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Figure 14: face-contractions of a levelled forest

Recall that X̄s,t is defined in equation (3.13).

Theorem 4. For any smooth path X the operators Xs,t satisfy the following properties:

1. Xs,t ∈ G(FC),

2. Xs,t = Xu,t ◦ Xs,u,

3. ] ◦ X̄s,t = Xs,t ◦ ].

Besides, if X is a self-adjoint trajectory then Xs,t is a morphism of ? algebras.

Proof. Item 2 is implied by Item 3 and the Chen relation for X. By remark 9, 1 is implied by Item 3. Item
3 follows by direct computations. �

The above proposition implies that the endomorphism Xs,t is characterized by its values on the levelled trees.
Partial contractions appear thus as technical proxies required to write in a compact form the Chen relation
for the operators Xs,t. However, this gives no additional information on the small-scale behaviour of X. This
is compliant with the simple observation that expansion of a solution of an equation in the class (1.2) does
only involve full contraction.

Lk : A⊗k 3 (A1 ⊗ · · · ⊗Ak) 7→ LA1,··· ,Ak

is well-defined and continuous. We call C the closure for the operator norm of the direct sum of the ranges
of the operators Lk :

5 Appendix

We recall some definitions from the theory of operads and more generally, we underline here the categorical
notions we use in this work. The reader will find below, among other things, definitons of collections, operads,
bi-collections and PROs. All of concepts are standard in the algebraic literature, see e.g. the monographs
[LV12, AM10], but not very known among non-algebraists. Hence the need of this small appendix. For
further details we refer to [Val07, BG16].

At the base of these definitions above lies the concept of monoidal category. In loose words, it is a
category C = (Ob(C),Mor(C))) equipped with an operation and a unity element I ∈ Ob(C). The operation
associates to any couple of objects A,B ∈ Ob(C) an object A B ∈ Ob(C) and to any couple of morphisms

f : A → A′, g : B → B′ a morphism f g : A B → A′ B′ in a functorial way. In order that (C, , I) is
a monoidal category, the operation must satisfy two main properties, which emulate the tensor product
operation on finite dimensional vector spaces:

1. (Associativity constraints) for any triple of objects A,B,C ∈ Ob(C) one has that the object (A B) C
is isomorphic to A (B C) in a functorial way, that is there exists a natural isomorphism between the
two functors ◦ (id× ) and ◦ ( × id) ;

2. (Unitality constraints) for any object A ∈ Ob(C) the objects A I and I A are (naturaly) isomorphic
to A.


