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Abstract. We construct families of asymptotically locally hyperbolic Riemannian metrics
with constant scalar curvature (i.e., time symmetric vacuum general relativistic initial data
sets with negative cosmological constant), with prescribed topology of apparent horizons and
of the conformal boundary at infinity, and with controlled mass. In particular we obtain
new classes of solutions with negative mass.
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1 Introduction

Jean–Pierre Bourguignon made lasting contributions to differential geometry, to French math-
ematics, and to European research. Einstein metrics and their deformations are part of his
research interests. This work is concerned with deformations of initial data for Lorentzian Ein-
stein metrics, and it is a pleasure to dedicate to him this contribution to the subject.

In recent work [6] we derived a formula for the mass of three-dimensional asymptotically
locally hyperbolic (ALH) manifolds obtained by gluing together two such manifolds “at infinity”.
(This procedure is also known as “Maskit gluing”, with the name introduced in [13].) We used the
formula to prove the main result there, namely existence of conformally compactified manifolds
without boundary, or with a toroidal black hole boundary, with conformal infinity of genus larger
than or equal to 2, with constant scalar curvature (CSC) and with negative total mass.

The first step in [6] was to use a glue-in of an exactly hyperbolic region near infinity as
done in [4], introducing a small perturbation parameter ϵ, which will be referred to as the
“exotic-gluing parameter”. The key point of the analysis in [6] was to control the limit of the
mass when ϵ tends to zero. This was done for a symmetric gluing of two ALH manifolds with
identical toroidal boundaries at conformal infinity.

The object of this work is to extend the analysis of [6] to the gluing of any two CSC ALH
manifolds with non-spherical topology at infinity. Thus, we can control the mass for gluings
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that do not have to be mirror-symmetric anymore, the manifolds being glued do not have to be
identical, they can contain arbitrarily many black holes with arbitrary topology, and they are
allowed to have more complicated topology at infinity. We show that the mass of the manifold
obtained by connecting-at-infinity two such manifolds tends to a well-defined limit when the
exotic-gluing parameter ϵ tends to zero; see (2.8) below, which generalises the formula proved
in [6] for two identical components. This formula allows one to control the sign of the mass,
obtaining in particular the following result, where the manifold resulting from the gluing has
at least two boundary components, one at infinity with genus g∞, and another one at finite
distance with genus gBH (where “BH” stands for “black hole”):

Theorem 1.1. Let gBH,g∞ ∈ N, g∞ ≥ gBH, with g∞ ≥ 2 if gBH = 0. There exist conformally
compactifiable ALH manifolds of constant scalar curvature with a boundary of genus gBH with
vanishing mean curvature, with a conformal boundary at infinity of genus g∞, and with mass of
any prescribed sign.

The condition of constant scalar curvature corresponds to vacuum general relativistic time-
symmetric initial data sets; an identical construction can be done for initial data sets for time-
symmetric data sets with prescribed energy density.

We note that boundaries with vanishing mean curvature typically lie inside, or at the bound-
ary, of the intersection of a black hole region with a time-symmetric initial-data slice.

The restriction g∞ ≥ gBH is necessary, cf. [7].
Theorem 1.1 is a slightly less precise version of Corollary 2.3 below. This last corollary follows

immediately from Theorem 2.1 below, which is the main result of this paper, and the proof of
which occupies most of the remainder of this paper.

The question of controlling the mass when gluing-at-infinity two manifolds across a single
neck, with one manifold having spherical topology at infinity and the other not, remains to be
settled.

2 Maskit gluing at general boundaries

We adapt and extend the arguments in [6] to accomodate general conformal boundaries at
infinity. A useful device used in [6] was to glue together two identical copies of a single manifold
in a mirror-symmetric way; the associated simplifications do not arise in our context, which
creates various difficulties that we address here.

The notations of that last reference are used throughout. The current work draws heavily on
constructions in [6], some of which are only mentioned or sketched here, but we give a detailed
presentation of those steps of the analysis in [6] which require substantial modifications.

In the case of two summands, the manifold (M, g) will be obtained by a boundary-gluing
of two three-dimensional ALH manifolds, (M1, g1) and (M2, g2). We assume existence of a co-
ordinate system near each conformal boundary at infinity in which the metric ga takes the
form

ga =
dr2

r2 + κa
+ r2hκa︸ ︷︷ ︸
b

+ea, r ≥ r0, a = 1, 2, (2.1)

for some r0 > 0, where

|ea|b + |Dea|b +
∣∣D2ea

∣∣
b
≤ Cr−σ (2.2)

with constants σ > 5/2 and C > 0, where hκ has constant Gauss curvature κ ∈ {0,±1} and
where D is the covariant derivative operator of g. We use the subscript b on a norm to indicate
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that the norm is taken using the metric b. Equation (2.2) holds, with σ = 3, both for the
Birmingham–Kottler metrics

gBK =
dr2

r2 + κa − 2mc/r
+ r2hκa , (2.3)

and for the Horowitz–Myers metrics

gHM =
dr2

r2 − 2mc/r
+
(
r2 − 2mc/r

)
dθ2 + r2dψ2, (2.4)

where (θ, ψ) are periodic coordinates on S1×S1 (cf. [2, 10, 12] or [3]). Heremc ∈ R is a parameter
which we call the coordinate mass. The reader will have noticed that when referring to the
Birmingham–Kottler metrics or the Horowitz–Myers metrics we mean the space-part of these
metrics, i.e., the metric induced on the static slices of the associated Lorentzian metrics.

For metrics of the form (2.1) the mass of a connected component of the conformal boundary
at infinity, which we denote for simplicity in (2.5) by ∂M , is defined by the formula [9] (compare
[1, equation (IV.40)])

m(∂M) = − lim
r→∞

∫
{r}×∂M

DjV

(
Rij −

R

n
δij

)
dσi, (2.5)

with the function V given by

V =
√
r2 + κa (2.6)

in the coordinate system of (2.1)–(2.2). Here dσi :=
√
det g dSi, Rij is the Ricci tensor of the

metric g, R its trace, and we have ignored an overall dimension-dependent positive multiplicative
factor which is typically included in the physics literature.

The mass m of the metrics (2.3) is proportional to mc, and that of the metrics (2.3) is
proportional to −mc.

We make appeal to the construction described in [6, Section 2], where the hyperbolic metric
has been glued-in within an ϵ-neighborhood of boundary points pa ∈ ∂Ma, without changing
the original metric away from the gluing region. We use the coordinates of (2.1)–(2.2) with
isothermal polar coordinates for the boundary metric

hκa = eω̊a
(
dρ2 + ρ2dφ2︸ ︷︷ ︸

=:h0

)
(2.7)

on ∂Ma, and with pa located at the origin of these coordinates, with the conformal factor chosen
so that hκa has constant Gauss curvature κa ∈ {0,±1}. Such coordinates can always be defined,
covering a disc D(ρ0) centered at p for some ρ0 > 0, with the same coordinate radius ρ0 for both
boundaries.

After the exotic gluing has been performed, the metric g1 is the original metric outside the
half-ball U1,2ϵ of coordinate radius 2ϵ < ρ0, and is exactly hyperbolic inside the half-ball U1,ϵ

of coordinate radius ϵ (see Figure 1); similarly for g2. In order to control the mass we will need
to consider a family of boundary gluings indexed by a parameter N ∋ i → ∞. For definiteness
for i ≥ 8/ϵ we choose the hyperbolic hyperplanes ha,i ⊂ Ma of [6, Section 2] to be half-spheres
of radius 1/i centered at the origin of the coordinates (2.7). We choose any pair (Λ1,Λ2) of
isometries of the hyperbolic plane as in [6, Section 2] to obtain the boundary-glued manifold
M :=MΛ1,Λ2 .

The above description generalises in an obvious way to gluings around any finite number of
points at the conformal boundaries at infinity and any finite number of summands; the differences
are purely notational.
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zoom
∂U1,ε

∂U1,2ε

∂M1

Figure 1. The sets U1,ϵ ⊂ U1,2ϵ and their boundaries when the boundary at infinity ∂M1 is a torus. The

parameter ϵ needs to be small to ensure convergence, in the construction of [4], of masses to the initial

ones. The gluing of the conformal metrics at the boundary takes place within a disc of radius 1/i ≤ ϵ/8,

with i→ ∞ as needed to ensure control of the error terms arising from a change of the conformal factor.

Figure from [6].

Figure 2. A punctured torus with a hyperbolic metric, from [6]. The figure fails to represent properly

that the cusp region is infinitely long.

Before stating our main theorem it is useful to recall the following: Consider a two-dimen-
sional compact oriented manifold

(
M2, h

)
and a finite number of distinct points pk ∈ M2,

k = 1, . . . , n; when M2 is a sphere one needs n ≥ 3. There exists on M2 \ {pk}nk=1 a smooth
function ω, with puncture singularities, or cusps, at the points pk, such that the metric eωh
is complete, has constant Gauss curvature equal to −1, and such that

(
M2, eωh

)
has finite

total area; compare [8, Proposition 2.3], [17], and references therein. An artist’s impression of
a punctured torus can be seen in Figure 2.

We claim:

Theorem 2.1. Let N ≥ 2 and consider N three-dimensional ALH manifolds (Ma, ga), a =
1, . . . , N , with constant scalar curvature, and with a metric of the form (2.1)–(2.2). Let pa,k ∈
∂Ma, with k = 1, . . . , na ∈ N, where we assume that na ≥ 3 when κa = 1, and that each point
pa,k ∈ ∂Ma has a unique partner pb,j ∈ ∂Mb distinct from pa,k. Let eωahκa be the unique metric
with scalar curvature equal to −2 on ∂Ma \ {pa,1, . . . , pa,na} with a cusp at each pa,k. The mass
of the Maskit-glued metric as described above converges, as ϵ tends to zero and i tends to infinity,
to the finite limit

−
N∑
a=1

lim
r→∞

∫
{r}×∂Ma

Dj
(
e−ωa/2r

)(
Rℓj −

R

3
δℓj

)
dσℓ. (2.8)

In the ath summand Rℓj denotes the Ricci tensor of the metric ga, and R its scalar curvature.

Remark 2.2. Suppose that we have

eij = r−3µij + o
(
r−3
)

(2.9)

for each summand, where the µij ’s depend only upon the coordinates xA on ∂M . In a b-or-
thonormal frame (a1, a2, a3) with a3 proportional to ∂r, formula (2.8) simplifies to

N∑
a=1

∫
∂Ma

e−ωa/2

(
2µ33 + 3

2∑
i=1

µii

)
d2µhk .
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Before passing to the proof of Theorem 2.1, we note that the theorem implies existence of
constant-scalar-curvature asymptotically-hyperbolic metrics with arbitrary total mass, and with
prescribed topology both of black-hole boundaries and of conformal infinity:

Corollary 2.3. There exist three-dimensional conformally compactifiable ALH manifolds with
constant scalar curvature, mass of any prescribed value in R, and

1) a boundary at finite distance of genus gBH ≥ 1 with zero mean curvature and a conformal
boundary at infinity of any genus g∞ larger than gBH;

2) a spherical boundary at finite distance with zero mean curvature and a conformal boundary
at infinity of any genus larger than or equal to two.

Proof. We start by noting that the contribution to the mass of a Birmingham–Kottler com-
ponent, say M1, with mass parameter which we denote by mc1 , can be written in the following
simpler form in the limit when the gluing parameter ε goes to zero and i goes to infinity:

2mc1

∫
∂M1

e−ω1/2 dµhκ1 .

When a component, sayM2, which is being glued is (the space-part of) a Horowitz–Myers metric
with mass parameter denoted as mc2 , its contribution to the mass in (2.8), again in the limit
when the gluing parameter ε goes to zero and i goes to infinity, can be simplified to

−mc2

∫
T2

e−ω2/2 dµh0 .

1. Apply Theorem 2.1 to a Maskit gluing of a Birmingham–Kottler solution, with minimal
boundary of genus gBH and mass parameter mc1 > mcrit, to g∞ − gBH Horowitz–Myers metrics
with mass parameters mca > 0, where a = 2, . . . ,g∞ − gBH. Here mcrit = mcrit(gBH) ≤ 0 is
the lower bound for the mass of a Birmingham–Kottler solution as needed for regularity. The
resulting limiting mass is

m = 2mc1

∫
∂M1

e−ω1/2 dµhκ1 −
g∞−gBH∑
a=2

mca

∫
T2

e−ωa/2 dµh0 ,

where the parameters mc1 and mca are freely prescribable, so that m can take any values in R.
2. Let (M1, g1) be obtained by a Maskit gluing, or an Isenberg–Lee–Stavrov [11] gluing, of

a spherical Birmingham–Kottler metric with a Horowitz–Myers metric. (In the Isenberg–Lee–
Stavrov case the asymptotics (2.9) is satisfied by g1.) If it could be arranged that the resulting
mass is negative, one would obtain a solution with toroidal conformal infinity and a spherical
black hole; but the sign of the mass in this case is not clear. However, we can apply Theorem 2.1
to a Maskit gluing of (M1, g1) to another Horowitz–Myers metric with sufficiently negative mass,
which will provide the desired metric. ■

Remark 2.4. One can use directly the construction of the proof of Theorem 2.1 to obtain a CSC
ALH metric with a spherical boundary at finite distance with zero mean curvature (“apparent
horizon”), negative mass, and a conformal boundary at infinity of any genus g∞ larger than or
equal to three, by gluing a spherical Birmingham–Kottler metric across g∞ punctures with g∞
Horowitz–Myers metrics.

Proof of Theorem 2.1. We prove the result for the exotic Maskit gluing at one point of each
summand, p1 ∈ ∂M1 and p2 ∈ ∂M2, in which case our assumptions require that neither summand
is a sphere. The proof in the more general case requires only tedious notational modifications.
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Our aim is to prove the existence of the limiting conformal factors ωa on each summand M1

and M2. This was the contents of Lemma 5.9 in [6]; the remaining arguments in [6], which do
not need to be repeated here, establish (2.8).

Some comments on the proof might be in order. The existence of the ωa’s is established
by showing first a uniform upper bound on the sequence of conformal factors, by comparison
with suitable barriers. One then needs a uniform lower bound: this is obtained by rewriting
the equation in a form to which a Harnack inequality applies. One further exploits the fact
that the area does not concentrate near the gluing necks; this follows from a good choice of the
upper barriers. Convergence of a subsequence on compact subsets of the punctured manifolds
follows then by elliptic estimates. The fact that the limit is the conformal factor for a punctured
hyperbolic metric could most likely be established directly with some extra work, using the
estimates derived here and in [6] together with the results and techniques of Ruflin [15]. We
avoid this supplementary work by appealing to the Deligne–Mumford compactness.

We now pass to the details of the above.

For notational simplicity “boundary” in the rest of the proof denotes the conformal boundary
at infinity. Note that all our constructions are localised near that last boundary, so that the
part of the boundary which corresponds to black hole horizons plays no role whatsoever in what
follows.

By construction the boundary ∂M of the new manifold is the gluing of

M̂1,i := ∂M1 \ U1,1/i ≡ ∂M1 \D(1/i) with M̂2,i := ∂M2 \ U2,1/i ≡ ∂M2 \D(1/i)

across their boundaries. We will often view both M̂1,i and M̂2,i as subsets of ∂M .

To make clear the differentiable structure on ∂M it is convenient we introduce a new coordi-
nate on D(ρ0),

ρ̂ =
log
(
ρ−1
0 ρ
)

log(ρ0i)
+ 1, (2.10)

so that ρ ∈ [1/i, ρ0] corresponds to ρ̂ ∈ [0, 1]. The flat metric

h0 = dρ2 + ρ2dφ2, ρ ∈ (0, ρ0]

becomes

h0 = ρ2
(
dρ2

ρ2
+ dφ2

)
= ρ2

(
log2(ρ0i)dρ̂

2 + dφ2
)
, ρ̂ ∈ (−∞, 1].

The differentiable structure near the connecting neck on ∂M ≈ ∂M1#∂M2 is defined by letting

(ρ̂, φ) range over (−1, 1) × S1, with (ρ̂, φ) defined as above on D(ρ0) \D
(
ρ−1
0 i−2

)
⊂ ∂M1 and

with

(ρ̂, φ) identified with the coordinates (−ρ̂,−φ) (2.11)

defined as above on D(ρ0) \ D
(
ρ−1
0 i−2

)
⊂ ∂M2. The set covered by these coordinates will be

referred to as the neck region. Thus

ĥ = h0 on D(ρ0).

We define on ∂M1 \ {p1} a smooth metric ĥ in the conformal class of hκ1 which equals to
ρ−2e−ω̊ahκ1 on D(ρ0) \ {0}.
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Remark 2.5. For coherence with [5, 6] we indicated that we use the method of [6, Section 2] to
extend the metric from the conformal boundary to the interior of the manifold. A more direct
way in the current context, which differs from that of [6, Section 2] by an isometry of the metric
in the hyperbolic region, proceeds as follows: On Ma, in the coordinates centred at pa in the
region where the metric is exactly the hyperbolic metric

b =
dy⃗ 2 + dx2

x2
,

points in M1 of coordinate (y⃗, x) with 1
i2ϵ

<
√

|y⃗|2 + x2 < ϵ can be identified with points in M2

of coordinates (in the same range)

1

i2
(
|y⃗|2 + x2

)(Sy⃗, x),
where, in order to preserve orientation, S is a mirror symmetry with respect to the horizontal
axis in the y⃗-plane. This guarantees that the hyperbolic metrics match across the totally geodesic
hyperplane

√
|y⃗|2 + x2 = 1/i; recall that 1/i < ϵ < ρ0/2.

So far the i-dependent coordinates of (2.10) introduce an explicit, but of course only apparent,
i-dependence in ĥ:

ĥ = log2(ρ0i)dρ̂
2 + dφ2 on (−∞, 1]× S1.

The metric ĥ on ∂M2 \ {p2} is defined in an analogous way.
We denote by ĥi the metric on ∂M obtained from ĥ, as defined on ∂M1 \ D

(
ρ−1
0 i−2

)
and

∂M2 \D
(
ρ−1
0 i−2

)
above, by using the identification (2.11) in the neck region. It should be clear

that ĥi depends upon i because the ĥi-diameter of the neck region equals 2 log(ρi), and hence
grows with i.

The metric ĥi is conformal to hκa on ∂Ma \ D
(
ρ−1
0 i−2

)
. It coincides with the cylindrical

metric log2(ρ0i)dρ̂
2 + dφ2 in the neck region of both summands of the connected sum, hence is

smooth on ∂M .
Consider the conformal class of metrics on ∂M induced by g. This conformal class depends

upon i but is independent of the exotic-gluing parameter ϵ, except for the requirement that
ϵ ≥ 8/i. (This is due to the fact that the parameter ϵ only plays a role in the initial insertion
of an exactly hyperbolic region into (Ma, ga). The resulting metrics on Ma depend upon ϵ in
the interior, but the conformal class of the metric on ∂Ma remains unchanged. The condition
ϵ ≥ 8/i is innocuous, as we are only concerned with the limit i→ ∞.) In this class there exists
a unique metric with constant scalar curvature equal to minus two. It can be found by solving
the two-dimensional Yamabe equation

∆ĥi
ui = −Reui + R̂i, (2.12)

with R = −2, and where R̂i is the scalar curvature of the metric ĥi, so that the metric eui ĥi has
scalar curvature R. It is important in what follows that the function ui is independent of the
parameter ϵ introduced when gluing-in the hyperbolic metric near the points pi.

The need to use a constant-scalar-curvature representative of the conformal class at infinity
arises from the definition of mass. Indeed, it is built-in into (2.1)–(2.6) that the metric hκa has
constant scalar curvature.

The Gauss–Bonnet theorem gives∫
∂M

eui dµĥi = 2π
(
2− χ(∂M1)− χ(∂M2)

)
,

where χ
(
M2
)
denotes the Euler characteristic of a two-dimensional manifold M2.
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For 0 < a < b let

Γ(a, b) := D(b) \D(a),

where D(c) denotes an open disc of radius c in R2. By construction, there exists a function ûi
defined on

Γi := Γ
(
ρ−1
0 i−2, ρ0

)
so that there we have

ĥi = eûih0.

Then the metric

eui+ûih0,

defined on Γi, has scalar curvature equal to minus two. Since h0 is flat, the function

ω̂i := ui + ûi

satisfies on Γi the equation

∆h0ω̂i = 2eω̂i . (2.13)

When κ1 < 0 there exist onM1\D
(
ρ−1
0 i−2

)
two metrics of negative scalar curvature conformal

to each other, namely the metric eui ĥi and the original metric hκ1 . We write

eui ĥi = eωihκ1 . (2.14)

The functions ωi are solutions of the equation

∆hκ1
ωi = 2eωi + 2κ1 = 2eωi − 2.

The maximum principle shows that ωi has neither a positive interior maximum nor a negative
interior minimum on the compact manifold with boundary ∂M1 \D(a) for a ∈

[
ρ−1
0 i−2, ρ0

]
.

When κ1 = 0 we write again (2.14), except that now we have

∆hκ1
ωi = 2eωi .

The maximum principle ensures then the property, that ωi has no interior maximum on the
compact manifold with boundary ∂M1 \D(a) for a ∈

[
ρ−1
0 i−2, ρ0

]
.

It also follows from (2.7) that on the annulus D(ρ0) \D
(
ρ−1
0 i−2

)
we can rewrite (2.14) as

eω̂ih0 = eωihκ1 = eωi+ω̊1h0.

We will need the property (cf., e.g., [14]) that solutions of the equation

∆ω = 2eω +ϖ,

where ϖ is a function independent of ω (in the cases of interest here ϖ ≡ 0 or ϖ ≡ −2,
compare (2.12)), satisfy a comparison principle: given a conditionally compact domain with
boundary:

ω̂ > ω on ∂Ω =⇒ ω̂ > ω on Ω.
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The following metric, which has constant negative scalar curvature equal to −2, provides
a useful comparison function:

eω∗,ih0 :=

(
π

log(ρ20i
2) sin

(
π log(ρ/ρ0)

log(ρ20i
2)

)
ρ

)2(
dρ2 + ρ2dφ2

)
, ρ ∈

(
1

ρ0i2
, ρ0

)
, (2.15)

The conformal factor eω∗,i tends to infinity at ρ = ρ−1
0 i−2 and at ρ = ρ0. In the coordinates

(ρ̂, φ) the metric (2.15) reads

eω∗,ih0 =

(
π

2 cos(πρ̂/2)

)2(
dρ̂2 +

1

log2(ρ0i)
dφ2

)
, ρ̂ ∈ (−1, 1). (2.16)

Note that the circle ρ̂ = 0 is a closed geodesic minimising length for the metric (2.16), of length
π2/ log(ρ0i).

Since the function eω∗,i , defined in (2.15), tends to infinity as the boundary of Γi is approached,
the comparison principle gives:

Lemma 2.6. On D(ρ0) \D
(
ρ−1
0 i−2

)
it holds that

eω̂i ≤ eω∗,i . (2.17)

Remark 2.7. On the circle ρ = 1/i the function eω∗,i tends to infinity as i→ ∞, but the metric
length ℓi of S1/i equals

ℓi =
1

i

∫
φ∈[0,2π]

(
eω̂i/2

)
|ρ=1/i

dφ ≤ 1

i

∫
φ∈[0,2π]

(
eω∗,i/2

)
|ρ=1/i

dφ =
π2

log (ρ0i)
,

so that ℓi approaches zero as i tends to infinity.

Corollary 2.8. For any ρ1 ∈
(
ρ−1
0 i−2, ρ0

)
, there exists a constant ĉ = ĉ(ρ1) such that

ωi ≤ ĉ

on ∂M1 \D(ρ1), independently of i.

Proof. At ρ = ρ1 we have

eω̂i ≤ eω∗,i =

(
π

log
(
ρ20i

2
)
sin
(
π log(ρ/ρ0)

log(ρ20i
2)

)
ρ

)2

−→i→+∞
1

ρ21 log
2(ρ1/ρ0)

.

This shows that the ωi’s are bounded by a constant ĉ(ρ1) > 0 independently of i on S(ρ1) for
ρ1 ∈

(
ρ−1
0 i−2, ρ0

)
. The result follows now from the maximum principle. ■

The corollary gives an estimation of the conformal factors from above. In order to prove
convergence of the sequence ωi away from the puncture, we also need to bound the sequence
of conformal factors away from zero. As a tool towards this we consider the sequence of “half-
areas”:

0 < A1,i :=

∫
M̂1,i

eωi dµhκ1 =

∫
M̂1,i

eui dµĥi <

∫
∂M

eui dµĥi = 2π
(
2− χ(∂M1)− χ(∂M2)

)
.

Thus the sequence {A1,i}i∈N is bounded, and so passing to a subsequence {ij}j∈N, if necessary,
we can assume that the limit exists:

A1 := lim
j→∞

A1,ij .
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Using analogous definitions on ∂M2, we have

A1,i +A2,i = 2π
(
2− χ(∂M1)− χ(∂M2)

)
=⇒ A2 = 2π

(
2− χ(∂M1)− χ(∂M2)

)
−A1.

It follows that at least one of A1 and A2 is not zero. Exchanging M1 with M2, we can without
loss of generality assume that

A1 ̸= 0. (2.18)

In our next result the parameter ε > 0 should not be confused with the parameter ϵ introduced
by the exotic gluing of M1 with M2:

Lemma 2.9. Assuming (2.18), there exist constants C1 and C2 such that, for all ε sufficiently
small,

lim sup
j∈N

(
inf

∂M1\D(ε/2)
ωij

)
≤ C1, C2 ≤ lim inf

j∈N

(
sup

∂M1\D(ε/2)
ωij

)
.

In other words, if ε is sufficiently small, then for all j sufficiently large we have

inf
∂M1\D(ε/2)

ωij ≤ C3, C4 ≤ sup
∂M1\D(ε/2)

ωij , (2.19)

for some constants C3 and C4.

Proof. It holds∫
Γ(a,b)

eω∗,i dµh0 = −
2π2 cot

(
π log(ρ/ρ0)
log(ρ20i

2)

)
log(ρ20i

2)

∣∣∣∣∣
b

a

,

and note that∫
Γ(1/i,ε/2)

eω∗,i dµh0 =
2π2 cot

(
π log(2/(ρ0ε))

log(ρ20i
2)

)
log
(
ρ20i

2
) →i→∞

2π

log
(
2/(ρ0ε)

) →ε→0 0. (2.20)

We have, for all ϵ < 2ρ0 and for all i larger than 2/ε,

A1,i =

∫
M̂1,i

eωi dµhκ1 =

∫
∂M1\D(ε/2)

eωi dµhκ1 +

∫
Γ(1/i,ε/2)

eωi dµhκ1

=

∫
∂M1\D(ε/2)

eωi dµhκ1 +

∫
Γ(1/i,ε/2)

eω̂i dµh0 . (2.21)

The estimate (2.17) shows that∫
Γ(1/i,ε/2)

eω̂i dµh0 ≤
∫
Γ(1/i,ε/2)

eω∗,i dµh0 .

It follows from (2.20) that there exists ε0 such that for all 2/i < ε ≤ ε0 the last term in (2.21)
is in (0, A1,i/2), which implies

1

2
A1,i ≤

∫
∂M1\D(ε/2)

eωi dµhκ1 < A1,i.

The conclusion readily follows from∫
∂M1\D(ε/2)

einf ωi dµhκ1 ≤
∫
∂M1\D(ε/2)

eωi dµhκ1 ≤
∫
∂M1\D(ε/2)

esupωi dµhκ1 . ■
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We are ready now to prove the equivalent of Lemma 5.9 of [6] on the summand chosen as
in (2.18).

Lemma 2.10. Under (2.18), there exists a smooth function

ω∞ : ∂M1 \ {p1} → R

such that a subsequence of {ωij}j∈N converges uniformly to ω∞ on every compact subset of
∂M1 \ {p1}. Similarly derivatives of any order of ωij converge to derivatives of ω∞, uniformly
on every compact subset of ∂M1 \ {p1}.

Proof. The proof is an adaptation to our setting of the arguments given in [6], we present here
the details for completeness.

We will need a function ψ ∈ C∞(M1 \ {p1}
)
which satisfies the equation

∆hκ1
ψ = −2 + cδp1 , (2.22)

where δp1 is the Dirac measure centered at p1, with c equal to twice the hκ1-area of ∂M1. This
choice of c ensures existence of ψ, which can be seen as follows: Let (ρ, φ) be any coordinates
near p1 such that hκ1 = eω1

(
dρ2 + ρ2dφ2

)
there. Let ψ1 ∈ C∞(∂M1 \ {p1}

)
be any function

which equals ln ρ near p1. There exists a constant c1 ̸= 0 such that

f := ∆hκ1
ψ1 − c1δp1 ∈ C∞(∂M1).

Letting ⟨T, f⟩ denote the action of a distribution T on a smooth function f , we have

0 =
〈
ψ1,∆hκ1

1
〉
=
〈
∆hκ1

ψ1, 1
〉
=

∫
∂M1

f dµhκ1 + c1,

where dµhκ1 is the measure associated with the metric hκ1 . Hence∫
∂M1

f dµhκ1 = −c1.

Consider the equation

∆hκ1
ψ2 = −2− c

c1
f.

By choice of c the right-hand side has zero-average over ∂M1, which guarantees existence of
a smooth function ψ2 solving the equation. Then

ψ :=
c

c1
ψ1 + ψ2

solves (2.22).
To continue, as in [6] we let K be any compact subset of ∂M1 \ {p1}. There exists ρK > 0

such that K ⊂ ∂M1 \D(ρK). It thus suffices to prove the result with K = ∂M1 \D(ρK), which
will be assumed from now on.

Let K1 = ∂M1 \D(ρK/2). Taking ε = ρK in Lemma 2.9 ensures that (2.19) holds on K1 for
all i ≥ i1 for some i1 <∞.

Let i ≥ i1. By Corollary 2.8, there exists a constant c1, independent of i, such that

vi := ψ − ωi ≥ c1 on K1.

On K1 it also holds

c2 ≤ ψ ≤ c3, (2.23)
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for some constants c2 and c3. Define

v̂i := vi − c1 + 1.

It holds that v̂i ≥ 1 on K1.

Moreover, v̂i satisfies the equation

∆hκ1
v̂i = ψiv̂i,

where

0 ≥ ψi := −2
eωi

v̂i
= −2

eψeωi−ψ

v̂i
≥ −2ec3eωi−ψ ≥ −2ec3−c1 .

By Harnack’s inequality, there exists a constant C1 = C1(K,K1) > 0 such that on K we have

sup
K
v̂i ≤ C1 inf

K1

v̂i.

This, together with the definition of v̂i, shows that

sup
K
vi ≤ C1 inf

K1

vi + d1 = C1

(
− sup

K1

(ωi − ψ)
)
+ d1, (2.24)

for some constant d1. Equation (2.19) shows that there exists a constant c4 such that

− sup
K1

(ωi − ψ) ≤ c4.

From (2.24) we obtain

sup
K

(vi − ψ) ≤ C1c4 + d1 =⇒ inf
K
ωi = − sup

K
(vi − ψ) ≥ −(C1c4 + d1).

This, together with (2.23), shows that that for every compact subset K of ∂M1 \ {p1} there
exists a constant ĈK such that

−ĈK ≤ ωi ≤ ĈK .

Elliptic estimates, together with a standard diagonalisation argument, show that there exists
a subsequence ωij which converges uniformly on every compact subset of ∂M1 \ {p1} to a so-
lution ω∞ of (2.13) on ∂M1 \ {p1}. Convergence of derivatives follows again from elliptic esti-
mates. ■

To continue, we wish to show that A2 ̸= 0. As a step towards this we claim that

A1 =

∫
∂M1

eω∞ dµhκ1 . (2.25)

In order to prove (2.25), for any ε > 0 we can write∫
∂M1

eω∞ dµhκ1 =

∫
∂M1\D(ε/2)

eω∞ dµhκ1 +

∫
D(ε/2)

eω∞ dµhκ1

=

∫
∂M1\D(ε/2)

(eω∞ − eωi) dµhκ1+

∫
∂M1\D(ε/2)

eωi dµhκ1+

∫
Γ(1/i,ε/2)

eωi dµhκ1︸ ︷︷ ︸
=A1,i
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−
∫
Γ(1/i,ε/2)

eωi dµhκ1 +

∫
D(ε/2)

eω∞ dµhκ1 . (2.26)

Recall that∫
Γ(1/i,ε/2)

eωi dµhκ1 =

∫
Γ(1/i,ε/2)

eω̂i dµh0

≤
∫
Γ(1/i,ε/2)

eω∗,i dµh0 →i→∞
2π

log(2/(ρ0ε))
→ε→0 0. (2.27)

Let η > 0. The last term in (2.26) will be smaller than η/4 for all ε small enough because
eω∞ ∈ L1(∂M1). Equation (2.27) shows that we can reduce ε > 0 if necessary so that for all i
large enough the first term in the last line of (2.26) will be smaller than η/4. Since ωi converges
to ω∞ uniformly on the compact subset ∂M1 \ D(ϵ/2) of ∂M1 \ {p1}, the first term in the
second line of (2.26) is smaller than η/4 for all i large enough. For j large enough it holds that
|A1,ij −A1| ≤ η/4. We conclude that with the choices just made we have∣∣∣∣A1 −

∫
∂M1

eω∞ dµhκ1

∣∣∣∣ ≤ η.

As η is arbitrary, (2.25) follows.
By Remark 2.7 and Deligne–Mumford compactness (cf., e.g., [16, Proposition A.2, Ap-

pendix A.1]), the metric eω∞hκ1 is the punctured hyperbolic metric on ∂M1 \ {p1}. The Gauss–
Bonnet theorem applies to such metrics and gives

A1 = 2π
(
1− χ(∂M1)

)
.

Passing to the limit j → ∞ in the Gauss–Bonnet identity,

A1,ij +A2,ij =

∫
M̂1,i

eωij dµhκ1 +

∫
M̂2,i

eωij dµhκ2 = 2π
(
2− χ(∂M1)− χ(∂M2)

)
,

one obtains

A2 = 2π
(
1− χ(∂M2)

)
> 0

since, by hypothesis, neither summand is a sphere. (Note that this argument fails for two-
components gluing with one puncture at each summand and with one or two spherical sum-
mands.) So A2 ̸= 0, and existence of a limiting conformal factor, realising a punctured metric
on ∂M2 \ {p2}, follows as before.

We have therefore established the equivalent of Lemma 5.9 of [6] for both summands of the
gluing construction. The rest of the proof of Theorem 2.1 is as in [6]. ■

3 Instabilities?

We start with the following observation: Consider a pair of two-dimensional hyperbolic manifolds(
M2

a, ha
)
, a = 1, 2 with a boundary (at finite distance) ∂M2

a with zero-mean curvature. Thus,
the boundaries are closed curves which satisfy the geodesic equation. Suppose that the lengths
of the boundary curves coincide. Any two such manifolds can be identified at that boundary to
yield a hyperbolic manifold in which the boundary curves become a closed geodesic.

The above allows us to provide a construction kit for producing nontrivial manifolds with
constant scalar curvature, higher-genus topology at infinity, and mass which is additive under
Maskit gluing.
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The simplest collection of the relevant building blocks is obtained as follows: Let (M, g) be
any ALH manifold with genus g∞ ≥ 1. Let us denote by ∂∞M the conformal boundary at
infinity of M and let p ∈ ∂∞M . We can carry out the construction of the proof of Theorem 2.1
by a gluing-at-infinity of a copy of (M, g) to itself in a symmetric way, as in [6], and where the
discrete parameter 1/i→ 0 is replaced by a continuous parameter λ→ 0. There results a family
of constant-scalar-curvature manifolds (Mλ, gλ) which are exactly hyperbolic in a neighborhood
of a totally geodesic two-dimensional half-sphere ∂Uλ cutting (Mλ, gλ) in half (in the example
of Figure 1 this is the half-sphere ∂U1,ϵ with ϵ = λ). The resulting cut-in-half manifolds will be
referred to as building blocks. The half-spheres ∂Uλ have a boundary at infinity which is a closed
geodesic γλ cutting ∂∞Mλ in half, with the length ℓλ of γλ varying continuously with λ by [6,
Remark 5.11], and with ℓλ tending to zero as λ does.

Any building blocks with matching lengths of their closed geodesics at infinity can be joined
together at the boundaries ∂Uλ to obtain a CSC ALH manifold with compact negatively curved
conformal boundary. It should be clear from (2.5) that the mass of the manifold so obtained is
the sum of the masses of the building blocks. Depending upon the sign of the mass of the second
summand the new manifold can have a mass larger or smaller than that of the first summand.

The fact that a summand with positive mass can be replaced by one with negative one,
thus lowering the mass of the connected manifold without changing the geometry of the other
summand away from a small subset of its exactly hyperbolic region, suggests instability under
time evolution:

Conjecture 3.1. Three-dimensional CSC ALH manifolds with higher genus topology at confor-
mal infinity and thin necks at conformal infinity are unstable.
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[1] Barzegar H., Chruściel P.T., Hörzinger M., Energy in higher-dimensional spacetimes, Phys. Rev. D 96
(2017), 124002, 25 pages, arXiv:1708.03122.

[2] Birmingham D., Topological black holes in anti-de Sitter space, Classical Quantum Gravity 16 (1999),
1197–1205, arXiv:hep-th/9808032.

[3] Chruściel P.T., Geometry of black holes, Internat. Ser. Monogr. Phys., Vol. 169, Oxford University Press,
Oxford, 2020.
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