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Definition 7 (Shuffle product of levelled planar forests). Let f = (σ, (c1, · · · , ck) and g = (τ, (c′1, · · · , c′q))
be two levelled forests, we define the shuffle product of f and g by

f � g = (σ� τ, (c1, · · · , ck + c′1, · · · , c′q)).

Example 1. We present in detail the product 12� (12, (1, 1)), presented as sparse quasi-binary forests in
Figure 9. We decorate the branching nodes with two different colors to track the two original permutations

Figure 9: Shuffle product of levelled forests

in the product. The result of the product is given by the following sum of sparse quasi-binary forests (see
Fig. 10).

Figure 10: The product in Fig. 9 expanded over sparse quasi-binary forests.

We notice that by the construction of � all terms contained in the sum the blue and red dots preserve
the same ordering of generations in the initial factors.

A permutation σ ∈ Sn acts on the left of a levelled forest f = (σ, c) ∈ LF with n generations as follows

σ · (τ, c) := (σ ◦ τ, c).

We denote by cn the permutation (n, 1)(n−1, 2) · · · (n−bn2 c, b
n
2 c). We use the right action of cn to define

a involution on LF(n− 1), which is the horizontal mirror symmetric of a forest

θ : CLF → CLF
f = (σ, c) 7→ (σc−1

‖f‖, cn, · · · , c1)
(2.3)

Proposition 2. (CLF,�, θ) is an involutive algebra.

Proof. The result follows as a direct a consequence of the following two facts: the left and right actions
of Sn on LF(n − 1) commute and cn+m = τn,m ◦ (cn ⊗ (cm + n)) (we add n to all letters of cm and
concatenate the resulting word to the one representing cn) where τn,m is the shuffle in Sh(n,m) determined
by τn,m(1) = m+ 1, τn,m(n) = m+ n. �

We will sometimes refer to θ as the horizontal involution, for obvious reasons, to distinguish it from a second
involution permuting vertically the generations of a levelled forest that we define below.


