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Abstract. We compute the modification of the w1+∞ algebra of soft graviton, gluon and
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identity is satisfied only when the spectrum and couplings of the theory obey certain con-
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Key words: celestial holography; CFT; OPE; algebra; current; gluon; graviton; w-infinity;
commutator; Jacobi identity

2020 Mathematics Subject Classification: 81T35

1 Introduction

Symmetries have played a central role in shaping our understanding of fundamental physics.
They often hint towards simpler or alternate formulations of theories. The Lorentz group
SO(3, 1) of 4D flat spacetime acts as the conformal group SL(2,C) on the 2D celestial sphere at
null infinity. Any theory living on the celestial sphere naturally inherits this conformal symme-
try. S-matrix elements, typically evaluated in a basis of momentum eigenstates, can be rewritten
in a basis of boost eigenstates via a Mellin transform (for massless particles) [36, 37, 38]. The
resulting amplitudes transform as correlation functions of a 2D conformal field theory on the
celestial sphere. It is conjectured that a suitable theory on the 2D celestial sphere, called Ce-
lestial CFT (CCFT), is the holographic dual to gauge and gravity theories in 4D flat spacetime
(see [4, 35, 46] for reviews).

Celestial CFTs have additional symmetries beyond the usual 2D conformal symmetry which
follow from leading and subleading soft gluon theorems and leading, subleading and subsub-
leading soft graviton theorems (see [47] for a review). Remarkably, these symmetries completely
fix the leading celestial operator product expansion (OPE) of conformal primary gluons and
gravitons on the celestial sphere in terms of the Euler beta function [40]. These OPEs have
been also derived in [22] by Mellin transforming the collinear limits of amplitudes. The Euler
beta function has an infinite sequence of poles at integer conformal weights, associated with
conformally soft currents: the first pole corresponds to the conformally soft current, the second
to the subleading soft current, and so on.1 The OPEs between the conformally soft positive-
helicity gluon and graviton currents have been obtained in [27] by taking appropriate residues
of the results of [40]. These OPEs can then be used to compute the commutation relations
of the modes of the soft currents [24]. Remarkably, it was recently shown by Strominger [48]
that the resulting algebra is the wedge algebra of w1+∞ algebra which has been extensively
studied in the 90s (see [5, 7, 34, 41, 42, 43, 44]). This w1+∞ structure of the symmetry algebra
holds for all spins and in the presence of supersymmetry [3, 27, 29]. Additionally, it has also

1Soft theorems in the 4D bulk translate into conformally soft theorems on the celestial sphere in which the
conformal dimensions of external particles take on specific integer values [1, 18, 22, 23, 33, 39, 45]. The infinite
tower of soft theorems has been discussed in [25, 31].
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been derived from the worldsheet perspective [2, 28]. The effect of loop corrections and higher
derivative interactions on conventional soft theorems has been studied in [9, 10, 11, 14, 20, 26].
It is interesting to understand their corresponding celestial versions and their implications for
the w1+∞ structure.

In this paper, we consider the effect of non-minimal couplings in the bulk on the OPEs of soft
currents in the CCFT. We compute the corresponding modifications to the symmetry algebra,
and find that while the modified algebra bears some semblance to the well-known W1+∞ [42], it
differs from W1+∞ in crucial ways. We find that the Jacobi identity imposes constraints on the
spectrum and couplings of the theory. The rest of the paper is organized as follows. We review
the OPEs of soft currents in the presence of non-minimal couplings in Section 2. We compute
the algebra in a simplified form and demand the closure of Jacobi identities in Section 3. In
Appendix A, we demonstrate the structure of soft current operators directly from well-known
scattering amplitudes. Appendix B provides an alternate derivation of the gluon soft current
OPEs from double soft limits of scattering amplitudes. Finally, in Appendix D, we comment on
an alternate definition of the commutator for soft currents.

2 Soft current OPEs

The OPE for two operators of arbitrary spins, s1, s2 and conformal dimensions ∆1,∆2 in CCFT
is heavily constrained. They have been determined from collinear limits of scattering ampli-
tudes [22] and separately from asymptotic symmetries [40]. The contribution to the OPE from
a three-point interaction with bulk dimension p+4 was worked out in full generality in [27] and
takes the form2

Oh1,h̄1
(z1, z̄1)Oh2,h̄2

(z2, z̄2) ∼
1

z12

∞∑
α=0

C(α)
p

(
h̄1, h̄2

)
z̄p+α
12 ∂̄αOh1+h2−1,h̄1+h̄2+p(z2, z̄2), (2.1)

where (h, h̄) =
(
∆+s
2 , ∆−s

2

)
are the conformal weights. The OPE in (2.1) gets modified slightly if

both operators carry a color index. In this case the right hand side must include an appropriate
group theoretical factor. In the rest of this paper, we will avoid writing color indices explicitly

unless necessary. The OPE coefficient C
(α)
p

(
h̄1, h̄2

)
is completely determined by the three-point

amplitude of massless particles with helicities s1, s2, −sI (where sI = s1 + s2 − p− 1 is the spin
of the intermediate particle in the collinear factorization channel) to be [27]

C(α)
p

(
h̄1, h̄2

)
= −1

2
κs1,s2,−sI

1

α!
B
(
2h̄1 + p+ α, 2h̄2 + p

)
, (2.2)

where B(a, b) is the Euler beta function, κs1,s2,−sI is the coupling constant of the relevant three-
point amplitude which has mass dimension −p which can include contributions from multiple
terms in the Lagrangian. As an example, κ2,2,2 comes from various higher derivative terms with
different R3 type contractions. Discounting the existence of massless higher spin particles in the
bulk, there are only a finite number of interactions which contribute to this OPE and we must
sum over all allowed values of p. It is apparent from (2.2) that the OPE coefficient has poles
in ∆ corresponding to conformally soft limits. The soft current with dimension k for a particle
with spin s is defined by the limit

Hk,s = lim
∆→k

(∆− k)O k+s+ϵ
2

, k+ϵ−s
2

= lim
ϵ→0

ϵO k+s+ϵ
2

, k+ϵ−s
2

,

2We are only considering the holomorphic collinear pole. Depending on s1, s2, there could be an additional
anti-holomorphic pole.
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where k = 2, 1, 0,−1,−2, . . . for gravitons, k = 1, 0,−1, . . . for gluons and k = 0,−1,−2, . . . for
scalars.3 Again, it is understood that missing color indices are restored in the appropriate cases.
Appendix A contains more details on the derivation and structure of these soft currents. Using
this definition of soft currents and the limit

lim
ϵ→0

ϵ

2

Γ
(
2h̄1 + p+ α+ ϵ

)
Γ
(
2h̄2 + p+ ϵ

)
Γ
(
2h̄1 + 2h̄2 + 2p+ α+ 2ϵ

) =

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)
,

we obtain the soft current OPE [27]

Hk1,s1(z1, z̄1)H
k2,s2(z2, z̄2) (2.3)

∼ −
∑
p

κs1,s2,−sI

2

1

z12

∞∑
α=0

(z̄12)
α+p

α!

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)
∂̄αHk1+k2+p−1,s1+s2−p−1.

The OPE of two positive helicity gravitons includes the term with p = 1, which is the con-
tribution from the usual MHV amplitude with coupling κ−2,2,2, p = 3 which is the contribution
from a graviton-graviton-scalar coupling κ0,2,2, and p = 5 which is the contribution from a non-
minimal R3 coupling κ2,2,2. The roster of soft currents considered in this paper is

� soft graviton currents Hk,±2,

� soft gluon currents Hk,±1,a,

� two kinds of soft scalar currents Hk,0,a (colored) and Hk,0 (uncolored).

For the sake of clarity, we explicitly write out two OPEs involving operators of color. The OPE
of two positive helicity gluons is

Hk1,+1,a(z1, z̄1)H
k2,+1,b(z2, z̄2) (2.4)

∼ −ifabc
∑
p=0,2

κ1,1,p−1

2

1

z12

∑
α

(z̄12)
α+p

α!

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)
∂̄αHk1+k2+p−1,1−p,c

− δab

Nc

κ1,1,0
2

1

z12

∑
α

(z̄12)
α+1

α!

(
−2h̄1 − 2h̄2 − 2− α

−2h̄2 − 1

)
∂̄αHk1+k2,0

− dabc
κ1,1,0
2

1

z12

∑
α

(z̄12)
α+1

α!

(
−2h̄1 − 2h̄2 − 2− α

−2h̄2 − 1

)
∂̄αHk1+k2,0,c ,

where fabc is the structure of constant and accompanies gluon operators, δab accompanies un-
colored scalars, Nc is the number of colors and dabc is a total symmetric tensor defined by
dabc := 2Tr

[{
T a, T b

}
T c
]
which accompanies colored scalars.

Finally, the OPE of a gluon and a colored scalar is

Hk1,+1,a(z1, z̄1)H
k2,0,b(z2, z̄2)

∼ −ifabcκ0,0,1
2

1

z12

∑
α

(z̄12)
α

α!

(
−2h̄1 − 2h̄2 − α

−2h̄2

)
∂̄αHk1+k2−1,0,c

− dabc
κ0,1,1
2

1

z12

∑
α

(z̄12)
α+1

α!

(
−2h̄1 − 2h̄2 − 2− α

−2h̄2 − 1

)
∂̄αHk1+k2,−1,c ,

Note that this time fabc accompanies colored scalars while dabc accompanies gluons and that we
have no δab term. We will find that the algebra of soft currents involving gravitons and gluons
does not satisfy the Jacobi identity unless we include additional scalars (see Section 3.2).

3Note that the k = 0 term is non trivial for scalars in the adjoint representation.



4 J. Mago, L. Ren, A. Yelleshpur Srikant and A. Volovich

3 Algebras

The OPEs obtained in the previous sections can be used to compute the commutators of the
modes of soft currents. Following the suggestion in Appendix A, we have

Hk,s(z, z̄) =

−h̄∑
m̄=−∞

1

z̄m̄+h̄
Hk,s

m̄ (z). (3.1)

The modes can also be extracted from the current by the contour integral

Hk,s
m̄ (z) =

∮
|z̄|=ϵ

dz̄

2πi
z̄m̄+h̄−1Hk,s(z, z̄).

We define a 2D commutator as[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
(z2) =

∮
C

dz1
2πi

dz̄1
2πi

z̄m̄1+h̄1−1
1

dz̄2
2πi

z̄m̄2+h̄2−1
2 Hk1,s1(z1, z̄1)H

k2,s2(z2, z̄2), (3.2)

where the contour C is defined by the conditions z1 = z2, |z̄1| = ϵ, |z̄2| = ϵ with ϵ infinitesimal.
The OPE of soft currents with opposite spin involves both holomorphic and anti-holomorphic
poles. The commutator defined above captures the residue on the holomorphic poles only.
We can alternatively define a commutator which is sensitive to both sets of poles. However,
this definition would lead to a violation of the Jacobi identity as we will see in Appendix D.
A particularly striking consequence of the definition (3.2) is[

Hk1,s1
m̄1

, Hk2,s2
m̄2

]
(z2) = 0 if s1 < 0, s2 < 0,

since the OPE of two negative helicity soft currents only involves anti-holomorphic poles. The
algebra of the modes of the soft currents is determined by the OPE (2.3) to be

[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
= −

∑
p

κs1,s2,−sI

2

∞∑
α=0

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)
×
∮

dz̄1
2πi

dz̄2
2πi

z̄m̄1+h̄1−1
1 z̄m̄2+h̄2−1

2

(z̄12)
α+p

α!
∂̄α
2H

k1+k2+p−1,s1+s2−p−1(z2, z̄2).

Performing the z̄1 integral, we get[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
=

−
∑
p

κs1,s2,−sI

2

∞∑
α=0

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)(
p+ α

−m̄1 − h̄1

)
1

α!
(−1)α+p+m̄1+h̄1

×
∮

dz̄2
2πi

z̄p+α+m̄1+h̄1+m̄2+h̄2−1
2 ∂̄α

2H
k1+k2+p−1,s1+s2−p−1(z2, z̄2).

We can perform the last integral by using the mode expansion of Hk1+k2+p−1,s1+s2−p−1(z2, z̄2)
in (3.1). The result is

[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
= −

∑
p

κs1,s2,−sI

2

∞∑
α=0

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)(
p+ α

−m̄1 − h̄1

)
(3.3)

× (−1)α+p+m̄1+h̄1

α!

(
−m̄1 − m̄2 − h̄1 − h̄2 − p

)
!(

−m̄1 − m̄2 − h̄1 − h̄2 − p− α
)
!
Hk1+k2+p−1,s1+s2−p−1

m̄1+m̄2
.
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It is useful to rewrite the above expression using the identity

(p+ α)!(
−m̄1 − h̄1

)
!
(
α+ p+ m̄1 + h̄1

)
!α!

=

p∑
x=0

(
p

x

)
1(

−m̄1 − h̄1 − x
)
!
(
α+ x+ m̄1 + h̄1

)
!
.

The commutation relation (3.3) now becomes

[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
= −

∑
p

κs1,s2,−sI

2

p∑
x=0

(
p

x

) ∞∑
α=0

(
−2h̄1 − 2h̄2 − 2p− α

−2h̄2 − p

)
(−1)α+p+m̄1+h̄1

×
(
−m̄1 − m̄2 − h̄1 − h̄2 − p

)
! Hk1+k2+p−1,s1+s2−p−1

m̄1+m̄2(
−m̄1 − m̄2 − h̄1 − h̄2 − p− α

)
!
(
−m̄1 − h̄1 − x

)
!
(
α+ x+ m̄1 + h̄1

)
!
.

This allows us to perform the sum over α more easily to get

[
Hk1,s1

m̄1
, Hk2,s2

m̄2

]
= −

∑
p

p∑
x=0

[
κs1,s2,−sI

2
(−1)p−x

(
p

x

)(
m̄1 + m̄2 − h̄1 − h̄2 − p

m̄1 − h̄1 − p+ x

)
(3.4)

×
(
−m̄1 − m̄2 − h̄1 − h̄2 − p

−m̄1 − h̄1 − x

)]
Hk1+k2+p−1,s1+s2−p−1

m̄1+m̄2
.

Restricting the sum over p to only include particles with helicities between −2 and 2 implies
that p ∈ (Max(s1 + s2 − 3, 0), Max(s1 + s2 + 1, 0)). However, some values of p in this range
might still be forbidden if the corresponding amplitude does not exist. The introduction of color
indices modifies this formula in a manner analogous to the modification of the OPE.

3.1 W∞-like currents

It is useful to define new currents which are light-transforms of the soft currents. These have
simplified the algebra and revealed its w∞ structure in [27, 29, 48]. Let4

W q,s(z, z̄) = Γ(2q)L̄
[
Hs+2(1−q),s(z, z̄)

]
,

where q = 1, 32 , 2, . . . and

L̄[Oh,h̄(z, z̄)] =

∫
R

dw̄

(z̄ − w̄)2−2h̄
Oh,h̄(z, w̄).

The conformal weights of W q,s are (s + 1 − q, 1 − q). Applying this definition to the mode
expansion (3.1), we get

W q,s(z, z̄) =
m̄=−h̄∑
m̄=−∞

(−m̄+ q − 1)!(m̄+ q − 1)!
1

z̄m̄+q
H

s+2(1−q),s
m̄ (z),

which implies the following mode expansion

W q,s(z, z̄) =

q−1∑
m̄=−∞

W q,s
m̄ (z)

1

z̄m̄+q

with5

W q,s
m̄ (z) = (−m̄+ q − 1)!(m̄+ q − 1)!H

s+2(1−q),s
m̄ (z).

4As usual color indices are suppressed.
5The expression as written is valid only for modes in the range 1− q ≤ m̄ ≤ q − 1. Similar expressions can be

written for modes outside this range.
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The commutator (3.4) takes the simplified form

[
W q1,s1

m̄1
, W q2,s2

m̄2

]
= −

∑
p

p∑
x=0

κs1,s2,−sI

2
(−1)p−x

(
p

x

)
[m̄1 + q1 − 1]p−x[−m̄1 + q1 − 1]x

× [m̄2 + q2 − 1]x[−m̄2 + q2 − 1]p−x W q1+q2−p−1,s1+s2−p−1
m̄1+m̄2

≡ −
Max(s1+s2+1,0)∑

p=Max(s1+s2−3,0)

κs1,s2,−sI

2
N(q1, q2, m̄1, m̄2, p)W

q1+q2−p−1,s1+s2−p−1
m̄1+m̄2

, (3.5)

where [a]n := a(a− 1) · · · (a− n+ 1) is the descending Pochhammer symbol and

N(q1, q2, m̄1, m̄2, p) =

p∑
x=0

(−1)p−x

(
p

x

)
[m̄1 + q1 − 1]p−x[−m̄1 + q1 − 1]x

× [m̄2 + q2 − 1]x[−m̄2 + q2 − 1]p−x. (3.6)

While p generically ranges between Max(s1+ s2−3, 0) and Max(s1+ s2+1, 0), some values of p
are forbidden because the corresponding amplitudes do not exist. Note that N(q1, q2, m̄1, m̄2, p)
is symmetric under the exchange of q1 ↔ q2, m̄1 ↔ m̄2 for even p while it is antisymmetric
for odd p. Thus, when both W q1,s1

m̄1
and W q2,s2

m̄2
have no color indices, the commutator is anti-

symmetric under the exchange only for odd values of p. When we include colored particles, the
allowed values of p depend on the group theoretical structure. For example, the commutator
involving two gluons then reads (note that N (q1, q2, m̄1, m̄2, 0) = 1)[

W q1,s1,a
m̄1

, W q2,s2,b
m̄2

]
= −ifabc

Max(s1+s2,0)∑
p=Max(s1+s2−2,0)

p even

κs1,s2,−sI

2
N(q1, q2, m̄1, m̄2, p)W

q1+q2−1,s1+s2−p−1,c
m̄1+m̄2

− δab

Nc

Max(s1+s2+1,0)∑
p=Max(s1+s2−3,0)

p odd

κs1,s2,−sI

2
N(q1, q2, m̄1, m̄2, p)W

q1+q2−p−1,s1+s2−p−1
m̄1+m̄2

− dabc
Max(s1+s2,0)∑

p=Max(s1+s2−2,0)
p odd

κs1,s2,−sI

2
N(q1, q2, m̄1, m̄2, p)W

q1+q2−p−1,s1+s2−p−1,c
m̄1+m̄2

,

while the commutator of a gluon (or colored scalar) with a graviton or scalar reads[
W q1,s1,a

m̄1
, W q2,s2

m̄2

]
= −

Max(s1+s2,0)∑
p=Max(s1+s2−2,0)

p odd

κs1,s2,−sI

2
N(q1, q2, m̄1, m̄2, p)W

q1+q2−p−1,s1+s2−p−1,a
m̄1+m̄2

.

3.2 Jacobi identity

We must now demand that these commutators satisfy the Jacobi identity. To this end, we
compute the double commutator from (3.5). After some algebra, we have[[

W q1,s1
m̄1

,W q2,s2
m̄2

]
,W q3,s3

m̄3

]
+ cyclic
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=

s1+s2+s3∑
l=s1+s2+s3−4

l even

l∑
r=0
r odd

κs1,s2,1+l−r−s1−s2

2

κs1+s2−l−1+r,s3,l+2−s1−s2−s3

2

×N(q1, q2, m̄1, m̄2, l − r)N(q1 + q2 − l − 1 + r, q3, m̄1 + m̄2, m̄3, r)

×W q1+q2+q3−l−2,s1+s2+s3−l−2
m̄1+m̄2+m̄3

+ cyclic. (3.7)

We find that the coupling constants are highly constrained by the Jacobi identities.6 The Jacobi
identity for s1 = s2 = s3 = 2 requires

(κ−2,2,2 − κ0,0,2)κ0,2,2 = 0, 3κ20,2,2 = 10κ−2,2,2 κ2,2,2 (3.8)

and the one for s1 = s2 = 2, s3 = 0 also requires

(κ−2,2,2 − κ0,0,2)κ0,0,2 = 0.

Adding on the gluons, the Jacobi identity for s1 = s2 = 2, s3 = 1 requires

(κ−2,2,2 − κ−1,1,2)κ−1,1,2 = 0, κ−2,2,2 κ1,1,2 = κ−1,1,2 κ1,1,2 = κ0,2,2 κ0,1,1 ,

the one for s1 = 2, s2 = 1, s3 = 0 requires

(κ0,0,2 − κ−1,1,2)κ0,1,1 = 0,

the one for s1 = 2, s2 = s3 = 1 requires

κ−1,1,2 κ1,1,1 = 3κ1,1,2 κ−1,1,1,

the one for s1 = +2, s2 = 1, s3 = −1 requires

(κ−1,1,2 − κ−2,2,2)κ−1,1,2 = 0,

the one for s1 = s2 = 1, s3 = 0 requires

(κ−1,1,1 − κ0,0,1)κ0,0,1 = 0, (κ−1,1,1 − κ0,0,1)κ0,1,1 = 0,

and finally, the one for s1 = s2 = s3 = 1 requires

κ20,1,1 = 2κ−1,1,1 κ1,1,1.

For the final case, the Jacobi identity involving just F 3 correction κ1,1,1 ̸= 0 fails to close unless
we include a colored scalar soft current in addition to the uncolored scalar, with the coefficient
the same as that of uncolored scalar.

3.3 Relation to W1+∞

The algebra in (3.5) is a deformation of the w1+∞ algebra obtained in [48] in the absence of
higher derivative corrections.7 There, it was conjectured that quantization of the theory would
deform w1+∞ to the well studied W1+∞ [5, 7, 21, 34, 41, 42, 43, 44]. This algebra was derived
in [34, 42] by starting with a generic deformation with parameter λ of w1+∞

[
V q1
m̄1

, V q2
m̄2

]
:=

∞∑
r=0

λ2rgq1q22r (m̄1, m̄2)V
q1+q2−2r
m̄1+m̄2

+ λ2q1cq1(m̄)δq1,q2δm̄1+m̄2,0,

6After the first version of this paper was published, [6] showed that in order for the Jacobi identity to be
satisfied, only the soft generators inside the wedge h̄ ≤ m̄ ≤ −h̄ are allowed.

7There are more generators in the algebra (3.5) than in w1+∞.
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(here m̄ = 0, 1, 2, . . . label the modes of V ) and demanding that the central charge be non-
vanishing, the structure constants satisfy the Jacobi identity while also enforcing the truncation
of this algebra to a finite number of terms. In particular, gi j2r(m̄1, m̄2, q1, q2) = 0 whenever
q1 + q2 − 2r < 0. These conditions completely fix the central charge as well as the structure
constants to

cq =
22q−3q!(q + 2)!

(2q + 1)!!(2q + 3)!!
c,

gq1q22r (m̄1, m̄2) =
ϕq1q2
2r

2(2r + 1)!
N(q1 + 2, q2 + 2, m̄1, m̄2, 2r + 1), (3.9)

with

ϕq1q2
2r =

r∑
a=0

a∏
l=1

(2l − 3)(2l + 1)(2r − 2l + 3)(r − l + 1)

l(2q1 − 2l + 3)(2q2 − 2l + 3)(2q1 + 2q2 − 4r + 2l + 3)
.

Note that N in (3.9) is identical to the one appearing in (3.1). Note that when λ = 0 the algebra
goes back to w1+∞ algebra. The algebra obtained in this paper is similar to the algebra referred
to as case (1) in [21]. The function ϕq1q2

2r which has non-trivial zeroes enforcing the truncation
of the algebra is absent here. Here the truncation occurred naturally due to the absence of
massless higher spin fields.8

It is important to understand how the algebra in (3.5) is further deformed by loop corrections.
It seems plausible that they would lead to a central extension of the algebra. The scalar currents
are forced to exist for the algebra to close in the presence of non-minimal couplings. Clarifying
their origin, perhaps by linking them to the spontaneous breaking of some symmetry would also
be of interest. Finally, the constraints on the couplings imposed by the Jacobi identity are very
restrictive. We leave a systematic study of the implications of these constraints to future work.

3.4 Simplest loop corrections and connection with the self-dual sector

One-loop corrections to gluon amplitudes are generically logarithmic and IR divergent. This
poses a hurdle to defining a mode expansion of the soft factor. However, one-loop amplitudes
involving only positive helicity gluons or only positive helicity gravitons9 are purely algebraic
and their effect on the algebra is easily determined. The one-loop all plus gluon amplitude
is [8, 32]

A
[1]
n;1

(
1+, 2+, . . . , n+

)
= − i

48π2

∑
1≤i<j<k<l≤n

[ij]⟨jk⟩[kl]⟨li⟩
⟨12⟩⟨23⟩· · ·⟨n1⟩

.

A similar expression can be obtained for the corresponding one-loop graviton amplitude [12].
Remarkably, the OPEs and algebra computed from the collinear limits of this amplitude are
identical to the ones obtained from tree-level amplitudes. They leave the w1+∞ algebra unde-
formed.

This one-loop amplitude also happens to be the only non-zero amplitude in the self-dual sector
of Yang–Mills theory. More precisely, the only non-zero amplitudes in self-dual Yang–Mills and
self-dual gravity are the three-point tree-level amplitudes with two-positive and one-negative
helicities, and the one-loop amplitudes with all positive helicities [16]. Consequently, we can

8During the preparation of the second version of this paper, [13] appeared with more detailed studies on this
deformed algebra. Paper [13] related the algebra in (3.5) with the loop algebra of a wedged-symplecton algebra,
denoted by LW∧. The symplecton algebra is a different deformation of w1+∞ from W1+∞ with exactly ϕq1q2

2r = 1
as we have in (3.5).

9These amplitudes vanish at tree-level.
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only define collinear limits of positive helicity particles in the self-dual sector and the OPEs
obtained from them agree with the OPEs of positive helicity particles obtained from the full
theory. It would be interesting to analyze the effect of non-minimal couplings (obeying the self-
duality condition) on the self-dual sector. Such a theory will naturally be free of anti-holomorphic
poles and provides an alternate, and arguably more natural way to deform the w1+∞ algebra.

A Single soft factors

We start by recalling that the Mellin transform of the amplitude is interpreted as a correlation
function of gluon primary operators [37, 38]. More specifically, we first decompose the amplitude
in trace basis as

An(1, 2, 3, . . . , n) =
∑

σ∈Sn−1

Tr[T a1T aσ2 . . . T aσn−1 ]An(1, 2, 3, . . . , n). (A.1)

Amplitudes are usually expressed as a function of spinor helicity variables pαα̇ = λαλ̃α̇. We
parametrize these as

λα
i = εi

√
ωi ti

(
1
zi

)
λ̃α̇
i =

√
ωi t

−1
i

(
1
z̄i

)
(A.2)

and Mellin transform the color-ordered amplitudes,

Ãn(1, 2, 3, . . . , n) :=

∫
dω1 · · · dωn ω

∆1−1
1 · · ·ω∆n−1

n An(1, 2, 3, . . . , n).

Then we have

Tr[T a1T a2 . . . T an ]Ãn(1, 2, 3, . . . , n) =
〈
Oa1

∆1
(z1, z̄1)Oa1

∆2
(z2, z̄2) · · · Oan

∆n
(zn, z̄n)

〉
.

When particle 1 becomes soft, we can expand the amplitude in a Laurent series as

An(1, 2, . . . , n) =

1∑
r=−∞

ω−r
1 A′(r)

n ,

where the coefficients A′(r)
n are independent of ω1. The conformally soft limit [18, 39] ∆1 → k,

with k = 1, 0,−1, . . . gives

lim
∆1→k

(∆1 − k)
〈
Oa1

∆1
(z1, z̄1)Oa2

∆2
(z2, z̄2) . . .Oan

∆n
(zn, z̄n)

〉
= Tr [T a1T a2 . . . T an ]

∫
dω1

ω1
(∆1 − k)ω∆1

1

1∑
r=−∞

ω−r
1

∫
dω2

ω2
· · · dωn

ωn
ω∆2
2 · · ·ω∆n

n A′(r)
n

= Tr [T a1T a2 . . . T an ]

∫
dω2

ω2
· · · dωn

ωn
ω∆2
2 · · ·ω∆n

n A′(k)
n , (A.3)

where from the last but one line to the last line we are using the identity

lim
ϵ→0

ϵωϵ−1 = δ(ω). (A.4)

We interpret this soft expansion as defining the correlation function of soft currents, i.e.,

lim
∆1→k

(∆1 − k)
〈
Oa1,+1

∆1
(z1, z̄1)Oa2

∆2
(z2, z̄2) · · · Oan

∆n
(zn, z̄n)

〉
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=
〈
Hk,+1,a1(z1, z̄1)Oa2

∆2
(z2, z̄2) · · · Oan

∆n
(zn, z̄n)

〉
,

lim
∆1→k

(∆1 − k)
〈
Oa1,−1

∆1
(z1, z̄1)Oa2

∆2
(z2, z̄2) · · · Oan

∆n
(zn, z̄n)

〉
=
〈
Hk,−1,a1(z1, z̄1)Oa2

∆2
(z2, z̄2) · · · Oan

∆n
(zn, z̄n)

〉
, (A.5)

where k = 1, 0,−1, . . . . All the dependence of the correlation function on the variables z1, z̄1 is
entirely due to the soft current operator. We can thus attempt to guess the structure of the soft
current operators Hk,+1,a by examining the functional dependence of the amplitudes on z1, z̄1
in the soft limit. We first review the case of MHV amplitudes and see the polynomial structure
of the currents. We will then move beyond MHV amplitudes and consider the structure of soft
expansion of the 6-point NMHV amplitude and non-minimally coupled amplitudes.

A.1 MHV amplitudes

We are interested in the structure of amplitudes in the soft limit. The soft limits of negative he-
licity particles vanish in the MHV sector. Consider the following expression for AMHV

n (1, . . . , n),

obtained from a BCFW expansion using the shifts λ̂1 = λ1 + zλn,
ˆ̃
λn = λ̃n − zλ̃1,

AMHV
n =

⟨n2⟩
⟨n1⟩⟨12⟩

exp

(
⟨n1⟩
⟨n2⟩

λ̃1
∂

∂λ̃2

+
⟨12⟩
⟨n2⟩

λ̃1
∂

∂λ̃n

)
AMHV

n−1 (2, . . . , n) . (A.6)

Expressing this in terms of ωi, zi, z̄i, ti using

∂

∂λ̃1̇
i

=
1

√
ωi

(
ωi

∂

∂ωi
− z̄i

∂

∂z̄i
− ti

∂

∂ti

)
,

∂

∂λ̃2̇
i

=
t√
ω

∂

∂z̄i
, ti

∂

∂ti
Ãn−1 = −2siÃn−1,

gives

An = − 1

ω1

zn2
zn1z12

exp

[
zn1
zn2

ω1

ω2

(
ω2

∂

∂ω2
+ z̄12

∂

∂z̄2
− t2

∂

∂t2

)

+
z12
z1n

ω1

ωn

(
ωn

∂

∂ωn
+ z̄1n

∂

∂z̄n
− tn

∂

∂tn

)]
An−1 (2, . . . n)

= − 1

ω1

zn2
zn1z12

exp

{
ω1

[(
zn1
zn2

∂

∂ω2
+

z12
zn2

∂

∂ωn

)
+

(
zn1z̄12
zn2ω2

∂

∂z̄2
+

z12z̄1n
zn2ω2

∂

∂z̄n

)

+

(
zn1
zn2

2s2
ω2

+
z12
zn2

2sn
ωn

)]}
An−1.

Using the definition in (A.5) and the relation (A.3), the correlation function of the soft cur-
rent Hk1,+1,a1 is〈

Hk1,+1,a1(z1, z̄1)Oa2
∆2

(z2, z̄2) · · · Oan
∆n

(zn, z̄n)
〉

= Tr [T a1T a2 . . . T an ]

∫
dω2

ω2
· · · dωn

ωn
ω∆2
2 · · ·ω∆n

n A′(k)
n

zn2
zn1z12

= −Tr [T a1T a2 . . . T an ]

∫
dω2

ω2
· · · dωn

ωn
ω∆2
2 · · ·ω∆n

n

×
([

zn1
zn2

∂

∂ω2
+

z12
zn2

∂

∂ωn

]
+

[
zn1z̄12
zn2ω2

∂

∂z̄2
+

z12z̄1n
zn2ω2

∂

∂z̄n

]
+

[
zn1
zn2

2s2
ω2

+
z12
zn2

2sn
ωn

])1−k

An−1

= Tr [T a1T a2 . . . T an ]

1−k∑
m̄=0

Hk,+1,a1
−m̄− k−1

2

(z1)z̄
m̄
1 Ãn−1,

which is a simple polynomial of degree 1−k in z̄1. A similar analysis has already been performed
for gravity and can be found in [23].
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A.2 NMHV and beyond

The factorization of the amplitude in (A.6) ceases to be valid beyond the MHV sector.10 While
the leading and subleading soft limits are universal [15, 50], the remaining terms are specific to
the amplitude in question. We examine the series expansion of the NMHV 6-point amplitude
and show that the amplitude is no longer a finite polynomial in the z, z̄ coordinates of the
soft particle. This suggests that the polynomial structure of soft current breaks down in the
presence of more than two negative helicity gluons. Consider the following expression for the
6-point NMHV (see for, e.g., [19])

A6

(
1−, 2−, 3−, 4+, 5+, 6+

)
=

⟨3|1 + 2|6]3 δ4(P )

P 2
126[21][16]⟨34⟩⟨45⟩⟨5|1 + 6|2]

+
⟨1|5 + 6|4]3 δ4(P )

P 2
156[23][34]⟨56⟩⟨61⟩⟨5|1 + 6|2]

,

where δ4(P ) is the momentum conserving delta function. If particle 1 becomes soft, we can
expand the amplitude as series around ω1 = 0. The coefficient of ωk

1 can then be identified with
the correlation function of the soft current as seen from (A.3). The structure of these correlation
functions is displayed below:〈

Hk,−1,a1(z1, z̄1)O−,a2
∆2

(z2, z̄2) · · · O+,a6
∆6

(z6, z̄6)
〉

=



1

(z̄1 − z̄2)(z̄1 − z̄6)
a0,0, k = 1,

1

(z̄1 − z̄2)(z̄1 − z̄6)

i=1,j=1∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = 0,

1

(z̄1 − z̄2)(z̄1 − z̄6)

1

(z1 − z6)

i=3,j=2∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = −1,

1

(z̄1 − z̄2)(z̄1 − z̄6)

1

(z1 − z6)

i=4,j=3∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = −2.

(A.7)

Repeating the same exercise for particle 2 yields, we have〈
O−,a1

∆1
(z1, z̄1)H

k,−1,a2(z2, z̄2) · · · O+,a6
∆6

(z6, z̄6)
〉

=



1

(z̄2 − z̄1)(z̄2 − z̄3)
a0,0, k = 1,

1

(z̄2 − z̄1)(z̄2 − z̄3)

i=1,j=1∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = 0,

1

(z̄2 − z̄1)(z̄2 − z̄3)

i=2,j=2∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = −1,

1

(z̄2 − z̄1)(z̄2 − z̄3)

i=3,j=3∑
i=0,j=0

ai,jz
i
1z̄

j
1, k = −2,

(A.8)

where we have omitted writing the overall trace factor. The leading and subleading soft factors
are universal as expected. However, the soft currents starting from k = −1 develop a pole in z
as seen in (A.7). This is the pole which gives the collinear limit 1−||6+. The full amplitude is
a sum over all orderings and will consequently have poles in both z and z̄.

10Recently, an infinite number of soft theorems involving a part of the amplitude have been found in [25, 31].
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A.3 Single soft factors in non-minimally coupled theories

We examine the structure of the soft currents when we include non-minimal couplings. In
particular, we consider the example of Yang–Mills theory supplemented by an F 3 interaction.
First order corrections to amplitude due to the F 3 operator have been computed in [17]. The
6-point NMHV amplitude, including the first order corrections is

A6

(
1+, 2+, 3+, 4−, 5−, 6−

)
=

[3|1 + 2|6⟩3

P 2
126⟨21⟩⟨16⟩[34][45][5|1 + 6|2⟩

+
[1|5 + 6|4⟩3

P 2
156⟨23⟩⟨34⟩[56][61][5|1 + 6|2⟩

+
κF 3

2

⟨45⟩2⟨56⟩2⟨64⟩2

⟨12⟩⟨23⟩⟨34⟩⟨45⟩⟨56⟩⟨61⟩
+

κF 3

2

[12]2[23]2[31]2

[12][23][34][45][56][61]
.

Processing as in the previous sections, we obtain results similar to (A.7) and (A.8) with coeffi-
cients ai,j receiving first order corrections. It is worth pointing out here that taking the collinear
limit 1||2 here will not produce only the p = 1 term in the first line of (2.4). The p = 2 term in
the first line would arise only once we include second order corrections. The remaining terms
would arise only if we include the contributions from the scalars.

Equations (A.7, A.8) show that a general Ansatz for the soft current cannot be a finite
polynomial in z, z̄ (which holds only in the MHV sector as in [24]) and we must have

Hk,s,a =
−h̄∑

m̄=−∞

−h∑
m=−∞

Hk,s,a
m,m̄

1

zm+h

1

z̄m̄+h̄
.

For the purposes of this paper, we choose to explicitly write the mode expansion in z̄ with the
modes being a function of z as

Hk,s,a =
−h̄∑

m̄=−∞
Hk,s,a

m̄ (z)
1

z̄m̄+h̄
.

B Gluon OPEs from double soft limits

In this section, we derive the soft current OPEs directly from simultaneous double soft limits
of scattering amplitudes. We are mainly interested in the singular terms in the OPE and these
correspond to taking holomorphic and anti-holomorphic collinear limits on the simultaneous
double soft limit factor of n-gluon amplitudes. We can expand this amplitude in a basis of
color-ordered amplitudes as in equation (A.1). Collinear poles 1

z12
or 1

z̄12
can only occur in the

color-ordered amplitudes when particles 1 and 2 are adjacent. We will restrict our attention to
the color-ordered amplitude with the canonical ordering. A similar result holds for the remaining
relevant orderings.

The simultaneous double soft limit of two positive helicity gluons has been derived in [30, 49].
Keeping only the singular term as z1 → z2, we have

An

(
1+, 2+, 3, . . . , n

) z12→0−−−−→ ⟨n2⟩
⟨n1⟩⟨12⟩

exp

(
⟨n1⟩
⟨n2⟩

λ̃α̇
1∂λ̃α̇

2
+

⟨12⟩
⟨n2⟩

λ̃α̇
1∂λ̃α̇

n

)
An−1

(
2+, . . . , n

)
.

We parametrize the spinors as in (A.2). In the collinear limit,

ω1 = τωp, ω2 = (1− τ)ωp, z1 = z2 = zp z̄p = z̄2 + τ z̄12.

λ̃2 +
⟨n1⟩
⟨n2⟩

λ̃1 =

√
ωp

1− τ

(
1
z̄p

)
=

1√
1− τ

λ̃p, (B.1)
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which then gives

An(1
+, 2+, 3, . . . , n)

z12→0−−−−→ 1

z12

1

τ ωp
An−1

({√
1− τλp,

1√
1− τ

λ̃p

}
, . . . ,

{
λn, λ̃n

})
=

1

z12

1

τ(1− τ)ωp
An−1

({
λp, λ̃p

}
, . . . ,

{
λn, λ̃n

})
.

Recalling that particle labelled by p is soft, we can perform a soft expansion of the amplitude
to get

An

(
1+, 2+, 3, . . . , n

) z12→0−−−−→ 1

z12

1

τ(1− τ)

∞∑
m=−1

ωm
p Hm,1 (z2, z̄2 + τ z̄12)A(m), (B.2)

where A(−1) = A(0) = An−2 (3, . . . , n) are universal and the rest are specific to the amplitude.
We can get the OPE by performing a Mellin transform. Recall that the celestial amplitude,
which is the correlation function of primary gluon operators is

Ãn

(
1+, 2+, 3, . . . , n

)
=
〈
O+,a1

∆1
(z1, z̄1)O+,a2

∆2
(z2, z̄2) · · · Osn,an

∆n
(zn, z̄n)

〉
=

∫
dω1 · · · dωn ω

∆1−1
1 · · ·ω∆n−1

n An(1
+, 2+, 3, . . . , n).

The double soft limit is

lim
ϵ→0

ϵ2
〈
O+,a1

k+ϵ (z1, z̄1)O
+,a2
l+ϵ (z2, z̄2) · · · Osn,an

∆n
(zn, z̄n)

〉
, k, l = 1, 0,−1, . . . .

Plugging in the double soft expansion from (B.2) and using the identity (A.4), we get

Hk1,+1,a1(z1, z̄1)H
k2,+1,a2(z2, z̄2) ∼ − ifa1a2b

z12

∞∑
n=0

(
2− k1 − k2 − n

1− k2

)
z̄n12
n!

∂̄nHk1+k2−1,+1,b.

The simultaneous double soft limit in the mixed helicity case was also derived in [30, 49].
The singular terms in the collinear limit are given by

A
(
1+, 2−, 3, . . . , n

) 1→2−−−→ ⟨n2⟩
⟨n1⟩⟨12⟩

exp

(
⟨n1⟩
⟨n2⟩

λ̃α̇
1∂λ̃α̇

2

)
A
(
2−, . . . , n

)
+

[13]

[12][23]
exp

(
[23]

[13]
λα
2∂λα

1

)
A
(
1+, . . . , n

)
.

We treat the holomorphic and anti-holomorphic collinear limits separately. In the z12 → 0
case, we use (B.1) and find

An

(
1+, 2−, 3, . . . , n

) z12→0−−−−→ 1

z12

1

τ ωp
An−1

({√
1− τλp,

1√
1− τ

λ̃p

}
, . . . ,

{
λn, λ̃n

})
=

1

z12

1− τ

τ ωp
An−1

({
λp, λ̃p

}
, . . . ,

{
λn, λ̃n

})
.

The procedure for performing the Mellin transform is the same as in the ++ case, we just
need to account for the difference in powers of 1−τ and that the soft particle p is now of negative
helicity. We then find〈

Hk1,+1,a1(z1, z̄1)H
k2,−1,a2(z2, z̄2) · · · Osn,an

∆n
(zn, z̄n)

〉 z12→0−−−−→

− ifa1a2b 1

z12

∞∑
n=0

(
−k1 − k2 − n

−1− k2

)
z̄n12
n!

∂̄nHk1+k2−1,−1,b(z2, z̄2)Ã(k1+k2−1).
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To take the anti-holomorphic collinear limit we take the following parametrization

ω1 = τωp, ω2 = (1− τ)ωp, z̄1 = z̄2 = z̄p, zp = z2 + τz12,

λ1 +
[23]

[13]
λ2 =

√
ωp

τ

(
1
zp

)
=

1√
τ
λp,

which gives

An

(
1+, 2−, 3, . . . , n

) z̄12→0−−−−→ 1

z̄12

1

(1− τ)ωp
An−1

({
1√
τ
λp,

√
τ λ̃p

}
, . . . , {λn, λ̃n}

)
=

1

z̄12

τ

(1− τ)ωp
An−1

(
{λp, λ̃p}, . . . , {λn, λ̃n}

)
.

Taking the Mellin transform, we find〈
Hk,+1,a1(z1, z̄1)H

l,−1,a2(z2, z̄2) · · · Osn,an
∆n

(zn, z̄n)
〉 z̄12→0−−−−→

− ifa1a2b 1

z̄12

∞∑
n=0

(
−k − l − n

1− l

)
zn12
n!

∂nHk+l−1,+1,b(z2, z̄2)Ã(k+l−1).

The full OPE is then

Hk,+1,a1(z1, z̄1)H
l,−1,a2(z2, z̄2) ∼ − ifa1a2b

z12

∞∑
n=0

(
−k − l − n
−1− l

)
z̄n12
n!

∂̄nHk+l−1,−1,b

− ifa1a2b

z̄12

∞∑
n=0

(
−k − l − n

1− l

)
zn12
n!

∂nHk+l−1,+1,b.

C Examples for deriving constraints of coupling constants

In this appendix we show how we derive the constraint

3κ20,2,2 = 10κ−2,2,2 κ2,2,2 (C.1)

in (3.8). The other constraints can be derived similarly. Consider the double commutator (3.7).
Take s1 = s2 = s3 = 2. We then have[[

W q1,2
m̄1

,W q2,2
m̄2

]
,W q3,2

m̄3

]
+ cyclic

=
∑

l=2,4,6

l∑
r=0
r odd

κ2,2,l−r−3

2

κ3−l+r,2,l−4

2

×N(q1, q2, m̄1, m̄2, l − r)N(q1 + q2 − l − 1 + r, q3, m̄1 + m̄2, m̄3, r)

×W q1+q2+q3−l−2,4−l
m̄1+m̄2+m̄3

+ cyclic.

Here we are interested in the coefficients of the generator W q1+q2+q3−8,−2 on the right-hand side.
These terms correspond to l = 6, therefore r can only be 1, 3, 5 in the summation. In the end
the total coefficient is∑

r=1,3,5

κ2,2,3−r

2

κr−3,2,2

2
N(q1, q2, m̄1, m̄2, 6− r)N(q1 + q2 − 7 + r, q3, m̄1 + m̄2, m̄3, r)+cyclic

=
κ−2,2,2κ2,2,2

4

(
N(q1, q2, m̄1, m̄2, 1)N(q1 + q2 − 2, m̄1 + m̄2, m̄3, 5)
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+N(q1, q2, m̄1, m̄2, 5)N(q1 + q2 − 6, q3, m̄1 + m̄2, m̄3, 1)
)

+
κ20,2,2
4

N(q1, q2, m̄1, m̄2, 3)N(q1 + q2 − 4, q3, m̄1 + m̄2, m̄3, 3) + cyclic. (C.2)

The N polynomials satisfy the following identity:

1

5!
N(q1, q2, m̄1, m̄2, 1)N(q1 + q2 − 2, m̄1 + m̄2, m̄3, 5)

+
1

5!
N(q1, q2, m̄1, m̄2, 5)N(q1 + q2 − 6, q3, m̄1 + m̄2, m̄3, 1)

+
1

3!2
N(q1, q2, m̄1, m̄2, 3)N(q1 + q2 − 4, q3, m̄1 + m̄2, m̄3, 3) + cyclic = 0.

Therefore, (C.2) becomes(
κ−2,2,2κ2,2,2

4
− 3!2

κ20,2,2
4× 5!

)(
N(q1, q2, m̄1, m̄2, 1)N(q1 + q2 − 2, m̄1 + m̄2, m̄3, 5)

+N(q1, q2, m̄1, m̄2, 5)N(q1 + q2 − 6, q3, m̄1 + m̄2, m̄3, 1)
)
+ cyclic = 0.

For arbitrary q1, q2, m̄1, m̄2, the quadratics of N polynomials shown above are all independent,
therefore to make (C.2) vanishing, one get

κ−2,2,2κ2,2,2 =
3!2

5!
κ20,2,2 =

3κ20,2,2
10

,

which is exactly the constraint (C.1).

D Alternate definition of commutators

Hk,s(z, z̄) =
−h̄∑

m̄=−∞

−h∑
m=−∞

1

z̄m̄+h̄zm+h
Hk,s

m,m̄,

Hk,s
m,m̄ =

∮
dz

2πi

∮
dz̄

2πi
zm+h−1z̄m̄+h̄−1Hk,s(z, z̄).

Having defined this mode expansion, we can define the commutator[
Hk1,s1

m1,m̄1
, Hk2,s2

m2,m̄2

]
:=

∮
z1>z2

dz1
2πi

∮
z2=0

dz2
2πi

∮
z̄1>z̄2

dz̄1
2πi

∮
z̄2=0

dz̄2
2πi

Hk1,s1(z1, z̄1)H
k2,s2(z2, z̄2)

−
∮

z1=0

dz1
2πi

∮
z2>z1

dz2
2πi

∮
z̄1=0

dz̄1
2πi

∮
z̄2>z̄1

dz̄2
2πi

Hk2,s2(z2, z̄2)H
k1,s1(z1, z̄1)

=

∮
z1=z2

dz1
2πi

∮
z2=0

dz2
2πi

∮
z̄1>z̄2

dz̄1
2πi

∮
z̄2=0

dz̄2
2πi

Hk1,s1(z1, z̄1)H
k2,s2(z2, z̄2)

+

∮
z1=0

dz1
2πi

∮
z2>z1

dz2
2πi

∮
z̄1=z̄2

dz̄1
2πi

∮
z̄2=0

dz̄2
2πi

Hk2,s2(z2, z̄2)H
k1,s1(z1, z̄1),

[
Hk1,s1

m1,m̄1
, Hk2,s2

m2,m̄2

]
= −

∑
p

κs1,s2,−sI

2

×
p∑

x=0

(m̄1 + m̄2 − h̄1 − h̄2 − p)!(−m̄1 − m̄2 − h̄1 − h̄2 − p)!

(m̄1 − h̄1 − p+ x)!(−m̄1 − h̄1 − x)!(m̄2 − h̄2 − x)!(−m̄2 − h̄2 − p+ x)!
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×(−1)p−x p!

x!(p− x)!
Hk1+k2+p−1,s1+s2−p−1

m1+m2,m̄2+m̄2

−
∑
p

κ̄s1,s2,−sI

2

p∑
x=0

(m1 +m2 − h1 − h2 − p)!(−m1 −m2 − h1 − h2 − p)!

(m1 − h1 − p+ x)!(−m1 − h1 − x)!(m2 − h2 − x)!(−m2 − h2 − p+ x)!

×(−1)p−x p!

x!(p− x)!
Hk1+k2+p−1,s1+s2+p+1

m1+m2,m̄2+m̄2
.

The Jacobi identity for commutators involving both positive and negative helicity currents is
violated.
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