} such
that Ir = I5I5. We can reproduce this as much as we need to produce as many holes as we want
in 12.

A.3 Proof of the morphism property for rq

First, we show that ¢ preserves the commutation relations (2.5). We start with the situation
where r acts non-trivially only on one element of the commutator, that is, with [C}._, C;. ;] =0
with 1 # 4 < j. The image by 7 is [Cp,_k+11,Ci...j] = 0. This is satisfied by Lemma 2.13 since if
{i,...,j} is included in (resp. disjoint from) {1,...,k}, then is it disjoint from (resp. included
in) {n,...,k+1} U{l}.

Next, we consider the relation [Cy. ,C1. ;] =0, which is sent by ro to [Cy. k+11,Cn.. k+11]=0.
This latter relation is satisfied due to (2.29Db).

Then we consider (2.6) and (2.7). As for the proof for the other r;’s, the situation where g
leaves invariant the two elements appearing in the g-commutator is easily handled, since rq leaves
invariant every elements appearing in the relation. When rg leaves invariant only one element
in the g-commutator, we can apply the same reasoning as around (A.1l), using the formula in
Proposition 3.4 and g-Jacobi. We omit the details since they follow the same reasoning as for
the other r;’s.

We are left with the situation where ry acts non-trivially on the two elements appearing in
the g-commutator. This can happen only for relation (2.6), when 1 € I3 (so that I3 < Iy < I3).
Here we use Proposition 3.6 to apply r¢ and get

Cnrn, =—Crn1,Crnile+CnCrn +Crnn1Cri,

where I is the subset adjacent to I; and going up to n. If {1} is adjacent to I, then this is
relation (2.19c). The general case is obtained with the same reasoning as for (A.19).
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Computer programs

We used formal calculation softwares (FORM and Maple) for some proofs done in this article:
the corresponding programs are available upon request to the authors.
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