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letters contained in w, we define w ∩ A as the word obtained from w by erasing the letters which are not
in A. We write w′ ⊆ w if there exists A ⊆ alph(w) such that w′ = w ∩ A. In this case, we say that w′ is
a subword of w. We use now the definition of subword to define the notion of subtree and subforest. Let
t ∈ LT(n) a levelled binary tree, represented as a permutation σ. A levelled subtree (or just subtree) of t is a
levelled binary tree t′ with associated permutation σ′ of the form σ′ = σ ∩ [p], for 0 ≤ p ≤ n.

In this case, we write τ ′ ⊆ τ . In terms of sparse quasi-binary trees, τ ′ is a subtree of τ if there exists
0 ≤ p ≤ ‖τ‖ such that τ ′, seen as a quasi-binary tree, coincides with the quasi-binary tree associated with τ
by erasing all vertices on generations strictly bigger than p.

Figure 6: On the first line: levelled forest f = (213, (2, 1)), drawn as a quasi-binary forest. On the second line: all
levelled subforests included in f .

This notion extends to levelled forests. Pick a levelled forest f = (σ, (c1, · · · , ck)) ∈ LF and denote by
(σ1, · · · , σk) the restrictions of σ to the parts of c:

σi = σ]c1+···+ci−1,c1+···+ci] , 1 ≤ i ≤ k

with the convention that σ∅ = ∅. A levelled forest f ′ = (σ′, (c′1, · · · , c′k)) with same number of trees as f (the
composition c′ has the same number of parts as c) is a subforest of f is there exists p ≤ ‖f‖ such that

σ′i = σi ∩ [p] .

We write in this case f ′ ⊂ f . In terms of levelled forest, writing (f, λ) and (f ′, λ′), then we have (f ′, λ′) ⊆
(f, λ) if fα, fβ have the same number of trees and the labelling λα restricts to λβ on the internal vertices of
fβ . Equivalently, considering α and β as quasi-binary forests, β ⊆ α if and only if β comprise all nodes of α
up to a certain generation of the quasi-binary forest α.

Consider a word w = w1w2 · · ·wr where each letter takes value in N∗ and A ⊆ alph(w). Let w(A) =
{iwA(1) < · · · < iwA(q)} be the increasing sequence of indices of the letters of w in A and define the composition
wc(w,A) �0 r

wc(w,A) := (|]1, iwA(1)]|, . . . , |]iwA(i), iwA(i+ 1)]|, |]iwA(q), r]|) .

For example, if r = 10 and w = 1293548851, let A = {2, 3, 4, 7, 9}. Then [9] \ A = {1, 5, 6, 8}, w(A) =
{2 < 3 < 4 < 6}. Therefore, wc(w,A) = (1, 1, 1, 2, 4). Thanks to this notion, we introduce the horizontal
splitting of a levelled tree.

Definition 3 (Horizontal splitting of trees). Pick τ a levelled tree seen as a permutation σ and an integer
0 ≤ p ∈ ‖σ‖. The horizontal splitting of σ at p is the couple

�p (t) := (σ ∩ [p], (σ ∩ {p+ 1, . . . , n},wc(σ, [p]))) ,

formed by the subword of σ containing the letters in [p], and the pair (σ∩{p+1, . . . , n},wc(σ, [p])) representing
the sequence of subwords of σ obtained from σ after erasing the letters in [p]. We call the first component of
�p the lower component of the cut and the second component the upper component.


