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2. The labelling λ′′ restricts to λ on the internal vertices of φ in φ#φ′ and to the labelling λ′ translated
by ‖f‖ on the internal vertices of φ′ in φ#φ′.

In terms of sparse quasi-binary trees and forests, horizontal glueing corresponds to stacking the sparse
quasi-binary trees representing f ′ above the one representing f . Writing this operation in the representation
of levelled forests as split permutations is cumbersome and is left to the reader, see also the figure below.

Figure 8: Horizontal glueing of a tree and a forest.

2.2 A first algebraic structure on levelled forests

We briefly recall important Hopf algebraic structures on permutations. The vector space
⊕

n≥ 0 CSn has
a graded Hopf algebra structure, called FQSym, introduced in [MR95], and also considered in [GKL+95],
where it is called the algebra of free quasi-symmetric functions. This Hopf algebra is non-commutative, non-
cocommutative, graded and self-dual. In the following, we introduce the product � dual to the aforemen-
tioned coproduct of the Hopf algebra of non-commutative symmetric functions. First, for two permutations
α ∈ Sn and β ∈ Sp, we introduce

Sh(α, β) := {σ ∈ Sn+p : std(σ ∩ {1, . . . , n}) = α, std(σ ∩ {n+ 1, . . . , n+ p}) = β}.

the set of shuffles of α and β. In the above equation std denotes the standardization map: std(σ ∩ {a1 <
· · · ak}) is the image of σ ∩ {a1 < · · · ak} by the map ak 7→ k.

In particular, if idn and idp are the identity permutations of the symmetric groupsSn andSp, respectively,
we let

Sh(n, p) := Sh(idn, idp).

Given a permutation τ ∈ S(n) and integer p ≥ 1 we denote by τ + p the bijection of {p + 1, · · · , p + n}
defined by

(σ + p)(p+ k) = σ(k) + p

With σ ∈ S(p), σ ⊗ (τ + p) ∈ S(n + p) is the permutation equal to σ on {1, · · · , p} and (τ + p) on
{p+ 1, · · · , p+ n}.

∆(G312) = 1∗ ⊗G312 +G1 ⊗G21 +G12 ⊗G1 +G312 ⊗ 1∗.

The shuffle product of two permutations σ ∈ Sp and τ ∈ Sn is defined by

σ� τ :=
∑

α∈Sh(p,n)

α ◦ [σ ⊗ (τ + p)] ,

where we have used the explicit notation ◦ for the composition of permutations. We extend the shuffle
product from levelled trees (permutations) to levelled forests. If the permutations σ and τ are presented as
sparse quasi-binary trees, computing their shuffle product is done by adding straight edges at the bottom of
τ , then glueing this tree to the right of σ (we identify the outer paths of edges) and finally shuffling vertically
the generations.


