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Abstract. It was recently shown (by the second author and Dı́az Garćıa, Krutov, Somberg,
and Strung) that every relative line module over an irreducible quantum flag manifold
Oq(G/LS) admits a unique Oq(G)-covariant connection with respect to the Heckenberger–
Kolb differential calculus Ω1

q(G/LS). In this paper we show that these connections are
bimodule connections with an invertible associated bimodule map. This is proved by ap-
plying general results of Beggs and Majid, on principal connections for quantum principal
bundles, to the quantum principal bundle presentation of the Heckenberger–Kolb calculi re-
cently constructed by the authors and Dı́az Garćıa. Explicit presentations of the associated
bimodule maps are given first in terms of generalised quantum determinants, then in terms
of the FRT presentation of the algebra Oq(G), and finally in terms of Takeuchi’s categorical
equivalence for relative Hopf modules.
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1 Introduction

Left connections for left modules (and right connections for right modules) are basic structures in
noncommutative geometry. They generalise connections for a vector bundle V , where of course
the left and right actions on the space of sections Γ(V ) coincide. However, in the noncom-
mutative setting it is most convenient, where possible, to consider bimodules. This prompted
the development of a theory of bimodule connections, which is to say, left (right) connections,
together with a compatibility for the right (left) action, described in terms of an associated bi-
module map. The literature on bimodule connections spans twenty-five years, from the original
works [12, 14, 15, 23, 24] to more recent works such as [1, 2, 4, 16, 26]. The interested reader
can find a very thorough exposition of these topics in the recent monograph [3].

Quantum principal bundles and principal connections were introduced by Brzeziński and
Majid [6] as a method for constructing left connections for modules associated to right comodule
algebras B = P co(H). Now associated modules are naturally bimodules, and so, it is natural
to ask when a principal connection induces a bimodule connection on an associated module.
This question has been thoroughly investigated by Beggs and Majid [3, Section 5.4], resulting
in a number of sufficient criteria for determining when bimodule connections are produced.

This provides us with powerful machinery to construct bimodule connections, and this paper
concerns itself with an application of this machinery to the theory of Drinfeld–Jimbo quantum
groups. Examples of bimodule connections in the setting of Drinfeld–Jimbo quantum groups
have been constructed for the quantum plane in [13], then for the relative line modules Ek over
the standard Podleś sphere in [20] and [3, Example 5.23], for the quantum projective plane
in [21], and for the first-order Heckenberger–Kolb calculi of quantum projective space in [26].
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In [11] the second author, together with Dı́az Garćıa, Krutov, Somberg and Strung, showed
that the relative line modules over all irreducible quantum flag manifolds Oq(G/LS), with the
first order Heckenberger–Kolb calculus, admit a unique Oq(G)-covariant connection. The same
connection was then used when proving the Borel Weil theorem for quantum Grassmannians
in [8] and for the irreducible quantum flag manifolds in [7]. In this paper we use the theory of
quantum principal bundles to extend Beggs and Majid’s work on the standard Podleś sphere to
the setting of the irreducible quantum flag manifolds Oq(G/LS), and so, produce a large family
of systematically constructed bimodule connections for Drinfeld–Jimbo quantum spaces.

In more detail, the irreducible quantum flag manifolds are a broad family of quantum homoge-
neous spaces, with the standard Podleś sphere, and more generally quantum projective space, as
the most tractable examples. From the seminal work of Heckenberger and Kolb [17, 18], we know
that each Oq(G/LS) possesses an essentially unique Oq(G)-covariant q-deformation of its classi-
cal de Rham complex Ω•

q(G/LS), constituting one of the most important structures in the non-
commutative geometry of quantum groups. The relative line modules Ek over each Oq(G/LS),
which are indexed by integers k ∈ Z, were shown in [11] to possesses a unique leftOq(G)-covariant
connection ∇ with respect to Ω•

q(G/LS). Now as established in the series of papers [7, 8, 9], the
Heckenberger–Kolb calculi admit quantum principal bundle descriptions. In this presentation,
the total algebra of the quantum bundle is the quantum Poisson homogeneous space

Oq

(
G/L s

S

)
≃
⊕
k∈Z

Ek,

and the first-order calculus is the Heckenberger–Kolb calculus over Oq

(
G/L s

S

)
introduced in [18,

Section 3.2.3]. The zero map was then shown to be a strong principal connection, allowing the
connection for each line module Ek to be realised as an associated connection. Combining this
result with Beggs and Majid’s general results on bimodule connections allows us to conclude
that each ∇ is a bimodule connection, as are its holomorphic and anti-holomorphic summands.
An immediate application is a description, for each k ∈ Z>0, of the connections on E±k as the
k-fold tensor product of the E±1 connection.

Our proof of the bimodule property has the advantage of being simple and conceptual, but
the disadvantage of not providing an explicit description of the associated bimodule map σ. To
address this we produce three complementary explicit descriptions of σ. The first approach uses
a family of identities, which we loosely term generalised determinants, coming from a dual basis
description of the copy of the trivial module in the tensor product Vϖx ⊗∨Vϖx , where Vϖx is the
simple Uq(g)-module corresponding to the crossed Dynkin node, and ∨Vϖx is the dual module.
This extends the foundational work done in [25] for the special case of standard Podlés sphere.
The second approach realises the generalised determinant identities, for the A and B-series,
in terms of the well-known FRT presentation [30] of the non-exceptional quantum coordinate
algebras Oq(G). For the A-series, which is to say for the quantum Grassmannians, this gives an
expression of the bimodule map in terms of the well-known quantum minors. Finally, we use
Takeuchi’s equivalence for relative Hopf modules [32] to give an alternative description of σ for
all the irreducible quantum flag manifolds.

We consider our results on tensor products to be an important step towards a conceptual
explanation for the phenomenon of q-deformed additivity of tensor product curvature [3, Exam-
ple 5.51], and we intend to investigate this in future work.

1.1 Summary of the paper

The paper is organised as follows: in Section 2 we recall basic material on first-order differential
calculi, Hopf–Galois extensions, and quantum principal bundles. Moreover, we briefly recall
necessary material about Drinfeld–Jimbo quantum groups, their quantum flag manifolds, and
their relative line modules.
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In Section 3 we give a simple accompaniment to Beggs and Majid’s criteria for a strong
principal connection to induce bimodule connections. We then recall the recent classification of
Oq(G)-covariant connections for line modules over the irreducible quantum flag manifolds [11].
We also recall the recent quantum principal bundle description of the Heckenberger–Kolb cal-
culi [7]. Building directly on this material, we prove the main result of the paper:

Theorem 1.1. For each line module Ek, the connection ∇ is a bimodule connection. Moreover,
the associated bimodule map is a left Oq(G)-comodule isomorphism.

We also make some comments on the associated tensor product connections.

In Section 4 explicit presentations of the associated bimodule maps are given in terms of
generalised quantum determinants, then in terms of the FRT presentations of Oq(SUn) and
Oq(SO2n+1), and finally in terms of Takeuchi’s categorical equivalence for relative Hopf modules.

In Appendix A we recall some useful material about the irreducible quantum flag manifolds.

2 Preliminaries

In this section we briefly recall standard material on first-order differential calculi, Hopf–Galois
extensions, and quantum principal bundles. We refer the reader to [3] for a more detailed
presentation. Moreover, we briefly recall necessary material about Drinfeld–Jimbo quantum
groups, their quantum flag manifolds, and their relative line modules.

2.1 First-order differential calculi and bimodule connections

In this subsection we recall the notion of a bimodule connection for a differential calculus, see
[3, Section 3.4] for further details. A first-order differential calculus (fodc) over an algebra B
is a pair

(
Ω1(B),d

)
, where Ω1(B) is a B-bimodule and d: B → Ω1(B) is a derivation such

that Ω1 is generated as a left B-module by those elements of the form db, for b ∈ B. The
universal fodc over B is the pair

(
Ω1
u(B),du

)
, where Ω1

u(B) is the kernel of the multiplication
map mB : B⊗B → B, and du : B → Ω1

u(B) is defined by dub = 1⊗ b− b⊗ 1. Every fodc over B
can be obtained as the quotient of Ω1

u(B) by a B-sub-bimodule N ⊂ Ω1
u(B). For any subalgebra

B′ ⊆ B, the restriction of a fodc over B to B′ is the fodc Ω1(B′) ⊆ Ω1(B) over B′ generated by
the elements db, for b ∈ B′.

For Ω1(B) a fodc over an algebra B and F a left B-module, a left connection on F is a C-linear
map ∇ : F → Ω1(B)⊗B F satisfying the left Leibniz rule

∇(bf) = db⊗ f + b∇f, for all b ∈ B, f ∈ F .

A left bimodule connection on F is a pair (∇, σ) where ∇ is a left connection and σ : F ⊗B

Ω1(B) → Ω1(B)⊗B F is a bimodule map satisfying

σ(f ⊗ db) = ∇(fb)−∇(f)b. (2.1)

Note that in the commutative case σ(f ⊗ db) = db⊗ f , that is, σ reduces to the flip map.

Let F be a bimodule, (∇F , σF ) a bimodule connection, and E a bimodule with bimodule
connection (∇E , σE), we define the connection for F ⊗B E as follows

∇F⊗E = ∇F ⊗ idE + (σF ⊗ idE) ◦ (idF ⊗∇E). (2.2)

Note that ∇F⊗E is again a bimodule connection, with bimodule map (σF ⊗ id) ◦ (id⊗ σE).
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Example 2.1. For any fodc
(
Ω1(B),d

)
, through the isomorphism Ω1(B) ≃ Ω1(B) ⊗B B, we

can consider d: B → Ω1(B) as a connection for B. Since

d(bb′)− d(b)b′ = bd(b′),

it holds that this is a bimodule connection with associated bimodule map

σ(b⊗ db′) = bdb′ ⊗ 1.

This elementary bimodule connection will be used in the proof of Lemma 4.5 below.

Let F and F ′ be two left B-bimodules, and let ∇ : F → Ω1(B)⊗BF and ∇′ : F ′ → Ω1(B)⊗B

F ′ be two connections, then we say that ∇ and ∇′ are isomorphic if we have an isomorphism
of B-bimodules α : F → F ′ such that the following diagram commutes:

F

α

��

∇ // Ω1(B)⊗B F

id⊗α
��

F ′
∇′

// Ω1(B)⊗B F ′.

2.2 Quantum principal bundles

Let (P,∆R) be a right H-comodule algebra, for some Hopf algebra H. A fodc over P is said to
be right H-covariant if the following (necessarily unique) map is well defined

∆R : Ω1(P ) → Ω1(P )⊗H, pdq 7→ p(0)dq(0) ⊗ p(1)q(1).

Covariance for a fodc over a left comodule algebra is defined similarly.
Let (P,∆R) be a right H-comodule algebra. We say that P is a Hopf–Galois extension of

B = P co(H) a bijection is given by

can := (mP ⊗ id) ◦ (id⊗∆R) : P ⊗B P → P ⊗H,

where mP denotes the multiplication of P . A right H-principal comodule algebra is a right H-
comodule algebra P , such that P is a Hopf–Galois extension of B, and such that P is faithfully
flat as a B-bimodule.

Definition 2.2. Let H be a Hopf algebra. A quantum principal H-bundle is a pair
(
P,Ω1(P )

)
,

consisting of a right H-principal comodule algebra (P,∆R), and a right H-covariant calcu-
lus Ω1(P ), such that, if N ⊆ Ω1

u(P ) is the sub-bimodule of the universal calculus corresponding
to Ω1(P ), we have ver(N) = P ⊗ I, for some Ad-subcomodule right ideal

I ⊆ H+ := ker(ε : H → C),

where Ad: H → H ⊗H is defined by Ad(h) := h(2) ⊗ S(h(1))h(3). A quantum principal bundle
is called strong when it holds that Ω1(B)P = PΩ1(B).

We can now define a principal connection for a quantum principal bundle. In Section 2.3
below we will show how to define connections for a certain class of noncommuative vector bundles
starting from a principal connection.

Definition 2.3. A principal connection for a quantum principal H-bundle
(
P,Ω1(P )

)
is a left

P -module, right H-comodule, projection Π: Ω1(P ) → Ω1(P ) satisfying

ker(Π) = PΩ1(B)P.

A principal connection Π is called strong if (id−Π)
(
dP
)
⊆ Ω1(B)P . It is clear that for any

strong principal bundle, all principal connections are strong.
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2.3 Connections from principal connections

For P a right principal H-comodule algebra, we denote by PMod the category of left P -modules,
and we define a functor

Ψ: HMod → BModB, V 7→ P □HV,

where the right B-action is given by multiplication on the first tensor factor, and that acts on
morphisms γ : V → W as Ψ(γ) = id ⊗ γ. We call any left P -module of the form Ψ(V ), for
some V ∈ HMod, an associated module. We can use principal connections to define a connection
∇ : F → Ω1(B) ⊗B F for any left P -module of the form F := Ψ(V ). Note first that we have
a natural embedding

j : Ω1(B)⊗B F ↪→ Ω1(B)P □HV

given by the multiplication map. A strong principal connection Π determines a connection ∇
on F by

∇ : F → Ω1(B)⊗B F ,
∑
i

pi ⊗ vi 7→ j−1
(
(id−Π)(dpi)⊗ vi

)
.

Indeed, since d and the projection Π are both right H-comodule maps, their composition (id−Π)
◦ d ⊗ id is a right H-comodule map. Hence the image of (id − Π) ◦ d ⊗ idV is contained in
j
(
Ω1(B)⊗B F

)
.

Let us now additionally assume that P admits a left A-coaction giving it the structure of
an (A,H)-comodule algebra, that Ω1(P ) is also left A-covariant, and that Π is also a left A-
comodule map. In this case, any F of the form P □HV has an obvious left A-comodule structure,
and the associated connection ∇ is a left A-comodule map.

2.4 Drinfeld–Jimbo quantum groups

Let g be a finite-dimensional complex semisimple Lie algebra of rank l. We fix a Cartan sub-
algebra h and choose a set of simple roots Π = {α1, . . . , αl} for the corresponding root system.
Denote by (·, ·) the symmetric bilinear form induced on h∗ by the Killing form of g, normalised
so that any shortest simple root αi satisfies (αi, αi) = 2. The Cartan matrix (aij) of g is defined
by aij :=

(
α∨
i , αj

)
, where α∨

i := 2αi/(αi, αi). The set of fundamental weights {ϖ1, . . . , ϖl} of g
is the dual basis of simple coroots

{
α∨
1 , . . . , α

∨
l

}
. We denote by P the Z-span of the fundamental

weights, and by P+ the Z≥0-span of the fundamental weights.
Let q ∈ R such that q ̸= −1, 0, 1, and denote qi := q(αi,αi)/2. The Drinfeld–Jimbo quantised

enveloping algebra Uq(g) is the noncommutative associative algebra generated by the elements
Ei, Fi, Ki, and K−1

i , for i = 1, . . . , l, subject to the relations

KiEj = q
aij
i EjKi, KiFj = q

−aij
i FjKi, KiKj = KjKi, KiK

−1
i = K−1

i Ki = 1,

EiFj − FjEi = δij
Ki −K−1

i

qi − q−1
i

,

and the quantum Serre relations which we omit (see [22, Section 6.1.2] for details). The formulae

∆(Ki) = Ki ⊗Ki, ∆(Ei) = Ei ⊗Ki + 1⊗ Ei, ∆(Fi) = Fi ⊗ 1 +K−1
i ⊗ Fi

define a Hopf algebra structure on Uq(g), satisfying ε(Ei) = ε(Fi) = 0, and ε(Ki) = 1.
For any Uq(g)-module V , a vector v ∈ V is called a weight vector of weight wt(v) ∈ P if

Ki ▷ v = q(αi,wt(v))v, for all i = 1, . . . , r. For each λ ∈ P+ there exists an irreducible finite-
dimensional Uq(g)-module Vλ, uniquely defined by the existence of a weight vector vhw ∈ Vλ
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with weight λ, called a highest weight vector, satisfying Ei ▷ vhw = 0, for all i = 1, . . . , l. We
call any finite direct sum of such Uq(g)-representations a type-1 module. Each type-1 module is
spanned by weight vectors.

Let V be a finite-dimensional Uq(g)-module, v ∈ V , and f ∈ V ∗, the linear dual of V .
Consider the function

cVf,v : Uq(g) → C, X 7→ f
(
X(v)

)
.

Consider now the Hopf subalgebra of Uq(g)
◦, the Hopf dual of Uq(g), generated by all functions

of the form cVf,v, for V a type-1 representation. We denote this Hopf algebra by Oq(G) and call it
the Drinfeld–Jimbo quantum coordinate algebra of G, where G is the compact, simply-connected,
simple Lie group having g as its complexified Lie algebra.

2.5 Quantum flag manifolds

For S a proper subset of simple roots, consider the Hopf subalgebra

Uq(lS) :=
〈
Ki, Es, Fs | i = 1, . . . , l = rank(g); s ∈ S

〉
⊆ Uq(g).

The left action of Uq(g) on Oq(G) restricts to a left Uq(lS)-action. We call the invariant subspace

Oq(G/LS) :=
Uq(lS)Oq(G),

the quantum flag manifold associated to S. We note that Oq(G/LS) is a left Oq(G)-comodule
algebra by construction. Moreover, Oq(G) is faithfully flat as a right Oq(G/LS)-module (see for
example [9, Section 5.4]). It now follows from [32, Theorem 1] that Oq(G/LS) coincides with
the space of right coinvariants of the coaction ∆R := (id⊗ πS) ◦∆, where

πS : Oq(G) → Oq(LS) := Oq(G)/Oq(G/LS)
+Oq(G)

is the canonical Hopf algebra projection, with Oq(G/LS)
+ := Oq(G/LS) ∩ ker(ε).

Similarly we can define the Hopf subalgebra

Uq(l
s
S) :=

〈
Ks, Es, Fs | s ∈ S

〉
⊆ Uq(lS) ⊆ Uq(g).

We call the invariant subspace

Oq(G/Ls
S) :=

Uq(l sS)Oq(G)

the quantum Poisson homogeneous space associated to S.

2.6 Relative line modules

From here on, we will restrict our attention to the irreducible quantum flag manifolds Oq(G/LS)
(see Appendix A for the definition of irreducible). In this caseOq(LS) contains a Hopf subalgebra
isomorphic to O(U1), the Hopf algebra of Laurent polynomials. Moreover, the left Oq(LS)-
coaction on Oq(G) restricts to an O(U1)-coaction on Oq(G/L s

S), which is to say

∆R(Oq(G/Ls
S)) ⊆ Oq(G)⊗O(U1).

This gives Oq(G/Ls
S) the structure of a right O(U1)-comodule algebra. We denote the associated

Z-algebra grading by

Oq(G/Ls
S) =:

⊕
k∈Z

Ek. (2.3)
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This grading is strong, as explained in [9, Section 4], meaning that each Ek is a line module in
the sense of [3, Section 3.5]. Moreover, we see that each Ek admits a natural presentation as an
associated module to our O(U1)-comodule algebra (see [9, Section 5] for a detailed discussion).

By construction each Ek is a left Oq(G)-subcomodule of Oq(G), and so, it is a relative Hopf
module in the sense of Takeuchi (see Section 4.3). Hence, following [10, Section 3.1] and [9,
Section 2.3] we refer to each Ek as a relative line module.

We can give an explicit description of this grading as follows: let αx be the simple root not
contained in S, and let ϖx be the corresponding simple weight. Choose a weight basis {vi}Ni=1

of Vϖx such that vN is a highest weight vector. For w0 the longest element of the Weyl group
of g, we denote the dual basis of V−w0(ϖx) by {fi}Ni=1. From [31, Theorem 4.1], we know that
a set of generators for Oq(G/L s

S) is given by

zi := c
Vϖx
fi,vN

, zj := c
V−w0(ϖx)

vj ,fN
for i, j = 1, . . . , N := dim(Vϖx).

The Z-grading on Oq

(
G/L s

S

)
is completely determined by deg(z1) = 1, and deg(zi) = −1, for

all i = 1, . . . , N .

3 Bimodule connections for the relative line modules

In this section we give a simple accompaniment to Beggs and Majid’s criteria for a strong
principal connection to induce bimodule connections. We then recall the recent classification
of Oq(G)-covariant connections ∇ : Ek → Ω1

q(G/LS) ⊗Oq(G/LS) Ek. We also recall the recent
quantum principal bundle description of the Heckenberger–Kolb calculi [7]. Building directly on
this material, we then prove the main result of the paper, namely that ∇, and its holomorphic
and anti-holomorphic summands, are bimodule connections. We also make some comments on
the associated tensor product connections.

3.1 Bimodule principal connections

The question of when a principal connection determines a bimodule connection was thoroughly
examined by Beggs and Majid in [3, Section 5.4] and [3, Proposition 5.54], and sufficient con-
ditions were given for a strong principal connection Π to induce a bimodule connection for any
associated module. We now prove a simple accompaniment to these results, suited to our needs
below. It takes a weaker set of assumptions and allows for an elementary self-contained proof.

Theorem 3.1. Let
(
P,Ω1(P )

)
be a quantum principal bundle, endowed with a strong principal

connection Π: Ω1(P ) → Ω1(P ) that is additionally assumed to be a right B-module map.

1. The associated connection ∇ : F → Ω1(B) ⊗B F , for each associated module F , is a bi-
module connection.

2. The associated bimodule map σ : F ⊗B Ω1(B) → Ω1(B) ⊗B F is an injective right H-
comodule map. Moreover, if

(
P,Ω1(P )

)
is strong then σ is an isomorphism.

3. Assume that P is endowed with a left A-coaction making it a left A-comodule algebra, and
moreover, assume that Ω1(P ) is a left A-covariant fodc. If Π is a left A-comodule map,
then σ is a left A-comodule map.

Proof. 1. Writing F as P□HV , for V ∈ HMod, we let f =
∑

i pi ⊗ vi ∈ F and ω ∈ Ω1(B), we
claim that a B-bimodule map σ : F ⊗B Ω1(B) → Ω1(B)⊗B F is given by

σ (f ⊗ ω) = j−1

(∑
i

piω ⊗ vi

)
.



8 A. Carotenuto and R. Ó Buachalla

Indeed, since Π is a strong connection, we have that∑
i

piω =
∑
i

(id−Π)piω ∈ Ω1(B)P,

and so, the map σ is well defined. Now we prove that (∇, σ) is a bimodule connection by showing
that expression (2.1) holds. We have the following:

∇(fb)−∇(f)b =
∑
i

j−1
(
(id−Π)d(pib)⊗ vi

)
−
∑
i

j−1
(
(id−Π)dpi ⊗ vi

)
b

=
∑
i

j−1
(
(id−Π)d(pib)⊗ vi

)
−
∑
i

j−1
(
(id−Π)d(pi)b⊗ vi

)
.

By the Leibniz rule this reduces to∑
i

j−1
(
(id−Π)pidb⊗ vi

)
=
∑
i

j−1
(
pidb⊗ vi

)
= σ(f ⊗ db),

where the last identity follows from the fact that each summand pidb is an horizontal form.
2. It is clear from the above formula that σ is injective. Covariance of the fodc and the fact

that both j−1 and Π are left H-comodule maps, imply that σ is a right H-comodule map. If(
P,Ω1(P )

)
is strong, then we have an isomorphism

µ′ : Ω1(B)⊗B P → PΩ1(B)

given by multiplication in Ω1(P ). We have an additional natural embedding

j′ : F ⊗B Ω1(B) ↪→ PΩ1(B)□HV,

induced by the multiplication map. The composition of isomorphisms j′−1 ◦ µ then gives an
isomorphism between Ω1(B)⊗B F and F ⊗B Ω1(B), which we see is an inverse for σ.

3. In this case, as discussed in Section 2.3, the associated connection ∇ will be a left A-
comodule map. Hence it follows directly from the definition of σ that it will also be a left
A-comodule map. ■

3.2 Relative line module connections for the Heckenberger–Kolb calculi

As established in the seminal paper [18], there exist, up to isomorphism, exactly two finite-
dimensional irreducible left Oq(G)-covariant fodc over every irreducible quantum flag manifold.
We denote these calculi by(

Ω(1,0)
q (G/LS), ∂

)
,

(
Ω(0,1)
q (G/LS), ∂

)
.

Moreover, we call their direct sum the Heckenberger–Kolb calculus on Oq(G/LS) and we denote
it by (

Ω1
q(G/LS),d := ∂ + ∂

)
.

The task of describing the left Oq(G)-covariant connections ∇ : Ek → Ω1
q(G/LS) ⊗ Ek was

recently undertaken by the second author and Dı́az Garćıa, Krutov, Somberg, and Strung. The
proof of the following result uses the theory of principal comodule algebras [5] to a construct
universal connection, and then quotients to the special case of the Heckenberger–Kolb calculi.

Theorem 3.2 ([11, Theorem 4.5]). Let Oq(G/LS) be an irreducible quantum flag manifold,
then for every k ∈ Z, the relative line module Ek admits a unique Oq(G)-covariant connection
∇ : Ek → Ω1

q(G/LS)⊗Oq(G/LS) Ek.
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In addition to the connection ∇, we can also consider the holomorphic, and respectively
anti-holomorphic, connections

∂Ek :=
(
proj(1,0) ⊗ id

)
◦ ∇ and ∂Ek :=

(
proj(0,1) ⊗ id

)
◦ ∇,

where proj(1,0) denotes the projection onto Ω
(1,0)
q (G/LS), and similarly for proj(0,1). It clearly

follows from Theorem 3.2 that ∂Ek , and ∂Ek , are the unique covariant connections for Ek with

respect to the fodc Ω
(1,0)
q (G/LS), and respectively Ω

(0,1)
q (G/LS).

3.3 A quantum principal bundle

In [18], with a view to calculating higher order relations, the fodc Ω
(1,0)
q (G/LS) was obtained

as the restriction of a left Oq(G)-covariant fodc over the quantum Poisson homogeneous space
Oq(G/Ls

S). The explicit construction involved a detailed R-matrix argument, and we refer the
interested reader to [7] for a summary in the notation of this paper. The following theorem sum-
marises the details relevant to this paper. The statement of the theorem makes use of Sq[G/LS ],
the quantum homogeneous coordinate ring of G/LS , which is to say, the sub-algebra of Oq(G)
generated by the elements zi, for i = 1, . . . , N .

Theorem 3.3 ([18, Section 3.2]). There exists a left Oq(G)-covariant fodc Ω
(0,1)
q

(
G/Ls

S , ∂
)
such

that

(1) ∂p = 0, for all p ∈ Sq[G/LS ],

(2) the fodc is right O(U1)-covariant,

(3) the pair
(
Oq

(
G/Ls

S

)
,Ω

(0,1)
q

(
G/Ls

S

))
is a quantum principal bundle,

(4) the zero map is a strong principal connection for the bundle.

The first point of the theorem follows from the construction of the fodc given in [18, Sec-
tion 3.2]. The right O(U1)-covariance was established by the authors and Dı́az Garćıa in [7,
Lemma 5.5]. The quantum principal bundle property was also established by the authors and
Dı́az Garćıa in [7, Proposition 5.6], where the general theory of principal pairs (as introduced

in [8, 9]) was used. An analogous presentation of Ω
(0,1)
q (G/LS) was also given in [18, Section 3.2],

and the right O(U1)-covariance, and the quantum principal bundle property also holds for this
fodc.

3.4 The bimodule property

In this section we observe that the recent results collected in the subsections above are enough
to imply that the line module connections are bimodule connections. We also show that the
associated bimodule maps are invertible, we necessitates the following preliminary lemma.

Lemma 3.4. The quantum principal bundles(
Oq

(
G/Ls

S

)
,Ω(0,1)

q

(
G/Ls

S

))
,

(
Oq

(
G/Ls

S

)
,Ω(1,0)

q

(
G/Ls

S

))
,

are strong.

Proof. It was shown in [7, Lemma 5.7] that

Oq

(
G/Ls

S

)
Ω(0,1)
q (G/LS) ⊆ Ω(0,1)

q (G/LS)Oq

(
G/Ls

S

)
.

We prove this lemma by showing that an analogous argument establishes the opposite inclusion.
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An arbitrary form in Ω
(0,1)
q (G/LS) is a sum of elements of the form b′ ∂b, for some b′, b ∈

Oq(G/LS). Consider now the form

b′
(
∂b
)
zi ∈ Ω(0,1)

q (G/LS)Oq

(
G/Ls

S

)
, for any i = 1, . . . , N.

It follows from the observations of Section 4.1 that there exist elements f ′
j ∈ Sq[G/LS ] and

v′j ∈ Sq

[
G/Lop

S

]
such that

∑N
j=1 v

′
jf

′
j = 1. Then it follows from the Leibniz rule that

b′
(
∂b
)
zi = b′∂(bzi)− b′b∂(zi) =

N∑
j=1

b′v′jf
′
j∂(bzi)−

N∑
j=1

b′bv′jf
′
j∂(zi).

Moreover, since ∂fj = 0, we have that

b′
(
∂b
)
zi =

N∑
j=1

b′v′j∂(f
′
jbzi)−

N∑
j=1

b′bv′j∂(f
′
jzi).

Thus we see that b′(∂b)zi is an element of Oq

(
G/Ls

S

)
Ω
(0,1)
q (G/LS), for any i = 1, . . . , N . Thus

we can conclude that

Oq

(
G/Ls

S

)
Ω(0,1)
q (G/LS) ⊆ Ω(0,1)

q (G/LS)Oq

(
G/Ls

S

)
,

and hence that the quantum principal bundle is strong. ■

Theorem 3.5. For each line module Ek, the connections ∇, ∂Ek and ∂Ek are bimodule connec-
tions. Moreover, the associated bimodule maps are left Oq(G)-comodule isomorphisms.

Proof. Recall from Section 3.3 that the zero map on Ω1
q

(
G/L s

S

)
is a strong principal connection

that realises the line modules connections ∂Ek as associated connections. Since the zero map
is clearly a right Oq(G/LS)-module map, we can conclude from Theorem 3.1 that each ∂Ek
is a bimodule connection. Moreover, since the zero map is clearly a right Oq(G)-comodule
map, and by the above lemma the quantum principal bundle is strong, we can conclude from
Theorem 3.1 that the associated bimodule map σk is a left Oq(G)-comodule isomorphism.

A similar argument establishes that the connection ∂Ek is a bimodule conection with an
invertible bimodule map. Moreover, these two results together imply that ∇ is a bimodule
connection with an invertible bimodule map. ■

Remark 3.6. The decomposition of the Heckenberger–Kolb calculus Ω1
q(G/LS) into its (1, 0)

and (0, 1) summands extends to a complex structure Ω(•,•) on the maximal prolongation of
Ω1
q(G/LS). Moreover, as shown in [11, Theorem 4.5], with respect to the complex structure Ω(•,•)

the (0, 1)-connections ∂Ek extend to holomorphic structures for the line bundles Ek. Thus we see
that each

(
Ek, ∂Ek

)
is a holomorphic bimodule in the sense of Beggs and Majid [3, Definition 7.14].

3.5 Tensor products of connections

For k ∈ Z>0, let Ek be the corresponding line module over the irreducible quantum flag manifold
Oq(G/LS). Since the Z-grading given in (2.3) is strong, it follows from [27, Corollary 3.1], that
multiplication gives an isomorphism

Ek ≃ E1 ⊗Oq(G/LS) · · · ⊗Oq(G/LS) E1︸ ︷︷ ︸
k-times

,

which is of course a left Oq(G)-comodule map. Since the connection ∇ on E1 is a bimodule con-
nection, we can build a bimodule connection for Ek through repeated iterations of formula (2.2).
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Proposition 3.7. The connections

(1) ∂Ek+l
: Ek+l → Ω

(0,1)
q (G/LS)⊗Oq(G/LS) Ek+l,

(2) ∂Ek⊗El : Ek ⊗ El → Ω
(0,1)
q (G/LS)⊗Oq(G/LS) Ek ⊗Oq(G/LS) El

are isomorphic. Moreover, the corresponding holomorphic connections are isomorphic.

Proof. Since the associated bimodule map σ1 is a left Oq(G)-comodule map, the tensor product
connection for Ek⊗Oq(G/LS) El is left Oq(G)-covariant. Theorem 3.2 implies that this connection

must be isomorphic to ∂Ek+l
. An analogous construction exists for the line modules E−k, for all

k ∈ Z, and for the holomorphic connections ∂Ek+l
and ∂Ek⊗El . ■

4 Some explicit descriptions of the associated bimodule maps

In this section we give three complementary presentations of the bimodule map associated to
the connection ∂Ek , first in terms of generalised quantum determinants, then in terms of the
FRT presentation of Oq(G), and finally in terms of Takeuchi’s categorical equivalence for relative
Hopf modules.

4.1 Generalised determinant relations

The elements zkN , and zkN , are highest weight vectors of weight kϖs, and −kw0(ϖs). Thus we
have a dual pair of irreducible Uq(g)-modules,

Vk := Uq(g)z
k
N , ∨Vk := Uq(g)z

k
N .

Since both Vk ⊗ V ∨
k and ∨Vk ⊗ Vk contain a copy of the trivial module, we must have a family

of elements

{fi, f ′
i}Ni=1 ⊆ Vk, {vi, v′i}Ni=1 ⊆ ∨Vk,

satisfying

N∑
i=1

fivi = 1,
N∑
i=1

v′if
′
i = 1. (4.1)

It follows from the construction of the Heckenberger–Kolb calculus Ω
(0,1)
q (G/L s

S) that

∂fi = ∂f ′
i = 0, for all i = 1, . . . , N, (4.2)

a fact that will be used in the proof of the proposition below. (Indeed this fact is a crucial
ingredient in the proof of the noncommutative Borel–Weil theorem for Oq(G/LS) given in [7].)

Proposition 4.1. For k ∈ Z>0, it holds that

1. The bimodule map

σk : Ek ⊗Oq(G/LS) Ω
(0,1)
q (G/LS) → Ω(0,1)

q (G/LS)⊗Oq(G/LS) Ek,

associated to the connection ∂Ek , satisfies

σk
(
e⊗ ∂b

)
=

N∑
i=1

∂(ebv′i)⊗ f ′
i −

N∑
i=1

∂(ev′i)⊗ f ′
ib.

Moreover, the inverse map σ−1 satisfies

σ−1
k

(
∂b⊗ e

)
=

N∑
i=1

fi ⊗ ∂(vibe)−
N∑
i=1

bfi ⊗ ∂(vie),
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2. The bimodule map

σ−k : E−k ⊗Oq(G/LS) Ω
(0,1)
q (G/LS) → Ω(0,1)

q (G/LS)⊗Oq(G/LS) E−k,

associated to ∂E−k
, satisfies

σ−k

(
e⊗ ∂b

)
=

N∑
i=1

∂(ebfi)⊗ vi −
N∑
i=1

∂(efi)⊗ vib.

Moreover, the inverse map σ−1
−k satisfies

σ−1
−k

(
∂b⊗ e

)
=

N∑
i=1

v′i ⊗ ∂(f ′
ibe)−

N∑
i=1

bv′i ⊗ ∂(f ′
ie).

Proof. 1. For any e ∈ Ek, it follows from (4.1) and (4.2) that

e∂b =

N∑
i=1

∂(ebv′i)f
′
i −

N∑
i=1

∂(ev′i)f
′
ib.

Thus we have expressed e∂b as an element of Ω1
q(G/LS)Oq

(
G/L s

S

)
, which gives us the claimed

formula. The formula for the inverse map is established analogously.
2. For any e ∈ E−k, it follows from (4.1) and (4.2) that

e∂b =
N∑
i=1

∂(ebfi)vi −
N∑
i=1

∂(efi)vib.

Thus we have expressed e∂b as an element of Ω1
q(G/LS)Oq(G/L s), which gives us the claimed

formula. The formula for the inverse map is established analogously. ■

In what follows we will denote by σk the bimodule map associated to the connection ∂Ek and,
similarly, by σ−k the bimodule map associated to the connection ∂E−k

.

Example 4.2. Let us now check our formula for the bimodule map ∂Ek , for k ∈ Z>0, by looking
at the commutative case. We have

σk
(
e⊗ ∂b

)
=

N∑
i=1

∂(ev′ib)⊗ f ′
i −

N∑
i=1

∂(ev′i)⊗ f ′
ib

=
N∑
i=1

∂(ev′i)b⊗ f ′
i +

N∑
i=1

ev′i∂b⊗ f ′
i −

N∑
i=1

∂(ev′i)⊗ f ′
ib

=

N∑
i=1

∂b⊗ ev′if
′
i

= ∂b⊗ e.

Thus we see that σk reduces to the usual flip map, as it should. A similar situation holds for
the line bundle E−k.

We finish with the interesting parallel observation that the generalised determinant identities
can be used to give an explicit description of the connections ∂Ek and ∂Ek . This generalises
the special case of the line module E1 over quantum projective space Oq

(
CPn

)
given in [28,

Example 8.5].
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Proposition 4.3. Let Oq(G/LS) be an irreducible quantum flag manifold, and k ∈ Z>0, then
for any e ∈ Ek, we have

∂Ek(e) =
N∑
i=1

∂(ev′i)⊗ f ′
i , ∂Ek(e) =

N∑
i=1

∂(ev′i)⊗ f ′
i .

For any e ∈ E−k, we have

∂E−k
(e) =

N∑
i=1

∂(efi)⊗ vi, ∂E−k
(e) =

N∑
i=1

∂(efi)⊗ vi. (4.3)

Proof. We give the proof for the first identity, the proofs of the other three being completely
analogous. This follows from the calculation

∂Ek(e) = j−1(∂(e)) = j−1

(
N∑
i=1

∂(e)v′if
′
i

)
= j−1

(
N∑
i=1

∂(ev′i)f
′
i

)
=

N∑
i=1

∂(ev′i)⊗ f ′
i ,

where as usual, we have used the fact that ∂vi = 0, for all i = 1, . . . , N . ■

4.2 Some examples in terms of the FRT generators

The non-exceptional Drinfeld–Jimbo quantum coordinate algebras Oq(G) admit a well-known
alternative construction, called the FRT construction [30], which essentially gives a generator
and relation presentation in terms of the coordinate functions of the first fundamental repre-
sentation Vϖ1 of Uq(g). It proves useful when explicit commutation relations are required, as in
Section 4.3 below, and is commonly used in the C∗-algebra literature.

In this subsection we give an FRT presentation of the bimodule maps for the special cases
of the standard Podleś sphere, the more general quantum Grassmannians, and the quantum
quadrics, special cases of the irreducible quantum flag manifolds, as presented in Appendix A
below.

4.2.1 The standard Podleś sphere

The standard Podleś sphere Oq

(
S2
)
is the single quantum flag manifold of Oq(SU2), moreover

the quantum Poisson homogeneous space of Oq

(
S2
)
coincides with Oq(SU2). Denoting by uij , for

i, j = 1, 2, the standard generators of Oq(SU2) (see [22, Section 4.1]), the quantum determinant
relations

u11u22 − qu21u12 = 1, u22u11 − q−1u12u21 = 1

give a pair of relations of the form (4.1). Thus we see that for any e ∈ E1, the element σ1
(
e⊗∂b

)
is equal to

∂(ebu22)⊗ u11 − ∂(eu22)⊗ u11b− q−1
(
∂(ebu12)⊗ u21 − ∂(eu12)⊗ u21b

)
.

Moreover, for any e ∈ E−1, the element σ−1(e⊗ ∂b) is equal to

∂(ebu11)⊗ u22 − ∂(eu11)⊗ u22b− q
(
∂(ebu21)⊗ u12 − ∂(eu21)⊗ u12b

)
.

The line bundles E−2 and E2 are isomorphic as relative line modules to the fodc Ω
(1,0)
q

(
S2
)
and

Ω
(0,1)
q

(
S2
)
respectively. In this case the square of the first determinant relation

(u22)
2(u11)

2 −
(
q + q−1

)
u22u12u21u11 + q−2(u12)

2(u21)
2 = 1,
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gives a relation of the form (4.1). This means that for e ∈ E2, we have

σ2
(
e⊗ ∂b

)
= ∂

(
eb(u22)

2
)
⊗ (u11)

2 − ∂
(
e(u22)

2
)
⊗ (u11)

2b

−
(
q + q−1

)(
∂(ebu22u12

)
⊗ u21u11 − ∂(ebu22u12)⊗ u21u11b)

− q−2
(
∂
(
eb(u12)

2
)
⊗ (u21)

2 − ∂
(
e(u12)

2
)
⊗ (u21)

2b
)
.

Moreover, we have an analogous expression for the line bundle E−2. This reproduces the explicit
presentation of the bimodule map given by Beggs and Majid in [3, example 5.51].

4.2.2 The quantum grassmannians

Let us now consider the An−1-series irreducible quantum flag manifolds, that is, the quantum
Grassmannians, where the crossed simple root αm corresponds to the quantum Grassmannian
Oq(Grn,m). Quantum projective space Oq

(
CPn−1

)
corresponds to the special cases of αm = α1,

and αm = αn−1. Moreover, these reduce to the standard Podleś sphere for the case of Oq(SU2).
Denote by uij , for i, j = 1, . . . , n, the FRT generators of Oq(SUn) [30], (see also [22, Sec-

tion 9.2]). Let I := {i1, . . . , im} and J := {j1, . . . , jp} be a pair of subsets of {1, . . . , n}. The
associated quantum minor [I|J ] is the element of Oq(SUn) given by

[I|J ] :=
∑
σ∈Sp

(−q)ℓ(σ)uσ(i1)j1 · · ·uσ(ip)jp =
∑
σ∈Sp

(−q)ℓ(σ)ui1σ(j1) · · ·uipσ(jp).

The quantum Poisson homogeneous space Oq(S
n,m) of the quantum Grassmannian is generated

by the quantum minors

zA :=
[
A|M⊥], zB := [B|M ], for |A| = n−m, |B| = m,

where M := {1, . . . ,m} and M⊥ := {m+ 1, . . . , n}.
For I, J ordered subsets of {1, . . . , n}, we denote by I⊥, and J⊥, the ordered complements

to I, and J respectively, in {1, . . . , n}. Moreover, we write

ℓ(I, J) := |{(i, j) ∈ I × J | i > j}|, ℓ⊥(A,B) := ℓ
(
A,A⊥)− ℓ

(
B,B⊥).

This gives the well-known antipode expression

S([I|J ]) = (−q)ℓ⊥(I,J)
[
J⊥|I⊥

]
,

From this we can produce the standard identity

1 = ε(zM ) = m ◦ (S ⊗ id) ◦∆(zM )

=
∑

|A|=m

S([M,A])[A,M ]

=
∑

|A|=m

qℓ⊥(M,A)
[
A⊥,M⊥][A,M ]

=
∑

|A|=m

qℓ⊥(M,A)zA⊥zA,

which is of the form (4.1). Now, for e ∈ E1, we see that

σ1
(
e⊗ ∂b

)
=

∑
|A|=n−r

qℓ⊥(M,A)∂(ebzA⊥)⊗ zA −
∑

|A|=n−r

qℓ⊥(M,A)∂(ezA⊥)⊗ zAb.
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A similar argument shows that, for e ∈ E−1,

σ−1

(
e⊗ ∂b

)
=
∑

|B|=m

qℓ⊥(M,B)∂(ebzB⊥)⊗ zB −
∑

|B|=m

qℓ⊥(M,B)∂(ezB⊥)⊗ zBb.

Following the same approach we can also produce explicit formula for the connections ∂Ek . For
for e ∈ E1, it holds that

∂E−1(e) =
∑

|A|=n−r

qℓ⊥(M,A)∂(ezA⊥)⊗ zA.

For e ∈ E−1, it holds that

∂E−1(e) =
∑

|B|=m

qℓ⊥(M,B)∂(ezB⊥)⊗ zB.

Analogous, if more technical, quantum minor type formulae for σk and ∂ can be produced for
the general line bundles Ek, for k ∈ Z. For the special case of the standard Podleś sphere these
formulae reduce to the presentations of the anti-holomorphic connection given by Beggs and
Majid in [3, Example 5.23].

4.2.3 The quantum quadrics

Let us now consider the Bn-series irreducible quantum flag manifolds, which is to say, the odd
quantum quadrics Oq(Q2n+1). In this case the Poisson quantum homogeneous space q-deforms
the coordinate functions of the Stieffel manifold V2R2n+1 ≃ SO2n+1/SO2n−1. Thus it is called
quantum real (2n+ 1, 2)-Stieffel manifold and denoted by Oq

(
V2R2n+1

)
.

For the B-series, the FRT algebra is a q-deformation of the coordinate algebra of SO2n+1. In
other words, it is the proper subalgebra of Oq(Spin2n+1) generated by the coordinate functions of
the first fundamental representation Vϖ1 of Uq(so2n+1). We write uij , where i, j = 1, . . . , 2n+1,
for the FRT generators of Oq(SO2n+1). Denoting

i′ = 2n+ 2− i, ρi := n+
1

2
− i, for i < i′, ρi := −ρi′ , for i′ < i,

an explicit formula for the antipode of Oq(SO2n+1) is given by

S(uij) = qρi−ρjuj′i′ ,

The quantum Stieffel manifold Oq

(
V2R2n+1

)
is a subalgebra of Oq(SO2n+1), with generators

zi = ui,2n+1, and zi = ui1, for i = 1, . . . , 2n+ 1. The identity

1 = ε(z2n+1) = m ◦ (S ⊗ id) ◦∆(z2n+1) =
2n+1∑
a=1

qρi−n− 1
2 za′za,

follows from the antipode formula, and implies that, for e ∈ E1,

σ1
(
e⊗ ∂b

)
=

2n+1∑
i=1

q−(ρi+n+ 1
2
)∂(ebzi′)⊗ zi −

2n+1∑
i=1

q−(ρi+n+ 1
2
)∂(ezi)⊗ zib.

An analogous argument shows that, for e ∈ E−1, we have

σ−1

(
e⊗ ∂b

)
=

2n+1∑
i=1

qρi−n− 1
2∂(ebzi′)⊗ zi −

2n+1∑
i=1

qρi−n− 1
2∂(ezi)⊗ zib.
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Following the same approach we can also produce explicit formula for the connections ∂Ek . For
for e ∈ E1, it holds that

∂E1(e) =

2n+1∑
i=1

q−(ρi+n+ 1
2
)∂(ezi′)⊗ zi

For e ∈ E−1, it holds that

∂E−1(e) =
2n+1∑
i=1

qρi−n− 1
2∂(ezi′)⊗ zi.

The higher order bundles Ek admit analogous descriptions, as do the even quantum quadrics
Oq(Q2n), which is to say the Cn-irreducible quantum flag manifolds.

4.3 A description using Takeuchi’s equivalence

Consider, for any quantum flag manifold Oq(G/LS), the category of relative Hopf modules

Oq(G)
Oq(G/LS)

ModOq(G/LS),

whose objects are left Oq(G)-comodules ∆L : F → Oq(G) ⊗ F , endowed with the structure of
an Oq(G/LS)-bimodule, such that

∆L(bfb
′) = ∆L(b)∆L(f)∆L(b

′), for all f ∈ F , b, b′ ∈ Oq(G/LS),

and whose morphisms are both left Oq(G)-comodule, and Oq(G/LS)-bimodule, maps. Moreover,
we consider the full subcategory

Oq(G)
Oq(G/LS)

Mod0,

whose objects F are those satisfying FOq(G/LS)
+ = Oq(G/LS)

+F . This is a monoidal cate-

gory with respect to the bimodule tensor product ⊗B. Moreover, the calculi Ω
(0,1)
q (G/LS) and

Ω
(1,0)
q (G/LS) live in this subcategory [18, Proposition 3.3], as do the relative line modules Ek,

as explained for example in [9, Appendix A.3].
Consider next the category

Oq(LS)Mod

whose objects ∆L : V → Oq(LS)⊗ V are left Oq(LS)-comodules, and whose morphisms are left
Oq(LS)-comodule maps. This has a monoidal structure given by the usual tensor product of
comodules.

We define a functor

Φ:
Oq(G)

Oq(G/LS)
ModOq(G/LS) →

Oq(LS)ModOq(G/LS),

by setting Φ(F) := F/Oq(G/LS)
+F , with the left Oq(LS)-comodule structure of Φ(F) given by

∆L[f ] := πS(f(−1))⊗ [f(0)],

where the square brackets denote the coset of an element in Φ(F), and morphisms descend to
the quotient. A functor in the other direction

Ψ: Oq(LS)ModOq(G/LS) →
Oq(G)

Oq(G/LS)
ModOq(G/LS),
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is given by the cotensor product Ψ(V ) := Oq(G)□Oq(LS)V which acts on a morphism γ as
Φ(γ) = id⊗ γ.

Since Oq(G) is faithfully flat as a right Oq(G/LS)-module, it follows from Takeuchi’s equiva-
lence for quantum homogeneous spaces [32], that Φ induces an equivalence of categories. More-
over, it is a monoidal equivalence [29, Section 4]. We note that the relative line modules Ek are

invertible objects in the category
Oq(G)

Oq(G/LS)
Mod0. Indeed, as shown in [9, Proposition 5.7] for

details), they are the only such objects.
Since any σk is clearly a morphism, we can completely describe it by identifying its image

under Φ. The following proposition tells us that Φ(σk) takes quite a simple form.
For sake of clarity in the proof, we find it useful to establish a simple general lemma.

Lemma 4.4. Let ∇ : F → Ω1(B)⊗BF and ∇′ : F ′ → Ω1(B)⊗BF ′ be two bimodule connections,
and α : F → F ′ an isomorphism between them. We note that the following diagram commutes

F ⊗B Ω1(B)

α⊗id
��

σ // Ω1(B)⊗B F

id⊗α
��

F ′ ⊗B Ω1(B)
σ′

// Ω1(B)⊗B F ′,

(4.4)

where σ and σ′ are the bimodule maps associated to ∇ and ∇′ respectively.

Proof. The calculation

σ′(α(f)⊗ db) = ∇′(α(fb))−∇′(α(f))b = (id⊗ α)(∇(fb)−∇(f)b) = (id⊗ α)σ(f ⊗ db)

directly implies the result. ■

Proposition 4.5. For any irreducible quantum flag manifold Oq(G/LS), the map

Φ(σk) : Φ(Ek)⊗ Φ
(
Ω(0,1)
q (G/LS)

)
→ Φ

(
Ω(0,1)
q (G/LS)

)
⊗ Φ(Ek),

for any line module Ek, with k ∈ Z, satisfies

Φ(σk)([e]⊗ [ω]) = θk[ω]⊗ [e],

for a nonzero scalar θ ∈ C.

Proof. Since the functor Φ induces a monoidal equivalence, we have an isomorphism

Φ
(
Ek ⊗Oq(G/LS) Ω

(0,1)
q (G/LS)

)
≃ Φ(Ek)⊗ Φ

(
Ω(0,1)
q (G/LS)

)
.

As in the classical setting, for each irreducible quantum flag manifold, Φ
(
Ω
(0,1)
q (G/LS)

)
is an

irreducible Uq(lS)-module. Moreover, since Ek is invertible as a B-bimodule, the Uq(lS)-module

Φ(Ek) must be one-dimensional. Thus we see that Φ(Ek) ⊗ Φ
(
Ω
(0,1)
q (G/LS)

)
is an irreducible

Uq(lS)-module. An analogous argument establishes that the tensor product Φ
(
Ω
(0,1)
q (G/LS)

)
⊗

Φ(Ek) is irreducible as a Uq(lS)-module. If
[
∂bhw

]
is a highest weight vector of Φ

(
Ω
(0,1)
q (G/LS)

)
,

then there exists a non-zero scalar θk, such that

Φ(σk)
([

∂bhw
]
⊗ [e]

)
= θk[e]⊗

[
∂bhw

]
.

For any other element
[
∂b
]
, there exists an X ∈ Uq

(
l sS
)
such that[

∂b
]
⊗ [e] = X

([
∂bhw

]
⊗ [e]

)
.
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Hence we have that

Φ(σk)
([

∂b
]
⊗ [e]

)
= θkX

(
[e]⊗

[
∂bhw

])
= θk(X(1)[e])⊗

(
X(2)

[
∂bhw

])
= θk[e]⊗

(
X
[
∂bhw

])
= θk[e]⊗

[
∂b
]
.

Note that the penultimate equality follows from the fact that, since l sS is a semisimple Lie algebra,
it admits no non-trivial one-dimensional representations, and so, the Hopf algebra Uq

(
l sS
)
admits

no non-trivial 1-dimensional representations.

Now since the connection ∂Ek is isomorphic to the k-fold tensor product of the connection ∂E1 ,
it follows from (4.4) that we have the commutative diagram

Φ(Ek)⊗ Φ(El)⊗ Φ
(
Ω
(0,1)
q (G/LS)

) Φ(σk⊗id) ◦Φ(id⊗σl) //

≃⊗id
��

Φ
(
Ω
(0,1)
q (G/LS)

)
⊗ Φ(Ek)⊗ Φ(El)

id⊗≃
��

Φ(Ek+l)⊗ Φ
(
Ω
(0,1)
q (G/LS)

)
Φ(σk+l)

// Φ
(
Ω
(0,1)
q (G/LS)

)
⊗ Φ(Ek+l).

We now see, for e ∈ Ek+l, b ∈ Oq(G/LS), that

Φ(σk+l)
(
[e]⊗

[
∂b
])

= θkθl
[
∂b
]
⊗ [e]. (4.5)

Recalling next Example 2.1, we see that

Φ(σ1)
(
[1]⊗

[
∂b
])

=
[
∂b
]
⊗ [1].

It now follows from 4.5 that θ−1 = θ−1
1 , which in turn implies that the claimed nonzero scalar

θ ∈ C is given by θ1. ■

Example 4.6. In this example we determine the constant θ for the standard Podleś sphere
Oq

(
S2
)
. It follows from (4.3) that, for e ∈ E1, the element Φ(σ1)

[
e⊗ ∂b

]
is equal to

Φ(σ1)
[
e⊗ ∂b

]
=
[
∂(ebu11)⊗ u22

]
−
[
∂(eu11)⊗ u22b

]
− q
([

∂(ebu21)⊗ u12
]
− q
[
∂(eu21)⊗ u12b

])
.

Choosing e = u22 and b = u12u22, we get

Φ(σ1)
[
u22 ⊗ ∂(u12u22)

]
=
[
∂(u22u12u22u11)⊗ u22

]
=
[
∂(u22u12)u22u11 ⊗ u22

]
+
[
u22u12∂(u22u11)⊗ u22

]
= q−1

[
∂(u12u22)⊗ u22

]
.

From which it follows that θ = q−1, showing in particular that θ is not equal to 1. This
calculation can be extended to the quantum Grassmannians, and the quantum quadrics using
the FRT presentation of the bimodule map σ given in Section 4.2.

Proposition 4.7. It holds that

σk
(
e⊗ ∂b

)
= θke(−2)b(1)S

(
e(−1)

)
S
(
b(2)
)
∂b(3) ⊗ e(0),

for any b ∈ Oq(G/LS), and e ∈ Ek.
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Proof. A unit for the equivalence is given by

U: F → Ψ ◦ Φ(F), f 7→ f(−1) ⊗ [f(0)],

for any relative Hopf module F . Thus we have that

σk(e⊗ ∂b) = U−1 ◦ (id⊗ Φ(σk)) ◦U
(
e⊗ ∂b

)
= U−1 ◦ (id⊗ Φ(σk))

(
e(−1)b(1) ⊗

[
e(0) ⊗ ∂b(2)

])
= θkU−1

(
e(−1)b(1) ⊗

[
∂b(2) ⊗ e(0)

])
.

Recalling the explicit presentation of the inverse of U given in [29, Corollary 2.7], we see that

θkU−1
(
e(−1)b(1) ⊗

[
∂b(2) ⊗ e(0)

])
= θke(−2)b(1)S

(
b(2)e(−1)

)
∂b(3) ⊗ e(0)

= θke(−2)b(1)S
(
e(−1)

)
S
(
b(2)
)
∂b(3) ⊗ e(0),

giving us the claimed identity. ■

It is interesting to note that in the commutative case, it follows from the antipode axiom for
a Hopf algebra that the formula in Proposition 4.7 reduces to the flip map, as it should.

A Table of simple roots for the irreducible quantum
flag manifolds

In this appendix we recall, for the reader’s convenience, an explicit description of the irreducible
quantum flag manifolds. In the classical setting the irreducible flag manifolds are those flag

manifolds G/LS for which the space of anti-holomorphic forms Ω
(0,1)
q (G/LS) is irreducible as

a G-module. The corresponding subset of simple roots is always of the form Π\{αx}, such
that αx has coefficient 1 in the highest root of g. In Table 1 αx is denoted graphically by
a coloured node in the Dynkin diagram of g, where the nodes are numbered according to [19,
Section 11.4].

Table 1.

Series Oq(G) Crossed node Oq(G/LS)

An Oq(SUn+1) Oq(Grn+1,m)

Bn Oq(Spin2n+1) Oq(Q2n+1)

Cn Oq(Spn) Oq(Ln)

Dn Oq(Spin2n) Oq(Q2n)

Dn Oq(Spin2n) Oq(Sn)

E6 Oq(E6) Oq(OP2)

E7 Oq(E7) Oq(F)
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[10] Dı́az Garćıa F., Krutov A., Ó Buachalla R., Somberg P., Strung K.R., Positive line bundles over the
irreducible quantum flag manifolds, arXiv:1912.08802.
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