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Figure 4.3. The phase portrait of the system (4.3) for µ = 2. The curves I2,a are the circles x2 = ay−y2.

For µ > 1 (Figure 4.3):
— the curves Iµ,a \ O for a > 0; note that each curve Iµ,a for µ > 1 and a > 0 is closed

and intersects the ordinate axis {x = 0} at two points with the ordinates y = 0 and y =
[a(µ − 1)]µ/(2µ−2), so that the phase curve Iµ,a \O is homoclinic to the equilibrium O.

It is clear that the phase portraits of the system (4.3) for 0 < µ < 1 and for µ ≥ 1 are
globally topologically non-equivalent. Indeed, for 0 < µ < 1, there are infinitely many phase
curves joining the origin with infinity whereas for µ > 1, such phase curves in the domain {y > 0}
are absent. However, the phase portraits for all µ > 0 are topologically equivalent locally, i.e.,
in a neighborhood of the origin.

Example 4.2. A one-parameter family of analytic autonomous ordinary differential equations

of the form (4.1) in the closed upper half-plane {(x, y) | y ≥ 0} such that the corresponding

phase portraits for 0 < µ ≤ 1 and for µ > 1 are topologically non-equivalent both globally (in
the entire closed upper half-plane) and locally (in a neighborhood of the origin).

Consider the family

ẋ = x2 + y2, ẏ = µxy. (4.4)

As in the case of the family (4.3), for any µ, the origin O = {x = y = 0} (an equilibrium) and
the rays {y = 0, x < 0}, {y = 0, x > 0} are phase curves of the system (4.4). The phase curves
in the open upper half-plane {(x, y) | y > 0} can be described as follows.

Let a ∈ R. It is easy to verify that the curves

Kµ,a =

{

(x, y)

∣

∣

∣

∣

∣

x2 = ay2/µ +
y2

µ− 1

}

are invariant under the phase flow of the system (4.4) for any positive µ 6= 1 and any a ∈ R (if
0 < µ < 1 then it is supposed that a > 0) and that the curves

La =
{

(x, y)
∣

∣ x2 = y2(a+ 2 ln y)
}

(where y2 ln y|y=0 = 0) are invariant under the phase flow of the system (4.4) for µ = 1 and any
a ∈ R. Thus, the phase curves of the system (4.4) in the domain {y > 0} are as follows.

Михаил
Выделение




