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Abstract. In this paper, we give a systolic inequality for a quotient space of a Carnot
group I'\G with Popp’s volume. Namely we show the existence of a positive constant C

such that the systole of T'\G is less than Cvol(F\G)%, where ) is the Hausdorff dimension.
Moreover, the constant depends only on the dimension of the grading of the Lie algebra
g =@ V;. To prove this fact, the scalar product on G introduced in the definition of Popp’s
volume plays a key role.
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1 Introduction

A sub-Riemannian manifold is a triple (M, E, g), where M is a smooth manifold, E is a sub-
bundle of the tangent bundle T'M, and ¢ is a metric on E. If E = TM, then it is an ordinary
Riemannian manifold. Geometry and analysis on sub-Riemannian manifolds have been actively
studied in relation to differential operator theory, geometric group theory, control theory and
optimal transport theory. In this paper, we study systolic inequalities on compact quotient
spaces of Carnot groups.

We recall systolic inequalities on Riemannian manifolds. On a Riemannian manifold (M, g),
the systole sys(M,g) is defined by

sys(M, g) = inf{l(c) | ¢: non-contractible closed curve},

where [(c) denotes the length of ¢. If M is closed, then the minimum exists. A systolic inequality
asserts that for a large class of closed Riemannian manifolds, there is a constant C' > 0 such
that

SYS(M,Q) S C'VOI(M)g)%v

where d = dim M and vol(M, g) = [, du, is the total volume with respect to the natural volume
form djy. A constant C' may depend on the topological type such as the dimension or the genus
of the surface.

As an example, let us consider a flat torus F\Ed, where I' is a lattice in the d-dimensional
Euclidean space E?. Then its systole sys (F\Ed) is equal to the minimum of the length of
a straight segment that connects two points in the lattice I', and the total volume is equal to
the volume of the fundamental domain of I'.

The systolic inequality on flat tori is obtained in the following procedure, for example see [7,
Section 1]. Let p: E? — T'\E? be the covering map. Trivially there is a unique positive number
Ry > 0 such that the volume of the Ro-ball of E? centered at 0, say B(Rp), is equal to the
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total volume of the flat torus T'\E?, i.e., vol(B(Ry)) = vol (['\E?). Then the restriction of the
covering map p to the Rp-ball is not injective. This implies that there is a non-contractible
closed curve in T'\E? such that its length is less than or equal to 2Rg. Hence the systole of the
flat manifold T'\E? is bounded above by

sys (T\E?) < 2Ry = QWﬁ vol (T\E4) 7,

where wy is the volume of the unit ball of the Euclidean space E%.

Such systolic inequalities are proved for surfaces such as non-flat 2-dimensional torus (its
proof is not in the literature, but mentioned in [12]), projective space [12], and higher genus
ones [4, 6, 9]. For d-dimensional Riemannian manifolds with d > 2, Gromov showed the existence
of the systolic constant Cy for so called essential manifolds [6].

We give systolic inequalities for compact quotient spaces of Carnot groups. Let (G, Vi, (-, -)1)
be a Carnot group, and g = @le Vi its grading of the Lie algebra (see Definition 2.1). We call
a discrete subgroup I' of a simply connected nilpotent Lie group G a lattice if it is cocompact
and discrete.

Since I' acts isometrically on G from the left, we can define the quotient sub-Riemannian
metric on I'\G. The systole on the quotient space I'\G is defined from this quotient metric.

We denote by vol(I'\G) the integral of Popp’s volume form (Definition 2.3). Popp’s volume
is the left-invariant volume form defined by the scalar product (-,-)g on the Lie algebra g.
We describe its construction and properties in Section 2.

Set d; =dimV; and QQ = Ele id;. Notice that @Q is equal to the Hausdorff dimension of the
Carnot group with respect to any left-invariant homogeneous geodesic distance on it [10] (its
corrected proof can be found in [5]).

As we saw in flat tori case, the lower bound estimate of the volume of the unit ball can
be expected to show the desired systolic inequality. The volume of the unit ball of a Carnot
group is more complicated than the Euclidean one. In [8], Hassannezhad-Kokarev estimated
the volume of the unit ball of corank 1 Carnot groups, and gave an upper bound of the volume
which depends on the dimension. It seems hard to apply their method to general Carnot groups.
We indirectly compute a lower bound of the volume to obtain the following proposition, which
implies the main theorem.

Main Proposition. There exists a constant D = D(dy,...,d) > 0, independent of the choice
of a scalar product (-,-)1, such that for any k-step Carnot group (G, Vi, (-,-)1) with dimV; = d;,
the volume of the unit ball vol(Bec(1)) is greater than D.

The main proposition shall be restated as Theorem 3.2 in the body text.

Let (-,-); be the scalar product on V; which will be defined in the construction of Popp’s
volume, Section 2. This scalar product on a Carnot group plays a key role to prove the main
proposition. Roughly speaking, the main idea is to construct the d;-dimensional balls B% (¢;) C
(Viy (-,)i), i =1,...,k, of radius ¢; centered at 0 such that

1) the numbers €1, ..., €, depend only on di, ..., dy,
2) their product B4 (e;) x --- x B%(¢;) is contained in the unit ball B..(1) via the identifi-

cation exp: g ~ G.

Remark 1.1. In fact, the radius €j,...,€; will be chosen so that they depend only on d;
and k, while the volume of the balls B4 (ey), ..., B%(e;) need the information of the dimensions
dy,...,dg.

The Ball-Box theorem asserts a similar statement. Let M be a sub-Riemannian manifold
and Bsg(x, R) the R-ball centered at z. Fix a relatively compact chart (U, (x1, ..., zy)) around x.
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The Ball-Box theorem claims the existence of positive constants ¢ and C', such that for all R > 0
with Bsp(z, R) C U,

Box% (¢R) x - - x Box (ch) C Br(z, R) C Box™ (CR) x --- x Box® (C’Rk),

where Box® (r) is the d;-dimensional box of size r centered at z in the chart, and dy,...,dg
are determined by the nilpotentization at . The constants ¢ and C depend on the choice of
a chart. Thus it is a priori impossible to control the constants ¢ and C' by topological /geometric
invariants of M.

The second claim just before Remark 1.1 asserts that if we equip a Carnot group G with the
global coordinates induced from the scalar products (-, -);’s on @ V; = g ~ G, then the unit ball
contains the direct product of balls with their radius controlled by di, k. Therefore the second
claim can be regarded as a quantitative version of (a part of) the Ball-Box theorem.

The main proposition implies the main theorem of this paper.

Theorem 1.2. There is a positive constant C = C(dy,...,d), independent of the choice of
a scalar product (-, )1, such that for any Carnot group (G, Vi, (-, -)1) with the grading dim V; = d;,
and any lattice I' < G,

sys(T\G) < C - vol(I'\G)@.

Proof. Let B..(R) be the ball in (G, V1, (-,-)1) of radius R centered at the identity element e.
It is well known that the volume of the R-ball satisfies

vol(Bee(R)) = vol(Be.(1))R®

under a Haar volume, see (2.1). On the other hand, there is a positive number Ry > 0 such
that vol(B..(Rp)) = vol(I'\G). It implies that the systole of I'\G is less than or equal to 2Ry.
Combined with the main proposition,

sys(T\G) < 2Ry = 2vol(Bu(1))” @ vol(T\G)@ < 2D~ @ vol(I\G)®. n

An example of a Carnot group is the Euclidean space E?. Thus Theorem 1.2 is a generalization
of the systolic inequality for flat tori.

Remark 1.3. We can write a constant C' by using the Hausdorff dimension @) since the numbers
di,...,d; can be controlled by Q.

2 Carnot groups

Let G be a simply connected nilpotent Lie group, and g its Lie algebra. The nilpotent Lie
algebra g is said to be graded if g has a direct sum decomposition g = @le Vi such that
Vi, V;] C Viy;. We will identify the Lie algebra g to the tangent space TcG, and call a left-
invariant vector field v € g a horizontal vector if it is in V7.

Let (-, -)1 be an scalar product on V;. Then we can define a sub-Riemannian structure on G as
follows. For all g € G, we define a fiber-wise scalar product (-, )y on Ly Vi by (Lgxv1, Lgev2)g =
(v1,v2) for any couple of horizontal vectors v, vy € Vi. Then the sub-bundle £ = | | Ly Vi
and the inner metric (-, ), defines a left-invariant sub-Riemannian metric.

geG

Definition 2.1 (Carnot group). A triple (G, Vi, (-,-)) is called a Carnot group.
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We say that an absolutely continuous curve c: [a,b] — G is horizontal if the derivative ¢(t)
is in L), V1 for a.e. t € [a,b]. The length of a horizontal curve is given by the integral I(c) =

fab l[¢(t)]cr)dt, and the distance of two points in the sub-Riemannian manifold (G, Vi, (,-)) is
given by the infimum of the length of horizontal curves joining these points. We call it the
Carnot—Carathéodory distance and denote by d... We also denote by B..(R) the ball in G of
radius R > 0 centered at the identity element e.

Dilation. For a positive number ¢ > 0 and X; € V;, ¢ = 1,...,k, define the Lie algebra
isomorphism d;: g — g by

k k
5t(ZXj) => X
j=1 j=1

This isomorphism §; is called the dilation.

Let exp: g — G be the exponential map. Since the group G is simply connected and nilpotent,
the exponential map is a diffeomorphism. So we will identify group elements in G to vectors in g
via the exponential map. Moreover we can regard the dilation d; as the Lie group automorphism.

The origin of the name dilation comes from the following property. Let ¢ be a length min-
imizing curve joining two points x,y € G. Since the derivative of the curve c is in the left
translation of V; a.e., the length of the curve §; o ¢ is equal to t - length(c). It implies that
dec(0¢(x), 04 (y)) = tdee(x,y). Moreover, it also implies that the volume of the ball of radius R
satisfies

vol(Be(R)) = vol(Bee(1))R?, (2.1)

with respect to a Haar volume.

Popp’s volume. Popp’s volume is introduced by Montgomery in [11] as a generalization of
a Riemannian canonical volume form dp, = y/det(g) dzi A--- Adzg. The qualitative properties
of Popp’s volume has been actively studied. By the result of Barilari-Rizzi [3], Popp’s volume is
characterized as an (local) isometric invariant volume on equiregular sub-Riemannian manifolds.
Agrachev-Barilari-Boscain exhibited a condition for Popp’s volume being a scalar multiple of
the spherical Hausdorff volume in [1]. The qualitative study of Popp’s volume on a Carnot
group is not interesting since it is a Haar volume. Our interest is in the quantitative properties
of Popp’s volume.

Popp’s volume is constructed as follows. For ¢ > 2, we inductively define the linear map
¢i: V2 — Vi by

P2(X1 ® Xo) = [X1, X,
Pi(X1®--®X;) = [X1,0i-1(X2 @+ ® X)), i >3
Clearly the linear map ¢; is surjective. We will shortly write
(X1,...,Xi] =i( X1 ® - ® X;).
Recall that on the tensor product space V1®i, we can define the canonical scalar product by

i
(U1 ® - @ Uiy v1 @ -+ V)i = H(“jv”j>1'
j=1

From the scalar product space (Vl®i, (-, ->®i), we set an scalar product on V; by using the following
lemma.
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Lemma 2.2 ([2, Lemma 20.3]). Let E be an scalar product space, V a vector space, and f:
E — V a surjective linear map. Then f induces an scalar product on V' such that the norm of
veVis

[ollv = min{[lul|g | f(u) = v}.
Applying the above lemma to the surjective linear map ¢;, we obtain the scalar product (,-);

on each V; for i = 2,...,k, and on their direct sum g = @ V;. We denote by (-, )4 the induced
scalar product on g.

Definition 2.3. Popp’s volume on a Carnot group (G, Vi, (-,-)1) is the left-invariant volume
form induced from the scalar product (:,-)q on g ~ T.G.

The Baker—Campbell-Hausdorff formula. Roughly speaking, the Baker—Campbell-
Hausdorff formula (BCH formula) describes the solution for Z to the equation Z = log(exp(X1) x
exp(X2)) = X1 - Xa. It links the Lie group product on G and the Lie bracket on g by using
combinatorial coefficients. Namely, for each positive integer p € N and multi-index (i1, ...,ip) €
{1,2}?, there is a constant c(;, ;) such that
X1 Xy :X1+X2+%[X1,X2]+Z Z C(i1,...,ip)[Xi17"'7Xip]'

P>3 (i1, ip)€{1,2}7

In this paper, we will use the following formulae which are obtained by applying the BCH
formula several times. Set Hp {1,...,j}P for positive integers j,p € N:

e Foreach (i1,...,4p) €Ib,, there is a constant Q(iy,...,ip) Such that for any vectors Xy, ..., Xoy
with X, Xjx € Vi, i = 1,...,k,

k k
(ZXZ> (Z Xprk) ZX + Z Z a(il,...,ip)[Xim e, Xip]. (2.2)
=1 =1 =

P22 (i1,.. :Zp)eﬂgk

e For each (ni,...,np) € ]I?V, there is a constant 3y, . ) such that for any vectors X,...,
XN €g,

XN—ZX +30 0 D> Bleomy Kooy Xy (2.3)

p>2 (n17 -1 )E]Ip
e For each (i1,...,ip) € ]I?, there is a constant 7(;, ;) such that for any vectors Xy, ...,
Xj €,
[Xl,...,Xj]c: [Xl,...,Xj]—i- Z Z W(il,...,ip)[Xin”-inp]- (2.4)

-1

Here we write the commutator of the group by [z,y]. = zyz~'y~!, and define the map y,:

G" — G by

Yo(r1,22) = [T1, 72,
wn(xla"'axn) - [xlalbnfl(l‘%---afﬁn)]c, 123

We shortly wrote
[T1,. .y Znle = Un(T1, ...y 20).

Equation (2.4) is proved by induction on j.
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Remark 2.4.

e The constants o, i,)s Bny,...,n,) a0d V(i,....i,) depend only on the choice of indices.

e The commutator [, -], acts on a group G, while the Lie bracket [-, -] acts on its Lie algebra g.

A set of horizontal vectors. Let {X,;}n—1,. n=1,.,; be aset of (multi-indexed) horizontal
vectors, and X = {{Xpi}n=1,. n~,i=1,.; | N,j € N} a family of those sets. We always assume
j < k for k-step Carnot groups. Sometimes we simply write {X,,;}. Throughout the paper, a set
of horizontal vectors plays a central role.

From a given set of horizontal vectors, we introduce the following three notions.

Definition 2.5. Let {Xp;}n=1,. n~,i=1,.; be a set of horizontal vectors.

1. Define the group element y({Xy;}) in G by
y({an}) = H [ana v 7an]c-
2. Define the vector Y ({X,;}) in g by

Y({Xni}) = Xnt, oo, Xnjl

Mz

n:l

3. Define the function d¢op: & — R by

com {Xm} ZZHanul

n=1 =1

We call it the combinatorial distance function.

Remark 2.6. For a given set of horizontal vectors { X,;}, the group element y({X,;}) coincides
with the vector Y ({X,;}) via the exponential map if G is abelian or 2-step.

We denote by d..(X) the Carnot—Carathéodory distance from the identity element e to
a group element X € g ~ . The function deon gives an upper bound of the Carnot—
Carathéodory distance d.. in the following sense.

Lemma 2.7. If a Carnot group G is k-step, then for any set of horizontal vectors {X,;}, we
have

cc(Y({Xni})) < 2k71dcom({Xni})'

Proof. By the triangle inequality and the left-invariance of the Carnot—Carathéodory distance,
we have

N
cc(y({Xni}nzl,.,.,N,i:L...,j)) = dcc( H [any cee 7an]c>

n=1

N
S Z dcc([ana e 7an]6>- (2'5)
n=1
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To compute [Xp1,..., Xy ]c, we observe the case j = 3. By the definition,

[ana Xn?, Xn3]c = [ana [Xn27 Xn3]c]c
= Anl- [Xn27Xn3]c ’ X7:1 : [XHQ,Xna]c_l
= “4nl-” (Xn? - Xn3 - Xn_21 'Xn_31) 'Xn_ll ) (Xn3 " Xnz - Xr:?,l 'X7:21)'

The final term is the product of two Xffll, four ngl and four Xf;. In the same way, the
group element [X,1,...X,;] is the product of X+ ...,ijl. For i = 1,...,7 — 1, the group

nl >
element Xffil appears 2 times in this product. For i = j, the group element Xp; appears 2i—1
times in this product. Therefore the triangle inequality shows that

j—1

dcc([anv s 7an]c) < Z 2chc(Xm) + 2j71dcc(an)- (26>
=1

Since vectors X,,; are horizontal, we have d..(X,i) < || Xyil|l1. Moreover, since i < j < k, we
have

N Tj-1
dcc([th s :an]C) < Z [Z QidCC(Xni) + 2j_1dcr3(an)]

i=1

N 7j—1
<> [Z 2| Xl + 2]11\an11]

=1

N j
< k-1 Z Z HXmHl

n=1 i=1

= 2PN om ({ X i ). [ |

Remark 2.8. It is difficult to replace y({X;}) with Y ({X;}) in Lemma 2.7. Indeed, we use
the triangle inequality to prove the inequality (2.5) and (2.6). The triangle inequality is applied
to the product a sequence of group elements X,,;. However, the triangle inequality cannot be
applied to the Lie algebraic sum. This is why we introduce the group element y({Xp;}).

3 Proof of the main theorem

3.1 2-step case

We start from 2-step Carnot groups. Recall that here g ~ G via the exponential map, and each
layer V; C g is equipped with the scalar product (-, -); defined in the definition of Popp’s volume.
Denote by B%(R) the ball centered at 0 of radius R of the inner metric space (V;, (-, -);). Via the
identification g ~ G, we identify the direct product of balls B%(R;) x B2(Ry) c Vi@ Vo = g
to a subset in G.

Theorem 3.1. There exists positive constants €1 and €2, which depend only on dy, such that
for any 2-step Carnot group (G, Vi, (-,-)1) with d; = dim V;,

B (1) x B®(e3) C Bee(1).
In particular, the volume of the unit ball is greater than e‘lh eg2wdlwd2.

Proof. Let Z; be a given vector in V5, and put v = || Z3]|2.
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Consider {X1, ..., Xy, } an orthonormal (for (-,-);) basis of Vi. Choose u € ¢5*(Z2) C Vi@V
so that v = || Z2]|2 = ||u||g2, where |- || g2 is the norm on V] ® V] induced by (-, -)g2. By definition
v =|[Z2ll2 = [lull@2, with

dy dy di
= X, Xy = WX 2X) =) Xui®X
U = Ot Xs @ Xy = Qg Xs) @ (g Xt ) =: nl ® Xpn2,
s,t=1 s,t=1 n=1
where o, and o2 are chosen in such a way that Ha;tX 8H1 = Hathth and where we rename

the multi-index (s1, s2) € {1,...,d;}? the index n € {1, ce d%} In this way, we obtain a set of
horizontal vectors {Xm}n:17.._’d%,i:172 such that the following three properties hold:

i
Z2 = Z[anvXnQL (31>
n=1
4 i
v=| > (Xnt, Xim1)1(Xnz, Xm2)1 = 4| D [ X3 X2l 3, (3.2)
n,m=1 n=1
HXn1||1 == ||Xn2”1 fOI‘ all n = 1,...,d%. (33)

Indeed, equation (3.1) holds since u € ¢, *(Z2). Since {Xi,..., Xg, } is orthonormal in (V1, (-, -)1),
{Xn1 ® Xna},—1,. a2 is an orthogonal subset in (Vi ® V1, (-, -)g2), which implies (3.2). Equa-
tion (3.3) holds by the choice of o}, and o2.

By equation (3.3),

di di
deom({Xni}) = D 1 X1l + 1 Xn2llt = 2 [ X1,
n=1 n=1

il i
v= | D X 31 Xnallf = | D 1 Xl
n=1 n=1

Combined with the above two equalities and Holder’s inequality, we obtain an upper bound of
dcom({Xni}) by

di di
3 3
deom ({Xni}) = 2 Z [ X1l < 2d} Z ”anH[ll = 2dy V. (3.4)
n=1 n=1
Set €1 = % and €5 = ﬁ. We show that if a vector Z = Z1 + Zs (Z; € V;) satisfies || Z;||; < €,
1

then d..(Z) < 1.
Note that Z; - Zo = Z1 + Z5 since Zs is in the center of G. As we see in Remark 2.6,
Zy =Y ({Xni}) =y ({Xni}). Hence by Lemma 2.7 and the inequality (3.4),

dCC(Z) = dCC(Zl : ZQ) = dcc(Zl : ZZ)

1 1
S dcc(Zl) + dcc(ZQ) S Hzlnl + 2dcom({Xni}) S 5 + 5 =1.

By using the volume of the unit ball in the d-dimensional Euclidean space wq, we have

1 1

vol(Bee(1)) > vol (B% (1) x B2(e2)) = Qii+Sds s Wy Wy - |
1
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3.2 Higher step cases

For a k-step Carnot group, the following theorem implies the main Theorem 1.2.

Theorem 3.2. There exist positive constants €1, ..., €, which depend only on di and k, such
that for any k-step Carnot group (G, Vi, (-,-)1) with d; = dim V;,

k
[[B% (&) € Bee(1).

=1

In particular, the volume of the unit ball is greater than Hle efiwdi.

Compared from the 2-step case, its difficulty is the non-coincidence of y({ Xy, }) and Y ({ X }).
We will compute its difference by using the BCH formula.

Let Z; be a given vector in Vj}, and put v; = || Z;||;. Consider {X1,...,Xg,} an orthonormal
(for (-,-)1) basis of V;. Choose u; € qﬁj_l(Zg) c V¥ so that vi = 1Z;|l; = llujllj, where || -|lo;
is the norm on V1®j induced by (-, )g;. By definition v; = ||Z;||; = ||uj|lg;, with

d1 dl
- X. Q- QX. = (1 X)®"'®(j X)
Uj = Asy..s554%s1 s; = Qs ...55<0s1 Qsy..5<%s;
81,0.0,8=1 81,..0,8;=1

&
=Y X e X,
n=1

1 . . . 1 _ _ 1
where aglmsj, 1 =1,...,7, are chosen in such a way that HQSL-.SJ'XSlHl == Haél,,,stSj ‘ 1
and where we rename the multi-index (s1,...,s;) € {1,...,d1}’ the index n € {1,...,dj1}.
In this way, we obtain a set of horizontal vectors {Xni} _, 4 . 4 ; such that the following
B AR Aol R It RS
three properties holds:
dj
Zy = [Xn1,- s Xnjl, (3.5)
n=1
dj dj
vi= | D Xt X)X Yo = [ D Xl 1 Xug 13, (3.6)
n,m=1 n=1
[Xnilli == | Xnjli  forall n=1,...d. (3.7)

Definition 3.3. We say that a set of horizontal vectors {X,;} is adjusted to Z; if the three
conditions (3.5), (3.6) and (3.7) hold.

Let us consider the difference between the group element y({X,;}) and the vector Y ({ X,,;}) of
a set of horizontal vectors adjusted to Z;. Define the map P;: g — V; to be the linear projection.
By the equation (2.4),

0, 1<j—1,
a possibly non-zero vector, > j+ 1.

We label a possibly non-zero vector Pj(y({Xn:})), { > j + 1, as follows.
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Definition 3.4. Denote by A;({X;}) the image of y({X,i}) by P;. We call the vector A;({ Xni})
the [-error vector of {X,;}.

Sometimes we simply write A;. We will give an upper bound of || 4;||; later in Lemma 3.6.
Let us start from the preparation.

Lemma 3.5. For any two vectors Z, € V), and Z; € V;, we have
11Zp, Zalllp+q < 27" ZpIpl1 Zgllq,
where p A ¢ = min{p, q}.

Proof. By the skew-symmetry of the Lie bracket, we can assume p < g¢. Let {XT(LI;)}

(resp. {Xﬁgj)}) be a set of horizontal vectors adjusted to Z, (resp. Z;). From the bi-linearity of
the Lie bracket and the subadditivity of the norm || - ||,+4, we have

dy dl
0 Zallea = [ 30 168 X9, 3 50 38
n=1 m=1 pta
di di
<SR X X X (3.8)
n=1m=1

By applying the Jacobi identity [[X, Y], Z] = [X, [Y, Z]]—[Y, [ X, Z]] several times, we can rewrite

([x® . xP], (x99, ... x9]]

nl> T TTmg

= Z o [Xfff)u)’ [XT(LI;)(Q)’ R [X’r(w')(p) [X(q) Xfﬁg]],]],
oceSs

where S is the subset of the symmetric group of degree p consisting of o such that if o(a) = p,
then

o(l)<o(2)<---<o(a)>c(a+1) >--->0c(p),

and €, € {£1}. Since the size of the subset S is 2P, we can compute an upper bound of (3.8) by

dy  df
YD e [ng)(l)’ [Xg;)@y e [XT(II;')(p)’ (X9, x@1],...]]
n=1m=1" oS p+q

NI ulmx M, - (%ﬁuxm ul)( S 1T ul)

n=1m=1 i=1 n=11i=1 m=1j=1

< 2| ZpIp|| Zglq- u

Next we will control an upper bound of the || A;({Xn:})||;-

Lemma 3.6. For j = 1,...,k, there is a positive constant 0; = 0;(d1, j, k) such that for any
vector Z; € Vj, vj = || Zj]|j, and any set of horizontal vectors {Xy;} adjusted to Zj,

l

[A({Xni Dl < 0507
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Proof. For each n=1,...,d, let U, = y({Xni}i=1.. ;). By the equation (2.4),

Un = [ana s Z Z V(il,.A.,im)[Xnil’ cee 7Xnim]' (39)

M2G+1 (it ) €L

By using the equation (2.3), the product of the group elements U, is written by

H Un = Z + Z Z B(nl,...,nq)[Unla SR Uﬂq]'

q>2 (nl PRV )E]Iq
1

i
Notice that the group element Hilzl Up coincides with y({X,i}) = Z; + Zf:jﬂ A; from its
definition. Thus we can explicitly write A; by

- Z Z Z ﬁ(nl,---,nq)[Pml(Um)v--- aqu(Unq)]-

q=>2 (nl,...,nq)e]lzjl. mi+-+mg=l

From (3.9), we can compute || Py, (Up)||m by

0, m=1,...,7—1,
1P (Un) [l < 4 1K [l4 m=j,
Z(Zl, 1 E]Im ’711, ) H|XTLIH]_ ’ m:j"‘l,,k
In any case, || Py (Up)||m is less than or equal to ")/l/ , where ¥ =max {1 Z (i e]lmh(zl, ﬂm)‘}

By the subadditivity of the norm || - ||, and Lemma 3.5, we have

HAlHl SZ Z Z Zl‘ﬁ(m, 0 H’Pm1( ny Hml Hpm( ng qu

q22 (TL1 ,...,nq)e]lzj m1++mq:l
1
mg
J

< Z Z Z 2Z‘B(n1,--~7nq)’(5/ij) T (;Wj ' )

q=>2 (nl,...,nq)e]lzj my+-+mg=l
1

- Z Z Z 2Z‘B(ﬂ1:--~7nq)ﬁ’qyj

q=>2 (nl,...,nq)EHZj mi4-+mg=l
1

[+q—1\_, oy &
=5 SIED SR (M FICRELY

q=>2 (nl,...,nq)E]IZ{-

<> » (G5)m

922 (n1,...,n )Gﬂq
jq l+q 7eg 7 gk (U a—1\ 15k +
<Zd 2ﬂ7Vj§2d1 _q 25’yl/j
q=>2 q=>2 1

l
P _——
< djl 2l+k lzlﬁfykyjj < 8kd]1 ﬁ’}/kV
where § = max{|ﬁ(m,__7nq)| | (n1,...,mq) € ]IZJI-, q=2,...,k}.

Notice that the constants 3 and 7y depend only on the constants B, . ) and v, .. i,,) in
the BCH formulas (2.3) and (2.4). Since m and ¢ are not greater than k, they ultimately depend

on di, j and k. Hence we have obtained a desired constant ¢; by letting 6; = 8kd{kﬁik . |
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The norm || - ||; controls the combinatorial distance dcom as follows.

Lemma 3.7. For any Z; € V; with v; = ||Z;||; and any set of horizontal vector {X,;} adjusted
to Zj, there is an upper bound of the combinatorial distance given by

2j—1

1
deom({Xni}) < jd; ° Vj]'

Proof. By the assumption (3.7) we obtain

&
dcom({Xm}) = ] Z Han”l
n=1

By Holder’s inequality,

dj d
2j 24
JZHXMHI <Jd1 D 1K 17
n=1 n=1

By the equality (3.6),

2j—1 . 1
]dl 2 2 VJJ .
The above three inequalities prove the lemma. |

We have considered a set of vectors adjusted to a vector Z; in each layer V;. We will introduce
a similar notion for a vector Z in the whole Lie algebra g.
Let Z = Z§:1 Zj be a vector in g = @;?:1 Vi, Zj € V;. We will inductively define a set of
() .
vectors {Xm }n Lyooodd i1,
{XT(L?} = {Z1,0,...,0}. Let {X } be a set of horizontal vectors adjusted to Zs. Then for

a couple of sets of horizontal vectors ({Xq(ﬁ }, {Xm- }), there are vectors BI(Q) ({X(1 } {X })
€ V; for I > 2 such that

for 7 =1,...,k as follows. For Z; € Vi, define a set of vectors

VXY p(XDY) = 24 20+ 3 BO (D) (x2)).

=3

Next let {X } be a set of horizontal vectors adjusted to Z3 — B(2) Then for a triple of sets

of horizontal vectors ({X'), {XP {xP1), there are vectors B ({X 1}, {x @1, {x¥1)
€ V; for [ > 3 such that

l:[ly({Xﬁ?})=lZ ; {0

In this way, we can 1nduct1vely define a set of horizontal vectors {X } and error vectors
Bl(] ({Xﬁi)}, {X }) We will summarize this argument in the following definition.

Definition 3. 8 For a vector Z] 1Z; € @V, sets of horizontal vectors {X(1 }, e {ng)}
and vectors B ({X (1)} {X J )}) eV, 5=1,...,k, are inductively defined by
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x1) {xP}={z,0,...,0},

B1) BV{XY) =0fori=1,... .k,

Xj) {XUV} is a set of horizontal vectors adjusted to Z;1 — BY) ({X}, ..., {x9}),

) zj)({Xm‘ }""’{Xm' ) =P(1Tn- 13/({Xm‘ 1)) forl=j+1,... k.

We call ({X(l)} {X(k }) a k-tuple of sets of horizontal vectors adjusted to Z, and call

({X(1 | {X }) an (I, j)-error vector.

We will simply write Bl( 2

232~ [To(x2).

j=1 j=1

(
(Bj

(k)

. Since g is k-step, the error vectors B;"’ vanishes and

Remark 3.9. Since the choice of a set of horizontal vectors adjusted to Z; € Vj is not unique,
the choice of error vectors is not unique too.

The norm of error vectors HBl(j ) H , can be controlled as follows.

Lemma 3.10. For Z = Z§:1 Zj € g with vj = ||Z;||;, let ({XT(L?},,{XS:)}) be a k-tuple
of sets of horizontal vectors adjusted to Z. For j=1,....,k—1 andl=7j4+1,...,k, there are
polynomials Qu;(B1, B2, - .., Br) such that

Q:5(0,...,0) =0 and HBl(j)HlSQlj(Vl,ﬁ,...,m).
Moreover, their coefficients depend only on the dimensions di and k.

Proof. We prove the assertion by inductions on j. When j = 1, then Bl(l) =0 for all [ =
2,...,k, so the lemma trivially holds.
Assume that the lemma holds for j > 1. From the definition of the [-error vector A; =

Al({X£Z+1)}) and the (, j)-error vector Bl(j) = Bl(j) ({Xﬁi)}, R {XT(L];)}), we have

k
y({X2)) = Zi + >4,
15512

and

[u(ix sz S )

=1 I=j+1

In particular, we can see that the (I, j 4 1)-error vector Bl(j 1 can be written by using the l-error

vector A; and (I, 7)-error vector B(] )

%ZmLZBJH ﬁ (ZZZ+ZB(j><J+1+ZAl>

l=j+2 =1 I=j+1 l=j+2

More precisely, let {Sp}p=1,. 2k be the finite set of vectors defined by

(Zp, p=1,...,7,

BY, p=j+1,...,k
Sp =140, p=k+1,....k+7,
Ziv1, p=k+j+1,

Ap gy p=k+j+2,...,2k
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Denote by deg(S,) the number of the layer in which the vector S, € g = @ V; is. For p =
., 2k, let Qp(yl, ..., ¥/vx) be the polynomial which controls ||Syl, ([Spllp—k for k+1 <p
< 2k) so that it attains zero at (0,...,0) and the coefficients depend on d; and k. We can
choose such polynomials by the induction hypothesis and Lemma 3.6.
By applying the BCH formula (2.2), we have

(lzj;Zl—i- Zk: B{”) (Zj+1+ zk: Al>

I=j+1 l*j+2

k k
= (Z Sp> (Z Sp+i> Z Si + Z Z a(pl,...,pq)[sp1a RN Spq]-

922 (p1,...,pq) €3,

Thus the (I, j 4+ 1)-error vector Bl(jH) can be written by

k
j+1
BZ(J ) — Z Z a(ph---,pq)[spl’ ey Spq]'

9=2 (p1,...,pq) €1, , deg(Sp; ) +--+deg(Sp, )=l

By the triangle inequality and Lemma 3.5,

k q
‘B(H_l Hl < Z Z ‘am’m’pq|2p1/\~-~/\pq H Qpi (1/1, e W),

9=2 (p1,...,pq) €14, , deg(Sp, )++++deg(Sp, )=l i=1
where p1 A - -+ A pg is the minimum of py,. .., p,. |

()

We introduce a function d¢l, : X7 — R which can be regarded as the combinatorial distance
function for a j-tuple of sets of horizontal vectors.

Definition 3.11. For a j-tuple of sets of horizontal vectors ({XT%)}, ey {XT(LJZ:)}), define

J

A0 (X5} XD = deom ({21}

=1

Lemma 2.7 and the triangle inequality imply the following lemma.

Lemma 3.12. For any j-tuple of sets of horizontal vectors ({XY(L?}, ey {XT(L?}), we have

dcc(ﬁy({xg?}))qk G (X0, (X)),

Now we are ready to prove Theorem 3.2. We show the following technical proposition.

Proposition 3.13. There are positive constants €1, . . ., €, which depend only on dy and k, such
that if a vector Z = Zk | Z; satisfies || Z;||; < €, then there is a k-tuple of sets of horizontal

vectors ({XT(L?},. {X(k }) adjusted to Z such that

a8, (D) (X)) <

2k—1"
This proposition implies Theorem 3.2. Indeed, we can check that Z = ] 1y({X G )})
since G is k-step. Combined with Lemma 3.12,

_dw([[y ({x91) ) < 21 ((xI L x Py <1

IA
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Proof. We will prove by induction on k. We have already shown the assertion for 2-step Carnot
group with €; = % and €9 = 64# in Theorem 3.1.
1

Assume that the assertion is true for (k —1)-step Carnot groups with the grading dim V; = d;
with positive numbers €1, ...,€,_1. Let Gy be the subgroup of G generated by {[x1,...,zk]. |
Z1,...,T, € G}. Notice that the quotient group G/Gy, is (k — 1)-step Carnot group which has
the grading @g:ll Vj. From the induction hypothesis, if a vector Zk:ll Z; satisfies || Z;||; < €,
then there are (k — 1)-tuple of sets of horizontal vectors ({Xﬁ)},. {X (k- 1)}) adjusted to
Zf;ll Zj such that

difa) ({0 ) X)) <

Moreover, for a positive number ¢t > 0, the (kK — 1)-tuple of sets of horizontal vectors
({tXfﬁ)}, {tX(k }) is adjusted to the vector Ef;ll thj, and satisfies

1

Al (X X)) < 5 (.10)

Next we consider the product Hf;lly({tXr(le)}) in the original group G. By using the
(k, k — 1)-error vector B,(Ck_l), we can write

-1

kl:[l ({tX }) thzj—i-Bl(ﬁk_l).

7j=1

By Lemma 3.10, there is a polynomial QQx;_1 such that
1B, < Qui (e, £ 4/5).

Now let Z be a vector in Vi, vy = || Zk||k, and {X )} a set of horizontal vectors adjusted
to Zj, — B,(gk b By the definition of dgozn and (3.10), we have

A ({0 b X H XD = a6 (X - (X)) + deom ({0))

< gz + o (X)),

Since the set of horizontal vectors {XY(L];)} is adjusted to Zj, — B,gk_l) , Lemma 3.7 yields
2k—1

2k—1 1yl 2k—1 g
deom ({XIV) < kdy T || 2k = BEV|F < kdy = (v + Qe (11, - /) F.

Since the polynomial Qyx_1 attains zero at (0,...,0) € R* and the coefficients depend only
on di and k, there are positive numbers T, é;, which depend only on the dimension d; and k,
such that if ¢ <T and v < €, then

s+ deom (X)) < iy

We conclude the proposition by letting €; = Tjéj forj=1,...,k—1and €z = min {ch?k, ék}. |
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