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Abstract. Let (G,G1) be a symmetric pair of holomorphic type, and we consider a pair of
Hermitian symmetric spaces D1 = G1/K; C D = G/K, realized as bounded symmetric do-
mains in complex vector spaces pf C p7T respectively. Then the universal covering group G
of G acts unitarily on the weighted Bergman space Hx(D) C O(D) on D. Tts restric-
tion to the subgroup G1 decomposes discretely and multiplicity-freely, and its branching
law is given explicitly by Hua-Kostant—Schmid-Kobayashi’s formula in terms of the K;-
decomposition of the space P(p; ) of polynomials on the orthogonal complement p; of pf
in pT. The object of this article is to compute explicitly the inner product <f(a:2), e®Z)p+ >)\
for f(ze) € P(p3), v = (21,22), 2 € pT = p] @ pg. For example, when p*, pd are of
tube type and f(z2) = det(x2)*, we compute this inner product explicitly by introducing
a multivariate generalization of Gauss’ hypergeometric polynomials 2Fy. Also, as an ap-
plication, we construct explicitly G1-intertwining operators (symmetry breaking operators)
HA(D)|g, — Hu(D1) from holomorphic discrete series representations of G to those of G,
which are unique up to constant multiple for sufficiently large A.
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1 Introduction

The purpose of this article is to compute explicitly the weighted Bergman inner product of
polynomials on some subspace of a bounded symmetric domain, and study the decomposition
of the restriction of a holomorphic discrete series representation to some subgroup in detail.

Let p™ be a finite-dimensional complex vector space, D C p* be a Hermitian symmetric space
realized as a bounded symmetric domain centered at the origin, G be the indentity component
of the biholomorphism group of D, and K C G be the isotropy subgroup at the origin, so that
D ~ G/K holds. Let G and K denote the universal covering groups of G and K respectively.
We consider an irreducible unitary representation (7,V’) of K, and consider the homogeneous
vector bundle G XgV — G/K ~ D. Then this bundle is trivializable, and the space of
holomorphic sect1ons is isomorphic to O(D, V), the space of V-valued holomorphic functions
on D, on which G acts by

(7(9)f)(z) := T(/@(gil,x))flf(gflx), gE (~}', xeD, feOD,V),

by using a function £ : GxD — K€ satisfying the cocycle condition. Next we consider a function
B: D x D — K€ satisfying

B(gx,qy) = k(9,2)B(x,5)k(g,y)", geG, zyeD.

Then the function 7(B(z,y)) € O(D x D,Endc(V)) ~ O(D x D,V ® V) is invariant un-
der the diagonal action of é, and if this is positive definite, then there exists a Hilbert space
H,(D,V) C O(D,V) with the reproducing kernel 7(B(z, 7)), on which G acts unitarily. We call
the representation (7, H,(D,V)) a unitary highest weight representation of G. Such representa-
tions are classified by [7, 15]. Moreover, if the inner product is given by the converging integral

g)s = C’T/D (T(B(J:,T)_l)f(x),g(:z:))TDetp+(B(3:,f))_1d:L‘ (1.1)

(a weighted Bergman inner product), then (7, H.(D,V)) is called a holomorphic discrete series
representation. In this paper, when (7, V) is written as (7,V) = (X_A ® 10, V) by using a fixed
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character x and a fixed representation (1o, V) of K, we also write H,(D,V) =: Hx(D,V),
O(D,V) =: O\(D,V). In addition, if V = C then we write Hx(D,C) =: H (D) and call it of
scalar type. If X is sufficiently large, then H(D, V') is holomorphic discrete, and the K-finite
part Hx(D,V)z coincides with the space of all polynomials O(D,V)z = P(p*,V). On the
other hand, for smaller X\, O(D,V)z = P(p*,V) may be reducible as a (g,l?) module, and
Ha(D, V) may be smaller than P(p+ V') even if it exists. By computing the inner product (1.1)
for large A and observing the poles of its meromorphic continuation, we can get some information
on submodules of Ox(D, V) (see, e.g., [10, 32]).
For example, we consider the bounded symmetric domain D of type I,

D :={z € Sym(r,C) | I — zx™ is positive definite}.

Then the universal covering group §f)(7“, R) of

(% o) o= o) 3 0) = o)}
acts on O(D) = O5(D) by

-1
AT C T ——

We note that det(cx + d)~ is not well-defined on Sp(r,R) x D if X ¢ Z, but is well-defined on
the universal covering space Sp(r,R) x D. If A > r, then this preserves the weighted Bergman
inner product

Sp(r,R) := {g € GL(2r,C)

(fyg)x:= C’)\/ f(z)g(z) det(I — xx*))‘f(wrl)dm,
and the corresponding Hilbert space H (D) C O(D), with the reproducing kernel det (I —zy*)~*,
gives a holomorphic discrete series representation of scalar type of §f)(r, R).

Next we consider a connected symmetric subgroup G; C G. Without loss of generality we
may assume K; := G N K is a maximal compact subgroup of Gi. Then D; := G1.0 ~ G1/K;
is either a complex submanifold or a totally real submanifold of D ~ G/K. (G,G1) is called
a symmetric pair of holomorphic type for the former case, and of anti-holomorphic type for
the latter case (see [19, Section 3.4]). From now on we assume (G, G)) is a symmetric pair of
holomorphic type. We take a complex subspace pf C p* such that D; = Dn pf holds, and let
ps C p* be the orthogonal complement of p;” with respect to a suitable inner product of p*.
Then for any holomorphic discrete series representation H,(D, V') of G, the restriction to the
subgroup G 1 decomposes into a Hilbert direct sum of irreducible representations of Gl, and each
subrepresentation is generated by a K1 -submodule of P(p]) ® (V| Kic)’ where P(p3) denotes

the space of polynomials on p3. That is, if P(p5) ® (V\f{c) is decomposed under IN(iC as
1

Plpy) @ V|KC @m 7, 05)(pj: Wj), m(T, p;) € Z>o,

then H,(D, V) is decomposed under G; abstractly as
@
(D, V)lg, ~ Y m(r,pj)Hy, (D1, W)
J
(see Kobayashi [19, Lemma 8.8], [18, Section 8]. For earlier results, see also [16, 30]). Especially,
if (r,V) = (X_’\,(C) is 1-dimensional, then since P(p3) decomposes multiplicity-freely (i.e.,
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m(7, p;) <1 holds), Hx(D)| &, also decomposes multiplicity-freely. For example, if py is simple,
we write the decomposition of P(p3) under K; as

P Pur3),
keZ'2,
vvherovZfJr ={k=(k1,..., k) €2 | k1 > -+ > ky, > 0}. We fix characters x and y; of KC
and KT respectively, and let x| 7c = Xi'» where 1 € {1,2}. Then the holomorphic discrete
1

series representation H (D) of G is decomposed multiplicity-freely under 6’1 as

D
HAD)lg, = > Heya (D1, Pulp])) (1.2)
keZ'?,

(see Kobayashi [19, Theorem 8.3]). We note that if H (D) is not holomorphic discrete and
HA(D)7 S P(pT) holds, then (1.2) does not hold in general.

In the following we consider holomorphic discrete series representations of scalar type H (D)
of G. In order to understand the above decomposition (1.2) concretely, we want to compute
explicitly the inner product (f,g)z = (f,g)x of f € Pk(p3) and g € P(p*). To do this, since
e(x|%)p+g(z)lzzo = g(x) holds for any polynomial g € P(p™), it is enough to compute when
glw) = o

(flaa), ™ty FePpE), w=(a1,12), zep’. (1.3)

This inner product is given by an explicit integral for sufficiently large A, and once we compute
this explicitly, then we can consider the meromorphic continuation for all A € C. By observing
the poles and their orders of the inner product (1.3), we can determine which (g, K )—submodule

of Ox(D): contains the (g1, I?l)—submodule generated by Py (p3).
Next we consider G1-intertwining operators

Fiw: HAD)lg, — Hea(D1, W) or  OA(D)lg, — O (D1, W),
Flw: Hon(D1,W) — Hy(D)lg,  or  O,a(D1, W) — Oz(D)

»t . Therefore, in this article we aim to compute the inner product

&,

Fy ¥ w s called a symmetry breaking operator, and .7-" Aw s called a holographic operator, according
to the terminology introduced in [24, 25] and [26] respectlvely By the multiplicity-freeness [19,
Theorem A], such intertwining operators F¥ W FIW between unitary highest weight representa-
tions of scalar type are unique up to scalar multiple. Hence we want to construct these operators
explicitly. Such problem is proposed by T. Kobayashi from the viewpoint of the representation
theory (see [21]), and studied from various viewpoints. For example, symmetry breaking opera-
tors given by differential operators are studied in the context of automorphic forms, conformal
geometry and representation theory by, e.g., [3, 4, 5, 13, 17, 20, 22, 23, 24, 25, 34, 35, 36, 37].
Especially, in [20, 24] it is proved that the symbols of differential symmetry breaking operators
are characterized as polynomial solutions of certain systems of partial differential equations in
general settings (F-method), and symmetry breaking operators between the spaces of holomor-
phic sections for homogeneous vector bundles on D and D; are always given by differential
operators. Also, holographic operators for holomorphic discrete series representations are stu-
died by, e.g., [26, 33|, and integral intertwining operators for principal series or complementary
series representations are studied by, e.g., [27, 28, 31]. In this article we construct differential
symmetry breaking operators Fy W for holomorphic discrete series representations by using the
author’s previous result [33, Theorem 3. 10], which claims that the differential operator

Fwi WD, — HenlDu W), 1) = floren) o Fyw (5 )10

x2=0
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defined by using the polynomial Fiw(z) EPPp )W,

K

Fy y(2) = (et K(as)) K(z2) € (P(p3) @ W) (1.4)

Az’

becomes a symmetry breaking operator. Moreover, by considering the meromorphic continuation
with respect to A, this gives a symmetry breaking operator also for non-discrete highest weight
representations. That is, the construction of differential symmetry breaking operators is reduced
to the computation of the inner products (1.3), and conversely, we can use differential equations
(F-method) to compute the inner products (1.3) up to constant multiple. However, for non-
unitary case we do not know a priori whether the symmetry breaking operators are unique or
not, and for uniqueness we need further study as in [24, 25]. In fact, for tensor product case the
space of symmetry breaking operators sometimes becomes 2-dimensional, even for scalar case
(see [25, Section 9]).

When (G, G1) is of the form (G1 x G1, AG1), the computation of the inner product (1.3) and
the construction of symmetry breaking operators are studied in [33, Section 5.2], [36] (see also,
e.g., [3, 4, 25, 26, 34, 35]). In the following we consider the case G is simple, and for a while we
assume p*, pd are of tube type (i.e., the corresponding Lie groups G and Gy := (G°%)g are of
tube type, where o, ¢ are suitable involutions on G satisfying G1 = (G?)g, K = GY), so that
pt =ntC, pJ = nSC have complex Jordan algebra structures. Let detn;r (x2) be the determinant

polynomial on py = nfC, so that Cdet, (z2)k C P(pF) gives a 1-dimensional Kj-submodule.

In this article, when p; = pﬁ &) p;Q is a direct sum of two simple Jordan subalgebras, that is,
when (G, G1) is one of

(SO0(2,d + 2),S0¢(2,d) x SO(2)), (Sp(r,R), U(r',7")),
(U(T7 T)’ U("J’ TH) X U(T//v "J))v (SO*(4T)’ U(2rlv 2T//))7 (E7(—25)a U(l) X E6(—14))a

for f(xzq) = det,+ (z11)" fa(w22) € P,y (p11) K P1(p3,), we compute the inner product

(detys (@11)* fo(wz), et

Az’

and compute the poles and their orders with respect to the parameter A (Theorem 5.1 and Corol-
lary 5.7). Especially if f(z2) = detn;u1 (z11)* detn;2 (x22)!, then the result is given by using a multi-
variate generalization of Gauss’ hypergeometric polynomials o F}, which coincides with a special

case of Heckman—Opdam’s hypergeometric polynomials of type BC (Corollary 5.4 and Theo-
rem 5.9). Similarly, when pJ is a simple Jordan algebra, that is, when (G, G1) is one of

(SOg(2,71),S00(2,n") x SO(n")), (Sp(2r',R), Sp(r',R) x Sp(r’,R)),
(SO*(45"),50*(25") x SO*(2s")), (SU(r,r),SO*(2r)),
(SU(2s,2s), Sp(2s,R)), (Er(—25),5U(2,6)),

n” # 2, for f(z2) € Pletip,.. 1 (p3) (for the 1st, 3rd, 4th and 6th cases) or for f(z2) €

77777

<f(.1‘2), e(w|§)p+ >)\,;U’

and compute the poles and their orders (Theorem 6.3 and Corollary 6.6). Especially if [ = 0
and f(xq) = detn; (z2)F € Pk,...k) (p3), then the result is again given by multivariate o Fy, and
if rankg G = 2 with general [, then the result is given by ordinary oF} (Corollary 6.5 and Theo-
rem 6.8). The above two lists exhaust all symmetric pairs of holomorphic type such that G
is simple and pT, p; are of tube type (for the classification without tube type assumption
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see [19, Table 3.4.1]). Moreover, by the Ki-equivariance, the results on poles are generalized
for p*, p3 of non-tube type, and for f(x2) € Py, ko...0)(0T1) B Pi0%): Plhtik,. . .k0,..0)(P3)
OF Plrtt,.. k1., k0,...,0) (p3) (Corollaries 5.7, 6.6). These results are applied to construct sym-
metry breaking operators explicitly. When (G, G1) = (SOg(2,n),SO0(2,n — 1)), the resulting
operators coincide with the holomorphic version of Juhl’s operators (see [17], [25, Section 6]),
and when (G,G1) = (Sp(r,R),Sp(r',R) x Sp(r”,R)) (r = " + "), the resulting operators for
scalar type representations coincide with the ones in [25, Section 7] (for 7/ = 1 case) and [13]
(for v’ = 7" case) (see also Remark 8.8).

This paper is organized as follows. In Section 2, we review Jordan triple systems, Jordan
algebras and holomorphic discrete series representations. In Section 3, we fix the explicit reali-
zation of Jordan triple systems. In Section 4, we rewrite the inner product (1.3) in a differential
expression by using the inverse Laplace transform on Jordan algebras (Theorem 4.4). This
formula is regarded as an analogue of the Rodrigues formulas for Jacobi polynomials (for such
formulas for symmetry breaking operators in tensor product case, see also [4]). In Section 5, we
compute (1.3) when p; = pﬁ @p;z is a direct sum of two Jordan triple systems, and in Section 6,
we compute (1.3) when p;r is a simple Jordan triple system. In Section 7, we apply the results
on poles to determining which (g, K)-submodule of Oy (D) 7 contains the (g1, K1)-submodule
generated by 731((]35r ) for singular A. In Section 8, we construct the symmetry breaking operators
explicitly by using (1.4), which are unique up to scalar multiple, and for convenience we also
write the author’s previous results [33] on holographic operators.

2 Preliminaries 1: General theory

In this section we review Jordan triple systems, Jordan algebras and holomorphic discrete series
representations. For detail see, e.g., [9, Parts IIT and V], [11, 29, 38].
2.1 Hermitian positive Jordan triple systems

Let (p*,p7,{-,-,-},7) be a Hermitian positive Jordan triple system, that is, p* be finite-dimen-
sional vector spaces over C, with a non-degenerate pairing (-|-),=: ptxpT = C, {-,-,-}: pT x
pT x p* — pT be a C-trilinear map satisfying

{w7 y’ Z} = {z7 y? x}?

{u7 U? {x’ y? Z}} = {{u’ U? x}? y? Z} - {x7 {U7 u? y}7 Z} —"_ {x7 y? {u? v? Z}}’

({u, v, 2}y)pz = (x{v, u,y})ps
for any w,z,z € p*, v,y € pT, and : p* — pT be a C-antilinear involutive isomorphism such

that (z|Z),+ > 0 holds for any = € p*. We define D: p* x p¥ — Endc(p*), Q: p* x p* —
Homg (pT,p*) by

D(J:,y)z = Q(m,z)y = {x,y,z},

and we write Q(z) = 1Q(z,x). Also let B: p* x pT — Endc(p*) be the Bergman operator
given by

B(z,y) = I+ — D(z,y) + Q(z)Q(y),

let h = hy=: p* x pT — C be the generic norm, which is a polynomial on p* x p¥, and write
B(z):= B(z,T), h(z):= h(x,T). Then the bounded symmetric domain D = Dy Cp* is given by

D = (connected component of {x € p™ | B(x) is positive definite} which contains 0)

= (connected component of {z € p* | h(x) > 0} which contains 0), (2.1)
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and its Bergman—Shilov boundary ¥ = Y,+ C pT is given by
Y ={zep"|B(z) =0}

For (z,y) € pT x pT, we say (x,y) is quasi-invertible if B(z,y) € Endc(pT) is invertible, and
then the quasi-inverse 2¥ € p* is given by

2¥ = B(x,y) " (x — Q(x)y) € p.

An element e € pT is called a tripotent if it satisfies {e,€, e} = 2e. Then D(e,€) € Endc(p™)
has eigenvalues 0, 1, 2. For a tripotent e € p* we write

pt(e)j=pT(e);:={x €p® | D(e,e)x = jz},
p@j=p(e)j:={zep | D(Ee)x=jz}, je{0,1,2} (2.2)
so that p* = p*(e)a @ pT(e)1 @ p*(e)o holds (Peirce decomposition). Then we have
{p+(€)j7p_(e)k7 p+(e)l} C p+(e)j—k+la ja k7l € {Oa 17 2}7
{pT(e)2,p7(e)op™} = {pT()o,p(€)2, 07} =0,

where for the first formula we regard the right hand side as zero if j — k41 ¢ {0,1,2}. Espe-
cially p*(e); (j = 0,1,2) are Jordan triple subsystems of p*. A non-zero tripotent e € p* is
called primitive when p*(e)y = Ce, and is called mazimal when p*(e)o = {0}. Then the set
of all maximal tripotents in p* coincides with the Bergman-Shilov boundary . We call p™ is
of tube type if p*(e)2 = p* holds for some (or equivalently any) maximal tripotent e. Espe-
cially p*(e)y is always a Jordan triple system of tube type. Throughout the paper we assume
that the pairing (+[-)y=: p¥ X p¥ — C is normalized such that (e[é),+ = (€|e),~ = 1 holds for
any primitive tripotent e € pT.

A maximal set of primitive tripotents {e1,...,e,} C pT satisfying D(e;,€;) = 0 (i # j) is
called a Jordan frame of p*. Then r is called the rank of the Jordan triple system p*, and
e= Z;=1 e; becomes a maximal tripotent. When p™ is simple, we define integers d, b, p, n by

d:= dim(p+(ei)1 N p+(e]~)1), e b:= dim(er(ej)l N p+(e)1),
p:=24+d(r—1)+b, n:=dimp" =r+ gr(r — 1)+ br. (2.3)

We note that if » = 1, then d is not determined uniquely, and any number is allowed. Then
h(z,y) and B(z,y), (z|y),+ and D(z,y) are related as

h(z,y)’ =Dety+ B(z,y),  p(aly)y+ = Trpe D(z,y), wep’, yep .
2.2 Jordan algebras
In this section we fix a tripotent e € pT, and consider p*(e)s C p* as in (2.2). Then

QE): pt(e)o—p(e)2, Qe): p(e)2 —> pT(e)2

are bijective and mutually inverse, and p*(e)s has a Jordan algebra structure with the product

that is,
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2

holds for any x,y € p*(e), where 2° := z - . The unit element is e, and p*(e)2 has the

Euclidean real form

Ti={zepT(e)2]Qe)T =z} CpT(e)2

Let (-|-)u+ be the symmetric bilinear form on p*(e)s

(z[y)nt = (2[Q@)Y)p+ = YIQE@)2)p+, .y € pT(e)2.
Then this is positive definite on n™. Also let try+ (z) := (z]e)n+, let dety+ (z) be the determinant
polynomial on p*(e)s = ntC, and let det, (y) = det,+ (Q(e)y) for y € p~(e)2.

Next, let L: pT(e)s — Endc(p™(e)2) be the multiplication operator, that is,

%D(%E)y,
and let P: p*(e)y — Endc(p(e)2), P, Dy+, By : pt(e)2 X pT(e)2 — Ende(p(e)2) and hyy:
pT(e)a x pT(e)2 — C be the maps given by

P(z) := 2L(x)* - L(2*) = Q(2)Q(e),

P(z,y) == 2(L(z)L(y) + L(y)L(z) — L(z - y)) = Q(z,y)Q(e),

D+ (2,y) := 2(L(z - y) + L(x) L(y) — L(y) L(z)) = D(z, Q(€)y),

Bn+ (l’,y) = Apt(e)s Dn+ (x,y) + P(:E)P(y) = B(l’, Q(E)y)a

hn+ ($7 y) = h(IE, Q(é)y)
Then for any z,y,2,w € pT(e)2 we have

P(P(z)y) = P(z)P(y)P(z),  P(By+(2,y)2) = Byt (2,y)P(2) B+ (y, ),

(P(z, z)y|w)y+ = (P(y, w)z|z)+,

and if p*(e)s is simple, then the determinant polynomial det,+ (z) and P(z) are related as

= n*C given by

L(z)y :=z-y=

2n’ / )

detys ()% = detys (@)1 = Dety ), (P@)), € pH(e)s,
where 7/ := rank p*(e)s, 7’ := dimp*(e)s = 1’ + 4r/(r' — 1). The following subset Q C n*,
Q) = (connected component of {x € n™ | P(x) is positive definite} which contains e)
= (connected component of {z € n™ | det,+ () > 0} which contains e)

is called the symmetric cone, and (z|y),+ > 0 holds for any z,y € Q.
We say x € pt(e)s is invertible if P(z) is invertible, and then the inverse 2= € pT(e)sy is
given by
z 1= P(x) 'z € pT(e)a.
Then P(z)~' = P(z~') holds. Also, for = € p*(e)a, if Q(7)|p% (), 1s invertible, then we set

= (Q@)lr ) € PT(O)2.

If pT is of tube type and if e is a maximal trlpotent so that p+ p
tx=1 € p¥ does not depend on the choice of e, and 'z=! = Q(e)z~1, Q(z)~
x € pt. Also, for 2,y € pt = ntC, if y is invertible then we have

P(z +y) = By (—2,y~ ") P(y) = B(~a,"y ") P(y),

detnJr (l’ + y) = hn+ (_x7 y_l) detrﬁr (y) = h(_x7 ty_]) detn+ (y) (

4)
Next we assume pT is of tube type, take two tripotents €’,e” € p* such that D(e’,e”) = 0
and e = ¢/ + ¢” is maximal, and regard p* as a Jordan algebra by using e. Let

pho=pt (@2 =p (0, ph=ptE)i=pt ) ph =0T ()0 =0T ()2,

*(e)2 = n*C holds, then
'=Q(*z~7) hold for
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so that pﬁ, p;Q are Jordan subalgebras. We use the same notation 27! to express the inverses
in p;’] Then for x;;,y;; € p;; we have

P(x11 + 222)y11 = P(x11)y11 € by, P(212)y11 € gy,
P(x11 + 292)y12 = P(211, T22) 012 € Py, P(z12)y12 € iy,
P(x11 + 92)y22 = P(22)y22 € Pag, P(x12)y22 € 7.

Moreover we have the following.
Lemma 2.1. For x;j,y;; € pjj, z12 € pﬁ, we have

L. P(x11 + w22)z12 = P(211,722)212 = 4L(w11) L(222) 212 = 4L(w22) L(211)212.
2. Dy+ (211, 911)212 = 4L(211) L(y11) 212, Dot (222, y22) 212 = 4L(722) L(y22) 212
3. 4L(w11)L(x1_11)212 = 219, 4L(w22)L(a?2_21)z12 = 219.
Proof. (1) By the definition of P, L and [9, Part V, Proposition 1.2.1(J1.2)] we have

P(x11,292)212 = Q(211, 222)Q(€) 212 = Q (211, 222)Q (€', €”) 212
= —D({z11,€, 222}, €")212 + D(z11, €/) D(222, ") 212 + D(w29, €' ) D(211, €") 212
= D(z11,€)D(z22, €")212 = D(x11,€) D (w22, €)z12 = 4L(x11) L(222) 212
The last equality is also proved similarly.
(2) Similarly, by [9, Part V, Proposition 1.2.1(J2.1")] we have
Dyt (z11,y11) 212 = D(211, Q(€)y11) 212 = D (211, Q()y11) 212
= D(z11,€¢)D(y11,€)z12 — Q(211, y11)Q(€') 212
= D(z11,€)D(y11,€)2z12 = 4L(x11)L(y11)212.
The 2nd formula is also proved similarly.
(3) By (1) we have
4L(x11)L(xf11)212 = 16L($11)L(6U)L($ﬁ])L(e”)2’12 = P(x11 + e”)P(mﬁI + 6//),212
= P(xn + 6”)P(($11 + 81/)71)212 = 219.

The 2nd formula is also proved similarly. |

2.3 Symmetric subalgebras of Jordan algebras

In this section we consider a C-linear involution ¢ on a simple Hermitian positive Jordan triple
system pT, i.e., a Jordan triple system automorphism o: p* — pT of order 2 which commutes
with the C-antilinear map =: p= — pT. We write

pre=(09) = {zepT o) =2},
pr = (pF) 7 = {2 € p* | o(z) = —x}.
First we prove the following.
Proposition 2.2. Assume pT is simple, and p*, p3 are of tube type.

1. A maximal tripotent e of p;r is also a mazimal tripotent of pT.

2. If p3 is not simple, then there exists a tripotent ¢’ € p* such that p3 = p*(e')2 @ p*(e')o,
py =pT(e)1 hold.
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Proof. (1) Let e € p; = (p7)™7 be a maximal tripotent so that p; = (p*(e)2)~7 holds, and
take a tripotent ¢’ € pt(e)o = (pT(e)g)? such that € = e + €' is a maximal tripotent of pT.
We regard p™ as a Jordan algebra by é. Then for z € pT(e); = (p*(e)1)? we have

==%{$J9+EC$}€(P+6ﬁ®7069@+(@2V’=(p+@ﬁﬂ”<IP+0ﬁz

On the other hand, let {e1,..., e} C pT(e)2, {€},...,€.,} CpT(e)y be Jordan frames. Then
we have

P vte nptE),

1<i<r!
1555

and for = € p*(e;)1 Np*(ef)1 Cp*(e)s, by [11, Proposition IV.1.4] we have

1
x? = §($’$)u+ (e; + 69) €pr(e)2 @ pT(e)o.

Therefore we must have pT(e); = {0}, so that p* = pT(e)2 @ pT(e)o holds. Hence p*(e)g C p*
is an ideal, and since p™ is assumed to be simple, we have p*(e)g = {0}, and therefore e € p*
is a maximal tripotent.

(2) Let piy, P35 C p3 = (p*) 7 be non-trivial ideals such that p5 = p{; @ p3, holds, and let
e’ € pf, € € pd, be maximal tripotents of pJ;, p3, respectively. Then e = ¢’ + €” is a maximal
tripotent of p;r and pT. We regard pT as a Jordan algebra by e. Since pfl, p;g are also of tube
type, we have

=" (e)2) 7 = (" (")) "
P32 = (P (€))7 = (p"(e")2)7
(" (eN)1) 7 = (p" (") 7 = {0}-

Let 22 € (pT(€/)2)?. Then for y; € pT(€e'); = (pT(¢/)1)? we have

1 —0
Lash = (2,01} € (07() 7 = {0,
Especially, for any y1,w; € p*(e/)1, 20 € pT(e)o, by Lemma 2.1(1) we have
(P(y1, wi)z0|w2)n+r = (P(20, 22)y1|wi)n+ = 4(L(20) L(22)y1|w1)n+ =0,

and since P(pT(e/)1,pT(e)1)pT(e)o = pT(e')2 holds, we get x5 = 0, and (p*(e’)2)? = {0}.
Similarly we have (pT(e’)o)® = {0}. Therefore we get pf; = pT(e')2, pdy = pT(e')o and pf =
()7 =p*( u

Corollary 2.3. For a simple Hermitian positive Jordan triple system p* and an involution o
on pt, p; = (p%)~7 is a direct sum of at most two simple Jordan triple subsystems.

Proof. If pT, pJ are of tube type, then since pT(e’)2 and p*(e’)y are always simple for any
tripotent ¢’ € pT, this follows from the previous proposition. If pT, p2 are general, let p2 =
@;?:1 p;(j) be the simple decomposition, and take maximal tripotents e; € p;’(j). Then e =
Z?:l ej is a maximal tripotent of p3, and we have (pT(e)2)™ = p3(e)2 = @?:1 p;(j)(e)g.
Therefore by the result for tube type case, we have k < 2. |
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In the rest of this section, we assume pT, p; are of tube type, fix a maximal tripotent
e € p; C p*, and regard p™ as a Jordan algebra by e. If p; is not simple, we also write
ps = pi; ©pgy, P = p]y, and take maximal tripotents e’ € pj;, ¢’ € pg, such that e = €/ + ¢”.
Let det,+(z), detnjj (z;;) be the determinant polynomials on the Jordan algebras p™, pjj, and

express the inverse on these by the same symbol 277, xj_jl

Proposition 2.4.

1. Forz =21 +x3 €pT = pf &) p;, assume o is tnvertible. Then x is itnvertible if and only
if xo — P(x1)xy ! is invertible, and we have

2! = —P(ay — Pler)ay ') " (w1 — P(a1) Plaz)"a) + (w2 — Plan)ay ') ™,

det,+ (x)2 = det,+ (:CQ — P(:J:l)xgl) dety+ (z2) = hy+ (Q(wl) Ty St 1) det,+ (:UQ)2
= hy+ (581, Q(I‘Q)_liﬂl) det,+ (z2)°.

2. Forx =211 + 212+ T2 €pT = pfl @ pr @ p2+2, assume x11 and xoo are invertible in pfl
and p;Q respectively. Then x is invertible if and only ifxll—P(mlg)arQ_zl and xQQ—P(.’L'IQ).’L'l_lI
are invertible in pfl and p;z respectively, and we have

—1 -1 _ —1
($11—P 3312 33221) —P((l‘ll—P($12)$221) ,$221)$12+(3522—P($12).’E11 )
—1 -1 _ —1
(3611— T12) 3”221) —P((:r22—P(x12);p111) 7513111)51312"’(1'22_]3(9512)9511 ) )
detn+( ) = det nh (1‘11 — P(.’L‘12).’L‘22 )det + (.%'22)
= hpn (Q( 12)t$2_21, :Ul_l ) det nh (xn) detn2+2 (:BQQ)

= detng-2 (ZEQQ — P(:Elz)l‘n ) det + (xll)

= hpg_Q (Q($12) :L‘HI, Too ) det + (.Tn) det + (l‘gg)

Proof. (1) For the 1st formula, first we assume x2 = e. Then since C[z;] C pT is commutative
and associative, e — P(r1)e™! = e — 27 = (e —x1) - (e + 1) = —(21 + ¢€) - o(z1 + €) holds, and
this is invertible if and only if x1 + e is invertible. Easily we have
(RHS) = —P(e — P(z1)e~ ") " (21 — P(x1)a1) + (e — P(z1)e™ 1) ™"
=—(e— xf)_g (1 —a2f) + (e— a:f)_I = (21 +¢)~! = (LHS).
Next we consider general invertible xo. Then there exists /xo € p;r satisfying (, /932)2 = 9 (not
unique). Let 21 := P(‘/:):Q)*lxl. Then we have

x9 — P(xl)ac; P(y/z3)e — P(P(\/52)z1) P (\/E)_le = P(y/x2)e — P(\/z2)P(21)e
P(\2)(e—27) = P(\/fv?)(@—zl) (e +21)),

and this is invertible if and only if 2; + e = P(\/E)_l(ajl + x2) is invertible, or equivalently
x1 + 29 = x is invertible. Moreover we have

— P(P(yEz)e - P(P(y/a)21) P(Viz) o)
x (P(E2)z1 — P(P(y/a2)21) P(Va2)  21)
+ (P(V2)e — P(P(V2)21) P(Van) )™

= — P(P(Vm)e — P(Va2) P(21)e) " (P(Vaz) 21 — P(Vi2) P(z1)21)

-1

(RHS)
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—1
+ (P(\/xg)e — P(\/xg)P(zl)e)
= — P(‘/acg)flP(e — P(z1)e) " (21 — P(21)21) + P(«/:L'Q)fl(e — P(z)e)?
-1 _ —1 _
= P(\/azg) (z1+e) ! = (P(\/xg)zl + P(\/xg)e) = (z1 + x2)~! = (LHS).
This proves the 1st formula. Next we consider the 2nd formula. Since —o fixes e € p; ,
—o is an automorphism of the Jordan algebra, and therefore preserves the determinant, that is,

det,+ (1 + z2) = dety+ (—o(z1 + 22)) = dety+ (—21 + 22) holds. Then by (2.4) and [9, Part V,
Proposition 1.5.1(J4.2)], we have

dety+(z1 + 1’2)2 = det,+ (1 + x2) dety+ (—z1 + x2)
= hy+ (=21, 25 " ) hys (21,25 ") dety+ (22)?
= hy+ (Q(21)'z5 ", '25 ") dety+ (22)°
= det,+ (:EQ — Q(wl)txgl) dety+(22)
= dety+ (22 — P(z1)zy ") detys (22),
and by [9, Part V, Proposition 1.5.1(J4.2), (J4.2")], we have
P+ (Q(xl)txgl , tacgl) = hy+ (1, Q(tazgl)xl) = hy+ (1, Q(xg)_lzvl).
(2) For the 1st formulas, since
zn — P(ri2)ry, €pfy, w22 — Pla)ayy € ph,
by (1) with 212 = 1, 11 + 22 = 22 and by Lemma 2.1(1) we have

7! = — P(z11 + 222 — P(z12) (2] + :r;j))‘l (212 — P(212)P(211 + 222) '212)

+ (z11 + 222 — P(l‘m)(fﬂﬁl + x;j))’l
= —4L((x11— P(z12)735) )" ) L((we2— P(m12)zyy’) ™)
X (1‘12— P(ﬁlg)P(ﬂjﬁl , x;;)ailg) + ($11 — P(l‘lg)ﬂf;;)_l + (1‘22 — P(l‘lg)l‘ij)_J
Then by [9, Part V, (J1*) after Remark 1.2.1] and Lemma 2.1(2), (3) we have

T19 — P(mlg)P(xﬁ] , $521)$12 =x192 — Dp+ (P(a:lg)a:i] , x;ZJ)xlg
= 4L($22)L(x521)x12 — 4L (P(:clg)xi])L(a:EQI)xlg
= 4L($22 — P(l‘lg)l‘il )L(.’E;; ).’Elg,

and hence
AL((en = Plap)eg!) )L (222 — Plerz)er!) ") (w12 = Plan) P (e, o3 )ana)
= 4L(($11 — P(1‘12).1‘2_21)71)L($2_21)$12 = P((JEH — P(1‘12)1‘2_21)71 s x2_21)x12.

This proves the 1st equality. The 2nd equality is also proved similarly. Next we prove the 2nd
formulas. To do this, we consider B+ (a:lg, 3:1_11 ) € Endc(p™). Then this satisfies

(Bt (@12, 271") = D)yi1 = =Dy (w12, 277 Jy11 + P(z12) P2y )yn €0y © 0y, y11 € P,
(Bn+ (wlz, 961_1]) - )ylz = —Dy+ ($127$1_11)y12 € pao, Y12 € Py,
(Bn+ ($12,$1_11) - )y22 =0, Y22 € PEFQ.
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Thus B+ (xlg,xl_ll) is strictly lower-triangular if we choose a basis suitably, and hence Det,+
(Bn+ (xlg,ml_ll)) = 1 holds. Similarly, B+ (ml_ll,xu) is strictly upper-triangular, and hence
Det,+ (Bn+ (:z:ﬁj , 3312)) = 1 holds. Now since we have
By (w12, ri J(@11 + T12 + T22)
= (I — Dyt (z12,277") + P(212) P (27 )) r11 + T12 + T22)
=211 + 212 + 222 — Dy (212, 273 ) Dy (12, 96111)5612 + P($12)P($1_11)$11
=11 +x12 + T22 — D+ (901171‘11 Jz12 — 2P( (z12)27]" + P(212)z]

=211 + T12 + Tog — 212 — P(x19)x]’ = 211 + wo — Pxi2)zy,
we get
2n -1 _
det,+(z) " = Dety+ (P(2)) = Dety+ (P(By+ (212,277 ) (211 + 222 — P(212)27;")))

= Dety+ (By+ (212, xl_ll)*lP(a:H + 299 — P(x12)27;" ) By (277 3312)71)
= Dety+ (P(fvu + T22 — P(x12)x1_11))

2n
= det+ (5611 + 222 — P(x12)xfll) i

and since x11 € pﬂ, Tog — P(l’lg)l'l_ll € p;Q hold, by (2.4),
detn+ (.%') = detn+ (3311 + Xrog — P(a:lg)a:l_l]) = det + (:6'11) detn2+2 (1’22 — P<3712)1'1_11)

= detnirl (1‘11) detn;2 (.CL'QQ)hp2+2 (P(xlg)xl—ll : t$2_21 )

= det+ (211) det 1 (222)h,+ (Q(z12)'27y "2y )

holds. The other equalities are proved similarly by interchanging pﬁ and p;@. |

2.4 Structure groups and the Kantor—-Koecher—Tits construction

Let p* be a Hermitian positive Jordan triple system. For [ € Endc(p*), let I, tlj Endc(p™),
I* € Endc(p™) be the elements satisfying iz = lz, (lz]g)y+ = (2[1g)y+ = (x[l*y)p+ for any
x,y € p*. Then the structure group Str(p™*) is defined as

Str(p™) := {l € GLc(p™h) | {lw,tlfly, lz} =UHx,y,2}, v, 2€pT,y € p*}.
Then for x € p*, y € p~, I € Str(p*) we have

D(lz,y) =1D(z,'y)l"", Q) =1Q(2)1,
B(lz,y) =1B(z,"y)l™",  h(lz,y) = h(z,ly).

Also, for any = € pT, y € p~, B(z,y) € Str(p™) holds if B(x,y) is invertible. Let ste(pt) = €©
denote the Lie algebra of Str(p*). Then D(p™,p~) = ste(p™) and I+ € ste(p™) hold.

Next we construct a Lie algebra g from p™ via the Kantor-Koecher—Tits construction. As
a vector space let

C=ptatCap,
and give the Lie algebra structure by

[(z,k,y), (2,1, w)] == (kz — Iz, [k,]] + D(z,w) — D(2,y), —'kw + Ty).
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Then I+ € €€ = str(p™) acts by +1, 0 and —1 on each summand respectively. Let (] )ge: a® x
g® — C be the gC-invariant bilinear form normalized such that (z]y)gc = (2]y)p+ holds for any
x€pt,yep . Next let U be the involution on g€ given by

~

19('7’" ka y) = (ya _k*aj%

and let g = (g(c)ﬂ, t = (E‘C)ﬂ. We fix a connected complex Lie group GC with the Lie
algebra g€, and let G, K€, K, PT, P~ C G be the connected closed subgroups corresponding to
the Lie subalgebras g, £C, €, pt,p~ C g© respectively. Then we have a covering map Ad|y+: K C
Str(p*)o C Ende(pt). For I € K€, 2 € pT, we abbreviate Ad(l)z as lz.

Next we fix a maximal tripotent e € p*, let p*(e)2 C pT be as in (2.2), take the corresponding

Euclidean real form nt C p*(e)s, and let n~ :=nt = Q(e)n™ C p~(e)2. Also, let

€(e)2 == D(pt(e)2,p ™ (€)2) = [pT(€)2, 0™ (e)2] C €,
=Dm" ") =n",n7]={lctCe)|l=Q)lQ(E)} C ¢~

Then these become subalgebras, and
Cq— T — C
g:=n"@ldn Cyg

also becomes a subalgebra. Let KC(e)a, ‘G C G© be the connected closed subgroups corre-
sponding to £C(e)2, °g respectively, and let L := KNG, K, := LN K, & := [N¢. Then L
acts transitively on the symmetric cone  C n*, and K, acts on n as Jordan algebra automor-
phisms. For [ € Endc(pt(e)z2), let 1T := Q(e)1Q(€) € Endc(p™(e)2) so that (1z]y)e+ = (x|ITy) s+
holds for x,y € pT(e)2. Then for 2,y € p*(e)s, | € KC(e)2 we have

Dy+(l,y) = 1Dys (x,1y)I7t,  P(lx) =1P(x)l",
B+ (Iz,y) = Byt (2,1 y) 17, det,+ (Iz) = det,+ (le) det+ ().

2.5 Root space decomposition

In this section we assume pT is simple, or equivalently, the corresponding Lie algebra g via
the Kantor—Kocher-Tits construction is simple. Let r := rankpt = rankg g, and fix a frame
{e1,...,e;} C pt. Then e := e; + -+ + ¢, is a maximal tripotent, and we consider the corre-
sponding subalgebras n* C p*(e)y C p*t, [ C £€(e)s C €€ as in the previous section. Next let
hj = D(ej, &) = [ej, ;] € [ C €. Then

ap:= @Rh]’ clc EC
j=1

is a maximal split abelian subalgebra of [. We take a Cartan subalgebra h C ¢ containing
v/=1a;. Then simultaneously h€ becomes a Cartan subalgebra of gC. We define the linear forms
v € (bC)V by vi(hj) =26 (i=1,...,r) and 7i|(u‘£3)L = 0, and we take a positive root system
A;(c =AT (g(c, hc) CAgp = A(gc, f)c) such that the restriction of o € A;C to 01([C sits in

1§i<j§r}u{;i

and set Ay = A(EC, f)c), A%E = AT (EC, hc) = A;C N Agc. Next, let

, Vi £
{%|a<{€|1§2§7“}u{l2j

1§i§r}u{0},
C

C
9 4

b= e ep® | [ha] = 00 + )z, L=1,...,r}, 1<i<j<r
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p()ij::{pri|[hl7‘r]:i5j1x7l:17°"77n}7 1§]§T7

E;C] = {‘TGEC | [hl,l‘] :(5il_6jl)xvl:]-a'--ar}a 1<4,5<m 7175‘77
E%::{xEECth,x]: ilm,lzl,...,r}, 1<i<r,
Egj::{xef(c|[hl,x]:—éﬂx,lzl,...,r}, 1<j5<r,

m® = {xGEC | [, 2] = 0, (hlz)ge =0,1=1,...,7},

[ =500 1<ij<r i#j,

my:= m(cﬂ[,

so that
pr= P v C=gente P, l=aeme P
0<i<j<r 0<4,j<r 1<4,5<r
(1,5)#(0,0) i#j i#g
hold. We set
n = @ [ij7 n[T = @ [jh
1<i<j<r 1<i<g<r

let Ar, Ny, NE C L be the connected closed subgroups corresponding to the Lie subalgebras ay,
ny, n[T respectively, and let

My, = {k € Ky, | Ad(k})hl =0,l= 1,...,7‘},
so that L = K ANy, = K AL N; holds and M ANy, M AL N; C L are minimal parabolic
subgroups. Then A; Ny, A LNLT C L acts on Q simply transitively.
2.6 Polynomials and hypergeometric series on Jordan triple systems

For a Hermitian positive Jordan triple system pT, let P(p™) be the space of holomorphic poly-
nomials on P(pT). Then K€ acts on P(p*) by

(Adfp+ () f(z) = f(I'2), 1eK®  feP@ph), azept,
(Ad]p- (1) f(y) = f(y), le K feP@p), yep.

We assume p* is simple, fix a frame {e1,...,e,} C pT, and consider tripotents ¥ := Zle ei
for k =1,2,...,r. Then the subalgebra

p+(ek)2: @ p;;
1<i<j<k

is of tube type and has a Jordan algebra structure of rank k. Let Ag(z) be the determinant
polynomial on p*(e¥)s, and extend to a polynomial on pT. Using this, for m € C” we define the
function Ap,(z) on the symmetric cone Q C nt by

(@) = Ay (@)™ Ag(a) ™5 Ay ()AL @),z e Q)
Then for m € My, a = ettt ttrhr ¢ Ap n e Np and for z € Q, we have

Am((man)Tac) = Am((man)Te)Am(aﬂ) = e2himutH2bme A (),
Especially, if

mec 7, = {m:(ml,...,mr)EZT]ml2-~-2mT20},
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then Ap () is extended to a polynomial on p*. Let
Pm(pT) := spang {Am(l_lx) |l e K(C} cP(™),
Pum(p™) = {f@) | f(2) € Pm(p™)} C P(p7).
Then we have the following.

Theorem 2.5 (Hua—Kostant—Schmid [9, Part III, Theorem V.2.1]). Under the Kc-action,
P(p*) is decomposed as

D Pmlr*

mezZ’

Each P (p*) is irreducible, Pom(p™) has the lowest weight —(myyy + - - + myy,), and Pm(p7)
has the highest weight miy1 + - - + mp7yp.

In addition, if p is of tube type, then for
mcZ, = {m: (my,...,my) €Z" | mqg >--- Zmr},
let
Pen (05) = Plons s —rngig—1—my0) (p) dety (2)™ C P (pF) [ ety (z) 7.
Then for m € 7', we have

{F(27) 1 f € Pm(P®)} = Powmv (p7),

where m" := (my,...,mq).

Next, for A€ C, s € C", m € (Z>o)", d € C, let

O e =TT (0 -50-0) © Oma=I[(3-56-1) . 3

J=1 J=1

where (\), = A(A + ) (A+m — 1), and let dim Pp(p*+) =: db . Using these, for m € Z7, ,

let ®(z), ™ (2) € Pm(p™)EL be the polynomials given by
by
O (2) = [ Am(kx)dk, BN (2) = BN (2), (2.6)
Ki (;)m,d

and for (t1,...,t,) € C", define the symmetric polynomials Cﬁgn (t1,...,t;) by
L (ty, ... ty) = DN (trey + -« + trey). (2.7)

This does not depend on the choice of Jordan frames {e;} C p*. Moreover, this does not
depend on r, that is, if we construct ®% Lt . ty), P c(t1,...,t,—1) from two simple Jordan
triple systems of rank r and r — 1 with common d, then we have

DL (ty, ... tr1,0) =B (t1,... t,_1).

Next we define the polynomials @ﬁf (2,Y) € Pm(p%) ® Pm (pF) by

O (2,y) i= Pl (t1, .-, 1), (2.8)



Computation of Weighted Bergman Inner Products on Bounded Symmetric Domains 17

by using the roots t1, ..., ¢, of t"hy+ (t_la:, y) € C[t]. Then these satisfy

O (z,y) = ¥, (y, ), zept, yep,
o8 (lr,y) = ¥ (2,), wept, yep, 1eKC
b (z,2) = D%, (@), zept.

For these polynomials we have

ottt (@) — Z (i)‘:; (2), rept, (2.9)
mGZfH_
Wt = N B (), zept, yep
mEZ""++
ettt = N Bl (1, t,), tieC, (2.10)
mEZTHr
detpr(e—2) = D> (Nma®h (@), zeDcCyp,
mezZy |
hye (,0) = > (Vma®h (2,1), reDcypt, yeDcCy, (2.11)
mGZfH_
r ~
[[a-t) = > Mma®h(ts,....t), H€C |t <1 (2.12)
j=1 mez |

(see [11, Proposition XII.1.3], [9, Part III, Theorem V.3.10]). Using these, for a, 3, € C with
v & Ujzr (40 — 1) = Zo), let

1
o (yz) = Y o (),

mez , (V)m,d
+ 1 -«
oFY (viwy) = Y oy 2 (2:9): (2.13)
mezr,, \1/md
1 .
oFf(yith, . ty) = Y ) L (ty, ... 1),
mezZn | 7)m.d
a’ «Q ) B 9 T
ot (%) i Y el )
mGZj_+ Y)m,d
= (o, () m,d(B)m,d zp+
o (i) Yy Wty (2.14)
v merH— Y)m,d
o (a’ﬁ;tl,...,tr) =) —(O‘)m’d(ﬁ)m’déﬁl(tl,...,tr).
v meZl (V)m,d

oF1 converges for all z € p™, y € p~ or t; € C, and 2F; converges if v € D C pT, y € DcCyp™
or |tj| < 1. Especially if « = —k € —Z>, then 2F1d (_l;’ﬂ AT ,tr) becomes a polynomial on
C" of degree kr, and is well-defined for vy ¢ U§:1 (%(j -1)—{0,1,..., k}) In this paper we use
the same notation o F{ (‘@76 ity ... ,tr) for this pol};nomial even if v is a negative (half) integer
except for the above set, and similar for gFf+, oFf". By [11, Proposition XV.3.4], for t; € C,
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t:] <1 we have
It

a, - a,vy—p0 ¢ t
FHY P o) =TT =) rd (7 7P, 2L 2.15
21(7’1’ ) ]1:[1( s) 21< S P LA (2.15)
T PN _/8
=] -t PF <7 ’77 Tt t) (2.16)
j=1

By this formula we can show that

+ (a, e + (v —a,y—
o FY <,yﬁ;w,y>=h(:v,y)”°‘52Ff (7 ,YV ﬁ;x,y>

holds for x € D C p™, y € D C p~. Next, for k € Z>o, let

k.= (k,....k)eZ" ..
Loy ( ) ++

r

Then the following formulas hold.
Proposition 2.6. We assume p™ = ntC is of tube type.

1. For a = —k € —Z>o we have

—k, B (B)k,.d vk, —k—~y+2
F“+< ’ ;:L'>—”det —z)ky P ’ o Tia !
(B)k,

- Pl —k,y—p

= Ok a detys (e — x)Fo FP < P 5+n7(6—x) 1>
% —k, B o )

- (’Y)Er,d 2F7 <_k+/3—’y—|—:f’€ x|.

2. Let k € Z~qo. Then we have

lim (v )k d2FT (Oé:yﬁ’x> = Mdetn+( )kzF{‘Jr <O‘+k7/3+k;x>.

TRk (%)ET d rtk

Proof. (1) Since (—k)m,a = 0 holds for m; > k, we have

+
_ —k —mV —mV dp —mV
2F1n+ < k, 6, JZ‘) = Z ( )ET 7d(/8)kr .d k, (I)g-:_m\/ (I’))

! meZl (V)ET_mv’d (%)Er—mv,d
m;<k
and by
Ve (2) = detyr (@)@, (a71), A} =
(@) —mv.a = (@)k, d B (@)K, .d
k,—mVY.,d = =

(a+k—mY)yv gy (—1)|m|(—a—k+%)md’

(Bra=07(7)
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we get

oF1 (_k’ﬂ;@)
i

S (~Bga  Bra Y=+ g (—k)ma

df: dety+ (x)k{)‘;:: (x_l)

mezn | (%)m,d (_/B_k—i_%)m,d (V)Ervd (:})Er,d

m; <k

(B, k k (Bma (=7 =k + ) a dn o,
= ——="—(=1)""det,+ () — = ®p, (z71)

a2 T D, B

m]Sk

_ (ﬁ)krvd k nt _k7_k_7+% —1
= e a dety+ (—z) o FY < “k-pg4n T >

This proves the 1st equality. The 2nd equality follows from (2.15) with ¢; — t , ttj T ﬁ
The 3rd equality follows from the 1st equality and (—k — 8 + ;)k q = (—1)"”’(5)&761.

(2) We have

(M, a2 (a,vﬁ;gC)

+ +
(a)m d(ﬁ)md d?’n + md d’r)n +
=(Vi,d Y L, o, () + Z oy, (@),
mez’, | (V)m,d (%)m,d mezZ’ ’7 + k m k,.d ( )m ,d
my<k—1 mr>k

and when we take the limit v — © — k, the 1st term vanishes. Therefore by changing m to

m + k., we get

(@i, d(B)mrh adh
h£n (’7)& d?2 1Jr <a’ﬁ;x> = Z n n == (I)m-i-k ( )
Y= Y mEZT++ (7)md( )m+k ,d
_ B 5~ (@F BDnalf+ Fma B g (1) et ()"
(?)Er,d mezr (?)m,d (% + k)m,d
= <a)k’;1’d(ﬂ Er.d detyt (z)Fo 1 <a +nk’ 6k+ k?x). u
(F)E ,d v +

Remark 2.7. When r = 1, (1) follows from the more general formula [8, equations 2.9(33),
(34)];

o () -y oa (0 )

Mo —9N0) o g (55 =141
+F(a)F(’Y—ﬁ)( £ 2F1<B_O‘+17t)
Iy —a—-p) o, 1
- r(v—a)F('y—ﬁ)zFl <a+5—’7+1’1 t>
Fy)Na+ B —7) a—3 —ay=F
Mo L0 A ('v —p+1! t>
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Remark 2.8. In this paper, @fn(tl, cooty), oF3(y;te, ...y ty) and o FY (af;tl, . ,tr) are de-
fined only when

d=1,2,4, r € Z~o,
d=S28, r=1,2,3,
deZsg, d#1,2,4,8, r=1,2,

but these can be defined for general d € C, r € Z~( by using the Jack polynomials, and (2.10),
(2.12), (2.15) and (2.16) hold for general (d,r) (see Yan [40]). This oF{ coincides with a spe-
cial case of Heckman—Opdam’s multivariate hypergeometric functions of type BC, under some
change of variables, that is, for « € C, k = (ks, ki, k) € C3 and for sq,...,s, € C/2my/—1Z,

we have

2F12km <a7 ;j_r;lﬁfi%ﬂt%; (_: g 1); — sinh? 8—1, ..., —sinh? 82r>
= Fpc,.(a, — p(k),k; s1,...,8), (2.17)
where
1 r r
plk) =5 (ks Yotk 2+kn > ((6i—¢)+(a+ 6;')))
j=1 j=1 1<i<j<r

™

4k +kp(r—1,r—2,...,1,0)€C"

r

o |

(see Beerends-Opdam [2]). Here {¢;} C C” denotes the standard basis.

2.7 Holomorphic discrete series representations

From a Hermitian positive Jordan triple system p™, we construct a Lie group G by the Kantor—
Koecher—Tits construction, and let K C G be the maximal compact subgroup, as in Section 2.4.
Then the quotient space G/K is diffeomorphic to the bounded symmetric domain D in (2.1) via
the Borel embedding (Harish-Chandra realization):

G/K —=G%/K®P~

[

12 TQXP
4

D p+.

For g € G, x € p*, if gexp(xz) € PTKCP~ holds, then we write

gexp(z) = exp(n (g, 2))k(g, z) exp(r™ (g, 2)),

where 77 (g, z) € pt, k(g,2) € KC, and 7~ (g,x) € p~—. Then since 7+ (g,z) € D holds for
(9,2) € G x D, 't gives the action of G on D. From now on we abbreviate 71 (g,z) =: gz.
Also, since the Bergman operator B(z,7%) is invertible for z,y € D, B(x,%) € Str(p™) holds on
D x D. Moreover, since D is simply connected, we can lift B: D x D — Str(p™) to the map
B: D x D — K€ via the local isomorphism Ad|,+ K€ — Str(p*). Then

B(gz,99) = k(g,2)B(z,9)k(g, )", geG, zyeD

holds.
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Now let (7,V) be an irreducible holomorphic representation of the universal covering
group K K€ of KC. Then the universal covering group G of G acts on the space OD,V) =
O,(D, V) of V-valued holomorphic functions on D by

(F(9)f) (@) =7(r(g " 2)  flg7'x), g€G, zeD, feO(D,V),

and its differential action is given by

(d7(z, k, w) f)(2) = d7(k = D(z,w)) f(x) + flz —t(z + kx — Q(x)w))

i

for z € pT, k € €€, w € p~. Next we lift the Bergman operator to B: D x D — I?(C, and we
consider the function 7(B(z,7)) € O(D x D,Endc(V)). Then this is invariant under the diago-
nal action of G. Hence if 7(B(x,7)) is positive definite, that is, kaZI(T(B(xj,:Tk))Uj, vg)r >0
holds for any {a:j}é-vzl C D and {vj}ﬁvzl C V, then there exists a unique Hilbert subspace
H(D,V)C O-(D,V) with the reproducing kernel 7(B(x,7)), on which G acts unitarily via 7.
The representation (7, H(D, V)) is called a unitary highest weight representation. The represen-
tations (7, V) of KC such that the unitary highest weight representations H,(D,V) Cc O(D,V)
exist are classified by Enright-Howe-Wallach [7] and Jakobsen [15]. Especially, if its inner
product is given by the converging integral

1= Cr [ (r(B@))f(a).a(@)), Dety (B(a)) ' da

(a weighted Bergman inner product), then (7, H,(D,V)) is called a holomorphic discrete series
representation. Here we determine the constant C, such that ||v||+ = |v|; holds for all constant
functions v. B B

Next, let x: K€ — C* be the character of K€ normalized such that

dx([z,y]) = (z|y)p+, zep’, yep, (2.18)

so that h(z,y) = x(B(z,y)) holds. If (1,V) = (x> ® 7, V) for some representation (7o, V)
of K, then we write H,(D,V) = H\(D,V) C O(D,V) = O,(D,V). Then the reproducing
kernel is given by h(z,7) *ro(B(x,7)), and the inner product is given by

(f 9 am = CMO/D (r(B(x)™") f(x), 9(x))  h(x)* Detys (B(x)) ' dz

if it converges. Especially if (79, V) is trivial, we also write H,(D,V) = H (D) C O(D) =
Ox(D).

From now on we assume p* is simple and (79, V) is trivial. Then H,(D) is holomorphic
discrete if A > p — 1, and the inner product is given by

o a0x = (Frg)ape = Ca / f(2)g@)h(z)Pda,
[T, T (A= 2( - 1))
a5 =50G-1)

Next we consider another inner product on P(p™), called the Fischer inner product (see, e.g.,
[11, Section XI.1]), defined by

Ch =

(f.90F = (f.9)pp+ = — / Tt g = g<§x>f(:c)

=0

Then we have the following.
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Theorem 2.9 (Faraut-Korényi [10], [9, Part III, Corollary V.3.9]). For f € Pm(pt), g € P(p™),
we have

<fag>)\ = ()\)m

Here (A)m,q is as in (2.5). Since the reproducing kernel on P, (p™) with respect to (-, )p is

#<f,g>F.
d

given by e+ the following holds.

Corollary 2.10. For f € Pm(p™), y € pT, we have

<f7 (7 p+>A _

Now let e € p™ be a tripotent, and let rank(p™(e)2) =: r’. For = € p*, let 2/ € pT(e)2
be the orthogonal prOJectlon and regard P(p+(e)2) C P(p") via the projection. Then for
m = (mi,...,my) € Zi we have Pm(pT(e)2) C Ppmy,...m,, 0,..,0)(p7) since they have the
common lowest weight vector. Since p* and p*(e)s have the common number d, by the above
formula we get the following.

Corollary 2.11. Let e € p™ be a tripotent. For f € P(pT(e)2), y € pT, we have

<f($)’ e(:p‘y)p-k >)\’x7p+ —_ <f(l‘,), e(m/|y’)p+(e)2 >)\,3:’,p+ (e)2

Also, by Theorem 2.9 or (2.11), the reproducing kernel h(z,7)™" is positive definite if and
only if

Ae {O,g,d,...,g(r—l)}u (;l(r—u,oo),

and for these A there exists a unitary subrepresentation (D) C Ox(D). Especially, if A >

%(r — 1), then the space of K-finite vectors coincides with the space of all polynomials.

HAD)= = P(p")  if )\>g(r—1).

2.8 Restriction to symmetric subalgebras

Let G C GC be connected simple Lie groups constructed from a simple Hermitian positive
Jordan triple system pT via the Kantor-Koecher-Tits construction (Section 2.4), so that g€ =
pt @ €€ @ p~ holds. We consider a C-linear involution ¢ on p*, and extend to an involution on
£ = ste(pt) € End(p*) by o(l) := olo. Using this, we set

pf::(p) —{xepi\a —a:}
py = (") " ={rept|o(@) = -z},
=" ={1et o) =1},
b=t =€ N,
oi = (%) =pi D Oy,
gr:=0" =97 Ng,
and let Gl,G(C K1, K& ¢ G® be the connected closed subgroups corresponding to g1, g%,

El,f({: C g© respectively. Such (G G1) is called a symmetric pair of holomorphic type (see
[19, Section 3.4]). Also let G; € G and K& ¢ K€ be the connected closed subgroups of the
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universal covering groups of G and K© corresponding to g; C g and E({: C €€ respectively, and let
Dcypt, Dy C pf’ be the corresponding bounded symmetric domains, so that D ~ G/K ~ é/[?,
Dy ~ G1/K; ~ G1/K; hold.

Next, we consider a finite-dimensional irreducible representations (7,V’) of K C. and let
H,(D,V) C O;(D,V) be the corresponding unitary highest weight representations of G if it
exists. Then the restriction %, (D, V)|, decomposes discretely and the multiplicity is uniformly
bounded if (G,G1) is a symmetric pair of holomorphic type (see [19, Theorem B]). Moreover,
if H-(D,V)z =P(p*,V) holds, then since pf C g© acts on H,(D, V) by differential operators
of constant coefficients along p; C pT, the set of pf—null vectors is

(HT(‘D7 V)f{')pf— = ,P(p;—? V)7

and every irreducible Gy-submodule of H,(D, V)| G, is generated by some irreducible KC-
submodule of P(p;, V). That is, if P(p5,V) is decomposed under KC as

,P(péh V‘[?ic) = @m<7_7 pj)(pj7Wj)7 m(T7 pj) € ZZO7
J

then (D, V) is decomposed under G abstractly as

)
Ho(D,V)|g, = > m(r,pj)Hy, (D1, W) (2.19)
J
(see Kobayashi [19, Lemma 8.8], [18, Section 8]. For earlier results, see also [16, 30]). By this
decomposition, there exist GGi-intertwining operators

Frp: He(D,V) g, — Hp, (D1, W),
Flo o My (D1, Wy) — Ho (D, V)],

TP; "

.7-"7‘—ij is called a symmetry breaking operator, and fTij is called a holographic operator, according
to the terminology introduced in [24, 25] and [26] respectively. By the Riesz representation the-
orem, these operators are always given by taking the inner products with some kernel functions,
and by [33, Section 3] these are rewritten in differential expressions as follows.

Theorem 2.12 ([33, Theorem 3.10]). Let (7,V) be a KC-module, and (p,W) be a KE-module
which appears in P(py) @ V‘f(ic' Let K(z2) € P(p; , Home(V,W)) be an operator-valued poly-
nomial satisfying

K("kzs) = p(k) 'K (z2)r(k),  z2€p,, keKFL.

1. Assume H,(D,V)p = P(p™,V). We define the operator-valued polynomial Fip(z) =
Fly(z1,22) € P(p~ Home(V, W) by
Fh(2) = Fhy (21, 20) o= (e Iy K(@)"), 4, = (K(w2), e ).

Then the linear map

f(z)

x2=0

FL: HA(D,V) — Hy(Dy, W), (fipf)(xl)zpip<£g)

intertwines the él—action.
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2. Assume (G,G1) is symmetric, and also assume “MH,(D,V)p = P(pT,V) holds” or
“Hp(D1,W) is a holomorphic discrete series representation”. We define the operator-
valued function Fjp(l‘z; wy) € O((DNp3) x py, Hom(W,V)) by

<e(yl |wi)

Frglaziwn) = o I K (@) Y007) 7 (B(y1, 73)))

X

Then the linear map
0
Fiyi HDLW)g, = 0D Vg, (Fua) = 5y (2 - ) 1)

intertwines the (g1, K1)-action.

Here we identify Homc(V,W) ~ V @ W ~ Homc (W, V) via the K- and Kj-invariant
inner products on V and W respectively, and we normalize 8% and 8%1 with respect to the
bilinear forms (-|-)y+: p™ x p~ — C and ("')PT: py x p; — C respectively. We note that since
Fip(z) is always a polynomial, Fip is a finite-order differential operator, and hence extends to
the continuous map ]:ip: O (D,V) = O,(D1,W). On the other hand, since Fjp(xg; wy) is not
a polynomial and ]-"TT,, is an infinite-order differential operator in general, this is originally defined
on the space of K-finite vectors. However, if H o(D1, W) is holomorphic discrete, then (]—"TTP f) (=)
converges uniformly on every compact set in some subset D' C D, and analytically continued
for all z € D, and therefore F; 7p extends to the continuous map .7-"7,) Op(D1,W) = O,(D,V)
(see [33, Theorems 3.12)).

The symmetry breaking operators are also characterized in terms of polynomial solutions of
certain differential equations. That is, any operator in Homg (O7(D, V), 0,(D1, W)) is given
by a differential operator (localness theorem, [24, Theorem 5.3]), and its symbol satisfies some
differential equation. For w € p*, let Bﬁi (w) be the differential operators given by

B (w): P(pt, V) — P(p*,V),
(B (w)f)(2) =D %(ZIQ(e;,eg)w)p+

a,B
Bf'i (w) : P(p_v HomC(‘/a (C)) — P(p_v Hom(C(V> C))v

! >f of
(B2 (w)£)(2) ._gz(Q(e;,eg>wyz)p+ 50 (2) - Z 9o ()T (D(eg,w)),

% f

0
W(Z) —d7(D(w,e)) Z —f(z), (2.20)

+
- 074

where {ef} C pT is a basis of pT, and {zF} is the coordinate of pT for the dual basis {eZ} C p*
with respect to (+-),7: pT x p¥ — C, so that
(B2 (w)=e"* Iy = ((Q(a)wle)ps Iv = dr(D(a, w)))e Pt = (d7(0,0,w))e P Iy,
(B (w)(fO)))(z) = (B @) 1)),  w,zep, wept, fePEhV)
hold, and BY (w) coincides with the algebraic Fourier transform of the L2-dual operator of
d7(0,0,w). These are generalizations of the Bessel operator B, in [6] or [11, Section XV.2].
Theorem 2.13 (F-method, [25, Theorem 3.1)). Let (7,V) and (p, W) be K- and I?ic—modules

respectively. Then we have the isomorphisms

Homg (Or(D, V), 0p(D1,W)) ~ Homye g, - (wY mdg%p (v¥))
)

F(kz) = p(k)"'F(2)7(k) (z€p™, ke KF), }

~ {F(z) € P(p~, Home(V, W) (BY (w1) @ Iw)F(2) =0 (w1 € py)
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Here, the isomorphism between the left and right hand sides is given by taking the symbol
of the differential operator. Moreover, if H,(D,V) # {0}, then it induces the operator in
Homg (H+(D, V), H,(D1,W)) (see [24, Theorem 5.13]). Now, as in [33, Remark 3.11] we have

((BF (w1) @ Tw) Fr,) () = ((BY (wn), @ Iw) (0" I K(@2)"). 0,
= ((A7(0,0,w1))ee ™ Iy K(72)") 1,

= — ("t Iy (d7(w71,0,0)).K(72)*) =0, (2.21)

Fpt,x
and since
dim Homé1 (O+(D,V),0,(D1,W)) = dim Hom@1 (H-(D,V),H,(D1,W))
= dim Homf(? (P(p3) @ V,W)

= dim (P(p; ) ® Home(V, VV))’%iC

holds if H-(D,V)z = P(p™,V) by (2.19), these two approaches coincide for holomorphic
discrete range. On the other hand, we do not know a priori whether the analytic continuation
of ]:ip exhausts all of symmetry breaking operators or not, and we need further study on the
differential equation (2.21) for non-holomorphic discrete range.

Now we assume pT is simple and (7,V) = (x*,C) with A > %(r —1). Then for any
involution o on p*, p = (p*)~7 is a direct sum of at most two simple Jordan triple subsystems.
Let ¢; € {1,2} be the number such that

(@1ly1)p+ = e1(zalyn) z1 €, Y1 EP.

If p; is simple of rank 79, then according to the decomposition

Pp3) = D Pulps)

keZ'2,
under K€, H,(D) is abstractly decomposed under G as

Ha(D)lg, = Z® Hea (D1, Pic(p3))-

T2
keZ2,

Similarly, if p3 = pJ; @ p3, is a direct sum of two simple subsystems, let rank pj; = 7/, rank p,
= 7", and write pf = pE, D1 = Dj5. Then according to the decomposition

P = D D Pelpiy) BPi(p5)
kezt , 1€z,
under KT, H, (D) is abstractly decomposed under Gy as
O P
HAD) g, = > > Hen(Drz, Puclpiy) R Pi(p)
kez' 1€z’

(see Kobayashi [19, Theorem 8.3]). Since these decompose multiplicity-freely, the G1-intertwi-
ning operators are unique up to scalar multiple for A > %(7’ —1).

The object of this article is to compute the inner product (f,g) for f € Pk(p;) or f €
Pk (pi;) X Pi(p3,) and g € P(pT). Then since

(F(@), 9(@))ne = (@), (g(2), "Dty = ((F(@), "Dt g(2)), (2:22)
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holds, it suffices to compute ( f, el FPpt >>\. As in (2.21), this becomes a solution of Bptk(wl) for

wy € py. This result is applied for determining which (g, ) submodule of O)(D)f contains
the (gl, K 1)-subm0dule generated by Pk(pg) for singular A, and for explicit construction of the
intertwining operator (symmetry breaking operator) Hy(D) — H., )\(Dl,Pk (p; )) However,
it seems difficult to compute this for general k € Z'?, or (k,1) € Z’jr/ L X qur/; In this paper,
we assume pT, p; are of tube type, and compute <f,e("2)v+>>\ for f € P(k+l&271)(p2+) or

fe P(ﬁwkrg—l)(p;) when pJ is simple, and for f € Pr,, (pfl) X Py (p;z) when p3 = pf; @ pas.
Also, without the tube type assumption, we compute the poles of the meromorphic continuation
of <f, ol 1Z)p+ >>\ with respect to A € C for wider cases.

3 Preliminaries 2: Explicit realization

A simple Hermitian positive Jordan triple system p* is isomorphic to one of the following:

p==C", Sym(r, C), M(q,s;C),
Skew(s, C), Herm(3,0)C, M(1,2;0)C.
Here, Sym(r,C) and Skew(s,C) denote the spaces of symmetric and skew-symmetric matrices
over C respectively, and Herm(3,Q) denotes the space of 3 x 3 Hermitian matrices over the

octonions @. In this section we fix the Jordan triple system structures on p* and the realization
of the representation spaces Hy (D).

3.1 The case: p* = Sym(r,C), M(q, s;C), Skew(s, C)

In this section we consider p* = Sym(r, C), M(q, s; C), Skew(s, C), with the Jordan triple system
structure

(o de o xpT xp™ —p®, {ayy, 2} = alyz + 2y
and the antilinear map =: p™ — pT taking the complex conjugate on each component. Especially,
for x € pT, the map Q(x) is given by

Q(z): pT —p*,  Qx)y = a'yz.
The numbers (n,r,d,b,p) are given by

(3r(r+1),r,1,0,r +1), p* = Sym(r,C),
(g5, min{q,s},2,|g — s/,¢ +5), p* = M(qg,s;C),
(35(s—1),5,4,0,2(s — 1)), p* = Skew(s,C), s: even,
(%s(s - 1), bJ ,4,2,2(s — 1)), pt = Skew(s,C), s: odd,

(n7 T, d7 b7p) =

the generic norm h: p™ x p~ — C is given by

hz.y) det (I — a'y), p* = Sym(r,C), M(q,s;C),
z,y) =
Y det ( —x y) 1/2, p* = Skew(s, C),

the bilinear form (-|-),+: p* x p~ — C is given by

el = 4 FEY) PE=Sym(r,©), M(g:0)
’ Str(aty), p* = Skew(s,C),
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and the bounded symmetric domain D C p* is given by
D = {x cpt | I —xx* is positive definite}.
If p* = Sym(r,C), M(r,C) or Skew(2r,C), then pT is of tube type. In this case, e € pT is

a maximal tripotent if and only if ee* = I, and for a fixed maximal tripotent e € p*, p™ has
a Jordan algebra structure

1
v-y=glee’y+yew), wye pt,
with the Euclidean real form

nt ={zep’|ere =1},

and the determinant polynomials

det(z)det det(y) det + = M
ety oy = JACETET, [y dee), = S ©), Mir.©),
Pf(z)Pf(e), Pf(y) Pf(e), p* = Skew(2r,C).
For x € pT, the inverse 2=/ = P(z) "'z € pT and 'z~ ! = Q(x) "o € p~ are given by
! = ea:fle, by = tp= 1,

Next we consider the Kantor-Koecher-Tits Lie group G and the subgroup K€ c G,

(Sp(?“, R)v GL(Tv C))) pi = Sym(r, C):
(G, K%)= 4 (SU(g,5),8(GL(g,C) x GL(s,C))), p* = M(q,s;C),
(SO*(2s), GL(s,C)), pt = Skew(s, C),

where the action Ad|,+ of K Con pt is given by

k. = ka'k, ke K®=GL(r,C), zep"=Sym(r,C),
(k,0).x =kaxl™t, (k1) € K€ =S(GL(¢q,C) x GL(s,C)), z€p" = M(q,s;C),
k.a = ka'k, ke K =GL(s,C), zep™ =Skew(s,C).

Then the Bergman operator B: p* x p~ D D x D — KT is given by

B(z,y) =1~ 'y, pi = Sym(r,C), Skew(s,C),
B(.T,y) = (I—ﬂj‘ty, (I_tyx)_l)a pi :M(Q>57(C)7

-

and for A € C, the character x> of the universal covering group K€ normalized as in (2.18) is

given by
X (k) = det(k) ™, p* = Sym(r, C),
X (k1) = det(k) ™ = det()*,  p* = M(g,s;C),
X pE = Skew(s, C).

|
>
—
Ny
~—
I
(o}
]
-+
—
=2y
~—
|
>
~
[\

When pT = M(q, s; C) we also consider

(G,K€) = (U(q, s),GL(g, C) x GL(s,C))
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instead of (SU(g, s),S(GL(g,C) x GL(s,C))), and for A1, A2 € C, let x~*'~*2 be the character
of K€ given by

X M2 (k1) = det(k) M det(1)*, ke GL(¢,C), e GL(s,C). (3.1)

Then y =~

2209 (GL(g,C)xGL(s,C))~ = X 1?2 holds.

Next, let (7,V) be an irreducible representation of K C. and consider the Hilbert subspace
H.(D,V) C O(D,V) = O.(D,V) with the reproducing kernel 7(B(z,7)) if it exists. Then G
acts unitarily on H,(D, V). If it is a holomorphic discrete series representation, then the inner
product is given by

C. [ (r(( = ")) ). g@), detl] = a®) ™ ida, - p* = Sym(r.C),
(s = / —xx* 1, I— x*x)f(a:),g(a:))T det(I — xx*)_(q+5)dx,
p* = M(q,5;C),
C / —zx* l)f(as),g(x))T det(I — zz*)~ ¢ Vdz,  p* = Skew(s, C).

When (7,V) is of the form (7,V) = (X*’\ ® To,V) or (X*’\l’”‘? ® 70, V) for a fixed represen-
tation (79, V) of K€, we write O.(D,V) = O\(D,V) or Ox,12,(D, V), H(D,V) = H(D,V)
or x4, (D, V). Similarly, when (7,V) = (x*,C) or (x *~*2,C), we write (7,0;(D,V)) =
(T)\v O)\(D)) or (TM,)\z? O>\1+)\2 (D))7 (727 HT(Dv V)) = (TM H)\(D)) or (TM,M?HM-HQ (D))7 and
write (-, -)7 = (-,-)x. Then H,(D) is holomorphic discrete if A > p — 1.

Next we fix notations of irreducible representations of GL(s, C). We take a basis {ejtiz1 C
HEY of the dual space of a Cartan subalgebra h C gl(s, C) such that the positive root system
of gl(s,C) is given by {¢; —¢; | 1 < i < j < s}. For m = (mq,...,m,) € C° such that
m; —mjy1 € Z>o, let VIEIS ) be the irreducible representation of é\i(s, C) with the highest weight
mi€el + -+ + mgeg, and let Vn(ls)v be the irreducible representation of 614(8, C) with the lowest
weight —mie; — -+ — mge,. Especially, if m € Z3 then Vrﬁf) and Véf)v are reduced to the
representations of GL(s,C). Using these notations, each KC-subrepresentation of P(p*) =

Dmez;, Pm(p™) is given by

Pan(Sym(r. ) = Vi o1, o) = Vo - m e 7,
Paa(M(q,50) = Val VRV =Vl R, g<s, mezi,
Pen(M(q,5C) =~ VIV BV = ViRV, g>s, mezZ,,
Prn(Skew(s, C)) ~ V) = VY mezbH

(m17m17m2 m2,...;M | s/2] M| s/2) (,0))

and the characters y~*, y~*""*2 of K€ are given by
=V, =, G = Sp(r,R),
A1, —A (@)v (s) (@)v (s) _
A V(/\p ) BV o = V)\jq &V&S, G =1U(g,s),
Y= V((;,Y.,g) - Vﬁv G = SO*(2s).

Next, for d = 1,2,4, m € Z', |, we define a polynomial éﬁﬁ) (x) on M(r,C) by

Bl () = By (1, 1), (3.2)
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where t1,...,t, are the eigenvalues of z, and éfn(tl,...,tr) is as in (2.7). Then for z,y €
M (q, s; C), since the non-zero eigenvalues of zty, y'x, ‘zy and 'yx coincide, we have

o) (2'y) = B4 (v'z) = &% (wy) = B4 (y).

Also, by (2.10), (2.12), we have

otr(@) — Z o (), x € M(r,C),
mezZl
det(I — .fL‘)i)\ = Z ()\)m,d(i)ggl) (LU), T e M(’I", C)’

mezn |

where |z|op, is the operator norm on M (r,C). Similarly, let

M'(s,C) := {x € M(s,C) | all non-zero eigenvalues of = have even multiplicities},

|z]op < 1,

and for d =1,2,4, m € foj, we define a function iﬂi] (z) on M’(s,C) by

é%’l} (.’I,') = i)fn(tl’ . ,tLS/QJ)7

where t1, 11, t2, 2, ..., 1525 ts/2) (,0) are the eigenvalues of x. Then we have
@ = 3™ dil(w), x € M'(s,C),
mez!/?
det(I —z)™?% = Z ()\)m,d(i)[r‘ril](x), z € M'(s,C), |z|op <1.
mez!/?
Using these, b (2,y) € Pm(pT) @ Pm(p~) is given by
. bl (a'y), p* =Sym(r,C),
®h, (w,9) = ¢ B (a'y), p* = M(q,5;C),
ol (z'y), p* = Skew(s,C).
Also, for a, 8,7 € C with v ¢ U, (4(j — 1) — Z>0) we define
1 ~
oF PV (yz) = 3 & (x), z € M(r,0),
meZ" (V)m,d
Yt
1 -
oFl(ve)= Y ), € M'(s,C),
mezl®/? (Mma
++

2Fl(d) (a’y w) — Z M@%)? x € M(r,C),

|z]op < 1,

|z]op < 1.

(3.3)

(3.6)

(3.7)
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3.2 The case: p* =C"

In this section we consider p* = C" with n > 3. For = Y(z1,...,2,), y = (y1,...,yn) € C",
let q(z) :== 22 +--- + 22, q(v,y) :== 2191 + -+ + Tyn. We consider the Jordan triple system
structure

Qz): pT—p*,  Qa)y:=2q(z,y)z — q()y,

and the antilinear map =: p* — pT taking the complex conjugate on each component. Then we
have (n,r,d,b,p) = (n,2,n — 2,0,n). The generic norm h: p* x p~ — C is given by

M, y) =1 —=2q(z,y) + q(x)q(y),
the bilinear form (-|-),+: p* x p~ — C is given by
(@[y)p+ = 2q(x,y),
the Bergman operator B: p* x p~ — End¢(p™) ~ M(n,C) is given by
B(x,y) = hiz,y)I —2(1 - q(x,9)) 2"y — y'z) + (a'y — y'z)",
and the bounded symmetric domain D C p™ is given by
D= {wept |1-20(@.3) + q@)? >0, la(x)| < 1}.

pT = C" is of tube type, and e € pT is a maximal tripotent if and only if e = tu holds for some
teC, |t|=1and u € R" C C", q(u) = 1. For a fixed maximal tripotent e = tu € p™, a Jordan
algebra structure is defined on p™ such that e becomes a unit element, with the Euclidean real
form nt C p* given by

nt = ¢t(Ru+ v-1(Ru)*) c C,

where (Ru): C R" is the orthgonal complement of Ru in R™ with respect to q(-,-). The
corresponding determinant polynomials det,+ () on p* are given by

dety+ () = g(x)g(e),  dety-(x) = q(z)q(e),
and for z € pT, the inverse 27! = P(x) "'z € p* and t2=! = Q(x) "'z € p~ are given by

- 30g) g

Next we consider the Kantor-Koecher-Tits Lie group G and the subgroup K€ c G,

(G,K%) = (SOy(2,n),50(2,C) x SO(n,C)),

where K© acts on p* = C" via the map Ad|,+: K& — Str(p™) C Endc(p™) ~ M(n,C),

CO'SH sin 6 N =T
—sinf cos6

We lift the Bergman operator B: pt x p~ D D x D — Str(p*) C Endc(p™) to the map
B:DxD — Kc~or B: D x D — KC through the above covering map. Also, for A € C, the
character Y~ of K€ normalized as in (2.18) is given by

- cosf sinfd e V'
X ((—sin@ COSH)’Z)_G '
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Next, let (7,V) be an irreducible representation of K C. and consider the Hilbert subspace
H.(D,V) C OD,V) = O(D,V) with the reproducing kernel 7(B(z,7)) if it exists. Then G
acts unitarily on H,(D, V). If it is a holomorphic discrete series representation, then the inner
product is given by

(f,9)7 =C~7 /D (r(B(z,2)7") f(2), 9(2)) (1 — 2q(2,7) + |g(2)*) "dz,

where the Lebesgue measure dz on p* = C” is normalized with respect to (z|7),+ = 2q(z,7).
When (7,V) is of the form (1,V) = (x ™ ® 79, V) for a fixed representation (19, V) of K,
we write O-(D,V) = O\(D,V), H-(D,V) = H\(D,V). Similarly, when (7,V) = (x~*,C),
we write (7,0,(D,V)) = (1x,Ox(D)), (7, H+(D,V)) = (a, HA(D)), and write (-,-) = (-,-)a.
Then H (D) is holomorphic discrete if A > n — 1, and then the inner product is given by

(frg A—C,\/ f(z 1—2q(33 Z) + |q(z)] )A_ndx.

If n = 1,2, then C is of rank 1, C? is not simple, and we have local isomorphisms
SOp(2,1) ~ SL(2,R) = Sp(1, R),
SOp(2,2) ~ SL(2,R) x SL(2,R) = Sp(1,R) x Sp(1,R).

For these cases, let Hx(Dso,(2,1)) € O(Dso,(2,1)) be the Hilbert space with the reproducing
kernel

(1—2q(z,7) + q(ac)@)"\ = (1—a7)" 2,

and let Hx(Dsog(2,2)) C O(Dsoy(2,2)) be the Hilbert space with the reproducing kernel

(1 2¢(z.9) + q(«)q(y))
= (1= (o1 + vV=Tz2) (31 + V=132)) (1 = (21 — vV=1m2) (1n — V—11)) ",

so that we have the isomorphisms

HA(Dsog(2,1)) = Haa(DsL2,r))>
HA(Dsoy(2,2)) = Ha(Ds12,r)) ¥ HA(Dsr,2.r))-

Next we fix notations of irreducible representations of Spin(n,C) for n > 3. We take a basis

{e]-}JLZ/fJ C h®V of the dual space of a Cartan subalgebra hT C so(n,C) such that the positive
root system of so(n,C) is given by

{eite |1 <i<j<n/2}, n: even,
{eite|1<i<ji<|n/2]}u{e|1<j<|n/2]}, n:odd

For m € zl"/21 y (Z+ )Ln/2J such that my > --- > my, 9y > |mn/2\ for even n, my; > --- >

mp/2) > 0 for odd n, let Vg] be the irreducible representation of Spin(n,C) with the highest
v

be the irreducible representation of Spin(n, C)
] Vo

weight mi€r + -+ + My /2/€n/2), and let V[n
with the lowest weight —mier —- -+ —m|,,/3/€|n/2). Especially, if m € Z1"/2] then Vi

reduced to the representations of SO(n C). Using these notations, each K C—subrepresentatlon
of P(C") = @meng Pm(C™) for n > 3 is given by

P ((Cn): —mi— m2@v[”]v

(ml ma,0,.. 70)
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When n = 1 we write
P(C) = D Ca™ =: P P(psq, 1)) (C):
m=0 m=0
and write V*[l] = V;[l]v = C. When n = 2 we write

PC) = @ Clor+vVIo)™ (01— VT2)™ = B Pomaann (),

m1,me=0 m1,m2=0

and for m € Z, let Vn[?} — vl _ Cy, be the representation of SO(2,C) such that Pm (Cz) ~

—m

y-mmme VY polds.,

mi1—ms2

3.3 The case: p* = Herm(3,0)%, M (1,2;0)°

In this section we consider the exceptional Jordan triple systems. For detail see also [33, Secti-
ons 4.3 and 4.4]. First we consider p* = Herm(3, Q)®, the complexification of the space of 3 x 3
Hermitian matrices over the octonions @. Let (-|-)y+: p™ X p~ — C be the bilinear form

(z|y)p+ = Reg tr(zy) = Reg tr(yz),

where Reg: @C — C is the C-linear extension of the octonionic real part. For 2 € Herm(3, Q)%,
let 2! be the adjugate matrix, that is,

N o .
&1 3 Z2 §283 — 1101 T2¥1 — &373 w371 — 2o -
T3 & 1| = | wiwe —&323 386 — xele X3T2 — 171 |, & eC, z;€ 0,
T2 T1 &3 T123 — §owy wox3z — §101 12 — 1303

where x; — I; is the C-linear extension of the octonionic conjugate, let
1 = L (ot
det(z) := = tr (z2) = = tr (2*2),
3 3
so that % (zz* + 2*z) = det(x)I holds, and for z,y € Herm(3,0), let z x y be the Freudenthal

product given by

zxy = (z+y) —at -,

so that  x & = 22% holds. Now we consider the Jordan triple system structure

Q@): pT —p*, Q2= (zly)pre —af xy,

and let =: p* — pT be the complex conjugate with respect to the real form Herm(3,Q) C
Herm(3,@)C. Then we have (n,r,d,b,p) = (27,3,8,0,18). The generic norm hot 1 pT xp~ = C
is given by

B+ (,9) = 1= (aly)ps + (2*]y7), . — (deta)(det y)

and the bounded symmetric domain D C p™ is the connected component of {z € p* | h(z,T)

> 0} which contains the origin. p* = Herm(3,0)C is of tube type, and for z € p*, w=! =

Q(x)~lz € pT is given by

¢, —1 11
det(x)

2t
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The Kantor-Koecher-Tits Lie group is given by G = E7(_s5), and the maximal compact sub-
group is given by K = U(1) x Fg.

Next we take a primitive tripotent ¢/ € pT, and consider the Peirce decomposition p* =
pE(e)2@pT(e)1 @pt(e')o. Then since K acts transitively on the set of all primitive tripotents,
pi(e’ ); are isomorphic for all primitive tripotents ¢/, and we have

pE(e)a~C,  pT() ~M(1,2,0)%  pF(e)g ~Herm(2,0)¢ ~ C?,

where the isomorphism Herm(2, Q)€ ~ C!9 is taken such that the quadratic forms

10
det | 32 x1>: — 213, = 2ep(cto
e (3: £ &283 — x121 q(x) JZ::I% ( )

1

coincide, and the bilinear forms on p*(e’)g x p~(€')o,

10
(@[ Ham@oe = Reotr(zy),  (zly)cw = 2q(x,y) =2 z;y;
j=1
also coincide. Especially if ¢/ = Ey; = (é §§ , then for z19 € M(1,2;0)C ~ p*(E11)1, y11 €
O

C~p (Ei1)2, Y22 = (Zf f];) € Herm(2,0)C ~ p~(E11)o we have

0 << 0 $12>> <y11 0 ) _ (Re@ (212 (y22"%12)) 0 )
12 0 0 y22 0 y11 ("T12712) )

-1
¢ —1 -1 Y11 0 0
0 0
(2/81 > _ <y61 _1> =1 0 m3/det(y2) —yi/det(ya)
Y22 Y22 0 —g1/det(yz2) 12/ det(y22)

+

Next we consider the involutions o7 on p* given by

ol ==exp (V-1rD(e €)) = pr(e)2 — Lot ey, + Lpt(er)os
o = exp (V=1r(Lys = D(€',€'))) = —Iyr(eny, + Ly eryy = Lyt (en)o

2

and extend to the involutions on g€ = ¢% such that they act on €€ = ste(p*) C Ende(p™)
by aj(l) = afﬁlafj, and act on p~ by transpose. Then we have

:t —
e ~u(l) ou(l) @so(10), g7 ~sl(2,R) @s0(2,10), g% ~u(l) & eg_1a)-

Next let dx g,y dXsL(2,R), AXEg 14y AXSping(2,10) Pe the characters of € ~ gl(1,C) @ ¢§ and

[pT(e");j,p™(¢');] C EC respectively normalized as in (2.18), and let dyy(1) be a suitable character
+

of the centralizer of eg(_14) @r C in gC, so that the restriction of AXE;_ys tO (€)% is given by

£ = dxsr(2,r) + dXsping(2,10) = AXEg 1) + dXU)-

Then as ((KC)Uj)o—modules, Pm(pT(€);) C P(pT(€');) are given by

-2 - 2
Pm(c) = XSL(ZL,R) = XE:Z,M) 0 XUTl)a m € Zx>,

Cy - —Im] (10]v
Pm(Herm(2,0)~) ~ XSping(2,10) X ‘/v(mlme,0,0,0,0)

_ —Im]/2 —2|m| [10]v 2
= XBg1a BXU1) B Vimy—ms,0,0,0,0) m e 75,
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.ON\CY ~ —Im] —|m|/2 [10]v
Pm(M(1,2;0)7) 2 Xg,0r) ¥ Xspin, (2,100 ¥V,

mitmg myp—mg my—mgy mj—my mj—mg
2 T 2 T 2 T 2 T 2

—3|m| [10]V

= 2
= E6(714) mi+mg mi—mog mi—mg mi—mg mj—mg )’ m c Z++
2 ’ 2 ’ 2 ’ 2 ) b}

Next, we fix an imaginary unit j € O of the Cayley—Dickson extension O = H ¢ Hj, and as
in [41, 42] we consider the map

ij: H* @ Herm(3,H) — Herm(3, 0),

§1 w3 @2 &1 T3 +azj T2 — agj
(a1,a2,a3), | T3 & 21 = | 23 — asj ) 1+ aij
ro 1 &3 T2 +azj T1—aij &3

We fix two isomorphisms
ot H-"5 {ae M(2,C) | aty = Joa}

such that ¢~ (a) = T (a) holds, where Jy := (_3), and identify
H3 SD—} {a € M(2,6;C) | aJs = Joa} C M(2,6;C),
Herm(3, H) @—N; {z € Herm(6,C) | xJs = JsT}

% {z € Skew(6,C) | xJs = JsT} C Skew(6,C),
*J6

J2 0 0
where Jg := 82 {)2 }J ), and -Jg denotes the right multiplication by Jg. Then by complexifying
2

this, we have the linear isomorphisms
Lji: M (2,6;C) & Skew(6,C) — p* = Herm(3,0)C, (3.8)
and the Jordan triple system structure on M (2,6;C) & Skew(6, C) is given by
Q((a,z))(b,y)
1 .
= (a,tba — azly + Joba™ + 3 tr (:Uty)a, rlyx + (taJQa) x ty + tr (atb)a: — zlab — tbax),
where for = € Skew (6, C), 27 € Skew(6,C) is defined by
(@) = (—1)FH Pf (@i5)i jeq1, .60\ (k1)) 1<k<I<6, (3.9)
so that zo# = 2%z = Pf(z)I holds, and for x,y € Skew(6,C), x x y € Skew(6,C) is defined by
zxy = (z4+y)" —a” —y”.
Also, the bilinear form (-|-),+: p* x p~ — C becomes
1
((a,x)|(b, y))p+ =tr (atb) + 3 tr (mty).
Let in be the involutions on p* given by

i = In(2,6:0) — Iskew(6,0)s o; = —Inm(2,6,) T Iskew(6,0);
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and extend to the involutions on g€ = ¢%. Then we have

+ —

7~ su(2) @ u6) ~su(2) Bu(6), o7 ~su(2,6), g% ~su(2)®so*(12),

where (K”Ji)o ~ S(U(2) xU(6)) ~ SU(2) x U(6) (up to covering) acts on M (2,6;C)P Skew (6, C)
by

(k,)(a,z) = (kal™*, det(l)12'), (k,1) € S(U(2) x U(6)),
(k,1)(a,x) = (det()"?kal™,1z%),  (k,1) € SU(2) x U(6).

+
The restriction of the character xp, _,, of K€ to ((K®)7 )g is given by

~y® (6)

X Er(_25) ‘((KC)JJ W V(%%) X V(*i’*iv*iv*iv*i’*i) as an S(U(2) x U(6))-module,
~1® (6)

XEr7(_a5) ‘((KC)"J_)O S V(o,o) X V(% 11110y as an SU(2) x U(6)-module,

Pm(M(2,6;C)) C P(M(2,6;C)) (m € Z2 ) is given by

. (2)v (6)v
Pm(M(Q’G’C)) Vv(m ,ma) IZV'(OOOO —mao,—m1)
(6)v
IZ (m1+m2 m1+m2 m1+m2 m1+m2 mi1—mgy 7m1+m2>
2 ’ 2 ’ 2 ’ 2 ) 2 ’ 2

as an S(U(2) x U(6))-module,
Pua(M(2,6;C)) = V!

mi1—mg 7m1+m2
2 ’ 2

2)V 6)V
~ v x VO oy -
(m1—m2,0) (m1+m2 mit+mg mitmg mitmg mg—mo m1+m2>
2 2 2 T2 2 T 2

as an SU(2) x U(6)-module,
and Pm (Skew(6,C)) C P(Skew(6,C)) (m € Z3 ) is given by

o) = VOV

m1+m2+mg m1+m2+ms mij—mg—m3 ml mo— m3 —mq+mg— m3
2 ’ 2 2 2 2 ’

Pm (Skew(6,C))

12

—mjtmg—m3 —mj— MQ+m3 —mj—mg+tmg
2 ) 2 ) 2

1

vV Ry OV as an S(U(2) x U(6))-module,

(0,0) (—m2—m3,—ma—m3,—m1—ms,
—m1—mg,—mi—ma,—mi1—mz2)

Pun(Skew(6,C)) ~ VOV m OV

(0,0) (m1,m1,ma,ma,m3,ms3s)

as an SU(2) x U(6)-module.

Next we consider Jordan triple subsystems of p'* := M (1,2;0)® ~ p*(e/);. Then we have
(n,r,d,b,p) = (16,2,6,4,12), and the generic norm on p’* is given by the restriction of that
of p* = Herm(3,0)®. This p'* is not of tube type. We take a maximal tripotent e € p'* and
consider the Peirce decomposition p'™ = p’*(e)2 @ p’t(e);. Then we have

p'E(e)y ~ OF ~ C8, p'E(e); ~ 0° ~ C8.

Let 0. be the involution on p'* given by
oc = exp (1V/—1D(e,e)) = Lot (e)s — Lyt (e)ys

and extend to the involution on g’'® = eg. Then we have
(£)7 ~u(1) ®u(l) & s0(8), ()7 ~u(1l) ®so(2,8).

Let dx g _,,, and dXspin,(2,8) Pe the characters on ¢'C ~ gl(1,C)@50(10,C) and [p*(e)2,p'~(e)a]
~ gl(1,C) @ 50(8,C) C ¥ respectively normalized as in (2.18), and let dxy ) be a suitable
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character of the centralizer of 50(2,8) ®r C in g'C, so that the restriction of dX Eg_y4 tO (£C)oe
is given by

dXEG(,M) (eCyoe = dXSpin0(2,8) + dXU(l)'

Then as ((K'C)%¢)o-modules, Pm(p'*(e);) C P(p'T(e);) (m € Z2_) are given by

Pm(p/—i-(e)Q) ~ XS—IL:;IJ) - < V[S]\/

( s ) (mlgm27m12m2,m12m2’m12m2)
+ —|m]|/2 3 m| [8]v
Pm(p ( ) ) XSp1n0(2 8) X XU( ) X V<m1;m2 m12m2 m12m2 _mlng)'

Next we take the primltlve tripotent ¢’ = Eq; € pT, and realize p’i as p/jE = pi(Eu)l. Then
under the identification LJ M (2,6;C) @ Skew(6,C) = p*, we have

:ceM(4,2;(C)}

o {020 a)laEM(2»4;C)}@{<OZa:2 t$>

04x4
~ M(2,4;,C)® M(4,2;C).

The Jordan triple system structure on M (2,4;C) & M (4,2;C) is given by

Q((a,2))(b,y)
= (atba - ng(ngtl‘)# + tr (a:ty)a — ax'y, xtyx — (tana)#yJQ + tr (atb)m — tbaac),

where for x € Skew(4,C), 27 € Skew(4,C) is defined by

0 a b e\ 0 —f e —d
—a 0 d e |l f 0 —c b
~b —d 0 f - ¢ 0 -—a
—c —e —f 0 d —-b a 0
We consider the restriction of the involution aj+ on g€ = e‘7c to the subalgebra g'C = eg. Then

we have
()7 ~s(u(2) ©u() ®su(2),  (¢)% ~su(2,4) @ su(2),

where ((K’)U;r)o ~ S(U(2) x U(4)) x SU(2) (up to covering) acts on M (2,4;C) & M (4,2;C) by
(k1. ko, k3)(a,2) = (kraky ', det(ko) ‘hoxks ).

The restriction of the character x gy _,,, of K'C to ((K"C)"J'JF)0 is given by

(2) (4) (2)
XEg(-14) ‘ ((K'C)UJ?L)O V(373) X V( L %77%’7%) X V(O,O)’

and Pm (M (2,4;C)), Pm(M(4,2;C)) (m € Z3 | ) are given by

m(M(2,4;C) =~ V@Y gy WY = VY

)
Pm(M(4,2;C))
~ V(Q)V X V(4)V X V(Q)V

- ('m1+m2 ’m1+'m2) ('mlfmz —mi+mg —mj—mgy 7'm177n2) (m177n2 77n1+7n2)
2 ’ 2 2 ’ 2 ’ 2 ’ 2 2 ’ 2
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Y@V

(m1—m2,0)"

2)V %4 V(4)v

- (0,0 (=mg,—m1,—mi—maz,—mi—m2)
= ((8125),06%) € pt, and realize p'* as

Next we take the primitive tripotent e’ :
£: M(2,6;C) & Skew(6,C) = p*, we have

p’F := pT(e’);. Then under the identification L
T 05><1>

I+ a 0 .
p —{<01X5 a> aEM(l,S,(C),oze(C}EB{(OlXE) 0

~ C @ Skew(5,C) ® M (1,5;C).
The Jordan triple system structure on C @ Skew(5,C) @ M (1,5;C) is given by

ze Skew(S,C)}

#
Q((a,z,a))(B,y,b) = (azﬂ + %tr (xty)oz + Pf(2)%, z'yx + o Proj < <tg —5@) )

1
+ (ozﬁ + atb)x — zlab — blaz, a'ba + 3 tr (xty)a — axly + BPf(x)),

z —ta

r ) = z, and for z € Skew(5,C),

where Proj: Skew(6,C) — Skew(5,C) is defined by (

Pf(x) € M(1,5;C) is defined by
(Pf(2))i == (=1)" Pf ((wi)i jeq1, .50\ (8} 1<k <5. (3.10)
* on g = e(g to the subalgebra g'C = eg. Then

We consider the restriction of the involutions o;

we have

(¥)7 ~u(1) & s(u(1) & u(5)) = u(1) & u(5),

(@)% ~sl(2,R) @su(l,5), (¢)7 ~u(l)®so*(10),

where ((K’)"J‘i)o ~ U(1) x S(U(1) x U(5)) ~ U(1) x U(5) (up to covering) acts on C& Skew(5,C)

® M(1,5;C) by
(k,det()) 1, 1) (e, z,a) = (Ko, kdet(l) "z, det() tal™?),
(k,det(1)71,1) € U(1) x S(U(1) x U(5)),
(k,1)(ev, z,a) = (k=3 det(1)/%a, 121, k® det(1)/?al ™), (k,1) € U(1) x U(5).

Let dxsr,(2,r) be the character on the subalgebra gl(1,C) C #'C corresponding to C C p’*, and
let dxy(1) be a suitable character of the centralizer of 50*(10) ®g C in @’®, so that the restriction

+
of the character xpg, _,,, of K'® to ((K'C)°s )0 is given by

(5)
V(11111

~ (1)
XE6<,14> ‘ ((K/C)O-J?F) - XSL(Q,R) IX V% ‘X 1111
0
as a U(1) x S(U(1) x U(5))-module,
X

as a U(1) x U(5)-module,

XE6(_14)‘((KIC)O-j_)O 212121272

P (C) (m € Z>p) is given by
—2m MV g V(Efé,vo,o,m as a U(1) x S(U(1) x U(5))-module,

Pm(C) = Xgr2.m) ¥ Vo
as a U(1) x U(5)-module,
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Pm(M(1,5;C)) (m € Z>p) is given by
P(M(1,5:C)) ~ Xgm R BV R v(gég;oﬁo,_m) as a U(1) x S(U(1) x U(5))-module,

Pu(M(1,5C)) = ximwveOy - - as a U(1) x U(5)-module,
and P (Skew(5,C)) (m € Z% ) is given by

Pen(Skew(5, C)) ~ xg o ) ¥ v;1)+m2 TN

miq—mg ml mo 7m1+m2 7m1+m2 7m1 mo
2 2 2 2 2

—XSL(2R) (=m2,—m2,—m1,—mi,—mi—mz2)

as a U(1) x S(U(1) x U(5))-module,
Pm (Skew(5,C)) ~ X%(1) X V((s)v as a U(1) x U(5)-module.

m1,m1,ma,m2,0)

4 Key identities

Let p™ be a simple Hermitian positive Jordan triple system. In this section we assume that p+
is of tube type, fix a maximal tripotent e € p™, and consider the corresponding Jordan algebra
structure on p*. Let n™ C p™ be the Euclidean real form, and let Q C n* be the symmetric
cone. We set rankpt =: 7, dimp™ =:n =1+ dr(r — 1). For k € Z>( we write k, := (k,..., k).
. . - ——
First we want to prove the following. M

Theorem 4.1. Let f1, fo € P(pT). We take k € Z>o such that

ff(k) (z) = det+ (2)* f1 (z71)

18 a polynomial. Then for Re A > 27” —1,zeQCn’ Cp", we have

(fi(z) “)"+>,\

(z),e -
=L ety (o) A0 (DY detys (22 (o), oDt
- ()‘)E 4 nt 1 8 2 Atkx”

Here, we normalize 2~ with respect to the bilinear form (-|-)y+ = (-|Q(€)-),+: p* x p* — C.
In order to prove the theorem, we recall the Laplace transform on the symmetric cone  C n™.
For a measurable function F' on €2, its Laplace transform is defined by

F(z2) = F(w) = / e~ Gt F(2) dz, we Q++v/—1Int.
Q

If the integral converges, then F'(w) is a holomorphic function on Q + /—In*. Moreover, for
z,a € €,

1 G0t Bl dw = Fi(z
T oy P00 = £

holds if the integral converges, and does not depend on the choice of a € € (see [11, Section IX.3]).
Especially, if F(z) € Pm(pT)detys (2)* 77, then its Laplace transform is known. For A € C,
m € C" let

i d
d — (9 \dr(r=1)/4 G
YA +m):= (27) | |F<)\—|—m] 2(] 1)),

j=1

rd(\) = (2m)drr=D/4 HI‘()\ - g(j — 1)). (4.1)

=1
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Theorem 4.2 (Gindikin [11, Lemma XI.2.3]). Let m € Z', ,, f € Pm(p™).
1. ForReA>2 -1, we Q++/—1In", we have

/ o™t f(2) detys (2)) Fdz = T\ + m) f (w™ ) detys (w) .
Q

2. For Re \ > 27” —1, z,a € Q, we have

d
1;272)\\/:?) /a+\ﬁn+ (Z‘w)ﬁf(w_l) det,+ (w) Mw = f(2) detn+(z))‘_%,

and this does not depend on the choice of a € ().
Especially, for f(z) € Pm(p™) we have

oy Gt (1Y det, s (w) Ndw = 2
BT oy e 1 107 dets )M = 1 2,

and comparing this with Corollary 2.10

<f7 e("g)'ﬁ >>\ -

det+ (z) M7

we get the following.

Corollary 4.3. For Re A > 27" —1, f e P(p™), z,a € Q we have

- n T9(N
<f:e("z)"+>,\ = detn+(2)’\+r(27rr( )1)" / - e(z|w)n+f(w’1) det,+ (w) M dw.
\ a++/—1In

Proof of Theorem 4.1. Let fi, fo € P(p"). Then by using Corollary 4.3 twice, for Re A >
27”—1,z€vieget
T

(fi(@) fal), et )|
Té())

= detys (2) M 2 NEIT / i eClWwt £ (w™1) fo(w™1) detyr (w) Adw

A+ F?()‘) z|w k — —A—
= detn+ (Z) A+Tw/a+ﬁn+ e( | )“+ ff( )(w)fg (w 1) detn+ (w) A kdw

= dety+ (2) 7 ff k)< : >( o /+F T et fo (w1 detys (w) ~*Fdw

2my/—1)n
d
_ ) (00 TN =2 o)
— detn+( ) fl (82) m det <f2 pT >)\+k’z
1 _ n 0 - T|Z
= 4()\)/% - dety+ (2) Hrff k:)(8 >det )\+k <f2 ol )p+>/\+k7x. [
Next we consider an involution o on p*, and let p := (pT)?, p3 = (p*)77. We take

g9 € {1,2} such that
(xQ‘%);ﬁ = 82(:(;2 ’@)p;ﬁ 2,Y2 S p;— (42>

holds. In this section we assume that p; is also of tube type. We take a maximal tripotent
ee€ p; . Then e also becomes a maximal tripotent of p*. We consider the corresponding Jordan
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algebra structure on pT, let nt C p*, ny C p; be the Euclidean real forms, and let Q C n™,
Qs C n; be the symmetric cones. Then we have

det,+ (xg) = detn2+ (562)62, T9 € p;r

In addition, if pJ is a direct sum of two Jordan triple subsystems, then we write p5 =: pf; ® ps,

p =: pf,, rankpf, =: ', rankp3, =: r”. In this case always g5 = 1 holds, and p]; = nfl(c and

pd, = nj,~ are also of tube type. Now we want to compute

(F(xs), et F(x2) € Pic(p3)

Az

for p* = pf @ p; case, and
<f1(x11)f2(x22),e(‘”‘g)ﬁh’m, fi(z11) € Pe(pfh),  fo(waz) € Pi(pd)

for p™ = p]; ® pf, @ pd, case. However, it seems difficult to compute these for general case.
From now on we assume F'(z3) = det,,+ (z2)k f(22), f(m2) € P(p3) NPy(pT) for the former case,

and fi(z11) = det“ﬂ (z11)F € Pk, (pfl) for the latter case.
Theorem 4.4.

1. For p* = p @ pd case, let Re X > 27” —1,k€Zso,1€Z,, and f € P(p;) NPip™).
Then for z = z1 + 20 € Q Cnt C pT we have

¢ detn; (22)F f (22), el2pt >)\,z

1 n 1 k 2k _n
= dety+(2) "M det_+ (8> detn+(z))‘+§2 " f(z2).

(Mak/es 414 "2\ g9 02y

2. For p™ = pj, @ pjy © p3y case, let Re X > 27" —1, k€ Zsy 1€ Zil_ir, and f € P](pgz).
Then for z = z11 + 212 + 2220 € Q C nt C pT we have

{ detnﬁ (211)F f (222), ™2t PN

T

1 n 9 \* i
= det+ (2) M7 det —— ) dety+ (2)MFTT f299).
Mk, 41,4 v () g, (3222) ot (2) f(z22)
Here we normalize 8%2, afﬂ with respect to the bilinear forms (-|-), 4 pélr % p; - C,

(-|-)n;2: P3s X pgy — C, and identify 1 € Z’jr”Jr and (ly,...,0n,0,...,0) € Z',. This theorem
is regarded as an analogue of the Rodrigues formulas for Jacobi polynomials. For such formulas
for symmetry breaking operators in tensor product case, see also [4].

Proof. (1) Let
Proj,:  pt=pl@p; —p3,  (21,22) — 2
be the orthogonal projection, and for k € Z>o, 1€ Z', , f € P(p3) NPi(pt), let
fi(a) i= det g (22)" = dety (Projy(@)¥,  fofa) i= f(az) = f(Projy(a)).
Then by Proposition 2.4(1), for z = x1 + 22 € pT = p] @© p5 we have

Proj, (xij) = (zg — P($1)x2_1)_17

dety+ ()? = dety+ (v2 — P(x1)z5 ") dety+ (22),
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and hence

5 1 - k
FIEM (@) = detye ()52 et (Proj, (7))

= dety+ (22)*/%2 det,+ (22 — P(xl)xgl)k/EQ det,, ¢ (22 — P(acl)xz_])*k
holds. Also, by Corollary 2.10 we have
_ (a[2) _ 1
(fo(z) P+> A2k eaz (f(wg),e vt >,\+2k/62,q; By By f(22).

Therefore by Theorem 4.1 we get
<detn;r (2)F f (w2), Pt )

Az
1 A+ H(2K/e) (O Ap2k_n
= Wy et (YA ) et (2775 T (o), o)y
1 n o\ \" Ap2b_n 1
= det s (2)" M7 det (Proj ()) dety+(2)" &2 "————f(z
()‘)2k/82r,d n*( ) ng 2 Oz n+( ) ()\+ %)ld ( 2)
1 1 (9 k )\+%,Q
= det M det o | — det = ,
(N2k/es +1,d et (2)7 “n <€2 62’2> ehat (2)77 72 7 f(22)
(2) Let
Projij:  p" =pf; @ plh S p3y — b, (211, 212, 222) — 2ij

be the orthogonal projection, and for k € Z>g, 1 € Z++, f € Pi(p5), let
fil) i= detyy (en)* = detys (Projuy (@), fole) == Flaz) = F(Projn(a)).

Then by Proposition 2.4(2), for = x11 + x12 + 22 € pfl @ pfz D p;Q we have

Projy; (x_l) = (fvll — P(mlg)x521)_1,

detn+ (.’E) = detn-li—l (:En — P($12).’E22 ) det + (1‘22)

and hence
#(k) _ . —_1\\k
(@) = detys (2)F det wh (Projy; (z71))
= detn z(ng)k detnﬁ (.%'11 — P($12)$22 ) det + (.%'11 — P(xlg)ng)*k
= deth2 (afgg)k (4.3)

holds. Also, since fg(a:) f(z22) € Pi(p3,) C Pi(p™) holds, by Corollary 2.10 we have
(f2) __ 1
(o) e ), = (Pl e H00), = s f o).
Therefore by Theorem 4.1 we get
( det, + (x11)F f (w2), ™2t >,\,x
5,

_ 1 (k) Ah—n (2]7)
= g et ()T ) detu ()M (), o
1

_ 1 A . (9 g Ath—2
= 7()\)&@ det+(2) detn;2 (Pr0322 (8z>> det,+(2) 7()\ s f(z22)

1 B k
= g oo ()7 ety () et (o). .



42 R. Nakahama

5 Computation for non-simple p;

In this section we treat p* = pj @ p3 such that pj is non-simple, and write p5 =: p]; @ ps,
pT =: pB, so that

(P+, pi_lv pi’—27 p;2)

(c*2,¢c, 4, C) (Case 1),
(Sym r,C),Sym(r’,C), M (r',7"; C), Sym(r”, C)) (Case 2),
_ ) (M(q,5C),M(¢,s';C),M(q,s";C) & M(q",s";C), M(q",s";C)) (Case 3),
] (Skew(s, C), Skew(s', C), M (s', s"; C), Skew(s”, C)) (Case 4),
(Herm(3,0)%, C, M(1,2;0)%, Herm(2,0)%) (Case b),
(M(1,2;0)¢, C, Skew(5,C), M(1,5;C)) (Case 6)

withr =7"+7", ¢q=¢ +¢", s = s + s". Then the corresponding symmetric pairs are

/

(SO0 (2, d—|— 2),S00(2,d) x SO(2)) (Case 1),

(Sp u(r,r )) (Case 2),

) (su( U(q,s") x U(q",s'))) (Case 3),
(.G = (SO U(s',s")) (Case 4),
(E7 ) X Eg— 14)) (Case 5),

(Eg(-1 ) x SO*(10)) (Case 6)

(up to covering). Let dimp* =: n, dimp]; =: n/, dimp3, =: n”, rankp* =: r, rankp]; =: 7/,
rank pj, =: 7, and let d, d’, d” be the numbers defined in (2.3) for p*, p{;, p3, respectively.
Then the numbers (r, 7', 7", d) are given by

(2,1,1,d) (Case 1),
(ryr’, 1", 1) (Case 2),

(ot " d) (min{q, s}, min{¢/, s'}, min{q”, s"},2) (Case 3),

ror' v, d) =
(Ls/2], 1s'/2], [s"/2],4) (Case 4),
(3,1,2,8) (Case b),
(2,1,1,6) (Case 6),

and we have d = d = d" if ',r"” # 1. Even when 7’ or "/ = 1, since d’, d” are not determined

uniquely and any numbers are allowed, we may assume d = d’ = d".

5.1 Main theorem

In this section we assume pj; is of tube type, that is, we assume ¢’ = s’ = 7/ for Case 3, and
s’ = 2r' for Case 4. We fix a maximal tripotent ¢’ € p];, regard p]; as a Jordan algebra, and
let nﬁ be the corresponding Euclidean real form of pﬁ.

Theorem 5.1. Assume py; is of tube type. Let ReA >p—1, k € Z>g, 1 € ZCFHJF, and f € Pi(ps,)-
For m,n € 7', we define the polynomials fmn € Pm(pgs) @ Pn(pgy) by

E Fmn (222, y22) = f(@22 + y22). (5.1)

,,.//
m,neZJr+
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We write z = 211 + 212 + 229 € pT = pﬁ @ pE @ p;Q. Then we have

<det + l‘ll)kf($22),e(xlz)P+>>\x
(A - drl)kud

et ) 3 “‘fn 3 fmn Qo)1) a0, m)
(A —357") (A+k—d),
k,,d k d ~ . L
= det n, . ’ _
Nk t1a et (11) Zn: — 4 %:f n(Q(z12)'217", 220 — Q(212)"217")
()\ Y )k m,d k < d /) _ .
= det z _k m )\+k— -7 m.n z A 72 .
(A)Eﬂrl,d()\_g?”,)ld of, (211) ;}( Jm,d 5 n’df n(Q(z12)" 21", 222)

Here, since f(x22 + y22) is a homogeneous polynomial of degree |l|, fm,n is non-zero only if
|m|+ n| = [1|, and these are finite sums. Moreover, if " < 7", then since the rank of Q(z12)t2,
is at most 7/, fmn (Q(zlg)tzl_ll , *) is non-zero only if m € ZCFI+

To prove the theorem, first we assume p™, p2+2 are also of tube type, fix a maximal tripotent
e=c¢ +e" €pf,®ps CpT, regard pt, pfy, s, as Jordan algebras, and let Q C nt C pT,
Qj; C nl C pij be the corresponding Euclidean real forms and the symmetric cones. Then by
Theorem 4.4(2) and Proposition 2.4(2), for 2 € 2 C n™ C p™ we have

<detn1+1 (211)* f (22), 1P D

1 o k .
- mdetn+( 28 . det"% (8222) detn*(z))\+k r f(z22)

_ .3 bl k
m(detnﬁ(mﬂdet%(zm —P(Z12)2111)) M2 dot . <>

X (det + (211) det,, + (222 - P(Z12)Z111))/\Jr

n

" f(z22)

_ 1 k t,—1\—A+% 2 \*
= m detnll (211) detn2+2 (222 — Q(Zlg) 211 ) detn2+2 <8222

f(ZQQ). (5.2)

n
'r

— I\ A +k—
X detn;2 (222 — Q(le)tznl)
We note that since for z = z11 + 212 + 299 € € we have
detn+ (Z) = detnirl (211) detn2+2 (222 — Q(Zlg)tzl_ll) >0,

and since Q is connected, 211 € Q11, 299 — Q(Zlg)tzil € (99 hold.
Next we recall the Riesz integral from [11, Theorem VIL.2.2]. For a closed set S C ng, and

for k € Z>q let
Ct(ngy) :== {F € C*(ng,) | supp F C S}.

Let Q55 C ng, be the closure of the symmetric cone Q2. When S N QS is compact, for
F € CY(ng,) the Riesz integral R) is defined by
1 "

A n
W /922 F('LUQQ) detng-2 (’LUQQ) r dw22, Re ) > W — 1,

T

where T'%,()) is as (4.1). Then if F € C%" (nd,), k <1, we have

o k
R)\(F) = R)\+k<det +2 (—aw22> F),

R\(F) =
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and this is analytlcally continued for Re A > %7 — [ — 1. Moreover, since Ry = do, for k € Z>
with k < —7—|—l—|—1 we have

6 k
detn;2 (8w22) F(—wa2)

In the following we set Q(Z12)t21_11 =: ago. Then for z99,a99 € n;2 with 299 — age € 99, by
putting

R_,(F) = det,_, <— )kp(wm)

Moo

w22 wa22=0 wo2=0

_d_n”
F(way) := det, 1 (222 — a2z — W) MR (299 — w22) Ly —agy— s (W22)

in the above formula,

N

a \" n
detn2+2 (222 — (122) T det + (6222) detn2+2 (222 — a22))\+k - f(Zgg)

o \*
B B Apn o N A+k—
= detn2+2(222 a)” detu;2 (62022) detn;r2 (222 + wa2 — ag2) * f(z22 + waa) _—

is given by the analytic continuation of

_ —A+2
detn;r2 (ZQQ OLQQ)

det + (7.022)_k_j
Ff//(—k) /9220(2’22 —ag2— Q22) M2z

X detn;rQ(Zm — agg — w2 )M FT f (209 — wag) dwas
d 1"
detn+ (222 — agg)_)""ﬁ’”/'*'% p_n
22 v / detn+ (wgg)i e
Fr” (_k) Q22N(2z22—a22—N22) 22
_d_n
X detn;rQ(ZQQ — agy — wop) M TRTET o f (222 — waz) dwag,

which originally converges when — Rek > 7;—,,,, —1, Re ()\ + k- %7“/) > :}—/l,l — 1. Now for a while
we omit the subscript 22, and prove the following.

Proposition 5.2. Let Rey > % —1, Rev > 2 -1, 1€ Z, and f € Pi(p*). We define
fmn € Pm(p™) @ Pu(p™) as (5.1). Then for z,a € n™ with z — a € 2, we have

detys (z —a) F7VH /( P detys (w — a)* =7 detys (z — w)" "7 f(z + a — w) dw
= dety+ (z —a)H VT /Q ( o detys (W)~ 7 detyr (z —a — w)" "7 f(z — w) dw
N(z—a—
_ ()
— Fg(,u—i-y)z M+dezfmn 2, )
L3 ()T (v)
= T +) Z u+1/ o 2 (22 =)
_ DT (v)

=Tt vt mzm(“)m’d(”“’dfm,n(av 2).

Then Theorem 5.1 for tube type p22 is proved from Proposition 5.2 by dividing each side
by I', () and putting = —k, v =X+ k — 57“ so that

Do) _Tw(tk—5r) (A _ dr’)
k. d7

Mt T 1) 2
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rd,(v) T+ k-4) T4,(0-%) (A=8r),,,

o) O TRO- G+ (- ),

Y
Y
and since each side of Theorem 5.1 is a polynomial in z, the equalities hold not only for z € Q
but also for all z € p™ by analytic continuation.

For the proof of Proposition 5.2, we prepare some notations. For m,n € Z', , , we decompose
Pm(p?) @ Pa(p™) C P(p* @ pT) as

Pm(p") @ Pa(p?) = P P @p™),

1
lesZ7 |

where PL, ,(pT @p™) is the sum of L-submodules in Pm(p™) @ Pa(p™) with the restricted lowest
weight —1;y1 — - - - — [, under the diagonal action of L, where L is the real form of K€ given
in Section 2.4, and {v;} C a;/ is as in Section 2.5. Then we have the following formula, which is
a generalization of the beta integral [11, Theorem VII.1.7].

Ijroposition 5.3. Let Rep > 7 —1, Rev > 2 —1, mmn e 2}, 1€ %ZTH. Then for any
f(@,y) € Ppanp™ ®pT), 2 € Q, we have

dety+ (2)7H V7 / f(w, z — w) detys (W)~ detys (z — w)¥~r dw
QN(z—Q)
I4(u+m)l4(v +n) ;
R )
Td(p+v+1)

Especially, if 1 ¢ Z._, then f(z,2) =0 € P(p*) and the above integral vanishes.

Proof. For f(x,y) € P(pT) ® P(pT) we define a function f"(z) € C(Q) by
fﬂ(z):::dehﬁ(Z)“V+Z&/n f(uuz'—Yﬂ)dehﬁ(UO“*%kk%n+(z——uﬂ”f%duk
QN(z—N)
Then for [ € L we have
(191 (2) = detye ()7 [ w1 ) detys () detys (2w~
QN(z—N)

= detn+(z)_”_”+7/ f(w, 1z — w) dety+ (l_lw)“_%
QN(l2—9Q)

x detys (2 — 17 'w)"" " detys (I7"e) " dw

= detyr (Iz) P+ / flw, 1z — w) detyr (w)* 7 detys (12 — w)’ " rdw
QN(l2—9)

= f(I2).

Therefore f(x,y) — f(z) is L-equivariant. Now we compute f(z) when f(z,y) € 731111711(15r
@ pt) is a lowest weight vector. Then f(z,y) satisfies f(lx,ly) = Ay(le)f(x,y) for [ € ALN;.
In this case, when 2z = le with [ € ALNZ, we have

A=) = fAe) = (F1,1)) " (e) = (Aile) f(-, ) (e) = Ar2) f(e), (5.3)
that is,

n

f/\(e)Al(Z) detn+(2)u+y_% = / f(U), z —w) det,+ (w)“_% dety+(z — w)" rdw
QN(z—Q)
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holds. Then by multiplying e #++(*) and integrating on { with respect to z, the left hand side
is computed by using Theorem 4.2(1) as

/Q ~ 0 (2) A () Ay (2) detyr (24T Tz = T+ v + 1) (e),

and the right hand side is computed by using the variable change z = z + y, w = z and again
by Theorem 4.2(1) as

// e ut f(w7 z —w) det,+ (w)“_% dety+(z — w)”_%dwdz
2€QweNN(2—-Q)

- / / e ot (1) £, y) detys (2)P 7 detys ()"~ + dady
zeN,ye
— T2+ m)T(v + m) fe, ).
Therefore we have

~ I‘f(,u + m)F,ﬁl(l/ +n)

f/\(e) - Pﬁl(,u—i-l/—l-l) f(eve)v

and by (5.3), we get

- = Id(p+m)l'e(v+n) - Iy +m)le(v+n) -
A _ A _ i r __r r
f (Z) —AI(Z)f (e) —A](Z) Fg(M—FV—Fl) f(e,e) - Fg(u_'_y_'_l) f(Z,Z)-
By the L-equivariance, this holds for all f(z,y) € Plln7n(p+ ®pt). [ |

Proof of Proposition 5.2. The 1st equality is clear. Next we prove the 2nd equality. Since
as a function of w, fmn(—w,z) € Pm(pt) = Pm.o, (p*t @ p™) holds, we have

detys(z —a) P 7VHT / ety (w)* 7 detyr (z — a — w)’ 7 f(z — w) dw
QN(z—a—Q)
= dety+ (z — a)TH VT Z/ detys (W)~ detys (2 — @ — )"~ fran (—w, 2) dw
QN(z—a—Q)
Pé(u + m)L() ré(u
=2 Fa(gy+m) e 0 = T HV %j D) defmn X
The 3rd equality is also proved similarly
detys (z —a) P7VH / detys+ (w)* 7 detyr (z — a — w)’ "7 f(z — w) dw
QN(z—a—Q)
= detys (z — a)TH VT / ety (W)~ detys (2 —a — w)’ "7 f(a+ 2z — a — w) dw
QN(z—a—Q)
= dety+ (2 —a)H VT Z/ det+ (w) 7 detn+(z—a—w)l’*%fmm(a,z—a—w) dw
QN(z—a—Q)
4T (v +n
o Fw(u +v+ )

_ D))
- D p+v) Z u+v me“
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Finally we prove the 4th equality. Since the map Py(pT) 3 f — fun € Pm(pT) @ Pu(p™) is
L ~ AL-equivariant, we may assume f = CI:)F € P(pt)EL (see (2.6)). We sum up the left hand
side with respect to 1 € Z7 . Then by (2.9) we have

Z det + (Z — a)*ufu+% / det+ (w)ﬂf% det,+ (z —a— w)yi%&)‘lﬁ (z B w) dw
1€27 QN(z—a—Q)
= det,+ (2 — a)—ﬂ—u-i—% / det,+ (w)”_% dety+(z — a — w)l/—%etr“+ (=) oo
QN(z—a—Q)
= detye (e =) [ detye (P - a) )
QN(e—Q)

X detn+ (Z —a— P((z _ a)l/g)w)u—%etrn+(z—P((z—a)I/Z)w) detn+(z . a)%dw

_ / det+ ()P~ % det,« (e — w)?~ 2 ezt ~(E=alw)y 4y,
QN(e—Q)

_ / det,+ ()P~ 2 ety (e — w)?— 2 elal)es +(Ele=w)s gy
QN(e—Q)

Form,n € Z" 1€ 177 ,, we define Krln’n(a, b;c,d) € Pﬁn’n(er EpH)ap ®77r1n7n(p+ ®p)ea by

el@lo)y++(0ld)+ — Z Z Z (a,b;c,d).

meZ’ | n€Z’ | e 2Z++

Then we have

/ det,+ ()"~ detys (e — )"~ % el@lW)us +(Ele=w)s 4y,
QN(e—Q)

= detn+ “rdetyr (e —w)" T Ky p(a, 2w, e — w) dw
n n |

mGZ nEZJrJr el Z:—-&-

-3 ¥ ¥ ’;j,ﬁyflj“>f<;,n<a,z;e,e>

mez’, nEZ++ lezr,

- Z pd(ﬂ+y+ Z Z V)ndKian(a, 25 e,€).

1€z | mGZ++ nezl |

Now since KL (a,z;e, e ®"+ a, z) holds, we get
m,n g

Z detys (z —a) P7VFT / detys (W)~ 7 detys (z — a — w)’ "+ B (2 — w) dw
1€Z) QN(z—a—Q)
= by~
- T G T T G e
lezr | P (,u + v + mGZfH_ nez’. mn

Then by projecting both sides to @, ,, P}n,n(lﬁ @ pt), we get the 4th equality for f = i)‘f,
and by the L-equivariace, this holds for all f € Py(p™). [ |

This completes the proof of Theorem 5.1 for tube type p;Q. When p;’Q is of non-tube type,
we take maximal tripotents ¢’ € pn, e € pgy, and let p™ := pT (e’ + )2, pgy = pap(€”)2,
ply = pt Npl, so that p*’ = pf; @ pfy @ p3y holds. For x € pt, let 2’ € p*’ be the orthogonal
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projection of x onto p*’. Now we take a polynomial f(x5,) € Py(p5;), and extend to a polynomial
f(z22) € Pi(p5,) on py. Then we have

J?m,n(x22,y22) = fm7n($/22a yéz) € Pm(pég) ® Pn(p;—Q,) C Pm(pg_z) ® Pn(péz)a

and since (Q(zlg)tzij)/ = Q(#}5)t21," holds, by Corollary 2.11 we get

<det“fr1 (xll)kf(xm)’ ol >)\,x,p+ = <detnf1 (xll)kf(xlm)v o'l )p+l>>\,x’,p+/

— ()\ — %T/)Ern,d det (Z )k Z(_k) ()\—f—k—drl) f~ (Q(z/ )tZ—I z/ )
()\)&ﬁl,d(/\—%r')l,d o —_— . 2 ) na mn 12/ 411 » 22
()\ o %Tl)k d d ~
= Rty dt k _km )\ k—f / . ¢ _1, .
<)\)Er+l’d(/\_%r/)l,d ety (211) g,;( ) ,d( - 2r>n’df 2(Q(z12)2 !, 222)

Now let €5, := [pdy, p3] C €€, and let KS, € K© be the corresponding connected subgroup.
Then since both

P(p3) — P(pT), f(w22) — <detnl+1 (211)" f(222), e @t M

5

and

P(p33) — Pm(p5) ® Pu(p3a), f(x22) = fron (T2, y22)

are K$-equivariant, and since Pj(p3,) is generated by Py(pjy) as a K$-module, the above
formula holds for all f € Py(p3,). This completes the proof of Theorem 5.1 for non-tube type pys.

Especially if both pJ;, p3, are of tube type (i.e., Cases 1, 2, 5, Case 3 with ¢ = s’ = 1/,
¢" =" =7" and Case 4 with s’ =21, " = 2¢"), and if 1 = L., f(z22) = detn;Q(xgg)l, then
since by (2.4) and (2.11),

z
det,+ (222 + y22)' = det, g (y22)'hyy (~222,"y")

ot
= det nd, (y22) Z lml 7d<I>f1212 ($U22aty2_21)

m

~nt
holds, where ®522 is as in (2.8), we have

L_qyiml b tay y
det, s (y22)" (=)™ (~)m.a®rd’ (w22, Ya3 ), 1 =L —mY,

fm,n($22,y22) =
0, n ;é L,,// — mv

where mY = (m,», mu»_1,...,m1). Therefore we get
k I (27
(et 1) detyg (e ),
d
(A— Er/)k vd

_ k, i z
= O\)Eﬁlw,d()‘ _ %T,)l iy detn1+1(211) detn;2(222)

m d = — _
Y (=)™ (k) ma(~Dma (A +k— 2""'>l . dq’%Z(Q(m)tle]?tZzQ])

d d
(A B ET/)ET//,d(A + k - §T,)Lrllyd k l
— . detn+ (211) detn+ (222)
Mk, 41,0a (A= 577), 4 " *

T
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(—Dma ot L
X Z )\ k — l n m)d (I)fﬁQ (Q(Zl2)t21117t2221)7

and the constant is computed as
d d
(A— §T,)@r//,d()‘ + k- irl)m,d
(A)ET""LT’Ud()\ - %r/)Lr//,d

_ ()‘ - d74/) kL yd ()‘ - %r”)ﬁr,,d
(A ket //,d(>‘ —ar )kr,,d()\ - %T/);r,,,d (Mgt ,.d a(A = grﬂ)&,,d()‘ - %T/)Lr,,,d
B (A+1-gr )k//d B (A+k— %T”) Ls,d
d

()‘)MT//,CZ()\ — 3T )Erhd B ()\)M /,d ()\ g ! Lord

(A + max{k,1} — %T’)M i

)

(A)Mrmd()‘ - %T”)k it oA = %T/)mm{k 1} ,.d
N (A + max{k, 1} — %T”)min{hl}r,,d .
R A O =)
Also, by Proposition 2.4(2) we have

t"hyt (t1'Q(z12) "2y ey ) = thy (t7'Q(212) 25", '217") € C[H],

~nt
and since ®h2? (Q(zlg)tzﬁl , t22_21 ) depends only on the roots of this polynomial, we have

~nt ot
D2 (Q(212) 21y, 125" ) = Ph (Q(212)"255", 21 ).
Therefore we have the following.

Corollary 5.4. Assume pj;, p3, are of tube type, and let Re A > 27” —1, k,l € Z>¢. Then for
2= 211 + 212 + 222 € pT, we have

(det, o (z11)" det ng, (x22)", S >/\:c

()\ + max{k, [} — % )mln{k 1},d

det 1 (211)F det,_ 1 (222)"
()\)(MT//,ET/_T//,min{k,l}T”)’ N n3,

+ —k, 1
w o P22 Q(z12) 2! 2yt ], =zt
_ 26 _)\ k—l+”Q(12) . .
- ()\ + max{k,l} — 5 ”)min{k,l} r»d

k l
()\)(k+l sl min{k,l} /)’d detnfl (211) detn%} (222)

7! —r

—k,—1
X 2F1pll n’Q(Zl2) 2221 ’ tZl_11 ’ 74/ S 74”-
| “A—k—1+

*
Here o F P is as in (2.14). By this corollary and by Remark 2.8, the inner product <detn;rl(9n11)’l‘C

x det nd, (122)!,e @12)p+ > \, 1s given by using a Heckman-Opdam’s multivariate hypergeometric
polynomlal of type BCpin - On the other hand, for general 1 € Zﬁr/:r, f(z22) € Pi(p5), the
inner product <detn1+1 (x11)* f(292), @pt > ), 18 not always given by that, since the generaliza-

tion of [, to 1 € Z:LNJF in the above formula does not fit with (2.17).
For later use we prove the following. Suppose p* = n*C is simple and of tube type.
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Proposition 5.5. Let 1 € Z' ., j € {0,1,...,1,}. For f(z) € Pi(p"), we put g(z) :=
dety+ (2) 77 f(x) € Py (p7).

1. Let m,n € Z' . Then for z,y € p™ we have

n A - n i
( i+ 1) Gin(@,9) — ( ; m) detus () foars n(1)

Zr? Zr

n L~
- ( + n> det,ﬁ— (y) ]fm,nJrl' (‘T7 y)
T i d "

r?

2. Let k € Z>o, k> j. Then for z,a € p™ we have

det — kdt —q)FI
€ly+ > eu+(z ) f(Z)
k—j

= (7: —J+ l> dety+ (2 — a) ™7 det,+ <(§z> dety+ (z — a)¥ detyr (2) 77 f(2).

J,d

Proof. (1) We compute det,+ (am) f(z

+y) in two ways. By [11, Proposition VII.1.6],
2y’ 0
detn+ <8x> f(x—i—y) = detn+ <8w> f

(n—j+l> dety+ (z + 1) f(z +v)
T l,,nd

o\’ )
det, + <85E> flz+y) = dety+ <8x

m
my>j
= detys (@) 75 (24 m) Y ot oy
m J
hold. We note that (f -7+ m) = 0 holds if m, < j. Then projecting both onto P, (p™) ®

Pu(p™), we get the 1st equality. The 2nd equality is also proved similarly.
(2) By dividing the 3rd equality of Proposition 5.2 by I'¢(11) and putting u = —k,

k
dety+ (z — a)* V7 detys (i) dety+ (z — )7 f(2)

=(v— k)Ede (1/(?2’)(16[ Z fran(a,z —a) = Z(l/ —k+n)g q Z fman(a,z — a)

n

holds, and putting v = k — j + 7, we get
a\" b
det,+ ((,%) dety+(z —a)" 7 f(2)
— n . 3
= dety+(z —a)™’ Z <r—]—|—n) meyn(a,z—a)

n
ne>j
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=dety+ (2 —a)™’ Z (::L + n> Z JEm,nJrl'T (a,z —a)

n krd m
—j n . n ~
= det,+ (2 —a) Z —+Jj+n —+n memﬂr(a,z—a).
n N\ k—j d \" jd m

Similarly, for g(x) := det,+ (z) =7 f(x) we have

n ' a\* ;
< —Jj+ 1) det,+(z —a)™7 det+ <> det,+ (2 — a)¥ dety+ (2) 77 f(2)

T jd 0z

n n
= _j+1> <+j+n> §m,n(a;2’—a)-
(T i, Zn: " k—j d ;

Then comparing these and combining with (1), we get the desired formula. |

If 1 = [, for some [ € Z>p, then Proposition 5.5(2) also follows from (2.16). By Proposi-
tions 5.5(2) and 2.4(2), easily we get the following.

Corollary 5.6. Suppose pfl, péz are of tube type. Let j, k € Z>p, 1 € Zi;, Jj < min{k,l.»} and
let f(w22) € Pi(pdy). Then for z = z11 + 212 + 220 € pT = p{; ® p5, ® p3, we have

Noo

2 \" 4
det + ((9222) dety+ (2)F77 f(292)

"

n . s 8 k=j k s
- (7“” —J + l>j ddetn+(z) J detnég <82’22> detn+ (Z) detng—Q(ZQQ) ]f(ZQQ).

5.2 Computation of poles

By Theorem 5.1, we can compute the poles of <f1 (x11) f2(x22), (@12t >/\7$ for fi(z11) € Py, (pf),

f2(z92) € Pi(pdy) with k € Zso, 1 < a <71/, 1¢€ Zig_, without the assumption that p*, pj;
and pQLQ are of tube type. In the following, for k = (ki,...,k.), 1 = (l1,...,l,) € Z", we write
min{k,1} := (min{ky,l;},...,min{k,,[.}), max{k,1} := (max{ki,l1},..., max{k,,[,}) € Z",
and write k <1if k; <[; forall 1 <j <r.

Corollary 5.7. Fork € Zso, 1 <a <1, 1€ Z,, let

(I, ylpr,0,...,0), a>1"
.= " . €Z%4,
(l17"'7la)7 G,ST'
0,...,0 > "
v 00 ‘=T ez, (5.5)
(la+17"'7l7'”707"'70)7 CLS’I’//

and let fi(z11) € Py, (011), fo(z22) € Pi(p3).

1. When z12 =0, we have

<f1 (211) f2(222), olT11+@22[211+222) 4 >>\ i

A—2qg
= 03 )ET”H’d f1(211) f2(222)

My, n1a(X = 5a)

(A = ga + max{k,, +1", ) mingi-1 01,0
= (e f1(z11) fa(222).

d
(A)Ea+ll7d ()\ B 50,) min{E,,.// +1"1},d
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2. As a function of A,

d |z
Ak, +17.d ()‘ - 2a> (fi(zn) folzan), TPt
min{k,.,+1",1},d )

= (A) (e, 41/ min{h, 1171y, a{ F1(211) fo(w22), P12t .

is holomorphically continued for all A € C.

3. Moreover, when f1(x11)fa(x22) #0, if lag1 =0 0rk=0o0rl=1, (Il € Z>o, 1 <d <7"),
then the above formula gives a non-zero polynomial in z € p* for all X\ € C.

Proof. (1) First we assume pj; is of tube type, a = 1/, fi(z11) = detnﬁ@n)k, and write

fa(z22) = f(w22) € Pi(p5y). In the 3rd equality of Theorem 5.1, if we substitute z15 = 0, then
only m = 0,,, n =1 term remains, and we have

<detn1+1(f€11 (1‘22) 111+122IM)p+>

)"
_ (A - )k et (211)F (= K)o d()\ +k— d?“') fo1(QU0)'21,", 202)
(Mk,+1 d()\ gr Mg Srits 2 v

()\ [21 )k //+1d det (Z )kf(z )
= + (<11 22)-
()‘)Eﬂrl»d()‘ - % /)l,d o

A,z

Next we consider general 131+1 and 1 < a <7’. We take a tripotent e’ € pfl of rank a, a maximal
tripotent € € piy, and let p* = pT (e’ + €”)a, p;;' = p;rj Npt. For z € pT, let 2’ € p*’ be
the projection of z onto p™. Then for fi(z11) = detnﬁ/(z’ll)k € Pi, (0711), fo(za2) = f(xhy) €
Pi(p35) C Pi(p32), by Corollary 2.11 we have

(filen) folwa),ePntomltzmyey

= (det, 1/ (2)F f (), e o2l o)y
11

Al pt
(A - %la)k (A - da)
R +1,d / k / 2 E v +1,d
= - det, 1+ (211)" f(252) = - fi(z11) fa(222),
()\)Ea+r,,+l,d (>\ - %a)l,d e (/\)kaJrT//JrLd ()‘ - %a)l,d
and since fi(x11)f2(x22) <f1 x11) fa(x22), € (=l Z)p+>/\m is Ki-equivariant, this holds for all

fi(z11) € Py, (011), f2(x22) € Pi(p3;). Finally, the constant is computed as

) ()\ - ga)kruﬁ-l,d
()‘)Ea+r'/+1»d(>‘ - %“)1,51 Mk, +1.d ()‘ - %a)kru+l”,d ()‘ - %la>1,d
(A — ¢a + max{k,, +1",1})

ki +Hl—max{k,n+1" 1},d
_d
(A)kﬁl’,d()‘ 2a)min{@T//+l”,l},d

()‘ - %CL + ma‘X{ET” + 1//’ 1})min{l—l”,ﬁru},d

d
()\)Ea-l-l/,d ()\ - fa) min{k,»+1"1},d

(2) Again we assume pj; is of tube type, a = 7/, fi(z11) = det,+ (x11)¥, and write fo(xo2) =
f(z92) € Pi(p5,). First let v’ > r”. Then by the 1st equality of Theorem 5.1 we have

< detnil»l (l’ll)kf("BQZ)v e($|5)p+ >)\7x
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(A= %r’) . i
B (/\)k—JrlE;d de tn1+ (zn)k Z ()\(d)) Z fm H(Q(le)tzﬁl — 222, 222)
o m 2" /md n
1 l’Il
= mdetnﬁ(zn)k%: oo % d -3 fmn (212)25)! — 222, 222).

Then since (—k)m,q is non-zero only if m; <k, and >, fm,n (Q(le)tzil — 299, 222) is non-zero
only if m; <, we have

d Tz
(Mk,/+1d <)\ - 27”/> < detnf1 ($11)kf(x22), @@+ >)\’z
min{k,,1},d
d
—detg () Y (Kma( A 5 m)

m<min{k, 1}

X men (z12)"217" — 200, 222). (5.6)

min{k,,,1}—m,d

Therefore the claim follows. Next let ' < r”. Then since fmm (Q(zlg)tzﬂl — 299, 222) are not
linearly independent in general, we use the 2nd equality of the theorem instead. Then we have

(det, + (z11)" f (w22), e(mlz)"+>

()\ d?") 5 )\ ke dr/
- Tﬂkdd detu, ()" Z (A= g;) d Z Q(z12)'211", 222 — Q(212)"217")
o n n, m
det _+ (211)" (/\ % )k o )
- ()\;; +'d 2 A =8")k 1 d(;i 5 ) na 2 Jmn(Qer2)' ! 222 = Q(ana) 'z,
- ’ n K+ ", n, m

Then since the rank of Q(zlz)tzl_ll is at most 1/, fmﬁn (Q(zlg)tzl_ll , 209 — Q(zlg)tzﬁl) is non-zero

only if my g = - =mm =0, and 3 fmn (Q(zlg)tzl_ll,zm — Q(le)tzl_ll) is non-zero only
if lyj <mj <ljforl<j<r’"—r"and0<n; <Ijfor " —r" < j <" which is proved
case-by-case by using the Littlewood—Richardson rule. Therefore we have

d T|Z
()\)ET/-HIA <)\ — 27’) <detn+ ($11)kf(x22)7e( \ )p+>/\x
min{k,»+1"1},d 11 y

_d, "
_(x T/ ()\ 5T + maX{E,,‘// +1 5 n})E,J/+n—maX{ETﬁ+1”,l‘l},d
2 in{k,n+1”1},d (A=4) ,

minyK,., 1581 <n<l 2 mlH{ETN'i‘l ,n},d

X detnirl(zll)k Z fmn(Q(212)217!, 200 — Q(212) 217"

d .
= detniﬁ-l (le)k Z ()\ — 57"/ + mm{Eru + 1//, l’l})

1 <n<1 min{@ru+l”,1}—min{ETU+l”,n},d

d = _ _
X ( - 57" + max{kr// + lll,n}> Z fm,n (Q(Zn)tzllj y 222 — Q(Zn)tzllj),

min{n—1"k »},d m

and the claim follows. For general pﬁ and 1 < a <7/, this is proved as (1) by using Corollary 2.11
and the Ki-equivariance.

(3) Again we assume pj; is of tube type and let a = 7/ > r”. Then in (5.6), by Lemma 5.8
given later, fmin{kw,1},max{1—kru,9w} # 0 holds, and its coefficient does not depend on A € C

and is non-zero. Now since all non-zero fm n are linearly independent, (5.6) is non-zero for all
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AeC. For general 1 <a <7’ and1e ZQHJF with l441 = 0, we take maximal tripotents e’ € pﬁ
of rank a and €” € p3, of rank min{a,”}. Then this is proved by reducing to p* (e’ + €”)2
using Corollary 2.11 and the Kj-equivariance. Next, when k& = 0, by Pi(p3,) C Pi(p™) and
Corollary 2.10, or the 3rd equality of Theorem 5.1, we have

()\)17d<f(3322), e(ac|2)p+ >)\,a: = f(222) 7é 0.

Finally, when 1 = [, with a’ > a, by exchanging the roles of (p{;,k,a) and (p3,1,a’), this is
reduced to the l,11 = 0 case. |

To complete the proof of Corollary 5.7(3), for 1 € Z’, | let

Proji: P(p™) — Pi(p")
be the orthogonal projection.
Lemma 5.8. Let |, m,n € Z', ,. Then the linear map

Omnt PiPY) — Pm(p?) @ Pa(p™),

f(2) = fin(2,y) = (Projm,, ® Proju ) f(z +y)

is ingective if and only if the linear map

Bam: Pm(T) @Pa(p™) — P1(pT),  gla,y) — Proj,.(g(z, 2))

is non-zero. Especially, for k € Z>,

alnin{@wl},max{l—@wgr}: Pl(er) — ,Pmin{kr,l} (er) ® ,Pmax{lfﬁr,gr}(er)
18 injective.
Proof. For f € Pi(p"), g1 € Pm(p™), g2 € Pu(p™), we have

<(a}n,nf)(‘r7 y)? g1 (x)QQ(y)>F7p+@p+

~ 1+ D D rprens =0 5 o) Fe+0)

=0 <66Z) 92 <66z> f(2)

1

mn

r=y=0

= (F(2).91(2)92(2)) gy = (), (Bhan(g1 ® 92))(2)) s

z=0

and hence o

almn is injective if and only if g

and ﬁ:nn are mutually adjoint with respect to the Fischer norms. Therefore
1

mn 18 surjective, and since Pi(pt) is irreducible, this holds

if and only if ,Bin?n is non-zero. Hence the first claim follows. Especially if m = min{k,,1},

n = max{l — k,,0,}, then for the lowest weight vectors,
(Brings, 1y max(1—t,.0,} (Bumingte, 1} (2) @ Amaxgiog, 0,3 (1)) (2) = Di(2) # 0
holds, and the second claim follows. |

Especially, by (2.22) and Corollary 5.7(1), for fi(z11) € Py, (p77), f2(w22) € Pi(p3,) we have

| f1(z11) fa(@2) |3 4+ = <<f1($11)f2(9022),e(x“””‘z”“”)p*>A7x7p+7f1(211)f2(222)>F’Z’p+

-0
2k +1,d
- ~ +d I £1(z11) 2 Al fa(za2) |2

(M, pr1a(X = 5a) 4 e P’

(5.7)
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and moreover, if p{;, p3, are of tube type, a =1', 1= 1 and fi(z11) = detnl+1 (z11)F, fo(ze2) =

l .
detn;2 (z22)", then since

n' n

"
H (ie‘cnl+1 (le)kHi“,zu,plﬁ = (70/) , H det . (222) HFZQQ,PQQ = <T,,>
’ Lo,d

Loty

hold (see [11, Proposition XI.4.1(ii)]), combining with (5.4) we get
/ " d
H B (%)Er,,d(%)w,d()‘ +1- ET/)ET//,d
Az pt (A)Mrmd()\ - %T//)ET/,CI

(n*/)k » d(n”)b,ud()\ + k— %lT”);T,,d
()\)ﬁr,,d(A - %T/);r”,d ‘

Hdet l‘u) det + J}22

5.3 Individual cases

In this section we observe ( detnl+1 (z11)* det ud (122)!,e (@ |Z)p+> (Corollary 5.4) under the explicit

realization of p™. For Case 1, if we realize pn ~ C, p12 o~ Cd, p22 ~ C as
P = {(0,...,0,73,—\/—712) |zeC}cpt = Cci+2,
pl = {(21,...,24,0,0) | z; € C} C p™ = C*,
pay 1= {(0,...,0,2,\/—712) |z € C} cpt =Ci?,

and take the maximal tripotent e = (0,...,0,1,0) € pf; ® p3, C p*, then for z = (z1,..., 24,
Zdi1, 2d+2) = (2, Zd41, Za42) € pT = CH2 we have

det“ﬁ (ZH) = 2g+1 + V—12442,

det, s (222) = Zat1 — V—1zay2,

~nt 1 m 1 / m
2 (Q(212) 2yt ) = E((Q(Zm)tzﬂlﬁz;;)w) = (—2 q(z)Q > :

I
22 m: Zip1 T Za40

and therefore we get

((Zapr + \/j1$d+2)k(l’d+1 - \/jlxd+2)la 2@ |

()\ + max{k,l} — )mm
O Dy Y ) o)
min{k,l

_k;7_l q(zl)
X o F d i |-
<_)‘_k_l+2+1 Zi1 T 2

For Case 3, for z = (3} 312) € M(r,C) = M(r',C)® M (r',»";C) ® M (", r';C) ® M (", C),

since
0 2 0 0 =z 0 0
t—1 _ Z12 11 12} _
Q(212)'2y = <Z21 0 > < 0 0) <221 0 ) N <O 22121_11212>’

~ it ~
@552 (Q(Zl2) 211 ) 222 ) )(3212111Z12222) (I’gn) (Z11 2123221221)

5(2)

where @y, is as in (3.2), we have

»

(det(z11)* det(wa2)', ") |
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A+1=1")g,2 k I (2)
= - det det F
Nty 20— e et(z11)" det(z22) 2 F)

_k7_l -1 -1
—)\—k—l—l-’l“/—{—rﬁ;zll 212299 221 |,

where 2F1(2) is as in (3.6). This result is extended to non-tube type case. Let ¢ = ¢ + ¢”,
s =+ " and assume ¢ < ¢, ¢" < §’. For z = (31 32) € M(q,s;C) = M(¢,s;C) ®
M(q,s";C)aM(q",s;C)deM(q",s";C), we write z11 = (2y,2{;) € M(¢,C)dM(q,s' —¢;C),
212 = (219, 213) € M(¢,q";C)oM (¢, 5" =q"; C), 221 = (291, 231) € M(¢",¢;C)pM(q",5'~¢';C),
299 = (2, 2h5) € M(q",C)® M(q",s" — ¢";C), and 2/ = (21 22) € M(q' +q",C). Then for

wir = (Iy,0) € M(¢,s';C), war = (Iy7,0) € M(q",s";C), by Corollary 2.11 we have

< det (l’ntwll)k det ($22tw22)l, etr(xz*)>
= (det(afy)* det(apy)!, e
()\ + l— q,)kq//,Q

= det(z'1)* det(zh,)"
Nert, 20— g,z o) detae)

2 k- . .
<2l (—A —k—l+q +q" (#11)™ " #1a(2h2) 1z§1>
A+ =02 . l
- L det (z11'w det (zo00tw
(Mt 2(A = ")k, 2 (211'w11) (2z22"w32)

—k, -l _ _
X 2F1(2) (_)\ —k—1l+d + q”; (letwn) 1Z12tw22(2’22tw22) 1Z21tw11>.

Az, M(q,s;C)

("))
>/\,w’7M(q’+q”,<C)

By the GL(s',C) x GL(s"”,C)-equivariance, this holds for all wi;; € M(¢,s';C) and we €
M(q",s";C). When ¢’ < ¢, ¢" > ", a similar formula is also proved by reducing to the inner
product on M(q' + s”,C).

For Case 6, since pJ, = M(1,5;C) is not of tube type, the determinant polynomial on p3,
is not defined. Instead we consider the polynomial f(ze2) = ($22tw22)l € P (M(1,5;C)) with
waz € M(1,5;C). Then we have

(_1)m(_l)m

ml ($22tw22)m (3/22tw22)lim,

fm,Z—m(mz, y22) =

L Pf(212), where Pf(z15) is defined

211

and for 211 € C, z12 € Skew(5,C), we have Q(zu)tzl_ll =
as in (3.10). Therefore we get

<J"]1§1 ($22tw22)la e(m|f)p+ >)\7x

l

(A =3)2hy B B (=)™~ { PE(z12) w22\ ™ e
(N k), 6(A —3) m:()( E)m(A+k —3)i—m - ( o > (222"w22)

IO k)| B SRS l (=k)m(=Dm Pf(212)wap \ ™
N ()\)k+l()\ — 3)[ 11( 22 22) Z: (—)\ — k-1 -+ 4)mm! <211(2’22th2)> '

m=0
We summarize the results for f(z22) = detn;2 (z22)!. Here gFl(d) and QFl[d] are as in (3.6) and (3.7).
Theorem 5.9.

1. Let (p‘*‘,pﬁ,pﬁ,p%) = ((Cd+2,(C,Cd,(C). Then for k,l € Z>o and for z = (2/, z441, 2d+2)
€ pt, we have

<(xd+1 + \/jlxd+2)k(xd+1 -V _1xd+2)l7 qu(x,E)>)\’x
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(A + max{k, l} — d)min
_ D GV Tza4) (a1 — Ve Taga)'
(N1 (A — §)min{k,l}

—k,—I1 q(2")
F ’ Su—CRA
2 1(—A—k—z+g+1’ o+,

2. Let (p*,pi1, 015, 035) = (Sym(r, C), Sym(r’,C), M (r',r"; C), Sym(r”,C)) with r = 1" +1r".
Z11 %12

Then for k,l € Z>¢ and for z = (t ) € pt, we have

Z12 222

(det(x11)" det(2a2)’, etr(m*)>>\,x

’ (At masc{k, 1 = 517) ingiory '
Wttt = 27V a O = 27wty 0 o

~ (A maxc{k, 1 = 57) ey F
[ Mt 1 =211 O 2 Dingieny e

—k, -1 _ _
X det(zu)k det(ZQQ)ZQFl(l) <_/\ k1t 1) 21112122221t212> .
2

3. Let (pT,piy, by ban) = (M(q,5,C), M(¢,s;C), M(¢,s";C) & M(q",';C), M(¢",s";C))
with q = ¢ +¢", s = s +5", ¢ <s'. Then for k,l € Z>o and for z = (Z 42) € p™T,
wi1 € P1q, W22 € Pon, if ¢ < s, then we have

det (z11'w11)" det (zag'was)’, €@
A,z

()\ + maX{k, l} - q/)Mqu’2

q¢>q"
B (A)@q,,,z()\ = 4"k 2(A — Q')min{k,Z}q,,,z ( )
(A + max{k, [} — ¢")minfry 2
Vet 20— @)ty 2~ @) (=d)
Mq,,Q q Lq//_q/,2 q mln{k‘,l}q,,?
x det (Zntwu)k det (ZQQtUJQQ)l
k-1 ) .
x o F\” <)\ Ck—l4q 4" (z11'w11) ™ 10twan (222w 1221%11)
Similarly, if ¢ > s", then we have
< det (mnt’wu)k det (tw22$22)l, etr(xz*)>>\ .
(A + max{k, l} - q/>min{k,l}s,,,2 s 3”)
(Mt 22X = 5k 2N = Dmingigy 2 B
- (A 4+ max{k, 1} — ") minfray .2
q / f; SH)

(Mt 2 A=), o A= )min{riy .2
q 25 q’ q’

x det (zntwu)k det (tw22222)l

2 —k,—l —1 -1
X 2F1( ) <_>\ kit q 48" (z11'w11) ™ 212 (‘waz222) tw22221tw11>-
4. Let (pT,pf1, 005, p3,) = (Skew(2r,C), Skew(2r’,C), M (2r',2r"; C), Skew (2r", C)) with r =
' +1". Then for k,1 € Z>o and for = = ( 2} 72) € p*, we have

—tz12 222

( Pf(z11)" Pf(z22)", o2 tr(mz*)>,\,ac
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(A + max{k, 1} — 21" ) mingr1y , 4
Vit aX =20k, aX =2 mingey 0

A+ max{k, I} — 27" in

( {, } ) {iyl}w . (r' <o)
(Maett, aA =214l = 28" )minghgy 4

—k, -1 _ _
X Pf(zll)k Pf(ZQQ)IQFlw (_)\ —k—l4+92r — 1; _2111212Z221tzl2> :

5. Let (pﬂpﬁ,pﬁ,p;@) = (Herm(B,(O))(C,C,M(l,Q;@)C,Herm(Q,(O))C). Then for k,l € Z>

and for z = (tZAU 212)

+
10 20y ) € P, we have

A—i—max{k,l} — ) {k, l}
det (z\ ) _ ( min
(i det(ze)' e (Mrkrt(A = 4N = 8) mink, 1}

o F —k,—1  Reo (212(255' 12))
251 —)\—k—l—f—g’ Z11 '

6. Let (p*,p11, 015, P3) = (M(1,2;0),C, Skew(5,C), M(1,5;C)). Then for k,l € Z>o and

for z = (211, 212, 222) € P, wa € psy, we have
Ry (A +max{k, 1} — 3)min{r.} i
A Mt = Dmingegy

% o F *k, —1 . Pf(212)tw22
S N R s 211 (z22twa2) )’

(202'was )

<£U]f1 ($22tw22)l7 €

where Pf(z12) is defined as in (3.10).

6 Computation for simple p;

In this section we treat (p*,p},ps) with p™ = pi @ p3 such that p; is simple. Let dimp™* =: n,
dim p3 =: ng, rankp™ =: r, rank p; =: 79, let d, da be the numbers defined in (2.3) for p*, ps
respectively, and let €5 € {1,2} be as in (4.2).

6.1 Preliminaries for main theorem

First we consider the cases such that pJ(e)s = p*(e)2 holds for some (or equivalently any)
maximal tripotent e € p3, i.e., (pT,pi",p3) is one of

(M(q,5;C),M(q,5';C),M(q,5";C)), & +5" =5,
(Skew(s, C), Skew(s — 1,C), M(1,s — 1;C)),
(p*.pi.p3) = (Skew(s,C), M(1,s — 1;C), Skew(s — 1,C)),
(€%, ((1,v=1)C)", ((1, —v=1)C)") ~ (C*, M(1,5;C), M(1,5C)),
[ (M(1,2;0)%,0°,0%) ~ (M(1,2;0)C,C8,C?),

so that the corresponding symmetric pairs are

(SU(q, 8)7 s') x U(s"))),

(SO*(2s),S ) x SO*(2(s — 1)),
(G,G1) = (SO*(%), -1)),

(800(2,23 ))

(Eo(-1 ) X Sp1n0(2 8)).
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Then for k € Z'2,, since Pi(p5) and Pi(p™) are generated by Py (p3 (e)2) = Pi(pT(e)2) as
K¢- and K®-modules respectively, Py (péF ) C Px (p+) holds, and therefore by Corollary 2.10,
for f(x2) € Pi(p3) we have

@@ey L
T2), € P = — f(29). 6.1
() e, = o) (6.1
Thus in the following we assume p3 (e)2 C p*(e)2 holds for some (or equivalently any) maximal
tripotent e € p;r . That is, we treat the cases

/

(cn ) (Case 1),
(S C), Sym(r’,C) ® Sym(r”,C), M (+',7"; C)) (Case 2),
(Skew (s,C),Skew(s’,C) @ Skew(s”,C), M(s',s";C)) (Case 3),
(M(r,C), Skew(r,C), Sym(r, C)) (Case 4),
(o+.ptpT) = (M (r,C),Sym(r,C), Skew(r, C)) (Case 5),
(Herm (3,0)%, M(2,6; (C Skew 6,(C ) (Case 6),
(Herm 0)C, Skew (6, 6;C)) (Case 7),
(Herm( ‘C ,Co Herm(2 (O)) M(1,2;0)%) (Case 8),
(M(1,2; @ C ,M(2,4;C), M (4,2;C)) (Case 9),
| (M(1,2;0)%,C® M(1,5;C), Skew(5, C)) (Case 10)

(n=n"+n",n>3n"+#2for Case 1, r = 1" + 1" for Case 2, and s = s’ + s", ', s" > 2 for
Case 3). Then the corresponding symmetric pairs are

((SO00(2,n),800(2,7') x SO(n"))  (Case 1),
(Sp(r,R),Sp(+’,R) x Sp(r",R))  (Case 2),
(SO*(2s),S0*(2s') x SO*(2s"))  (Case 3),
(SU(r,r),S0*(2r)) (Case 4),

_J (SU(r,r),Sp(r,R)) (Case ),
(&G = (E7(_25),SU(2,6 ) (Case 6),
(E7(—25),SU(2) x SO*(12)) (Case 7),

(E7(—25), SL(2,R) x Spiny(2,10)) (Case 8),
(Eg(—14),SU(2,4) x SU(2)) (Case 9),

\ (Eg(-14), SL(2,R) x SU(1,5)) (Case 10)

(up to covering), and the numbers (7,9, d, d2,e2) are given by

;

(2,2,n—2,n" —2,1) (
(2,1,n—2,—,2) (
(r, min{r”, 7“”},1,2 2) (
(|s/2], min{s’, s"},4,2,1) (
(r,r,2,1,1) (
(r,r2,d,da,e2) = ¢ (1, [7/2],2,4,2) (Case 5
(3,3,8,4,1) (
(3,2,8,2,1) (
(3,2,8,6,1) (
(2,2,6,2,1) (
(2,2,6,4,1) (

\



60 R. Nakahama

We note that if 7o = 1, then ds is not determined uniquely, and any number is allowed. We also
write

(Sym C), M(r',r";C), Sym(r”, (C)) (Case 2),

(nF.ph k) = (Skew ( M(s’,s”;@), Skew(s”,C)) (Case 3),
Hrriz e (C, M(1, 2 0)%, Herm(2, 0)°) (Case 8),
(C, Skew(5,C), M(1,5;C)) (Case 10)

First we prove the following.
Proposition 6.1.
1. Let ea = 1. Then for 1 € Zxo, Pgo,..0)(h3) C 73(7 0...0)(p%) holds.
2. Let eg = 2. Then for 0 <1 <rg, P, (in) = P(’f’\y 0, )(pz) C Py, (pi) holds.

Proof. (1) For Case 1, since P o (cn, P,0)(C") coincide with the spaces of homogeneous
harmonic polynomials of degree I of n”,n variables respectively, P(; o) () c P1,0(C") holds.
For other cases, we take a tripotent e € p3 of rank 2, and set p*(e)2 =: p™, p5 (e)2 =: p3’. Then
these are of rank 2 and we have p™ ~ C42, p3’ ~ C%*2 and by Case 1, P0)(p3") C Po)(p™)
holds. Since P o)(pT) and Py o) (p3) are generated by Poy(p™) and Py g (p3’) as KC.
and KT-modules respectively, we have Pao,....0) (p3) C Po,..00").

(2) For Case 1 with n” = 1, this is proved as in n” > 3 cases. For Case 2, for 0 < | <
min{r’, 7"}, m € Z7_, , we consider the space of abstract homomorphisms

HomU(T”)XU(T”) (pll (M('f’/, ’f'”; C)), 7) (Sym(r (C)))

~ HomU(T/)XU(,,.//) (V(W)\/ X V( Vv VQm }U ><U(1"”))

~ HOHlU(T) (VQ(T)V Vl( ) & V(r)v)

where the last isomorphism follows from [12, Theorem 9.2.3]. Then since the target space is
decomposed as

(r)v
V(gj»lzl—zj)’

-

I
o

Vi(lr)v ® ‘/l(lr)\/ ~
J

the above space is non-zero only when m = 1;. Finally, for Case 5, for 0 <1 < |r/2|, m € Z',
Homy () (Py, (Skew(r, €)), Pu(M(r, C))) = Homyy (V7Y Vi @ Vi) # {0}
implies 2|/m| = |1y = 2l and m; < (1y); for 1 < j <, that is, we have m = 1;. [ |

From now on we assume that p™ and p2 are of tube type, that is, we consider Case 1, Case 2
with ' = 7", Case 3 with s’ = 5", Case 4, Case 5 with r = 2s, and Case 6. We fix a maximal
tripotent e € p C p*, regard pT, py as Jordan algebras, and let Q = QF C nt C pt,
Qo = Q; C n; C p; be the corresponding Euclidean real forms and the symmetric cones.
We also write Q™ :=Q(€)Q Cn~ C p~, = Q(€)Q2 C n; C p;. Then by Theorem 4.4(1),
when e = 1, for f(z2) € Py,..0 )(pQ ), 2 = 21 —|— 29 € Q we have

(detys (22)" f(w2), et |
_ L ety (2) M7 det,s Y et (M f(2)
(Nak, +1.0,00d Oz !
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1 n
- det M det
(N 2kt126,_,)d etur (2) ®ng

2 \" w
(5 ) detas (2% £,

<2
and when &3 = 2, for f(x2) € P, (p;r), z =21+ 22 € Q we have

(detys (a2)" f(w2), 1)

1 " 10 k .
N Mg 41,4 dety+ (2) 77 det, + (282’2> detyr (2)MF77 f(22)
L2l
1 agn 19 \" .
= i et (7 ety (557 et (97 1)
M opRe—1)

Also, by Proposition 2.4(1), for x4 € C we have
dety+ (2) 7 = dety+ (22) *hy+ (21, Q(zg)’lzl)_“/z = det, s (22) 7yt (21, Q(tzgl)zl)_“m.

Next we consider the expansion of this.

Proposition 6.2. For (z1,w3) € pli X p3, let t1,...,t|r/2) be the roots of the polynomial

st
tlr/2] hps (t7 121, Q(wg)zl)l/z € C[t], and form € ZE:fJ, define ®h} ,pi(zhwz) € P(pf) @P(p3)
by

oot O F ~
(I)frll b2 (Zl,wg) = (I)la,ln(tl, ‘e 7tLT/2j)7
where % (ty, ... stiry2)) s as in (2.7). Then for [t;] <1,
~ ot o F
hyt (21, Q(wa)z1) 2 = > (1) ma®id ™ (21, w2)
mez!/?!
holds. Moreover,
=01 PT +
1. Ifeg =1, then ®wh ™ (21,w2) € P(p7) @ P2 (pF) holds.
~nE
2. If ey =2, then B8 (21, ws) € P(pE) @ Pom (pF) holds.

Here we write m? = (my, m1,ma, ma, ... ;M 2], Mr/2)(;0)). We note that since for (21, ws)
= (zl,tzgl) with 2 = 21 + 29 € ) we have

[r/2]
det,+(2) = det,,+ (22)%2hy+ (21, C)('f,zgl),zl)l/2 = det,+ (22)%2 H (1—t;) >0,
j=1

hyt (21, Q(251)21) = hyt (21, P(25 1) 21) = bt (P(25 /%) 21, P(25 /%) 21),

and since ) is connected, we have 0 < t; < 1, and the above sum converges for (z1,w2) =

(21,25 1).
1

Proof. First, for Case 1 with n” > 3, we have 7/2 = 1, and for z; € p] = C", wy € p, =C",
since

1/2
thy+ (t 21, Q(w2)21)1/2 = t<1 + %Q(ZI)Q(UQ) + ;Q(Zl)Q(J(U&)z) =t +q(z1)q(w2),
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we have t = —q(z1)q(w2), and

=i py Lo 1 m n’ n'
D (21771)2) —t _7!(_(](21)(](71)2)) E,P(m,m)((C )Z1 ®P(m,m)(c )w27

m!
(21, Q) 2) ™2 = (14 g(en)g(w)) 7+ = 3 P

(—a(21)q(w2))™

m=0

hold. For n” = 1 case this is also proved similarly. Next we consider Cases 2, 3. For Case 2
we have r = 21/, g9 = 2, and for Case 3 we have r = ¢, o = 1. Then for z; = (7! 0 ) €pf,

0 222
_ 0 w2 - .
wg = (itwlz 0 ) € p, with

Sym(r’,C) & M(r',C) & Sym(r',C)  (Case 2),

9 ? e
(211, w12, 222) {Skew(sla(c) @ M(s',C) @ Skew(s',C) (Case 3),

we have

tLT/QJ hp+ (t_lzl, Q(w2)21)1/2

= t\_r/zJ det I — t_l 211 O O :t’u)12 211 0 O iw12 62/4
0 z2) \'wiz 0 0 22) \'wiz 0

4
— ¢17/2] qet <[ _ 41 <i211w12222tw12 0 >>82/
0 + 290 w2211 W12
= tLT/QJ det (I F t_lzllwlgzggtw12)52/2
det (t[ - 211w12222tw12) (C’ase 2),
= < det (tI + Z11w12222tw12)1/2 (Case 3, s': even),

(til det (tI + 211w12zggtw12))1/2 (Case 3, s': odd).

Therefore we have

épf’p"’_(z wy) = Bl (211wip20'w12) = BI™ (211, winzestwis)  (Case 2), (6.2)
1, W2 . '
" <I>£il1] (—znwlgzgg w12) P Skow(s".C) (211,711122’22%12) (Case 3),

where i’nll), W and <I>p“ (with pf; = Sym(r’,C), Skew(s’,C)) are as in (3.2), (3.3) and (2.8)
respectively, and

thr (2’17 Q(wQ)Zl)i’u/Q = det (I — anlgzggtwlg) "
= Z (M)m,l‘i)gl) (z11w12222"w012) (Case 2),
mGZj_/_,_

hy+ (21, Q(w2)21) /% = det (I + 21111112222'%1112)7“/2

= Z (M)mAi’El](—lewlzZzztwlz) (Case 3).
mGZ_\f_l’_/QJ

Since as polynomials of z11, 299,

o) (zr1w12220"w12) =

€ Pen(Sym(r', C))z,, B Pon(Sym(r’, C))syy =~ VIV R VY (Case 2),

(i)[rill] (—211w122’22tw12) = @Skew(sl’c)(

€ Pm(Skew(s',C)).,, X Pm(Skew(s’, C)).,, =~ V(S) X VISQ/)V (Case 3)

Sym(r’,C) ¢
O (211, wi2220"w12)

211, wiz222"W12)
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hold, by the GL(r’, C) x GL(r/, C)- resp. GL(s, C) x GL(s', C)-invariance, as polynomials of w12,

<I>£n) (211w12Z22t’w12) S sz( (’I" (C))wu ~ 2(;;) X VQ(;;) (Case 2),
][m]( lewlzzggtwlg) € Pm2 (M(S ,(C))w12 ~ VISQ/) X VISQ/) (Case 3)
hold. Next we consider Cases 4, 5. For Case 5 we have r = 2s. Then for
Skew(r, C Case 4), _ Sym(r, C Case 4),
zepl = r.€) ) w2 € Py = ym(r, €) ( )
Sym(2s,C) (Case 5), Skew(2s,C) (Case 5),
we have
¢lr/2] hy+ (t_lzl, Q(w2)21)1/2 = ¢17/2] det (I — t_lzlwgzlwg)lm,
IET) 512
Om " (21, w2) = P (21w2z1Ww2),
hy+ (21, Q(w2)21)~ w2 — = det(I — zlwgzle)_“/2 = Z (M)m,QéEJ(legzl’LUQ),

mEZ_H_T_{_ZJ

where ®2 is as in (3.3). Then for wy = I, (Case 4) or wy = Jag := (—013 IOS) (Case 5), by [43,
Propositions 7.6 and 8.3] we have

B (22) € (Pom(Skew(r, C)))3000) ~ (11)/)3000) (Case 4),
B (2170521 05) € (P2 (Sym(2s, €)))SP(:C) ~ (VZ(E;)V)SP(S’C) (Case 5),

and by the GL(r, C)-invariance we get

- [2] (PQm(SkeW(T, C))z; ® Pz (Sym(r, (C))wQ)GL(T’C) (Case 4),
i, (z1w2z1w2) < GL(2s,C)
(Pemz(Sym(2s, C))., ® Pom(Skew(2s,C))w,) " (Case 5)
= (Vo @ Vi)

Finally, for Case 6, we have r = 3, and for z; € pf = M(2,6;C), wp € p; = Skew(6,C), since

thy+ (flzh Q(w2)21)1/2 = thpj (t 'z, Q(w2)2’1)1/2 = tdet (I - tilZlt(JZ"’V”“U;‘D’E))1/2
= tdet (I — t_lzlw#tzljg)lm = Pf (tJQ + le;&tzl)
=t+Pf (zlwftzl),

where wf is defined as in (3.9), we have t = — Pf (zlwftzl), and

~pt po 1 1
P2 (20, w) = Etm - ml( Pt (le2 ‘a1))", (63)

hy+ (21, Q(w2)21) % = (1+ Pt (mw]'z1)) " = Z %ﬂ —Pf (21w} '21)) ",
m=0

Since —( Pf (21w2 zl))m is rewritten as

1 o

(= PE (zud )" = Bl (crw ) = DY, (wF 1 T21),
by the S(GL(2,C) x GL(6, C))-invariance we conclude that

1

m( pf (z1w2 zl))m
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(GL(2,C)xGL(6,C
€ (P(m m)( (2 6; C)>Zl ® P(m,m,O)(SkeW< ) ) PHELOE)

Jw

holds. [ |

))S(GL(Q,C)XGL(G,C))

o HPLPS . r/2) (d (s
Using ®m ™ (21, w2), for a, B,y € C with v ¢ ;] ((j — 1) — Z>p) we define

+ F 1 ~pT T
mezlr/2) 1w
++
+ . F =pFpf
QFfl Pa (O[, 57 21, 'U)2> e Z M@fﬁ P2 (z17 w2). (65)
v 2y NV
mezZ; |

ot

Next we consider the expansion of iy 2 (z1,w2) f (th_ 1 ) When e5 = 1, we have r = ry. For

f(z2) € Py, 0 (p;t) and for m € ZE:J/FQJ, le (ZZO)W21 with |1 =, we define Frln,l[f](zl,wg) €
P(pi)., @P(p3),, by

~nE F
W Grwa)f(wy) = 3 FulflGarw)
16(Z50) /2]
1=t

Foalf](z1,w2)
{P(pli)zl ® P(ml,ml—11,mQ,mz—l2,...,mr/2,mr/2—l,,,/Q) (pi)wz, T even,
P(p%)m ® Plams itz ma—lay.eom iy o) 2 =L 2y~ /1) (ﬁ)wg’ r: odd.
Then Fé7l[f](z1,w2) # 0 holds only if 0 < I; < mj —myp1 (1 <j < [r/2]) and 0 <1}, /9 <
m|/2) (only when 7 is odd). Similarly, when e = 2, we have r = 2ry. For f(r2) € Py, (pf) and
form e Z'? , 1€ {0,1}" with [1| = I, we define Fﬁhl[f](zl,wg) € 73(13ft)21 ®73(p2$)w2 b

oot O F
HP1o¥3 (Zl’w2)f(w21) _ E Fgl’l[f](zl,wz),
1e{0,1}"2
1=l

Finalf1(z1,w2) € P(p7) ., © Pom1(p3),,,

Then F2 ,[f](z1,w2) # 0 holds only if 2m —1 € Z'?, or equivalently m —1 € Z'?. Then for y € C
we have

detyn+ (2) 7" f(22) = det, 4 (22) 7y (21,Qz2)"21) "2 f(z2)
= dety (2) 7 Y (Wma®lh ™ (21, '257) £ (22)

mezlr(?)
= det nf ZQ ek Z Z mdF 2 Zl,tzgl). (66)
eztr/QJ 1

6.2 Main theorem

We continue to assume pT, p; are of tube type. When ez = 1, for f(x2) € Py, 0 (pf),
wu,v € C and for z = 2, + 25 € QF C nt C pt, let

Fll <:;f;z> = det nf (22)” Z Z F&171[f] (thz;z)

mezl"(2) 16(Z>0) /2]
Il\ l
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d
(V)m,d(V - 72 - (Qr/2—1a l))m71+(Qr/271,l),d

- l , T even,
(M -2 = (Qr/2—17 ))m_1+(gr/2,1,l),d

(V) m,a (v = dff)mflf,d(’/ - %(T —-1)- l)l—lrr/ﬂ

(=) ale = Fr=1)=1)

(6.7)

,  7:odd,

1=l /21

where for odd r, for 1= (ll, .. -alLr/QJvl]'r/Z]) let I := (ll, .. ‘7lLT/2J)' Similarly, when g9 = 2, for
flxo) € Pll(pgt), p,v € Cand for z = z; + 25 € QF C nt C pF, let

(Y. . . —2v
F, <,u’f’z> = detn;(zg)

_l’_

D+ (=3 mcrei o,
X Z Z (M (% 2, 11721 14+(0,., _ l%dFrQnyl[f](ZlatZzil)' (6.8)

T +G -1
mEZ+2+ IEEIOVI;T? 2, 2_1772[))m—1+(9r2717l1)1d

FEl2 (13 f;2) becomes a polynomial on ptifve —ézzo- Now we want to prove the following.

Theorem 6.3. Assume p™, p;r are of tube type.

1. Suppose e2 = 1. Let k,l € Z>o, f(z2) € Pqp,...0) (p3). Then for Re X > 27” — 1 and for
z=z1+2€QCnt Cpt, we have

< detn; ($2)kf($2)a el >)\,:p

1 n o\* 0
= dety(2) M7 det_+ <> det,+(z )‘+2k_7f 29
(N @hti 2k, _)d (=) ny \ Ozy v (2) (22)

r _4n “A—k+2
:CfQﬁJmmﬁV)Xﬂff(d_2k+%ﬁﬂ>

—k
:CP()‘ak?l)Fll <—A—2k—|—n;f;z>’

where

A+k=4ra+ % +(1,0,01),

77"2/2"1

)

y ro: even,
( )(2k+z,%,.2/2,1,5,.2/2),d
-

CT2(\ K, 1) = (A—%ﬁj+mm&hk+ﬂ%m%”Q+k—%%l+%Ewmd

)

(N) @k4+.2k o)y mnin{ 2k 41} K o).
ro: odd.

2. Suppose €3 = 2. Let k € Z>9, 0 < 1 < g, f(w2) € P, (p3). Then for Re X > 27" —1 and
forz=2z1+2€QCnt Cp", we have
<detn;" ('IZ)kf(xQ)a e(1|2)p+ >)\7$
1

o dety ()M det

QM@&JAGMQ) e@<
k
2
k

:CfQJﬂyk%Ad‘”7@<_i_
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= CP(\ k1) F} (_A

where

(= frat (848 T8 =5 gar oy,

(M)t by, [R/21, K720,

CT(\ k1) =

l)?d

The 1st equalities are nothing but Theorem 4.4(1). Hence by putting —\ — % + %= p, it
suffices to show

+2k 2 \"
det,+ ()" =2 det,,+ <8z> dety+ (2) " f(22)
2
Bpgo

)
r p+k
(=12 (1= (Oyy-1,0)),, g, detus ()27 F] ( ¥ ;fw) . ea=1,

k
pts
(_l)km (2/1’ - (Qrz—bll))ETde d‘etnJr (z)lﬁ_kFé ( [ 2; f; z) , €2 = 27

—k
(=D (1= (Orp-1D) g, F1 ( ;f;z> . e=1,

= ” (6.9)
(_1)]?7'2 (2/’L - (Qrszll))k?dz’(b F2l ( " ’f’ Z) , €2 = 2.
\

[IES

Indeed, when 5 = 1 and 7o is even, since r = ry and d = 2ds or r = 2 hold, we have

(=DM (1= (0,,1,1)), by = (—1)’”(#)@/2@ (M - % - (07»/217l)>

Lrgo -

Er/27d

d d d
S A —,u—k—l—(r—1>—l—1+ 2+(l,0r/2_1)>
2\ 2 ko d 2\2 2 ky /2.
ky /2 Rr/2s

d d d
= ()\—i-k—T) <)\+k—T+2+(l,0r/Ql)> )
22 ko 22 2 Ky jo.d
and hence
dr dr d
(=1 2(1 = Oy, D)iy ity AFE=53), ATk =55+ F+00n0)), 4
(N 2k+.26,_,).d (N @12k, 51 ),a(A = %%)%ﬂ,d

(k= g5+ %+ 00,0 0

dr
(N@rti.28,5-)a(A = 55)g, 4

A+k—9ro+ % +(1,0,,0 1)),

Ery/ard

(A)(2k+l7%r2/2—17Er2/2)7d
holds. Similarly, when €2 = 1 and ry is odd, we have

(71)]”2 (,u pLUSEE l))k dy (71)“ (“ - (Qtr/2J’l))E(7./z1 d <,u B d22>

Do

d(|r
Gt {(FRUESELA)
krpy21.d

LIPVEIEL
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d T d2
dlr
and hence

(_1)kr2 ('u — (Qm_la l))@m,zb
(A) @2k+1,2k, 1).d
A+ k— 942+, szj)) rry21:d
()\)(Qk-i-l,%h/%—l)v ()\ - %L%J)%ﬁ/ﬂ d

(A= g15] +max{2k, k + 1) (A+k-5[5]+2),

LIRS

d d
(er-gls+3),
krpy2.d kirj2)d

JA+E=5[51+ %),

min{k,l}
()‘)(ZkJrl,%Lr/zJ,l),d()‘ - % L%J)(min{ﬂc k+1}k |, 0)).d
(A= 4|2 + max{2k, k + D) mingeny (A K = 2] + &)

kiry2)0d

(N @k+1.2k o) min{ 2k 41} K, o).
holds. Similarly, when €9 = 2, since 7 = 2r9 and do = 2d or 7o = 1 hold, we have

(=1 1
gire (20— Q1)) g, = gy (P20 = B d(r2 = 1)+ 14 (1,0, ), g

1
2kr

- (= ([ L2

(2)\—1—]{7 drg — 1+(1l70r2—l))k 2d

Lo

>>(Lk/2J,Jk/ZLQZ)7d

ro—I

(g (5], 55 )
U LAy Ed
2 2] 2/12] 2 (/21 k2], )

ro—I

and hence we get
(_1)k;7‘2 (2/"L — (QT‘Q*Z’ ll))&r2,d2

2572 (N) (1, k)

1 (=5 (3] L2
<)\)(ﬁlvkr2—l)vd()\ - %TQ)E d 2 Ll L2]

. ra—1
SOt (AR EHEE)
217212173 ) g, e
(A=gra+ ([5] +3, 5] - %,,2 l))(mml,wzj )
- N ka1, b, ).a(X = %7“2)((1@/21 Lk/2), )
Ot (B4 b [81= b Dy
(M) 1 o [h/21 /20 ). '

To prove (6.9), let B§\+ : C?(Q) — C(Q) ® pT be the Bessel operator given by

1
By () = Zip(ea’eﬂ) 82 82/3 )+ Zea&za
a7ﬁ

) ) (Uk/2),[/2, ).

)

,d
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where {e,} C n™ C pt is a basis of n™, and {z,} is the coordinate of p* for the dual basis
{er} c nt C p* of {eq} with respect to (-|-)q+. This Bf and B£+(w) (w € pT) in (2.20) are
related as (w]Bf\+f)n+ = Bi’:_k(w)f. Also, let Proj; : p* — p] be the orthogonal projection, let
L C K© be the real form given in Section 2.4, and let T'%2 be as (4.1).

Proposition 6.4. Let f(z2) be as before, and let p,v € C.

1. ForReu>i(2ﬂ—1) Reu>i(@— )cmdforz:zl—i—zQEQ, as € Q9 with

£9 79 €2 \ T2
z1 + as € ), we have

do (sl
;dg(/‘ (rz 175))/ e (32| )ng‘ detn;(yQ)V*H (g2 =1)
Fl, (:?f?z>: TQEV Yo
(

Fd2 21“’ ( =ro— 1= )
Fgg 2]/ (07‘2 1> = )

) e_(y2|22)“2+ det +(Z/2)2(V_M) (e2=2)
) Ja, "

(z2]y2)
X ((271’\/—71)"2/ . e z2|Y2 nF detn+(zl —f—g;2) “f(:CQ) dSUQ)dyQ.
az —1Ing

2. ForgeK(lcﬂL and for z = z1 + z9 € ), we have

(V. . _ vl (V. .
Faz (M7f(g)az> - detn;(ge)az FEQ <M7fagz>-

3. FL (1: f;2) satisfies the differential equation

. 14
Proj, <B ,u+21/+ﬂF€lz (M;f§z>> =

Proof. (1) By (6.6) we have

Qo 2

1 (w2ly2)
X <W / e e 22ly2), & 2 dety+ (21 + z2) H f(22) dﬁﬂg)dyQ
- a2+ n2

I

ZI."/QJ 1

(w2ly2) . B
X <W/ iy e z2|y2 ng det ( ) aanil[f](Zlatﬂfg1)d$2>dy2.
a2 —1n,

When €9 = 1, since r = ro and d = 2ds or 7 = 2 hold, by Theorem 4.2 we have

/ o W2 det, +(y2)" "
Qo 2

(ealy) g 0 o (2)” HFmalf1 (21,25 ") dx2>dy2

1
T3 (1 + (ma,my — l,ma,me — oy omyja) mja) = Lpg2) G —Leja))

—(y2l22) v—12 _
e det ()" A1, Q) die
2

i
X = e
<(27r —1)™ Jagty/=Tnd
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DB+ (ma,ma — lyma,ma = oy myga), My ga) = Uegz) G =liy2))))
T+ (my,my — 1y, mg,my — l2y -2 M 2] = U2y G =le21))
x det +(y2)_” r}ﬂl[f} (zl,tzgl)
Fd2(’/_( Yry—15
TR (01,

l
l
(V ( ~ro—1> ))(ml,ml—ll,mz,mz—lQ,...,er/gj,er/QJ—lLT/QJ(,—l[r/ﬂ))-f—(gril,l),dz

ety () Ell (1.5

(1= (0,1, )(ml’ml_ll7m2’m2_l2:-~~7m\_r/2j7m\_r/2j_lLr/Qj(7_1[7"/21))"'(91-71)[)7‘12

d
- ;;z: EZ: Eg:; g; detn; (yg)—VFrL’l[f] (zl, tz2—1)
( V)ma(v — 2 (0, /9-1,1)) 140, jo_1.0).d  oven
) (Wma(p — & (Or/2—1al))m_l.g.(gr/%l,l),d’ ne
Wma(v = %) oy alv = Fr=1) = l)l—lwﬂ - odd
(Wma(t = F) gy gl =G0 =1)=1), l(r/ﬂ’ o

Similarly, when 2 = 2, since da = 2d or 2 = 1 holds and 1 € {0,1}"2, again by Theorem 4.2 we
have

/e(y2 g 2 det +(y2)( —H)

(w2ly2) +

X "2 detn;. (952)_2“F§171[f] (21, tasgl) dm2>dy2

e
< 27TV n2 a2+\/7n2
I'%(2v +2m —1)
F,‘% (2 +2m —1)
do
T2

det,+ (y2) ™ Fr ] (21, '3 1)

!

(21/ ( Zro—Ir = ) ( ( =T2— l’1l))2m71+(gr-27lvll)’d2

det,+ (y2) "2 Fh [ f] (21,25 1
Ff’l (2u—(0 ro—1s 4 1) (2p (7“2 l’ll))Zm—l'i'(QTszall)adZ " ! ( ? )

)
)
T (0,,1) Wma G 23w, 19
TR (0,1 1)) (Wmalp +(3 7l’jl))m—l+(gT27l,ll),d
X detn2+ (yg)_z”Frsz[f] (21, 22_1).

Hence we get the desired formulas.

(2) When Rep > = (2”2 — 1), Rev > é (2—22 — 1), in the integral expression (1), by changing
the variables x5 and y2 to g~ lzo and ¢ 'y respectively, we can easily get the desired formula.
By analytic continuation this holds for all u, v

(3) Again it suffices to prove when Rep > é(@ — 1), Rev > é(% —1). Let {e10} C

T2

pi Nnt C pl and {ezn} C nj C p3 be orthonormal bases with respect to (+|-),+ and (“')nj
respectively, so that {61704, éeg7a},{617a,€27a} C n™ C p* are mutually dual with respect to
(‘| )u+. Let {z1,4,22a} be the coordinates for {ej,€24}. Then the projection of the Bessel

operator is written as

82

. 9? 1
PrOJl(B/\ = ZP 1,05 €1,8)%1 oo — ZP(el’a’GQ’ﬁ)sz

_ _|_
a,B aazlwg £9 op

0? 0
P(e2,a, o A afm—
252 Z (€20 €2,5)21 02,0022 3 * Zel’ 0z

ap ,Q s o 1,
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Let det,+(z) " f(22) =: g(2). When we operate the 3rd term to the integral expression (1), we
have
82
P( v
252 Z; (c20:€2,5)21 D29,0022 3

X / e_(yQ‘ZQ)n;— detn+ (y2>52(y_u) </ (I2|y2) 9(217 x2> d$2> dy2
QZ 2 02+\/j1n2

1 —(y2lz
= 2/ (P(y2)z1)e (v2le2) det, + (yo)52(" 1) </ e 9(21,x2)d:c2>dy2
€3 JQo 2 asg+v/—1Ing

:/ o —(walz2), 4 det, ( )22 )
Qo
9? (x2ly2) +> )
X P(eg ., e2,8)21 7——F—¢€ "2 z1,22)dxy |d
</az+ﬁn; <252 az 200 €2,8) ' 012,000,5 91, 22) dez |dys

:/ o —(y212 2)n+ det, ( )52(1,_M)
Qo
82

(leyz)
X e P(ez.q,e28)21 m————9(21,22) |dzs |dysa.
(/aer\/—m2 (252 ; 20 €2,6) 181’2@81’2,/@9( ' 2)> 2) v

Similarly, the 2nd term is computed as

62
- P 61 N N e~ —
Zﬁ: “ ﬁ) 62170462275

X/ e—(y2\22),,;r detn+(y2)€2(l'—#)</ (12|y2) g(zl,xg)d332>dy2
QZ 2 a2+\/—71ﬂ2

1 - V4
-—> / (Pleray)za)e "7 det, s (o))
€2 Qo 2

g </ g 0 (21,$2)d$2>dy2
042+\/7“;r azlvo‘

Z/ < el a,yg €2 85— 9 e (yz\zz) >det +(y2)€2(l’ ®)
82 Qs Ay Y2,8

X </ e(m‘w)“; 99 (21, x2) d:BQ)dyQ
a2+\/7n+ 821’0‘

y2|22 8 Eg(u—u)
Z /Q <3y2,5 P(e1,a,y2)e2,8 detu; (y2)

% </ e(x2‘y2)n;' ag (2’1,1‘2) d$2>>dy2
(1,24»\/77].115F azlvo‘

1 / —(y2l22) _+ _
S E e "2 det 4 (12 e2(v—p) </ (E P(e1q,e23)e2
£9 - Qo "2 ( ) a2++/— Tl2 5) ’

(z2]y2) 15)
+ P(e1,a,Y2)w2 + e2(v — p) P(e1,a,Y2) Yo 1) g (‘9sz (21,12) d$2) dyo

1 —(y2lz2) + _ 0
—— e "2 det e2(v—p) </ ( P(e1,a,e
- Z/QQ uf (42) S zﬁ:axw (e1,0,€2,8)

dg
6z1,a

(z2ly2) +

xze(mlw) "2 42e9(V—p)er ae mlw)“?)

(21, iUz)dﬂCQ) dyo
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:/ e_(y2|22)n§r detn+(y2)€2(y_“) </ e(w2‘y2)“;r
22 ? asv/=Tn}

1 0? 0
- Pleq q, — +2(pu — a— , d dyo,
X <€2 QZB (61, 62,5)302 azl,aa’ﬁg,ﬁ + (,u 1/) Zo;el, 821,a) g(21 :EQ) m2> Yo

where we have used [11, Proposition II1.4.2(ii)] at the 4th equality. Therefore we have

—(y2l22) + _ (z2y2) +
Proj, (B" e / e " det, + (y2)2 ™M) (/ e "2 g(21, T2 da;2>dy2
(i) [ () o (s1,22)

—(y2lz2) + +

(z2y2) . +
=/ e "3 det_+ (yg)22—H) </ e "2 Proj (B in . 4o )g(zl,xg)d:c2>dy2.
/Qg n2( ) ag+y/—Tng Pk st

Now by [11, Proof of Proposition XV.2.4] we have

nt

Bu+%g(z) = BZ:% detyr (2) Ff(z) = detn+(z)_NB‘fL+%f(22),
and by Corollary 2.10, (2.21) and Proposition 6.1, for Re A > 27" — 1 we have

(Wi f(w2), Pt ) (22 =1)

Pron{E (e =i = {<A>ll,d<f<x2>,e“'%m (©2=2)

:07

and by analytic continuation this holds for all A € C. Hence Proj, (Bﬁu+2u+% FL(pifi2) =0
holds. |

Proof of Theorem 6.3. First we prove the 1st equality of (6.9). For Re u > é(% — 1), by
the Laplace and the inverse Laplace transforms and Proposition 6.4(1) we have

2 \* v O\ [ —Gnlw) s
detn; F dety+(2) 7 Hf(z2) = detn; P A e 2
2

1
(x2|22)“+dt 4 —H d )d
(e Loy 17 et a5

—(y2lz2) + k
:/ e 2 detn;(—yg)
Qo

1
(w2]22) + —p
x »* det + das |d
<(27Tv—1)"2 /az+ﬁn; ) el (1) () x2> .

L%+ k — (0,11 k
(—1)hre 2 gu tE B ))Fll <M ’ i f Z>’ g2 =1,
— FT%(IU' - (Qr‘g—l?l))

RN AL (U )) (w 5 f,z> Lo
L 2 (21— (0,1 1)) 1%

r p+k
(_1)k 2 (M - (Q'r‘z—lal))ETQ,dz F]l- ( [ ,f,Z), g9 = 17

k L (n+ s
(_1) " (2,[1, - (Qrszll))kw’dz F2 [ 2;f;2 , €2 = 2.

Hence the 1st equality of (6.9) and the 2nd equalities of Theorem 6.3 are proved. Next we
consider the 3rd equalities of Theorem 6.3. By Proposition 6.4(2), (3), we have

_k _k
F, (_/\_ o n;f(g-);z> = det, ; (ge) ", <_/\_ o n;f;gz>, g€ KT,

2k
B
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_k
pon (5, (T, o)) o

k
and F! ( o 2k+n 0 f; ) is a polynomial on pT. Hence the linear map
eg ' T

_k
detn;(@)kf(@) — F, (_)\ B ;j L f;2>
sits in

Homp, (P, ,)(p3), P(p*) N Sol(Proj, (B} M), e=1,
Ihmm(ﬂﬁﬁhiﬂﬁmpwﬂﬂSdehBﬁ ), e2=2.

2n

By Theorem 2.13 these spaces are 1-dimensional if A >

proportional to <detn;r (22)* f(x2), e TP+ M

1, and hence by (2.21), this is
desired formulas.

By comparing the values at z; = 0, we get the

|
(6.9) holds for all y € C. Especially if we put A =2 — j, or = j — 2%, then we have
_k ‘ j— k
F., < T ;Z) = det,+ (2) F, ( on ;z>7 (6.10)

J— = J— e

_k j— )

and if j € Z>o, j < |k/e2], then F., jfgi; : F! (j;i; ;z) and det,+(2)’ are polyno-
€2 €2

mials. If I =0 or r = 2, then this also follows from (2.16) and the argument below
Next we consider special cases. If [ = 0 and f(z2) = 1, then we have

2 [1](z1, w )—épf’p;(z wa)
m,0p,. /91 L2/ = *m 1,%52)-

Similarly, if e = 1 and r = 2 with general [, then we have
1 TPl by t, —1 L /1 "o
Foalf)(z1,w2) = @327 (z1,w2) f (wy ') = — ( 5(21l@(wa)z1)ys | [ (fwy ).

Therefore, the results become simpler for these cases by using the notations in (6.4), (6.5)
Corollary 6.5. Assume p™, p2 are of tube type.

1. Suppose eg = 1. Then for k € Z>p, Re A > 7 — 1 and for z = 21 + 22 € pT, we have

Atk—g[2]+2%2
<deth+ (xQ)kje(mIE)ﬁ >>\x _ ( 2 [ 2—‘ )ker/QJ’ det +(Z2)k

()‘)(%erm Krry/21):d

oy k,—k
X o F7TT2 (—A—2k+ d2,zl,t221>.

2. Suppose 9 = 1, r = 2. Then for k,l € Z>¢, f(z2) € P(l,o)(p;), ReX > n —1 and for
2=z + 20 €pT, we have

- d—ds
<detn; (xQ)kf(ga)’e(ﬂz)an >/\7x — ( o k)j )k detn; (zz)kf(z2)

E Y T (211Q(z2)"121) 4
2]-—A—%—z+——@’ ‘

=5 2

R. Nakahama



Computation of Weighted Bergman Inner Products on Bounded Symmetric Domains 73

3. Suppose ex = 2. Then for k € Z>o, Re A > 27” — 1 and for z = 21 + 23 € pT, we have

(A+[5] —gra— %)MTQ,CJ

VST TIRY:

¢ det,+ (22)F, e@Pp+ Ma = det,+ (20)"

(IR

Py ps —k AL t—1
><2F11’2<_)\_];+%+1;z1,22 >
r 2

Therefore by Remark 2.8, the inner product < det uf (z2)F, e(@2p+ > ), 18 given by using a Heck-
man-Opdam’s multivariate hypergeometric polynomial of type BC|, /2]

6.3 Computation of poles

By Theorem 6.3, we can compute the poles of (F(z2), @)yt M for Fx2) € Proyig, ) (py) or
F(zo) € P(ﬂl@ail)(p;) with 1 < a < 79, without the assumption that p* and p3 are of tube
type.

Corollary 6.6.

1. Suppose €9 = 1. Let k,l € Z>p, 2 < a < ry, F(xz) € P(kH,Ea_l)(p;). Then as functions
of A,
(A)(2k+l’2ika/2fl7Ea/2)7d<F(x2)’e(xlz)p+ >)\,x Zf a. evemn,

(A)(2k+l7%La/2J—1:min{2k,k+l}7ELa/2J),d<F(x2)7e(xlz)'ﬁ>>\,a: if a:odd

are holomorphically continued for all A\ € C. Moreover, when F(x3) # 0, if a is even or
k=0 orl =0, then these give non-zero polynomials in z € p* for all X\ € C. In addition,
for z1 = 0 we have

<F(a:2),€(m@)p+>,\,x
( (/\ +k— ila + %2 + (Z7Qa/2—1))ka/27d

(z2) a: even
()\)(Qk+l7%a/2fl7ka/2)7d 7 ’

= (A= g l5) +max{2h k1) gy A+ R 5181+ %),

(N @h1,2k ) min{2h b+ o))

F(22),

a: odd.

2. Suppose €3 = 2. Let k € Z>p, 0 <1 < a < ry, F(z2) € 7’(@1,&&,1)(9;)' Then as
a function of X,
(N1, [h/21,Lk/2), )l F (@), ety |
is holomorphically continued for all A\ € C, and when F(x2) # 0, this gives a non-zero
polynomial in z € p* for all X € C. In addition, for zy = 0 we have

A—da+ (|5 +21 (5] -1
<F(:c2),e(xz\5)p+>A = gt (a2 g [4] 2al))(wz’wal)’dF(22).
" ()\)(wlvka—HMl’Ma—l)’d
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Proof. (1) Let e5 = 1. First we assume pT, p; are of tube type, a = ro and let F(z3) =
detn; (z2)" f(w2). We put p:= —X — 2k + 2. Then by Theorem 6.3(1), we have

(A)(2k+lv%a/2—1vka/2) < det + (xg) (1'2)7 e (x z)p+>

:(_1)kT/2<IU’_ T/Q 1 > ( 7fa >

7"/27
G e (R B ) ety (22)"

7‘/27

(Bt~ % = O, 1:D) 110
m-— 7,/ ,)7 —
X Z Z ( dli( D) Pl (21,25 )
meZ’/? 16(Z>o)”/2 a Or /21 m—1+(0, /5_1.0),d

=l

for even r = r9, and

()\)(2k+l,%m/2j_17min{2k,k+l},ELa/2J )7d< detn;r (@)kf(xz), o(@l2)y+

_ (_l)kLr/2j+min{k,l}<M_dQ) (M— (r—1) ) < 'f;z>
2 kip/2).d min{k,l}

— (= 1yklr/2)+mingh} (M B d22> <M ) ) det, ()"
d min{k,l}

kiry2);
y Z Z (~F)ma(—k = F) l’d(_k_ G —1)-1),_ Ir/2)
(= %) vl 50D
mezlr {2 16(Z0) (/2] K m-1,d\F " 2 .

1=t
X Frln,l[f]<21’ Z9 1)

for odd r = r3. Then (—k:)mdFrln’l[f}(zl, t25 1) is non-zero only if

m <k, m-—1+(0,,1,0) <k, ), r:even,
mgﬁv/%, m—l’SELr/QJ, l—l"r/ﬂ :‘ll| Smln{k,l}, T:Odd,

where k < 1means k; <; for all j, and 1 = (I, lrr/21) for odd r. Hence the above formulas are
holomorphic for all € C. Moreover, all non-zero Frlnl[ f] are linearly independent, and if r is
even or k =0 or [ = 0, then the coefficient of

(o125 1) = B (a1, 25 ) f(22)

Fl
kiry2Qrry21-1:0) E|r/2)

is non-zero for all u € C. Hence the above formulas are non-zero for all u € C when f(x2) # 0
and ris even or £k = 0 or [ = 0. The values at z; = 0 are clear.

Next we consider general p+, p; and general 2 < a < 1. We take a tripotent €’ € p; of
rank a, and let p*’ := pT(e)2, p3’ := p5 Np™. For z € p™, let 2/ € p™’ be the projection of 2
onto p*'. We take f(5) € P,..0)(p3"), and let F(z2) = det, e (25)" f(25) € Prryig, ,)(p3") C

P(k+l,ka_1)(p;)- Then by Corollary 2.11, as a function of A,

()‘)(Qk-i-l,%m/zj_17(min{2k7k+l}7)kla/2j ),d<F($2); e($|5)p+ >)\’$7p+

k /
= (A)(2k+l,%ta/zJ71,(min{2k,k+l},)ma/zj),d<detn;’(xé) f(ah), et s >/\a: ot
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is entirely holomorphic on C, and by the Kj-equivariance, this holds for all F'(z2) € P(kJrl,Ea,l)(p;) )
The proof of the results for z; = 0 is similar.

(2) Next let e2 = 1. Again we assume pT, p3 are of tube type, a = 7o and let F(x3) =
detn; (22)F f(z2). We put p:= —X — k + 2. Then by Theorem 6.3(2), we have

()‘)(@l’Eﬂ*l’MpMa_l)ﬂF(@), @@+ >

. 1 1 k/2
_ (1) /2 ”(u+ <2 ’ 2)) F2< /2., )
2yl (Lk/2),_Tk/21,)

() R/2N /202 <u+<; 7 ;)) oty (22)
2, (8/2), o Tk/21,)d

(_g)md( §+(% ) 2))m 1+(0 1,),d
% Z Z ) Lro—l  —=l ro—1321)> F2 J[f] (Zl,tzgl)-
mEZ’"z 16{|{)| 1372 ('u + (% ’il))m—lJr(erulz)ﬂd .

Then (—%)md(—% + (iﬂrrl,—7%1))11171“072 il )dFﬁﬂ[f] (zl,tzgl) is non-zero only if

(L) o= (3] L)

Hence the above formula is holomorphic for all 4 € C. Moreover, all non-zero ng 1Lf] are linearly
independent, and the coefficient of

Fk?/Q 0y l,1l)[f] (Zlatzz_l), k: even,

(Wﬂl,Lk/2JT2,l>,(;l,9r2_l>[f] (21, "), k:odd

is non-zero for all p € C. If f(zq2) # 0, when k is even,

Fk/g 0, [z w2) = ‘I’zl/ép2 (z1,w2) f (fwy ') #0
holds, and when k is odd,

Fliis, k21, 1,0, pf)(z1,w2) 0

also holds by Lemma 6.7 given later. Hence the above formula is non-zero for all 4 € C. The
values at 27 = 0 are clear. For general p™, 132+ and general a < 79, this is also proved as the
case (1). [

To complete the proof of Corollary 6.6(2), we prove the following.

Lemma 6.7. Let ea = 2 and let f(x2) € P1,(p3), f(x2) #0. Then for k € Z>o, m € Z | with

m; > 1, F(%H,QTZ_IHEW7@1&2_[)[f](zl, way) gives a non-zero polynomial.

Proof. When g5 = 2, pf automatically is of tube type, and for k € Z>o, m € Z?_, we have
Zpi oy Tpi oy Tpi g
‘Pm+k (21,w2) = Ck,m‘I’ET2 (21, w2) P "2 (21, w2),

F2 [f] (Z _ (i)Pir:P; F2
mtk, | 1, W2) = Ckm k) (21, w2) Fy 1 [f1(21, w2)
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for some cjm # 0. Hence we may assume k = 0. By the definition of F2 ,[f], we have

~pt p=
hh P2 (21, w2) f ("wy 1) det,, (w2) = > F,%l,lw_l[ f1(z1,ws) det, (ws),
1e{0,1}"2
l|=ro—1

Fro, lf)(z0,w2) det - (w2) € P(p])z @ Pom1 (02 -

Now let m € ZZJFJr with m; > 1. If we operate detn; (8i

w2)7 then since only 1 = (0;,1,, ;) term

remains, by [11, Proposition VII.1.6] we have
8 T p+7p_ —1
detn; <8w2) (I)(;H’Qigfz)(zl’ w2)f(tw2 ) detng (w2)

_ (2 _ 2
= (TQ + (2m 1[707‘2_l)>1 d2F(m7Qr2—l)7(ll7Qr2—l)[f](217w2)'

=rg»

Now we take mutually orthogonal tripotents €/,e” € n C p3 of rank [ and 79 — [ respectively
such that ¢/ + ¢’ = e holds. Let p3(e')2 = px(e”)o =: p3’, p3()o = p3(e”)2 =: p3”, and for
wy € p, let wh € pi’, wli € p* be the orthogonal projections. Also let pT N (p*(e')2) =: pi.

First we consider the case f(z3) = det, 1 (z4). Then if 21 = 2] € p{”’, by (4.3) we have

9 =y py t —1\/
ety (o B0 (o) et (g )) et 1)

8 8 ~p+'7p_’
= detn;/ <8u}é) detn;u (awg>(1)n% 2 (Zi’ wl2) detngu(wé’)

_ n7/2 n/2/ <ol s -1
= —14+m Pm "? (21, wy) det —(wh) " # 0,
l lndz T2 — l lrzfl7d2 2

where nf, := dim p3’, n4 := dimp;”, and hence F(%anTQ_z)»(lz:Qm—z)[det@'] = 0 holds. For general
f(z2) #0, F(21n19r2—l)1(ll’9r2—l)[f] # 0 follows from the K "-equivariance of ngl. [

Especially, by (2.22), for F(2) € Pry1k, ) (p3) (when ey = 1) or for F(zs) € Pliot1,k, ) (p3)
(when €9 = 2) we have

@) e = ((Fla2), €00) P e

_ r ’ (:E2|5)p+ , F =
<< (;p2) e >>\,90,P+ &9 F,227P;

()\ 4+ k— %a—l— %2 + (vaa/2—1>)Ea/2=d
| F(22)

||2 €o =1, a: even
()\)(Qkﬂvﬁa/%lv@a/z)d F,z2,p§" ’ )

(A— %L%J + max{2k, k + l})min{k,l} ()‘+k*% 5] +dz*2)@w2j d

(N) @h1,2k ) 1 min{ 2k b+ e o))

B X ”F(ZZ)H?;ZQ p;ra €2 = 17 a: Odd7
(A—ga+ (5] + 3, [5] - %a_l))((k/21l,Lk/2jail),d F( 2 ) 2
(N (k1 ko [R/21,,LR/2), ) V2 ey’

5222.
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Moreover, if p3 is of tube type, a = 12, [ = 0 and F(z3) = detn;r (72)", then since

n
Hdetn;(2?2)k”§«“,zz,pg+ - <?“22>k do
Dpgo

holds (see [11, Proposition XI.4.1(ii)]), we get

(), a0 AR =5[3]+ )y, :
~d , €2 =1,
PRSI
n Apt (%)5,.2@2 A+ 151 =52 = 3) kya)
) €2 =2
2kr2 (N a(A — %7“2)Lk/zj d i

6.4 Individual cases

In this section we observe the computation of inner products (Corollary 6.5) under the explicit
realization of pt. For Case 1, pt = C" = C" & C" with n” > 3, we write k + | =: ki,
k =: ko, q(a2)ff(x2) = F(x2) € P(khh)(C”N). Then for z = (z1,22) € C¥ @& C"', since

3(211Q(22) t21)yr = —ZEZ) holds, by Corollary 6.5(2) we have

—

<F($2), e2q(Z7E)>)\ z

Atk - Y
( 1 2)k2 2F1< ko, —k1 3 +1 Q(Zl)>F(Z2)‘ (6.11)
k

Mkt (A—252) Ak kot 241 g(2)

Similarly, when n” = 1, for F(x2) = 25 € Px(C), by Corollary 6.5(3) we have

k n—1
<$k ezq(z,2)> _ ()\—'_b—‘ T)UC/ZJ Fl( —%—% _Q(Zl)> k
z A ()‘)k()‘ - TLT_2)U€/2J “A—k+ %H’ Q(ZZ)
_ A+ 5] - %/)\_k;/QJ P < [E1+31,— %] q(21)> k
(VA= "52) 4o, “A—k+Z+1 q(z)) 7

Then by putting Px(C) =: P([k/guk/gj)((cl), this result is included in (6.11). Similarly, when
n” =2, by Theorem 5.9(1), for (ki,k2) € (Zx0)?, F(x2) € Py ky)(C?) we have

n—2
(A + k= 5%, I ( —k1, —k2 __Q(21)>F(Z)
i) I\ ki — ke 5 41 q(z) 2

and this is also included in (6.11).
Next, for Case 2, p™ = Sym(r,C) = Sym(r’,C) & M(r',r";C) & Sym(r”,C), we write z =

(1’21112 22 ). When r’ =r”, we regard p™ = Sym(2r’, C) as a Jordan algebra by using the maximal
it ~
tripotent e = (IO, 16’ ) Then since ®h 2 (zl,tzgl) = <I>£111) (zntzﬁlzgngzl) holds (see (6.2)), by

Corollary 6.5(3) we have

< det(flflg)k, etr(xz*)>

A\,x
k7 _ r’+1
(/\+ [2—| 2 )Mrul det(z )k F(1)< _57_% cz tz_lz Z_1>
— o 12)7 28 7y ryp iz e2R12 )
()\)Erhl ()\ — 7)Mrﬂl A ](7+ r+ 1
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where 2F1(1) is as in (3.6). This result is generalized to " # r” case. We assume 1’ < 1’|

and we write z12 = (219, 275) € M(r',C) @ M(r',r" —r';C), 290 = <f;§}‘; ZZ,Z) € Sym(r’,C) @

M, r" —1";C) & Sym(r” —/,C), and 2’ = (f;,l 2}2>. Then for wiy = (I,+,0) € M(r',r"; C),
12 <22

by Corollary 2.11 we have

<det T12 wl? ’e o >/\ ,z,Sym(r,C) <det($12)kv etr(r ) >)\ ' ,Sym(2r’ C)
( 151 e -
. =L =1 det I \k F(1)< T 9y T T ;) N—1_1 , 1)
N =5 g a (1) F0 | Ly 2y o (1) 2elele)
( (31 =5 gy

= o — det (Zut’wlg)k
(Mh,«/,l ()‘ - i)mw1
_k k—1

1 )
X2F1()< A 2k—|—r +17211(11112212)

-1
w222 wr2 (212"w12) )
Then by the GL(r/, C) x GL(r", C)-equivariance, this holds for all wiy € M(r/,7”;C). Similarly,
the result for Case 3 is generalized to s’ # s” case.

Next, for Case 6, for z1 € pf = M(2,6;C), 22 € pJ = Skew(6,C), by (6.3) we have

2 t m
B (o1, 1) = (P (o () Flon)) " = (Pf(lﬂ)) ,

m! m! Pf(22)
and hence
. Atk —6)p —k,—k —2 Pf(z120%2)
Pf kE (@|2),+ — (7 Pf F Y7
(PR e = D+ ok 7 i

holds. We summarize the results for Cases 1-6. Here gFl(d) and gFl[d] are as in (3.6) and (3.7).

Theorem 6.8.
1. Let (p*,pf,p3) = (C", ™, C"") with n = n' +n". Then for

(k1 ko) € 72, " >3,
(k1, ko) € (Z>0)?, n' =2,
(k1 ko) = ([5],15]), k€Zs0, n'=1

for F(x3) € P(kh;w)(p;) and for z = z1 + z3 € pT, we have

) At+h—%) —kg, k1 — % 1 q(=1)
F , 2q(z,z) - k2 F < 2 20 = - >F .
< (ZE2) € >/\,x (/\)lier(/\_ TQ)kQQ 1 _)\—/ﬂ—k2+%+1 q(zz) (22)

2. Let (p*‘,pﬁ,pﬁ,p;@) = (Sym(r,C), Sym(r',C), M (', 7"; C), Sym(r”,C)) with r = v + 1",
Z11 =12

' <r". Then for k € Zxo and for z = (2, 2.2 ) € T, wiz € ply, we have

(A+[5] -3
<det (wlgt’wlg)k, etr(xz*)>)\ — ? i/ Mrﬁl det (Zlgtwlg)k
7 (Vi1 (A= i)mr,,l

k k=1

1 E k=1
X2F1()< I\ 2k+r+1’211(w12Z12)

t t -1
W12222 W12 (212 w12) >
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3. Let (pﬂpﬁ,pﬁ,p;z) = (Skew(s, C), Skew(s’,C), M(s',s";C),Skew(s”,C)) with s = s’ +

s, s' <" Then for k € Z>q and for z = (%}, 712) € pT, w1z € pyy, we have

(A+Ek—2[5]+1)

1 " ko 4 k
<det (wlgtwlg)k, eé tr(zz )> = n Lo /2] det (Zlgtwm)
A (A)%Lsf/zj 74(>‘ - 2L%J)Ew/ﬂ A
—k,—k—1 — _
X 2F1[4} (_)\ o 27k + 924 — 2; —Z11 (w12t212) 111)12222t11)12 (212%12) 1>.

4. Let (pT,pf,p3) = (M(r,C),Skew(r,C),Sym(r,C)). Then for k € Z>o and for z =
21+ 29 € pT, we have

det(x k’etr(:vz*) _ 2
< ( 2) >)\,:1: (A)%Lr/2j72()\_ L

—k,—k—4 1
X det(ZQ)kQFl[z] <_)\ — ok 41 2_ %? Z1%9 12512'2 1)'

5. Let (p*,pf,p;’) = (M(2s,C),Sym(2s,C), Skew(2s,C)). Then for k € Z>o and for z =
21+ 29 € pT, we have

A kEl _o_1
<Pf(x2)k etr(wz*)> _ ( i [2—‘ ° 2)Ms72
’ A® Mk, 20X = 8) (/2] 2

S

k(2] —k kL 1 1
x Pf(z9)"2F] <_)\ —21<Z+223+ 132129 2125 >
2

6. Let (p*,pf,p;) = (Herm(3,@)C,M(2,6;(C),Skew(6,(C)). Then for k € Z>o and for
2=z + 20 €pT, we have

r2), Aot =
(Pt(ra), o),

()‘ +k— 6)k —k,—k -2 Pt (le’gtzl)
a1, (—H’H?’ Pf())

7 Poles of inner products and submodules

In this section we apply the results on the poles of <F(a;2),e($‘z)ﬁ> , to determining which
(g, IN()—submodule of (d7x, OA(D) ) contains the (g1, I?l)—submodule generated by F'(z2). For
N> D1 f = Yo 8 = St € Ha(D)g = P(0*) = Bpuczz_ Panlp*). by [10], [0
Part III, Corollary V.3.9] the inner product is given by

1 1
(fram= > (g s ) = > T 0-2G-1). (foas Gun) F-

meZ” | mezr L=l j

This is meromorphically continued for all A € C, and is positive definite on P(p*) for A > 4(r—1).
If X is a pole, then P(p™) becomes reducible as a (g,f()—module, and for i = 1,2,...,r, A €
(i — 1) = Zso,

M;(N) =MV = @ Pamlh) CPHT) =0A(D);
mezl
mi<L(i—1)—X
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is a (g, IN()—submodule of O\(D)z. Especially, the submodule M;(4(i—1)) (1 <i<r)and the
quotient Oy (D) /M, ()) are infinitesimally unitary (see [10]). For f(z) € P(p*), m € Z',,, if
(M)m,a(f, g)x is holomorphic for all A € C for any g € P(p™), or equivalently by (2.22), if

(Mmal(f (@), ey, (7.1)

is holomorphic for all A € C, then for 1 <i < r,
. d,.

f(.%') S Mz()\) holdsif M\ e 5(1 — 1) —m; — ZZO’

and moreover, for any Lie subalgebra g; C g,
. d,.

dma(U(g1)) f(x) C M;(N) holds if X € 5(1 — 1) —m; — Z>p.
In addition, if (7.1) gives a non-zero polynomial in z € p* for all A € C, then the converse also
holds. -

For example, let p™ = C™ with n > 3. Then we have d = n — 2, and as an (50(2, n),SO(2) x

SO(n))-module, Ox(D) is reducible if and only if A € —Zxo U (252 — Z>q). For these X we
have the submodules

Ox(D)z D M2(\) D Mi(A) D {0}, n:even, AN€Z,  AN<O0,
O\(D)z D M2(A) D {0}, n:even, A€Z, 1<\<I52
Ox(D) > My(X) 5 {0}, n:odd, A€Z, A<O0,
O\(D)g D Ma(A) > {0}, n: odd, /\EZ—i—%, /\S"T_Q.

We consider C* = C" & C"". If n” > 3, then for (ki,k2) € Z%,, F(x2) € Py (C™),
F(z2) # 0, by Corollary 6.6(1) or Theorem 6.8(1),

()‘)(k1+k2,/€2)7n—2<F(x2)’ e?(v?) >)\,:v

is non-zero holomorphic for all A € C. If n” = 2, then for (k1,k2) € (Z>0)?, F(x2) € Py, k) (C?),
F(xz2) # 0, by Corollary 5.7 or Theorem 5.9(1),

2q(z,%) >

()‘)(k1+k2,min{k1,kg}),n—Q<F(x2)7e \z

is non-zero holomorphic for all A € C. If n” = 1, then for k € Z>q, F(x2) € Pr(C), F(z2) # 0,
by Corollary 6.6(2) or Theorem 6.8(1),

()\)(k,tk/zj),n_2<F(x2), e24(z.2) >A N

’

is non-zero holomorphic for all A € C. Similarly, we consider
C* = ((1L,v-1)C)’ @ ((1,—V-1)C)° ~ M(1,s;,C) & M(1,s;C).
Then for k € Z>q, F(x2) € Pr(M(1,s;C)), F(xz2) # 0, by (6.1),
(Ne(F(a2), @)

is non-zero holomorphic for all A € C. Therefore the following holds.



Computation of Weighted Bergman Inner Products on Bounded Symmetric Domains 81

Theorem 7.1.
1. Let n” >3, (ki,ko) € Z%,. Then fori=1,2,
A7 (U(s0(2,n") @ 50(n")))Prry iy (C) € MM (N)
holds if and only if
—(k1+ ko) —Z =1
= nE21 + 2) >0, Z ’
T—kQ—ZZO, 7= 2.
2. Let n" =2, (ki,ke) € (Z>0)?. Then fori=1,2,
dra(U(s0(2,1') @ 50(2))) P, k) (C?) © M ()
holds if and only if
—(k1+ ko) — Z =1
\ e 521+ -2) >0 =1
nT — mln{kl, kQ} — Zzo, 1=2.
3. Letn”" =1, k € Z>g. Then fori=1,2,
dry U(s0(2,1)))Pe(C) C M (2)
holds if and only if
—k — Z>y, 1=1,
A€ n=2 _ |k| _ | —
2 L2J Lzo, 1=2.
4. Suppose n = 2s and let k € Z>y. Then fori=1,2,
A7 (U1, ) Pe(M(1,55C)) € MM ()
holds if and only if

k-7 =1
)\E{ >0, ? )

-2 .
nT —Zzo, 1=2.

Next we consider p* = Sym(r, C). Then we have d = 1, and for r > 2, as an (sp(r,R), U(r))-
module, O5(D)z is reducible if and only if A € $Z, A < 3(r — 1). For these A we have the
submodules

O)\(D)f( D) MQ[
OA(D)I} D MQL

1_1()\) > Mg[ﬂ_g()\) D D Myaxganoy41(A) D {0}, A€ Z,
J()\) D ]\/f2

N3

L; _2()‘) DD Mmax{Q)\,l}+1()\) D {0}, ANETZ+ %

N3

We consider Sym(r,C) = Sym(r’,C) & M(r',r";C) & Sym(r”,C). Then for 1 < a <1/, k €
Z>o, 1 € Zig_ and for F(x11,x92) € PEE(Sym(T’,C)) X Pi(Sym(r”,C)), F(x11,z22) # 0, by
Corollary 5.7,

(N) (k0 minle, 417 11,1 (F (11, T22), 70 Dae

is holomorphic for all A € C, wherel' € 2%, 1” € Z,", are defined as in (5.5), and this is non-zero
iflgy1 =00rk=0o0rl=1, (I € Z>p,1 <a <r"). Similarly, if v’ < 7" thenfor 0 <l <a <7/,
k € Z>o and for F(212) € P41, y(M(r',7"; C)), F(z12) # 0, by Corollary 6.6(2),

~a—1

/2 /2], )a{F (212), )

(A ket

a—10>

is non-zero holomorphic for all A € C. Therefore the following holds.
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Theorem 7.2.
1. Let 1 <a <7, k€Zso, 1€ZY . Then for 1 <i<r,
dr U, 7")))Pr, (Sym(r', C)) R Py(Sym(r”, C)) € MPTH ()

holds if a > r" and

3(i—=1) = (k + 1) — Z>o, 1<i<y”,

\ e (i —1) —k — Z>o, " +1<i<a,
3(i—1) —min{k,li_o} — Z>0, a+1<i<a+1",
(i — 1) = Zxo, a+r"+1<i<r,

orif a <r" and

(i —1) = (k+1;) — Z>o, 1<i<a,

e (i —1) —min{k +l;,lia} — Zzo, a+1<i<7r”,
(i — 1) — min{k, li_o} — Z>o, +1<i<a+r",
%(i_l)_ZZOa at+r"+1<i<r.

Iflgs1=00rk=0o0rl=1, (Il €Z>0, 1 <a <r"), then the converse also holds.

2. Suppose r' <r" andlet 0 <l <a <71, k€ Zsyg. Then for1 <i<r,

A7 U(sp(r' . R) & sp(r", ) Ps e, (M (7" €)) € MFTH ()

a—1

holds if and only if

(3(i—1) = (k+1)—Zsp, 1<i<l,

(i —1) =k — Z>o, l+1<i<a,
Aeii—1)—[5] - Zso, a+l1<i<a+l,

%(i—l)—t%J—Zzo, a—l—l—i—lSiSQa,

(i — 1) = Zxo, 2a+1<i<r.

Next we consider p* = M(q, s; C). Then we have d = 2, and as an (su(q, s), S(U(q) x U(s))™)-
module, O(D)j is reducible if and only if A € Z, A\ < min{q, s} — 1. For these A we have the
submodules

OA(D)}? 2 Mmin{q,s}()‘) > Mmin{q,s}fl()‘) DD Mmax{)\,O}Jrl()‘) 2 {0}

We consider M(q,s;C) = M(¢',s;C)e M(¢,s";C)eM(q",s';C)® M(q",s";C) with ¢"s" # 0.
If ¢'s" # 0, then for 1 < a < min{¢,s'}, k € Z>p, 1 € fo{q "} and for F(x11,m92) €
Pr, (M(q',s";C)) ®P(M(q",s";C)), F(x11,722) # 0, by Corollary 5.7,

()‘)(Ea—l—l’,min{kmin{q//,su}+1”7l}),2<F(x117 222), €M@

Az

is holomorphic for all A € C, where I’ € Z% , 1" € erif{q”’s”} are defined as in (5.5), and this
is non-zero if lo1; =0or k=0o0rl =1, (I € Z>o, 1 <d' < min{¢’,s"}). If ¢'s’" = 0, then
the poles are determined by (6.1), and this case is contained in the above formula with a = 0.
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Similarly, when ¢ = s = r, we consider M (r,C) = Skew(r,C) & Sym(r,C). Then for k,l € Z>,
2 <a <7 and for F(z2) € Py, ,)(Sym(r,C)), F(zz2) # 0, by Corollary 6.6(1),
()\)(2k+l7%a/2717Ea/2)’2<F(x2)’ etr(wz*)>)\,$ lf a: eVel’l,

(N) (2 1,2k )y min {2k k41 ey ) 20 F (22), €T F) i az0dd

are holomorphic for all A € C, and these are non-zero if a is even or kK = 0 or [ = 0. Similarly,
for 0 <1 <a < |r/2], k € Z> and for F(z2) € Pt k, ,)(Skew(r,C)), F(zz) # 0, by
Corollary 6.6(2),

(A)(ﬂl ’EG_I’MZ’MG,LLQ <1f7<1-2)7 etr(l‘z*)>

A,z
is non-zero holomorphic for all A € C. Therefore the following holds.

Theorem 7.3.

1. Let 0 < a < min{q,s'}, k € Zso, 1 € Z™™ 9 Then for 1 <i < min{q, s},
drU(s(u(d, ") @ u(g”, ) Px, (M(q, s';C)) R Py(M(q", s"; C)) € M9 (\)

holds if a > min{q”,s"} and

i—1—(k+1)— Z>o, 1 <i < min{q",s"},

e i—1—k—Z>o, min{q¢”,s"} +1<i <a,
i—1—min{k,li_g} —Z>0, a+1<i<a+min{q’ "},
i—1—7Z>0, a+ min{q¢”,s"} + 1 < i < min{q, s},

or if a < min{q", s"} and

i—1—(k+1;) — Z>o, 1<i<aq,

) e i—1—min{k+1,li_a} —Z>0, a+1<i<min{q",s"},
i—1—min{k,li_s} — Z>0, min{¢”,s"} +1 <i < a+min{q", s"},
i—1—Z>o, a+ min{q”,s"} +1 < i < min{q, s}.

Iflgyi=0o0rk=0o0rl=1, (I € Z>0, 1 <d < min{q",s"}), then the converse also
holds.

2. Suppose g =s=r and let k,l € Z>0, 2 <a <r. Then for1 <i<r,

dra(U(0" (2r)))Psik, ) (Sym(r,C)) € MU (N)

holds if
(i —1— (2k +1) — Z>o, i=1,
i—1—2k—Z>o, 2<i<|a/2],
A€ qi—1—min{2k,k+1} —Z>0, a:odd, i=a/2],
i—1—k—Z>o, [a/2] +1<i<a,
ki_l_ZZ()’ a+1<1<r

If a is even or k =0 or 1l =0, then the converse also holds.



84 R. Nakahama

3. Again suppose q=s=r and let 0 <l <a < |r/2|, k € Z>o. Then for 1 <i<r,
dry(U(sp(r, R)))P(ﬂlﬁa_l)(SkeW(r, C)) c Misu(r,r)()\)

holds if and only if

i—1—=(k+1)—Zs, 1<i<l,
i—1—k—Zso, l+1<i<a,
Aeqi—1—[E] —Zs, a+1<i<a+l,
i—1—|%] -2, a+1+1<i<2a,
i—l—ZZQ, 2a+1§i§r.

Next we consider p* = Skew(s,C). Then we have d = 4, and as an (s0*(2s), U(s))-module,
Ox(D)  is reducible if and only if A € Z, A < 2(|s/2] —1). For these A we have the submodules

O/\(D)I? D ML J()\) D) ML%Jfl(A) DD Mmax{[%1,0}+1()\) D) {O}

%
We consider Skew(s, C) = Skew(s',C)®M (s, s”; C)®Skew(s”, C) with s” > 2. If s’ > 2, then for
1<a<|s/2], k€ Zso, 1 € Z,/* and for F(a11,222) € Py, (Skew(s',C)) K Py(Skew(s”, C)),
F(x11,x92) # 0, by Corollary 5.7,

1 *
()\)(Ea-i‘l’,min{kts///% +1//71})’4<F(x11, $22), e2 tr(zz )>)\,m

is holomorphic for all A\ € C, where I’ € Z% , 1" € Zfi/ 2| are defined as in (5.5), and this is
non-zero if ly41 =0or k=0o0r 1 =1, (I € Z>o, 1 <d' < [s"/2]). Similarly, if 2 < ¢’ < ",
then for k,l € Z>o, 2 < a < &' and for F(z12) € Ppyyip, (M(s',5";C)), F(z12) # 0, by
Corollary 6.6(1),

%tr(“*)> if a: even,

(A)(%a/g,@a/2)+(l,o,...,o),4<F(3312)a e e

Ltr(zz* :
(A)(%La/ﬂ :min{2k7k+l}7ma/2j)+(l,07--~70),4<F($12)762 ol )>)\,x’ if a: odd

are holomorphic for all A\ € C, and these are non-zero if a is even or k =0or [ = 0. If s =1,
then the poles are determined by (6.1), and these cases are contained in the above formulas with
a = 0 for the former case, and with a = 1, £k = 0 for the latter case. Therefore the following
holds.

Theorem 7.4.
1. Let 0 é a S LS,/2J, k € Zzo, l c Zfl/zJ Thenfor 1 S i S L5/2J7
dra(U(u(s’,s"))) Py, (Skew(s’,C)) X Py(Skew(s”,C)) C Miso*(Qs)()\>

holds if a > |s" /2| and

2i— 1) — (k+1;) — Zo, 1<i<|s"/2],

\e 2(i—1)—k5—Z20, LS///2J+1§7;§CL,
2(i — 1) —min{k,li_a} — Zso, a+1<i<a+[s"/2],
2(i — 1) — Zso, a+|s"/2]+1<i<|s/2],
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orifa < [s"/2] and

200 — 1) = (k+1;) — Z>o, 1<i<a,

) e 200 — 1) —min{k + li,li—a} — Z>0, a+1<1i<[s"/2],
2(i — 1) — min{k, li—a} — Z>0, |s"/2] +1<i<a+|s"/2],
2(i —1) — Z>o a+[s"/2]+1<i<|s/2].

Iflay1=00rk=0o0rl=1, (Il € Z>o, 1 <d' < [s"/2]), then the converse also holds.

2. Suppose s’ < §" and let k,l € Z>p, 1 < a < . Ifa =1 we put k = 0. Then for
1<i<|s/2],

dry(U(s0"(25) EB50*(2‘9”)))7)(164-1@%1)(M(s/,s”;(C)) c Mso (23)(>\)

holds if
2(1 — 1) (Qk—i-l — Z>o, 1 =1,
2(i — 1) — 2k — Zo, 2 <i<a)2],
A€ 20 —1) —min{2k,k +1} —Z>o, a>3:0dd, i =[a/2],
Q(i 1) k— Z>0, {a/ﬂ +1 <1< a,
2(i — 1) — Zsg a+1<i<|s/2].

If a is even or k=0 or l =0, then the converse also holds.

Next we consider p™ = Herm(3,0)®. Then d = 8, and as an (e7(—25), U(1) x Eg)-module,
Ox(D)f is reducible if and only if A € Z, A < 8. For these A we have the submodules

Ox(D)i D M3(\) D M2(N) D Mi(A\) D {0}, A€Z, A<0,
O\(D)z D M3(A) D Ma(\) D {0}, ANEZ, 1< A<A4,
O,\(D)[}DMg(/\) D {0}, AeEZ, 5 A8

We consider
Herm(3,0)¢ = C @ M(1,2; 0)¢ @ Herm(2,0)¢ = M (2,6;C) & Skew(6, C).

Then for k € Zso,1 € Z% | and for F(z11,222) € Pr(C)® Py, 1,y (Herm(2,0)), F(211, z22) # 0,
by Corollary 5.7,

(N (st min {10 12} 0o 8 (F (@11, 22), 7o Dae

is holomorphic for all A € C, and this is non-zero if k = 0 or 1 = [, (I € Z>o, d’ = 1,2).
Similarly, for k,1 € Z>o and for F(x2) € P4 k1) (Skew(6,C)), F( 2) # 0, by Corollary 6.6(1),

(V) @k Lming2k k1 k) 8 (F (@), )
is holomorphic for all A € C, and this is non-zero if k = 0 or [ = 0. Similarly, for p; = Skew(6,C),

M(2,6;C) or M(1,2;0)%, for (ki, ko) € Z%, and for F(x2) € Py, 1, (03 ), F(x2) # 0, again by
Corollary 6.6(1),

(V) oy ko ko) s CF (2), ) |

is non-zero holomorphic for all A € C. Therefore the following holds.
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Theorem 7.5.

1. Let k € Z>o, 1 € Z2 . Then fori=1,2,3,

draU(u(1) @ eg(_14)))Pr(C) K Py, 1, (Herm(2,0)%) € M7 (N)

holds if
*(kWLll)*ZZO, = 1,
AE 4—min{k+l2,ll}—220, 1=2,
—ly — Z>o, 1=3

If k=0 orl=(1,0), (I,1) (I € Z>o), then the converse also holds.
2. Let k,l € Z>o. Then fori=1,2,3,

d7y (U (s1(2,6)))P(k1,k,k) (Skew(6,C)) C M7 ()

holds if
—(Qk—}-l)—Zzo, 1=1,
AE 4—min{2k,k‘+l}—220, 1=2,
8 —k — Z>o, 1=3.

If k=0 orl =0, then the converse also holds.
3. Let (ky,ko) € Z3_+. Then fori=1,2,3,

A7y (U(51(2,6)))Pry 1y.0)(Skew (6, C))
dra(U(su(2) @ so*(1 >>>7><k1 k) (M(2,6;C)) C M7 (N
A7 (U(s1(2,R) & 50(2,10)))Psey ey (M (1,2; 0)C)

holds if and only if

—(k1+k2)_Zz(], ’izl,
AE 4—]432—220, 1 =2,
8 — Zso, i=3

Finally we consider p* = M(1,2;0)®. Then we have d = 6, and as an (e6(,14),I~J(1) X
Spin(10))-module, O5(D) is reducible if and only if A € Z, A < 3. For these XA we have the
submodules

O\(D)g > Ma(A) D Mi(A) {0}, A€Z, A<O,
O,\(D)f( D My (M) D {0}, AeZ, 1<A<3.

We consider

M(1,2;0) =0 @ 0% ~ C® @ C® = C @ Skew(5,C) & M(1,5;C)
= M(2,4;,C) ® M(4,2;C).

Then for (k1, k2) € Z2% , and for F(x3) € Py, ky)(C¥), F(x2) # 0, by (6.1),

(Nl ) 6 F (2), ¥ )
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is non-zero holomorphic for all A € C. Similarly, for k,l € Z>¢ and for F(z11,x22) € Pr(C) K
Pi(M(1,5;C)), F(x11,z22) # 0, by Corollary 5.7 or Theorem 5.9(6),

(@)

(A) (et-tmin{rp),6(F (211, 222), € e

is non-zero holomorphic for all A € C. Similarly, for p; = M (4,2;C) or Skew(5,C), for (ki,ks) €
Z% | and for F(z3) € Plier ko) (p3), F(z2) # 0, by Corollary 6.6(1)

(N (ks o) 6 {F (), €15y |
is non-zero holomorphic for all A € C. Therefore we have the following.
Theorem 7.6.
1. Let (ki, ko) € Z?H_. Then fori=1,2,
dra(U(u(1) B 50(2,8)))Psy ks (CF) € M (V)

holds if and only if

k-7 =1
= 1 >0, Z )
3—ky—Zsg, i=2.

2. Let k,l € Z>o. Then fori=1,2,
dra(U(u(1) & $0%(10)))Pr(C) X P(M(1,5;C)) C M:e(fm)()\)
holds if and only if

\e —(k‘—i—l)—ZZ(], 1=1,
3 — min{k, l} - Zzo, 1=2.

3. Let (k1,ko) € Z% . Then fori=1,2,
{dT)\ (U(EU(Q, 4) (2)))P(k1 k2) ( (47 2; (C)) - M-eﬁ(_M) ()\)
dra(U(sl(2,R) @ su(1,5))) Pk, ,) (Skew (5, C)) '

holds if and only if

_(k _ L
)\6 ( l+k2) ZZOa 1 ]-a
3 — kg — Zo, i=2.

8 Intertwining operators

In this section we apply the results on the inner products to the construction of intertwining
operators between holomorphic discrete series representations.

Let G be a connected Hermitian Lie group, with the complexification GC. We fix a Cartan
involution on G, and let K € G, K€ C GC be the corresponding maximal compact subgroup and
its complexification. Let G; C G be a connected subgroup, with the complexification G({: c GS,
such that (G,G1) is a symmetric pair of holomorphic type. Without loss of generality we may
assume that (7 is stable under the Cartan involution of G, and let K7 C Gi, Kic C G(lc be
the corresponding maximal compact subgroup and its complexification. Their corresponding
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Lie algebras are denoted by the corresponding lowercase frakturs, and let g€ = p+* @ tC @ p,
b = pT @ T o p; be the gradings with respect to the adjoint action of 5(’6@). Then p*, p{c
have Jordan triple system structures. Let pzi = (pit)L C pt,andlet D C pt, D; C pf be the
bounded symmetric domains, so that G/K ~ D, G1/K; ~ D; hold.

For A > 4(r — 1), we consider the unitary representation H,(D) C O(D) of the universal

covering group G with the inner product (-,-)x. Then for the K-finite part we have H)(D)z =
P(p™), and this is holomorphic discrete if A > p — 1. Similarly, for a unitary representation
(p, W) = ( r g P05 W) ((X_A|f(1) ® po, W) of K1, we consider the unitary representation
Heoa (D1, W) € O(Dy, W) of G if it exists. Then Hea (D1, W) appears in the decomposition
of Hx(D)|g, if and only if (po, W) appears in the decomposition of P(p5), and then there exists
a symmetry breaking operator

fiﬁo : H)‘(D)|C~v'1 - HElA(Dla W)a

which is unique up to scalar multiple for A > %l(r — 1) by the multiplicity-freeness of H(D)| &y
By Theorem 2.12(1), this operator is given by substituting the differential operator to the

polynomial F)tpo( )= Fipo(zhzz) P, W),

Fpa(2) = (0 K@2)), e, = (K)o

(C
where K(z2) € P(p;, Home (x ™, WexT 81’\)) (P(p;)@W)KiC. Therefore, the construction
of symmetry breaking operators are reduced to Theorems 5.1 and 6.3.

8.1 Case p; is non-simple

First we consider the cases such that in = plil &) p2i2 is non-simple, and write pf = pliQ. We as-
sume p7; is of tube type. That is, we consider

(pi pitl’pit%p;g)

(c*2,C,ce,C) (Case 1),
(Sym(r, C), Sym(r’,C), M (r',r"; C), Sym(r”, C)) (Case 2),

_ (M(q,s;C), M(r',7";C), M (r',s";C) ® M(q",r";C), M(¢q",s";C)) (Case 3), (8.1)
(Skew (s, C), Skew(2r/,C), M (2r’, s"; C), Skew(s”, C)) (Case 4), ~
(Her 0)%,C, M(1,2;0)%, Herm(2, 0)°) (Case 5),
(M(l 2; (O) C ,C, Skew(5,C), M(1,5;C)) (Case 6)

with r = v + 7" for Case 2, g = 1"+ ¢", s = r' + 5" for Case 3, and s = 21" + 5" for Case 4.
Then the corresponding symmetric pairs are
(S 0(2,d+2),S0¢(2,d) x SO(2)) (Case 1),
(Sp(r,R), U, 7)) (Case 2),

U x U r Case 3),
Gy = U@L U0 < U (Case )
(SO*(2 ) U(2r',s")) (Case 4)
(Er(—25), U(1) X Eg_14)) (Case 5),
(Ee(—1 ),U( ) x SO*(10)) (Case 6)

)

(up to covering). Here, for Case 3 we consider U(q, s) instead of SU(q,s). Let dimpt =: n,
dimp]; =: n', dimps, =: n”, rankp™ =: r, rankp]; =: 1/, rankp, =: 7", let d be the number

defined in (2.3), and take €12 € {1, 2} such that

(z12[712)p+ = €12(212[712) 1, T12,Y12 € PYa,
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so that we have

(
(
(
(ryr' 7" d,e12) = < (
(
(
(

\

For j = 1,2, let &; := [p

]J’pj]]

2,1,1,d,1)
2,1,1,1,2)

rr' r"1,2)

min{q, s}, 7", min{q", s"},2,1)

ls/2],7", [s"/2],4,1)
3,1,2,8,1)
2,1,1,6,1)

N ¢, let Kj; be the corresponding connected subgroup of G,

and let XJ;; C pl i be the Bergman—Shilov boundary of the bounded symmetric domain, with the
normalized Kjj-invariant measure, so that X;; ~ K;;/K L;; Mjj holds for some K L; Mj; C Kjj.
As an example, we consider Case 2. Then according to the decomposition of P(pﬁ) @P(pig)

under K,

P(p )&73 P22
Kk

Hr(Dsp(rr)) for A > ’;—1 is decomposed under G as

@ @ r! oz
Z Z H)\+)\ (DU(T’,T”), ‘/2(1{ )\/ X ‘/2(1 ))’

Ha (DSp(r,R)) ‘51 =

=U(r") x U,

@ @ Pic(py) B Pi(p3)

eZT leZT

/ 11
kezr 1ezr’,

~ D @‘/Zk)v RVy ),

keZT leZT

where Hyz(Dy( ), V'EV") is defined by using the character (3.1) of U()xU(r") c U@, ).

In the following let k = &,

s, and consider the symmetry breaking operator

Fiprt HaDspirry) — Hapa(Dur o, Vo) BV )

~ Hxp2m)+2 (Dug ), C R VQ(IT ))-

We take a vector-valued polynomial Ky(x92) €

H(val(TQQ))

2
(')
Var

or equivalently,

‘<f(x22)a K1($22)>L2(222)@22 ‘Vg({”) o Hf(xZ?)HLQ(Em),:cm’
Using this, we define the polynomials Riﬁ,n(”’?ﬂ? 122) € Pen(py) @ Pulpgy) @ VQ({,//) by

Z Kfﬁ n(T22,Y22)

”
m,nEZ+7L

Then the polynomial F' i
We renormalize this as

"U| "y

(322),x22 V(T

= Kj(z22 + y22)-

1

Fim(z) =

(%)Ew,d(%’:)l,d(A + k- %T/)l,d

(Pi(py) ® Vz(lr”))K”, normalized such that

v€V2(1 )’

fx22) € P1(p3,)-

oo(2) = ijl(z) e Py, VQ(ITN)) is computed by using Theorem 5.1.
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d _
x det, - (le)k Z (—=F)m,d ()\ +k— 2T’> K?Qrfl n(Q(ZH)th],ZQZ)

m,nEZ:_/;
det - (Zn)k (—k;) ~ _
EE IR e
/ m,n GZ’ —-n,

with d = 1. Then the linear map ]-'i w1 = F i & 1(@ becomes a symmetry breaking

896) |111:O,x22=0
operator, and for f(za2) € Pi(p5,), by [9, Part II1, Corollary V.3.5] we have

(“Fi,k,l(detn"‘ (211)F f(222))) (212)
k
= @ (o) (e ) et s
"k d 1Ld

1 —
- m<det nt 5”11)]@]‘?(11722)7detnf1 (SE11) Ky (722 >Fp11@p22’m11’x22

211=0,722=0

— <f(m22),m>m(zzz)

,T22 "
Hence by the normalization of Kj(z22) we have
1 k 2 ”
H]:A k l(detn+ (z11) f(a:QZ))(xm)HH(H%)H(DU(T/,H/)7(3&‘/2({ )
= 2 2
- ‘< z22), Ki( x22)>L2(222),x22‘V2(1T") - Hf(mm)HLQ(Ezz),xm'

On the other hand, by (5.7) and again by [9, Part III, Corollary V.3.5] we have

(%’)Er,,d(%”/)l,d()‘ - gr/)@w—i-l,d H

()\)Er+lvd (A - grl) 1,d

I detn*(xll)kf(xQQ)H?\7p+7x = f x22)“i2(222),

22"

Now since }"i )1 18 an isometry up to constant on the subspace of Hx(Dgp(rr)) isomorphic to

H (A42k)+2 (DU(T‘/J‘//)’ CKX VQ(IT”)), and identically zero on its orthogonal complement, we have

(%’I)Er/ d(?’l’/)ld()‘ gr' )k: Ld

f pr
I )\,k,l‘op (M, +1.4(A — grl)l,d

Similar results also hold for the other cases. Now we summarize the results so far.

Theorem 8.1. Let (p*,p3,p5,p5) be as in (8.1). Forle 7", let Vi be the representation
110 P12, P22 ++

of Koy isomorphic to Py(p5,), and we take a vector-valued polynomial Ky(xa2) € (771 (p§2)®W)K22
such that

10 K@) [y o = 1P v E W

We define the polynomials K! 22 (222, Y22) € Pm(P33) ® Pa(pyy) @ V1 by

I, mn

Z Klmn (w22, y22) = Ki(z22 + y22).

m,nGZ7
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Using these, for A\ > %l(r — 1), k € Z>o, we define Fim(z) = Fim(zll, z12,222) € P(p~, V1) by

det —(le)k (_k) -
Ff(2) == — .4 K2 (Q(z12)21y!, 222)-
R I PR (e R L]

Then the linear map

HA(Dsog(2,d+2)) — Hatk+1(Dsog(2.d)) B Cog (Case 1),
Ha(Dsprry)  — Hirsary4a (Dur ), CR Vi) (Case 2),
Hai+x0 (Du(g,s) — Hintk)+re (Pugr,sm, CH Vl(j”))

fi T X Honr+(atk) (DU( ') Vl(q "V (C) Case 3),

( )
v Ha (DSO* 25)) — H( +k> (DU(QT s”)a(C X ‘/lgs )) (CCLS@ 4)7
Hy (D ey D V[lO]\/ X —A+2k—2l1] C 5
T A+k+%( Bot-1a Vit -12,0,0.00)) B Xu(1) (Case 5),
HA(DEg(_14)) (Case 6),

—14)

— Hatk (DSO*(lo)a V((?)\z/ L1 z)) X X[}g\;)_gk !

27272227 2

(]:i,k,lf)(ﬁlz) = Fikl(@i) f(x)

211=0,222=0

intertwines the él—action, where we put Ay+Aa = A for Case 3, and its operator norm is given by

n’ n’ _d.
(T/>E7-/7d<r”)17d (/\ 2T>ET//+1,d

(Mg, 1a (A= 57)14

)

H’Fik,l”;}? =

For holographic operators ]-'Ikl, see [33, Theorems 5.7(2), 5.10 and 5.19(1)]. Next we as-

sume p2i2 is also of tube type, that is, we consider Case 1, Case 2, Case 3 with ¢" = s = ",
Case 4 with s” = 21", and Case 5. Then by Theorem 5.1 and (5.2) we have

1 ()\ dr’)l p
(%’/)Emd(%’/)l,d (A= %T/)Emd()‘ k=9,

9 \" 0
x dety— (2) M7 r det - (8222) det,— ()77 Ky (202)

Fi,k,l(z) =

detnf (Z)_A—i_? < 0 )k Aphk—1
= det — | =—— ) dety— (2)*" 7 Kj(222).
’ " d n n
(%)ET,,d(%)l,d()‘ —gr+ l)@w,d 22 \ Oz
Moreover if 1 = [/, then as in Corollary 5.4, the intertwining operators become easier. Here

0F1” and 2F1” are as in (2.13) and (2.14).

Theorem 8.2. Assume pT, plil, p;tz are of tube type. For A > g(r —1), k,l € Z>o, we define
FY (@1, w29 210) € O(py X pdy % b)) by

+ d—
F;k,l(ﬂ?n, T2; 212) 1= detu1+1 (211)" detn;g ($22)l0F1p“ ()\ +k+1— 5

2
; L11, Q(212)9622> )

and Fikl(z) = Fi’k’l(zlla 212, 222) € P(p™) by

det (211) det — (Zgg)l + —k. =1
Fy o (2) = o n Pt ( 7 n’tzﬂ17 (212)tz221>'
o (% )k/d( )z,,d A-k—l+
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Then the linear map

((Hatkr1(Dsop2.a) B Cokit) g, — Ha(Dsog(2ar2)) g (Case 1),
Hinrar) + 2 (Duer ) 7, — Ha(Dsp(rr)) 7 (Case 2),
(H(A;+k)+(xz+l)(DU(r',r"))

X H(A1+l)+(A2+k)(DU(T//,T/)))gl — Hax(Dupgy) g (Case 3),
H( +k)+(3+ )(‘DU(QT‘/ 2r“))f(1 — HA(Dso*(r) g (Case 4),
(HAJrkJrl(DEa( 14) ) K X_E\-S_Qk 4l)f€1 — ,H)\(DE7(725))[~{ (Case 5)7

1 0
( Aklf)( ) Ikl<$117$227ax2> f(9512),

T
Fakl:

intertwines the (gl,f?l)—action, and the linear map

HA(Dsoy(2,a+2) — Harrr1(Dso,(2,a) B Cops (Case 1),
Ha(Dsperry)  — Hoveaw+ (a2 (Pugr ) (Case 2),

]_‘i . Hoaras (DU(W")) — H(/\1+k)+ >\2+l)(DU(r ') )

AL X H(/\1+l)+()\2+k)(DU(r” ) (Case 3),

H}\(‘DSO*(4T)) — H( +k)+(5+ )(D (2r!,2r!") ) (Case 4),

\ H)\(DE7<,25)) — H)\+k+l(DE6< 14) ) X X_(A-i)_Qk 4 (CCLSC 5)7

(‘Fi,k,lf) (z12) = Fikjl <aax)f(:c)

211=0,722=0

intertwines the él-action, where we put A\ + Ao = X for Case 3. Their operator norms are
given by

\\3

( /)k e d(n//)l Pl d()\ +l - %T/)ET//,CI

H‘F;k,luop - H )\,k,l‘ op = ()\)k+l ()\ _ 57.//)k J
FABLILT /’7 Kyl

( /)k o d(n”)gw,d(A + k- %7"/);7,,,61
()\)ﬁr”d ()\ o %T,)lw,d '

\\3

Here we normalize a% and 8:?12 with respect to the bilinear forms (-|-)y+: p™ x p~ — C and

o4 : o _ 1 9
("')pﬁ' ply X p1o — C respectively, so that %‘pﬁ = 7 sy, Dolds.

For Case 3, the above result is generalized to the case such that PE = M(q¢,s;C), pQLQ =
M(q",s"; C) are of non-tube type, as in Theorem 5.9(3). When ¢' < ', let Py ,(M(q',s;C))r
be the representation of GL(s', C) given by

g9-f(zn) = f(zng), g€ GL(s,C), fePx,(M(d,s;C)), (8.2)

so that Py ,(M(¢,s';C))p ~ Vk(sl) holds. Similarly, when ¢’ > s, let Py, (M(q',s’;C))r be the
Ry o Ls
representation of GL(¢’, C) given by

g'f(xll) = f(g_1x11)7 g€ GL((]/,C), f S ,PES,(M((]/,S/;(C)),

so that Py, (M(q',s";C))L Vk(q )V holds. We consider the Fischer inner product (-,-)p on
Pr,, (M (¢, s';C))g and Py, (M (q s';C))p. Especially if ¢’ = ', then the identification C_j —

Pk, (M(q',C)), 1+ det(x11)* has the operator norm (¢')k,,2- Then the intertwining operators

are given as follows. Here 0F1(2) and 2F1(2) are as in (3.4) and (3.6).
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Theorem 8.3. We consider (pi,plil,pliQ,pécl,inQ) = (M(q,s;C),M(¢,s;C),M(q,s";C),
M(q",s;C),M(q",s";C)) withq=q¢ +q", s=5+5". We assume ¢/ < s'. For A=\ + \g >
min{q, s} — 1, k,l € Z>q, we define F;k7l($11,$22; 212, 221, Y11, Y22) € O(pf7 X 3y X Py X gy X

P X P3) by

T .
F (@11, w225 212, 221, Y11, Y22)

det (wlltyll)k det ($22ty22)l

2
D2 @ oFl( )()\ +k+Lzntzan'z), ¢ <8,
L) Lqlts

det (fﬂntyn)k det (“yaza22)

I
2
@Drr 20 oFl( )()\ + k+ Lan'zantzg), ¢ >,
Kyls Lyt

and Fikl(z;wn,wm) = Fim(( L) swin,wa) € P(pT X piy X p3,) by

F)tk,l(Z; w11, Wa2)
det (let’wll)k det (222tw22)l

/ /!
(q )Eq/,Q(q )Lqu,2

(2) —k, =l t -1_ ¢ t -1 ¢ " "
X o F] (z11'wi1) " z12'wa (222'we2) 2w |, ¢ <,

7)\7k7l+q/+q//’
det (zntwn)k det (tw22222)l

(@), 2(5 )12

(2) —k, =l t -1 t —1¢ t " "
X 2F ; \R11 W11 212\ W22222 w2221 W11 |, ¢ Z S .
\ 1 (_)\_k_l_i_q/_i_su’( ) ( ) )

Then the linear map

(H(/\1+k:)+)\2 (DU(q/7s”)7 CK qu// (pg_Q)R)
7 B H ()20 (DU(er,), C B Py, (011 R)) 7, ¢ <",
PWIE .
(H(/\1+k’)+()\2+l) (DU(q’7S”)> X Hx 2 (DU(q”,S/) ) PLS// (pg—Q)L X qu/ (pTI)R))fQ?
¢ > s"

- HA1+>\2 (DU(q,s))]?v

0 0 0 0
(]:I,k7lf) (z) = F/I,k:,l <$11,$22; 213’ Dzgr Furs’ 8w22>f(x12’$21’w11’w22)

w11=0, w22=0

intertwines the (u(¢,s") ®u(q”,s"),U(q) x U(s") x U(q") x 6(3’))—actz’0n, and the linear map

Hn+k)+2 (Du(g.sm), CRP, (p35) )
X H x40+ (Dugr,s) C B Pry, (p11)R), q" < s,

Hov k) +0+) (Duges)
X H/\1+>\2 (DU(q”,s’)vPLSu (p;Q)L X qu/ (p;rl)R)a q” > Sl/a

‘Fi,k,l: Hy+20 (Du(g,s) —

0
(}—ik,lf) (212, T21, W11, W22) = Fik,l <8x; w11, wzz) f(z)

211=0, z22=0
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intertwines the ﬁ(q', s") x U(q", s')-action. Their operator norms are given by

()\ + l - q/)kq//,Q _ ()\ + k - q//)éq/,Q " < S//
N ! ’ - ’

H]:T H2 == H]:\L H = ()\)wq”’Q(A q )Eq”2 ()\)k""l /7 ( —4q )l ”,2
Ak llop Ak tllop A+1—q )2 A+ k- $" )12 e
s’ — q = S .

()\)Ms”g()\ — Sll)bq/, ( )k+l /, ( q )£5/1727

Except for the results on operator norms, Theorems 8.1, 8.2 and 8.3 hold without the as-
sumption A > g(r — 1), if X is not a pole and if we replace H with O.

We return to the case pT, pﬁ, p2+2 are of tube type. If \ = = —a witha = 1,2,..., min{k, [, },
then by Corollary 5.6 we have

det,—(2)® < 0 >k _
F% Z) = / " s 7 det - e det,— (2 k aK] z
S CNNCSNCETE DI
! det <a>kdat()dt()“K()
= 7 7 et - € et - (2 zZ
(? )E/d(?”) (r”+l)k—a .d "2 \ 0222 ! * e
_ T :Tar/,d T‘nﬂl—gru,d detn ( )QFi_i_ak " a”(z)
()i a (31
(_1)(17‘ !
= det,- (2)*F¥
(_k)g,«/,d(_lv)gr//,d e ( ) +al€ a1— a"(2)7
where 1V = (ln,...,l1). Next we additionally assume r’ < 7” and 1 = [.,». Then at A =

gr” —k—1+awitha=1,2,...,min{k, [}, by Proposition 2.6(2) we have

n
lim —)\—k:—l+> Fyylz
A—>§r”—k—l+a< "/ a, A7k7l( )
) (FA—k—1+%),
= 1m n’ n'

)\ﬁ\%r//fkflJra ( )k o d( )l 11d

—k, —1 _ -
Ff“ (_)\ kil n7t21117 (2’12)t2221)

—k a..r _l a,.r
= ER)ay d(aa detnﬁ(zn) det, - (222)l

()i, a )10 () a

+
X det“ﬂ (1) detnl—1 (Q(zlg)tzﬁl )a gFf“ <

de t - (2111) det - (2122)1

—k+a,—-l+a, _ _
at2111> (Z12)t2221>

”ta
(%_‘_k;_a)a d(%’—i_l_a)a d
— ; *T:,’ ; 207 de t (zll)k adet - (ZQQ)I
(n )k’ /d(n )l P d(n )a/d
—k l
x det, - (Q(z12)"205" )" Fpll ( za_,_ + a,tzﬂl, (zlg)tz2_21>.
,r/

Especially, when p], is also of tube type, let dim p}, =: nq2, rank pf;, =: r12. Then 7’ = r” and

gr” -2 hold. Let det, - (212) be the polynomial on py, satisfying
detn;1 (Q(Zlg).rgg) = detn;2 (212)512 detn2+2 (51122), 212 € p1_2, Too € p}LQ

Then we have

n
lim <—)\—k—l+> Fy o (2)
Ao 2 flta " asd
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()i, a7 10 a(7)
1
- (ﬂj) d detnl_Q (212)612QF%¢—k—l—l—a,k—a,l—a(Z)'
™A,

€12712
Therefore the following holds.

k— -
B detni(zn) adetn;2(222) adetn;2(212)51204 FPTl —k+a,—l+a ; (212)'25]
= 21 &’+a 3 211 212) Z99
/r./

Theorem 8.4.

1. Assume p™, pﬁ, p;Q are of tube type. If \ =% —a, a =1,2,...,min{k,l,~}, then we have

Fi = (=D 2 odet,- Q a.
7—a,k,1 <_k)gT/,d<_lv)gT//,d 7+a,k—a,l—grn n ox

2. Assume p3, is also of tube type, and let 1 = L. At X = 617;17?’12 —k—I1l+a,a=12
...,min{k, [}, we have

n12 g
AA)EIQTIQ k—l+a

lim <—)\—k—l+n> o
r a,,d w

1 1 0 £12a
=—— det - | —— o F
7 n nig g —al—a’
(%)Qw,d 12 \ €12 0212 €12712 k—ltak—al-a

This theorem is regarded as an analogue of the functional identities [27, Corollaries 12.7(2)
and 12.8(3)]. Here, for individual cases, when we take a maximal tripotent e € pfl @®ps, suitably,

det,-(2) and detnl—2 (212) (for ' = 7" case) are given by

det,—(2) = q(2), det,, (212)? = —q(212)

2

for Case 1,

211 212 211 212 0 212
det,— = det det_— = det
" <t212 222) <t212 222>’ 2 <t212 0 > (212)

for Case 2,

o (7Y e (M) g (0 %) <ot

221 222 221 222 221

for Case 3,

211 212 211 212 0 212
— = Pf — =
det <—t212 m) (—%12 222>’ dety, (—tzlz 0 ) det(z12)
for Case 4, and
det,- (tZAn 212> — det (ill 212>
212 292 212 222
for Case 5. By [1, Theorem 6.4], if p™ is of tube type, then for a € Z~,
8 a
det,- (8) i On_o(D) — On (D) (8.3)
x s T

intertwines the G-action (see also [14, Propositions 1.2 and 2.2], [39, Lemma 7.1, equations (8.6)—
(8.8)]), and similar for p,. Especially, the both sides of Theorem 8.4(1), (2) intertwine the

(G1-action.
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8.2 Case p7 is simple

Next we consider the cases such that p;t is simple and p*, p;ﬁ are of tube type. That is, we
consider

/l

( "y, n=n'+n" n">3 (
((C”,C" 1(C) n>3 (
(Sym(2r/,C), Sym(r/,C) & Sym(r’,C), M (+',C)) (
(p%,pF,p3) = { (Skew(2¢/,C), Skew(s', C) & Skew (s, C), M(s',C)) (Case 3), (8.4)
(M(r,C), Skew(r,C), Sym(r, C)) (
(M (2s,C),Sym(2s,C), Skew(2s, C)) (
(Herm(3,0)%, M (2,6;C), Skew(6, C)) (

Then the corresponding symmetric pairs are

((SOp(2,7),S00(2,7) x SO(n")) (
(SO0(2,n),500(2,n — 1)) (
(Sp(2r',R), Sp(r',R) x Sp(r',R))  (
(G,G1) =< (SO*(4s"),50*(2s") x SO*(2s"))  (Case 3),
(SU(r,r),SO*(2r)) (
(SU(2s,2s),Sp(2s,R)) (
( (Er7(—25),SU(2,6)) (

(up to covering). Let dimp™ =: n, dimps =: no, rankp™ =: 7, rankp; =: 72, let d, di, ds be
the numbers defined in (2.3) for p*, pf, pd respectively, and take e1, 29 € {1,2} such that

(w310 )y = (sl wiovs €9, J=1.2
J
Also let 41, d2 be the numbers defined by

0 (p?: not simple)7
0 := q d; (pj: simple, €; = 1), j=12.
-1 (pj: simple, €; = 2),

Then we have

(22n n"—21,1,n" -2 n"—2) (Casel, n' >2)
(2,2,n—2,n"—2,2,1,—-1,n" — 2) (Case 1, n' =1)
(2,1,m—2,—,1,2,n—3,-1) (Case 1),
2r! 1,2,1,2,0,— C 2

(7,,7 T’Q,d, d2,€1,€2,(51,(52) ( r T s Ly 4y Ly ) ( ase )7
(s',5,4,2,1,1,0,2) (Case 3),
(r,r,2,1,2,1,—1,1) (Case 4),
(2s,5,2,4,1,2,1,—1) (Case 5),
(373787471517274) (C’ase 6)

We note that if ro = 1, then dy is not determined uniquely, and any number is allowed. Let
Yo C p; be the Bergman—Shilov boundary of the bounded symmetric domain, with the nor-
malized Kj-invariant measure, so that Yo ~ K;/Kp, holds for some K, C K;. For these
cases, for (pg, W) ~ P(k+l,kr2,1)(132+) = P(l7o,,_.0)(p2+)det ;(xg)k (eg = 1) or for (pg, W) =~

P(ﬂly%il)(p;) = Py, (p3) det,,+ (z2)F (g2 = 2), Fipo( ) = Fiw(z) is computable by using
Theorem 6.3.



Computation of Weighted Bergman Inner Products on Bounded Symmetric Domains 97

Theorem 8.5. Let (pi,pf,pf) be as in (8.4). Forl € Z>g (e2 =1) orl € {0,1,...,r9 — 1}
(e2 = 2), let V| be the representation of Ky isomorphic to P ... o) (p;) (62 = 1) or Py, (pd)
(e2 = 2), and we take a vector-valued polynomial Ki(z2) € (P(p;) ® Vl)Kl such that

0 K@Dl o)y = e v EVE
(32),22

For A > %(r — 1), k € Z>g, we define Fik’l(z) = Fik’l(zl,ZQ) ePp, V) by

)
1 —k
— Ff( n;Kz;z>, g9 =1,
(E)(Hz,grrl),dg —A—2k+ r
okra+l _k
I Fé( \ ]Z Kz, e2=2
(E)<ﬂl&«2_l>,dz TATRA

by using FL, (115 f;2) in (6.7), (6.8). Then the linear map

Fim(z) =

(HA(Dsog2,m) — Har2k+1(Dsog ) B V([ln(;/]vo) (Case 1),
Ha(Dsoo2,n)) — Hoatk (Dsog2,n-1)) (Case 1'),
Ha(Dgp(ar r)) — Hoatk (Dspir ) Vl(lr/)v)

X Hosk (Dsp(r w)» V;(lrl)v) (Case 2),

]:Ai,k,l: Ha(Dso*(15)) — Hat2k(Dso=(27) V(Ei;?,,v,ﬁo)/)

X Haron (DSO*(%’)v V(g,so?..v.,O)) (

Ha(Dsu(rry)  — Horpar (Dsor2r) V((Q?OV ) (

Ha(Dsu(2s,25)) — Hatk (Dsp(asr)» ijs)v) (Case 5),

(

6
\ HA(DEW_%)) — Havor (DSU(ZG)’ CX ‘/(575),5,1,0,0))

(Fipu) @) = Fyy, <§x> f(x)

xo=0
intertwines the G1-action, and its operator norm is given by

175 g allon

( (%)(Hz,&rl),dz A+Ek—gra+ %+ (varz/Q—l))k

77~2/27d

N iorston . p , eg =1, ro: even,
(2 + 72—'r2/2—17—7‘2/2)7

(%) (bt ky, 1), (A=51% | +max{2k, k + B mingegy A A ki +d72)kv2/% <

= (N @k4.2k o)y min{ 2k k41 K o))

’

g0 =1, 1r9: odd,
A=+ ([543, [5]- ”2—l))(Mz’Mr2—z)’d

2]{:T2+l ()\) (ﬂl 7Er2 —1 7Ml 7M72 71)7d

D=

() e,

ro—1

, €9 = 2.

For holographic operators fik ;» see [33, Theorems 5.7, 5.12, 5.17 and 5.19]. Especially

-+

if [ = 0, then as in Corollary 6.5, the intertwining operators become easier. Here oFlp 1Pz
— ot

and gFfl P2 are as in (6.4) and (6.5).
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Theorem 8.6. Let (p, pic,pg:) be as in (8.4). For X > 4(r — 1), k € Zso, we define
F)tkp(xg;zl) € O(p2 X py )

Tt 2k &
F/I,k,o(xﬂ z1) = det,+ (z)ko Py P2 </\ + o 2 21,162),

and F, o(2) = FY, o(21,22) € P(p7) by

F)tk,o(z) =2 X

_ da
PLobs —k,—k—-%F t —1
2F 321, 2 y €2 = 17
det, - (22)" ! (—)\ ok LT >
n _ k
( 2)]{;7‘2,d2 2kT22F1p1 ’PQ ( —g5,—

Then the linear map

(Hat2r (Dso,(2,n)) B ) — Hx(Dsoy2m) 7 (
Ha+rk (Dsoo2n-1)) 7, ( (
(Hrsk (Dsp(r,w)) @ Hork (Dsprw)) g, — Ha(Dspeerm) g (
Flrot § (Harar(Dsor2w)) B Hoyar (Dsores)) 7, — Ha(Dsorusn) g (Case 3
Horvar (Dsor 2r)) 7, — Ha(Dsupr) g (
Harrk (Dsps®) g, — Ha( (
Horok (DSU(276));}1 — Ha (DE7(—25))I~< (

Ve

(]:I,k,of)(w) = Fi,k,o (332? 18) f(x1)

€1 83:1

intertwines the (gl, I~(1)-acti0n, and the linear map

(1 H(Dso(2, ) — Ha+2k (DSOO(zn/ )X C (Case 1),
H(Dsop(2,m)) — Hark(Dsog(2,n— 1)) (Case 1),

Ha(Dspar r)) — Hask(Dsp(r r)) ¥ Hosn(Dsp(r ) (Case 2),

}—ik,O: 7'[/\(DSO *(4s/ )) — Hayok (DSO* 2 ) Ht2k (DSO*(QS/)) (Case 3),
Ha (DSU(T,T)) — H2)\+4k (DSO 2r ) (CCLS@ 4),

Ha EDSU(2S,28)) — Hatk (Dsp(zs,R)) ECase 5;,

DE7(—25)) — Hoyor (DSU(Qvﬁ))

(F{of) @) = Fy g (;;) f(z)

xro=0

intertwines the Gy -action. Their operator norms are given by

n dfr d
(e, A HE=5[3]+F), N
}—T B B (A)2kvg/2j ,d (>‘ - %L%J) krpy /2150 , ’
H )\,k,OHOp - ” A,k,OHOp - (%)EQ,@ ()\7L {%1 - %W %)[k/ZJ
, €9 =2.
\ 2’”2()\)&2@()‘ - %TQ)Lk/zj d :

Here we normalize 8% and 8%1 with respect to the bilinear forms (-|-)p+: p* x p~ — C and

(.|')p1~': p x p] — C respectively, so that 8% L, =1 holds.

p1 €1 8oc1
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For Cases 2, 3, the above results are generalized to the cases py = M (r',7";C), M(s',s";C)
are of non-tube type, as in Theorem 6.8(2), (3). Here OFl(l), 0F1[4], zFl(l) and 2F1[4] are as in
(3.4)-(3.7), and Py, (M (r',r";C))R is the representation of GL(r",C) given in (8.2) with the

Fischer inner product.

Theorem 8.7. Let

(Pi pi pi pi ) = (SYm(r, (C)a Sym(r/7 (C)7 M(T’, T’”; C)v Sym(r”, (C)) (Case 2)7
TS (Skew(s, €©), Skew(s', ©), M(s', 8”3 C), Skew(s”, C)) - (Case 3),

withr =1 + 1", 17 < 1" or s =5 + 5", § <" respectively. For X\ > "5 or A > 2(|5] — 1)
respectively and for k € Z>o, we define F17k70(x12; 211, 222, Y12) € P(pE X P11 X Poy X pl_Q) by

det(z12%y12)"
(" )k, 2

det(.%'lgtylg)k
(8 )k, 2

()Fl(l) (A + k; 2113312Z22t$12) (Case 2),

F17k70(3712;21172227y12) =
0F1[4] ()\ + 2/€; —211x12Z22t.1‘12) (Case 3),

and F)tk,O(Z; wiz) = Fi,k,o ((iztlzllz 22) ?“’12) € P(p_ X pfz) by

in,k,o(z? w12)
ok’ det(zlgtwlg)k

(1")k, 2

k k—1
(1) PR 7 . t -1 t t -1
oF} 211 (w12'212) T wizze2 w2 (212 Ww12)

—A—k+r'+1
(Case 2),
B det(zlgtwlg)k F[4] ( —k,—k—1

(Nie 8 \=A—2k+2¢' 2;_zn(wmtzl?)_1w12z22tw12(212tw12)_1>
Rgly — A —

(Case 3).

\

Then the linear maps

(Hask(Dspr r)) B HA(Dspr rys Pr,, (M (7, 7";C)R)) g, — Ha(Dsprm)

o (Case 2),
MO (Hasan(Dsor ae) B HADsox 2, Pry (M (58" C)R) g, — HalDsor2s) g
(Case 3),

0 0 0
(]:I,k,of)(x) = F)T,k,o (33123 11 Oz’ 8w12>f($11,$22,w12)

w12=0

intertwine the (sp(r',R) @sp(r”,R), U(r') x U(+"))- or (s0*(2s") @ s0*(25”), U(s') x U(s"))-action
respectively, and the linear maps

Ha(Dsp(rr)) — Hask(Dspir ) B Ha(Dsprr wy, Pre,, (M (', 7" C)) R)
(Case 2),

HA(Dsor (25)) — Hasr2k(Dsor 2s)) B HA(Dsor 2y, Pr,, (M (s',8";C)) )
(Case 3),

L
‘F)\,k,O :

0
(fi,k,of) (w11, 722, w12) = Fikﬂ <6:n; w12) f(z)

z12=0
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intertwine the Sp(r’,R) x Sp(r”,R)- or §6;‘(25’) X §6;‘(25”)—actz'0n respectively. Their operator
norms are given by

[ (A + [%W - T/;rl)[k/ZJ 1 (Case 2)
/ EA ase 2),
17 kollop = [Fhnollop = 27 (N1 (A=3) o) 1
k0 op A\k,0 op )\+k*2 s’
( Izl S)k /20 (Case 3).
(A)%\_s//%f ( LjJ) //2-‘74

Except for the results on operator norms, Theorems 8.5, 8.6 and 8.7 hold without the as-
sumption A > g(r — 1), if X is not a pole and if we replace H with O.

Remark 8.8. For Case 1', since Fiko(z) is written as

o= e (4 450
N ?j(@)k if: (—A—k (Jr_?]i:;er 1) m! <_ ((12(:))2>m
e )
“5t T ()

by using the Gegenbauer polynomial C(t), the symmetry breaking operator ]:ik,() coincides
with the holomorphic version of Juhl’s operator (see [17], [25, Theorem 6.3]) up to constant
multiple. Similarly, for Case 2 with ' = 1, since F' ,%,k,o(Z;wH) is again written by using the
Gegenbauer polynomial C,i‘_l (t), the symmetry breaking operator .Fi k.0 coincides with the result
by Kobayashi—Pevzner [25, Theorem 7.1] up to constant multiple. Moreover, for Case 2 with
r’" = r”, combining with Proposition 2.6(1), F/% ro(#) coincides with the result by Ibukiyama—
Kuzumaki-Ochiai [13, Theorem 7.5] up to constant multiple, and ]:)\ ko coincides with the
differential operator in [13] which is related to the Siegel modular forms. In addition, similar
functions for Cases 1 and 1’ also appear in the restriction of complementary series representations
to some subgroups as inclusion maps from discrete summands, since these maps are given by
the Fourier transforms of the symmetry breaking operators (Kobayashi—Speh [27, Chapter 15],
Méllers-Oshima [31]).

We return to the case pT, p; are of tube type. When ez = 1,if A = = —a witha = 1,2,...,k,
then by (6.10) we have

no 1 1 ]{ a k‘
— Fﬁ_a ( ) F: < 7Kl, ) = det ( ) F ( ,Kh >
<T2>(k+z kyy1)sde - ' \a—2k " ' \a— 2k

n2
- <) det“ ( )aFi-l-ak al( )
2 (k_a+17@7-271)7d2

and when g9 = 2, if)\:%—awithazlﬂ,...,L%J,thenwe have

1 (77,2) +
Fi_or(®)
Shratl n_ak
2hrat (b, e "
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_k a_k
= F} < 2 'Kl;z> = det,— (2)*F} <a B ]i;Kl;z>

a—k
det,— (2)*F

r

+a,k72a,l(z)'

; <n2)
T 9(k—2 l
2(k=2a)ra+l \ 1y (k=2at1,k=2a, ).d2

Therefore we have

(-1
dety— (2)"Fi, o o,(2), ex=1,
1 (_k - (QT2—17 l))2T2,d2 T ’
F%fa’k’[(z) = 22ar2 .
det, - (Z)aF%+a,k—2a,l(Z)’ €9 = 2.

(_k - (Qrg—bll))QJQ,dQ
Next we assume pf is also of tube type, so that r is even. Let dim pf =: nq, rank pf =: 711, and

let detnl— (z1) be the polynomial on p; satisfying
1 N\1/2 _
tr/th+ (Q(azg)zl, —t 12’1) / ’t:O = detnf (2’1)51 detn; ($2)€2, To € p;, z1€py.

Suppose [ = 0, and for a = 1,2, ..., |k/ea] we consider
li “A—— 4+ - ==
- < £2 r 2

no_ 2k
€1r1 €2 ta

A—
By case-by-case consideration, we have
n 0o dfr d ) ny
—(=—-1 l)=-r——==——.
(2 (2 ) " > 472 T e

Therefore by Proposition 2.6(2) we have
2k 0
lim <)\+n22> Fiko(z)
a

n 2k
A 61%1—5—&—(1 c2 " r/2:d
kro(_y _ 2k n_ &
€9 ( A €2 + T 2 )Qr/27d k
= lim det _—(z2)
Ao 2k (@) "2
e1ry €9 T2 kr27d2
el [ —E-E-% 1
1 P2 g2’ € 2 . t,—
X 217 Af%ﬁﬂ_@’zl’ZQ
g9 r 2
kra(_ &k _k _ %
52 ( Eg)aT/Q,d( €2 2 )a,r/27d c1a —esa
detn; (22) detn_ (Zl) detn2_ (22)

(%)Em,dg (%l (% - 1) + 1)%/2,61

—Lta-Lta-% 1)

X QFf;’p2+ €2 2 $ 21, 29
-1
(k—2a)r2 ,
_ &2 ( k)@rz’dQ det _ (Zl)sla det _ (ZQ)k—Eza
" N

- (nQ)er,dg (%(% - 1) + 1)QT/2,d

T2k
02

k k
i [~ Fa,——-+a—F
Py sPo € g 2. t,—1
X QJG, ( ; o +f n éZ 7Z17 ZQ )
r 2

€171

n2

(_k)@wfb(ﬁ)mwdz e1a ol
detn; (21) ! FL

€171

— %—i—a,k—sga,o (Z)

N (m)kw,dQ (%l (% B 1) + 1)%/2,(1

T2k
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1
= det —( )ElaF¢7L (Z)
FICEDES PR R R
Similarly, we consider the case e2 = 1 and r = 2, with general [. Then § — %2 —1 = % holds,
and for a = 1,2,...,k we have

) n do 1
lim “A—2k—-Il+—-——-——=) F z
A—>"21—2/<;—l+a< 2 2 >a ail?)

A=2k—-1+5-2

= " lim ( no )a det ( )k

A=l —2k—l+a (7)(k+l,k),d2

—h—k—1—%  (211Q(z)7'2)
X2F1<—A—2k:—l+72l—df’ 9 Ki(22)
—k)o(=k—1-— dz
_ ( )m( 7)a det, — (22)F
(7)k+l(1)ka' i

~k+a,~k—l+a-% (Zl‘Q(ZQ)_lzl)p—
; Ki(22)
a—+1

- n det —(21)610‘
(%)kﬂfa (D)g_ga! ™

X detn; (Zg)k_agFl (

~k+a,~k—l+a—% (ZI‘Q(@)AZI)W
a———f—f—— ) Kl<22)

_ = g1a ~Ir
=2 L det wr GO F g ()

Therefore the following holds.
Theorem 8.9.

1. Assume p*, p3 are of tube type. If \ =2 —a witha=1,2,..., Lk:/szj then we have
(_1)(],'[’2 \L 8
Fn d t — - 1,
. (_k_(QT‘Qf:[?l)) r2’d2 ~tak— alo ety 8w €9
]:%—a,k,l - 92ars £l 1 o
n t — b 3 — 2
(—k — (erl?ll))@??m 24 ak—2a,0 © 94 (837) €9
2. Assume py is also of tube type, and let | = 0. Then at \ = 51;1 — % + a with a =

1,2,...,|k/ea], we have

. Qk n (52 1
Mo, ( et 2>a Ak

€171

A—

1 1 a g1a \L
= det — _— o) Jl—-' o )
(g (% - 1) + 1)2 /27d M <€1 81‘1) 5171‘1 7%+a’k752a70

3. Again assume pl is also of tube type, and eo =1, r = 2. Then at A = &+ — 2k —l + a with
a=1,2,...,k, we have

n d2 1
hm “A=2k—-1l+-——==) F
A" 2k l+a< 2 2>a Akl

1 10 .
= pdety; (613961) ° ok tpak—al
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This theorem is again regarded as an analogue of the functional identities [27, Corolla-
ries 12.7(2) and 12.8(3)]. Here, for individual cases, when we take a maximal tripotent e € p3
suitably, det,-(z) and detn; (z1) are given by

detu-(:) = 4(2),  dety (1)1 = —g(21)
for Cases 1 and 1/,
det (P11 A2 _ et ([Pt #2) (0 1 = (—1) det [ P11 A2
Y \lz12 220 212 202) \I 0 210 222)’

det, - (ZH 0 > = det(z11) det(z92)

0 29
for Case 2,
211 212 211 212 z1 0
det,,— = Pf , det - = Pf(z11) Pf(z
" (—t212 Zz2> <—t212 Z22> ™ (0 222) (212) Pi(z22)

for Case 3 (with s’ = 27/ for detn;(zl)),

det,— (21 + 22) = det(z1 + 22), detn;(zl) = V=1"Pf(2)
for Case 4 (with r = 2s for detn; (z1)),

dety— (21 + 22) = det(z1 + 22), detnl—(zl) = (—1)°det(21)
for Case 5, and

det,—((21, 22)) = det((z1, 22))

under the identification (3.8) for Case 6. Again by [1, Theorem 6.4], (8.3) intertwines the G-
action if p* is of tube type, and hence the both sides of Theorem 8.9(1)-(3) intertwine the
G1-action.
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