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Abstract. The q-middle convolution was introduced by Sakai and Yamaguchi. In this
paper, we reformulate q-integral transformations associated with the q-middle convolution.
In particular, we discuss convergence of the q-integral transformations. As an application,
we obtain q-integral representations of solutions to the variants of the q-hypergeometric
equation by applying the q-middle convolution.
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1 Introduction

The Gauss hypergeometric series is defined by

2F1(α, β; γ; z) = 1 +
αβ

γ
z +

α(α+ 1)β(β + 1)

2!γ(γ + 1)
z2 + · · ·+ (α)n(β)n

n!(γ)n
zn + · · · , (1.1)

where (λ)n = λ(λ + 1) · · · (λ + n − 1), and it frequently appears in mathematics and physics.
The Gauss hypergeometric series satisfies the hypergeometric differential equation

z(1− z)
d2y

dz2
+ (γ − (α+ β + 1)z)

dy

dz
− αβy = 0, (1.2)

which is a standard form of second order Fuchsian differential equation with three regular sin-
gularities {0, 1,∞}. The global structure of the solutions to the hypergeometric differential
equation had been studied very well, and the integral representations of the solutions had been
applied for the study. An integral representation of the solutions to the hypergeometric differ-
ential equation is written as

y =

∫
C
wα−γ(1− w)γ−β−1(z − w)−α dw, (1.3)

where C is an appropriate integral contour. It had been explained in several textbook, e.g., see
Whittaker and Watson [15], and equation (1.3) is called Euler’s integral representation.

In a modern theory, the integral representation of the solutions to the hypergeometric dif-
ferential equation as equation (1.3) is related to the middle convolution, which was introduced
by Katz [10]. Dettweiler and Reiter [3, 4] reformulated it for the Fuchsian system of differential
equations written as

d

dx
Y (x) =

(
A1

x− t1
+

A2

x− t2
+ · · ·+ Ar

x− tr

)
Y (x), (1.4)
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where Y (x) is a column vector with n entries and A1, A2, . . . , Ar are constant matrices of size
n × n. Roughly speaking, the middle convolution is a correspondence of the Fuchsian system
of differential equations which is induced by the Euler’s integral transformation. For example,
the function u = wα−γ(1 − w)γ−β−1 appears partially in equation (1.3), and it satisfies the
scalar linear differential equation du/dw = {(α − γ)/w + (γ − β − 1)/(w − 1)}u. By applying
the middle convolution to this scalar equation, we obtain a differential equation of the form
in equation (1.4) with r = 2 and n = 2, and each element of Y satisfies the hypergeometric
differential equation (1.2) with some suitable parameters. The integral representation in equa-
tion (1.3) can be obtained as the correspondence of the solutions with respect to the middle
convolution. It is known that the hypergeometric differential equation is an example of the rigid
Fuchsian system of differential equations, and the theory of the middle convolution is related
with integral representations of solutions to the rigid Fuchsian system of differential equations
(see [8] for details).

The basic hypergeometric series

2ϕ1

(
a, b

c
; q, z

)
=

∞∑
n=0

(a; q)n(b; q)n
(q; q)n(c; q)n

zn (1.5)

was introduced by Heine in 1846. Here, (λ; q)n is the q-Pochhammer symbol defined by (λ; q)0=1
and

(λ; q)n = (1− λ)(1− λq)
(
1− λq2

)
· · ·

(
1− λqn−1

)
for the positive integer n. In this paper, we assume that q is a complex number such that
0 < |q| < 1. The basic hypergeometric series is a q-analogue of the hypergeometric series, which
is confirmed by setting

a = qα, b = qβ and c = qγ .

In fact, every term zn(qα; q)n
(
qβ; q

)
n
/((q; q)n(q

γ ; q)n) in the basic hypergeometric series con-
verges to the term zn(α)n(β)n/(n!(γ)n) in the hypergeometric series (equation (1.1)) as q → 1.
The basic hypergeometric series satisfies the q-difference hypergeometric equation

(x− q)f(x/q)− ((a+ b)x− q − c)f(x) + (abx− c)f(qx) = 0. (1.6)

It also tends to the hypergeometric equation (1.2) as q → 1. The Jackson integral represen-
tation of the basic hypergeometric series (1.5) is known (cf. [12]), and we obtain an integral
representation of the Gauss hypergeometric series (1.1) as q → 1. In [9], the variant of the
q-hypergeometric equation of degree two was introduced as(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)
g(x/q) + qk1+k2

(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)
g(qx)

−
[(
qk1 + qk2

)
x2 + Ex+ p

(
q1/2 + q−1/2

)
t1t2

]
g(x) = 0, (1.7)

p = q(h1+h2+l1+l2+k1+k2)/2, E = −p
{(
q−h2 + q−l2

)
t1 +

(
q−h1 + q−l1

)
t2
}
,

where 0 ̸= t1 ̸= t2 ̸= 0, which is a q-analogue of the second order Fuchsian differential equation
with three singularities {t1, t2,∞}. Although the second order Fuchsian differential equation
with three singularities {t1, t2,∞} is transformed to the hypergeometric equation by an affine
transformation, the variant of the q-hypergeometric equation of degree two would not be trans-
formed to the q-hypergeometric equation given in equation (1.6) by any simple transformation.
Several solutions of the variant of the q-hypergeometric equation of degree two were obtained
in [9, 11] and were also obtained by Fujii and Nobukawa in [5, 6]. Similarly, the variant of
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the q-hypergeometric equation of degree three was introduced as a q-analogue of the second
order Fuchsian differential equation with three singularities {t1, t2, t3} which do not include the
points 0 and ∞ (see equation (4.33)).

A q-deformation of the middle convolution was constructed by Sakai and Yamaguchi [13].
The targets of the q-middle convolution are the linear systems of the q-difference equations
written as

Y (qx) = B(x)Y (x), B(x) = B∞ +
N∑
i=1

Bi

1− x/bi
, (1.8)

where B∞, B1, . . . , BN are the square matrices of the same size and b1, b2, . . . , bN are the non-
zero complex numbers which are different from one another. It was shown in [13] that the
q-hypergeometric equation is written in the form of equation (1.8) for the case N = 1. The
q-convolution of Sakai and Yamaguchi [13] is related to the Jackson integral of the form∫ ∞

0
f(s) dqs = (1− q)

∞∑
n=−∞

qnf
(
qn
)
. (1.9)

See Section 2 for the q-convolution and the q-middle convolution.
In this paper, we investigate q-deformed integral representations of solutions to the q-hyper-

geometric equation and its variants by using the q-middle convolution. For this purpose, we need
to improve the theory of Sakai and Yamaguchi on the q-convolution, and it is another important
topic in this paper. As was pointed out in [14], we can replace the q-integral as equation (1.9)
in the theory of Sakai and Yamaguchi with the Jackson integral of the form∫ ξ∞

0
f(s) dqs = (1− q)

∞∑
n=−∞

qnξf
(
qnξ

)
, ξ ∈ C \ {0}, (1.10)

which had been frequently handled by Aomoto (see [1] and references therein). We need to
take care for convergence of the q-integral representation by the q-middle convolution to obtain
rigorous results. It is also necessary to make a foundation for application to the special functions.

In Section 3, we apply the q-convolution discussed in Section 2 to obtain several solutions to
the q-hypergeometric equation (1.6). Although these solutions have been known, the method
by the q-convolution would be new.

In Section 4, we obtain q-integral representations of solutions to the variants of the q-
hypergeometric equation by applying the q-middle convolution. We think that these solutions
would be new, while Fujii and Nobukawa obtained some results on solutions to the variants
of the q-hypergeometric equation in [5, 6], which would not rely on the q-middle convolution.
We display some of our results on the variants of the q-hypergeometric equation of degree two.
We use the notations

(a; q)∞ =
∞∏
j=0

(
1− qja

)
, (a1, a2, . . . , aN ; q)∞ = (a1; q)∞(a2; q)∞ · · · (aN ; q)∞.

The function y(x) = xµ(α1x, α2x; q)∞/(β1x, β2x; q)∞ satisfies the single q-difference equation
y(qx) = (B∞ + B1/(1 − α1x) + B2/(1 − α2x))y(x) for some constants B∞, B1 and B2 (see
equation (4.1) for details). By applying the q-middle convolution to this single q-difference
equation, we obtain the q-integral representations which we display as follows. Set λ = (h1 +
h2 − l1 − l2 − k1 + k2 + 1)/2. We show in Section 4.1, that if λ+ k1 − k2 > 0, then the function

g(x) = xλ−k2

(
qλ−h1+1/2x/t1; q

)
∞(

q−h1+1/2x/t1; q
)
∞

3ϕ2

(
q−h1+1/2x/t1, q

λ−h1+l1 , qλ−h1+l2t2/t1
qλ−h1+1/2x/t1, q

1−h1+h2t2/t1
; q, qλ+k1−k2

)
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satisfies the variant of q-hypergeometric equation of degree two (equation (1.7)). Another solu-
tion is given by

g(x) = x−k1

(
q−λ+h1+3/2t1/x, q

−λ+h2+3/2t2/x; q
)
∞(

ql1+1/2t1/x, ql2+1/2t2/x; q
)
∞

×3ϕ2

(
ql1+1/2t1/x, q

l2+1/2t2/x, q
1−λ

q−λ+h1+3/2t1/x, q
−λ+h2+3/2t2/x

; q, qλ+k1−k2

)
.

These solutions are obtained as some particular forms of the Jackson integral given in equa-
tion (1.10) with specific substitution for the parameter ξ. By another choice of the parameter ξ,
we obtain the function

g(x) = (q − 1)x−k2

(
qλ+l1+1/2t1/x, q

l1−l2+1t1/t2, q; q
)
∞(

ql1+1/2t1/x, qλ−h1+l1 , qλ−h2+l1t1/t2; q
)
∞

× 3ϕ2

(
ql1+1/2t1/x, q

λ−h1+l1 , qλ−h2+l1t1/t2
qλ+l1+1/2t1/x, q

l1−l2+1t1/t2
; q, q

)
. (1.11)

However, it does not satisfy the variant of q-hypergeometric equation of degree two, because the
general theory obtained in Theorem 2.6 is not applicable. Nevertheless, we can show that the
function g(x) in equation (1.11) satisfies the variant of the q-hypergeometric equation of degree
two with a non-homogeneous term, which is written as(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)
g(x/q) + qk1+k2

(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)
g(qx)

−
[(
qk1 + qk2

)
x2 + Ex+ p

(
q1/2 + q−1/2

)
t1t2

]
g(x)

− (1− q)
(
1− qλ

)
ql2+k1−k2−1/2t2x

1−k2 = 0,

p = q(h1+h2+l1+l2+k1+k2)/2, E = −p
{(
q−h2 + q−l2

)
t1 +

(
q−h1 + q−l1

)
t2
}
.

(1.12)

Note that a delicate aspect on convergence of the q-middle convolution, which we refine in this
paper, is applied. We also obtain that the function

g(x) = (q − 1)
q−λ−l1+1/2

t1
x1−k2

(
q−λ−l1+3/2x/t1, q

−λ−l2+3/2x/t2, q; q
)
∞(

q−h1+1/2x/t1, q−h2+1/2x/t2, q1−λ; q
)
∞

× 3ϕ2

(
q−h1+1/2x/t1, q

−h2+1/2x/t2, q
1−λ

q−λ−l1+3/2x/t1, q
−λ−l2+3/2x/t2

; q, q

)
satisfies equation (1.12).

This paper is organized as follows. In Section 2, we discuss the q-middle convolution and
the convergence. In Section 3, we discuss q-integral representations of solutions to the q-
hypergeometric equation and the q-Jordan Pochhammer equation. In Section 4, we discuss
q-integral representations of solutions to the variants of the q-hypergeometric equation.

Throughout this paper, we assume that the complex number q satisfies 0 < |q| < 1.

2 q-middle convolution and convergence

We review the definitions of the q-convolution and the q-middle convolution introduced by
Sakai and Yamaguchi [13]. Although these definitions are unchanged in this paper, we modify
discussions on the q-integrals.
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Let B = (B∞;B1, . . . , BN ) be the tuple of the square matrices of the same size and b =
(b1, b2, . . . , bN ) be the tuple of the non-zero complex numbers which are different one another.
We denote by EB,b the linear q-difference equations

Y (qx) = B(x)Y (x), B(x) = B∞ +

N∑
i=1

Bi

1− x/bi
. (2.1)

Definition 2.1 (q-convolution [13]). Let B = (B∞;B1, . . . , BN ) be the tuple of m×m matrices
and λ ∈ C. Set B0 = Im−B∞−B1−· · ·−BN . We define the q-convolution cλ : (B∞;B1, . . . , BN )
7→ (F∞;F1, . . . , FN ) as follows:

F = (F∞;F1, . . . , FN ) is a tuple of (N + 1)m× (N + 1)m matrices,

Fi =

 O
B0 · · · Bi −

(
1− qλ

)
Im · · · BN

O

 ((i+ 1)-st), 1 ≤ i ≤ N,

F∞ = I(N+1)m − F̂ , F̂ =

B0 · · · BN
...

. . .
...

B0 · · · BN

.
(2.2)

The q-convolution in Definition 2.1 induces the correspondence of the linear q-difference
equations

Y (qx) = B(x)Y (x) 7→ Ŷ (qx) = F (x)Ŷ (x),

B(x) = B∞ +
N∑
i=1

Bi

1− x/bi
, F (x) = F∞ +

N∑
i=1

Fi

1− x/bi
,

and it is related with a q-integral transformation, which was established by Sakai and Yam-
aguchi [13]. We modify the relationship with the q-integral transformation. Let ξ ∈ C \ {0}.
The Jackson integral on the open interval (0,∞) is defined as the infinite sum

∫ ξ∞

0
f(s) dqs = (1− q)

∞∑
n=−∞

qnξf
(
qnξ

)
.

Note that the value of the Jackson integral may depend on the value ξ. Set

Pλ(x, s) =

(
qλ+1s/x; q

)
∞

(qs/x; q)∞
. (2.3)

We are going to consider the q-integral transformation associated to the q-convolution with
paying attention to convergence. Let Y (x) be a solution to EB,b (see equation (2.1)). Set b0 = 0
and

Ŷ
[K,L]
i (x) = (1− q)

L∑
n=K

Pλ(x, s)

s− bi
sY (s)

∣∣∣∣
s=qnξ

, i = 0, 1, . . . , N,

where K and L are integers.
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Proposition 2.2. Let Y (x) be a solution to EB,b. For i = 0, 1, . . . , N , we have

Ŷ
[K,L]
i (qx) = Ŷ

[K,L]
i (x)−

N∑
j=0

Bj Ŷ
[K,L]
j (x)

+
1

1− x/bi

{
−
(
1− qλ

)
Ŷ

[K,L]
i (x) +

N∑
j=0

Bj Ŷ
[K,L]
j (x)

}
+

(1− q)x

x− bi

(
Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

))
.

Proof. It follows from the definition of Pλ(x, s) that

Pλ(qx, s) = Pλ(x, s/q) =
x− qλs

x− s
Pλ(x, s). (2.4)

Hence

Pλ(qx, s)

s− bi
=
x− qλbi
x− bi

Pλ(x, s)

s− bi
+

x

x− bi

Pλ(x, s/q)− Pλ(x, s)

s
.

By multiplying by sY (s) and taking summation, we have

Ŷ
[K,L]
i (qx) =

{
1 +

(
1− qλ

)
bi

x− bi

}
Ŷ

[K,L]
i (x)

+
(1− q)x

x− bi

L∑
n=K

(Pλ(x, s/q)− Pλ(x, s))Y (s)|s=qnξ.

Since the function Y (x) satisfies EB,b, it follows that

Y (qs)− Y (s) =

(
B∞ +

N∑
j=1

Bj

1− s/bj
− Im

)
Y (s) =

N∑
j=0

−s
s− bj

BjY (s).

Then

L∑
n=K

(Pλ(x, s/q)− Pλ(x, s))Y (s)|s=qnξ

= Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
+

L∑
n=K

Pλ(x, s)(Y (qs)− Y (s))

∣∣∣∣
s=qnξ

= Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
+

L∑
n=K

N∑
j=0

−sPλ(x, s)

s− bj
BjY (s)

∣∣∣∣
s=qnξ

= Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
− 1

1− q

N∑
j=0

Bj Ŷ
[K,L]
j (x).

Therefore, we have

Ŷ
[K,L]
i (qx) =

{
1 +

(
1− qλ

)
bi

x− bi

}
Ŷ

[K,L]
i (x)− x

x− bi

N∑
j=0

Bj Ŷ
[K,L]
j (x)

+
(1− q)x

x− bi

(
Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

))
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= Ŷ
[K,L]
i (x)−

N∑
j=0

Bj Ŷ
[K,L]
j (x)

+
1

1− x/bi

{
−
(
1− qλ

)
Ŷ

[K,L]
i (x) +

N∑
j=0

Bj Ŷ
[K,L]
j (x)

}
+

(1− q)x

x− bi

(
Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
− Pλ

(
x, qLξ

)
Y
(
qL+1ξ

))
. ■

Corollary 2.3 (cf. [13, Theorem 2.1]). Let Y (x) be a solution of EB,b. Set b0 = 0. Assume

that every component of Ŷ
[K,L]
i (x) converges as K → −∞ and L→ +∞ for i = 0, 1, . . . , N and

lim
K→−∞

Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
= 0, lim

L→+∞
Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
= 0.

Define the function Ŷ (x) as

Ŷi(x) =

∫ ξ∞

0

Pλ(x, s)

s− bi
Y (s) dqs, i = 0, . . . , N, Ŷ (x) =

 Ŷ0(x)
...

ŶN (x)

.
Then the function Ŷ (x) satisfies the equation EF,b, i.e.,

Ŷ (qx) =

(
F∞ +

N∑
i=1

Fi

1− x/bi

)
Ŷ (x). (2.5)

Proof. It follows from the assumption and Proposition 2.2 that

Ŷi(x) = lim
K→−∞
L→+∞

Ŷ
[K,L]
i (x)

(
=

∫ ξ∞

0

Pλ(x, s)

s− bi
Y (s) dqs

)
and

Ŷi(qx) = Ŷi(x)−
N∑
j=0

Bj Ŷj(x) +
1

1− x/bi

{
−
(
1− qλ

)
Ŷi(x) +

N∑
j=0

Bj Ŷj(x)

}
(2.6)

for i = 0, . . . , N . Since equation (2.6) is equivalent to equation (2.5) by equation (2.2), the
function Ŷ (x) satisfies the equation EF,b. ■

Remark 2.4. The function (x/s)λ(x/s; q)∞/
(
q−λx/s; q

)
∞ also satisfies equation (2.4). Propo-

sition 2.2 and Corollary 2.3 also hold true if we replace the function Pλ(x, s) in equation (2.3)
with

Pλ(x, s) = (x/s)λ
(x/s; q)∞

(q−λx/s; q)∞
.

We give a sufficient condition that the assumption of Corollary 2.3 holds.

Proposition 2.5. Let [Y (s)]k be the k-th component of Y (s)(∈ Cm). We assume that the
following conditions (a) and (b) hold:

(a) There exist ε1, C1 ∈ R>0 and M1 ∈ Z such that |[Y (s)]k| ≤ C1|s|ε1 for any s ∈ {qnξ | n ≥
M1, n ∈ Z} and k = 1, . . . ,m.
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(b) There exist ε2, C2 ∈ R>0 and M2 ∈ Z such that |[Y (s)]k| ≤ C2|s|λ−ε2 for any s ∈ {qnξ |
n ≤M2, n ∈ Z} and k = 1, . . . ,m.

Then every component of Ŷ
[K,L]
j (x) converges absolutely as K → −∞ and L → +∞ for j =

0, 1, . . . , N and

lim
K→−∞

Pλ

(
x, qK−1ξ

)
Y
(
qKξ

)
= 0, lim

L→+∞
Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
= 0.

Proof. It follows from equation (2.3) that Pλ(x, s) → 1 as s → 0 for each x. Therefore, there
exists the integer M ′

1 such that∣∣∣∣Pλ(x, s)

s− bj
s[Y (s)]k

∣∣∣∣ ≤ 2C1|s|ε1 , s = qnξ

for any integer n such that n ≥M ′
1, k ∈ {1, . . . ,m} and j ∈ {0, 1, . . . , N}. Absolute convergence

of the summation

∞∑
n=M ′

1

Pλ(x, s)

s− bi
s[Y (s)]k

∣∣∣∣
s=qnξ

follows from the convergence of the majorant series 2C1|ξ|ε1(|q|ε1)n. It is also shown that
limL→+∞ Pλ

(
x, qLξ

)
Y
(
qL+1ξ

)
= 0.

Since Pλ(x, s/q) = Pλ(x, s)
(
x − qλs

)
/(x − s), we have |Pλ(x, s/q)/Pλ(x, s)| ≤ |q|λ−ε2/2

for sufficiently large s for each x. Then there exists M ′
2 ∈ Z such that

∣∣Pλ

(
x, qM

′
2+n′

ξ
)∣∣ ≤(

|q|λ−ε2/2
)−n′∣∣Pλ

(
x, qM

′
2ξ
)∣∣ for any non-positive integer n′, and it follows that |Pλ(x, q

nξ)| ≤
C ′(|q|λ−ε2/2

)−n
for any integer n such that n ≤ M ′

2 by setting C ′ = |q|M ′
2(λ−ε2/2)

∣∣Pλ

(
x, qM

′
2ξ
)∣∣.

Hence, there exist M3 ∈ Z and C ′′ ∈ R>0 such that∣∣∣∣Pλ(x, s)

s− bj
s[Y (s)]k

∣∣∣∣ ≤ C ′′(|q|λ−ε2/2
)−n|s|λ−ε2 , s = qnξ

for any integer n such that n ≤M3, k ∈ {1, . . . ,m} and j ∈ {0, 1, . . . , N}. Absolute convergence
of the summation

M3∑
∗n=−∞

Pλ(x, s)

s− bi
s[Y (s)]k

∣∣∣∣
s=qnξ

follows from the convergence of the majorant series of the form C ′′′(|q|ε2/2)−n
. It is also shown

that limK→−∞ Pλ

(
x, qK−1ξ

)
Y (qKξ) = 0. ■

Therefore, we obtain the following theorem.

Theorem 2.6 (cf. [13, Theorem 2.1]). Let Y (x) be a solution of EB,b which satisfies the con-

ditions (a) and (b) in Proposition 2.5. Then the function Ŷ (x) defined by

Ŷi(x) =

∫ ξ∞

0

Pλ(x, s)

s− bi
Y (s) dqs, i = 0, . . . , N, Ŷ (x) =

 Ŷ0(x)
...

ŶN (x)


is convergent and it satisfies the equation Ecλ(B),b, where cλ(B) = F is the tuple defined by the
convolution in equation (2.2).
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Note that Theorem 2.6 is a one-parameter deformation of [13, Theorem 2.1] by Sakai and
Yamaguchi with respect to the parameter ξ.

The q-middle convolution is defined by considering an appropriate quotient space.

Definition 2.7 (q-middle convolution, [13]). We define the F-invariant subspaces K and L of
(Cm)N+1 as follows:

K =

kerB0
...

kerBN

, L = ker
(
F̂ −

(
1− qλ

)
I(N+1)m

)
.

We denote the action of Fk on the quotient space (Cm)N+1/(K + L) by F k, k = ∞, 1, . . . , N .
Then the q-middle convolution mcλ is defined by the correspondence EB,b 7→ EF,b, where

F =
(
F∞;F 1, . . . , FN

)
.

The q-middle convolution mcλ would induce the integral transformation of the solutions by
applying the integral transformation on the q-convolution, although it would be necessary to
consider the subspace K + L ⊂ (Cm)N+1.

3 q-integral representation of solutions
to q-hypergeometric equation

In this section, we obtain the q-hypergeometric equation and the q-Jordan Pochhammer equation
by applying the q-convolution.

3.1 q-convolution and q-hypergeometric equation

Set y(x) = xµ(αx; q)∞/(βx; q)∞. Then

y(qx) = (qx)µ
(αqx; q)∞
(βqx; q)∞

= qµ
1− βx

1− αx
y(x) =

(
qµ
β

α
+
qµ(1− β/α)

1− αx

)
y(x).

Namely, the function y(x) satisfies the linear q-difference equation y(qx) = B(x)y(x), where

B(x) = B∞ +
B1

1− x/b1
, B∞ = qµ

β

α
, B1 = qµ

(
1− β

α

)
, b1 =

1

α
. (3.1)

Then B0 = 1 − B∞ − B1 = 1 − qµ. We apply the convolution cλ. Then the matrices cλ(B) =
F = (F1, F∞) are written as

F1 =

(
0 0
B0 B1 −

(
1− qλ

)) =

(
0 0

1− qµ qµ(1− β/α)− 1 + qλ

)
,

F∞ =

(
1−B0 −B1

−B0 1−B1

)
=

(
qµ −qµ(1− β/α)

−(1− qµ) 1− qµ(1− β/α)

)
.

The equation EF,b is written as

Ŷ (qx) =

(
F∞ +

F1

1− αx

)
Ŷ (x) =

 qµ −qµ(1− β/α)

(1− qµ)αx

1− αx

(−α+ (α− β)qµ)x+ qλ

1− αx

 Ŷ (x). (3.2)

On the system of first order linear q-difference equations with two components, each component
satisfies the second order linear q-difference equation described as follows.
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Proposition 3.1. Assume that the functions g1(x) and g2(x) satisfy

g1(qx) = a11(x)g1(x) + a12(x)g2(x) + b1(x),

g2(qx) = a21(x)g1(x) + a22(x)g2(x) + b2(x).
(3.3)

Then we obtain the following equation{
a11(x/q)a22(x/q)− a12(x/q)a21(x/q)

} a12(x)

a12(x/q)
g1(x/q) + g1(qx)

−
{
a11(x) +

a12(x)

a12(x/q)
a22(x/q)

}
g1(x)− b1(x) +

a12(x)

a12(x/q)
a22(x/q)b1(x/q)

− a12(x)b2(x/q) = 0.

Proof. We replace x by x/q in equation (3.3) and eliminate the term g2(x/q). Next, we
eliminate the term g2(x) by using the first equation of (3.3). Then we obtain the proposition. ■

We apply Proposition 3.1 to equation (3.2) by setting

Ŷ (x) =

(
ŷ0(x)
ŷ1(x)

)
.

Then we have(
x− qλ+1β−1

)
ŷ0(x/q) + q−µβ−1(αx− q)ŷ0(qx)

−
{(
q−µαβ−1 + 1

)
x− qβ−1

(
1 + qλ−µ

)}
ŷ0(x) = 0. (3.4)

Set ŷ0(x) = xλh(x). Then the function h(x) satisfies(
x− qλ+1β−1

)
h(x/q) +

(
q2λ−µαβ−1x− q2λ−µ+1β−1

)
h(qx)

−
{(
qλ−µαβ−1 + qλ

)
x− qλ+1β−1 − q2λ−µ+1β−1

}
h(x) = 0.

In the case qλ = β, it is written as the standard form of the q-hypergeometric equation

(x− q)g(x/q) + (abx− c)g(qx)− {(a+ b)x− q − c}g(x) = 0 (3.5)

with the parameters

a = q−µα, b = β, c = q−µ+1β.

We can similarly obtain the q-difference equation for the function ŷ1(x) as(
x− qλ+1β−1

)
ŷ1(x/q) + q−µβ−1(αx− 1)ŷ1(qx)

−
{(
q−µαβ−1 + 1

)
x− β−1

(
q + qλ−µ

)}
ŷ1(x) = 0,

and it is transformed to the standard form of the q-hypergeometric equation with the parameters

a = q−µα, b = β, c = q−µβ.

If we apply Theorem 2.6 by choosing the function Y (x) as Y (x) = xµ(αx; q)∞/(βx; q)∞, we
obtain q-integral representations of solutions to the equation EF,b in equation (3.2). We inves-
tigate the assumption of Theorem 2.6 for the functions including xµ(αx; q)∞/(βx; q)∞.

Proposition 3.2. Let ξ, α1, . . . , αN , β1, . . . , βN ∈ C \ {0} such that β1ξ, . . . , βNξ ̸∈ qZ. Set

y(s) = sµ
(α1s, . . . , αNs; q)∞
(β1s, . . . , βNs; q)∞

. (3.6)
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(i) If µ > 0, then there exist ε, C1 ∈ R>0 and M1 ∈ Z such that |y(s) |≤ C1|s|ε for any
s ∈ {qnξ | n ≥M1, n ∈ Z}.

(ii) Let ν ∈ R. If |q|ν−µ|α1 · · ·αN/(β1 · · ·βN )| < 1, then there exist ε, C2 ∈ R>0 and M2 ∈ Z
such that |y(s)| ≤ C2|s|ν−ε for any s ∈ {qnξ | n ≤M2, n ∈ Z}.

Proof. We obtain (i) by setting ε = µ, because s−µy(s) → 1 as s→ 0.
We show (ii). It follows from the assumption that there exists ε ∈ R>0 such that

|q|−µ|α1 · · ·αN/(β1 · · ·βN )| < |q|2ε|q|−ν . (3.7)

Since

y(s/q) = q−µ (1− α1s/q) · · · (1− αNs/q)

(1− β1s/q) · · · (1− βNs/q)
y(s), (3.8)

we have |y(s/q)/y(s)| ≤ |q|−µ−ε|α1 · · ·αN/(β1 · · ·βN )| for sufficiently large s. Then there exists
M ′ ∈ Z such that∣∣y(qM ′+n′

ξ
)∣∣ ≤ (

|q|−µ−ε|α1 · · ·αN/(β1 · · ·βN )|
)−n′∣∣y(qM ′

ξ
)∣∣

for any non-positive integer n′, and it follows that there exist C ′ ∈ R>0 and M ′′ ∈ Z such
that |y(qnξ)| ≤ C ′(|q|−µ−ε|α1 · · ·αN/(β1 · · ·βN )|)−n for any integer n such that n ≤ M ′′. By
applying equation (3.7), we have∣∣y(qnξ)∣∣ < C ′(|q|−ν+ε

)−n
=

(
C ′|ξ|−ν+ε

)
|qnξ|ν−ε.

Therefore, we obtain (ii). ■

Remark 3.3. The function y(s) in equation (3.6) satisfies equation (3.8). The function

y(s) = sµ
′ (q/(β1s), . . . , q/(βNs); q)∞
(q/(α1s), . . . , q/(αNs); q)∞

, qµ
′ α1 · · ·αN

β1 · · ·βN
= qµ

also satisfies (3.8). Proposition 3.2 is valid by replacing the assumption with α1ξ, . . . , αNξ ̸∈ qZ.

We apply Theorem 2.6 by picking up a solution of y(qx) = B(x)y(x) determined by equa-
tion (3.1) as y(x) = xµ(αx; q)∞/(βx; q)∞. The assumption of Theorem 2.6 is satisfied by the
condition of Proposition 3.2 by setting N = 1 and ν = λ. Therefore, we obtain the following
theorem.

Theorem 3.4. Let ξ, α, β ∈ C \ {0} such that βξ ̸∈ qZ. If µ > 0 and |q|λ−µ|α/β| < 1, then the
function Ŷ (x) defined by

Ŷ (x) =

(
ŷ0(x)
ŷ1(x)

)
,

ŷ0(x) =

∫ ξ∞

0

Pλ(x, s)

s
sµ

(αs; q)∞
(βs; q)∞

dqs, ŷ1(x) =

∫ ξ∞

0

Pλ(x, s)

s− 1/α
sµ

(αs; q)∞
(βs; q)∞

dqs

is convergent and it satisfies the equation EF,b given in equation (3.2).

The function ŷ0(x) is expressed as

ŷ0(x) =

∫ ξ∞

0
sµ−1

(
qλ+1s/x, αs; q

)
∞

(qs/x, βs; q)∞
dqs = (1− q)

∞∑
n=−∞

(qnξ)µ
(
qλ+n+1ξ/x, qnξα; q

)
∞(

qn+1ξ/x, qnξβ; q
)
∞

.
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This is a bilateral basic hypergeometric series of the form 2ψ2. If we specialize the value ξ, then
we obtain the unilateral basic hypergeometric series.

If ξ = 1/α, then it follows from (qn; q)∞ = 0 for n ∈ Z≤0 that

ŷ0(x) = (1− q)

∞∑
n=1

(qn/α)µ
(
qλ+n+1/(αx), qn; q

)
∞(

qn+1/(αx), qnβ/α; q
)
∞

= (1− q)α−µqµ
(
qλ+2/(αx), q; q

)
∞(

q2/(αx), qβ/α; q
)
∞

{
1 +

∞∑
n=2

(
q2/(αx); q

)
n−1

(qβ/α; q)n−1(
qλ+2/(αx); q

)
n−1

(q; q)n−1
(qµ)n−1

}

= (1− q)α−µqµ
(
qλ+2/(αx), q; q

)
∞(

q2/(αx), qβ/α; q
)
∞

2ϕ1

(
q2/(αx), qβ/α
qλ+2/(αx)

; q, qµ
)
. (3.9)

The assumption of Theorem 2.6 is satisfied by the condition µ > 0 solely, because the condition
|y(s)| ≤ C2|s|λ−ε2 for any s ∈ {qnξ | n ≤ 0, n ∈ Z} is satisfied by the condition y(s) =
sµ(αs; q)∞/(βs; q)∞ = 0 for any s ∈ {qnξ | n ≤ 0, n ∈ Z}. If ξ = q−λx, then we have

ŷ0(x) = (1− q)

∞∑
n=0

(
qn−λx

)µ (
qn+1, qn−λαx; q

)
∞(

qn+1−λ, qn−λxβ; q
)
∞

= (1− q)q−λµxµ
(
q−λαx, q; q

)
∞(

q−λβx, q1−λ; q
)
∞

2ϕ1

(
q−λβx, q1−λ

q−λαx
; q, qµ

)
.

The assumption of Theorem 2.6 is satisfied by the condition µ > 0 solely.

Although the evaluation ξ = 1/β is inconsistent with the assumption of Theorem 3.4, we
evaluate ξ = A/β, change the scaling of the function ŷ0(x) and take the limit A → 1. Set
ξ = A/β. Under the hypothesis that the limit A → 1 commutes with the infinite summation,
we have

(1−A)ŷ0(x) = (1− q)
∞∑

n=−∞
(1−A)(qnξ)µ

(
Aqλ+n+1/(βx), Aqnα/β; q

)
∞(

Aqn+1/(βx), Aqn; q
)
∞

−−−→
A→1

(1− q)

0∑
n=−∞

(qn/β)µ
(
qλ+n+1/(βx), qnα/β; q

)
∞(

qn+1/(βx), q; q
)
∞(qn; q)−n

= (1− q)β−µ

(
qλ+1/(βx), α/β; q

)
∞

(q/(βx), q; q)∞
2ϕ1

(
q−λβx, qβ/α

βx
; q, qλ−µα

β

)
. (3.10)

Similarly, we evaluate ξ = Ax, change the scaling of the function ŷ0(x) and take the limit A→ 1.
Under the hypothesis that the limit A→ 1 commutes with the infinite summation, we have

(1−A)ŷ0(x) −−−→
A→1

(1− q)q−µxµ
(
αx/q, qλ; q

)
∞

(βx/q, q; q)∞
2ϕ1

(
q2/(αx), q1−λ

q2/(βx)
; q, qλ−µα

β

)
. (3.11)

To obtain alternative results corresponding to the specialization ξ = 1/β and ξ = x, we
replace the functions with

Pλ(x, s) = (x/s)λ
(x/s; q)∞(
q−λx/s; q

)
∞
, y(s) = sµ

′ (q/(βs); q)∞
(q/(αs); q)∞

with the condition qµ
′
α/β = qµ. Then the function y(x) also satisfies the q-difference equation

y(qx) = B(x)y(x) with the condition in equation (3.1). The function ŷ0(x) obtained by the
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convolution is expressed as

ŷ0(x) =

∫ ξ∞

0
sµ

′−1(x/s)λ
(x/s, q/(βs); q)∞(
q−λx/s, q/(αs); q

)
∞

dqs

= (1− q)xλ
∞∑

n=−∞
(qnξ)µ

′−λ

(
xq−n/ξ, q1−n/(βξ); q

)
∞(

xq−λ−n/ξ, q1−n/(αξ); q
)
∞
,

and it also satisfies equation (3.4) under the condition of convergence. If ξ = 1/β, then

ŷ0(x) = (1− q)xλ
0∑

n=−∞
(qn/β)µ

′−λ

(
xq−nβ, q1−n; q

)
∞(

q−λβxq−n, q1−nβ/α; q
)
∞

= (1− q)βλ−µ′
xλ

(βx, q; q)∞(
q−λβx, qβ/α; q

)
∞

{
1 +

∞∑
m=1

(
q−λβx; q

)
m
(qβ/α; q)m

(βx; q)m(q; q)m

(
qλ−µ′)m}

= (1− q)βλ−µ′
xλ

(βx, q; q)∞(
q−λβx, qβ/α; q

)
∞

2ϕ1

(
q−λβx, qβ/α

βx
; q, qλ−µα

β

)
,

and it converges under the condition |q|λ−µ|α/β| < 1. If ξ = x, then

ŷ0(x) = (1− q)xλ
−1∑

n=−∞
(qnx)µ

′−λ

(
q−n, q1−n/(βx); q

)
∞(

q−λq−n, q1−n/(αx); q
)
∞

= (1− q)qλ−µα

β
xµ

′
(
q2/(βx), q; q

)
∞(

q2/(αx), q1−λ; q
)
∞

2ϕ1

(
q2/(αx), q1−λ,

q2/(βx)
; q, qλ−µα

β

)
,

and it converges under the condition |q|λ−µ|α/β| < 1. Although these functions do not coincides
with the functions in equations (3.10), (3.11), respectively, they match up to the pseudo-constant.
Namely, the functions(

qλ+1/(βx); q
)
∞

(q/(βx); q)∞

/(
xλ

(βx; q)∞(
q−λβx; q

)
∞

)
, xµ

(αx/q; q)∞
(βx/q; q)∞

/(
xµ

′
(
q2/(βx); q

)
∞(

q2/(αx); q
)
∞

)
are invariant under the transformation x→ qx.

It is well known that the standard form of the q-hypergeometric equation given in equa-
tion (3.5) has the local solutions 2ϕ1(a, b; c; q, x) and x

1−γ
2ϕ1

(
qa/c, qb/c; q2/c; q, x

)
(qγ = c) about

x = 0 and also has the local solutions x−α′
2ϕ1(a, qa/c; qa/b; q, qc/(abx)) and x

−β′
2ϕ1(b, qb/c; qb/a;

q, qc/(abx)), qα
′
= a, qβ

′
= b, about x = ∞. We connect the functions obtained by the q-

convolution with the local solutions. It is known in [7, formula (1.4.1)] that

2ϕ1

(
a, b
c

; q, z

)
=

(b, az; q)∞
(c, z; q)∞

2ϕ1

(
c/b, z
az

; q, b

)
(3.12)

under the condition |z| < 1 and |b| < 1. It follows from equation (3.12) that the function ŷ0(x)
in the case ξ = 1/α is written as

ŷ0(x) = (1− q)α−µqµ
(
q, qµ+1β/α; q

)
∞

(qβ/α, qµ; q)∞
2ϕ1

(
qλ, qµ

qµ+1β/α
; q,

q2

αx

)
.

which corresponds to a local solution about x = ∞. Similarly, the function ŷ0(x) in the case
ξ = x is written as another local solution about x = ∞. The function ŷ0(x) in the case ξ = 1/β
and the function ŷ0(x) in the case ξ = q−λx are written as local solutions about x = 0.
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3.2 q-convolution and q-Jordan Pochhammer equation

Set

y(x) = xµ
N∏
j=1

(αjx; q)∞
(βjx; q)∞

.

Then y(qx)/y(x) = qµ(1 − β1x) · · · (1 − βNx)/{(1 − α1x) · · · (1 − αNx)}. Namely, the function
y(x) satisfies the linear q-difference equation y(qx) = B(x)y(x), where

B(x) = B∞ +
N∑
j=1

Bj

1− x/bj
, B∞ = qµ

β1 · · ·βN
α1 · · ·αN

,

Bk = qµ
αk − βk
αk

N∏
j=1,j ̸=k

αk − βj
αk − αj

, bk =
1

αk
, k = 1, . . . , N.

Then B0 = 1−B∞ −B1 − · · · −BN = 1− qµ. We apply the convolution cλ. Then the matrices
cλ(B) = F = (F∞;F1, . . . , FN ) are written as

Fi =

 O
1− qµ B1 · · · Bi − 1 + qλ · · · BN

O

 ((i+ 1)-st), 1 ≤ i ≤ N,

F∞ =


qµ −B1 · · · −BN

qµ − 1 1−B1 · · · −BN
...

...
. . .

...
qµ − 1 −B1 · · · 1−BN

. (3.13)

The equation EF,b is written as

Ŷ (qx) =

(
F∞ +

N∑
j=1

Fj

1− αjx

)
Ŷ (x).

By applying Proposition 3.2 and Theorem 2.6, we obtain the following theorem.

Theorem 3.5. Let ξ ∈ C \ {0}. If µ > 0 and
∣∣qλ−µα1 · · ·αN/(β1 · · ·βN )

∣∣ < 1, then the

function Ŷ (x) defined by

Ŷ (x) =


ŷ0(x)
ŷ1(x)
...

ŷN (x)

,

ŷ0(x) =

∫ ξ∞

0

Pλ(x, s)

s
sµ

N∏
j=1

(αjs; q)∞
(βjs; q)∞

dqs,

ŷk(x) =

∫ ξ∞

0

Pλ(x, s)

s− 1/αk
sµ

N∏
j=1

(αjs; q)∞
(βjs; q)∞

dqs, k = 1, . . . , N

(3.14)

is convergent and it satisfies the equation Ecλ(B),b, where cλ(B) = F is the tuple defined by the
convolution in equation (3.13).
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The functions ŷk(x), k = 0, 1, . . . , N , are expressed as

ŷ0(x) = (1− q)
∞∑

n=−∞
(qnξ)µ

(
qλ+n+1ξ/x, qnα1ξ, . . . , q

nαNξ; q
)
∞(

qn+1ξ/x, qnβ1ξ, . . . , qnβNξ; q
)
∞

,

ŷ1(x) = (q − 1)α1

∞∑
n=−∞

(qnξ)µ+1

(
qλ+n+1ξ/x, qn+1α1ξ, q

nα2ξ, . . . , q
nαNξ; q

)
∞(

qn+1ξ/x, qnβ1ξ, qnβ2ξ, . . . , qnβNξ; q
)
∞

,

...

ŷN (x) = (q − 1)αN

∞∑
n=−∞

(qnξ)µ+1

(
qλ+n+1ξ/x, qnα1ξ, . . . , q

nαN−1ξ, q
n+1αNξ; q

)
∞(

qn+1ξ/x, qnβ1ξ, . . . , qnβN−1ξ, qnβNξ; q
)
∞

.

These are bilateral basic hypergeometric series of the form N+1ψN+1. If we specialize the value ξ,
then we obtain the unilateral basic hypergeometric series N+1ϕN .

Mimachi obtained the q-difference systems associated with a Jackson integral of Jordan-
Pochhammer type in [12] and discussed the connection problem there. It would be interesting
to combine the results and the methods in [12] to our ones.

4 q-integral representation of solutions to variants
of q-hypergeometric equation

The variants of the q-hypergeometric equation were introduced in [9]. In this section, we obtain
them by considering the middle convolution which are related with the q-Jordan Pochhammer
equation. Note that the q-Jordan Pochhammer equation was obtained by applying the convo-
lution to the scalar q-difference equation which the function

y(x) = xµ(α1x, . . . , αNx; q)∞/(β1x, . . . , βNx; q)∞

satisfies. The middle convolution was defined in Definition 2.7 by taking a quotient space divided
by the invariant spaces K and L. We investigate the case N = 2, 3 with the condition that the
space K or/and the space L is/are non-zero.

4.1 q-middle convolution and variants of q-hypergeometric equation
of degree two

Assume that α1, α2, β1, β2 are mutually distinct and set

y(x) = xµ
(α1x, α2x; q)∞
(β1x, β2x; q)∞

.

The function y(x) satisfies the linear q-difference equation y(qx) = B(x)y(x), where

B(x) = B∞ +
B1

1− x/b1
+

B2

1− x/b2
, b1 =

1

α1
, b2 =

1

α2
,

B∞ = qµ
β1β2
α1α2

, B1 = qµ
(α1 − β1)(α1 − β2)

α1(α1 − α2)
, B2 = qµ

(α2 − β1)(α2 − β2)

α2(α2 − α1)
.

(4.1)
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Note that B0 = 1− B∞ − B1 − B2 = 1− qµ. We apply the convolution cλ. Then the matrices
cλ(B) = F = (F∞;F1, F2) are written as

F1 =

 0 0 0
1− qµ B1 − 1 + qλ B2

0 0 0

, F2 =

 0 0 0
0 0 0

1− qµ B1 B2 − 1 + qλ

 ,

F∞ =

 qµ −B1 −B2

qµ − 1 1−B1 −B2

qµ − 1 −B1 1−B2

.
The corresponding q-difference equation EF,b is written as

Ŷ (qx) =

(
F∞ +

F1

1− α1x
+

F2

1− α2x

)
Ŷ (x), Ŷ (x) =

ŷ0(x)ŷ1(x)
ŷ2(x)

. (4.2)

Theorem 3.5 states that the q-integral representation in equation (3.14) satisfies equation (4.2)
under the condition µ > 0 and

∣∣qλ−µα1α2/(β1β2)
∣∣ < 1. We can obtain the single q-difference

equation for ŷ1(x) from equation (4.2) by a straightforward calculation, and it is written as(
1− q2xα1

)
(1− qxα2)ŷ1

(
q3x

)
−

{
q2
(
qµ+1β1β2 + α1α2(q + 1)

)
x2

−
(
qµ+1(β1 + β2) +

(
qλ + 1

)
(qα1 + α2)

)
x+ qµ+1 + (q + 1)qλ

}
ŷ1
(
q2x

)
+
{
q2(qµ(q + 1)β1β2 + α1α2)x

2 − q
(
qµ+1(β1 + β2)

(
qλ + 1

)
+ qλ(qα1 + α2)

)
x

+ qλ+1
(
qµ(q + 1) + qλ

)}
ŷ1(qx)− qµ+2

(
β1x− qλ

)(
β2x− qλ

)
ŷ1(x) = 0. (4.3)

The spaces K and L were introduced in Definition 2.7 to formulate the q-middle convolution.
If µ = 0 (resp. qλ = qµβ1β2/(α1α2)), then it is shown that dimK = 1 (resp. dimL = 1).

4.1.1 The case µ = 0

We discuss the case µ = 0. In this case, the space K is spanned by the vector t(1, 0, 0). Since
qµ = 1, the equation EF,b is written asŷ0(qx)ŷ1(qx)

ŷ2(qx)

 =

1 −B1 −B2

0 ∗ ∗
0 ∗ ∗

ŷ0(x)ŷ1(x)
ŷ2(x)

,
where B1 = (α1 − β1)(α1 − β2)/{α1(α1 −α2)} and B2 = (α2 − β1)(α2 − β2)/{α2(α2 −α1)}, and
we have(

ŷ1(qx)
ŷ2(qx)

)
=

(
F∞ +

F 1

1− α1x
+

F 2

1− α2x

)(
ŷ1(x)
ŷ2(x)

)
,

F 1 =

(
B1 − 1 + qλ B2

0 0

)
, F 2 =

(
0 0
B1 B2 − 1 + qλ

)
, F∞ =

(
1−B1 −B2

−B1 1−B2

)
.

We may regard the tuple (F∞;F 1, F 2) as the one obtained by the q-middle convolution mcλ(B).
We apply Proposition 3.1. Then a q-difference equation for the function ŷ1(x) is written as(

x− qλ+1

β1

)(
x− qλ+1

β2

)
ŷ1(x/q) +

α1α2

β1β2

(
x− 1

α1

)(
x− q

α2

)
ŷ1(qx)

−
[(

α1α2

β1β2
+ 1

)
x2 −

{
q

(
1

β1
+

1

β2

)
+ qλ

qα1+ α2

β1β2

}
x+

qλ+1(1 + q)

β1β2

]
ŷ1(x) = 0. (4.4)
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Recall that the variant of q-hypergeometric equation of degree two was introduced in [9], and it
is written as(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)
g(x/q) + qk1+k2

(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)
g(qx)

−
[(
qk1 + qk2

)
x2 + Ex+ p

(
q1/2 + q−1/2

)
t1t2

]
g(x) = 0,

p = q(h1+h2+l1+l2+k1+k2)/2, E = −p
{(
q−h2 + q−l2

)
t1 +

(
q−h1 + q−l1

)
t2
}
.

(4.5)

Equation (4.4) is a special case of the variant of q-hypergeometric equation of degree two with
the constraint k2 = 0. However, equation (4.4) recovers the variant of q-hypergeometric equation
of degree two by setting g(x) = x−k2 ŷ1(x). Namely, we obtain the following proposition directly.

Proposition 4.1. Assume that ŷ1(x) satisfies equation (4.4). Set g(x) = x−k2 ŷ1(x) and

α1 =
q−l1+1/2

t1
, α2 =

q−l2+3/2

t2
, qλ = q(h1+h2−l1−l2−k1+k2+1)/2

β1 =
q(−h1+h2−l1−l2−k1+k2)/2+1

t1
, β2 =

q(h1−h2−l1−l2−k1+k2)/2+1

t2
.

(4.6)

Then g(x) satisfies the variant of q-hypergeometric equation of degree two given in equation (4.5).
Note that β1 = qλ−h1+1/2/t1 and β2 = qλ−h2+1/2/t2.

Similarly, a q-difference equation for the function ŷ2(x) is written as(
x− qλ+1

β1

)(
x− qλ+1

β2

)
ŷ2(x/q) +

α1α2

β1β2

(
x− q

α1

)(
x− 1

α2

)
ŷ2(qx)

−
[(

α1α2

β1β2
+ 1

)
x2 −

{
q

(
1

β1
+

1

β2

)
+ qλ

α1 + qα2

β1β2

}
x+

qλ+1(1 + q)

β1β2

]
ŷ2(x) = 0,

and it is also a special case of the variant of q-hypergeometric equation of degree two.
We obtained the formal q-difference equation for ŷ1(x) corresponding to the q-middle con-

volution for the tuples of the matrices in equation (4.4). We now discuss the convergence of
the q-integral representations obtained by the q-middle convolution and the actual q-difference
equations which the q-integral representation satisfies. In the case µ = 0, the assumptions of
Corollary 2.3 and Theorem 2.6 do not hold true. Therefore, we go back to Proposition 2.2.
We apply Proposition 2.2 for the function y(x) = xµ(α1x, α2x; q)∞/(β1x, β2x; q)∞ with the
condition µ = 0. Then the functions

ŷ
[K,L]
i (x) = (1− q)

L∑
n=K

s
Pλ(x, s)

s− bi

(α1s, α2s; q)∞
(β1s, β2s; q)∞

|s=qnξ, i = 0, 1, 2,

b0 = 0, b1 = 1/α1, b2 = 1/α2

satisfy

ŷ
[K,L]
0 (qx) = ŷ

[K,L]
0 (x)−B1ŷ

[K,L]
1 (x)−B2ŷ

[K,L]
2 (x) + (1− q)Q[K,L](x),

ŷ
[K,L]
1 (qx) =

α1(B1 − 1)x+ qλ

1− α1x
ŷ
[K,L]
1 (x) +

α1B2x

1− α1x
ŷ
[K,L]
2 (x)− (1− q)α1x

1− α1x
Q[K,L](x),

ŷ
[K,L]
2 (qx) =

α2B1x

1− α2x
ŷ
[K,L]
1 (x) +

α2(B2 − 1)x+ qλ

1− α2x
ŷ
[K,L]
2 (x)− (1− q)α2x

1− α2x
Q[K,L](x),

where

Q[K,L](x) = Pλ

(
x, qK−1ξ

)
y
(
qKξ

)
− Pλ

(
x, qLξ

)
y
(
qL+1ξ

)
.
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Note that the convergence theorem in Theorem 3.5 for the functions ŷ
[K,L]
i (x), i = 0, 1, 2, is not

applicable, because of the condition µ = 0. We apply Proposition 3.1 to obtain the q-difference

equation which the function ŷ
[K,L]
1 (x) satisfies. Then we have(

x− qλ+1

β1

)(
x− qλ+1

β2

)
ŷ
[K,L]
1 (x/q) +

α1α2

β1β2

(
x− 1

α1

)(
x− q

α2

)
ŷ
[K,L]
1 (qx)

−
[(

α1α2

β1β2
+ 1

)
x2 −

{
q

(
1

β1
+

1

β2

)
+ qλ

qα1 + α2

β1β2

}
x+

qλ+1(1 + q)

β1β2

]
ŷ
[K,L]
1 (x)

+ (1− q)q
α1

β1β2
x

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
= 0, (4.7)

and the non-homogeneous term is written as

(1− q)q
α1

β1β2
x

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
= q(1− q)

(
1− qλ

) α1

β1β2
x

×
((

qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q

)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

−
(
qλ+L+2ξ/x, qL+1ξα1, q

Lξα2; q
)
∞(

qL+1ξ/x, qL+1ξβ1, qL+1ξβ2; q
)
∞

)
. (4.8)

The function ŷ
[K,L]
1 (x) is written as

ŷ
[K,L]
1 (x) = (q − 1)α1

L∑
n=K

cn, cn = qnξ

(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2; q
)
∞(

qn+1ξ/x, qnξβ1, qnξβ2; q
)
∞

.

Since cn+1/cn → q, n → +∞, and c−(n+1)/c−n → qλα1α2/(β1β2), n → +∞, the function

ŷ
[K,L]
1 (x) converges as K → −∞ and L→ +∞ if

∣∣qλα1α2/(β1β2)
∣∣ < 1. Write

ŷ1(x) = lim
K→−∞
L→+∞

ŷ
[K,L]
1 (x) = (q − 1)α1

+∞∑
n=−∞

qnξ

(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2; q
)
∞(

qn+1ξ/x, qnξβ1, qnξβ2; q
)
∞

. (4.9)

We investigate the limit of the non-homogeneous term in equation (4.8) as K → −∞ and
L→ +∞. We have

lim
L→+∞

(
qλ+L+2ξ/x, qL+1ξα1, q

Lξα2; q
)
∞(

qL+1ξ/x, qL+1ξβ1, qL+1ξβ2; q
)
∞

= 1.

Set ϑq(t) = (t, q/t, q; q)∞. It follows from the identity ϑq(qax)/ϑq(qbx) = (b/a)ϑq(ax)/ϑq(bx)
that (

qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q

)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

=
ϑq

(
qλ+K+1ξ/x

)
ϑq

(
qKξα1

)
ϑq

(
qK−1ξα2

)
ϑq

(
qKξ/x

)
ϑq

(
qKξβ1

)
ϑq

(
qKξβ2

) (
q1−Kx/ξ, q1−K/(ξβ1), q

1−K/(ξβ2); q
)
∞(

q−λ−Kξ/x, q1−K/(ξα1), q2−K/(ξα2); q
)
∞

=

(
qλ
α1α2

β1β2

)−K ϑq
(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)

×
(
q1−Kx/ξ, q1−K/(ξβ1), q

1−K/(ξβ2); q
)
∞(

q−λ−Kξ/x, q1−K/(ξα1), q2−K/(ξα2); q
)
∞
. (4.10)
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Therefore, if
∣∣qλα1α2/(β1β2)

∣∣ < 1, then equation (4.8) tends to

−q(1− q)
(
1− qλ

) α1

β1β2
x (4.11)

as K → −∞ and L→ +∞. Hence we obtain the following proposition.

Proposition 4.2. If |qλα1α2/(β1β2)| < 1, the function ŷ1(x) in equation (4.9) satisfies(
x− qλ+1

β1

)(
x− qλ+1

β2

)
ŷ1(x/q) +

α1α2

β1β2

(
x− 1

α1

)(
x− q

α2

)
ŷ1(qx)

−
[(

α1α2

β1β2
+ 1

)
x2 −

{
q

(
1

β1
+

1

β2

)
+ qλ

qα1 + α2

β1β2

}
x+

qλ+1(1 + q)

β1β2

]
ŷ1(x)

− q(1− q)
(
1− qλ

) α1

β1β2
x = 0. (4.12)

Equation (4.12) is an non-homogeneous extension of equation (4.4). We investigate a rela-
tionship with the third order difference equation in equation (4.3). Let Tx be the operator such
that Txf(x) = f(qx). If qµ = 1, then equation (4.3) is factorized as

(Tx − q)
[
(1− qxα1)(1− xα2)T

2
x

−
{
q(β1β2 + α1α2)x

2 − (q(β1 + β2) + qλ(qα1 + α2))x+ qλ(q + 1)
}
Tx

+ q
(
β1x− qλ

)(
β2x− qλ

)]
ŷ1(x) = 0.

It follows from the relation (Tx − q)x = 0 that, if ŷ1(x) satisfies equation (4.12), then it also
satisfies equation (4.3) with the condition qµ = 1.

If ξ = 1/α1, ξ = 1/α2 or ξ = q−λx, then(
qλ+K+1ξ/x, qKξα1, q

K−1ξα2; q
)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

= 0

for any negative integer K, and equation (4.8) tends to equation (4.11) as K → −∞ and
L→ +∞ without the condition for qλα1α2/(β1β2).

We substitute ξ = 1/α1, ξ = 1/α2 or ξ = q−λx in ŷ1(x). If ξ = 1/α1, then it follows from
a similar calculation to equation (3.9) that

ŷ1(x) = (q − 1)α1

∞∑
n=0

qn

α1

(
qλ+n+1/(α1x), q

n+1, qnα2/α1; q
)
∞(

qn+1/(α1x), qnβ1/α1, qnβ2/α1; q
)
∞

= (q − 1)

(
qλ+1/(α1x), α2/α1, q; q

)
∞(

q/(α1x), β1/α1, β2/α1; q
)
∞

3ϕ2

(
q/(α1x), β1/α1, β2/α1

qλ+1/(α1x), α2/α1
; q, q

)
. (4.13)

Note that the condition for qλα1α2/(β1β2) is not necessary. If ξ = 1/α2, then

ŷ1(x) = (q − 1)q
α1

α2

(
qλ+2/(α2x), q

2α1/α2, q; q
)
∞(

q2/(α2x), qβ1/α2, qβ2/α2; q
)
∞

× 3ϕ2

(
q2/(α2x), qβ1/α2, qβ2/α2

qλ+2/(α2x), q
2α1/α2

; q, q

)
. (4.14)

If ξ = q−λx, then

ŷ1(x)= (q−1)q−λα1x

(
q1−λα1x, q

−λα2x, q; q
)
∞(

q−λβ1x, q−λβ2x, q1−λ; q
)
∞

3ϕ2

(
q−λβ1x, q

−λβ2x, q
1−λ

q1−λα1x, q
−λα2x

; q, q

)
. (4.15)

By Proposition 4.2, we obtain the following assertion.
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Proposition 4.3. The functions in equations (4.13), (4.14), (4.15) satisfy equation (4.12).

To obtain results corresponding to the specialization ξ = 1/β1, ξ = 1/β2 and ξ = x, we
replace the functions with

Pλ(x, s) = (x/s)λ
(x/s; q)∞(
q−λx/s; q

)
∞
, y(x) = xµ

′ (q/(β1x), q/(β2x); q)∞
(q/(α1x), q/(α2x); q)∞

(4.16)

with the condition qµ
′
α1α2/(β1β2) = 1. Then the function y(x) also satisfies the q-difference

equation y(qx) = B(x)y(x), where B(x) is given as equation (4.1) with the condition µ = 0.

The function ŷ
[K,L]
1 (x) is written as

ŷ
[K,L]
1 (x) = (1− q)xλ

L∑
n=K

(qnξ)µ
′−λ

(
xq−n/ξ, q1−n/(β1ξ), q

1−n/(β2ξ); q
)
∞(

xq−n−λ/ξ, q−n/(α1ξ), q1−n/(α2ξ); q
)
∞
,

and it converges as K → −∞ and L → +∞ if
∣∣qλα1α2/(β1β2)

∣∣ < 1. Write the limit by ŷ1(x).

Note that the function ŷ
[K,L]
1 (x) satisfies equation (4.7), where

Q[K,L](x) = Pλ

(
x, qK−1ξ

)
y
(
qKξ

)
− Pλ

(
x, qLξ

)
y
(
qL+1ξ

)
= (qx)λ

{(
qKξ

)µ′−λ

(
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ); q
)
∞(

xq−λ+1−K/ξ, q1−K/(α1ξ), q1−K/(α2ξ); q
)
∞

−
(
qL+1ξ

)µ′−λ

(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ); q
)
∞(

xq−λ−L/ξ, q−L/(α1ξ), q−L/(α2ξ); q
)
∞

}
. (4.17)

The non-homogeneous term in equation (4.7) is written as

(1− q)q
α1

β1β2
x

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
= (1− q)

(
1− qλ

)α1α2

β1β2
xλ+2

(
(qKξ)µ

′−λ (xq1−K/ξ, q1−K/(β1ξ), q
1−K/(β2ξ); q)∞

(xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ); q)∞

−
(
qL+1ξ

)µ′−λ

(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ); q
)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ); q
)
∞

)
. (4.18)

We investigate the limit of equation (4.18) as K → −∞ and L→ +∞. We have

lim
K→−∞

(
qKξ

)µ′−λ

(
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ); q
)
∞(

xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ); q
)
∞

= lim
K→−∞

ξµ
′−λ

(
β1β2
α1α2

q−λ

)K

= 0,

under the condition
∣∣qλα1α2/(β1β2)

∣∣ < 1. If ξ = 1/β1, ξ = 1/β2 or ξ = x, then(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ); q
)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ); q
)
∞

= 0

for any positive integer L, and equation (4.18) tends to 0 as K → −∞ and L→ +∞ under the
condition

∣∣qλα1α2/(β1β2)
∣∣ < 1.
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If ξ = 1/β1, then

ŷ1(x) = (1− q)xλ
0∑

n=−∞
(qn/β1)

µ′−λ

(
xβ1q

−n, q1−n, q1−nβ1/β2; q
)
∞(

xq−n−λβ1, q−nβ1/α1, q1−nβ1/α2; q
)
∞

= (1− q)βλ−µ′

1 xλ
(β1x, q, qβ1/β2; q)∞(

q−λxβ1, β1/α1, qβ1/α2; q
)
∞

× 3ϕ2

(
q−λβ1x, β1/α1, qβ1/α2

β1x, qβ1/β2
; q, qλ

α1α2

β1β2

)
, (4.19)

where the convergence condition is given by
∣∣qλα1α2/(β1β2)

∣∣ < 1. The case ξ = 1/β2 is obtained
from the case ξ = 1/β1 by replacing β1 with β2.

If ξ = x, then

ŷ1(x) = (1− q)xλ
−1∑

n=−∞
(qnx)µ

′−λ

(
q−n, q1−n/(β1x), q

1−n/(β2x); q
)
∞(

q−n−λ, q−n/(α1x), q1−n/(α2x); q
)
∞

= (1− q)qλ
α1α2

β1β2
xµ

′
(
q2/(β1x), q

2/(β2x), q; q
)
∞(

q/(α1x), q2/(α2x), q1−λ; q
)
∞

× 3ϕ2

(
q/(α1x), q

2/(α2x), q
1−λ

q2/(β1x), q
2/(β2x)

; q, qλ
α1α2

β1β2

)
, (4.20)

where the convergence condition is given by
∣∣qλα1α2/(β1β2)

∣∣ < 1.
Since the non-homogeneous term in equation (4.7) vanishes in these cases, we have

Proposition 4.4. If
∣∣qλα1α2/(β1β2)

∣∣ < 1, then the functions in equations (4.19), (4.20) satisfy
equation (4.4).

We replace the parameters by using Proposition 4.1 to fit results on q-integrals with the vari-
ant of q-hypergeometric equation of degree two given in equation (4.5). We recall Proposition 4.1.
If the function ŷ1(x) is a solution to equation (4.4), then the function g(x) = x−k2 ŷ1(x) satisfies
equation (4.5) by setting the parameters as equation (4.6). We apply it to equations (4.19),
(4.20) and we multiply relevant constants. Then we have the following theorem.

Theorem 4.5. Set λ = (h1 + h2 − l1 − l2 − k1 + k2 + 1)/2 and assume λ+ k1 − k2 > 0.

(i) Let i ∈ {1, 2} and set i′ = 3− i. The function

g(x) = xλ−k2

(
qλ−hi+1/2x/ti; q

)
∞(

q−hi+1/2x/ti; q
)
∞

× 3ϕ2

(
q−hi+1/2x/ti, q

λ−hi+li , qλ−hi+li′ ti′/ti
qλ−hi+1/2x/ti, q

1−hi+hi′ ti′/ti
; q, qλ+k1−k2

)
satisfies the variant of q-hypergeometric equation of degree two given in equation (4.5).

(ii) The function

g(x) = x−k1

(
q−λ+h1+3/2t1/x, q

−λ+h2+3/2t2/x; q
)
∞(

ql1+1/2t1/x, ql2+1/2t2/x; q
)
∞

× 3ϕ2

(
ql1+1/2t1/x, q

l2+1/2t2/x, q
1−λ

q−λ+h1+3/2t1/x, q
−λ+h2+3/2t2/x

; q, qλ+k1−k2

)
satisfies the variant of q-hypergeometric equation of degree two given in equation (4.5).
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We replace the parameters in Proposition 4.2 by using Proposition 4.1. By setting g(x) =
x−k2 ŷ1(x)/{α1(q − 1)}, equation (4.12) is replaced with(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)
g(x/q) + qk1+k2

(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)
g(qx)

−
[(
qk1 + qk2

)
x2 + Ex+ p

(
q1/2 + q−1/2

)
t1t2

]
g(x)

+
(
1− q(h1+h2−l1−l2−k1+k2+1)/2

)
ql1+l2+k1−1t1t2x

1−k2 = 0,

p = q(h1+h2+l1+l2+k1+k2)/2, E = −p
{(
q−h2 + q−l2

)
t1 +

(
q−h1 + q−l1

)
t2
}
, (4.21)

which is a non-homogeneous version of the variant of q-hypergeometric equation of degree two.
Equation (4.9) is replaced with

g(x) = x−k2

+∞∑
n=−∞

qnξ

(
qn+λ+1ξ/x, qn−l1+3/2ξ/t1, q

n−l2+3/2ξ/t2; q
)
∞(

qn+1ξ/x, qn+λ−h1+1/2ξ/t1, qn+λ−h2+1/2ξ/t2; q
)
∞
, (4.22)

where λ = (h1 + h2 − l1 − l2 − k1 + k2 + 1)/2. Then it follows from Proposition 4.2 that, if
λ + k1 − k2 > 0, then the function g(x) in equation (4.22) is a solution to equation (4.21).
By rewriting equations (4.13)–(4.15), we have the following theorem.

Theorem 4.6. Set λ = (h1 + h2 − l1 − l2 − k1 + k2 + 1)/2.

(i) Let i ∈ {1, 2} and set i′ = 3− i. The function

gi(x) = x−k2qli−1/2ti

(
qλ+li+1/2ti/x, q

li−li′+1ti/ti′ , q; q
)
∞(

qli+1/2ti/x, qλ−hi+li , qλ−hi′+liti/ti′ ; q
)
∞

× 3ϕ2

(
qli+1/2ti/x, q

λ−hi+li , qλ−hi′+liti/ti′

qλ+li+1/2ti/x, q
li−li′+1ti/ti′

; q, q

)
satisfies the non-homogeneous version of the variant of q-hypergeometric equation of degree
two given in equation (4.21).

(ii) The function

g0(x) = x1−k2q−λ

(
q−λ−l1+3/2x/t1, q

−λ−l2+3/2x/t2, q; q
)
∞(

q−h1+1/2x/t1, q−h2+1/2x/t2, q1−λ; q
)
∞

× 3ϕ2

(
q−h1+1/2x/t1, q

−h2+1/2x/t2, q
1−λ

q−λ−l1+3/2x/t1, q
−λ−l2+3/2x/t2

; q, q

)
satisfies the non-homogeneous version of the variant of q-hypergeometric equation of degree
two given in equation (4.21).

By taking the difference of two solutions of the non-homogeneous equation, we obtain a so-
lution of the homogeneous equation.

Corollary 4.7. Let gi(x), i = 0, 1, 2, be the functions in Theorem 4.6. For each i, j ∈ {0, 1, 2},
the function gi(x) − gj(x) satisfies the variant of the q-hypergeometric equation of degree two
given in equation (4.5).

4.1.2 The case qλ = qµβ1β2/(α1α2)

We discuss the case µ ̸= 0 and dimL ≥ 1. Recall that

F̂ −
(
1− qλ

)
I3 =

B0 −
(
1− qλ

)
B1 B2

B0 B1 −
(
1− qλ

)
B2

B0 B1 B2 −
(
1− qλ

)
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and B0 + B1 + B2 = 1 − B∞ = 1 − qµβ1β2/(α1α2). Therefore, if qλ = qµβ1β2/(α1α2), we can
take a basis of the vector space ker

(
F̂ −

(
1 − qλ

)
I3
)
as t(1, 1, 1) and dim L = 1. We take an

invertible matrix as

P =

0 0 1
1 0 1
0 1 1

. (4.23)

Then we have

P−1F1P =

B1 −
(
1− qλ

)
B2 0

0 0 0
0 0 0

, P−1F2P =

 0 0 0
B1 B2 −

(
1− qλ

)
0

0 0 0

,
P−1F∞P =

 1 0 0
0 1 0

−B1 −B2 1−B0 −B1 −B2

.
The upper-left 2×2 submatrices of P−1F∞P , P

−1F1P , P
−1F2P are matrix representations of the

transformations F∞, F1, F2 on the quotient space C3/L. Thus, mcλ(B) = F =
(
F∞;F 1, F 2

)
,

where

F 1 =

(
B1 −

(
1− qλ

)
B2

0 0

)
, F 2 =

(
0 0
B1 B2 −

(
1− qλ

)), F∞ =

(
1 0
0 1

)
.

The q-difference equation EF,b is written as(
ḡ1(qx)
ḡ2(qx)

)
=

(
F∞ +

F 1

1− α1x
+

F 2

1− α2x

)(
ḡ1(x)
ḡ2(x)

)
. (4.24)

We apply Proposition 3.1. Then a q-difference equation for ḡ1(x) is written as(
x− qµ+1β1

α1α2

)(
x− qµ+1β2

α1α2

)
ḡ1(x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ1(qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ1(x) = 0. (4.25)

Note that this equation is transformed to the variant of q-hypergeometric equation of degree
two given in equation (4.5) by setting x = 1/z. See Proposition A.1 in the appendix for details.
The function ḡ2(x) in equation (4.24) satisfies the q-difference equation written by replacing α1

and α2 in equation (4.25).
We can also discuss the convergence of the q-integral representations obtained by the q-middle

convolution and the actual q-difference equations which the q-integral representations satisfy,
that are described in the appendix. See also [2].

As a result, it is shown in the appendix that the function

ḡ1(x) = (q − 1)α−µ
1

(
qλ+1/(α1x), q, α2/α1; q

)
∞(

q/(α1x), β1/α1, β2/α1; q
)
∞

3ϕ2

(
q/(α1x), β1/α1, β2/α1

qλ+1/(α1x), α2/α1
; q, qµ

)
satisfies equation (4.25), if µ > 0. It is obtained as a part of Proposition A.3. On the other
hand, the function

ḡ1(x) =
(1− q)β1

α1
xλ

(β1x, q, qβ1/β2; q)∞(
q−λxβ1, β1/α1, qβ1/α2; q

)
∞

3ϕ2

(
q−λβ1x, β1/α1, qβ1/α2

β1x, qβ1/β2
; q, q

)
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satisfies the equation(
x− qµ+1β1

α1α2

)(
x− qµ+1β2

α1α2

)
ḡ1(x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ1(qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ1(x)

+
q(1− q)

(
1− qλ

)
α1

xλ+1 = 0,

which is the non-homogeneous version of equation (4.25). It is obtained as a part of Proposi-
tion A.4.

4.2 q-middle convolution and variants of q-hypergeometric equation
of degree three

Assume that α1, α2, α3, β1, β2, β3 are mutually distinct and set

y(x) = xµ
(α1x, α2x, α3x; q)∞
(β1x, β2x, β3x; q)∞

.

The function y(x) satisfies the linear q-difference equation y(qx) = B(x)y(x), where

B(x) = B∞ +
B1

1− x/b1
+

B2

1− x/b2
+

B3

1− x/b3
, b1 =

1

α1
, b2 =

1

α2
, b3 =

1

α3
,

B∞ = qµ
β1β2β3
α1α2α3

, B1 = qµ
(α1 − β1)(α1 − β2)(α1 − β3)

α1(α1 − α2)(α1 − α3)
,

B2 = qµ
(α2 − β1)(α2 − β2)(α2 − β3)

α2(α2 − α3)(α2 − α1)
, B3 = qµ

(α3 − β1)(α3 − β2)(α3 − β3)

α3(α3 − α2)(α3 − α1)
.

(4.26)

We apply the convolution cλ. Then the tuple of 4 × 4 matrices cλ(B) = F = (F∞;F1, F2, F3)
are written as equation (3.13) for N = 3 and the equation EF,b is written as

Ŷ (qx) = HŶ (x), Ŷ (x) =


ŷ0(x)
ŷ1(x)
ŷ2(x)
ŷ3(x)

,
H = F∞ +

F1

1− α1x
+

F2

1− α2x
+

F3

1− α3x
.

(4.27)

The middle convolution was obtained by considering the quotient space divided by the space
K + L. Recall that the space L(⊂ C4) was defined by L = ker(F̂ − (1− qλ)I4),

F̂ −
(
1− qλ

)
I4 =


B0 −

(
1− qλ

)
B1 B2 B3

B0 B1 −
(
1− qλ

)
B2 B3

B0 B1 B2 −
(
1− qλ

)
B3

B0 B1 B2 B3 −
(
1− qλ

)
,

and B0 = 1 − B∞ − B1 − B2 − B3 = 1 − qµ. If B0 + B1 + B2 + B3 = 1 − qλ (⇔ qλ = B∞ =
qµβ1β2β3/(α1α2α3), then dim L = 1 and the vector t(1, 1, 1, 1) is a basis of L. On the other
hand, if µ = 0, then B0 = 0, dimK = 1 and the vector t(1, 0, 0, 0) is a basis of K.
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In order to write down the q-difference equation corresponding to the q-middle convolution,
we take an invertible matrix P as

P =


0 0 1 1
1 0 1 0
0 1 1 0
0 0 1 0

 (4.28)

and set

F̃1 = P−1F1P, F̃2 = P−1F2P, F̃3 = P−1F3P, F̃∞ = P−1F∞P.

The function Y̌ (x) = P−1Ŷ (x) satisfies

Y̌ (qx) =

(
F̃∞ +

F̃1

1− α1x
+

F̃2

1− α2x
+

F̃3

1− α3x

)
Y̌ (x), Y̌ (x) =


ḡ1(x)
ḡ2(x)
ḡ3(x)
ḡ4(x)

. (4.29)

Then it follows from a lengthy calculation that a q-difference equation for the function ḡ1(x) is
written as(

q3α1x− 1
)(
q2α2x− 1

)(
q3α3x− 1

)
ḡ1
(
q4x

)
+ c3(x)ḡ1

(
q3x

)
+ c2(x)ḡ1

(
q2x

)
+ c1(x)ḡ1(qx) + qµ+4

(
β1x− qλ

)(
β2x− qλ

)(
β3x− qλ

)
ḡ1(x) = 0, (4.30)

where c3(x), c2(x) and c1(x) are some polynomials of degree three.

We now impose the condition

µ = 0 and qλ =
β1β2β3
α1α2α3

. (4.31)

Then we have

F̃1 =


B1 −

(
1− qλ

)
B2 0 0

0 0 0 0
0 0 0 0
0 0 0 0

, F̃2 =


0 0 0 0
B1 B2 −

(
1− qλ

)
0 0

0 0 0 0
0 0 0 0

,

F̃3 =


−B1 −B2 0 0
−B1 −B2 0 0
B1 B2 0 0
−B1 −B2 0 0

, F̃∞ =


1 0 0 0
0 1 0 0

−B1 −B2 qλ 0
0 0 0 1

.
The upper-left 2×2 submatrices of F̃∞, F̃1, F̃2, F̃3 are matrix representations of the transforma-
tions F∞, F1, F2, F3 on the quotient space C4/(K+L). Thus, the q-middle convolution mcλ(B)
is realized as the tuple of these 2× 2 matrices. We can restrict equation (4.29) by choosing the
first two components, and it is written as

(
ḡ1(qx)
ḡ2(qx)

)
=

1 +
B1 − 1 + qλ

1− α1x
− B1

1− α3x

B2

1− α1x
− B2

1− α3x
B1

1− α2x
− B1

1− α3x
1 +

B2 − 1 + qλ

1− α2x
− B2

1− α3x

(
ḡ1(x)
ḡ2(x)

)
.
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By applying Proposition 3.1, a q-difference equation for the function ḡ1(x) is written as(
x− q

β1β2
α1α2α3

)(
x− q

β2β3
α1α2α3

)(
x− q

β3β1
α1α2α3

)
ḡ1(x/q)

+ q

(
x− 1

α1

)(
x− q

α2

)(
x− 1

α3

)
ḡ1(qx)

+

{
−(1 + q)x3 + q

(
1

α1
+

q

α2
+

1

α3
+
β1β2 + β2β3 + β3β1

α1α2α3

)
x2

− q2

α1α2α3

(
β1 + β2 + β3 +

β1β2β3
α1α2α3

(
α1 +

α2

q
+ α3

))
x

+ q2(1 + q)
β1β2β3

α1
2α2

2α3
2

}
ḡ1(x) = 0. (4.32)

The function ḡ2(x) satisfies the q-difference equation written by replacing α1 and α2 in equa-
tion (4.32).

Recall that the variant of q-hypergeometric equation of degree three was introduced in [9],
and it is written as(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)(
x− qh3+1/2t3

)
g(x/q)

+ q2α+1
(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)(
x− ql3−1/2t3

)
g(qx)

+ qα
[
−(q + 1)x3 + q1/2

{(
qh1 + ql1

)
t1 +

(
qh2 + ql2

)
t2 +

(
qh3 + ql3

)
t3
}
x2

− q(h1+h2+h3+l1+l2+l3+1)/2
{(
q−h1 + q−l1

)
t2t3 +

(
q−h2 + q−l2

)
t1t3

+
(
q−h3 + q−l3

)
t1t2

}
x+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3

]
g(x) = 0. (4.33)

Equation (4.32) is a special case of the variant of q-hypergeometric equation of degree three
with the constraint α = 0. Equation (4.32) recovers the variant of q-hypergeometric equation of
degree three by setting g(x) = x−αḡ1(x). Namely, we obtain the following proposition directly.

Proposition 4.8. Assume that ḡ1(x) satisfies equation (4.32). Set g(x) = x−αḡ1(x) and

α1 =
q−l1+1/2

t1
, α2 =

q−l2+3/2

t2
, α3 =

q−l3+1/2

t3
, β1 =

q(−h1+h2+h3−l1−l2−l3)/2+1

t1
,

β2 =
q(h1−h2+h3−l1−l2−l3)/2+1

t2
, β3 =

q(h1+h2−h3−l1−l2−l3)/2+1

t3
.

Then g(x) satisfies the variant of q-hypergeometric equation of degree three given in equa-
tion (4.33). Note that βj = qλ−hj+1/2/tj, j = 1, 2, 3, where qλ = q(h1+h2+h3−l1−l2−l3+1)/2.

We obtained the formal q-difference equation for ḡ1(x) corresponding to the q-middle con-
volution for the tuples of the matrices in equation (4.32). In the appendix, we discuss the
convergence of the q-integral representations obtained by the q-middle convolution and the ac-
tual q-difference equations which the q-integral representation satisfy. In conclusion, we obtain
the following theorems.

Theorem 4.9. Set λ = (h1 + h2 + h3 − l1 − l2 − l3 + 1)/2.

(i) Let (i, i′, i′′) be a permutation of (1, 2, 3). The function

g
⟨1⟩
i (x) = x−αqli−1/2ti

(
qλ+li+1/2ti/x, q

li−li′+1ti/ti′ , q
li−li′′+1ti/ti′′ , q; q

)
∞(

qli+1/2ti/x, qλ+li−hi , qλ+li−hi′ ti/ti′ , qλ+li−hi′′ ti/ti′′ ; q
)
∞

× 4ϕ3

(
qli+1/2ti/x, q

λ+li−hi , qλ+li−hi′ ti/ti′ , q
λ+li−hi′′ ti/ti′′

qλ+li+1/2ti/x, q
li−li′+1ti/ti′ , q

li−li′′+1ti/ti′′
; q, q

)
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satisfies the non-homogeneous version of the variant of q-hypergeometric equation of degree
three given by(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)(
x− qh3+1/2t3

)
g⟨1⟩(x/q)

+ q2α+1
(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)(
x− ql3−1/2t3

)
g⟨1⟩(qx)

+ qα
[
−(q + 1)x3 + q1/2{(qh1 + ql1)t1 + (qh2 + ql2)t2 + (qh3 + ql3)t3}x2

− q(h1+h2+h3+l1+l2+l3+1)/2
{(
q−h1 + q−l1

)
t2t3 +

(
q−h2 + q−l2

)
t1t3

+
(
q−h3 + q−l3

)
t1t2

}
x+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3

]
g⟨1⟩(x)

− qα+l1+l2+l3−1/2t1t2t3
(
1− qλ

)
x1−α = 0. (4.34)

(ii) The function

g
⟨1⟩
0 (x) = x1−αq−λ

(
xq−λ−l1+3/2/t1, xq

−λ−l2+3/2/t2, xq
−λ−l3+3/2/t3, q; q

)
∞(

xq−h1+1/2/t1, xq−h2+1/2/t2, xq−h3+1/2/t3, q−λ+1; q
)
∞

× 4ϕ3

(
xq−h1+1/2/t1, xq

−h2+1/2/t2, xq
−h3+1/2/t3, q

−λ+1

xq−λ−l1+3/2/t1, xq
−λ−l2+3/2/t2, xq

−λ−l3+3/2/t3
; q, q

)
also satisfies equation (4.34).

Theorem 4.10. Set λ = (h1 + h2 + h3 − l1 − l2 − l3 + 1)/2.

(i) Let (i, i′, i′′) be a permutation of (1, 2, 3). The function

g
⟨2⟩
i (x) = xλ−α q

λ−hi−1/2

ti

(
xqλ−hi+1/2/ti, q

hi′−hi+1ti′/ti, q
hi′′−hi+1ti′′/ti, q; q

)
∞(

xq−hi+1/2/ti, qλ+li−hi , qλ+li′−hiti′/ti, qλ+li′′−hiti′′/ti; q
)
∞

× 4ϕ3

(
xq−hi+1/2/ti, q

λ+li−hi , qλ+li′−hiti′/ti, q
λ+li′′−hiti′′/ti

xqλ−hi+1/2/ti, q
hi′−hi+1ti′/ti, q

hi′′−hi+1ti′′/ti
; q, q

)
satisfies the non-homogeneous version of the variant of q-hypergeometric equation of degree
three given by(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)(
x− qh3+1/2t3

)
g⟨2⟩(x/q)

+ q2α+1
(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)(
x− ql3−1/2t3

)
g⟨2⟩(qx)

+ qα
[
−(q + 1)x3 + q1/2

{(
qh1 + ql1

)
t1 +

(
qh2 + ql2

)
t2 +

(
qh3 + ql3

)
t3
}
x2

− q(h1+h2+h3+l1+l2+l3+1)/2
{(
q−h1 + q−l1

)
t2t3 +

(
q−h2 + q−l2

)
t1t3

+
(
q−h3 + q−l3

)
t1t2

}
x+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3

]
g⟨2⟩(x)

+ qα
(
1− qλ

)
xλ−α+2 = 0. (4.35)

(ii) The function

g
⟨2⟩
0 (x) = xλ−α−1

(
q−λ+h1+3/2t1/x, q

−λ+h2+3/2t2/x, q
−λ+h3+3/2t3/x, q; q

)
∞(

ql1+1/2t1/x, ql2+1/2t2/x, ql3+1/2t3/x, q1−λ; q
)
∞

× 4ϕ3

(
ql1+1/2t1/x, q

l2+1/2t2/x, q
l3+1/2t3/x, q

1−λ

q−λ+h1+3/2t1/x, q
−λ+h2+3/2t2/x, q

−λ+h3+3/2t3/x
; q, q

)
also satisfies equation (4.35).

By taking the difference of two solutions of the non-homogeneous equation, we obtain a so-
lution of the homogeneous equation.
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Corollary 4.11.

(i) Let g
⟨1⟩
i (x), i = 0, 1, 2, 3, be the functions in Theorem 4.9. For each i, j ∈ {0, 1, 2, 3}, the

function g
⟨1⟩
i (x) − g

⟨1⟩
j (x) satisfies the variant of the q-hypergeometric equation of degree

three given in equation (4.33).

(ii) Let g
⟨2⟩
i (x), i = 0, 1, 2, 3, be the functions in Theorem 4.10. For each i, j ∈ {0, 1, 2, 3}, the

function g
⟨2⟩
i (x)− g

⟨2⟩
j (x) also satisfies in equation (4.33).

5 Concluding remarks

In this paper, we reformulated the q-integral transformations associated with the q-convolution,
which was previously formulated by Sakai and Yamaguchi [13]. Namely, we added the param-
eter ξ in the Jackson integral and we took care of the convergence of the q-integration. As
an application of our reformulation, we obtained q-integral representations of solutions to the
variants of the q-hypergeometric equation by applying the q-middle convolution.

On the hypergeometric differential equation (1.2), global behaviour of solutions had been
studied well. In particular, the 2 × 2 matrix which connects the local solutions at z = 0 with
those at z = ∞ was calculated, and integral representations of solutions were applied for the
calculation [15]. The connection matrix for the q-hypergeometric equation was also calculated [7].
We hope to study global behaviour of solutions to the variants of the q-hypergeometric equation.
For this purpose, we need to develop the local theory of linear q-difference equations at the point
other than the origin and the infinity.

When the authors were preparing this manuscript, Fujii and Nobukawa presented the pre-
print [6]. They also investigated q-integral solutions to the variants of the q-hypergeometric
equation. In particular, they found solutions in terms of the very-well-poised-balanced q-hy-
pergeometric series 8W7. Fujii also obtained several results on this direction in his master’s
thesis [5]. It seems that their results do not rely on the q-middle convolution, and it would be
interesting to compare them with our ones for further study.

A referee pointed out that the results in Section 2 will open a possibility to give a recursive
formula of the connection coefficients, if a local solution is sent to a local solution of the q-middle
convolution equation by choosing an appropriate value of ξ.

A Supplement to Section 4.1.2

We provide additional discussions on the q-middle convolution related to the function xµ(α1x,
α2x; q)∞/(β1x, β2x; q)∞ with the condition qλ = qµβ1β2/(α1α2). To begin with, we discuss
a relationship between equation (4.25) and the variant of q-hypergeometric equation of degree
two. Recall that the q-difference equation for ḡ1(x) given in equation (4.25) is(

x− qµ+1β1
α1α2

)(
x− qµ+1β2

α1α2

)
ḡ1(x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ1(qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ1(x) = 0.

Set x = 1/z, and write ḡ1(x) = xµf(1/x). Then ḡ1(x) = z−µf(z), ḡ1(qx) = qµz−µf(z/q),
ḡ1(x/q) = q−µz−µf(qz), and we have

(z − α1)

(
z − α2

q

)
f(z/q) +

β1β2
α1α2

(
z − q−µ−1α1α2

β1

)(
z − q−µ−1α1α2

β2

)
f(qz) (A.1)
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−
{(

1 +
β1β2
α1α2

)
z2 −

(
q−1(β1 + β2) + q−µα1 + q−µ−1α2

)
z + q−µ−2(q + 1)α1α2

}
f(z) = 0.

This equation is a special case of the variant of q-hypergeometric equation of degree two, which
was given in equation (4.5), with the constraint k1 = 0. However, equation (A.1) recovers the
variant of q-hypergeometric equation of degree two by setting g(z) = z−k1f(z). Namely, we
obtain the following proposition directly.

Proposition A.1. Assume that f(z) satisfies equation (A.1). Set g(x) = x−k1f(x) and

α1 = qh1+1/2t1, α2 = qh2+3/2t2, qλ = q(h1+h2−l1−l2−k1+k2+1)/2,

β1 = q(h1+h2+l1−l2−k1+k2)/2+1t1, β2 = q(h1+h2−l1+l2−k1+k2)/2+1t2.

Then g(x) satisfies the variant of q-hypergeometric equation of degree two given in equation (4.5).
Note that β1 = qλ+l1+1/2t1, β2 = qλ+l2+1/2t2 and qµ = qλα1α2/(β1β2) = qλ+k1−k2.

We can also discuss the convergence of the q-integral representation obtained by the q-
middle convolution and the actual q-difference equation which the q-integral representation
satisfies as the case µ = 0 in Section 4.1.1. We apply Proposition 2.2 for the case y(x) =
xµ(α1x, α2x; q)∞/(β1x, β2x; q)∞. Then the functions

ŷ
[K,L]
i (x) = (1− q)

L∑
n=K

sµ+1Pλ(x, s)

s− bi

(α1s, α2s; q)∞
(β1s, β2s; q)∞

∣∣∣∣
s=qnξ

, i = 0, 1, 2,

b0 = 0, b1 = 1/α1, b2 = 1/α2

(A.2)

satisfy
ŷ
[K,L]
0 (qx)

ŷ
[K,L]
1 (qx)

ŷ
[K,L]
2 (qx)

 = H


ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

+ (1− q)Q[K,L](x)

 1

−α1x/(1− α1x)

−α2x/(1− α2x)

,
where H = F∞ + F1/(1− α1x) + F2/(1− α2x) is the matrix determined in equation (4.2) with
the condition qλ = qµβ1β2/(α1α2), and

Q[K,L](x) = Pλ

(
x, qK−1ξ

)
y
(
qKξ

)
− Pλ

(
x, qLξ

)
y
(
qL+1ξ

)
.

Note that the convergence theorem in Theorem 3.5 for the functions ŷ
[K,L]
i (x), i = 0, 1, 2, is not

applicable by the condition qλ = qµβ1β2/(α1α2). Write
ḡ
[K,L]
1 (x)

ḡ
[K,L]
2 (x)

ḡ
[K,L]
3 (x)

 = P−1


ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

 =

−1 1 0
−1 0 1
1 0 0



ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

, (A.3)

where P is the matrix determined in equation (4.23). Then we have
ḡ
[K,L]
1 (qx)

ḡ
[K,L]
2 (qx)

ḡ
[K,L]
3 (qx)

 = P−1HP


ḡ
[K,L]
1 (x)

ḡ
[K,L]
2 (x)

ḡ
[K,L]
3 (x)

− (1− q)Q[K,L](x)P−1

 −1

α1x/(1− α1x)

α2x/(1− α2x)

.
The first two equations are written as

ḡ
[K,L]
1 (qx) =

B1 + qλ − α1x

1− α1x
ḡ
[K,L]
1 (x) +

B2

1− α1x
ḡ
[K,L]
2 (x)− 1− q

1− α1x
Q[K,L](x),
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ḡ
[K,L]
2 (qx) =

B1

1− α2x
ḡ
[K,L]
1 (x) +

B2 + qλ − α2x

1− α2x
ḡ
[K,L]
2 (x)− 1− q

1− α2x
Q[K,L](x).

We apply Proposition 3.1 to obtain the q-difference equation which the function ḡ
[K,L]
1 (x) sat-

isfies. Then we have(
x− qµ+1β1

α1α2

)(
x− qµ+1β2

α1α2

)
ḡ
[K,L]
1 (x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ
[K,L]
1 (qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ
[K,L]
1 (x)

+
q2(1− q)

α1α2

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
= 0, (A.4)

and the non-homogeneous term is written as

q2(1− q)

α1α2

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
=
q2(1− q)(1− qλ)

α1α2

(
(qKξ)µ

(qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q)∞

(qKξ/x, qKξβ1, qKξβ2; q)∞

− (qL+1ξ)µ
(qλ+L+2ξ/x, qL+1ξα1, q

Lξα2; q)∞
(qL+1ξ/x, qL+1ξβ1, qL+1ξβ2; q)∞

)
. (A.5)

On the other hand, it follows from equations (A.2), (A.3) that the function ḡ
[K,L]
1 (x) is written

as

ḡ
[K,L]
1 (x) = −ŷ [K,L]

0 (x) + ŷ
[K,L]
1 (x)

= (1− q)

L∑
n=K

−sµ

1− α1s

(qλ+1s/x, α1s, α2s; q)∞
(qs/x, β1s, β2s; q)∞

∣∣∣∣
s=qnξ

= (q − 1)

L∑
n=K

cn,

cn = (qnξ)µ
(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2; q
)
∞(

qn+1ξ/x, qnξβ1, qnξβ2; q
)
∞

.

Since cn+1/cn → qµ, n → +∞, and c−(n+1)/c−n → qλ−µ+1α1α2/(β1β2) = q, n → +∞, the

function ḡ
[K,L]
1 (x) converges as K → −∞ and L → +∞ under the condition µ > 0. Note that

the functions ŷ
[K,L]
0 (x) and ŷ

[K,L]
1 (x) do not converge as K → −∞. Write

ḡ1(x) = lim
K→−∞
L→+∞

ḡ
[K,L]
1 (x) = (q − 1)

+∞∑
n=−∞

(qnξ)µ
(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2; q
)
∞(

qn+1ξ/x, qnξβ1, qnξβ2; q
)
∞

. (A.6)

We investigate the limit of the non-homogeneous term in equation (A.5) as K → −∞ and
L→ +∞. If µ > 0, then

lim
L→+∞

(
qL+1ξ

)µ (qλ+L+2ξ/x, qL+1ξα1, q
Lξα2; q

)
∞(

qL+1ξ/x, qL+1ξβ1, qL+1ξβ2; q
)
∞

= 0.

As equation (4.10), we have

(
qKξ

)µ (qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q

)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

=
(
qKξ

)µ(
qλ
α1α2

β1β2

)−K

×
ϑq

(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)

(
q1−Kx/ξ, q1−K/(ξβ1), q

1−K/(ξβ2); q
)
∞(

q−λ−Kξ/x, q1−K/(ξα1), q2−K/(ξα2); q
)
∞
.
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It follows from the condition qλ = qµβ1β2/(α1α2) that

lim
K→−∞

(
qKξ

)µ (qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q

)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

= ξµ
ϑq

(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)

.

Therefore, equation (A.5) tends to

q2(1− q)
(
1− qλ

)
α1α2

ξµ
ϑq

(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)

as K → −∞ and L→ +∞. Hence we obtain the following proposition.

Proposition A.2. If µ > 0, then the function ḡ1(x) in equation (A.6) satisfies(
x− qµ+1β1

α1α2

)(
x− qµ+1β2

α1α2

)
ḡ1(x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ1(qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ1(x)

+
q2(1− q)

(
1− qλ

)
α1α2

ξµ
ϑq(q

λ+1ξ/x)ϑq(ξα1)ϑq(q
−1ξα2)

ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)
= 0, (A.7)

where qλ = qµβ1β2/(α1α2).

Equation (A.7) is a non-homogeneous extension of equation (4.25). If ḡ1(x) satisfies equa-
tion (A.7), then it also satisfies the third order difference equation which is obtained from

Y̌ (qx) =

(
P−1F∞P +

P−1F1P

1− α1x
+
P−1F2P

1− α2x

)
Y̌ (x), Y̌ (x) =

ḡ1(x)ḡ2(x)
ḡ3(x)

.
If ξ = 1/α1, ξ = 1/α2 or ξ = q−λx, then

(
qKξ

)µ (qλ+K+1ξ/x, qKξα1, q
K−1ξα2; q

)
∞(

qKξ/x, qKξβ1, qKξβ2; q
)
∞

= 0

for any negative integer K, and equation (A.5) tends to 0 as K → −∞ and L→ +∞ under the
condition µ > 0.

We substitute ξ = 1/α1, ξ = 1/α2 or ξ = q−λx in ḡ1(x). If ξ = 1/α1, then

ḡ1(x) = (q−1)α−µ
1

(
qλ+1/(α1x), q, α2/α1; q

)
∞(

q/(α1x), β1/α1, β2/α1; q
)
∞

3ϕ2

(
q/(α1x), β1/α1, β2/α1

qλ+1/(α1x), α2/α1
; q, qµ

)
. (A.8)

If ξ = 1/α2, then

ḡ1(x) = (q − 1)qµα−µ
2

×
(
qλ+2/(α2x), q

2α1/α2, q; q
)
∞(

q2/(α2x), qβ1/α2, qβ2/α2; q
)
∞

3ϕ2

(
q2/(α2x), qβ1/α2, qβ2/α2

qλ+2/(α2x), q
2α1/α2

; q, qµ
)
. (A.9)

If ξ = q−λx, then

ḡ1(x) = (q − 1)q−λµxµ

×
(
q, q−λ+1α1x, q

−λα2x; q
)
∞(

q−λ+1, q−λβ1x, q−λβ2x; q
)
∞

3ϕ2

(
q−λ+1, q−λβ1x, q

−λβ2x
q−λ+1α1x, q

−λα2x
; q, qµ

)
. (A.10)

Since the non-homogeneous term in equation (A.7) vanishes in this case, we have
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Proposition A.3. If µ > 0, then the functions in equations (A.8), (A.9), (A.10) satisfy equa-
tion (4.25).

To obtain results corresponding to the specialization ξ = 1/β1, ξ = 1/β2 and ξ = x, we replace
the functions with equation (4.16) with the condition qµ

′
α1α2/(β1β2) = qµ, i.e., qµ

′
= qλ. Then

the function y(x) also satisfies the q-difference equation y(qx) = B(x)y(x), where B(x) is given

as equation (4.1) with the condition qλ = qµβ1β2/(α1α2). The function ḡ
[K,L]
1 (x) is written as

ḡ
[K,L]
1 (x) =

1− q

α1
xλ

L∑
n=K

(qnξ)−1

(
xq−n/ξ, q1−n/(β1ξ), q

1−n/(β2ξ); q
)
∞(

xq−n−λ/ξ, q−n/(α1ξ), q1−n/(α2ξ); q
)
∞
.

It converges as K → −∞ and L → +∞, if µ > 0. Write the limit by ḡ1(x). Note that

the function ḡ
[K,L]
1 (x) satisfies equation (A.4), where the function Q[K,L](x) is determined by

equation (4.17). The non-homogeneous term in equation (A.4) is written as

q2(1− q)

α1α2

{(
α2

q
x− qλ

)
Q[K,L](x/q) +

(
1− α2

q
x

)
Q[K,L](x)

}
=
q(1− q)

(
1− qλ

)
α1

xλ+1

( (
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ); q
)
∞(

xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ); q
)
∞

−
(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ); q
)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ); q
)
∞

)
. (A.11)

We investigate the limit of equation (A.11) as K → −∞ and L→ +∞. We have

lim
K→−∞

(
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ); q
)
∞(

xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ); q
)
∞

= 1.

If ξ = 1/β1, ξ = 1/β2 or ξ = x, then(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ); q
)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ); q
)
∞

= 0

for any positive integer L, and equation (A.11) tends to

q(1− q)
(
1− qλ

)
α1

xλ+1

as K → −∞ and L→ +∞.

If ξ = 1/β1, then

ḡ1(x)=
(1−q)β1
α1

xλ
(β1x, q, qβ1/β2; q)∞(

q−λxβ1, β1/α1, qβ1/α2; q
)
∞

3ϕ2

(
q−λβ1x, β1/α1, qβ1/α2

β1x, qβ1/β2
; q, q

)
. (A.12)

The case ξ = 1/β2 is obtained from the case ξ = 1/β1 by replacing β1 with β2. If ξ = x, then

ḡ1(x) =
(1− q)q

α1
xλ−1

×
(
q, q2/(β1x), q

2/(β2x); q
)
∞(

q/(α1x), q2/(α2x), q1−λ; q
)
∞

3ϕ2

(
q/(α1x), q

2/(α2x), q
1−λ

q2/(β1x), q
2/(β2x)

; q, q

)
. (A.13)
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Proposition A.4. The functions equations (A.12), (A.13) satisfy(
x− qµ+1β1

α1α2

)(
x− qµ+1β2

α1α2

)
ḡ1(x/q) + q

(
x− 1

α1

)(
x− q

α2

)
ḡ1(qx)

−
{
(1 + q)x2 −

(
qµ+1β1 + β2

α1α2
+

q

α1
+
q2

α2

)
x+

(
1 +

β1β2
α1α2

)
qµ+2

α1α2

}
ḡ1(x)

+
q(1− q)

(
1− qλ

)
α1

xλ+1 = 0. (A.14)

Note that, if ḡ1(x) satisfies equation (A.14), then it also satisfies the third order difference
equation with the condition µ > 0 and qλ = qµβ1β2/(α1α2).

We can replace the parameters by using Proposition A.1 to fit results on q-integrals with
the variant of q-hypergeometric equation of degree two given in equation (4.5). Then we can
obtain the solutions of the variant of q-hypergeometric equation of degree two and those of
a non-homogeneous version of the variant of q-hypergeometric equation of degree two, which are
similar to the ones in Theorems 4.5 and 4.6. We omit the details in this paper.

B Supplement to Section 4.2

We investigate the q-integral representations obtained by the q-middle convolution related to
the function (α1x, α2x, α3x; q)∞/(β1x, β2x, β3x; q)∞ with the condition qλ = β1β2β3/(α1α2α3).

We apply Proposition 2.2 for the case y(x) = (α1x, α2x, α3x; q)∞/(β1x, β2x, β3x; q)∞. Then
the functions

ŷ
[K,L]
i (x) = (1− q)

L∑
n=K

s
Pλ(x, s)

s− bi

(α1s, α2s, α3s; q)∞
(β1s, β2s, β3s; q)∞

∣∣∣∣
s=qnξ

, i = 0, 1, 2, 3,

b0 = 0, b1 = 1/α1, b2 = 1/α2, b3 = 1/α3

(B.1)

satisfy
ŷ
[K,L]
0 (qx)

ŷ
[K,L]
1 (qx)

ŷ
[K,L]
2 (qx)

ŷ
[K,L]
3 (qx)

 = H


ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

ŷ
[K,L]
3 (x)

+ (1− q)Q[K,L](x)


1

−α1x/(1− α1x)

−α2x/(1− α2x)

−α3x/(1− α3x)

,

where H is the matrix determined in equation (4.27) with the condition µ = 0 and qλ =
β1β2β3/(α1α2α3), and

Q[K,L](x) = Pλ

(
x, qK−1ξ

)
y
(
qKξ

)
− Pλ

(
x, qLξ

)
y
(
qL+1ξ

)
.

Note that the convergence theorem in Theorem 3.5 for the functions ŷ
[K,L]
i (x), i = 0, 1, 2, 3, is

not applicable. Write
ḡ
[K,L]
1 (x)

ḡ
[K,L]
2 (x)

ḡ
[K,L]
3 (x)

ḡ
[K,L]
4 (x)

 = P−1


ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

ŷ
[K,L]
3 (x)

 =


0 1 0 −1
0 0 1 −1
0 0 0 1
1 0 0 −1



ŷ
[K,L]
0 (x)

ŷ
[K,L]
1 (x)

ŷ
[K,L]
2 (x)

ŷ
[K,L]
3 (x)

, (B.2)
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where P is the matrix determined in equation (4.28). Then we have
ḡ
[K,L]
1 (qx)

ḡ
[K,L]
2 (qx)

ḡ
[K,L]
3 (qx)

ḡ
[K,L]
4 (qx)

 = P−1HP


ḡ
[K,L]
1 (x)

ḡ
[K,L]
2 (x)

ḡ
[K,L]
3 (x)

ḡ
[K,L]
4 (x)

− (1− q)Q[K,L](x)P−1


−1

α1x/(1− α1x)

α2x/(1− α2x)

α3x/(1− α3x)

.

The first two equations are written as

ḡ
[K,L]
1 (qx) =

α1α3x
2 +

{
α1(B1 − 1)− α3

(
B1 + qλ

)}
x+ qλ

(1− α1x)(1− α3x)
ḡ
[K,L]
1 (x)

+
(α1 − α3)B2x

(1− α1x)(1− α3x)
ḡ
[K,L]
2 (x) +

(1− q)(α3 − α1)x

(1− α1x)(1− α3x)
Q[K,L](x),

ḡ
[K,L]
2 (qx) =

α2α3x
2 +

{
α2(B2 − 1)− α1

(
B2 + qλ

)}
x+ qλ

(1− α2x)(1− α3x)
ḡ
[K,L]
2 (x)

+
(α2 − α3)B1x

(1− α2x)(1− α3x)
ḡ
[K,L]
1 (x) +

(1− q)(α3 − α2)x

(1− α2x)(1− α3x)
Q[K,L](x).

We apply Proposition 3.1 to obtain the q-difference equation which the function ḡ
[K,L]
1 (x) sat-

isfies. Then we have(
x− q

β1β2
α1α2α3

)(
x− q

β2β3
α1α2α3

)(
x− q

β3β1
α1α2α3

)
ḡ
[K,L]
1 (x/q)

+ q

(
x− 1

α1

)(
x− q

α2

)(
x− 1

α3

)
ḡ
[K,L]
1 (qx)

+

{
−(1 + q)x3 +

(
q

α1
+
q2

α2
+

q

α3
+ q

β1β2 + β2β3 + β3β1
α1α2α3

)
x2

−
(
q2
β1 + β2 + β3
α1α2α3

+ q2
β1β2β3
α1α2

2α3
2
+ q2

β1β2β3
α1

2α2
2α3

+ q
β1β2β3
α1

2α2α3
2

)
x

+ q2(1 + q)
β1β2β3

α1
2α2

2α3
2

}
ḡ
[K,L]
1 (x)

+ q(q − 1)
α1 − α3

α1α3
x

{(
x− q

β1β2β3
α1α2

2α3

)
Q[K,L](x/q)−

(
x− q

α2

)
Q[K,L](x)

}
= 0, (B.3)

and the non-homogeneous term is written as

q(q − 1)
α1 − α3

α1α3
x

{(
x− q

β1β2β3
α1α2

2α3

)
Q[K,L](x/q)−

(
x− q

α2

)
Q[K,L](x)

}
= q2(q − 1)

(
1− qλ

)α1 − α3

α1α2α3
x

((
qλ+K+1ξ/x, qKξα1, q

K−1ξα2, q
Kξα3; q

)
∞(

qKξ/x, qKξβ1, qKξβ2, qKξβ3; q
)
∞

−
(
qλ+L+2ξ/x, qL+1ξα1, q

Lξα2, q
L+1ξα3; q

)
∞(

qL+1ξ/x, qL+1ξβ1, qL+1ξβ2, qL+1ξβ3; q
)
∞

)
. (B.4)

On the other hand, it follows from equations (B.1), (B.2) that the function ḡ
[K,L]
1 (x) is written as

ḡ
[K,L]
1 (x) = ŷ

[K,L]
1 (x)− ŷ

[K,L]
3 (x)

= (1− q)
L∑

n=K

s(α3 − α1)

(1− α1s)(1− α3s)

(
qλ+1s/x, α1s, α2s, α3s; q

)
∞(

qs/x, β1s, β2s, β3s; q
)
∞

∣∣∣∣
s=qnξ
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= (1− q)(α3 − α1)

L∑
n=K

cn,

cn = qnξ

(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2, q
n+1ξα3; q

)
∞(

qn+1ξ/x, qnξβ1, qnξβ2, qnξβ3; q
)
∞

.

Since cn+1/cn → q, n → +∞, and c−(n+1)/c−n → qλ+1α1α2α3/(β1β2β3) = q, n → +∞, the

function ḡ
[K,L]
1 (x) converges as K → −∞ and L→ +∞. Write

ḡ1(x) = lim
K→−∞
L→+∞

ḡ
[K,L]
1 (x)

= (1− q)(α3 − α1)

+∞∑
n=−∞

qnξ

(
qλ+n+1ξ/x, qn+1ξα1, q

nξα2, q
n+1ξα3; q

)
∞(

qn+1ξ/x, qnξβ1, qnξβ2, qnξβ3; q
)
∞

. (B.5)

Note that the functions ŷ
[K,L]
1 (x) and ŷ

[K,L]
3 (x) do not converge as K → −∞.

We investigate the limit of the non-homogeneous term in equation (B.4) as K → −∞ and
L→ +∞. We have

lim
L→+∞

(
qλ+L+2ξ/x, qL+1ξα1, q

Lξα2, q
L+1ξα3; q

)
∞(

qL+1ξ/x, qL+1ξβ1, qL+1ξβ2, qL+1ξβ3; q
)
∞

= 1.

It follows from the identity(
qλ+K+1ξ/x, qKξα1, q

K−1ξα2, q
Kξα3; q

)
∞(

qKξ/x, qKξβ1, qKξβ2, qKξβ3; q
)
∞

=
ϑq

(
qλ+K+1ξ/x

)
ϑq

(
qKξα1

)
ϑq

(
qK−1ξα2

)
ϑq

(
qKξα3

)
ϑq

(
qKξ/x

)
ϑq

(
qKξβ1

)
ϑq

(
qKξβ2

)
ϑq

(
qKξβ3

)
×

(
q1−Kx/ξ, q1−K/(ξβ1), q

1−K/(ξβ2), q
1−K/(ξβ3); q

)
∞(

q−λ−Kx/ξ, q1−K/(ξα1), q2−K/(ξα2), q1−K/(ξα3); q
)
∞
,

which is obtained similarly to equation (4.10), and the condition qλ = β1β2β3/(α1α2α3) that

lim
K→−∞

(
qλ+K+1ξ/x, qKξα1, q

K−1ξα2, q
Kξα3; q

)
∞(

qKξ/x, qKξβ1, qKξβ2, qKξβ3; q
)
∞

=
ϑq

(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξα3)

ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)ϑq(ξβ3)
.

Therefore, equation (B.4) tends to

q2(q − 1)
(
1− qλ

)α1 − α3

α1α2α3
x

(
ϑq

(
qλ+1ξ/x

)
ϑq(ξα1)ϑq

(
q−1ξα2

)
ϑq(ξα3)

ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)ϑq(ξβ3)
− 1

)
as K → −∞ and L→ +∞. Hence we obtain the following proposition.

Proposition B.1. The function ḡ1(x) in equation (B.5) satisfies(
x− q

β1β2
α1α2α3

)(
x− q

β2β3
α1α2α3

)(
x− q

β3β1
α1α2α3

)
ḡ1(x/q)

+ q

(
x− 1

α1

)(
x− q

α2

)(
x− 1

α3

)
ḡ1(qx)
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+

{
−(1 + q)x3 +

(
q

α1
+
q2

α2
+

q

α3
+ q

β1β2 + β2β3 + β3β1
α1α2α3

)
x2

−
(
q2
β1 + β2 + β3
α1α2α3

+ q2
β1β2β3
α1α2

2α3
2
+ q2

β1β2β3
α1

2α2
2α3

+ q
β1β2β3
α1

2α2α3
2

)
x

+ q2(1 + q)
β1β2β3

α1
2α2

2α3
2

}
ḡ1(x)

+q2(q −1)
(
1− qλ

)α1 − α3

α1α2α3
x

(
ϑq(q

λ+1ξ/x)ϑq(ξα1)ϑq(q
−1ξα2)ϑq(ξα3)

ϑq(ξ/x)ϑq(ξβ1)ϑq(ξβ2)ϑq(ξβ3)
− 1

)
= 0, (B.6)

where qλ = β1β2β3/(α1α2α3).

Equation (B.6) is a non-homogeneous extension of equation (4.32). We investigate a rela-
tionship with the fourth order difference equation in equation (4.30). By imposing the condition
in equation (4.31), it follows that the q-difference equation of ḡ1(x) in equation (4.30) is factor-
ized as(

Tx − q2
β1β2β3
α1α2α3

)
(Tx − q)

[
(qα1x− 1)(α2x− 1)(qα3x− 1)T 2

x

−
{
q(q + 1)α1α2α3x

3 − q(α1α2 + α2α3 + qα3α1 + β1β2 + β2β3 + β3β1)x
2

+ q

(
β1 + β2 + β3 +

β1β2β3
α1α2α3

(
α1 +

α2

q
+ α3

))
x− (q + 1)

β1β2β3
α1α2α3

}
Tx

+
q(α1α2α3x− β1β2)(α1α2α3x− β2β3)(α1α2α3x− β3β1)

α2
1α

2
2α

2
3

]
ḡ1(x) = 0. (B.7)

Therefore, if ḡ1(x) satisfies equation (B.6), then it also satisfies equation (4.30) with the condition
in equation (4.31).

If ξ = 1/α1, ξ = 1/α2, ξ = 1/α3 or ξ = q−λx, then(
qλ+K+1ξ/x, qKξα1, q

K−1ξα2, q
Kξα3; q

)
∞(

qKξ/x, qKξβ1, qKξβ2, qKξβ3; q
)
∞

= 0

for any negative integer K, and equation (B.4) tends to

−q2(q − 1)
(
1− qλ

)α1 − α3

α1α2α3
x

as K → −∞ and L→ +∞.
We substitute ξ = 1/α1, ξ = 1/α2, ξ = 1/α3 or ξ = q−λx in ḡ1(x). If ξ = 1/α1, then

ḡ1(x) = (1− q)
α3 − α1

α1

(
qλ+1/(α1x), α2/α1, qα3/α1, q; q

)
∞(

q/(α1x), β1/α1, β2/α1, β3/α1; q
)
∞

× 4ϕ3

(
q/(α1x), β1/α1, β2/α1, β3/α1

qλ+1/(α1x), α2/α1, qα3/α1
; q, q

)
. (B.8)

If ξ = 1/α2, then

ḡ1(x) = (1− q)q
α3 − α1

α2

(
qλ+2/(α2x), q

2α1/α2, q
2α3/α2, q; q

)
∞(

q2/(α2x), qβ1/α2, qβ2/α2, qβ3/α2; q
)
∞

× 4ϕ3

(
q2/(α2x), qβ1/α2, qβ2/α2, qβ3/α2

qλ+2/(α2x), q
2α1/α2, q

2α3/α2
; q, q

)
. (B.9)
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If ξ = 1/α3, then

ḡ1(x) = (1− q)
α3 − α1

α3

(
qλ+1/(α3x), qα1/α3, α2/α3, q; q

)
∞(

q/(α3x), β1/α3, β2/α3, β3/α3; q
)
∞

× 4ϕ3

(
q/(α3x), β1/α3, β2/α3, β3/α3

qλ+1/(α3x), qα1/α3, α2/α3
; q, q

)
. (B.10)

If ξ = q−λx, then

ḡ1(x) = (1− q)q−λ(α3 − α1)x

(
q−λ+1α1x, q

−λα2x, q
−λ+1α3x, q; q

)
∞(

q−λβ1x, q−λβ2x, q−λβ3x, q−λ+1; q
)
∞

× 4ϕ3

(
q−λβ1x, q

−λβ2x, q
−λβ3x, q

−λ+1

q−λ+1α1x, q
−λα2x, q

−λ+1α3x
; q, q

)
. (B.11)

Proposition B.2. The functions in equations (B.8), (B.9), (B.10), (B.11) satisfy(
x− q

β1β2
α1α2α3

)(
x− q

β2β3
α1α2α3

)(
x− q

β3β1
α1α2α3

)
ḡ1(x/q)

+ q

(
x− 1

α1

)(
x− q

α2

)(
x− 1

α3

)
ḡ1(qx)

+

{
−(1 + q)x3 +

(
q

α1
+
q2

α2
+

q

α3
+ q

β1β2 + β2β3 + β3β1
α1α2α3

)
x2

−
(
q2
β1 + β2 + β3
α1α2α3

+ q2
β1β2β3
α1α2

2α3
2
+ q2

β1β2β3
α1

2α2
2α3

+ q
β1β2β3
α1

2α2α3
2

)
x

+ q2(1 + q)
β1β2β3

α1
2α2

2α3
2

}
ḡ1(x)− q2(q − 1)

(
1− qλ

)α1 − α3

α1α2α3
x = 0.

To obtain results corresponding to the specialization ξ = 1/β1, ξ = 1/β2, ξ = 1/β3 and ξ = x,
we replace the functions with

Pλ(x, s) = (x/s)λ
(x/s; q)∞

(q−λx/s; q)∞
, y(x) = xµ

′ (q/(β1x), q/(β2x), q/(β3x); q)∞
(q/(α1x), q/(α2x), q/(α3x); q)∞

with the condition qµ
′
α1α2α3/(β1β2β3) = 1, i.e., qµ

′
= qλ. Then the function y(x) also satisfies

the q-difference equation y(qx) = B(x)y(x), where B(x) is given as equation (4.26) with the

condition µ = 0. The function ḡ
[K,L]
1 (x) is written as

ḡ
[K,L]
1 (x)=(1−q)α3−α1

α1α3
xλ

L∑
n=K

(qnξ)−1

(
xq−n/ξ, q1−n/(β1ξ), q

1−n/(β2ξ), q
1−n/(β3ξ); q

)
∞(

xq−n−λ/ξ, q−n/(α1ξ), q1−n/(α2ξ), q−n/(α3ξ
)
; q)∞

,

and it converges as K → −∞ and L → +∞. Write the limit by ḡ1(x). Note that the func-

tion ḡ
[K,L]
1 (x) satisfies equation (B.3) where

Q[K,L](x) = Pλ

(
x, qK−1ξ

)
y
(
qKξ

)
− Pλ

(
x, qLξ

)
y
(
qL+1ξ

)
= (qx)λ

{ (
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ), q
1−K/(β3ξ); q

)
∞(

xq−λ+1−K/ξ, q1−K/(α1ξ), q1−K/(α2ξ), q1−K/(α3ξ); q
)
∞

−
(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ), q
−L/(β3ξ); q

)
∞(

xq−λ−L/ξ, q−L/(α1ξ), q−L/(α2ξ), q−L/(α3ξ
)
; q)∞

}
.
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The non-homogeneous term in equation (B.3) is written as

q(q − 1)
α1 − α3

α1α3
x

{(
x− q

β1β2β3
α1α2

2α3

)
Q[K,L](x/q)−

(
x− q

α2

)
Q[K,L](x)

}
= q(q − 1)(1− qλ)

α1 − α3

α1α3
xλ+2

×
( (

xq1−K/ξ, q1−K/(β1ξ), q
1−K/(β2ξ), q

1−K/(β3ξ); q
)
∞(

xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ), q1−K/(α3ξ
)
; q)∞

−
(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ), q
−L/(β3ξ); q

)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ), q−L/(α3ξ); q
)
∞

)
. (B.12)

We investigate the limit of equation (B.12) as K → −∞ and L→ +∞. We have

lim
K→−∞

(
xq1−K/ξ, q1−K/(β1ξ), q

1−K/(β2ξ), q
1−K/(β3ξ); q

)
∞(

xq−λ−K/ξ, q1−K/(α1ξ), q2−K/(α2ξ), q1−K/(α3ξ); q
)
∞

= 1.

If ξ = 1/β1, ξ = 1/β2, ξ = 1/β3 or ξ = x, then(
xq−L/ξ, q−L/(β1ξ), q

−L/(β2ξ), q
−L/(β3ξ); q

)
∞(

xq−λ−1−L/ξ, q−L/(α1ξ), q1−L/(α2ξ), q−L/(α3ξ); q
)
∞

= 0

for any positive integer L, and equation (B.12) tends to

q(q − 1)
(
1− qλ

)α1 − α3

α1α3
xλ+2

as K → −∞ and L→ +∞.
If ξ = 1/β1, then

ḡ1(x) = (1− q)
α3 − α1

α1α3
β1x

λ (β1x, qβ1/β2, qβ1/β3, q; q)∞(
q−λβ1x, β1/α1, qβ1/α2, β1/α3; q

)
∞

× 4ϕ3

(
q−λβ1x, β1/α1, qβ1/α2, β1/α3

β1x, qβ1/β2, qβ1/β3
; q, q

)
. (B.13)

The case ξ = 1/βj , j = 2, 3, is obtained from the case ξ = 1/β1 by replacing β1 with βj . If
ξ = x, then

ḡ1(x) = (1− q)q
α3 − α1

α1α3
xλ−1

(
q2/(β1x), q

2/(β2x), q
2/(β3x), q; q

)
∞(

q/(α1x), q2/(α2x), q/(α3x), q1−λ; q
)
∞

× 4ϕ3

(
q/(α1x), q

2/(α2x), q/(α3x), q
1−λ

q2/(β1x), q
2/(β2x), q

2/(β3x)
; q, q

)
. (B.14)

Proposition B.3. The functions in equations (B.13), (B.14) satisfy(
x− q

β1β2
α1α2α3

)(
x− q

β2β3
α1α2α3

)(
x− q

β3β1
α1α2α3

)
ḡ1(x/q)

+ q

(
x− 1

α1

)(
x− q

α2

)(
x− 1

α3

)
ḡ1(qx)

+

{
−(1 + q)x3 +

(
q

α1
+
q2

α2
+

q

α3
+ q

β1β2 + β2β3 + β3β1
α1α2α3

)
x2

−
(
q2
β1 + β2 + β3
α1α2α3

+ q2
β1β2β3
α1α2

2α3
2
+ q2

β1β2β3
α1

2α2
2α3

+ q
β1β2β3
α1

2α2α3
2

)
x

+ q2(1 + q)
β1β2β3

α1
2α2

2α3
2

}
ḡ1(x) + q(q − 1)

(
1− qλ

)α1 − α3

α1α3
xλ+2 = 0. (B.15)
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It follows from equation (B.7) that, if ḡ1(x) satisfies equation (B.15), then it also satisfies
equation (4.30) with the condition in equation (4.31).

We replace the parameters by using Proposition 4.8 to fit results on q-integrals with the
variant of q-hypergeometric equation of degree three given in equation (4.33). We now replace
the parameters in Proposition B.1 by using Proposition 4.8. Set g⟨1⟩(x) = x−αḡ1(x)/{(1 −
q)(α3 − α1)}. Then equation (B.6) is replaced by(

x− qh1+1/2t1
)(
x− qh2+1/2t2

)(
x− qh3+1/2t3

)
g⟨1⟩(x/q)

+ q2α+1
(
x− ql1−1/2t1

)(
x− ql2−1/2t2

)(
x− ql3−1/2t3

)
g⟨1⟩(qx)

+ qα
[
−(q + 1)x3 + q1/2

{(
qh1 + ql1

)
t1 +

(
qh2 + ql2

)
t2 +

(
qh3 + ql3

)
t3
}
x2

− q(h1+h2+h3+l1+l2+l3+1)/2
{(
q−h1 + q−l1

)
t2t3 +

(
q−h2 + q−l2

)
t1t3

+
(
q−h3 + q−l3

)
t1t2

}
x+ q(h1+h2+h3+l1+l2+l3)/2(q + 1)t1t2t3

]
g⟨1⟩(x)

+ qα+l1+l2+l3−1/2t1t2t3
(
1− qλ

)
x1−α

×
(
ϑq

(
qλ+1ξ/x

)
ϑq

(
ξq−l1+1/2/t1

)
ϑq

(
ξq−l2+1/2/t2

)
ϑq

(
ξq−l3+1/2/t3

)
ϑq(ξ/x)ϑq

(
ξqλ−h1+1/2/t1

)
ϑq

(
ξqλ−h2+1/2/t2

)
ϑq

(
ξqλ−h3+1/2/t3

) − 1

)
= 0,(B.16)

where λ = (h1 + h2 + h3 − l1 − l2 − l3 + 1)/2. It is a non-homogeneous version of the variant of
q-hypergeometric equation of degree three. Equation (B.5) is replaced with

g⟨1⟩(x) = x−α
+∞∑

n=−∞
qnξ

(
ξqλ+n+1/x, ξqn−l1+3/2/t1, ξq

n−l2+3/2/t2, ξq
n−l3+3/2/t3; q

)
∞(

ξqn+1/x, ξqn+λ−h1+1/2/t1, ξqn+λ−h2+1/2/t2, ξqn+λ−h3+1/2/t3; q
)
∞
,

where λ = (h1+h2+h3−l1−l2−l3+1)/2. Then it follows from Proposition B.1 that the function
g⟨1⟩(x) in the above equation is a solution to equation (B.16). By rewriting Proposition B.2, we
obtain Theorem 4.9.

To show Theorem 4.10, we replace the parameters in Proposition B.3 by using Proposition 4.8.
Set g⟨2⟩(x) = x−αḡ1(x)α1α3/{q(1 − q)(α3 − α1)}. Then we obtain Theorem 4.10 by rewriting
equations (B.13), (B.14).
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