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Abstract. Let ¥ be a finite type surface, and G a complex algebraic simple Lie group
with Lie algebra g. The quantum moduli algebra of (X, G) is a quantization of the ring of
functions of X¢(X), the variety of G-characters of 71(2), introduced by Alekseev—Grosse—
Schomerus and Buffenoir-Roche in the mid ’90s. It can be realized as the invariant subalge-
bra of so-called graph algebras, which are U,(g)-module-algebras associated to graphs on 3,
where Uy(g) is the quantum group corresponding to G. We study the structure of the quan-
tum moduli algebra in the case where 3 is a sphere with n 4 1 open disks removed, n > 1,
using the graph algebra of the “daisy” graph on ¥ to make computations easier. We provide
new results that hold for arbitrary G and generic ¢, and develop the theory in the case where
q = €, a primitive root of unity of odd order, and G = SL(2,C). In such a situation we
introduce a Frobenius morphism that provides a natural identification of the center of the
daisy graph algebra with a finite extension of the coordinate ring O(G™). We extend the
quantum coadjoint action of De-Concini—-Kac—Procesi to the daisy graph algebra, and show
that the associated Poisson structure on the center corresponds by the Frobenius morphism
to the Fock—Rosly Poisson structure on O(G™). We show that the set of fixed elements of the
center under the quantum coadjoint action is a finite extension of C[Xg(X)] endowed with
the Atiyah—-Bott—Goldman Poisson structure. Finally, by using Wilson loop operators we
identify the Kauffman bracket skein algebra K(X) at ¢ := ie'/? with this quantum moduli
algebra specialized at ¢ = e. This allows us to recast in the quantum moduli setup some
recent results of Bonahon-Wong and Frohman-Kania-Bartoszynska-Lé on K. (X).
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1 Introduction

Let X be an oriented surface of finite type, and G a complex algebraic simple Lie group with Lie
algebra g. In this paper we begin our investigation of the quantum moduli algebra defined by
quantum lattice gauge field theory (qLGFT) on ¥ with gauge algebra Uc(g), where U(g) is the
adjoint unrestricted quantum group U,(g) at a primitive root of unity e. For technical simplicity
we focus in this paper on the case where ¥ has genus 0 and n > 2 boundary components, we
assume that € has odd order, and we prove our main results in the case of G = SL(2,C). Their
formulation for arbitrary G has qualitatively the same form.

Our main motivation comes from quantum topology. We aim at showing that the quantum
moduli algebras make a very efficient and unifying setting by which quantum invariant theory
for manifolds equipped with G-characters can be studied. As an example, in this paper we will
verify this postulate on the Kauffman bracket skein algebra K¢ (3), where ( = ie'/2 is a primitive
root of unity of order 41, with [ > 3 odd. Namely, we will recast some recent results of Bonahon—
Wong [17, 18] and Frohman-Kania-Bartoszynska-Lé [45, 46] on K¢(X) in the setup of quantum
moduli algebras, where they follow from our general results applied to the case of g = sl(2).
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Our approach consists genuinely of doing geometric invariant theory for quantum groups. In
order to present our results, let us recall a few facts about qLGFTs.

The qLGFTs were introduced in the mid '90s by Alekseev—Grosse-Schomerus [1, 2, 3, 6] and
Buffenoir-Roche [19, 20], who used as gauge algebras the quantum groups H = U,(g) with ¢
generic, or semi-simplifications thereof when ¢ is a root of unity. Assuming that ¥ has non-empty
boundary, which simplifies this presentation and is the case studied in this paper, the qLGFT
on ¥ with gauge algebra H associates a H-module-algebra Lr(H ), called graph algebra, to any
ribbon graph I' embedded in ¥ and onto which ¥ deformation retracts. The H-invariant subalge-
bra Lr(H) is independent up to isomorphism of the choice of I, and so is canonically associated
to X. Abusing of notations we call Lr(H)? “the” quantum moduli algebra of the qLGFT.

In these papers Lr(H) was defined by the method of “combinatorial quantization”, which
yields presentations by generators and relations given in matrix form. Assuming I" has one vertex
and no edge contractible in X, these presentations make L£r(H) a natural deformation quanti-
zation of the ring of regular functions O(GE ) endowed with the Fock—Rosly Poisson structure
[4, 5, 43], where E is the number of edges (loops) of I'. Hence Lr(H)* is a deformation quanti-
zation of O(GE )G C O(GE ), the ring of regular functions invariant under the coadjoint action
of G, i.e., the ring of regular functions on the variety X (X) of characters of representations
7m1(2) = G, endowed with the Atiyah-Bott-Goldman Poisson structure.

Bullock—Frohman—Kania-Bartoszynska provided in [22] a coordinate free construction of the
qLGFTs that works for any ribbon Hopf gauge algebra H, based on the Reshetikhin—Turaev
functor. They also related the Wilson loop elements of £1-(H)# , introduced in [20] and associated
to the isotopy classes of framed oriented links in ¥ x [0, 1], to the Kauffman bracket skein algebra
of ¥. In particular, by adapting their approach to H = U,(sl(2)) (which is strictly speaking
ribbon in a certain completion), they showed in [23] that the construction of Wilson loop elements
yields an isomorphism from the skein algebra K (3) defined over C(gq) to the quantum moduli
algebra for H = U,y(s[(2)). This isomorphism, that we call Wilson loop map, explained in a very
natural way the emergence in qLGFTs of the Witten—Reshetikhin—Turaev mapping class group
representations and of the Jones polynomial of links, already discovered in [6, 20]. We refer
to [70] for a comprehensive account of the axiomatic and algebraic structures of qLGFTs, and
to [14] for their re-appearance in the context of factorization homology.

With the exception of the work of Frolov [47], until recently the qLGFTs for (non semi-
simplified) quantum groups at roots of unity were not studied, certainly because of their apparent
complicated definitions. Although the combinatorial quantization approach is the less intrinsic,
it has the advantage of providing computationally transparent connections with representation
theory. The more topological approach of [22] makes some invariance statements obvious, but
encapsulates part of representation theory in a diagrammatic calculus, leaving many aspects
rather implicit.

A major progress has been achieved recently by Faitg in [38, 39, 40, 41]. He defined the qL-
GFTs for arbitrary finite-dimensional ribbon factorizable Hopf gauge algebras H, not necessarily
semisimple, using combinatorial quantization. He showed that the mapping class group repre-
sentations associated to such qLGFTs coincide with those of Lyubashenko-Majid [67, 68], which
were originally defined by categorical means, and provided explicit and ready-to-use formulas for
Dehn twists. In particular this includes (with little adaptation) the restricted quantum group
for s[(2) at a primitive root of unity of even order. In this case, he generalized the Wilson loop
map, obtained new non semisimple representations of K,(X), and established new relationships
with the stated skein algebras. He showed also that the corresponding qLGFT mapping class
group representations coincide in genus g = 1 with those derived from logarithmic conformal
field theory in [42].

In the present paper we make a further step in the root of unity case; we note that another
approach is being developed in [48]. We consider the qLGFTs on ¥ with gauge algebra an
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unrestricted (adjoint) quantum group U,(g); when ¢ = € is a root of unity we mainly focus on
the case g = sl(2). Also for technical simplicity we assume € is a primitive root of unity of odd
order [; the case of even order can be treated similarly. As mentioned above, for simplicity also we
focus on the case where ¥ is a sphere with n+1 open disks removed, n > 1 (sometimes we say for
short that ¥ is punctured), but qualitatively similar results hold for surfaces of non zero genus.

First we construct the graph algebra Lo, := Lo ,(g) associated to the “daisy graph” in X,
made of one vertex, one loop encircling each deleted disk, and one “cilium” at the vertex, which
provides an ordering of the loops by using the orientation of ¥. The embedding in ¥ gives the
daisy graph a structure of ribbon graph, as shown in the picture below:

Figure 1.1. The daisy graph.

The graph algebra Lo ,, is a module-algebra over the quantum group U, := Uy,(g) with ground
ring C(q). We define Ly, by means of combinatorial quantization based on Uy, that we reformu-
late also in terms of twists of module-algebras and braided tensor product. More precisely, U, is
not a ribbon Hopf algebra, but a suitable extension of the category of finite-dimensional Ug-
modules is ribbon. So, to make sense of the construction of Ly, we replace U, by a categorical
completion U,.

In particular, £o1 = O, as a U;-module, where O, is the restricted dual of U, endowed
with the right coadjoint action of U,, and the algebra structure of Lo 1 is compatible with that
action. Eventually, we find that a map due to Alekseev [1] yields an equivariant embedding of
Ug,-module-algebras

(I)ni £0,n — Uq®n,

where Uq is the simply-connected quantum group associated to g, and Lo, and U g)” are endowed
with a coadjoint and an adjoint action of U, respectively. In the case n = 1, ®; coincides
with a celebrated isomorphism of U,-modules O, — U;f, where Uéf is the subalgebra of locally
finite elements of Uq, which was first introduced by Drinfeld and Reshetikhin—-Semenov-Tian-
Shansky [73], and further studied by Caldero, Joseph—Letzter and others (see, e.g., [13, 24, 53]).

For the purpose of defining specializations at ¢ = €, we then introduce an integral form E{ﬁn
of Lon, that is, an A-algebra satisfying Lo, = Eén ®a C(q), where A = (C[q, q_l]. It is
a module-algebra over the wunrestricted integral form Ua of U, as defined by De Concini-
Kac—Procesi [27, 30]. The construction of EOAm is based on Lusztig’s [66] restricted integral
form U® of U, and some integrality properties of the R-matrix on U}*-modules. The Alek-
seev map yields an equivariant embedding of Us-module-algebras &, : Eén — U%", and the
iterated coproduct A1) of a (natural) integral form O4 of O, defines a morphism of algebras
Al=1) £é1 — EOAJZ. We show (see Proposition 6.11 and Theorem 6.27 for details):

Theorem 1.1. The invariant subalgebra EOU}L does not have non trivial zero divisors, and its
center is a polynomial algebra, generated by A1 (Z(Lo1)) and Z(Lon).
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In the case g = s[(2) this result also follows from the isomorphism W of Theorem 1.3 below,
and the fact, proved in [16, 72], that the skein algebras satisfy the corresponding properties.
In [72] it is also shown that the skein algebras are finitely generated and Noetherian.

The constructions and results above are developed from Section 2 to Section 6, for any of
the quantum groups U; = Uy(g). As they form the basis of all results that follow we give full
details, though part of this material has already been considered in some ways in the litterature.
Along the text and especially in Section 5 we consider in detail the case of g = sl(2).

Section 7 is devoted to the center of the specializations of Eén at roots of unity. For every
ecC*,set U.:=Uy @4 C, and

E(E),n = £én ®A (Cﬂ

where C. = C as a vector space, and as an A-module, ¢ is evaluated as ¢ on C.. The Alekseev
map affords an embedding of Ue-modules ®,,: £j,, — U€®” We study this map when ¢ is
a primitive root of unity of odd order I.

De Concini-Kac-Procesi [27, 28, 30] showed that the center Z(U,) can be identified with the
coordinate ring of a Poisson—Lie group G* (dual to G endowed with the standard Poisson—Lie
structure), and that certain Hamiltonian vector fields on Spec (Z ((76)) =~ (G* can be integrated to
define an infinite dimensional group Gpck acting by analytic automorphisms on Spec (Z(f]e)),
and by automorphisms on a suitable completion of U,.. The orbits of this action, called quantum
coadjoint action, lift the orbits of the conjugation action via the natural covering map G* — GV,
where GY is the big cell of G. They used this action to obtain a series of fundamental results on
the simple U.-modules.

It is not hard to make the quantum coadjoint action explicit for U,(s((2)). Therefore, starting
from Section 7 we restrict to the case of g = s[(2), thus omitting g from the notations (denoting,
e.g., L§,(sl(2)) by £§,,), and we put G = SL(2,C). In the case of g = 5l(2) the Alekseev map
affords an isomorphism

(I)n: 10(3[,67” — U®n,

€

where 1L, is the specialization at ¢ = € of a localization of [,én (s1(2)) introduced in Section 6.

After proving preliminary results on the center Z(L£f ,,) in Section 7.1, we extend the quantum
coadjoint action by means of the Alekseev map, to get in Section 7.2 an action of a finite
dimensional Lie group G on the fraction ring of Z(Lf,,) (hence a partial action on Spec(Z(L§ ,,))
by rational transformations) and on a suitable completion of £§ ,,. Then we study the invariant
subalgebra Z( an)g_ The groups G and Gpck are different. In fact, it is necessary to adapt
the constructions of De Concini-Kac-Procesi in the case n > 1 (see Remark 7.15). We note
that the problem of extending the quantum coadjoint action to graph algebras has already been
considered by Frolov in [47].

We can summarize the main results of Section 7 as follows (see Corollary 7.20 for a precise
and more complete statement). Denote by X (X) the variety of characters of representations
m1(X) = G. We define an I-fold branched covering space G of G, and an ["-fold branched
covering space X(2) of Xq(X), related by a natural branched covering identification map
¢: X, (2) — G™. Then we prove:

Theorem 1.2. The center Z(Lf,,) is naturally endowed with a Poisson bracket { , }qca inhe-
rited from the algebra structure of L ,,, so that there is an isomorphism of Poisson algebras

Fr: (O(G"),{, Yrr) = (2(£5,),{  Faca),
where {, }rr is the trivial extension to (’)(G’") of the Fock—Rosly Poisson bracket on O(G™).

Moreover, Fr yields an isomorphism of Poisson algebras

Fro e (O(Xé(z))7 { }Gold) — (Z(ﬁé,n)g7 { }QCA)7
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where {, }Gola is the trivial extension to O()N(é(Z)) of the Atiyah—Bott-Goldman Poisson bracket
on O(Xg(2)).

The isomorphism Fr provides a precise formulation of what means combinatorial quantization
of the Ad(G)-module-algebra O(G™) at roots of unity. It maps the elements generating O(é”)
as an extension of O(G") to analogs of Casimir elements in Z(L§ ,,). On the subalgebra O(G"),
it is given by a Frobenius map Fr, analogous in the case n = 1 to the one defined for O, = SL.(2)
by Parshall-Wang in [71], though more complicated, see Definitions 7.1 and 7.3. It satisfies the
remarkable identity (and a similar one for n > 1, see Proposition 7.6)

Be(Tr (04)) = Ti(dTr (24)) = aT¥ (Ti(V2) M),

where ﬁ is the matrix of coordinate functions of GG in its fundamental representation, ]\Vj is the
matrix of generators of £§ ; in the fundamental representation Vz of Ue, T} is the [-th Chebyshev
polynomial of the first type (suitably normalized), T;(V2) the corresponding virtual representa-
tion in the Grothendieck ring of U,-modules, and qTr and Tr are the quantum trace and classical
trace of 2 x 2 matrices respectively. This identity shows how Fr relates invariant functions on G
to G-invariant central elements. The appearance of the [-th Chebyshev polynomial 7; in this
context relies on the fact that it generates the defining relation of Z(U,), between the Casimir
element Q and the generators E', F!, K*! of the “small” center Zo(U,) C Z(U,).

In the context of the quantum function algebra SL.(2), identities similar to the above one
and its extension to n > 1 have been obtained by Bonahon in [15].

In Section 8 we develop a topological (i.e., skein theoretic) formulation of some of the previous
results. In Section 8.1 we give two definitions of a Wilson loop functor W, defined on a category
of ribbon oriented graphs in 3 x [0, 1] colored by U’f*-modules, extending the Wilson loop map
of [20] and defined for any g. One of these formulations uses the Reshetikhin—Turaev functor,
and is close to the one of [22].

In Section 8.2 we consider the restriction W of W to closed colored ribbon oriented graphs.
The image of W is (Eén)UA ®A (C[ql/D, qil/D], where we recall that (Eén)UA is the A-algebra
of U g-invariant elements of L’én, and A = (C[q, qil]. Moreover, we prove the following result,
which is an integral version (i.e., over the ring A) of a combination of [22, Theorem 10] and [23,
Theorem 1]. Denote by K(X) the Kauffman bracket skein algebra of ¥, defined over the ring
C[C, C‘l}. We have (See Theorem 8.6, and Remark 8.7(3) for a statement over Z[C, C‘l]):

Theorem 1.3. When g = sl(2), the linear map defined by W(L) = i*BW (L) on ribbon
oriented links L colored by the fundamental representation, where k(L) is the linking number
of L, descends to an isomorphism of algebras (where ¢ = iql/z):
U. _
Wi Ke(S) = (£§,)"" ®a C[¢,. ¢
By using the image by W of the multicurve basis of K¢(X) we prove in Theorem 8.8 the

following result, about the specialization (ﬁén)eUA = (L’én)UA ®a Ce.

Theorem 1.4. The algebra Z( (E),n>g is contained in (Eén)eUA. Moreover, the bracket {, }qca

extends to an action by derivations of Z( 87n)g on (Eén)g“
Theorems 1.1, 1.2, 1.3 and 1.4 imply:

Corollary 1.5.

(1) The skein algebra K (X) does not have non trivial zero divisors, and its center is the
polynomial ring generated by the skein classes of the boundary components of 3.
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(2) When ( is specialized to a root of unity € of order 41, with 1 > 3 odd, the center of K (X)
contains a subalgebra isomorphic to O(Xg (X)), endowed with the image of the Poisson
bracket {, }goid, which extends to an action by derivations on Kq(X).

Details are given in Section 9. As already mentioned above, (1) has been proved in [16]
and [72]. The claim (2) belongs to a corpus of results proved in [17, 18] and [45, 46], for any
finite type surface and root of unity €¢’. One interest of our method is to be intrinsically algebro-
geometric, and valid for any complex simple Lie algebra g. We note that the Frobenius map
Fr discussed after Theorem 1.2 provides an explicit, geometric realization of the threading map
Ch: K_;2(X) = Z«(X) of Bonahon-Wong, see [17] and also [46] (note that e {+1,+i}).

In [11] and works in preparation we study the structure of the algebra L§ ,, and its subalgebras

( gyn)Uf and (Eén)gA, their representations at roots of unity, and we extend the results of this
paper to arbitrary finite type surfaces.

We note that the quantum coadjoint action implies remarkable properties of the intertwiners
of quantum moduli algebras. In the sl(2) case these properties should eventually recast the
quantum hyperbolic field theories (see [8, 9] and the references therein), and therefore quan-
tum Teichmiiller theory (by the results of [10]) within the theory of quantum moduli algebras.
In another direction, integrating the action by derivations of Z( fm)g should provide interes-

ting information on the space of finite-dimensional (/Lén)g/‘—modules. There should be no major
difficulties in generalizing these results to the higher rank case.

2 Categorical completions

We recall here the notion of categorical completion of a Hopf algebra, which is connected to the
theory of multiplier Hopf algebras, see [79]. We need it because our main object of interest, the
algebra Lo ,,(g), is built from the Hopf algebra U,(g) and its braided structure which exists only
in some completion. The categorical one is suited to algebras defined over C(g).

Let k be a field (in the sequel it will always be C or C(q)), and U a k-associative algebra (not
necessarily with unit). We denote by p the multiplication map of U, and by Mody the category
of left U-modules.

Let Fyy: Mody — Vect be the forgetful functor from the category Mody; to the category of
k-vector spaces. Denote by U the set of natural transformations from Fy to Fyy. An element
of U is a collection (ax)xeMod, » Where ax € Endy(X) satisfies Fy(f) oax = ay o Fy(f) for any
objects X, Y in Mody and any arrow f € Homy (X, Y). The direct product [ [ xcyjoq,, Ende(X)
is canonically endowed with a structure of unital k-algebra, and U is a unital subalgebra of
I1 XeMody Endg(X). The multiplication map is given in each factor by the composition map
px: Endg(X) ® Endg(X) — Endg(X),u ® v — wowv. The map

w: U —=U, GH(GX)XeModU,

where ax is the endomorphism defined by the action of a € U on X, is a morphism of algebra.
When U has a unit 1, ¢y is an isomorphism with inverse

s U=, (ax)xeMody H— av (1),

where U is endowed with its structure of left-regular representation.

We will “enlarge” U by considering only k-finite dimensional U-modules; we stress that, in this
situation, the map corresponding to ¢y is not necessarily surjective nor injective (see below for
the case of U = Uy(g)). Let FinVect and FinMody be respectively the full subcategories of Vect
and Mody whose objects consist of the finite dimensional k-vector spaces and U-modules. Let
FinFy: FinMody — FinVect be the forgetful functor, and U the set of natural transformations
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from FinFy to FinFy. As U above, U is a unital subalgebra of [ xerinmoa, Endi(X), and the
map (keeping the same notation)

w: U=, a — (ax)XeFinMody

is a morphism of algebra. We will call U the FinMody- categorical completion of U.

We will often use special elements in U defined by series of elements of U. Consider a sequence
of elements x; of U, and assume that for any object X of FinMody, the set of indices j such
that the endomorphism (z;)x is not zero is finite. Then we can define an element >, 1y(z;)

of U by
(Zwe) =S (2.1)
j X
When 7 is injective this element is also denoted by ) ;Z5-

Let U, V be k—algebras, and U , V their FinMod-categorical completions. We define the
categorical completed tensor product of U and V, denoted by U ®V, as the space of natural
transformations from Fyy to Fyy, where Fyyy: FinMody x FinMody — FinVect, (X,Y) —
X®,Y. An element of U&V is a collection of linear maps axy € Endy(X®Y), for X € FinMody
and Y € FinMody, such that for any arrows f € Homy (X, X’) and g € Homy (Y,Y”) one has
(f®g)oaxy =axy o(f®g) (identifying Fyy v (f,g) with the linear map f ® g). Again the
componentwise composition map endows U&V with a structure of associative algebra, and the
map (py: U@V — UV, u®uv— (ux ® vy)x,y is a morphism of algebra. If u: U@ U — U
is the product of U, we define ji: U&U — U by

(i(a))x = px(ax,x)

for all a € UQU and objects X of FinMody. This construction is generalized straightforwardly
to n-tuples of algebras Uy, ...,U,. In particular, if U; = --- = U, = U we put

%" .= 1® - - QU
Adapting Sweedler’s coproduct notation A(z) = Z(x) T(1) ® x(z), we find convenient to write
asum T =3}, u;®v; in URV as
T =) Tu&Te.
(T)

Assume now that U is a k-bialgebra, with coproduct A: U — U ® U and counit e: U — k.
Denote by X the U-module structure on k defined by the counit e. Set

A U—-U&U, (az)zeFinMody — (AX,Y) X,y eFinMody »
where ax )y = axgy, and
e U—k, a— ax,.
These maps are morphisms of algebras, and satisfy
Aow=wyod,  (¢0id)(A(a)) = (id®¢)(A(a)) =id,  (A&id)A = (id®A)A.

We will still call U a k-bialgebra although the tensor product is ® and not the algebraic one.
In particular, given a = (az)zerinMod, € U we have

UX)Y),Z = ((A®id)A(a))X,Y,Z = ((id@A)A(G))X,Y,Z = 0X,(v,2)
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We say that U is quasicocommutative in its categorical completion if there exists an invertible
element R € U®U such that

AP(q) = RA(a)R™*

for all a € U, where A®P := g0 A, and o(a®b) = bxa for every a,b € U. In particular, this
implies

wev (AP (a)) = wev(0(A(a)) = Ruwsy(Ala))R™

for all a € U.
Assume that U is quasicocommutative in its categorical completion. We say it is quasitrian-
gular, or braided, if moreover we have

(A®id)(R) = Ri3Ros, (id®A)(R) = RizRo. (2.2)
Then, we call R a universal R-matrix. We use the following notations:
R*:=R, R :=0o(R)"Y, R :=0R).

Finally assume that U is a Hopf algebra. For X a U-module, denote by X™* the dual module
(with the standard action a- A = Ao S(a), for all a € U and X\ € X*). If X is finite dimensional,
let ¥x: X* — X be the canonical isomorphism of vector spaces. We define an antimorphism
of algebras S U—=U by

N

S(a)x =1hx o'(ax+) oy

for all X € FinMody. It satisfies 1(S®id)A(a) = j(id®S)A(a) = #¢, where n: k — U,
A — Ay, and 7: k — U, A — Ay, are the unit maps of U and U respectively. Hence U
is a Hopf algebra in the generalized sense where the tensor product & is used in place of the
algebraic one.

When U is a Hopf algebra braided in its categorical completion, we say it is ribbon in its
categorical completion if there exists § € U such that 6 is central, A(f) = (R'R)™'(d @ 6),
() =1 and S(0) = 6.

For the sake of notational simplicity, from now on we will omit the symbols from the
structure morphisms of the categorical completions U under consideration, thus denoting A
by A, ® by ®, and so on, like for U.

(13}

3 The case of U,(g)

3.1 Notations

Let g be a finite dimensional simple complex Lie algebra of rank m. Denote by (a;;) the Cartan
matrix of g, and by d; the unique coprime positive integers such that the matrix (d;a;;) is
symmetric. Fix a Cartan subalgebra h and a basis of simple roots a; € hg. Denote by (, ) the
unique inner product on b such that d;a;; = (a4, ;). The root lattice @ is the Z-lattice in b
defined by Q = >_" | Za;. The weight lattice P is the Z-lattice formed by all A € b, such that

)\ .
Oy ai) = 2009 g
(Oéi,Oéi)
for every i = 1,...,m. So P = Y ", Zw;, where the w; are the fundamental weights cor-

responding to the simple roots «;, satisfying (w;,a;) = &5 Put Q4 := >.I" Z>ooy; and
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Py = Y"" Z>ow;, the cone of dominant integral weights. Denote by p half the sum of the
positive roots, by IV the number of positive roots, and by D the smallest positive integer such
that D(\, u) € Z for every A\, € P. Note that (A, ;) € Z for every A € P, a € Q, and D is
also the smallest positive integer such that DP C Q).

Let ¢'/P be a new variable, and set ¢ = (ql/D)D, ¢ = q%. The quantum group U, = Ugy(g)
is the algebra over k = C(q) with generators E;, F;, K;, Z-_l, 1 <4 < m, and defining relations
(see, e.g., [25, Chapter 9.1]):

K,K; = K;K;, KK, '=K'K =1,
KB K =/ By, KK =g " F),

K- K!
E;F; — F,E; = di,j#, (3.1)
( i

1—a;; 1

ZUY[ _] EXUTEE =0 i 4 (3.2)
r=0 q;

lfaij 1

Z(—W[ _T“”] FTTERE =0 if i (3.3)
r=0 q;

Here we put for p, k non-negative integers with 0 < k < p,

- B ¢ =q? Pl [plq!
[0],! =1, [plg! = [1q[2q - - - [Plgs [Plg = q—q 1’ [k]q B Wq![k]q!'

The algebra U, is a Hopf algebra with the coproduct A, antipode S, and counit € defined by

A(KFY) = K @ K, AE)=E @ K;+1® E;, AF)=K'@F+F®1,
S(E) = -EK;',  S(F)=—KF;, S(KF) = K,
E(EZ) = e’:‘(FZ) = 0, E(Kz) =1.
In the case of g = sl(2) we simply write £ = E;, F = F; and KT = KljEl the generators
of Uy(s1(2)). For every o € Q, v = Y. | m;cy;, we put

m

Ko =[] K™
=1

The element ¢ = K>, is group like and satisfies S?(x) = ¢xf~!, € U,. Hence U, is a pivotal
Hopf algebra, with the pivotal element /.

We will also consider the simply-connected version [7(1 of U,. It is obtained by adjoining
invertible elements ¢;, 1 <7 < m, such that

m
Ki _ Hg‘?ji’ EZEjg;l _ qfid‘Eja EZF]£;1 — qi—5i,ij7 A(gitl) = fzil ® f?ﬁl
j=1

The expression of the pivotal element is

For instance, U,(5(2)) is obtained from U,(s[(2)) by adjoining a square root of K. We denote
1
K2 = /4.
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We fix a reduced expression s;, - - - s;,, of the longest element of the Weyl group of g. It induces
a total ordering of the positive roots,

B = i, B2 = siy (viy), ce BN = 8iy - Siny_y (Qiy)-
The root vectors of Uq with respect to such an ordering are defined by
Eg, :Tif"Tikq(Eik)v Fpg, :El"'ﬂk—1(ﬂk)7

where T; is Lusztig’s algebra automorphism of f]q associated to the simple root «; [65, 66],
see also [25, Chapter 8]). Let us just recall here that the monomials Fy! -- F/gﬁ K,\Eg]vv . Eéll
(ri,t; € N, X € P) form a basis of Uy,.

For every positive root 3, we will denote gz = q\BB)/2 and

Ez=(95—q5')Es,  Fs=(as—aq5")Fs

3.2 Categorical completions

By a theorem of Harish-Chandra, the map (yy: U — U of Section 2 is injective when U is U(g),
the universal enveloping algebra of g [31, Theorem 2.5.7]. It is also injective when k = C(q) and
U =U, [51, Lemma 7.1.9].

In the case of k = C(q), only specific categorical completions of U, are ribbon. We will use
the one, that we denote by U, defined as follows.

Recall that every finite dimensional Uj,-module X is completely reducible (see, e.g., [25,
Theorem 10.1.7]). If X is irreducible, it is a highest weight module parametrized by a dominant
integral weight, say A € P;, and signs 0; = £1, i € {1,...,m}. Then X = ®o Xy, where

the sum ranges over the tuples € = (€},...,¢,,) such that ¢ le; = ¢(*%) for some o € Q,

r m

where € = (€1,...,6y,) and ¢ = ;g™ and Xo = {z € X |K; -z = gr,t =1,...,m}
is the weight space of X of weight ¢. We say that a U;module X has type 1 if it is finite
dimensional and the signs o; of all its irreducible components are equal to 1. Equivalently, the
generators K; are diagonalizable on X, with eigenvalues in in. The category C with objects
the Uj-modules of type 1 is a semisimple tensor category (where by semisimple we mean that
any object is completely reducible). We will systematically denote by V) the type 1 simple
U,-module parametrized by A € Py.

The algebra U, is defined over C(q), and therefore also over C(ql/ D). The finite dimen-
sional Uq—modules over (C(ql/ b ) are completely reducible. Similarly as for U, one defines the
ﬁq—modules of type 1 as the finite dimensional Uq—modules over C(ql/ b ) on which the ¢; are
diagonalizable with eigenvalues in qgl/ D2 We denote by C the category of ﬁq—modules of type 1.
Also, we denote by C ® C(ql/ b ) the category obtained from C by extending coefficients of ob-
jects and morphisms to (C(ql/ D ) The restriction functor ¢ — C ® C(ql/ D ) is an equivalence of
categories.

This can be made explicit in the following way. As in Section 2, we can define the C-categorical
completion Uﬁl = U,(g)’ of Uy as the Hopf algebra of natural transformations from F¢ to Fg,
where F¢: C — FinVect is the forgetful functor. Set

U, = U; R (C(ql/D).

Extending the coefficient ring of C from C(q) to C(ql/ b ) allows one to embed Uq in Ug. Let us
explain this. The type 1 simple Uz-module V) can be considered as a g-deformation of the finite

dimensional simple g-module of highest weight A. Therefore, the generators H; € g such that

@i(Hj) = aj; define elements of Uj: H; acts on a weight space X¢ of weight ¢ = (¢,...,¢€,),
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where €, = ") and p € P, by multiplication by (u,q;). Passing to the coefficient ring
(C(ql/ D ), one can define an element ¢i/P ¢ Uy, acting on X ® (C(ql/ D ) by multiplication by
qe)/P - Similarly, recalling that (i, w;) € (1/D)Z, we can define the action of the generator
l; € Uq on X¢ ® (C(ql/ D ) as the multiplication by ¢(#«). This provides the claimed embedding
U, c U,.

Extending the coefficient ring of C from C(q) to (C(ql/ D) allows also to make sure that
C ®(C(q1/ D ) is a braided and ribbon category, and that U, is a braided and ribbon Hopf algebra.
To see this, denote by B € M,,(Q) the matrix with entries B;; := dj_laij. By the same arguments
as above one can define

0 = qZr=i (BT HieH; ¢ o2 (3.4)

as the operator acting on X, ® X¢ ® (C(ql/D) as the multiplication by ¢w) e qU/DL where

e= (€1, rem), € = (€y,...,e), & = ¢ ¢ = q»*) and p,v € P. Recall that the Drinfeld

rm
universal R-matrix of the quantized universal enveloping algebra Uy (g), defined, e.g., in [25,

Chapter 8.3.C] acts on tensor products X ® Y of U;-modules X and Y of type 1, where ¢ = el
and that it can be written in the form

R := OR,

where © is defined in (3.4) and R, called the quasi R-matriz, is

o = & e (- QQ_?)tT : ;
rR= > [l W(Eﬂr) T ® (Fp,)T (3.5)
t1,...,ty=07r=1 riqp, -

Note that all terms in the above sum are zero but a finite number of them, since Eg, , Fp, act
nilpotently on objects of C, so from (2.1) one derives immediately that

R = (Rxy) € U

Observe that Ry, € End(X) ® U,. Indeed, Rx. € End(X) ® U,. Moreover, take weight
spaces X, X as in (3.4), with X, a weight subspace of X, and with basis vectors {e;} of X,
and dual basis {e’}. Then, setting A\ = Y} | kyw;, we have

((e/ |- | &) @id)(©) = 6:5 [ [ &4 € Uy (3.6)
t=1

For instance, in the case of g = sl(2), we have D = 2 and © = ¢/’®H/2_ Hence, identifying
elements of U, with their images by ty, : U; — Uy we can write

400 —1\7
_ H®H/2 (q_q ) n(n—l)/2En J ol
R=g¢q nzo DA ® F™. (3.7)

One checks similarly that the ribbon element of Uj(g) induces an element of U,. In conclusion,
Uy is naturally a braided and ribbon Hopf algebra in the categorical completion Uj,.

3.3 Integral forms and specializations

Let A = (C[q, q_l]. The (De Concini-Kac) unrestricted integral form Uy is the A-subalgebra
of U, generated by the elements (see, e.g., [25, Chapter 9.2])

K, —K;!

Ei7 Ea KZ'jﬂ? 1
qi — 4q;

for 1<i<m.
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We will also consider the smallest subalgebra U’y C Uy invariant under the Lusztig automor-
phisms 7; and containing the elements (qi —qi_l)Ei, (qi —qi_l)Fi and Kiil, for 1 <4 < m (which
is the unrestricted integral form considered by De Concini—Procesi [30]).

The (Lusztig) restricted integral form U is the A-subalgebra of U, generated by the elements
(see, e.g., [25, Chapter 9.3])

E K +1
[7] a! [r] 4!

Note that U4 C U}®. Both Uy and U} have structures of Hopf A-algebras inherited from U,,
and they satisfy

forany 4, r with 1<i<m,r> 1.

) A

Us®4C(q) = Uy, Ux® ®4C(q) = U,.

Moreover they are free A-modules, with certain basis of PBW type, described, e.g., in [25,
Chapter 9]. One defines Uy in a similar way, replacing the generators K Z-il by 6;&1.

We say a Uj*-module has type 1 if it is a free A-module of finite rank with a basis made
of eigenvectors for the elements K;, with eigenvalues in ¢%. Denote by C4 the category with

objects the U *-modules of type 1. It is a tensor category, which is not semisimple.

Remark 3.1. The fact that C4 is not semi simple can be seen on the following elementary ex-
ample. Let V5 be the two-dimensional type 1 simple Uy (s[(2))-module, with basis vectors v, v_
such that K.wy = quy, Ewvy = 0, v— = Fug. Define v := v_ ® vy — quy @ v— and
v = v_ ®@vy + ¢ vy ®v_. Then vy ® vy generates a ULS(sl(2))-module M of type 1 and
rank 3, namely M = Avy ® vy & Av' @ Av_ ® v_, and v” generates a UY*(s[(2))-module N of
type 1 and rank 1. The A-module M @& N is stricly contained in the U} (s((2))-module Vo ® V3,
which is clearly of type 1, and it is not a direct summand thereof, for (M & N)® C(q) = Vo ® Va.
So Vo®V, provides an example of U (sl(2))-module of type 1 which is not completely reducible.

We denote by C4 ® C [ql/ D q=1/D ] the category obtained by extending coefficients of objects
and morphisms to C [ql/D, q_l/D] . We have seen above that C®C(q1/D) is a ribbon category; let
us now explain why this ribbon structure descends to C4®C [ql/ D g-YD ] . Define the categorical

completion U*® of U™ similarly as U, above, that is

U%® = U @4 Clq/P, ¢ V/P],

where U'S* is the Hopf algebra of natural transformations F¢, — Fg,, and F¢, : C4 — FinMod 4
is the forgetful functor (FinMody4 being the category of finite dimensional A-modules).

We will use the following property of the R-matrix. Recall that V) is the type 1 simple
U;-module parametrized by A € Py. By a result of Lusztig [64, Proposition 4.2], V) contains an
A-submodule 4V, which is a Uf*-module of type 1 such that 4V) ® C(q) = V) (hence 4V is
a full A-sublattice). Moreover 4V} is endowed with a canonical basis By (the Kashiwara—Lusztig
basis, see, e.g., [25, Chapter 14]).

Theorem 3.2 (integrality property).

1. For any UY®-module X, Y of type 1, the quasi-R-matriz RX,Y is an automorphism of the
A-module X®Y, and Ox y, whence Rx y, is an automorphism of X @Y @C [ql/D, q—l/D] )

2. Denote by By, the basis of V) ® V), formed by the vectors x ® y, with x € By, y € By.
For every A\, u € Py, the matriz entries in the basis By, of the endomorphisms R‘%Al v, €

End(c(ql/D)(V)\ ® V) belong to qi()‘W)C[q,q_l]'
3. For every U'-module X of type 1 we have Rx. € Enda(X) @ Uj.
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Proof. The claims (1) and (2) are classical results of Lusztig [66, Proposition 24.1.4 and Corol-
lary 24.1.6]; see also [61]. They follow also from the formulas (3.4) and (3.5). The claim (3)
is a consequence of the fact that (Eg, )" /[t;]q, ! acts on the A-lattice X, and finally that
Ox. € End4(X) ® Ua, proved via (3.6) above. This concludes the proof. [

By Theorem 3.2(1) the braiding R ofC®(C(q1/D) yields a braiding on C4®C [ql/D, q_l/D] , and
from this one derives easily that the same is true of the ribbon transformation. As a consequence,
U'® is a braided and ribbon Hopf algebra.

If e € C*, the unrestricted specialisation of Uy at g = € is the C-Hopf algebra

U =Uy®4C,, (3.8)

where C, = C as a vector space, and as an A-module, ¢ acts on C. by e. One defines U, in
a similar way. The map (y: U — U of Section 2 is injective when U = U, or U, and € is not
a root of unity [50, Proposition 5.11].

When € is not a root of unity, the finite dimensional U.-modules are completely reducible
(see, e.g., [25, Theorem 10.1.14]). As above one can define the category C. of Uc-modules of
type 1. The categorical C.-completion of U, is a braided and ribbon Hopf algebra. Note that,
in the case of g = s[(2), again when € is not a root of unity, a similar construction of categorical
completion of U,(s[(2)) has been done in [44].

When € is a root of unity, the category of finite dimensional U.-modules is not semisimple and
not braided. When g = sl(2) a classification of the simple modules is known [27, 75]. We will
use it extensively in a sequel to this paper.

3.4 Quantum coordinate algebra

Let U be a Hopf algebra over a field k, X an object of FinMody, and wx the representation
of U associated to X. For every v € X and w € X* we denote by x¢y: U — k the linear form
defined by

x¢¥(a) = w(nx(a)v), a€cU.

The linear form x¢¥ is called a matriz coefficient of wx. Denote by U° the restricted dual
of U, that is, the subspace of U* generated by the matrix coefficients of the finite dimensional
representations of U. It is naturally endowed with a structure of Hopf algebra, such that the
bilinear form (-,-): U° x U — k is a Hopf pairing (see, e.g., [25, Chapter 4]).

When U = U, and k = C(q), we denote by O, the Hopf subalgebra of U; generated by the
matrix coefficients of the representations associated to the objects of C, i.e., the U;-modules of
type 1. Equivalently one can define O, as the set of C(g)-linear maps

f: Uy — C(qg)

such that Ker(f) contains a two sided ideal I C U, of finite codimension, and there is an
r € N such that [[,__, (K; —¢7) € I for every i. We denote by * the product on O, induced
from Uy. Since the Uy modules of type 1 are completely reducible, and the simple ones are the
highest weight modules V), A € Py, the set of matrix coefficients v, ¢¢ , where {e;} is any basis
of V) and {e’} the dual basis, provide a basis of O, over C(q). The (C( )-algebra O, is also
finitely generated by a finite number of elements, e.g., the matrix coefficients of the modules V,,,
associated to the fundamental weights w;, i = 1,...,m (see, e.g., [25, Proposition 10.1.16]);
when g is of type A or C, the set of matrix coefficients of the natural representation V,,, already
generates O, (see [80] in the classical setup).
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Because the morphism vy, : Uy — Uy is injective (see Section 3.2), the Hopf pairing (-, -): O, x
U, — C(q) is non degenerate. By extending the coefficient ring from C(q) to (C(ql/D), we can
uniquely extend it to a bilinear pairing

() (O ®c(q) C(ql/D)) x Ug = C(¢"")
such that the following diagram is commutative:

Oq ®@Uq b C(Q)

id®LUq i l

(04 B C(aVP)) ® Uy 2 C(q1/7).

This pairing is defined by

(voy s (ax)) = w(ayv)

for every (ax) € Uy and y¢) € O,. It is non degenerate. From now on, we will denote
(’)q(ql/D) = 04 Oc(q) (C(ql/D), and therefore the pairing above as (-, -): (’)q(ql/D) x Uy —
c(g/?).

3.5 Integral quantum coordinate algebra

Finally, we will use the integral form O4 of O, introduced in [65], and further studied in [66]
and [29] (see [29, Remark 4.1] for the equivalence of the two definitions). One defines O4 as
the A-module generated by the set of matrix coefficients of the Uf*-modules of type 1. Clearly,
it is contained in Oy; in fact, O4 is the subset of O, formed by the linear maps f: U; — C(q)
such that f(U5®) C Clg,q™"] (see [65, Section 7]). Equivalently one can define Oy4 as the set of
A-linear maps

f: U — (C[q,q_l]

such that Ker(f) contains a cofinite two sided ideal I C U’f® and there is an r € N such that
I, (Kl —q; ) € I for every i (I cofinite meaning that there exists a free A-module M of finite
rank such that I & M = U®).

The Hopf algebra structure of O, descends to a structure of Hopf A-algebra on O4. It is a full
A-lattice in Oy, that is, we have O4 ®4 C(q) = O4. The Hopf pairing (-,-): Oy x U; = C(q)
restricts to a pairing of Hopf A-algebras Oy ®4 U® — A. Because UY® ®4 C(¢q) = U, and
04 ®4 C(q) = Oy, this pairing is also non degenerate. We have described generators of O,
in Section 3.4. The A-algebra Q4 is generated by the matrix coefficients of the lattices 4V},
A € Py, introduced before Theorem 3.2 (see [65, Section 7.1]).

In [66], Lusztig proved that 04 is a free module over A (in fact over Z[q, ¢~']). He provided
a basis of O by considering a multiplier Hopf C(g)-algebra U , containing a multiplier Hopf
A-algebra U 4 as a full lattice, such that the so-called unital U-modules of finite dimension are
exactly the Us,-modules of type 1, and the unital Ua-modules of finite rank are exactly the
U*-modules of type 1. The A-algebra U is a free A-module, it has a canonical basis B, and
the dual basis is a basis of Oy4.

When g = sl(2), O4 is generated by the matrix coefficients a, b, ¢, d of the 2-dimensional
type 1 simple Us-module V3 in the basis {v_, v } introduced before Theorem 3.2, and an A-basis
is formed by the monomials a*” x b** x d*' and a*" * ¢** x d*!, where r,5,t € N, u > 0 and a*" is
the product of a’s  times, etc. (see [29, Lemma 1.3]).
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4 The loop algebra Ly 1(g)

The algebra Lo = Lo,1(g) first appeared in relation with the reflection equation (see [60] and
the references therein), and as the braided group associated to O, which is the algebra of auto-
morphisms of the ribbon category C ® C(ql/ b ) of U;-modules of type 1 (see [69, Examples 7.4.1
and 9.4.10]). In this paper we use a third definition of Lo, by means of a twist of the Uy-
bimodule O, for the left and right coregular actions, following [33] (but using right modules
instead of left ones). One merit of this definition is to be intrinsic, not given by generators and
relations. That it is recovers the braided group of Oy is shown in [32, Section 5.2]. The twist
uses R-matrices, whence the need of categorical completions. The reflection equation will be
recovered in Proposition 4.6.
Denote the left and right coregular actions of U, on O, by

> = Za(1)<a(2), x), a<qx:= Z<O[(1),$>Oé(2)
(a) (a)

for all € U; and a € Oy, where (,): Oy ® U, — C(q) is the duality pairing defined in
Section 3.4, and A(a) = -,y (1) ® (z) (Sweedler’s coproduct notation). The actions > and <
commute, and O, is a U,-module algebra for both actions, i.e., for all z € U, and o, 3 € Oy we
have

x> (axf) = Z(:L'(l) > o) * (z(9) > ), (axp)<zx= Z(a Qx)) * (B <Q2(g)).
() (x)

All this extends to define a structure of Ug-module algebra on Oy(¢q*/?). Denote by U™ the
Hopf algebra with the same algebra structure as U, but the opposite coproduct A°P and the
antipode S~!. Consider the Hopf algebra (equipped with the standard Hopf algebra structure
on tensor product)

D, = U,@UP.
It has a right action on O, (ql/ D ) defined for pure tensors by
a-(z@y) =Sy >a<z

for every x € Uy, y € Ug™ and o € Oy (ql/ D ), where ® denotes the algebraic tensor product.
Recall the universal R-matrix R € U,®U,. Let

®2
F = (R/)Qg(R/)24 S (Uq@UéOp) R

where (R)g = i (R'), and ig: U,@U,; — (Uq®Ug°p)®2 identifies the subalgebra U, ® 1 (resp.
1®U,) of Us®@U, with the k-th (resp. I-th) tensorand of (UQ®UZOP)®2. The tensor F' is a twist
of U,@Ug’: by definition, this means that F is invertible and satisfies

(ep, ®id)(F) = (id ® ep, )(F) = 1 (4.1)
and

Fi2(Ap,®id)(F) = Fp3(id®Ap, ) (F). (4.2)
Put =} ) F(1)5(F(2)). Denote by Sp, the antipode of Dy and set

qu (z) := FAp, (z)F~ 1, S]gq (7) := uSp, (z)u™t, z € Dy. (4.3)
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The maps A]gq, S]gq and the counit of I, define the comultiplication, the antipode and the
counit of a new structure of Hopf algebra on the algebra D,. It is called the twist of D, by F'.
Denote it by A,. Since A, and D, coincide as algebras, the right action of I, on O, (ql/ b ) is
also a right action of A,. Define a new product on O, (ql/ D ) by

aB = (a-Fuy)* (8- F)). (4.4)
(F)

Because of (4.1) and (4.2), this product defines on O, (ql/ D) a structure of associative unital
algebra. Explicitly, by writing R =3 ) R1) ® R2) = >_(r) R ® R(a) we have

F= Y 1@RuRw) @Ry @ Ry,
(R),(R)

Then, by using (S ® S)(R) = R we get

aB= Y (RaS(Ry)>a)*(Ryy > B<Ra)) (4.5)
(R).(R)

and conversely

axf= > (RoRe) > a)(S(Ran) > < Ray). (4.6)
(R),(R)

Note that, by the expression of R and the fact that the generators F;, F; of U, act nilpotently
on finite dimensional U;-modules, there is only a finite number of non zero terms in the last
sum. Therefore the expression (4.4) is well defined. It is easy to check that the right A,-module
o (ql/D) endowed with the product (4.4) is a right A;-module algebra. We denote it Lo ; (ql/D),
and call it the twist by F' of the Dg-module algebra O, (ql/D).

We claim that the product (4.4) restricted to Oy C O4(q*/P) is defined over the subfield C(q).
Recall that O, is generated by the matrix coefficients v/, d)ij, where A € P, and {e;}, {€'} are dual
basis of weight vectors of V). By equation (4.5), and using (id® S)(R) = (id@ ()R (id® (1),
we have

af= Y (Bayl(R')t ' B a)x(Ray>B<(R) ) (4.7)
(R),(R-1)

Therefore, if a = v, qZ)ﬁz and 8 =y, gb]{;, we obtain

-/

Kooy, ¢}CZL = > (mvs (Rean£(R7Y) (z)f_l)):
(R),(Rfl),j’,n’,n”

!

fm _ #n o iz
x (7TVu (R(l’)))fm (ﬂ-VH (R 1)(1))fn,,V>\ ej/ *Vu¢§n, . (4.8)

Recall that the matrix entries of the endomorphisms Ral v, € EndC(ql/D)(V)\ ® V,,) belong to

¢ MHC(q) (see Theorem 3.2(2) for the stronger integral statement). Then we see that the
factors ¢ cancel the factors ¢~ in the last expression. Noting moreover that the matrix
entries of ¢ belong to A, we finally obtain that the coefficients in the sum belong to C(q).

Proposition 4.1. The subspace O, C O, (ql/D) endowed with the product (4.4) is a right module
C(q)-algebra over Uy @ Ug™® C A,. We denote it Lo1(g), or simply Lo .
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The following result is due to Majid [69] (see [33] for a simpler proof):
Proposition 4.2. The coproduct A: U, —U,®@U, yields a morphism of Hopf algebras A: Uy, — A,.

By using the morphism of Hopf algebras U, — U, N A, we can pull-back the action of A,
on Lo 1, which thus becomes a right U;-module algebra. It is easily seen that the action of Uy is
the right coadjoint action, defined by

coad” (z ZS ) > a <@y, Ve e Uy, Vo€ L.

Next we are going to recall a fundamental relation between Ly 1 and Uq. Recall that Uy is a right
Ug-module algebra for the right adjoint action, defined by

ad” (y ZS Y(2) Vz,y € Uy.

This action extends to actions on the simply-connected quantum group Uq and Ug, and thus
defines on them structures of right U,-module algebras. Denote by Z(U,) the center of U,.
We have

2(U,) = {z € Uy, Yz € Uy, ad"(2)(2) = e(x)2}. (4.9)
The set of locally finite elements of Uq is defined by
Uy = {x € Uy | rhe(q) (ad (Ug) () < oo}

It is a Us;-module subalgebra of ﬁq. Finally, the set of coad”-invariant elements of Lo is defi-
ned by

EO 1= {a € Lo |Vy € Uy, coad” (y) () = e(y)a}.

Since Lo1 is a U;-module algebra, Eg ¢ is a subalgebra of Lg .

Theorem 4.3. Define ®1: Lo — Uy, ®1(a) = (e ®id)(RR'). We have:
1. @1 is a morphism of algebra, equivariant and injective.
2. The image of ®1 is U;f.
3. @1 induces an isomorphism from EOU"’I to Z(Uq).

We call ®; the RSD map, after Reshetikhin and Semenov-Tian-Shansky [73] and Drinfeld
[34, 35], who considered it first.

A proof of Theorem 4.3 can be found in [13, Theorem 3]. To make a complete correspondence
with that statement, note that (3.6) implies that ®; takes values in [7,1. The difficult parts of
Theorem 4.3 are the injectivity of ®; and the claim (2). Note that the third claim follows from
the first two and (4.9).

An alternative proof that ®; is an equivariant morphism is given in [33, Proposition 4.7,
based on the construction of a left UyP-comodule structure on Ly ;. The equivariance of ®; also
follows from a simple computation shown in Proposition 6.6 below.

Note that because the elements of the restricted dual are necessarily coad” finite, the equi-
variance of ®; implies that their images by ®; are necessarily ad”-finite.

Remark 4.4. We give a simple self-contained proof of Theorem 4.3 in the s[(2) case in Propo-
sition 5.4.
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Remark 4.5. It is a result of [52] that the ad”(U,)-module Ulf is generated by the elements ¢_,
A € 2P, where for every weight 1 = o niw; we set £, = Hm ¢}"". Moreover, there is an Ore
subset S of U;f such that U is a free module of finite rank over the skew fraction ring S~ 1Ulf
(see [53]). The set S is the Abehan group generated by the elements ¢_y, where A\ € 2P, N Q+

Finally, we provide a definition of Ly ; by generators and relations. Though well-known, we
include a proof for completeness. As Ly and O, are isomorphic as linear spaces, the matrix

coefficients ng)gj generate Lo 1. Let V be an object of the category C, (e;) a basis of V, (e?) the
dual basis, and Ef the corresponding basis of End(V), defined by Ef (er) = d; kei. Define

\% ; el
M=) E!®y¢. €End(V) & Los. (4.10)
2

v
This expression defines )/ independently of the choice of basis (e;), since we have the following
naturality property: if V, W are objects of C, and f: V — W a morphism of U;-modules, then

w ) Vv
M (f®id) = (f®id) M. (4.11)
Given two objects V and W of C we write
% . o
M=) E! ®id®yéf, € End(V) @ End(W) ® Lo,
i,
VeWw

w i i
and similarly Mo= ), ;id® F!' @ wog,. We view M as an element of End(V) ® End(W) by
using the standard isomorphism

End(V) ® End(W) 2 End(V @ W).

Finally we view Ryw, R'viw € End(V) ® End(W) as elements of End(V) ® End(W) ® 1 C
End(V) ® End(W) ® Lo.1.

Proposition 4.6. The following fusion relation holds true in End(V) @ End(W) ® Lo 1:

Vew Vv
M =M1 R'vw M2 (RVW) ) (4.12)

|4 w
where the product of Lo is used to multiply the matriz elements of M and M. It implies the
reflection equation:

/A v
Ryw M1 Rv,w M2=M2 Ryw M1 Rvw. (4.13)

Conversely, the naturality relations (4.11) and the fusion relations (4.12), for every objects V
and W of C, are a defining set of relations for Lo 1. That is, Lo1 can be viewed as the quotient

of the algebra freely generated over k = C(q) by the matrixz coefficients v(bgj_, for all objects V' of
the category C, by the ideal generated by the relations (4.11) and (4.12).

Proof. Let us write Ry,w = > (g) By ® R) = >o(g) By ® R). The product of Oy is
defined by

k
(V®W)¢ej®el Ve, *Wdil.
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Then the relation (4.12) is equivalent to

Y El®E,® v<252; oWl = > E!RpRe) @ RyyELS(Rary) ® V¢:;W¢2f‘
il (R),(R)irjokl

The isomorphism V @ V* — End(V), v ® f = (w + f(w)v), maps Rqe ® S(R(l/))*el to
R(l)E,iS(R(ll)) and e; ® (R(Q)R(z/))*ej to EgR(Q)R(Q/). Hence the above relation can be writ-
ten as

i 1 i k 1 1 i Ry er
Z El ® B, ®voe, xwég, = Z El® By ® (V¢%<2)R(2’)6J‘) <V¢5((2(1'))el>'
0,3,k (R),(R) 1,5,k

Now we have

*ek

R k i i
(1) _ e e _ e
VOsRame = S (Bun) B v SRays  vORg Rye, = Ry Re) > wot,,

where we use the coregular actions >, < and we denote now by Ry, R(11), R(2), B2y € Uy the
components of the universal R-matrix, instead of Ry . Identifying the matrix coefficients in
i, 7, k, | we recover the relation (4.6). Hence it is equivalent to the fusion relation, which thus
provides a defining set of relations for Lg ;.

Finally, note that by (4.11) we have

VoW WV
ovwRyw M = M oywRvw,

where oy : V@ W — W @V is the flip map. Then

Voo W RN v . -1
ovwRvw M1 Rvw Ma (Ryw) =M1 R'wy M2 (Ryy)  ovwRvw
w \%
=oyw M2 Ry,w M,
which implies the reflection equation. |

Remark 4.7. As usual, denote by ay or my(a) € End(V) the component of an element a =
(av) € U, associated to the object V' of C. The right coadjoint action of U, on Ly can be
written in matrix form as (see, e.g., the proof of (6.21) below for a similar computation)

coad" () (1) = 3 ((yy @) M (S(yge))v @ i) (4.14)
(y)

Let A € P, V) the type 1 simple U;-module of highest weight A, and 7y, the associated
representation. Denote by Try, : End(V)) — k the trace on End(V)). Put

v \%
aTry, (M ) = (Try, @id)((mv; () @id) M ) € Lo

Proposition 4.8.

Vi . U,
1. The elements qTry, (M ), A € Py, form a basis of L.
2. The elements (Try, ®id)((my, ®id)((¢ ® 1)(RR"))), A € Py, form a basis of Z(U,).

Proof. The first part is an immediate consequence of Proposition 6.22 below (namely, it is
the case n = 1, so that ay(z) € Endy,(V)) is a scalar for every A € Py ). The second part is
a consequence of the first and Theorem 4.3. |
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Remark 4.9. Let V,,, be the fundamental representation of ﬁq. The center Z (Uq) contains the
elements (see [12, 74])

(Try,, ®id)((my,, ®id)((¢®id)((RR)Y))),  ke{l,....,m}.

These elements generate Z (0q) when g is of type A;,, or Cy,; see [12] for a more precise description
in the other cases. Using Theorem 4.3 and

(id® 1) (M) = (my ®id)(RR)

we deduce that the elements
Vo
ww = (Try,, ®id)((my,, () ®1d) M*), ke {l,...,m},

belong to and generate E((){ 9 when g is of type A, or Cy,. In particular, for g = sl(2) we have
L4 = C(q)[w], with

Va Vs 0
W = qTI‘V2 (M) = TrV2 (KV2 M )7 KVQ = <g q—l>’ (4'15)
where V5 is the 2-dimensional type 1 simple Uy(sl(2))-module, and as usual Ky, is the endomor-
phism of V5 given by the action of K.

Next we define the integral form 564,1 of Lo,1. Recall that O4 C O, is a Hopf A-subalgebra,
and that it is a free A-module, and a full A-sublattice of O,.

Proposition 4.10. The space O4 endowed with the product (4.4) is an A-algebra. We de-
note it L'él. Moreover, 5(1)4,1 is the A-algebra generated by the matriz coefficients X¢g§,, for all
objects X of the category Ca, with defining relations (4.11) and (4.12).

Note that, since 561,1 coincides with 04 as an A-module, it is a free A-module and we have

564,1 ®a C(q) = Lo

Proof. We have to check that products of elements of an A-basis of O4 can be expressed as
linear combinations in this basis with coefficients in A. Denote by {a;} a basis of O4. By Pro-
position 4.1 we have

o = mejak, (4.16)
k

where each mf’] € C(q). The basis elements «; are linear combinations over A of matrix coeffi-
cients of U-modules of type 1. Let X and Y be two such modules, and {e;}, {e'} and {f,}, {f"}
dual basis of X and Y respectively. As in (4.8) we have

-/ n/

xooyeh = Y. (mx(ReplB el ™)E (v (Ran))h
(R),(R_l),j’,n’,n”

"

X (WY(R_I)(l));n”Xﬁbgj, *Y¢f:/ :

The elements ch)gj, *y(ﬁ;:/” being in O 4, they can expressed as linear combinations over A of the
basis elements «;. Also, by Theorem 3.2(1) the coefficients in this sum belong to C [ql/D, qil/D] .
Therefore each coefficient mf} in (4.16) belongs to C [ql/D, q_l/D} . Since C(q)NC [qI/D, q_I/D} =
(C[q, qil], this proves the first claim. The arguments of Proposition 4.6 apply as well to Eél,
which implies the second claim. |
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Lemma 4.11. The action coad” yields on Eél a structure of right U®-module algebra, whence
of Ua-module algebra. Moreover, ® (ﬁél) s a full A-sublattice of Uéf, that we denote by Ug

Proof. The first claim is clear, for the action coad” endows the A-module Eél with a structure
of right U)f*-module algebra, dual by the (non degenerate) pairing O4 ®4 UY® — A to the
structure defined by ad” on U®. The inclusion Uy C U}® yields the second claim. The third
follows from Theorem 4.3 and the fact that L’él is a full A-sublattice of Lg . [

5 The example of Ly ;(s1(2))

In this section we provide a presentation by generators and relations of Ly 1(sl(2)), and using it
we give an elementary proof of Theorem 4.3 in this case.

Let V; be the r-dimensional type 1 simple U,(sl(2))-module. Put on V5 the basis vec-
tors v4, v— such that K.vy = quy, E.vy =0, v— = Fouy, and define in this basis

]‘\/j: (CCL Z) € End(V2) ® £071(5[(2)). (5.1)

\%
Lemma 5.1. The algebra Lo1(s((2)) is generated by the matriz elements a, b, ¢, d of]\j. These
satisfy the relations

ad = da, ab—ba = —(1—q ?)bd,
db=q*bd,  cb—bc=(1—q?)(da—d*), (5.2)
cd = ¢?de, ac — ca = (1 — q_z)dc,

as well as ad — ¢*bc = 1. Moreover w = qa + ¢~ 'd is central.

Note that w coincides with the element (4.15).

Proof. The family of matrix elements of ]\‘2 for all type 1 Uy (sl(2))-modules V' spans Lo 1(s[(2))
over C(g), since as a vector space it is the same as O,(sl(2)). Any finite dimensional Uy,(s((2))-
module is completely reducible, and any simple one is a direct summand of some tensor power
of V5. Hence the fusion relation (4.12) implies that Lo 1(sl(2)) is generated by the matrix elements
a, b, ¢, d. The relations (5.2) follow easily from the reflection equation (4.13) associated to V5,
using the expression

g 0 0 0
12|01 g=—qgt 0O

RVQ,VQ = q 1/2 0 0 q 1q 0 )
00 0 ¢

and they imply that ga + ¢~ 'd is central. Because Va ® V5 admits the trivial representations as
a subrepresentation, there exist non zero intertwiners

¢: Vo Vo — C(q), Y: C(q) = Va® Va.

Vo@Vs
As a consequence ¢ o /e ot) is proportional to the unit element of Lo 1(sl(2)). Using the

fusion relation, an easy computation provides the additional relation ad — ¢%bc = 1. |
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Consider the RSD map ®1: Lo1(sl(2)) — Uy(sl(2)), a — (o ®id)(RR'). A straightforward
computation using the expression (3.7) shows that

1) =K+q ' (g—¢ VFE, &(b)=q ' (¢g—q )F,

Pi(c) = (¢g—q¢ K 'E, ®y(d) = K. (5.3)
Therefore Im(®;) is contained in Uy(sl(2)). The image of the central element w is

Q=0 (w)=qgK +q¢ 'K 1+ (q — qil)QFE7 (5.4)

which is (g — ¢~1)? times the standard Casimir element of U,(s[(2)).
Next we show that the relations (5.2) and ad — q2b~c = 1 yield a presentation of Lo 1(sl(2)).
Let Lo,1 be the algebra generated by elements a, b, ¢, d satisfying all these relations. Denote by

j: 6071 — 50’1(5[(2))
the unique morphism of algebra sending Z to z for x € {a, b, c,d}.

Proposition 5.2. The monomials a*bPer and d°bPE, where a,B,v,0 € Nand a > 1, form
a basis of Loy over C(q). Moreover, j is an isomorphism, ®1 is injective, and the center
of Lo,1(sl(2)) is the polynomial algebra C(q)[w].

Proof. By inspection of the relations of Lemma 5.1, it is easily seen that the given monomi-
als form a generating set of Lg;. As for linear independence, consider the Verma U,(sl(2))-
module M,, x € C*, with basis vectors v,, n € N, and action

Evg =0, Kuv, = zq~ ", Fu, = vpy1.
Then
1-n —1,n—1
xq —x7q 1
Ev, = [n]q q— qfl Un—1, Qu, = (qx +4q 'z l)vnv

where € is as above. By the formulas (5.3) we have
®1(aV’) =P (q—q )T (Q - ¢ K Y) PO (KE)
and
& (V) =g (g — ¢ )T KR (KTE).
Consider a linear relation with coefficients Ang-, Bsgr € C(q):
D Aapy@®V’& + > Bygydb? @ =0,
a,Byy 6,8
Applying @ o j we get (keeping the same names for the resulting coefficients in C(q)):
3" (Aapy (@ — ¢ 'K FP(KT'E)" + Bsgy K°F (K7'E)”) = 0. (5.5)
By

By acting on the highest weight vector vy all terms on the left hand side vanish, but those with
v =~"=0. Hence

D Aapo(Q— g KT FPug+ Y Bsgo K FP vg = 0
o,B 0B
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implying for each 8 the relation

> Aagolar + a2 (1= ¢2))" + 3 Bygoa P = 0.
“ 5

This is a Laurent polynomial in . Since § > 1, the highest degree term in z has vanishing
coefficient, A,g0 = 0, and hence Bsgyg = 0. So (5.5) has no terms with v = 4 = 0. Then, by
acting on vy it results again that (5.5) has no term with v = 4/ = 1. Tterating this argument, an
obvious recurrence implies that all the coefficients vanish, A,gy = Bsg,» = 0, which implies the
linear independence of the monomials a*b%¢" and d°b%¢ and therefore proves that they form
a basis of £~071.

As a by-product we see that ®; o j is injective, and therefore j is injective too. It is also
surjective because the monomials a®b’c? and d°b’¢? form a generating family of Lo (s[(2)).
It follows that @ is injective as well.

Finally, let z be in the center of Ly;. Then ®;(z) commutes with ®;(Lo(s((2))), and
hence with K, E, F. Thus it belongs to the center of U,(sl(2)), which is C(q)[€?]. Therefore
®1(z) = P() = P(P1(w)) = ®1(P(w)). The result follows from the injectivity of ®;. |

Remark 5.3. A consequence of this proposition is that the algebras Lo 1(s((2)) and U,(s((2))
are not isomorphic. Indeed the former has the family of one dimensional representations pg,
(x € C, y € C¥), defined by
py(d) =0, puy(a) =z, Puy(b) = _q—1y7 Puy(c) = q_ly_l-

Then K ¢ Im(®;), for otherwise K = ®1()\), and injectivity of ®; and K~! = ®;(d) would
imply Ad = d\ = 1. But this is not possible since py,(d) = 0. In fact the family {pyy }+, cannot
be obtained by pull-back of representations of U,(sl(2)) and the category of finite dimensional
modules of Lo 1(sl(2)) is not semisimple (see [21, Proposition 9]).

From the above results we can now derive an easy proof of the particular case of Theorem 4.3
for g = sl(2). Note that U;f(5[(2)) = Uéf(5[(2)) by the result of [52] recalled in Remark 4.5.
Also, the inclusion U} (s1(2)) C Uy(sl(2)) is strict, for K ¢ UJ(s[(2)).

Proposition 5.4. The RSD map yields an isomorphism of Uy-module algebras
D10 Lo1(sl(2)) — U (s1(2)).

Proof. That ®; is an equivariant morphism follows from the same arguments as for the Alekseev
map (see Theorem 6.6). Injectivity was shown in Proposition 5.2. We prove that Im(®;) =
Uéf (s1(2)) by following closely the arguments of Section 3.11 of Joseph—Letzter [52]. For every
integer m > 0 we have

ad"(K)((EK 1)) =¢™(EK™Y)",  ad"(E)(EKH)™)=0. (5.6)
Moreover,
ad”(F)(EK ™) = ; _qq_1 Q= (g+¢ HKY),  ad (F)(EK ') =—(¢+q¢ ")F,

ad"(F*)(EK™') =0, ad"(E)(K™')=EK '(¢*-1),
ad"(F)(K™')=F(1-¢?), ad(E)(F)=-ad"(F)(EK™"), ad"(F)(F)=0.
These relations imply that EK~, K~ and F belong to Uéf(5[(2)). Because (2 is invariant

under the action ad”, the formulas (5.3) imply that ®;(a), ®1(b), ®1(c) and ®1(d) belong to
Ul(s1(2)). Therefore Im(®1) C U¥(s1(2)).
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These above relations imply also that ®;(c) is a highest weight vector for the action ad”,
generating a copy of V3, the 3-dimensional simple U, (s[(2))-module of type 1.

Let us show by induction that ad”(Uy(sl(2)))(®1(c)™) = Vam41, for an arbitrary positive
integer m. In view of (5.6), it remains to prove that ad” (Fk) ((EK_l)m) = 0 for all integers
k < 2m, and ad” (Fk) ((EK_I)m) =0 for &k > 2m + 1. This holds true for m = 1.

If this is true for a given m, then using the formula of A(F’), the g-binomial identity, and the
fact that Ugy(sl(2)) is an ad"-module algebra, we get

() (B =30 [8] (P () e () (B8

&
o 1 M?r
o

k T —i k—i —1\m r % —1
> Mq od" (K FR=1) (BK~1)™) ad” (FT) (EKY),
since ad” (FZ) (EK_l) = 0 if and only if ¢ > 3. By the induction hypothesis, for & > 2m + 3

each of the three terms of the sum vanishes. For k& = 2m + 2, only the term for ¢ = 2 is non
zero, which is equal to

m ad (KPP ((BETY)7) (= (g + 7))

By induction this term is non zero. Therefore ad” (F*) ((EK’l)m) = 0 for all integers k < 2m+2.
This proves our claim.

Finally the multiplication map (®m>0V2m+1) ® C(q)[QY] — U;f(5[(2)) is easily shown to be
an isomorphism, as in [52, Section 3.11]. Since = ®1(w), and Va4 1 is generated by ®;(c*™),
we deduce the inclusion U;f(5[(2)) C Im(®y). [ |

Remark 5.5. If we denote H = @®,,>0V2m+1, the isomorphism of modules
H® C(q)[Q] — U;f(5[(2))

is an explicit example of the theorem of separation of variables of [13, 53] in the case of s[(2)
(this case was first described in [52]). As shown in these works, the multiplicity [H, V] for & > 1
is the dimension (0 or 1) of the set of zero weight vectors of V.

Let us make explicit the result of [53] mentionned in Remark 4.5. By the relations (5.2) and
Proposition 5.2, it is immediate that for all z € £ 1(s[(2)) there exist elements y, y' € Lo.1(s((2))
such that dy = zd and y'd = dz. The element d is regular because ®1(d) is invertible and @4
is injective, so {d" }nen is a left and right multiplicative Ore set in Lo 1(sl(2)). The localization
of Lo1(sl(2)) over {d"}nen is well-defined (see [49, Theorem 1.9 and Corollary 6.4]). Let us
denote it by 10cL0,1(5[(2)).

Proposition 5.6. The map ®1: 10cL0,1(51(2)) — Uy(sl(2)) defined by ®1(d~') = K and the
formulas (5.3) is an isomorphism of Uy(sl(2))-module algebras.

Proof. Since ®;(d) is invertible, ®; extends to a morphism 1,.L0,1(sl(2)) — U,(sl(2)) uniquely
(see [49, Proposition 6.3]). It is an isomorphism, because the monomials d°b%¢? with 3,y € N
and 6 € Z make a basis of 1,.Lo.1(sl(2)), and they are sent by ®; to a PBW basis of Uy (s[(2)). W

Finally consider the integral form Eél(sl(Q)).
Lemma 5.7. The following holds:

1. The A-algebra 561(5[(2)) is generated by a, b, ¢, d with the defining relations (5.2).
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2. The localization of 56‘71(5[(2)) over the set {d"}nen, that we denote by 100’664,1(5[(2))7 is
generated by a, b, ¢, d*' with the defining relations (5.2).

3. The RSD map yields embeddings of Ua-module algebras @1 : Eél(s[(Q)) — Ul(s1(2)) and
Dy 1OC£64’1(5[(2)) — Ua(sl(2)), and @1(1005(‘?71(5[(2))) = U/ (sl(2)) is the A-subalgebra
U/ (s1(2)) C Ua(sl(2)), generated by (¢ —q')E, (¢— ¢ ')F and K*'.

Proof. (1) It is shown in [29], Proposition 1.3, that O4(sl(2)) C Og4(sl(2)) is the A-subalgebra
generated by a, b, ¢, d. Since L’él(s[(Q)) coincides with O4(s[(2)) as an A-module, any element
of £é1(5[(2)) is a linear combination over A of monomials in a, b, ¢, d with respect to the
product = of O4(sl(2)). By the relation (4.6) and Proposition 4.10, any such monomial is a linear
combination over A of monomials in a, b, ¢, d with respect to the product (4.4) of £é1(5[(2)).
This implies the first claim. The second follows from the fact that the relations (5.2) are defined
over A. The assertion (2) is an immediate consequence of (1), and (3) follows from Lemma 4.11.
We use the formulas (5.3) to determine &4 (10C£él(5[(2))). [

6 The “daisy” graph algebra Lo ,(g)

6.1 Definition and first properties

We define Lo, as a twisted product of n copies of the U, ® Ug°P-module algebra Lo (see
Proposition 4.1), following [32] (but using right modules instead of left ones). Since the twist
uses R-matrices, as for Lo 1 the construction uses as well categorical completions. Eventually we
will see that Lo, is also the braided tensor product of n copies of the U,-module algebra Lo 1
(see, e.g., [69] for the notion of braided tensor product).

We need to recall a few notions. Consider Hopf algebras A and B, and a bicharacter F €
B ® A. By definition, F is an invertible tensor and satisfies

(Ap ®ida)(F) = FagFis, (idp ® Aa)(F) = FiaFis. (6.1)
Viewing F as an element of (1® B) ® (A® 1) C (A® B)®?, it is readily checked that
Fia(Aagp ®1d)(F) = Fo3(id ® Aagp)(F)
and
(caep @ d)(F) = (id @ £ 40p) (F) = 1.

Therefore F' is a twist of A ® B, endowed with the standard Hopf algebra product structure
(see (4.3) for the similar operation applied to ;). Denote by A ®" B the resulting structure of
Hopf algebra. Given a right A-module algebra M, and a right B-module algebra N, one defines
the twisted tensor product M & N as the space M ® N endowed with the product

(@@ B)(@ @ B)=> ald - Fg) @ (B Fi)s

(F)

for every o, 3 € M, o/, 3’ € N. This product gives M @ N a structure of associative and unital
right module algebra over A®" B, containing M ®f 1 and 1®* N as A- and B-module algebras
respectively.

Remark 6.1. In the case where A = B is quasi-triangular with R-matrix R, and F' = R/, this
construction gives the braided tensor product of A-module algebras.
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These constructions generalizes straightforwardly to the categorical completions we consider.
Taking A = B = Uy, the identities (2.2) for the universal R-matrix imply that R’ is a bicharacter
of U,®Uy, and that we have (compare with (4.2))

A, =U,0%U,.

We are going to iterate the above twist constructions. To this aim, observe that given
homomorphisms of Hopf algebras fa: U, — A, fp: U, — B, the element (fp ® fa)(R') is
a bicharacter of A ® B, and by Proposition 4.2 the map

fa® fp = (fa® fp)oA: Uy — ApUse/)E) B

is a morphism of Hopf algebras. Because of (6.1), taking H := A = B the operation ® endows
the set of all morphisms of Hopf algebras U, — H with a structure of associative monoid. One
checks easily that it has the counit as neutral element. Clearly, ® is natural in the sense that

(gao fa) ®(gpo fB) =(9a®gp) o (fa ® fB) for any morphisms of Hopf algebras g4: A — A,
gB: B — B

In particular, by using the family of morphisms id®:, n € N, we define Hopf algebras Uq®” as
follows:

®0 _ 1/D o1 _
[Uq _C(q/ )7 [Uq _Uq
and for n > 1,

Uq®(n+1) — Uq@”(gj"[[}q, where J, := (idtuq ® id%:) (R).

Therefore, an immediate induction shows that [Uq®" is the twist of U(}@” by H}C:nfl Ji. Because
of (6.1), for every k, I € N we have an equality of Hopf algebras

Ok+l) _ 110k ol
Uk = U2k o U (6.2)

For instance, since A, = UP? and id%qQ = A, the Hopf algebra AP? = UY* is the twist of A;®A,
by

Fy = (id? ©id?) (R') = (A®A)(R') = Ry Ri3Ry, Ry € Ag®A,. (6.3)

We are mainly concerned with the Hopf algebras A2™ = UY?". Denote by F,, the twist from A"
to AZ".

We define Lo, (ql/D) as the twist by F), of the right A?”—module algebra Lo 1 (ql/D)®n
(endowed with the componentwise action and product). By construction Lo, (ql/ D ) is a right
AP"-module algebra, and it coincides with Lo 1 (ql/ D )®n as a AY"-module.

The above definition of Lo, (ql/ b ) by induction can be formulated by means of exchange
relations between its factors Lo 1. Let us explain this. For every k, [ the right AqQ"—module

algebra Lo (qY/P) ® Loy(¢"/P) is the twist by F(l,k) = (A® @ A®)(R') of the AP¥F@AS!-
module algebra Lo j, (ql/D) ® Loy (ql/D). By associativity of ® (see (6.2)) we have

Lok (d"P) ® Loy (¢"P) = Losri(d"/P).

Under this factorisation, by setting k41 = n, for every a, o/ € Lo, (ql/D) and 8, 8" € Lo (ql/D)
the product of Loy, (ql/ D ) takes the form

(@eB) (@)= > ad Flk)g) @B Flkq)s, (6.4)

(F(K))
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where the products a(a’ - F'(I, k) y) and (8- F(l,k)))B" are taken in Loy (¢/P) and Lo, (¢"/P)
respectively. Moreover, for every 1 < a < n the map i: Lo1 (ql/D) — Lon (ql/D), identifying
Eo,l(ql/D) with the a-th factor of Eo’l(ql/D)(@n by putting 1’s elsewhere (1 being the unit of
Lo (ql/ D )), is an embedding of module algebras. We will use the notations

Lon(@/P) =m(i,), ()@ =1i4(a).

Taking ()@ € Lo, (ql/D)(a) and (B)® € Ly, (ql/D)(b) with a < b, and F = F(1,1) € A;®A,
as in (6.3), we deduce from (6.4) that (all products being taken in Lo, (ql/D))

(B)P(@)@ =3 (a- Fiay) @ (8- Fy)®. (6.5)

(F)
We have:

Proposition 6.2. The subspace E%?Tf C Lo (ql/D) endowed with the product defined by (4.4)
on each component and by the exchange relation (6.5) between distinct components is a right
module C(q)-algebra over (U, ® U§°p)®n C AP™. We denote it Loy. Moreover, Loy is a Uy-
module algebra, namely the braided tensor product of n copies of the Ug-module algebra Lo 1,
with Uy-action, that we still denote by coad”, given by

coad” (y) (v D g. Z coad”( y(l) 1)) ® -+ ® coad” (y(n)) (oz(”)) (6.6)

for ally € Uy and M@ .. .@a e Lop.

Proof. We have to show that the product (6.5) restricted to E?f? C Lon (ql/D) is defined over
the subfield C(g). Indeed, the injection i,: Lo1 — Lon (ql/D) being a morphism of algebras,
the product of elements o, 8 € i4(Lo,1) is defined over C(q) (see Proposition 4.1). Therefore it
is enough to check that the exchange relation (6.5) is defined over C(q) as well. We proceed as

n (4.7) and (4.8). For matrix coefficients (wbi;)( ) and (v, ek)(b), where a < b, (6.5) can be

€l
written as

(v.6)" (502,)

ek (b
= Z ((V>\¢e ) (R(1)R(1) ® R?l)Rzll))) ((Vu¢€l )( g (R?2)R?2) ® R%Q)R:(z)))
R1)--

R%)
NG
= (S(R{y Ry > (wbe )@ Ry RYy) (S(RigyRly) > (v, )( = Rly R(y)
)

(R1).-(RA
= > v, (R R ))e/ ™A (S(R(DR(l)))e
(RY)--~(RY),i 5" k' I/ 2 pd \€ 1 p3 e (a) ek’ (b)
XWVu(R(2)R(2))e,WVH(S(R@)R( D), (Vﬁb ) (v.25,)
el _ ej'
= > v (Riy By )., ™ (R B,
()R 2 _1yeh 3 ool —1pm1ye (@ )
<1, (Rig By ) o™i (B By £7),, (1 ejf) (vad, )™

where we denote by R',...,R* the four R-matrices in (6.3), R* = =i ) ® R( gy as usual,
and / is the pivotal element. Since the matrix entries of RVA,VH € Endg g1/ D)(V,\ ®V,,) belong to
gFMC(q) (see Theorem 3.2(2) for the stronger integral statement), the factors gt#) cancel
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the factors ¢~ #) in the last expression. The matrix entries of ¢ belong to A, so we finally
obtain that the coefficients in the sum belong to C(g).

Finally, as for the action of U, on Ly, consider the structure of U,-module algebra on Lo 1
obtained by pulling-back the action of (U;@Ug") via A (see the comment after Proposition 4.2).
It follows from Remark 6.1 that Lo, = /J(C)D’f is the braided tensor of n copies of Lo1. The
restriction of the action of U, on each factor tO,l being coad”, the formula (6.6) is a consequence
of the properties of actions of module algebras. |

The commutation relation (6.5) yields a presentation of Ly, by generators and relations.
This presentation is well-known (see [2, 19, 32, 70]), but for completeness we prefer to give
a proof. Let V be an object of the category C. Similarly to (4.10), define

=S " E o (ve) Z Bl ® (1% @ (yf) © 190=") € End(V) ® Lo.

v
Note that the matrix coefficients of the set of matrices M (@, for every object V of C and
1 < a < n, generate the algebra Lg .

v
Proposition 6.3. For every a < b the matrices MY satisfy the fusion equation (4.12), the
naturality relations (4.11), and the following exchange relation (in End(V) ® End(W) ® Lo )

v w w v
Ryw MRy}, My® =My Ry MRy, (6.7)
Moreover, all these relations determine the product of Lo,,. Hence the algebra Lo, can be viewed

as the quotient of the algebra freely generated over C(q) by the matrix coefficients (nggj_)(“), for
all objects V' of C and every 1 < a < n, by the ideal generated by the relations (4.11), (4.12)
and (6.7).

Proof. The fusion and naturality relations follow from the fact that i,: Lo1 — Lo, is a mor-

phism of algebras. The matrix coefficients (V¢§;)( @) generate the subalgebras L’(() 7)1, whence Lo,

too. Conversely, by Proposition 4.6 the fusion and naturality relations determine the product
of Eé?%. Hence it is enough to show that the exchange relations (6.7) and the commutation rela-
tion (6.5) are equivalent. Let us write Ry,w = 3~ gy R(1) ® R(2) = >_(g) B(1) ® R2r). Then (6.7)
is equivalent to

> RwEIS(Ran) ® ReyRenEL© (vol,) (woe )"
(R)(R) k]

= > RwEIS(Run) ® ELR@ Ry @ (wo,)"” (ver,)
(R).(R) i

The isomorphism V @ V* — End(V), v® f = (w = f(w)v), maps Re; ® S(R(ll))*e‘j to
R(l)EgS(R(I/)), R(2)R(2/)ek ® e to R(Q)R(2/)El, and e ® (R(Q)R(Ql))*el to ELR(Q)R(Q/). Hence
the above relation can be written as

(a) (R(2)Rygn)* ek (0)
J € @+
> mens (vigy,,)" (v )
(R),(R)yi,gk)l

. ek b (@)
e Z EZ & E]lc X (W¢R(2)R(2/)6l)( ) (V¢S(B(1’ ) ) '
(R),(R),i,j,k,l
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Now we have

V(ﬁs(g(l,))ej = S(R( ) > V¢e IRy = V¢e ( ) © R(l/))

(R R, )*ek ek k
b0 @ 6 G Ry Ry = wol - (R Ry ® 1),

ek ek ek _
WOk R = Ry Ry > wol, =wdf, - (1057 (R Re))),

where we use the coregular actions >, < and on the right hand sides we denote by Ry, R(1),
Ry, Ry € U, the components of the universal R-matrix (instead of Ry,y). Using that
(S ® S)(R) = R, and denoting by m the product map of L., the above relation eventually
becomes

Z Ef ® E! ®m(((v¢ )(a) (w Zf)(b)) - (R13R23))
ijikl
= Z E!®E.® m(((Wflﬁf)(b) ® (V¢Z;)(a)) - (RgyRy3)).

i’j’k’l

Identifying terms we get the commutation relation

m((( ¢ej)(a (W¢§f)(b)) : (R14R24R13R23))
= Z vcbej F(z))((W¢el) - Fyy), (6.8)
(F)

(woe ) (vee) @

where F' = Rhs R\ 3Ry, Ry = 012,34(R14R24R13R23). This is the same as (6.5), so it is equivalent
to the exchange relation. |

v ,
Let us denote M;j:= v(ﬁgz. The following proposition gives a formulation of the action coad”
n (6.6) on these matrix coefficients.

Proposition 6.4. For all 1 < a < n we have:

% %
coad” (y) (Mi; (a)) = Z v (Ya))ik M @y (S(y@)is) (6.9)
)kl

also written as

\% \%
coad” (y) (M(a)) = Z (y1), ®@id) M@ (S(y(z))v ®id).
)

v
Proof. The formula (6.9) extends uniquely to any product of matrices M (@) by the defining
property of actions of module algebras. That it is equivalent to (6.6) is immediate from the
definition of the coregular actions. |

Remark 6.5. The fact that Lo, is a right Us,-module algebra (see Proposition 6.2) follows
also by verifying that the ideal generated by its defining relations (4.11), (4.12) and (6.7) of
Proposition 6.3 is stable under coad”, using the formula (6.9). In the original papers on qLGFTs,
these defining relations were imposed in order that this U;-module algebra structure holds.
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6.2 The Alekseev map

We have defined Ly, as a twist of E%?’f in Proposition 6.2, and obtained a presentation by
generators and relations in Proposition 6.3. Although this presentation seems complicated, the
Alekseev map, defined below, identifies £y, as a module subalgebra of Uq®”.

Let V' be a U;-module of type 1. For every 1 < a <n set

Ry, = (my ®1i4)(R) € End(V) ® US",
where as usual R € U,®U, is the universal R-matrix, my: U; — End(V') the canonical projec-

tion, and i4: Uq — ng’” the map defined by i,(x) = 12001 © 2 19(m=9)  That Ry, is a matrix
with entries in (759” follows from (3.6). Consider the linear map

®,: Vecte {(voe ) [V eOb(C), 1<a<n, 1<i,j<dim(V)} — U&"
defined by

1%

(id® ®,) (M™) = Ryn R,
|4
M

(id® ®,) (M) = (Rvn - Rvat1) RBvaRyo(Ryvn - Ryas1) ™', 1<a<n.  (6.10)

. 4 j i (a) . 4 ~
Since M (@ = > Bl @ (vee,)™, we have (id @ ®,) (M) € End(V) ® UP". When n = 1,
®,, coincides with the RSD map ®;: Lo — Uq. We call ®,, the Alekseev map. It was first
introduced by Alekseev in [1].

We can represent (id ® <I>n)( ]\‘;[ (a)) by the oriented colored braid shown in the figure be-
low, where we use the standard graphical encoding of invariant operators of ribbon categories
(see [78]). In this figure, the vertical strand with label a carries the a-th factor of Uq®", and
the one with label V carries End(V). Positive crossings carry the operator R = ¢ o R, where
o(x ®y) =y ® x as usual, and negative crossings carry the operator R~

&
u"
—

A

1 a n Vv

%
Figure 6.1. The colored braid representing (id ® ®,,)( M ().

Let us endow U(;@“ with the following action of U,

ad”(y)(x) = > AM(S(y))zA" (yz)) (6.11)
)

forally e Uy, x € Uq®". Then Uq®” becomes a right U,-module algebra.
The next result is due to Alekseev [1].
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Theorem 6.6. The Alekseev map yields an embedding of module algebras ®,: Lo, — 059”.
Moreover it satisfies

(id @ ®,) (M- 1) = (my ® ACD)(RR). (6.12)

Proof. Let us extend ®,, (by keeping the same notation) in the natural way to the algebra
freely generated by the matrix coeflicients (Vﬁbg) (@),

By Proposition 6.3, ®,, induces a well-defined algebra morphism Lo, — ng’" if it preserves
the fusion and exchange relations. Using the graphical encoding recalled in Figure 6.1, this is
shown in the next two figures in the case n = 2, which generalizes immediately to any n. The
symbol = means equality up to isotopy. Similarly, the relation (6.12) is proved by the third

ey
x '
)

S

»
"\

Vvw

/

—

7x ; :

/

|
Ll

R

A% V \%

Figure 6.2. The colored braid identities representing the exchange relation (6.7) (top), the fusion
relation (4.12) (middle), and the relation (6.12) (bottom).

v
The linear map defined by M (@) — Ry Ry, on the C(g)-vector space spanned by all the

matrix coefficients (V¢>2;) (a), for every 1 < a < n and object V of C, is injective by Theorem 4.3.
It differs from ®,, by a linear isomorphism (induced on the a-th tensorand by conjugating with
Ryp - Ryat1), so O, is injective.
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Finally, let us show that ®,, is a morphism of U;-modules. Since both multiplications in Lo,
and U(;@” commute with the respective actions of Uy, it is enough to check this on generators.
For those given by the matrix coefficients we then have to show that

(id ® @,,)(coad” (y) (J\VN))) = (id @ ad" (y)) ((id ® q»n)(z\V4<“>)) (6.13)

for every object V in C, 1 < a <n and y € U,. In the case a = n, ®, has the same expression
as the RSD map. Hence (6.13) follows from the statement of equivariance in Proposition 4.3.
This can also be proved easily:

(id © ad” (1) ((id @ ®,) (1))
— (id ® ad (4))(RynR)y)

= Z Ty ((RR/)(l))S(Z/(l))(RR/>(2)y(2)
(RR),(y)

= Z v (y1yS (W) mv (RR) 1)) S(yes)) (RR') (2)y(4)
(RR'),(y)

= > mlyay) v (RR) ) mv (Se)) (RR) @S ()
(RR),(y)

= > wvly)mv(BRR)a)my (S(ye)) (RR)@)
(RR),(y)

= (id ® ®,)(coad" (y) (]\‘/i/(n)))a

where we have used [RR/, (S ® S)(A(y))] = 0.

More generally, by writing the actions explicitly, that result implies as well the relation

> ((7v(ya)) @ 1) Rva Ry (7v (S (y2))) @ 1))
()

=Y (1©i(S(y))) BvaRya (1 @ ia(ye)). (6.14)
()

Now set
R = Ryy -+ Rvag

and denote by ign: UZ"™* — 19¢ ® U(;@”_a - U(?" the identification map with the final n — a
tensorands. Then

(1® ¢>n)(coadr(y)(1\‘2/(“))) = (mv(yay) ® 1) R Ry Ry, R (v (S(y(2))) @ 1)
(v)
= (mvlyn) ® 1)RW Ry, Ry,
(v)

X (1 R ign (A(”*‘Z*l) ( S(y2))y(3) )))R(a)fl(ﬂv(s(?/(@)) ® 1)
=e(y(2))
= (v (y) © RW (1@ ian (A" (S(y(a)))))
)

X RyaRy, (10ian (A" D (y(5))) ) RO (my (S (y(a))) @ 1)
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Since RA = A'R in U?Q, we have Z(y) R_l(y(z) ®Ya)) = Z(y) (o) ® y(g))R_l and then

Z (1@ S(ya))) Ry ®1) = Z(y(l) @ 1R(1® S(yw))),
(v) (v)

Z (S(yu)) ® 1)R_1(1 ®Y(2)) = Z(l ® y(l))R_l(S(y(Q)) &® 1)
(v) (v)

by applying id ® S, and using (id ® S)(R~!) = R. We deduce recursively

> (v () ® RO (1@ ian (A" (S(y())))
(y)

= (1@ 1an (AT (S(y1))))) R (7v (y2)) © 1)

and

> (1 ®ian (A" D () ) RO (7 (S(ye2) © 1)
()

= (v (S(m)) @ DR (1@ ian (AT V(yy)))-

So

(1% ®,,)(coad" (y)(M@))
=Y (1@ (A" (S(y)))) ) R (v (y2)) © 1)
(v)
X RyaRlyq (mv (S(y3)) @ 1 RO™1 @ ign (AT D(yy)))
=Y (101 (A" (S(ym)))) R (1 @1 (S(y)))
(v)
X Rya Ry (10 1a(y)) RO (1@ an (A" V(yw))))
=Y (1®ia (A" (S(yw)))) (1 @ 1a(S(y() ) R
(v)
X RyaRyo R (1 @ia(y(s) (1@ tan (A" Vyw)))
=D (111 (A" (S(y))) ) R Rya Ry o R (1 @ lam1a (AT (y(a))))
(v)

= (1@ A" Y(S(yn)))RW Rya Ry RO (1@ A (y)),
()

where we use (6.14) in the second equality, and the others follow from trivial commutations
between elements lying on different tensorands, and the property (S ® S)A’ = AS. This
proves (6.13). The relation (6.12) has been proved with a picture which encapsulates the fol-
lowing simple computation:

=

1% v
(id ® q)n)(M(l) . M(n)) — ((Rvn -+ Ryas1)RvaRy o (Ryy - - - RVa+1)_1)

1
e R Ry Ry = (mv 9 A0 (RR).

e
I

This concludes the proof. |
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Denote by (U(;@”)lf the set of locally finite elements of Uf” with respect to the action (6.11).
Consider the subalgebras (Lo )Y and (U’?”)U" of invariant elements of the U,-module alge-
bras Lo, and Ug)” respectively. We have:

Proposition 6.7. The Alekseev map sends Lo, isomorphically onto (UC‘?”)H, and its restriction

. . . . U, = U
to invariant elements affords an isomorphism ®,: L9 — (U(?”) ‘.

Proof. Consider the first claim. By (6.9) the action coad” on Ly, preserves the spaces of matrix
coefficients of each object V' of C. Since it gives Ly, a structure of module algebra, it follows

that coad” is locally finite. The equivariance of ®,, then implies that its image is contained
in (Uf”)lf. As ®,, is injective, it remains to prove that it maps Lo, surjectively onto (U(?”)hc.
Let us denote by ad;, the action (6.11). We can consider another action of U, on U(;@” defined

as the n-fold tensor product of the adjoint action of U, on f],;@”, which we denote (ad”)®™. Tt is
thus defined as follows:

(ad")®"(y) (M @ --- @ al™) =3 " ad"(y) (@) @ - -~ @ ad" (y(m)) (™).
()

We first show that these two actions on Uq®” define isomorphic modules. For simplicity of
notations let us consider the case n = 2. Consider the map

v U= U2 a®b— Ry (a®1)Rip(1®0D).

We claim that ¢ intertwines (ad”)®? and ad}. This follows from a small variation of the previous
proof. Indeed we have

ads(y)(W(a®@b) = Y Sye) R amaRayeE @ Sya) B Rebya
(),(R),(R~1)

= Y (BYH0Sway)eRuyye @ (B @S (e) Rebyw

It is easy to show that v is an isomorphism, it descends to a map ¥: (U;f)®2 — ((7(?2)“, and
that 1(a ®b) = 3 gy ad"(Rq))(a) ® R(g)b. Now, let z € (Uém)lf. Then ~1(2) is locally finite
for the action (ad")®2. By the main theorem of [58], the set of locally finite elements of [759"
for (ad")®" is equal to (U;f)(gn. Therefore ¢~1(z) € U;f ® ﬁéf, and from the surjectivity of the
map ®; onto ﬁéf, we deduce that z = 1 o ®P%(t) for some t € /J%?%. But because of the identity
R1_21R01R61R12 = R02R01R61R521, which is a consequence of the Yang—Baxter equation, we
obtain that z = 1o ®P?(t) = ®y(t), where we have identified the two vector spaces Lo and 5833%.
This shows @5 is a surjection onto (Uq®2)lf. The generalisation to any n is straightforward.

Uq

By the previous theorem we have an inclusion ¢, (E([i 31) C (Uq®”) . The above argument

applies in particular to ad; -invariant elements z € (ﬁgz’”)U‘]. Together with the injectivity of ®,,
it implies that this inclusion is an equality. Therefore the second claim follows. |

Remark 6.8. This last result is a generalisation to n > 1 of Theorem 4.3(3).
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6.3 Integral form

Let {c;}icr be a basis of the free A-module EOAJ. Put (o) := i4(ay), where as usual
ig: 564,1 — (Lél)@m is the inclusion map, 1 < a < n. A basis of the free A-module (Eél)®n
is given by the elements a;,..;, = ()M @ -+ @ (o, )™, the products in Eén of the elements
(i)W, (g,)™ (in this order from 1 to n), indexed by the tuples (iy,...,i,) € I". For
every basis elements «;,...;,,, aj,...;, we have

S § k1-kn
Qg ot Xy oy, = mil"'inJl“'jnOéklmk"
k1-kn

ill---in,jl---jn € C(q). By Proposition 4.10 we know that (ai)(a)(aj)(a) is

a linear combination over A of basis elements (ak)(“), for every 7, j and a. Therefore, it remains
to show that any product (a;)® (aj)(“), for a < b, is a linear combination over A of basis elements
(1)@ (o) ®. Any ()@ is a linear combination over A of matrix cooefficients of U'S-modules
of type 1. Let X and Y be two such modules. By (6.8) the exchange relation between matrix

coefficients (X¢§;)(a) and (y gf)(”), for a < b, can be written as

(o) (x66) @ =3 ((x¢£) - Flo)) (ve) ™ - Fuy),

(F)

for some coefficients m

where F' = R); R} 3R, R),. By using Theorem 3.2 as in the proof of Proposition 4.10, we see that
the sum is a linear combination over C[q/?, ¢=1/P] of basis elements ()@ (ay)®). Therefore
each coefficient mflllinjljn € C(g)n (C[ql/D, qil/D} = C[q, qil].

This proves the first claim of the following statement. The second follows from the arguments
of Proposition 6.3, which apply as well to Eén.

Proposition 6.9. The A-submodule (ﬁ(’il)@n of Loy is an A-subalgebra. We denote it ﬁén.

Moreowver, Eén is the A-algebra generated by the matrix coefficients (X(;ng_)(a), for all objects X
of the category C4 and 1 < a < n, with defining relations given by the naturality relations (4.11),
the fusion relations (4.12), and the exchange relations (6.7).

Note that, by the properties of 564,17 £én is a free A-module and we have £én ®aC(q) = Lop-

Lemma 6.10. The action coad” on Ly, yields on EOA’n a structure of right U-module algebra,
and the Alekseev map restricts to an embedding of Ua-module algebras ®,,: E{in — l?ff".

Proof. The first claim follows immediately from the case of £64,1 (see Lemma 4.11), since £én =
(Lél)®n as an A-module. For the second claim, one simply note that Theorem 3.2 implies that
Rxp -+ Rxat1 € Endy(X) ® ﬁf”, for every U*-module X of type 1, and use that id ® ®,, is
defined on generators of End4(X) ® [’én as id ® " followed by conjugations with matrices of
the form Rxy, - Rxq+1- [ |

Proposition 6.11. Ly ,, and therefore its subalgebras EOAm and (L’én)UA, does not have non
trivial zero divisors.

Proof. Because of the injectivity of ®,, it is sufficient to show that f](;@” and [7;?" have no non
trivial zero divisors. We note that U4 (g)®"™ = Ua(g®"). Then the result for U§" is a consequence
of [27, Corollary 1.8] applied to g®™. Note that in that paper it is assumed that the Cartan matrix
is indecomposable but their method, which consists in proving that an associated graded algebra

is quasipolynomial, does not use this assumption. It applies as well for ﬁf?", Ué?". |
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In the case of g = s[(2) we can restrict the target:

Proposition 6.12. ®,: Lo, (sl(2)) — U,(sl(2))®" takes values in Uy(sl(2))®", and yields an
embedding of Ua-module algebras ®,,: Eén(sl(Z)) — Ua(sl(2))®™.

Proof. The second claim follows from the first and Lemma 6.10. Consider the first claim. For
every 1 < a < n and object V of C we have Ry R}, € End(V)@Uéf(s[(Z))‘@” by Proposition 5.4.
We have to show that conjugating by Ry, --- Rvar1 € End(V) @ Uy(s1(2))®" maps End(V) ®
Ui (s1(2))®" to End(V)®Uq(s1(2))®™. It is enough to prove it for V= V3, and for the conjugation
by Ry 4+1 only (the general case follows from this one by an easy induction). Recall the expression
of Rin (3.7). Using that E, F act nilpotently on V with order 2, and R~} = (S®id)(R), we get

. 1®2¢1? (¢g— g Hlwd?F
Ryay1 = (T, @ la41)(R) = ( 0 Lo g-11/2 , (6.15)
_ . ~ 1@q 2 —qlg—qg 1w q"?F
1 _ 1\
RVa+1 - (7TV2 ® 1a+1)(R ) - ( 0 1® qH/2 5 (616)

where ¢/2 € U,(s1(2)) is defined in Section 3, and for each matrix entry we write only the
components in the a-th and a + 1-th tensorands of U,(s[(2))®" (the others being 1’s). With this
convention, let

N := <Z§11 Zgi) € End(V) @ U, (s1(2))*". (6.17)
Then
u®1 (@ -1MVu® KF —¢*(q— ¢ Hw o KF?
RVa+1NR\;,11+1 | +atg-qgHwe F +v@K+q¢Hg—q¢gHr® KF
w® Kt —qlg—-q¢gHwe F+z®1

This matrix has entries in Uy(s[(2))®™ if the matrix entries of N belong to Uy(s((2))®". Conju-
gating recursively Ry, R{,, with Ry;, for ¢ from a+ 1 to n, by the same computation we deduce
that ®,, takes values in U,(sl(2))®". [ |

6.4 Localization when g = sl(2)

We are now going to define a localization of Lo, (sl(2)), which will satisfy a generalization of
Proposition 5.6. We need the following lemma. For every u € U,(sl(2)), denote by u(® the
element of Uy(s[(2))®" with u in the i-th tensorand and 1’s elsewhere. Analogously to (5.1), for
every 1 < ¢ < n, put

Vi — (a8 € End(V) @ Lo, (s1(2))? (6.18)
FORG! On ’ '

where V = V5.

Lemma 6.13. For every 1 < i < n, @?"(ﬁéf)n(s[@))) is contained in the subalgebra of
U,(sl(2))2™ generated by Tm(®,,) and the elements KU+D ... KM,

Proof. The case i = n is clear, as ®}" (ﬁgl) (s1(2))) = @, (5872(5[(2))) by definition. We argue

n
by decreasing induction on i € {1,...,n}. Take

N = (id ® 827 (D)
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in (6.17). The entries of M generate the algebra ®%" (Eéf;:l)(ﬁl(Z))). By the formula of
Ry, MRy we have @, (V) = we K. Hence w®1 = (w® K ~!)(1®K) belongs to the alge-
bra generated by ®,,(Lo.(sl(2))) and K. Since ¢~ (g—¢H(A®F)=oF" (b(")) =0, (b(")),
the same is true of —q(q — qil)w ® F', and hence eventually also of t ® 1, u ® 1 and v ® 1 by
using again the formula of Ry, M R\_/711 This proves the statement for ¢ = n — 1. Inducting on 1,

using the matrix M of generators of £[()2731(5[(2)), the same reasoning proves the result for all

values of 7. [ |

Lemma 6.14. Define elements £ € Lo, (s1(2)),i=1,...,n by

. V. |4
€0 = (A ... ™)

where 22 denotes the lower right matriz element. The elements €9 are commuting and satisfy:
‘Pn(ﬁ(i)) _ (K—l)(i) o (K—l)(n)'

Proof. Asin (6.12) we have

v v A ,
(id ® q)n)(M(z) e M(n)) = Ryy - RviRjy;- Ryn = (1 ® 186-1) & A(”_Z))(RR’).

The lower right matrix element of (7y ®id)(RR') is equal to K. As a result, by applying A%
we obtain

q)n((]\‘}(i) ...]\‘f[(n))m) _ 18(-1) g A(n—i) (K1) = (K—l)(” ...(K—I)W).

By injectivity of ®,, this proves that the elements £® are commuting. |

The elements £*) commute, and { (5(1)’“) }k:eN
see that for every i = 1,...,n the element £ is an Ore element of L’g;%) (s1(2)), where /J(()l;%) (s(2))

is the subalgebra of Lo ,(sl(2)) generated by the subalgebras Eé?%(ﬁ[@)), a > i. Indeed, be-

cause Lo, has no non trivial zero divisors, § () is a regular element. The set {(§ @)k ) } kEN
(i)

tiplicatively closed, and it is an Ore subset of E(()E) (s1(2)), since for all z € Ly ;”(sI(2)) there exist
elements y,y’ € Egg)(s[(Q)) such that 2£® = @y and €Dz = y/¢@. This is shown as follows:

B (), (€D) = () (K1) D (K™ = (K1) (K1) ™ ad” (K)(®,(x)), where we
have used the fact that @, (z) € 197! ® Ugg(n_iﬂ). But ad"(K)(®,(x)) = ®1(coad” (K)(z)),
and therefore the Ore conditions are satisfied with y = coad” (K)(x).

This argument does not permit to conclude that the multiplicative sets {(§ (i)k)

is an Ore set of Lo (sl(2)). In fact, it is easy to

is mul-

}keN are Ore

sets of Lo, (sl(2)). We therefore cannot localize with respect to the elements () as easily as
for €. We proceed in a different way.

We first explain the case n = 2. The element ¢ = (]\‘2(1) ]\‘2(2))22 = dWd? 4 [Mp®@ ig
a regular Ore element of Lg 2, so we can define the localisation Lg 2 [5 (1)*1]. We want to define
the inverse of the element £, and a new algebra Loo [5(1)_1] [5(2)_1] such that Lo 2 [5(1)_1] C
Lo o [5 (1)*1] [5 (2)*1] and @9 extends naturally to an homomorphism of algebras

Dy: Lop[€W1[€P ] = U,y (s1(2))%2

\% |4
This can be done by writing explicitely the exchange relations between A (V) and A (2
involving d(®) = ¢®):

(D@ — g0
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d®@ e — Mg 4 (1- q’2)c(1)b(2),
d@ g — gWg®@ 4 (1— q2)c(1)b(2),
d@p) = p(M g L (1- q2) (a(l) _ d(l))b@).

We define Lo 2 [ﬁ(l)_l] [5(2)_1] to be the algebra generated by the elements a(!), vV, (),
dV, @ @ ) @) -1 c@-1 where o), ..., d® satisfy the exchange relation (5.2)
and (6.7), €M~ is the inverse in the sense of Ore of the element £é1) = dMd®?) + ¢(Mp?) and
the following relations for £2)~1, the inverse of £ = d®?), hold true:

D@1 = @1 — 1

@10 = (@)=

@1 = (Me@-1 _ q_2(1 _ q_2)c(1)b(2)§(2)_2,

5(2)_1(1(1) — d(1)£(2)_1 — —2(1 — 2) (l)b(2)£(2)_2

@1 — pMe@=1 4 o= 1(1—q_)( )b
Ry

The last relations are chosen in order that Lo [6(1)_1] C Lop [5(1)_1] [6(2)_1] as an alge-
bra and are a direct consequence of the exchange relations (6.7) and the invertibility of £(3).
As a result @7 extends to a morphism of algebra ®;: Lo 2 [5(1)_1] [5(2)_1] — Uy(s1(2))®2. This
morphism of algebra will be shown to be an isomorphism in Proposition 6.16.

The construction of the localisation for Lo, (s((2)), n > 2, is defined by the same procedure.
We want to define a localisation Lo, (s[(2)) [5(")_1, o ,5(1)_1]. The set of elements {5(")k}k
being an Ore subset of Lo, (s[(2)), we can define the standard localisation Lo, (s1(2))[¢™~1].

v v v
Note that the matrix M( )... M ™ has the same reflection equation with A7 (Y as p 2.
Therefore we can define Ly n(s[(2)) [5(”)*1] [f(”*l)*l] by the same method as when n = 2, and
S0 on.

Definition 6.15. By iterating the preceeding construction we define:

tocLon(s1(2)) = Loa(s1(2) [¢M [NV [D1].
In the sequel it will be convenient to define invertible elements 6% € ocLon(sl(2),i=1,...,n,
Satisfying 6(7') = 5(7') oo 6(”)’ i.e.’ 5(7‘) = g(i)g(i""l)_l'
The elements 6#), i = 1,...,n, are invertible, commute and satisfy ®,, ((5(i)) = (Kﬁl)(i) .
We can define the localization 10C£én(5[(2)) of the integral form Eén(s[(Q)) in the very same
way (recall Lemma 5.7 for the case n = 1). Let

Tni 10cLon(sl(2)) = Uy(sl(2)™"

be the unique morphism of module algebras extending the Alekseev map. Recall the subalgebra
U’y (sl(2)) of Ua(sl(2)), defined in Lemma 5.7.

Proposition 6.16. The extended Alekseev map ®p: 10cL0n(51(2)) — Uy(sl(2))®™ is an iso-
morphism of Ug-module algebras, and it restricts to an isomorphism of Ua-module algebras
Pt 100 Lo (51(2)) = Ul (s1(2))7.

Proof. All claims are clear by the previous results, except surjectivity. For the first claim, it

follows from Lemma 6.13, since the algebra generated by ®" (ﬁ((le (s1(2))) and K @) is U, (s1(2))®
(the i-th tensorand). For the second claim, it follows from Lemma 5.7(3). [

Remark 6.17. This proposition (first claim) justifies the localization of L ,(sl(2)) by the
elements €M), ... &M The result of localization, if any, by the elements dV, ..., d™ is not
clear to us; note that they do not commute.
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6.5 Invariant elements

We go back to the general situation of Eén = Eén(g) for an arbitrary g. We need the following
fact, proved by Majid [69] for O,. For completeness we recall the main ideas of the proof given
in [32], which extends immediately to O4.

Proposition 6.18. The iterated coproduct A1 : 04 — O%" considered as a linear map
Eél — Eén, is an algebra morphism and satisfies the following commutative diagram.:

A ARTD g
‘CO,I ‘CO,n

| |

~ (n—1) ~
Uy 205,

Proof. The main point of the proof is that, for every U*>-module X of type 1, we have

(id@ APV (ar) = a0 Ar. (6.19)

This follows by a direct application of the definitions. But Proposition 4.6 implies that the map
A=), Eél — Eén is an algebra morphism if and only if the matrix on the left hand side
of (6.19) satisfies the fusion relation. This is easily shown to be true for the right hand side by
using the exchange relation (6.7) recursively. This proves the proposition. The commutativity
diagram is a reformulation of (6.12). [

Consider now the algebras of invariant elements,

Lot = {a € Loy | Yy € Uy, coad” (y)(a) = e(y)al,
(E(in)UA = {a € Eén | Vy € Uy, coad”(y)(a) = 5(y)a}.

0,n»

Note that (Eén)UA = EOUjL N L, , and therefore £(l)]:717, = (L‘én)UA ®4 C(q). Since Eén is a free
A

A-module, and A is a principal ideal domain, the A-submodule (Eén)U is free.

Proposition 6.19. The algebra (Eén)UA is the centralizer of A(”*l)(ﬁél) mn Eén. As a corol-
lary we have Z(ﬁén)UA = Z(Eén).

Proof. Clearing denominators it is enough to give the details for E(()]";L. First note that an
element z of UC?” is invariant under the right adjoint action of U, if and only if it commutes
with A1 (x) for every x € U,. Indeed, we have

A (@) = 3 ze(@) A D (@) = Y e(wn) 2AM D (2g)
(@) (=)

= A (@) AT (S (2))2AM D (25) =Y AT (@) ad” (22 (2)-
(z) (=)

Hence zA(®1(z) = @) A(”*l)(xl)s(x(g))z = A= D(z)z if 2 is an invariant element. Con-

versely, if 2 commutes with A~ (z) for every = € Uy, then

ad(2)(z) = Y APV(S(2)) A D (2)z = AV (e(2)z = e(x)2,
()
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This proves our claim. Now, let « € 5(1)]7 ¢ . Then ®,(a) is an ad"(U,)-invariant element of [7(;@”,
by Theorem 6.6. By the claim above, and the fact that commuting with elements of Uq or Uy
is the same, ®,(a) commutes with the matrix coeficients of (my ® AM~D)(RR’), for every
object V of C. By the injectivity of ®,, and the relation (6.12), & commutes with the matrix
coefficients of (6.19) for all objects V of C. These generate the algebra A1 (Lg ), so Eg{ ¢ lies
in the centralizer of the latter.

Conversely, the same reasoning shows that if « lies in the centralizer of A(”_l)(ﬁm),
then @, () commutes with the matrix coefficients of (my ® A("_l))(RR/ ), for every object V
of C. From Theorem 4.3 we deduce that ®,,() lies in the centralizer of A(~1 (Uéf). This is
the same as the centralizer of A1 (U,) by Remark 4.5(1), so as above we deduce that ®,,(«)
is an invariant element of U’(]@”, and by injectivity and equivariance of ®,, that « is an invariant
element of Lo .

The corollary is immediate, because a central element of Ly, necessarily commutes with
A= (Lg 1), so it is invariant. [ |

We now give an explicit basis of the algebra of invariant elements E(I){ 7. Let n be an integer
greater than 1. For every 2 < k < n we denote by S(k) € U,®" the element defined by

S(k) =1d®** 2 @ (id @ AP (R).

Let Ai,..., Ay € Py,and V), ..., V), the type 1 simple U;-modules of highest weights Aq,..., A,
respectively. Put [A] = (A1,...,\y), and consider the U;-module

iy = ® V-
j=1

[ N Vv
Define M € End (Vp\]) ® Lopn by M:M ifn=1, and if n > 2 by

A Wy

n B V>‘k 2
M= T (S v MP) [T Sk, - (6.20)

k=2 k=n
For example for n = 2 we have

N W Va
M= ]\411(1)ng1 Mo PRy

and for n = 3,

Bl Yy 1y 22 2 po1y 3 (3 :
M= MV @A) (R Mo (R ")as M3 ¥ Ros(id ® A)(R).

(A
The reason for considering the matrices M comes from the two following propositions. The first

generalizes the identity (4.14).

]
Proposition 6.20. The right coadjoint action of U, on the matriz elements of Ml can be written
in matrixz form as

[A] LY .
coad”(y) (M) = Y ((mviy () @ id) M (v, (S(y(2))) @ id)). (6.21)
(v)
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Proof. We show it for n = 2, since the general proof follows from it by an easy induction on n.
We have

(A Vi
coad” (y) (M) = coad” (y) (M e )R12 Mg( )ng)
Va

=> (yyh Ml( IS (y)1Ris (ys))2 M 22 S(y(a))2Ruz

(v)
V>\2

=> () M1 )(y2)2Ri2 (S(w@)1 M2 S(ywy)2Riz

()

=> o ®

(v)

D1 (1) pl 2 (2)
= (W ®ye) M1V Ry MY Riz(S(ya) © S(ye))
)

= 3 (i (v @ ) V8 (v (Sloa) @ ).

V>\1
YR Mz<2><s<y(3>> ® S(y()) Rz

All equalities are clear but the third and fifth, which follow from (id®S‘1) (R)=R™', RAR™! =
AP AoS = (S®S5)oA, and the fact that S is an algebra antimorphism. The result follows. W

. A n
Denote by (é\z) a basis of Vy, by (éz) the dual basis, and put [e][i]::)élil Q- ® )\e in- We thus

Al Alps
get a basis ([e] [’]) of V5. Denote by ([e] [l]) the dual basis.
o Mg . P‘] P\] . .
Proposition 6.21. The elements ( e ell @ id) M (e 0] ® id) of Loy, where [\] € P, [i] labels
the basis of Viy), and [j] the dual basis, form a basis of Lo,. Equivalently, for every x € Lop

there exists a unique family of endomorphisms ajy(r) € Endg(y) (V[/\]), [A] € P}, which are zero
except possibly for a finite number of terms, such that

x = Z (Trv[A ®id) ((mv, (Oapy (z) @ id) I[Q}I) = ZqTrVW ((apy(z) ®id) @J]I), (6.22)
[A] A

where as usual { is the pivotal element and wy, (€) is the endomorphism of Viy given by the
action of L.

Note that 7y, (¢) is introduced in (6.22) in order to simplify the statement of the next propo-
sition.

Proof. We show the first claim of the proposition for n = 2; the general proof is similar. In this
case it is sufficient to prove that the set of matrix elements of the tensors

O R TR SO PR
M1y Ry M2 = Z(R(2)>2 M1 M2V S(Ray)i, (A € P,
(R)

is a basis of L£o2. Note that we use Rt = (S ® id)(R) = > S(Ra )) ® R in the above
equality. Let 7= (S ® S~')(R™!), that we denote as usual by T' = > ) T(1) ® T(z). From the
identity 1 ® 1 = (S ® id) (R_ ) Z(R),(T) S(R( )) 1) ® S(T, (2 ))R(Q), we obtain

Vi 1%\ VA

]\411(1) ]\iQ ZS T(Q) 2 Ml( )R 22(2)(T(1))1.

(T)
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Vi Vi
The conclusion follows from this, since the set of matrix elements of ]\41 1@ ]\42 NOR [A] € P?r, is
a basis of Ly 2. The second claim is a trivial consequence of the first one. |

By combining the two previous propositions we obtain the following characterisation of the
invariants elements.

Proposition 6.22. An element x € Ly, belongs to E(I){‘; if and only if for every [A] € P} we
have apy(x) € Endy, (VW)' Therefore, the elements

k k) W
v (af)\])) = qTry, (afA]) M), (6.23)

where {a&)}k is any basis of Endy, (VP\])’ make a basis of 56{‘;.

Proof. We have = € EOUZ if and only if coad"(y)(z) = €e(y)x for every y € Uy, or equivalently
for every y € U,. From Proposition 6.20, the basis provided by Proposition 6.21, and the fact
that S?(y) = fyf~!, this is equivalent to ) S*I(y@))vmam (@) (W))viy = €(¥)apy(z) for every
[A] € P{, which is also equivalent to yy;, ap(2) = ap(z)yy,,- [ |

Finally, let us consider the integral form (Eén)UA. Matrices R(MI} can be defined by the for-
mula (6.20), replacing Vy,, ..., V), with arbitrary U}®-modules X1,..., X, of type 1. Clearly
these matrices still satisfy the equivariance property of Proposition 6.20, and the arguments
of Proposition 6.21 imply that their matrix elements form a generating family of the A-modu-
le Eén. When the U®-modules X; span the set of full A-sublattices 4V}, of the U;-modules Vy,,

such elements form a free family. One can still define invariant elements vx(ax) € (E(‘in)UA by

X
vx(ax) :=qTry (aX M),

where X 1= X1 ®- - ® X, for arbitrary Uf*-modules X1, ..., X, of type 1, and ax € Endyres (X).
The A-module Endyres(X) is free, as it is a submodule of the free A-module Endes (X) and A

is a principal ideal domain. Then, taking X; := 4V}, and ag;) basis elements of EndUZes(X ), the

elements vx (agl;)) form a free family over A, and by Proposition 6.22 a basis of E(I){ ..

In the case of g = sl(2), let us state the following result. It is a direct consequence of Theo-
rem 8.6 and the fact that the skein algebra K:(X) is finitely generated and Noetherian, which
is proved in [72, Theorem 3|, by topological means. The method relies on the fact that K.(X)
has a natural filtration, and consists in proving that the associated graded algebra is finitely
generated and Noetherian.

Ua(sl(2)

Theorem 6.23. The algebra (L’én(sl(Q))) ) is finitely generated and Noetherian.

6.6 Centers
Next we turn to the center Z(Lo ) of Lo, and Z(Cg";l) of 58],32-

Proposition 6.24. The Alekseev map affords an isomorphism from Z(Loy) to Z(ﬁ(;@”). In par-
ticular this implies Z(Lon) = Z(Lo1)®". Moreover, the elements

. Vi, .
)\W(z) I:q’I‘I'VA (]\4)\-(2)), )\€P+,i€{1,...,n},

belong to the center Z(Lo,) and the family of elements [, n,w¥, where A\1,..., A\, € Py, form
a basis of Z(Lor). The elements 2@ belong to L&, and they form a free family.

0,n’
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Proof. We have ®,(Z(Lo )) Z(®,(Lo,n)) by Theorem 6.6. We claim that if z € UC?”
commutes with ®,,(Lo,,), it is central. Indeed, z commutes with ®,, (E(n)) = 1801 g Uéf,

and hence with 1%(=1) ® Uy, and the matrix coefficients of R‘jzll by Remark 4.5. (For instance,
when g = sl(2), K = ¢ and ¢/ commute and are diagonalizable on objects of C, and
since z commutes with 1®(” D @ K, it commutes with 121 @ ¢#/2 o0, and the conclusion

follows from (6.15) and (6.16)). Using that x commutes also with ®,, (E[(f;l)), and hence with
the matrix coefficients of RVnRVn,lRQ/n_IR(,}%, we deduce that it commutes with the matrix
coefficients of Rvn,lRQ/n_l, and hence with every element of 18(n-2) Uq ® 1. Continuing
in this way recursively, we get that z € Z (ﬁ(;@"), which proves our claim. It implies that
O, (Z(Lon)) C Z(UEM).

Let us prove the converse inclusion. Put R@ .= Ry, - Rygq1. For every 1 < a < n we
have

@u (Try, (M) = (Try, @id)((mv; () @ id) B Ry o Ry, RO)
= (Try, ®id)((mv, (¢) ®id) RvaRis,)
:ia(@l(qTrVA (]‘\/2)))7 (6.24)

where ®; in the last equality is the RSD map, and the second equality follows from R~ =
(S ®id)(R) and S?*(z) = lxl~! for every z € U,. By Theorem 4.3 and Proposition 4.8, the
family of these elements, when X\ spans Py, forms a basis of the center of the a-th tensorand
of UE™. Therefore ®,,(Z(Lon)) = Z(UE™). By injectivity of ®,, this proves the first claim. The
computation (6.24) concludes the description of Z(Lo,). The last claim is clear. [

In particular, recall from (6.18) that for g = sl(2) and every 1 < i < n we put

Vo i a(z) b(z) i
e (c@') d<i>> € End(V2) ® Lon(s1(2))®.

Set

. . . 2

By (6.24) we have

that is, (¢ — ¢~ 1)? times the Casimir element of the i-th tensorand of U,(sl(2))®", and then
Z(Uy(s1(2))® ) C(q )[Q(l) Q(”)] The proposition implies

Z(Lon(s1(2))) = Clg) [wV, ..., w™].

More generally, by the same arguments and the results recalled in Remark 4.9, there is an ana-
logous description of Z(Lg(g)) for an arbitrary finite dimensional complex simple Lie algebra g
of type A, B, C or D.

Remark 6.25. When g = s[(2), by using the A-basis of the A-module £é1(s[(2)) = 04(sl(2))
given in [29, Proposition 1.3], the arguments of Proposition 5.2 show that Z(Eél(sl(Q))) = Alw].
Then it is easy to see as above that the family of elements [[;, ,\iw(i) form an A-basis of

Z(L£8,(s1(2))), and that Z (L4, (s(2))) = A[w®, ... w™].
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For every A € P, denote

V, V

In the specific case of g = sl(2), let us put

Va Va
1= qTry, (M(l) .. M(n)). (6.25)
Lemma 6.26. Z(,Cg‘jl) contains the commutative algebra generated over C(q) by the elements
Alw(l), e ,Anw(”) and x\n for all \,\1,..., A\, € Py.

Proof. Clearly Z(Egjl) contains Z(Lg,)Y%, whence the elements aw, s w™ for every
Aly ..., Ap € Py, by Propositions 6.24 and 6.19. Moreover, by this result E(l){ 7 is the centralizer
of A®=1(Ly1) in Lo,. Therefore Z(E([)]";l) > AD(Z(Ly4)). By Proposition 4.8 and the
relation (6.19), the elements y7, A € Py, form a basis of A1 (Z(Lg1)). The result follows. B

Note that the C(g)-algebra generated by the elements Alw(l), e ,Anw(”) and »n for all weights
A ALy - .o, Ap € Py is the polynomial algebra generated by these elements when A, A1, ..., A\, are
fundamental weights. We have even a much better result:

Theorem 6.27. We have an isomorphism

Z(£) = A(Z(L01)) ®cg) Z(Lo1) "

Therefore Z(Eg;) is the polynomial algebra generated over C(q) by the elements Alw(l), cee,
,\nw(”) and \n for all fundamental weights A\, A1, ..., Ap. In particular, when g = sl(2) we have

Z(ﬁojn(g[(z))Uq(ﬁ[@))) — (C(g) [w(l)7 o 7w(n),n]
and
Z(L£8,(s1(2)) VA = AT ™0™ ],

This is a consequence of the following lemmas, which are interesting by themselves. Denote
by Uy := Up(g) the Hopf algebra over C[[h]] generated topologically (in the h-adic sense) by FE;,
F;, H;, where i = 1,...,m, satisfying the relations [H;, H;] = 0, [H;, E}] = a;;Ej, [H;, Fj] =
—a;jFj and (3.1)-(3.3), where Kj is replaced by qZHi and ¢; by e%". By the same formula as (6.11)
with U}, in place of Uy, Uy, acts on U,‘?” by the right adjoint action. Let Z(Uj) be the center
of U h-

Lemma 6.28. The h-adic completion of A"~V (Z(Uy,)) ®cqn)) Z(Un)®", considered as a subal-
gebra of U}?”, is the center of (U,?”)Uh.

Proof. Denote by U = U(g) the envelopping algebra of g, and by A its canonical coproduct.
We have Uy /hUy = U. As shown in [76, Lemma 3.10], a direct application of Theorem 10.1
of [57] proves the result for h = 0, i.e., for U. Because g is finite dimensional and semisimple,
Drinfeld’s results in [34, 35] show that there exists an isomorphism of algebras ¢: Uy, — U[[h]],
equal to the identity on the quotient Uy, /hU},, and there exists an invertible element J € U®2[[h]]
such that Vo € Uy, (¢ ® ¢)(A(x)) = JAg(¢(x))J 1. By using J one can easily define an
invertible element J, € U®"[[h]] such that Vo € Uy, (6®") (A (z)) = J, Al (¢(x)) I,
As a result the map : (U,?”)Uh — (USMYI[R)], ¥(x) = J,; H(¢®™(x))Jp, is an isomorphism of
algebras. We obviously have ¢(Z(Uy)) = Z(U)[[h]]. The lemma follows after having checked
that ¢~ L (Z(U)®"[[h]]) = Z(Up)®" and ¢~ L (AL V(Z(U)[[]])) = APD(Z(U,)). u
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Lemma 6.29. The center of (US™)Ve is Z((UP™)Ve) = AC=D(Z(U,)) Rc(q) Z(Ug)®™.

Proof. By Lemma 6.26 it only remains to prove the inclusion “C”. Let ¢: Us ® 4 C[[h]] — Uy,
be the morphism of algebras defined by p(K;) = eifli. o(E;) = E;, ¢(F;) = F;. Let z €
Z((Ufm)U‘I). Up to multiplication by an element of A we can assume that z € Z((U$™)V4).
Because ¢®"(z) commutes with " ((U$™")VA®4C[[R]]), it commutes with its h-adic completion.
Consider the family of elements vy (ajy) defined by (6.23) with aVjy = aVy, ® -+ ® 4V},
and ay) in Endgres (AV,\1 - '®AV/\H)- By Proposition 6.22 (see the comments therefater) they

form a C(g)-basis of E(I){ 5.+ Proposition 6.7 then implies that the elements ®,,(v|y (agf])) form

a basis of (U(?")Uq. These results still hold by working with U and the topological version
of Lo, defined over C[[h]], so the elements o®" (®y, (v (a&)))) form a C[[h]]-topological basis

of (U,?")Uh. Therefore ©®"(z2) centralizes (U;?”)Uh, whence ¢®"(z) € AY(Z(Uy)) ®cy
Z(Up,)®" by Lemma 6.28. This proves z € A"~(Z(U,)) ®c(y) Z(Uy)®". u

Proof of Theorem 6.27. We have an isomorphism Eg . = (ng’")U" by Proposition 6.7, and
Z((U(;@”)Uq) = A=V (Z(T,)) ®c(q) Z(Uqg)®™ by the last lemma applied to U, instead of Uj.
But ®,'(Z(Uy)®") = Z(Lo1)®™ by Proposition 6.24, which is the vector space generated by
aw, o w™ for Ar,... A\, € Py (by Proposition 4.8), and @1 (A("*l)(Z(Uq))) is the
vector space generated by n for all A € Py (by Proposition 4.8 and the relation (6.19)). This
proves all claims but the last one, which in turn follows from Z((ﬁén)UA) = Z(EOU7 ‘;) N Eén,
and the fact that w®, ... W™ pne Eén. |

6.7 Specializations

Let € € C*. We defined the unrestricted specialization U. := Uy ®4 C. of Uy in (3.8). Recall
that C. is the A-module C, where ¢ acts by multiplication by e. Similarly, the unrestricted
specialisation of Eén at € is the Us-module algebra

L5, =L, ®aCe.

We need to consider the specialization at ¢ = € of the Alekseev map. By Lemma 6.10 and Pro-
position 6.12 we know that &, : Eén — UE" is an embedding of U4-module algebras, and in the
case g = s5[(2) it maps into Uy (sl(2))®™. Moreover, by Proposition 6.16 the latter embedding
extends to an isomorphism ®,,: 10C£én(5[(2)) — Ul (s1(2))®"m.

When ¢ = ¢ the formulas (5.3) show that ®1: £f,(sl(2)) — Uec(sl(2)) is an embedding,
and @11 10cL5 1 (s1(2)) — Uc(sl(2)) an isomorphism. For an arbitrary g, ®1: £§; — U, is also
an embedding; this follows from the following facts. In [29, Sections 4 and 6], De Concini—
Lyubashenko introduced an embedding of algebras p”: O4 — Ua(b_) ® Ua(by) (where Ug(by)
is the subalgebra of U, associated to the Borel subalgebra b of g), and they proved that it
affords an embedding p/: O, — U.(b_) @ U.(b, ). We have &1 = mo (id® S~1) o u”. Moreover,
Im(p") is contained in the subalgebra of U.(b_) ® U(by) with basis elements

Fgf T Fg;,VKm&Jr---JrnNﬁNK)\ ® K*)\K*PLBI*“'*pN,BNEgi T EZZ’

where A € P and nq,...,nn,p1,...,pN € N. The map mo (id® S‘l) sends this basis to a free
family of U.. As a result ®;: Lo, — U, is injective. Since ®,, differs from @?" by a linear
isomorphism (see (6.10)), it follows that

. € TN
d,,: On — U;

is an embedding of U.-module algebras.
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Moreover, in the s[(2) case, by Proposition 6.16 and the fact that ®1:16cLf;(s1(2)) —
Uc(sl(2)) is an isomorphism, it follows that

Dpo10eL)(51(2)) — U.(s1(2))%" (6.26)
is an isomorphism. Note that, by Lemma 4.11, when n = 1 we have an isomorphism
D10 L5, — Uf @4 Ce.

It is important to note that taking the specialization at a root of unity ¢ = € and taking locally
finite elements are non commuting operations. For instance U, is a free module of finite rank
over its center (see, e.g., [25, Section 9.2]). Hence it coincides with its subalgebra of locally finite
elements (Uﬁ)lf. On another hand, ﬁg ® 4 Ce is strictly contained in Ue; for instance it does not
contain the elements Kj;.

The algebra U;f is very complicated [51], we know neither generators nor basis for arbitrary g.
This hurdle prevents us to give a precise description of Ug, ﬁg ®4 Ce, and (Uff”)lf ®4 C, for
n > 1.

Finally, recall that (Cén)UA is the centralizer of A1) (Eél)a see Proposition 6.19. By the

same arguments the algebra ( gm)UE of Ue-invariant elements of L£j, is the centralizer of

A(”_l)(ﬁal). Therefore we have an inclusion Z(Lf,,) C (£§,,)Y, and since clearly (E(‘in)UA

®4 C, is a subset of ( gm)Uf, multiplication defines a morphism of algebras

U € € €
((£8n)™" ©4Ce) @ 2(Lh,) = (£5,)™
In the rest of this paper we will simplify notations by setting
U U
(£30) " = (£8,) " ®aCe. (6.27)

The arguments of Proposition 6.11 apply as well to the specialization ¢ = € (using that U, has
no non trivial zero divisors), so we have:

Proposition 6.30. The algebra L§,, does not have non trivial zero divisors, and therefore the
subalgebras (,Can)Ue and (Eén)gA too.

7 Center of L, (sl(2)) and quantum coadjoint action

7.1 Center of Lf (s!(2))

From now on g = sl(2) and € is a primitive [-th root of unity. We assume that [ > 3 and [ is
odd. We make this latter choice to simplify the exposition; the case of [ even can be treated in
a similar way, as all our constructions below rely on the description of the center of Uc(s[(2)),
which is done for all primitive roots of unity € in [27, Section 3]. We omit g from the notations
of the various algebras, and denote U,(s((2)) by U, etc.

By the relations (5.3) and (5.4), ®1(£§ ;) = UY ®4C.=UY ®4C, is the algebra generated
over C by Q, EK~!, F and K~!. Adding the generator K gives U.. By results of [27], the
center Z(U,) of U, is the C-algebra generated by E', F!, K* and Q satisfying the relation

l
[T —c)=(e—e ) EF + K + K 2, (7.1)

j=1
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where ¢; = €/ +¢7J. Let Z(U,) be the subalgebra of Z(U,) generated by E!, F' and K*!. It is
a sub-Hopf algebra of U,, with

AET) =K oK, AE)Y=EeoK +10E, A(F)=K'eF +F®l,
S(E")=-E'Kk™, S(F')=-K'F', S(K*)=K7,
e(BY) =¢(F') =0, e(K')=1

Consider the sequence of polynomials Ty, k € N, defined recursively by
To(z) =2, Ti(z) =z, Ti(x) = aTp—1(x) — Tp—o(x) for k> 2. (7.2)

Note that Ty (z)/2 is the k-th Chebyshev polynomial of the first type in the variable /2. One

has Ty (u + u™') = u* + u™, from which one derives easily that Tj(z) — 2 = Hé’:1($ - ¢j).

Therefore, the relation (7.1) can be written as:
T(Q) = (e—e )'EF + K'+ K. (7.3)

Since [ is odd, it is also equivalent to
l
[T@+e)=(e—e ) EF + K + K +2. (7.4)
j=1

By (5.3) we have

Oy(w) =90, B () = (e—e D' F,
(

O (d) = (e—e ) (EK, & (d) =K. (7.5)
Hence
Ty(w) =btd™t +d~ P+ d. (7.6)

Using that ®; is equivariant, injective, and surjective when extended to the localization, we
deduce

Z(10cLh1) = Clw, b, ¢, d™] /T,
Z(L5,) = Clw,b, ¢, d']/T,

where 7 is the ideal of Z(Lf ;) generated by (Ti(w) — d")d' — b'c! — 1. By the presentation of
Eél in Lemma 5.7, we have

2(L5,1) = (L5.0)"

Alternatively, we have (Ug ®a (CG)UE = Z(Ug A Ce) by the arguments of Corollary 6.19 for
n = 1. Therefore Z(Lf ;) = o7 (U @4 CE)Ue) = (L5

We can now define a notion of quantum Frobenius homomorphism for £ ;, similar in spirit
to the one defined for O, in [71], which is a map O; — Z(0O,). Consider the specialization 5(1)71
of /364,1 at ¢ = 1. We have Ly, = O; = O(G) as commutative algebras (with G = SL(2,C))).
Denote by a, b, ¢, d the images of the generators a, b, ¢, d of 564,1 under the specialization
map 564,1 — Lj;. They satisfy ad — bc = 1. Let us define @; € C[X,Y] by Q)(X,Y) =
Tl(eX + e_lY) — X! — Yl Recall that a and d commute. So we put:
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Definition 7.1. The Frobenius map Fr: E(l)’l — Z(L§ 1) is the homomorphism of algebras given
by

Fr(a) = a' + Qi(a,d) = Tj(w) — d', Fr(b) = b, Fr(c) = ¢, Fr(d) = d'.

We shall denote

Vs Vs ! l
Y _(ad and  Priio a+le(a,d) bl _
c d = c d

Note that:

V:
e det (FrMQ) —1=(T)(w) — d)d —b'c — 1, ie., the generator of the ideal Z.

. Tl(qTr(]‘\//QI)) =Tr (Frﬁ)

The notions above can be developed similarly for every Lf ,,, n > 1. First, recall the additional

generators 601 of the localization 1oL, introduced in Definition 6.15.

Proposition 7.2. We have

2(5,) = Clo® 3O O gl i = 1. n] /(20 i=1,....n),
(1005 ) = Cloo® B0 O gl (500 i — 1 n] /(2D i = 1,...,m),

where T is the ideal generated by the element (Tl (w(i)) — d(i)l)d(i)l — bl 1,

Proof. First we prove that ®,, (b(i)l), D, (c(i)l), D, (d(i)l) € Z(UZ™) foreveryi=1,...,n. Byin-
jectivity of ®,, it will follow that b(®! @ g0 ¢ z( 0.n)- By (7.5) the claim is true for i = n.
Let 1 <7 <n-—1, and denote RO .= Ry,n - Ryyit1 € End(Vg)@U(;@”, with ¢ an indeterminate,

as in the previous sections. Define rﬁ), 7’%), rgl),rg) € Uq®" by
eE
RO — : A
5l
and mgil), m(fQ), mgl), m;g) e 18- g Ugl,f ® 18(=1) by
, , @ p (4) (4)
' ®(i-1) ®(n—i)) (¢ _ [ Mar ™M
idy, ® (1 ®er @l ) (Cm d(i)> = < ORNONE
where as in (6.18) we put

MO = (Z(()) ZE;) € End(Va) ® £{).
By Proposition 5.4, mﬁ), mgg, mgl), mgQ) generate the subalgebra 1201 Uéf ®1®(=9) of ugn.
These elements satisfy the relations (5.2), with mgil), mgg, mgl) , mgz) replacing a, b, ¢, d respec-
tively, and they commute with T](Lil) rgg), ré?, 7'512) since the non trivial tensor components of the
latters do not lie on the ¢-th tensorand of U(;@". Denote i, : U(;@ (n—9) — Ug@" the identification
map with the last n—i tensorands. We have R() = (T3 ®imoA(”_i_1)) (R) by the relation (2.2).
So the formulas (6.15) and (6.16) yield

i i i)—1 i) (i i) (i i i) (i
=00 =r0Th A =l =
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and
RO-1 _ (7“%) b o—ar gg)
0 ngl) ’
where
P =i e APTED(EMR), gy =i 0 AT (g - g F).
Therefore

. . . (@) p@) .
RO (idy, ® (1267 @ &, @ 19()) (Z(i) b ) RO-1

4@
_ (mﬁ? +rigry) " my) . )
0)—=2_ (i D=1 (i) (i i) |
e

Note also that, by definition,

NORYO o _ o faD b0
(ldv2®¢)(c<z> d(i)>:R()(ldV2®(1®( Ve ©1200) <c<i> '>> RO

Hence
Bae®) = 1§92,
% 1 i
Py, (dD) = —gr{) 'Y m) +mf).

Let now take the specialization ¢ = € as above, a primitive [-th root of unity where [ > 3 is odd.
We have

7 % @)l

By () = (Y2 ml)) = o) g, (7.7)
i 1)—1 (3 7 BN 1)—1 (i)l )l

00 ) = (xS ) = e vs)

by using mgl) mgQ) = ezmgg mgl) , the g-binomial formula (see, e.g., [54, Proposition IV.2.2]), and

the vanishing at ¢ = € of the ¢-Gauss binomial coefficients [l],/[k]4[l — k]q, 0 < k < [. Now
my) = (e~ )15 @ (K'E) @120, p{)7 =i, 0 AT (K,
These are central elements of U®™, so @, (c(i)l) is central. As
A 19— o A (e Y Y

and Zy(Ue) is a Hopf algebra, rgl'l)_lr%)l is a central element of U®™. Again, mgl) " and mgl being
central in UZ", &, (d(i)l) is central.
Finally, recalling that E(()Z;)n is isomorphic to Ly 1, by specializing g to € we get
dNT (WD) — @2 — 1 = p O, (7.9)

We know that w® € Z( 0.,) and we just proved that dO e Z( 6.n)- Therefore, for every
x € Lo we get by = ppDle@l = pDlgc@l e (b(i)lx — :cb(i)l)c(i)l =0, ¢ i not a zero
divisor, we deduce bz — zb®! = 0. Hence b is central in L5,
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A formula of @, (b(i)l) can be obtained as follows. Recall that (6.24) implies
3, (W) = Q). (7.10)
This can also be checked by using the above formulas:
0, (W) = q®y () + gD, (dV) = q(m( )y q_1f12 m21) + q_l(mgg - Qfg)mgl))
= qmi] +q 'y,
Then, by applying ®,, to the relation (7.9) and using (7.7), (7.8) and (7.10), one finds
0.6 = o) ~2n) + o — P )

We can now achieve the proof. Note that C[w(l), . ,w(”)] = Z(Eén) ®4 C¢ by Remark 6.25.
The inclusion Z (E(in) ®aCe C 2(Lf,) is clear, and the natural embedding £f ,, — 10c£f , maps
Z(L5,,) into Z(10¢L5 ,). By the case n = 1 the elements w®  pOL O gOL generate Z(ﬁan(i)),
with ideal of relations Z(). The set of these ideals for i = 1,...,n provide all the relations

in Z(L§,,), for there are no others in Im(®,,) (as shows, e.g., Corollary 7.4 below). Therefore
one has inclusions

Clw®, b0 O g =1, n]/(ZD,i=1,....n) C Z2(L],) C Z(0clfn)-

The conclusion follows at once, since by their very definition the elements 6% are central
n 1ocL5 ,, and P, maps the algebra generated by them and the left-hand side isomorphically
to U&". |

Analogously to the case n = 1, recalling that L’é,l = O(G) we put:

Definition 7.3. The Frobenius map Fr: (,C(ln) — Z ( n) is the homomorphism of algebras
given by

Fr (@@) = a® 4 Qi(a®,d®),  Fr(d®) =,  Fr(c®) =@,  Fr(d?) = 0

We shall denote

Va . a®  p® Va . +Ql( (%) d(l) p(i
(@ (&£ 2 (@) —
MY = (c(i) d(i)> and Fr MY = ) Fok (7.12)
where we recall that o™ + Ql( A ) Tl( (i )) —d®!, We can express @, o (@?")_1 on the

center as follows. Set

i i)l
w- ()
)=l |’
0 7*51)

A A ) Vo, . T;(Q0) — 9 v
MO = (186 @ ¢ @ 190D (Fr p1 @) = ( ! )(m )
Moy M2

where we use the notations in the proof of Proposition 7.2. These matrices belong to End(V2) ®
Zo(U.)®" and End(VQ) ® Zo(U.)®" respectively. Here we note that Z(U,) is generated by ,
E!', Fl and K 5 satisfying the relation (7.1), and we define Zy(U.) as the subalgebra generated
by E', F! and K*s.

By using (7.7), (7.8), (7.10) and (7.11) it is easy to check that:
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Corollary 7.4. The map ®, o (@?")_1: Zo(U)®™ — Zo(U)®™ is given by
(idvy @ (®p, 0 (®F™) 1)) (MD) = ROMO RO

We will find useful later to have explicit formulas. Let us introduce the following generators
of Z()(U e):

x = —(e—e_l)lElK_l, Yy = (e—e_l)lFl, A= K*, (7.13)
Similarly, denote by Zo(U.) C U, the subalgebra generated by z, y, z and
1 _ pEs

For every a € {az, Y, zil} put o) = 190D 4@ 12(=) We can view Z,(U.)®" as a polynomial
algebra in the variables 2@y, (zil)(l), and ZO(U )®™ as a polynomial algebra in 2@ y@,
(z’il)(i). Then

M — (Tz(m)z ;(isz—l)(z‘) (;(:;(i)) _ (Z(D(l__;(;i(;)y(z‘)) (;Y’i(i))- (7.14)
Also,
r = (1)), (7.15)
= () (0 1Y () ) ()
j=1
yields

il)* (l)l 7:6(1)( —1)(i+1) o (2—1)(71)’

i i)l i)l L (i
AW%w&—@hQAQ

n—i—1

( )()—I—a: ( (i+1) 4 Z —1 (i+1) “(Z—l)(i-l-j)y(i-i-j-}—l))‘
7=1

One can readily express @, (b)) = —rﬁ)lr%ﬂ((ﬂ(ﬂ(i)) m )l) +r (1)21 ng)I - r§i2)2lmgl)l as well
as a polynomial in the variables (), (), (zil)(j).

In [71], Parshall-Wang showed that the quantum Frobenius homomorphism O; — Z(O,) they
defined is a morphism of coalgebra. As we now explain, our quantum Frobenius homomorphism
Fr: E(l)’l — Z(L§ 1) satisfies a similar property.

Recall the algebra morphism A1 EO . — [,én (see Proposition 6.18). Denote again
by A1) L5, — L§, its evaluation at e. For every 1 < 43 < -+ < 4 < n we define
Lir,irt Lo — L5, to be the identification map of the j-th tensorand of Lf, with the i;-th
tensorand of £ ,,, 1 < j < k.

Lemma 7.5. For every 1 <11 < --- < i <n we have

1% Vo ,. Vo, .
bir,ooi © AP (B M) = Fr (0 - Fr 1), (7.17)
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Proof. First we show (7.17) in the case k = n = 2, that is
V V V
A(Fr M) = Fr MV Fr M@, (7.18)

Va Vo
The commutation relations of MM and M® being complicated, we cannot compute the matrix
components directly (which is the way used in [71] for their quantum Frobenius homomorphism
01 — Z(0O,.), where such computations reduce to the g-binomial identity). Instead, we first
use the Alekseev map. Indeed, because ®5 is an algebra embedding, it is sufficient to show
that (7.18) holds after having been composed with ®2. We have

v, Q) -KL  (e—e ) F

e b et
(e—e )y (EK™) K-

Therefore (7.18) is a consequence of the following four equations in U®?:

A(K) = @2(0(1)%(2)1 n d(l)ld@)’),

A((e= ) (BE)') = (e (0 + Qu(a®, d®)) + deM),
A(( —1) Fl) = @2(( (1) +Qz( (1) (1)))b(2)l —l—b(l)ld@)l),
A(Ty () — ) = ‘1’2(( "y Ql( d(l))) (a(2)l +Q (a(2), d(2))) I b(l)lc@)l),

We listed them in order of complexity. The first equation, using the explicit expression of o on
components, is rewritten as

AK ) =(e—e )Y (K'Eak ) (10 F)
+(E'@1—ele—e)Y’K'EQF) (1o K.

This relation holds thanks to the ¢-binomial identity. The other three relations, although more
complicated, are shown similarly by a direct computation and using the expressions (7.7), (7.8),
(7.10) and (7.11).

Va Va Vo . Va .

Because the relative commutations relations of A/, ..., M® and A@), ..., AU for gen-
eral sequences i1 < --- < iy, are the same, the proof of (7. 7) follows immediately from the case
where i; = j, for 1 < j < k. This, in turn, follows from (7.18) by induction on k. This concludes
the proof. |

The following consequence of the Lemma will be a key tool in Section 9.

Proposition 7.6. For every 1 <11 < --- < i < n we have

Vo, Vo Vo,
Ty(qTr (M@ - M) = Tr (Fr M6 - Fr 1)),
In particular, this element is central in Lf,,

Proof. Let ¢, i, : 'Cf),k — Eg,n be the identification map of the j-th tensorand of ﬁf),k with
the i;-th tensorand of EB,m 1 <j <k. We have

Ti(qTr (]‘\//[(“) ]‘\//QI(ik))) = Ti(qTr ((id ® (e4y,...i, © AKTDY)) (]\Vj )
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= (Lilv---vik o A(kil)) (TZ(W))

In the first equality we used the formula (6.19), the second and fourth equalities follow from
definitions, and the third comes from the fact that A*=1: 5(1)4,1 — Eék is a homomorphism of
algebras. By the identity (7.6) and the fact that Zo(U.) = C[t',c!,d*!] is a Hopf subalgebra
of U, we have AF=D(Ti(w)) € Z(1oc 6,1)@’]“. This and Proposition 7.2 imply that the above
element is central in £f ,,. Moreover

Ligoooi © A(k_l)(Tl(w)) = liy,..ip © Ak=1) (Tr (Frﬁ))

k
=T1r ((id ® Liy,ip, © A(kfl)) (Frﬁ))
= Tr (Fr M) - Fr 00)),

where the first equality follows from the observations we made before Proposition 7.2, and the
others from the previous lemma. |

7.2 G-invariant central elements and SL(2, C)-characters

We are going to relate Z(Lf,,) with the algebra of regular functions on the variety of SL(2, C)-
characters of the sphere with n+ 1 punctures, endowed with the Atiyah—Bott—Goldman Poisson
structure. This is achieved in Section 7.2.2. To this aim we recall a few preliminary results in
the next section.

7.2.1 The quantum coadjoint action for U,

We refer to [27, 28, 30] for details about the material discussed in this section. It can be
formulated for any of the quantum groups Uc(g), but we restrict to Uc(s((2)) as we shall need
Proposition 7.2 in Section 7.2.2.

Consider the sets Spec(Z(Ue)) and Spec(Zy(Ue)) of algebra homomorphisms from Z(U)
and Zy(Ue) to C, respectively. They are affine algebraic sets. An element of Spec(Z(U)) is
called a central character of U.. The inclusion Zy(U.) C Z(U,) induces a regular (restriction)
map

7: Spec(Z(Ue)) — Spec(Zy(U,)). (7.19)

Since Zy(Ue) is a polynomial algebra, any x € Spec(Zy(Uc)) is entirely defined by its values
(Zxs Yx» 2¢) € C? x C* on the tuple (z,y, 2) of generators of Zy(U,) defined in (7.13). By (7.1)-
(7.4), any x € Spec(Z(U.)) is entirely defined by its values (zy, ¥y, 2y, ©y) € C?> x C* x C on
the tuple (z,y, z,Q) of generators of Z(U,), solutions to one of the equivalent equations

l
H(Qx T ¢j) = —TyYy2y + 2y + z;l F2,
j=1

where ¢; = € 4+ ¢ 7. Hence 7 has degree [, and Spec(Z(U.)) is a branched covering of
Spec(Zo(Ue)) = C? x C* of degree [, a hypersurface in C? x C* x C with quadratic singularities
at the points (0,0, £1,%+¢;), j=1,...,(l—1)/2.

Because Zy(Ue) is a commutative Hopf algebra, Spec(Zy(U,)) has a canonical group structure
defined dually by

xe() = ®@x)Aw),  xi () =xi(S@),  e(w):=eu) (7.20)
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for any u € Zy(Ue) and x1, x2 € Spec(Zp(Ue)), where e € Spec(Zy(U,)) is the identity element.
In formulas:

—1 -1

Tyxixz = Txy + Zx1 Txas Yxixa = Y1 T Yxa?y1 s 2x1x2 = #x1%x2s

Ty—1 = —2xTy, Yx—1 = —YUxZx Zx—1 = 2;17

Te =0, Ye = 0, ze = 1.
This can be formulated as follows. Put G = SL(2,C), and let G* be the group formed by the
pairs of matrices

<<g Cﬁl)’ (acl 2)) € SL(2,C)°P x SL(2,C)°P,

where SL(2,C)°P is SL(2, C) endowed with the opposite multiplication. Set

! ! /—1 0 ,
¢ <<;E] ZZ/y1>’ <Zzlx Z/>> = (x7y)z 2)'

Identifying Spec(Zy(U,))) with C? x C* by mapping x to (zy,yy,2y) defined as above, it is
readily checked that this defines a surjective morphism of algebraic groups

: G* — Spec(Zy(U,)))

with kernel the subgroup generated by —(I, ), where I is the 2-by-2 identity matrix. Put

G*=G"/{£(I,I)}.
We will denote the quotient isomorphism by
b G* — Spec(Zo(U))).

Let us endow the ring of regular functions O(G) with the Sklyanin—Drinfeld Poisson bracket
{, }, associated to the classical r-matrix
1
t:ZH®H+E®F€g®g.
Recall that it can be given the following expression (see, e.g., [77], or [7, 25] for a setup close to
ours). First note that it is entirely determined by its values on the matrix coefficients (coordinate
functions) l11, l12, la1, lag of the fundamental representation of G on C?. Put

2
li1 lio s 2
L= = E F®l,s € End (C O(G). 7.21

(lzl l22> r.s=1 ' ! ( )® ( ) ( )

12 12
Denote by {L, L} and LI the tensors in End (CQ) ® End ((CZ) ® O(G) defined by

2 2
(LI}= Y BB e}, L= Y EoEB oL

r,s,t,u=1 r,s,t,u=1

2
r,s=1

1 2
and as usual put L= ) Ei®1®lys, L= Zt2,u:1 1® B} ®ly,. The r-matrix in the fundamental

representation is

‘= 3 ((1) _01) 2 (é _01> + (8 é) ® ((1) 8) € End (C2) ® End (C?),
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which we identify with t® 1 € End (C?) ® End (C?) ® O(G). Then the bracket {, } on O(G) is
defined by the identity

(1.0} =[LL]=tLL - LLv.

The group G with the bracket {, } is a Poisson-Lie group. As such, it admits a dual Poisson—Lie
group, which is precisely the group G* defined as above. Its Poisson bracket {, }g~ is defined by

{iiaii b = [ }Jiii], {},Jr,i, b = 6, },ij], (7.22)

where (L, L_) is the pair of matrices of coordinate functions on G* C SL(2,C)° x SL(2,C)°P.
We will denote by {, }4. the induced bracket on G*. The push-forward . {, }¢+ is a Poisson
bracket on Spec(Zy(U,)) that can be defined directly via the quantum coadjoint action, that we
now recall.

The specialization morphism ev.: Uy ® (C[q7 q_l] — Ue, q — ¢, is surjective, with kernel the
subalgebra (ql — q*l)UA ®(C[q, qfl]. Given an element = € U,, let us denote by & € ev_!(z) any
preimage of x. For every a € Z(U,), u € U, we have [a, ] = au —ua € (ql — q_l)UA ®(C[q, q_l].
So, let us put

' @, a]
Dy(u) = _g—% W, a € Zy(U.). (7.23)
It is easy to check that the maps D,: U, — U, are well-defined (they do not depend on the
choices of a and @), and that they are derivations of U, preserving Zy(U,) and Z(U.). Hence
they define algebraic vector fields on Spec(Zy(U.)). Since € is central in U,(sl(2)), D, is the
zero map when a € C[Q2].
Let us introduce the elements e, f defined in [27] by

e=—xz= (e — efl)lEl, f=—-yz= —(e — efl)lFlKl. (7.24)

Direct computations from the definition and the fact that D2 = 0 imply the formulas:

D.K)=0, D.(E)= —%zﬂ D.(F) = %ZF, (7.25)
Do(K)=>eK,  Dg(E)=0,D.(F)= —%(e — YK ESY (7.26)
D,(K) = —%yK, Dy(F) = 0,D,(E) = %(e I eel)a (7.27)

where [K;r] = KE=E e . c 7,

6—671

A Poisson bracket {, }qca is defined on Z(U.) by
{a,b}qca = Dq(b).

With this Poisson bracket Z(U,) is a Poisson algebra, Z,(U,) being a Poisson ideal. The Poisson
structure on Zy(U,) is completely defined by the formulas

{y,v}qea = —1+ 2y + 272, {z,z}qca = —zz, {z,ytqca = yz (7.28)

which can be straithforwardy checked using the definition. From them it is easy to show that
the Poisson center of Zy(U,) is the commutative algebra generated by —zyz + z + 2z~ 1.
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Let us introduce the family of automorphisms of U,(sl(2)) defined as follows. Let r € Z,
and 7,, T, the automorphisms of U, (s((2)) defined by

(K) =K, (E)=K"E, (F)=FK™",
T,(Ky=K™', T, E)=-FK™", T.F)=-K"E.

Note that T, = 7. o Ty and T7 is the braid group automorphism. We have
T (z) =y, Ti(y) = 2%z

These automorphisms of U,(sl(2)) define automorphisms of the specialisation U, and we will
keep the same notation for them. If T is any automorphism of the type T, or 7., it is easy to
show from the definition of D, for a € Z(U,) that

Dp@gyoT =T o D,.

Denote by G° the big cell of G = SL(2,C). It consists of the matrices with non vanishing
lower right entry, and satisfies G° = B, B_, where B, and B_ are the subgroups of G of upper
and lower triangular matrices. We have an unramified 2-fold covering

o G* — GY,
(by,b_) +—> byb_t.

It induces a diffeomorphism
: G* — G°.

Setting z := 2’2 and

/ / /1—1 O
M=o ((B j,_%), (Zx )) (7.29)

M= (z -y Y 1>'
- oz
Consider the Poisson bracket {, }rr on O(G) defined by

12 12 12 2 1 1 2
{L,L}pg=vLL—LLY+LYL—-LrtIL,
where t/ is v post-composed with the flip map a ® b — b ® a. The bracket {, }rr has been
introduced in [77] and generalized in the work of Fock—Rosly [43] (which explains our notation).
Note that O(G") is the localization of the algebra O(G) with respect to the matrix coefficient lo
in (7.21). As a consequence, the Poisson bracket {, }rr being quadratic, it can be extended
to O(GY).
The next result sums up the relationships between the brackets {, }rr, {, }¢+, and {, }qca:

Theorem 7.7.

1. The map ¢: (G*,{, }a-) — (Spec((20(Uo)), {, Yqca) is an isomorphism of complex Pois-
son—Lie groups [28, 30].

2. The map 5: (G*,{, }a) — (G, {, }rr) is a diffeomorphism of complex Poisson mani-
folds [77].
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The first claim is proved in [28, 30] for the simply-connected quantum groups U, (g), where g is
a complex finite dimensional simple Lie algebra (see Remark 7.9 below). We state it rather in the
case of Uc(sl(2)), the adjoint quantum group for g = s((2), where it follows from straighforward
computations using the formulas (7.22) and (7.28). The second statement follows as well from
straighforward computations. Namely, by using the identities (7.22) and ¢*(L) = L, L~", and
the fact that v+ t/ is ad-invariant, one can identify the formulas of {, }pr and

o.({, Yo L@ L) = {o*(L), 0" (L)}

We leave the verifications to the reader.

The next statement summarizes the results of De Concini-Kac—Procesi on the quantum
coadjoint action. Recall the elements e = —xz, f = —yz of Zy(U) (see (7.24)). Let us identify
Spec(Zo(Ue)) with G° using the map & o )~! of Theorem 7.7, and hence the derivations D,
Dy, D, of Zy(U.) with algebraic vector fields on G° (and hence on G). Denote by H, X, Y the
left-invariant vector fields on G associated to the generators H, X, Y of s[(2), where

L GV S () I

Denote by ZAO(UE) the vector space of power series in the generators z, y, and 2! of Zo(U,)
whose sums converge when evaluated on any x € Spec(Z(U,)) = C2x C*, x = (T, Yy, 2) (thus
defining holomorphic functions). Set

Ue=Ue @z, 20(Ue),  Z(Ue) = Z(Ue) @z (1) 20(Ue).
Theorem 7.8 ([28, 30]).

(a) We have D, = zH /2, D, = —2Y, Dy = zX.

(b) For every t € C the power series exp(tD.), exp(tDy) converge to automorphisms of U.
Preserving 20(U6) and é(UE), and fizing C[Q].

A

Denote by Gpck the subgroup of Aut(U,) generated by the 1-parameter groups (exp(tD.))iec and
(exp(tDy))ec. It acts dually by holomorphic transformations on Spec(Zy(Ue)) and Spec(Z(U.))
by defining g.x on u € Zo(U.), for every g € G and x € Spec(Z(U.)), by u(g.x) = (g7 .u)(x).
Then:

(c) The diffeomorphism Go~': Spec(Zy(U.)) — G° maps the action of Gpck on the tangent
spaces of (0,0,+1) € Spec(Zy(Ue)) to the coadjoint action of G on sl(2,C)*, the tangent
spaces of +1 € GO.

(d) For any conjugacy class T' in SL(2,C), (¢ 05 1)(I'NG°) is a (non empty) Gpck-orbit in
Spec(Zo(Ue)), and 7= of this orbit has | connected components, all of whose are Gpcx-
orbits in Spec(Z(Uy)).

(e) An element a € Z(U) is Gpcok -invariant if and only if a € C[Q]. Dually, the sets of fized
points of the action of Gnck on Spec(Zo(Ue)) and Spec(Z(Ue)) are respectively (0,0, £1) :=
(Yoo 1) ({£l}) and

D:=71((0,0,£1)) = {(0,0, %1, %¢;), j = 1,..., (L= 1)/2}.
(f) The Gpcxk-orbits on Spec(Zy(U.)) and Spec(Z(U.)) are the symplectic leaves of {, }qca-

Remark 7.9. In the statements of Theorems 7.7 and 7.8 we use our conventions, which differ
from those in [28, 30] in the following ways:
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(i) Theorem 7.7(1) for the simply connected quantum group U (sl(2)) instead of U, (s1(2)), as
in [28, 30], states an isomorphism of (G*, {, }g+) with (Spec(Zo(U.)), {, }qca); as we take
opposite comultiplications on 06(5[(2)), we get opposite multiplications of G* (whence G*
for Ue(s((2))).

(77) Our derivations D, differ by a sign, which we introduce in order to get the equality of
o«{, ta« with {, }rr in Theorem 7.7(2).

(44i) In [27, 28, 30], the matrix M in (7.29) is different because they use the opposite coproduct
on U(s[(2)); their braid group automorphism 7" is in our notation 7_;, which satisfies

T_1(e) = f.

It is easily checked that the identities (7.28) imply
D.M = [;H M}, DM =[-z"'X,M], DyM=["Y, M|, (7.30)

where M is defined by (7.29). Hence we get
D.=H, D;=-:"'X, D,=z"Y.

This is the content of Theorem 7.8(a) expressed in terms of the derivations D, D, D,. In Theo-
rem 7.8(b), U, is enlarged to U, in order to define the automorphisms exp(tD.), exp(tD ¢) because
the derivations D., Dy are not nilpotent.

For reasons that will be explained in Remark 7.15, we will need a result analogous to Theo-
rem 7.8 but based on different derivations. This leads to substantial differences in the details,
so we give all proofs.

Consider the following derivations on U:

E =zD,, F = —zD,, H=—-22"'D,. (7.31)

Lemma 7.10. The derivations £, F and H satisfy the following commutation relations, gene-
rating therefore the Lie algebra s1(2):

[H,E] = 2€, [H,F] = —2F, €, F]=H. (7.32)
Proof. Straightforward computation using (7.28). [
For any C-algebra A and endomorphism V € End(A) we can define

exp(tV): A — Allt]], .
a +— ang%vn(a>'

If V is a derivation, exp(t)) is a morphism of algebras. It admits a unique extension (by
continuity for the t-adic topology) exp(tV): A[[t]] — A[[t]] which is an automorphism with
inverse exp(—t)).

We now give expressions of exp(tF), exp(t€): U. — U([[t]]. For every a € C consider the
following elements of C[[t]]:

(1+t)a:Z%t”a(a—l)---(a—n—kl),
n>0

vo®) = 3 E L a0 =) (@ —n s 1) =

(1-1)*—1
n! ’
n>1

For any a € Zy(U.), we can similarly define elements (1 + ta)®, v, (ta) € Zo(U.)[[t]]-
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Lemma 7.11. The action of exp(tF) is given by:

exp(tF)(K) = (1 — tyz) V'K, exp(tF) (K1) = (1 - tyz) UKL
exp(tF)(F) = F.
exp(tF)(E) = E — (e — 6_1)172 (Ke_ltzw_l/l(tyz) + K_letzwl/l(tyz))Fl_l.

Proof. From (7.27) we have

F(K) = %K F(F)=0, F(E)=—(c— —1)“;[;(, —1yF (7.33)
Iterating this, a straightforward computation proves the lemma. |

Lemma 7.12. The action of exp(t€) is given by

exp(t&)(K) = (1 —ta2) V'K,  exp(t&) (K1) = (1 — taz) /'K,
exp(t€)(K'E) = K 'E,

exp(t&)(FK) = FK + (e — 671)172 (Ketzip_yy(tez) + Kﬁlefltzwl/l(txz)) (KﬁlE)lfl.

Proof. This is a little trickier than the previous proof, because it is D, which appears in (7.27)
and & involves D,. We therefore use the automorphism 7" ; which is such that 7T_;(y) = —=.
As a result, by applying it to (7.33), we obtain

D, (K™') = —%K‘l, D (KT'E) =0,  Du(FK)=(ec—e )" 1}[1{ 1(K'E)"™!
which imply

E(K) ="K, E(KT'E)=0, E(FK)=(e—e )T K1) (KE) T
Iterating this, a straightforward computation proves the lemma. |

Because £ and F leave invariant Z(U.) and Zy(U,) they define maps exp(t€), exp(tF):
Z(Ue) — Z(U.)[[t]] and Zo(Ue) — Zo(Ue)|[t]]-

Proposition 7.13. We have
exp(t€)(x) = eXP(tf)(y) =y,  exp(tE)(Q) = exp(tF)(Q) = O,
exp(t€)(z) = (1 —tzz) "z, exp(t€)(y) = y + t(—zyz + 2 — 271) + 2z,
exp(tF)(z) = (1 — tzy) 'z, exp(tF)(z) = +t(—zyz + 2z — 271) + 2.

Proof. Rather than using the explicit action of exp(t€)and exp(tF) on U, we remark that
from (7.30) we have

exp(t€)(M) = exp(—tX)Mexp(tX), exp(tF)(M) = exp(—tY )M exp(tY). (7.34)
The announced expressions follow by writing the matrix elements of these equations. |

Let G be the free product of (C,+) with itself; it can be equivalently seen as the group
generated by elements ¢, 15, where s € C, with the relations ¢s¢y = dsiy, Vsthy = Vs for
every s,s € C.

We can define a partial action of G on Spec(Z(U,)) and on Spec(Zy(Ue)), in the sense of [37].
Let s € C, and denote by D(¢s) the set of x € Spec(Zy(Ue)) such that for all u € Zy(Ue)
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the series (exp(s€)(u))(x) is normally convergent in a small neighborhood of s. Equivalently
D(¢s) = {x € Spec(Zy(U.)), |sxyzy| < 1}. We define an action of ¢, on D(¢s) by

u(¢s.x) = (exp(—sE)(u))(x)- (7.35)
Similarly, put D(vs) = {x € Spec(Zo(U.)), |syyzy| < 1} and define an action of 15 on D(1)s) by
u(ths.x) = (exp(—sF)(u))(x)- (7.36)

The domains D(¢s) (resp. D(vs)) cover Spec(Zy(Ue)) as s varies in C. By results of Exel
([37] and [36, Examples 1 and 4]), the set formed by the local actions (7.35) (resp. (7.36)) on
the domains D(¢s) (resp. D(1)s)) defines a partial action of the one-parameter group (¢s)sec
(resp. (1s)sec) on Spec(Z(U,)), and combining the two we get a partial action of their free
product G on Spec(Z(Ue)). Similarly we get a partial action of G on Spec(Z(Ue)) by repla-
cing ZO(UG) by Z(Ue)

We call them the partial quantum coadjoint actions of G. Orbits (called partial orbits in [37])
are defined as for group actions: the G-orbit of a point x € Spec(Z(U,)) is the set of points g.Y,
for every possible g € G such that g.x is defined.

The next result states the analogs of Theorem 7.8(¢)—(f) obtained by replacing Gpck by G.
In particular, it describes the G-orbits.

Theorem 7.14.

(a) The diffeomorphism & o ~' maps the action of G on the tangent spaces of (0,0,+1) €
Spec(Zy(Ue)) to the coadjoint action of G on sl(2,C)* = Ty(G?).

(b) For any conjugacy classT in G, (¢o5~1) (PNGP) is a (non empty) G-orbit in Spec(Zo(Ue)),
and 771 of this orbit has | connected components, all of whose are G-orbits in Spec(Z(U.)).

(c) An element a € Z(U,) is G-invariant if and only if a € C[QY]. Dually, the sets of fized points
of the partial G-action on Spec(Zo(Ue)) and Spec(Z(Ue)) are respectively (0,0,+1) :=
(Yoo ) ({+I}) and

D:=711((0,0,41)) = {(0,0,+1,+¢;), 5 =1,..., (I — 1)/2}.

(d) The G-orbits on Spec(Zy(Ue)) and Spec(Z(Ue)) are the symplectic leaves of {, }qca.-

Proof. (a) Using ¢~ 1*o¢* to identify Zo(U.) with O(G"), this is a direct consequence of (7.34)
and the fact that M = £1 at the fixed point.

(b) That T'N GY is non-empty and connected is classical. Then so is (zﬁ o 6‘1) (F N GO).
Take a point y € (@Z_; o 5_1) (F N GO). Evaluating (7.34) at x shows that G - y is contained in
(1/; o 6*1) (F N GO). We claim that G - x is an open and closed subset, so by connectedness
of (d—) o 5_1)(F N GO) it coincides with it. Indeed, it is an open subset because any point of
Spec(Zp(Ue)) (whence of G - x) belongs to the domains D(¢s) and D(vs) for s small enough.
Since the one-parameter groups (¢s)scc and (1s)sec are obtained by integrating the derivations £
and F, it follows from Lemma 7.10 that G - x contains a neighborhood in (1; o 5*1) (F N GO) of
each of its points. By the same reason any limit point of G-y in Spec(Zy(Ue)) has a neighborhood
where the partial G-action is defined and which intersects G - x. Therefore it belongs to G - x,
which shows that G - x is also closed in (1& ) 6‘1) (F N GO). Because the covering map 7 is
unramified of degree [, the result for Spec(Z(U.)) follows at once.

(¢) Any x € Spec(Zy(U.)) belongs to the domains D(¢s), D(1)s) for s small enough. Solving
the equations ¢(x) = x and v¥s(x) = x by using the formulas in Proposition 7.13 imposes
x = (0,0,+£1). This gives the fixed point set of Spec(Zy(U,)); the result for Spec(Z(Ue)) follows
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immediately. As for the first claim, note that for any conjugacy class I" of maximal dimension
the set I' N GY contains a diagonal matrix, and that the union of such sets forms a Zariski open
and dense subset of G. Hence (b) above implies that a central invariant element is completely
determined by its value at points (0,0, 2y, §2,). Therefore it is non zero if and only if it belongs
to C[Q].

(d) The groups G and Gpck are obtained by integrating the derivations £, F, and D, Dy
respectively, and the Lie algebras generated by these two pairs of derivations have the same
span at every point of Spec(Zy(Uc)) or Spec(Z(U,)). Then the conclusion follows from Theo-
rem 7.8(f). [ |

Remark 7.15. A difficulty with the group G is that its elements act only on subsets of
Spec(Z(U,)): in the formulas (7.34), the parameter ¢ € C must be such that the lower right
entries of the computed matrices are non zero. However it has various merits as compared to
the group Gpck of Theorem 7.8:

(7) G is finite dimensional, associated to the Lie algebra sl(2) (by Lemma 7.10), whereas Gpck
is infinite-dimensional.

(1) The partial action of G on Spec(Z(U,)) is by birational transformations (by Proposi-

~

tion 7.13), whereas Gpck is a subgroup of Aut(U,), acting on Spec(Z(U,)) by holomorphic
(entire) transformations.

(7i7) G can be generalized straightforwardly to L§ ., whereas Gpck does not. This is our main
motivation for developing this construction. We do it in the next section.

Remark 7.16. We think useful to have in mind the following description of Spec(Z(U))
(see [27]). Denote by G//G the affine variety with coordinate ring O(G)%, the ring of regu-
lar functions on G invariant under the coadjoint action of G. We have an isomorphism

G//G=C*/(t~t1).

In fact, denote by T the torus of G formed by the diagonal matrices, and by O(T) its coordinate
ring. Then T' = C* and O(T) = C[t,t!], where t is the coordinate function of the upper left
entry of elements of 7. The Weyl group W of G acts on T' by inversion, and

oG =omW =cClt+t71].
Consider the maps
p: G—GJIG, e GI/G— GJJG,

where p: G — G//G is the quotient map, and p; is induced by the k-th power map g ~ g*,
g € G, k € Z. Note here that on coordinate functions we have py(t +t=1) = tF 4 t7% so p;, is
just realized by the k-th Chebyshev polynomial T;. Consider the fibered product of p and py,
that is, the affine variety

G xgya GI/G=1(g,[t]) € Gx G//G | p(g) = pi([t])}-
Set
GZGXG//GG//G, GOZGO XG//GG//G

Then Spec(Z(U,)) is isomorphic to G°. In fact, by Theorem 7.7 and the defining relation (7.1)
we know that Zo(Uc) is isomorphic to O(G®), and that Z(Uc) = Zo(Uec) ®z,w.)nc) CIOY.
By the quantum Harish-Chandra homomorphism, see [27] for details, C[Q] = C[K + K '] and
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Zo(U) NC[Q] = C[K'+ K7']. Let us identify C[K,K~!] with O(T). Then C[Q] = O(T)"
and C[K!' + K~ = O(T /)W, where y; is the subgroup of T' corresponding to the Ith-roots of
unity under the isomorphism 7" = C*. Hence

Z(Ue) = 0(G°) @or/uyw O(T)W.

The isomorphism of Spec(Z(U.)) with G° x4 /i G//G follows by duality.

7.2.2 Extension to L',g,n

The results of the previous section extend naturally to £§ ,,. First we consider the generalization
of Theorem 7.7.

The bracket {, }rr on G has been extended to G™ by Fock-Rosly [43]. From its very
definition, it is readily checked to be defined by

1,5 2. 1,2, 1,2, 2 . 1,. 1, 2.
{L(Z ’L(l)}FR =t L(l)L(l)_ L(l)L(l)tl"i‘ L(Z)t’L(Z)_ L(Z)tL(l), (737)
(10,10} = LOL 4 OO [ O [ O () (7.38)

where L(® :ﬁ@ (see (7.12)), 14,7 € {1,...,n}, and i < j.

The formula (7.23) extends naturally to define derivations D, : 10‘:587,1 — 1oc L, Preserving
Z(locﬁan), for every a € Z(locﬁan)- Hence we can define a Poisson bracket {, }qca on Z(locﬁgyn)
(keeping voluntarily the same notation as on Z(U,)) by

{a,b}qca = Dq(b)

for every a,b € Z(10cLf,,)- As @y, is an isomorphism of algebras, both derivations and Poisson
bracket can be defined and computed by means of their pushforwards on U®™. Indeed, for any
a € Z(10cLf ), Pula) € Z(UE™), so the derivation Dy, (q): US" — UZ™ is defined and we
can put Dy = ®,' D, (o)®n. For every a € Z(L,,), by the inclusion L§,, C 10cLf,, it yields
a derivation D, : L§,, — Lf,, preserving Z(Lf,,).

Denote by Zo(L,,) (resp. Z0(10cLf ,,)) the subalgebras of Z(Lf ) (resp. Z(locﬁan)) generated
by Tl(w(i)), pAL DI gL (resp. Tl(w(i)), b O gl and (5(i)il) fori =1,...,n. Recall the
Frobenius morphism Fr: (E(l)’l)@m — Z0(L§,,) (see (7.12)), and the identification E(l)’l = O(G).

Theorem 7.17. The map
O = (G 0g") " 0™ (Z0(10eLhn) { 5 Faca) = (O(GO)®™ {, }rr)

is an isomorphism of Poisson algebras, and ®~1 restricted to O(G)®™ C O(G°)®™ coincides
with the Frobenius homomorphism. Hence Fr: (O(G)®™,{, }rr) — (ZO(E(E)’,,L),{ ,Yaca) is an
isomorphism of Poisson algebras.

Proof. The map 6~ *o¢*: (Z0(Ue),{, }aca) = (O(GP), {, }rr) is an isomorphism of Poisson
algebras by the results recalled in the previous section. Since ®: 10C£é1 — U/y is an algebra
isomorphism by Lemma 5.7, when specializing at ¢ = € it yields a Poisson isomorphism between

(Zo(locﬁal),{ ,}QCA) and (Zg(Ug), {, }QCA)' This proves the case n = 1.
When n > 2, the map is well-defined because Z0(10c£f ,) = 10c20(Lf,,) (the localization by

the powers 6%k € 7Z), Zo( 0.n) = 20(L£5,)®" by Proposition 7.2, and ®P™ extends from
Z0(L5,,) to IOCZO(EBJL) for obvious reasons (the algebra being commutative). On another hand,
since @, 1 1oL, — US™ is an equivariant algebra isomorphism (see (6.26)) and @, (w(i)) =00,
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it yields a Poisson isomorphism between (Zo(locﬁan),{ Yaca) and (Z0(Ue), {, Yqca)®", ie.,
the algebra Zy(U,)®™ with the product Poisson structure. Hence it is enough to prove that

Dod,t: (Z0(U), {, Yaca)®" = (O(G)*", {, }rr)

is an isomorphism of Poisson algebras. This can be checked on generators, which is most easily
done by using the inverse map. Put I = idy, ® (®, o (®]")~!). By Corollary 7.4 we have

I(M®D) = ROMORO-L, (7.39)

Moreover, (7.14) and (7.29) show that =1 04* identifies the matrix coefficients of 1(20(L51))
in the fundamental representation V5 of U, and the matrix coefficients of the fundamental
representation of G on C2. Therefore it is enough to check that

1. 2 o Lo 2
(I (L9), (L) b oo = {29, LV} (7.40)

for every 7,5 € {1,...,n}, where IT* (L(i)) is the pull-back of L) via II, i.e., its expression as
a function of the matrices M. Now we have

MD = OO (7.41)

where

@ Z/(z') Z/(i)y(i) G ()1 0
My = ( 0o »0-1 ) MI={la.0 a0 )

Note also that (7.15) and (7.16) imply
RO = M. D, (7.42)

Using the map o~ !* o ¢* to identify M(i), M@ with matrices L4, L_ of coordinate functions
in G*, we see that they satisfy the bracket identities (7.22). Since G* is a Poisson—Lie group,
products of matrices L1 have the same bracket as L. In particular this applies to R®, and we

can write
(L) = R(i)/\/lgf)/\/l@*lR(i)—lj

where all matrices in the product have known brackets. Then (7.40) can be straightforwardly
compared with (7.37) and (7.38), using the Leibniz rule for simplifications, and the fact that
r + 1’ is ad-invariant. We leave the verifications to the reader.

The equality of ®~! with Fr on O(G)®" follows immediatly from the fact that &~ 1* o ¢*
identifies matrix coefficients, as discussed above. The image of F'r is Zo(ﬁan), by Proposition 7.2.
This achieves the proof. |

Next we turn to our generalization of Theorem 7.14. First we define a partial action of the
group G on Spec(Zy(10cLf,)) and Spec(Z(10cLf,,)) by generalizing the method we used in the
n =1 case.

Recall the derivations Dg: 10cL(,, — 10cL0 , defined for every a € Z (10(;567”). Denote by
2@ g 20) ¢ Z(10cL5 ) the inverse images by @, of the elements 2@y 20 and let £0),
F®_ 1@ be the derivations of 1oc LG, defined by

D =20D,0,  FO=-:0D,  HD=-2:0"1Dq.
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Note that because of the relations (7.1) and the definition of 6() we can obtain simple formulas
for 20 and 2, namely:

SOFL _5OF 50 = O T 0.

Set

n

=3¢ Fh= Zn:f@, HA=> H.
=1

i=1
Proposition 7.18.

(1) The derivations 2, F2 and H® satisfy the following commutation relations, generating
the Lie algebra s1(2):

[HA’EA] = 28A’ [HA"FA] = _2}—A7 [5A7*FA] = HA.

(2) The power series exp (té'A), exp (t]—"A) define morphisms of algebras from 1L, to
1oc Lo [[tl]; sending Z(10cL,,) to Z(10cL5 ) [[t] and fiving the elements w® . Moreover

exp (1@, (£2)) (./\/l(i)) = exp(—tX)M® exp(tX),
exp (t®, (fA)) (M(i)) = exp(—tY)M® exp(tY).

As a result exp (t€2) and exp (tF?) are sending Z20(10¢L5 ) to Z0(10cLh ) [[E]]-

Proof. (1) Straighforward from (7.32) and from the local Poisson-commutativity, i.e., the pro-
perty that {a,b} = 0 when a € {x(i),y(i), z(i)}, be {x(j),y(j),z(j)}, i # ],

(2) The first claim is straightforward, the second is a direct application of (7.34) and the local
Poisson-commutativity. |

As in (7.35) let s € C, and denote by D(qﬁg)) the set of points x € Spec(Zo(10cLf,)) such
that for all u € Zy(10cLf,,) the series (exp(sé’(i))(u))(x) is normally convergent in a small
neighborhood of s. Thus D(qbsi)) = {X € Spec (ZO(IOC B,n))’ !sfcg)ég)‘ < 1}. Define an action
of the element ¢§f') on D(qﬁgi)) by

u(gf)gl)x) = (exp (—sg(i))(u))(x). (7.43)

Similarly, put D(qﬁgl)) = {X € Spec (Zo(locﬁan)), sgjg)ég)’ < 1}, and define an action of ¢£Z)

on D(¢") by

u(¥®.x) = (exp (—sFW) (u) (). (7.44)

Denote by G the group generated by gbg), wﬁ“, s € C. It is isomorphic to G. Denote by Gt
the direct product of the groups G, and by G2 the subgroup of Gt generated by the dia-
gonal elements ¢SA = ( gl),..., g”)) (resp. 1/JSA = ( §”,...,¢§”))). These elements act on
D((;SSA) = ﬁ?le( f,f)), (resp. D(¢R) = ﬂ?le(wgz))), by acting dually with the series exp (SEA)
(resp. exp (s]:A)).

As in the case n = 1, the results of Exel [37, 36] imply that (7.43) and (7.44) define partial
action of the group G** = G" and G2 = G on Spec(Z0(10cLf ,,))- We call the first one the total
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partial quantum coadjoint action and the second one the diagonal partial quantum coadjoint
action.

Next we need the following result of Fock—Rosly. Recall that we denote by X (X) the variety
of G-characters of the sphere ¥ with n + 1 punctures, and by {, }golq the Goldman Poisson
bracket on X (X). Denote by G"//G the algebraic quotient of G™ by the adjoint action of G.
It is the affine variety with coordinate ring O(G™)%, the ring of regular functions on G™ invariant
under the coadjoint action of G. The points of X(X) are in one-to-one correspondence with
the trace equivalence classes of representations m1(X) — G. Therefore, choosing a basepoint and
generators of the fundamental group of ¥ affords an isomorphism of algebraic sets

¢ Xa(D) = GG

Theorem 7.19 ([43]). The adjoint action of the Poisson—Lie group (G,{, }) on the Poisson
manifold (G™,{, }rr) is a Poisson map. Hence {, }rr defines a Poisson bracket on G"//G.
Moreover the map ¢ is a Poisson isomorphism: ¢.{, }cold = {, }Fr-

The Theorems 7.17 and 7.19 relate Zy(Lf,) with O(G") and O(G™Y with O(Xg(%)).
We need to “lift” these results to the whole center Z (Ef)’n) and corresponding rings of regu-
lar functions.

At first, recall the isomorphism O(G?) = Z(U.) of Remark 7.16. It maps O(T)" to C[Q)],
the G-invariant subalgebra of Z(U,). Composing it with ®;!, we get an isomorphism of O(G?)
with Z(j0cLf 1), mapping the subalgebras O(G) and O(G) to Z( 0,1) and Zo(Lf ;) respectively.
It follows straightforwardly from the arguments of Theorem 7.17 that F'r extends to an isomor-
phism

Fr: (O(é)®n,{, }FR) - (Z(*Cg,n)7{ 7}QCA)

mapping the n copies of O(T)" associated to the factors of O(G’”) to (C[w(l)} ye e ,(C[w(”)].
Note in particular that {, }rr extends trivially from O(G)®" to O(G)®". Also, the restriction
map (keeping voluntarily the notation of (7.19))

7: Spec(Z(L§,,)) — Spec(Z0(Lj ),

which by Proposition 7.2 is a regular map of degree [", corresponds under Fr to the projection
map G" — G".

Now, let us identify as above G™ with the space of representation Rg(X) = Hom(m(2), G)
(fixing a basepoint and generators of 71(X)). The conjugation action extends trivially from G™
to G". Then the projection map G™ — G™ provides an identification of G" with a branched
covering space R, (X) of Rg(X), endowed with the conjugation action of G. The points of R, (%)
are given by representations p: m1(2) — G endowed with a choice of solution x € C of the equa-
tion Tj(z) = Tr(p(vi)), 1 < i <n, where 71, ...,7, are the n chosen generators of 7 (X). Taking
algebraic quotients yields a branched covering map X (X)) = X@(X) of the same degree ", and
one can lift Theorem 7.19 to an isomorphism (with, again, {, }qolq trivially lifted from X (X)):

& (X6(2),{, Yaoa) = (G"//G{, Yrr).

We can now state and prove our generalization of Theorem 7.14. When considering the
(partial) action of G on Spec(Zy(Lj,,)) it will always be meant to be the diagonal action, by
means of G2,

Corollary 7.20.

(1) The dual diffeomorphism Fr*: (Spec(Zo(Ean)),{ ,Yaca) = (G™,{, }rr) maps the action
of G on the tangent spaces of (0,0,£1)" onto the coadjoint action of G on sl(2,C)*".
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(2) For any conjugacy class T in G", (Fr*)~Y(T) is a (non empty) G-orbit in Spec(Z20(L5 ),
and 71 of this orbit has 1™ connected components, all of whose are G-orbits in
Spec(Z(Lj,))-

(3) The map Fr o ¢ * takes values in Z( S,n)g7 and therefore affords an isomorphism of
Poisson algebras

Frod 1*: (O(Xé;(z))a{a }Gold) - (Z( B,n)ga{’ }QCA)'

(4) The orbits of the group G*** in Spec(Z(Lf,,)) are the symplectic leaves of {, }qca. These
project onto the symplectic leaves of {, }qca in Spec(Z( fm)g).

Proof. (1) Using as usual the isomorphism & ~'* o ¢* to identify Zo(U.) with O(GP), it follows
easily from (7.39), (7.41) and (7.42) that the automorphism ®,, o (@fl)@m of O(GY)®" is equi-
variant with respect to the coadjoint action of G. Since ®,1*((0,0,41)") = (£I,...,+I), the
formulas in Proposition 7.18(2) show that d®, " maps the action of £2, F2 on the tangent
spaces of (0,0,41)" to the coadjoint action of X, Y on sl(2,C)*". Post-composing @, !* with
(<I>1_1*)®n o ®* Proposition 7.18(1) proves that ®~1* maps the action of G on the tangent spaces
of (0,0, £1)" € Spec(Zo(10cL,,)) onto the coadjoint action of G on sl(2, C)*" = Tiyr, an (G9)".
The result follows, Fr* being an extension of ®~1*.

(2) This is an integrated version of (1) above. It follows from the arguments used to prove
Theorem 7.14(c), by replacing (7.34) with the formulas in Proposition 7.18(2), and Lemma 7.10
with Proposition 7.18(1).

(3) It is enough to prove that Froc¢~!* establishes a Poisson isomorphism between O(Xg (X))
and Zy( gm)g. By Theorem 7.17, Fr = (I)FC)l(Gn): (O(G)®",{, }FR) — (Zo(ﬁan),{ a}QCA) is
an isomorphism of Poisson algebras. By (2) above F'r maps invariants functions to invariant
functions. That the bracket {, }qca is well-defined on Zg(ﬁan)g is an immediate consequence
of its definition and the structure of module algebra of Lf,. Then the conclusion follows from
the last claim of Theorem 7.19.

(4) The first claim follows from Theorem 7.14(d), and the facts that ®,, is a Poisson isomor-
phism from (Zo(locﬁan),{ ,}QCA) to (ZO(UE), {, }QCA)®n (see the proof of Theorem 7.17), and
that ®,* maps the partial action of G*' on Spec(Zy( 6.n)) to the partial action of G" (the
n-fold direct product) on Spec(Zy(Ue))™ (by the definition of G*'). The second claim follows
from the first one in Theorem 7.19. |

8 Topological formulation

8.1 The Wilson loop functor

Recall that we denote by C4 the category of U*-modules of type 1, and that C4®C [qI/D, q_l/D]
is a ribbon category.

Recall also the following notions (see [78]). Denote by Rib¢, the category whose morphisms
are the isotopy classes rel(d) of oriented ribbon graphs in [0,1]3 colored over C4 (ie. with each
component labelled by an object of C4), with boundary segments (if any) in |0, 1[x{1/2} x {i},
where i € {0,1}. The objects of Rib¢, are the tuples ((Vi,e1),...,(Vk,er)), whereey,...,ep =+
and Viq,..., V) are objects of C4. The source and target objects of a morphism of Ribe, thus
correspond to tuples of segments in |0, 1[x{1/2} x {i}, i € {0,1}, endowed with normal co-
orientations specifying the associated signs £. We denote by RT the Reshetikhin—Turaev functor

RT: Ribe, — Ca ® C[q"/P, ¢ /P].
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Now, fix points p; < -+ < p, in |0,1/2[, and define Rib, ¢, as the category with the same
objects as Ribe, but morphisms the isotopy classes rel(d) of oriented ribbon graphs in [0, 1]3 \
({p1,.--,pn} x {1/2} x [0,1]), colored over C4 and with boundary segments (if any) in ]1/2,1[
x{1/2} x {i}, i € {0,1}. Figure 8.1 shows an example.

Figure 8.1. A morphism of Rib, ¢, .

The composition of morphisms of Rib, ¢, is defined as for Rib¢,. That is, given mor-
phisms T3, T> with a same pattern of co-oriented boundary segments on the bottom of T}
and top of T, 11 o T is obtained by placing T atop T», gluing the corresponding boundary
segments, and deforming the result by isotopy into [0,1]3\ ({p1,...,pn} x {1/2} x [0,1]). Iden-
tifying [0, 1]® with the “right half” cube [1/2,1] x [0,1]% in [0,1]3\ ({p1,. .., pn} x {1/2} x [0,1])
yields an obvious faithful functor

L RibcA — Ribch.

The morphisms of Rib, ¢, are obtained by composing morphisms of Rib¢, and elementary
morphisms as shown in the following picture, for a =1,...,n.

11
T

1 a nV® -V

Figure 8.2. A generating morphism of Rib,, ¢, not in Ribg¢,.

Recall that we denote by X the sphere with n+ 1 open disks removed. Denote by L¢, (X) the
A-module freely generated by the empty set and the isotopy classes of closed oriented ribbon
graphs in ¥ x [0, 1] colored over C4. The stacking product L.L" of elements L,L" € L¢,(X)
is defined as the isotopy class of the disjoint union of representatives of L and L’, pushed in
¥ x [0,1/2] and ¥ x [1/2,1] respectively. The stacking product makes L¢,(X) an associative
A-algebra. Since ¥ is diffeomorphic to the closure of [0,1]%\ ({p1,...,pn} % {1/2}), Lc, () can
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be identified with the A-algebra generated by the morphisms @ — @ of Rib,¢,, the stacking
product being the A-linear extension of the composition of morphisms.
Define a new category Cx (Eén) with objects the couples (n, V), where V is an object of

Ca ® Clg"/P,q1/P], and with spaces of morphisms
Hom((n, V), (n, W)) = (Homyses(V, W) ® C[¢"/P, ¢V P]) ® L3,

where the composition is the tensor product of the composition of U *-module homomorphisms
and the product in Eén.

The following result follows from the arguments in Sections 6.1 and 6.2 of Faitg’s PhD The-
sis [39], to which we refer for full details (see also [41]). These arguments generalize and simplify
those of [20]. In these works only the Wilson loop map W was considered, but the extension
to W is straightforward.

Theorem 8.1. There is unique functor W: Rib, ¢, — Ca (564,71) such that on objects we have
W((Vi,e1), ..y (Vi,ex)) = (n,Vf1 ®- - ® V,f’“), where V;r =Vjand V; =V} (the dual of V),
and on morphisms:

e W((T)) =RT(T)® 1 for every morphism T of Rib¢,,

4
o W gives the value M® to the morphism shown in Figure 8.2, in the case where there is
a single ribbon colored by V := V7.

Moreover the morphism of algebras W: L¢,(¥) — L’OAm ® (C[ql/D,q*l/D] obtained by restric-
ting W to Lc,(X) takes values in the invariant subalgebra (Lén)UA ® (C[ql/D, q*l/D}.
We call W the Wilson loop functor, and W the Wilson loop map. By construction, for every

element 7' € L 4 (2), and any morphism T" of Rib,, ¢, obtained from 7" by cutting open ribbons
with colors Vi,...,Vy, setting V =V, ® - - - ® Vi, we have

A

W(T) = qTry (W(T)). (8.1)

Here is an alternative way of defining W, purely in terms of the Reshetikhin-Turaev functor RT.
Define a category C» (Uff") with same objects (n, V') as Ca (,Cén) but with spaces of morphisms

Hom((n, V), (n, W)) = (Homyres (V, W) ® C[¢"/P,¢"/P]) @ US",

where the composition is the tensor product of the composition of U*-module homomorphisms
and the product in U™
The Alekseev map being a morphism of algebra, it defines a functor

D0 Ca(Lh,) — Ca(UF)

by setting ®,(f ® a) = f ® ®,(a) for every a € Eén, [ € Homypes (V,W). To any morphism 7T
of Rib,, ¢, we can associate a colored oriented ribbon graph in [0,1]3,

7%= (Ulp= 648 < (112 x1]) 0T,

i=1

where § > 0 is small and the cores of the ribbons [p; — 0, p; + 8] x {1/2} x [0,1] are oriented
from {p;} x {1/2} x {1} to {p;} x {1/2} x {0}, and the subscript U4 means that these ribbons
are colored by the regular representation of Ua. Denote by Ribe, the category with morphisms
given by the ribbon graphs T*: clearly the map T — T yields a functor

ﬁ: Ribn@A — mch.
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By associating oo (id®@my ) (RE): End(V) @U4 — Ua@End(V) to crossings of index +1 colored
over C4 and Uy, in the same way as o o (my @ my ) (R*!) is associated by RT to crossings colored
by objects V, W of C4, we extend RT to a functor

RT: Ribpc, — Ca(U").

The next fact is a direct consequence of the definition of ®,,, and its representation by Figure 6.1.
Note that ®,, being injective, it defines W uniquely from RT.

Proposition 8.2. We have a commutative diagram of functors:

Ribyc, — = Ribpc,

ol e

Ca(Lily) == Ca(UF"):

8.2 The Wilson loop isomorphism

One can adjoin to L¢, (X) the A-span of closed oriented ribbon graphs in ¥ x [0, 1] colored over C4
and possibly having coupons (see [78] for this notion). Denote the resulting set by L¢, (X)¢. It is
an A-algebra for the stacking product, containing L¢, (X) as a subalgebra. Define a one-coupon
multicurve as an element of L, (X)¢ that can be represented by a (oriented, C4-colored) ribbon
graph embedded in ¥ x {0} (whence edges are unlinked and unknotted) and having a single
coupon. An example of one-coupon multicurve with the coupon colored by ax is shown in
Figure 8.3, where X is the four-holed sphere (i.e., n = 3).

Figure 8.3. A one-coupon multicurve in X 4 % [0, 1].

Recall the matrices Ii/(JI and the invariant elements vy(ax) defined for any U-module
X=X1® - ®X, of type 1 and any ax € Endyrs(X) (see the comments after Proposi-
tion 6.22). Denote by L(ax) the one-coupon multicurve in Figure 8.3; so n = 3. By (8.1)
it is clear that

W (L(ax)) = vx (ax). (8.2)

This generalizes immediately to any n > 1. By the comments after Proposition 6.22 elements

of the form vx (ag?)) form a basis of Eg 7. So Theorem 8.1 gives (With coefficients in ¢*/P ):
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Lemma 8.3. The Wilson loop map W : £CA(Z)C®ACC(q1/D) — Eg‘; ®c(q) C(ql/D) is surjective.

In the sequel we assume that g = s[(2). We are going to see that in this case we can strengthen
Lemma 8.3.

Set ¢ := ig!/2, and denote by Le(E) C Le,(X)® C[C, C_l] the subalgebra freely generated
as a Z[( ,C _1]—module by the empty set and the isotopy classes of oriented ribbon links in ¥ x
[0,1] colored by the fundamental representation V. Recall that the Kauffman bracket skein
algebra K (X) is the Z[(,("!]-algebra obtained from L¢(X) by forgetting the link orientations,
and taking the quotient by the ideal generated by the relations

L=CLy+ ¢ 'L, (8.3)
LuQO=—(+¢ )L,

where in the second identity () is the trivial ribbon link in a ball disjoint from L, and in the
first identity L, Ly, L_ € L(X) are identical up to isotopy except in a ball in which they look
like (the strands representing flat ribbons on a meridional projection disk):

KL

Figure 8.4. Skein related ribbon links.

The following result is [23, Theorem 1] (see also [22, Theorem 10]). For completeness we give
a proof by using the notions we have introduced.

Theorem 8.4. The linear map defined by W(L) = i*W (L), where L € L(X) and k(L) is
the linking number of L, descends to an isomorphism of C(()-algebras (where ¢ = iq1/2):

Wi K((%) ®C(C) — Lg% ®C(Q).

Proof. The facts that the values of YW do not depend on the link orientations, and that W
maps to 0 the ideal of L;(X) generated by the skein relations (8.3) and (8.4), follow from
Proposition 8.2, the injectivity of ®,,, and the properties of RT and the R-matrix Ry, v, proved,
e.g., in [56, Lemma 3.18, Theorem 4.3 and Corollary 4.13]. We stress that, using as usual the
standard pivotal element K in the definition of RT, the choice of variable ¢ := ig*/? and the
normalisation of the map W by (%) are necessary for the skein relations to be in the kernel
of W. Therefore VW descends to a module map defined on K(X). Since the stacking product is
induced from L¢(X), W is a morphism of algebras.

To show that W is an isomorphism we use the following basis of K¢(X) ® C(() (see, e.g.,
[55, 63]). Let I' be a trivalent ribbon graph onto which ¥ retracts by deformation. Recall that
an admissible coloring of I' is an assignment of a nonnegative integer to each edge, called the
color of the edge, so that the colors adjacent to each vertex form admissible triples. A triple of
colors (a,b,c) is admissible if a < b+c¢,b<a+c¢,c<a-+band a+ b+ cis even. Admissible
colorings v of I' parametrize multicurves carried by I', a color on an edge e giving the number
of components running parallel to e. Given any admissible coloring «y of I', there is a skein I', in
K (X)®C(¢) corresponding to v, obtained by replacing an edge with color m by the m-th Jones—
Wenzl idempotent and vertices with Kauffman triads (these being defined in, e.g., [63, p. 136
and Figure 14.7]). The set of multicurves on 3 forms a basis of K¢(3); since I' is a spine of X,
the set of skeins I',, forms a basis of K:(X) ® C(¢) as well. Note that, because the Jones-Wenzl
idempotents have denominators, the skeins I', must be defined over C(().
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By an isotopy of ¥ x [0,1] 2 [0, 12\ ({p1,...,pn} x {1/2} x [0,1]) we can deform I (keeping
the same notation) so that a neighborhood of the vertices lies inside a coupon embedded in
11/2,1[x{1/2} x [0,1], and the n ribbons forming the portion I' of T' outside the coupon are
attached to its left side, encircling {p;} x {1/2} x [0,1], for i = 1,...,n. Let v be an admissible
coloring of T'. Put I = T'\ I, and denote by I\, T the graphs I, I'" with edges colored by 7.
Denote by eq, ..., e, the edges of I” ordered by increasing height, by v; the color of e; plus 1, and
fix some orientation of the edges of I' so that each e; is oriented from top to bottom. In order
to fit with the standard framework for computations with RT, let us rotate the cube [0,1]?
clockwise by an angle of /2 around the axis {1/2} x [0,1] x {1/2}. Then, using Theorem 8.1
and the fact that the m-th Jones—Wenzl idempotent projects V2®m onto a subspace isomorphic
to Vint1, we see that

V.
W(I‘fy) :ﬁ(l) R---® ‘]/\?(n),
which is an element of @, (V;, ® V.*) @ Lo, by identifying End(V) with V ® V*, and
W(Fz) e Hoqu (®?:1 (V% ® V;;), 1) ®(C(q) (C(C)

By definitions we have W(T',) = W(I'})(W(T?,)), and the map v +— W(I'"}) maps the admissible
colorings of I to a basis of the space of invariant elements of ®;_,, End(V5,)* ®c(q) C(¢) for the
action (ad”)®". Therefore the set {W(T'y),y admissible} is a basis of the space of invariant
elements of Eg?irf ®c(q) C(C) for the action (coad™)®™. By applying to it the linear isomorphism
O, otp o ®F": LFT = Lon, with ¢ the intertwiner of (ad”)®" and adj, defined in the proof

of Proposition 6.7, we get a basis of Eg’ 1, @c(q) C(¢)- This concludes the proof. |

Remark 8.5. Above we can replace W(I",) with I[@[, where [A] = (71,...,7), by “parsing” the
ends of ej,...,e, as do the strands just above the coupon ax := ap) in Figure 8.3. Corres-
pondingly W(I']) becomes an element of Homy, (1, (@11 Vy,) ® (@1, V4,)*) ®c(q) C(¢). With
these choices, the pairing of W(I",) and W(I']) is equivariant with respect to the actions coad;,
and ad;,, and it puts in duality the product of Ly, and the comultiplication map constructed
in [22].

The following result is a version of Theorem 8.4 over the ring C [C ,C _1]:

Theorem 8.6. We have an isomorphism of algebras W: K¢(X) — (Eén)UA ®a (C[C, C_l].

Proof. We are going to use stated skein algebras and a result of Faitg (see [41]). Denote by 28:;
our surface ¥ with one point removed on its boundary, by ¢}/2 an indeterminate, and by S (28;)
the stated skein algebra of 28:;, as defined in [62]. It is an algebra over C[t'/2 ¢~1/2], which
contains Ky(3) as a Z[t, ¢! |-subalgebra. By a result of [26], Sf (28;) is a Op2-comodule algebra,
isomorphic to the braided tensor product of n copies of &/ (ES:I) Here O,z is O 4 with variable
q = t?; by the duality between comodule algebras and module algebras we can canonically regard
S (Egz;) as a U}®-module algebra, whence a Us-module algebra. As coefficients contain C we

can replace t'/2 by ¢1/2 so that ¢ = it. On the other side, by the integral form of the last
claim of Proposition 6.2, which follows immediately from Proposition 6.9 and Lemma 6.10,
we know that Eén is isomorphic to the braided tensor product of n copies of the Uas-module
algebra £(‘i1. In [41, Theorem 5.3] it is constructed an isomorphism of U4-module algebras

W: S¢ (Eg;) — E{ﬁn ®4 C[Cl/z, C_I/Q]. The restriction of W on the subalgebra K¢(X) is just
the Wilson loop map W. To obtain W, an explicit isomorphism is constructed between Sg (ZSI)
and 564,1 ®A C[Cl/Q, C‘1/2] (see [41, Lemmas 5.7 and 5.8]).
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Let us consider the isomorphism S¢ (ES:;)UA — (Eén)UA ®4 C[¢Y2,¢71/?] induced by W.
Since (Eén)UA ®a (C[(l/Q,C—l/?} = (Eg"; ® (C((l/Q)) N (ﬁén ®aA (C[Cl/Q’C—lﬂ]), we have

SE(E) =W () ma Tl )
=W (L5 @ C(CM) NS (S50) = (Ke(®) @ C(CM?) N sy (25)

by Theorem 8.4, which is just K:(X) ® C[C1/2, C‘1/2]. This proves the extension of W to the
scalars C[¢1/2,¢~1/2] is an isomorphism K¢ (Z) @ C[¢Y/2,¢712] = (£4,) " @4 0C[¢V/2, ¢/
Therefore W is an isomorphism as well. This concludes the proof. |

Remark 8.7.

(1) Faitg results discussed above hold for surfaces of arbitrary genus. Also, in order to have
at hands a calculus based on non oriented diagrams he uses a pivotal element different
from K to define the map W (whence RT) (see [41, Remark 5.2]). This leads to the choice
of t in his constructions, instead of ¢ = ig!'/? as we obtained in the proof of Theorem 8.4.

(2) As a by-product of the proof we have K¢(X) ® (C[Cl/z, C_l/z} =8¢ (ZS:;)UA

(3) The module algebra S? (ES;) is defined over (C[Cl/z,cflﬁ], and K¢(X) over Z[¢, (1],
One can observe that E(‘in is in fact defined over Z[q, q_l], for arbitrary g, and Faitg’s

isomorphism W holds true over Z[C 1/2 ¢/ 2}. Therefore W in Theorem 8.6 holds true
over Z[C, C_l].

8.3 The threading map and G-invariant central elements

A multicurve on X is a union of disjoint simple non trivial (ie. not bounding a disk) closed curves
considered up to isotopy. Any multicurve -y is a stacking product Hle v, where 1, ...,y are
disjoint (hence commuting) non-isotopic simple non trivial closed curves on X, and ~{*, ¢; € N,
consists of ¢; parallel copies of ;.

Denote by S(X) the set of multicurves on ¥. Recall the normalized Chebyshev polynomials T,
k € N, defined in (7.2). For v € S(¥), v = Hle vt set

(2
k
T(v) = [ [ Te: (00)-
i=1
It is standard that S() is a Z[¢, ¢ !]-basis of K¢(X) (see, e.g., [72, Theorem 7]) and that {7} }
is a basis of Z[X]. Therefore {T'(7),7y € S(X)} is a Z[(,{!]-basis of K¢(2). It is called the
Chebyshev basis (see [46] and the references therein). Theorem 8.6 implies that {W(T'(v)),~v €
S(D)} is a Z[¢, ¢ -basis of (£4,)"4 @4 Z[¢, ¢
Now let as usual [ > 3 be an odd integer. Define §;(X) C S(X) as the set of multicurves of the
form g Hle 7, where ~yp is peripheral, i.e., a monomial in the skein classes of the boundary
components of ¥, v; is a non peripheral curve, and [ divides ¢; for every i € {1,..., k}.
Let € be a primitive root of unity of odd order [. Recall the element 7 in (6.25), the spe-
cialization (Eén)g“‘ in (6.27), and the algebra Z( fm)g and the derivations D,: £, — L ,,,
a € Z(Lj,,), defined in Section 7.2.2.

Theorem 8.8.
(1) The set {W(T'(7)),~y € Si(X)} is a C-basis of the algebra generated by Z( fm)g and 1.
In particular, it is a central subalgebra of (Eén)g‘q.

(2) The derivations Dy, a € Z( Bm)g, act on (Eén)gA.
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Proof. (1) First note that for every v € S(X), v = vs Hle 7" with s peripheral, we have

k
W(T(7)) = W(T(v9)) [ [ T W () (8.5)

=1

Denote by 04, ...,0,+1 the boundary components of ¥, ordered so that the diffeomorphism
identifying ¥ with the closure of [0,1]*\ ({p1,...,pn} x {1/2}) maps 911 to 9([0,1]?), and &,
to a small loop encircling (p;,1/2), 1 <i < n. By (8.1) we have

\% % Vo ,. .
W(Bni1) = qTe (MDY - M) =, W(B) = qTr (MD) =, 1<i<n.  (86)

Therefore the elements W(T'()) form a basis of C [w(l), e w® 7]] , which is a central subalge-

bra of (Eén)gA (see Theorem 6.27). We can give formulas of the other terms as follows. Deform
a ribbon neighborhood of 7 in 3 x [0, 1] so that for every i« € {1,...,k}, v is represented by
a one-coupon multicurve like in Figure 8.3, the coupon being filled with r simple arcs (possibly
pairwise intersecting), for some r € N. Since +; is colored by Vs, we see that (8.2) takes the form

W(%i) = qTryer (a(y:)M(7:)),

where a(v;) € Endpes (V5""), and M(v;) is defined as I[Q]I, replacing the modules Vy,,..., V),
associated to the sequence [A] = (A1,...,Ay) by Va or the trivial module V; (this latter case
happens when the module labels a strand which has to be removed to get the one-coupon
multicurve representing ;). In order to get simultaneously a simple expression of all the elements
W), .., W(v), note that each 7;, being a simple closed curve, separates ¥ in two disks
with punctures. We can choose the above diffeomorphism of > with the closure of [0,1]%\
({p1,---,pn} x {1/2}) so that the ordering of pi,...,p, makes v; bounding a punctured disk
D; C [0,1]* with successive punctures pj,, pj,+1, - - -  Pji+n;—1. LThen, for every i € {1,...,k} we
have

Vo, . Vo, .
W(yi) = qTry, (]\/_2[(Ji) .. ﬁ(]i‘#ﬂi*l)).

The algebras (Eén) Uag AZ[¢, ¢, and therefore the expressions of W(;), associated to different
presentations of ¥ as above are related by isomorphisms induced by the mapping class group
of 3.

Now assume that v € §;(X), so [ divides ¢;, 1 <4 < k, in (8.5). Put ¢, := ¢;/l. Then

T W () = Ty (TAW(3))) = T (T (Fr 119 - Fr pfUm=D)), (8.7)

where we use the standard identity T¢, = T, o7} in the first equality, and Proposition 7.6 in the
second. '

By the first fundamental theorem of classical invariant theory for SLo (see, e.g., [59]) and the
Cayley—Hamilton identity, the set of trace functions

1% \% Vo, . Vo, .
tji7"'7ji+ni_1 : (M2(1)7 ce aﬁ(n)) — Tr (M2(]Z) o 'Mz(jri»niil))

for all possible tuples (j;,...,Ji + n; — 1) are generating functions of O(G”)NG. By (8.7) each of

these functions is sent by F'r to 7; (W(;)) for some ;. By Corollary7.20(3), Fr is an isomorphism
from O(G™)% to Z( fm)g, mapping O(G™)% to Zo( gm)g, and the n copies of O(T)" embedded

in the n factors of O(G)®" = O(G") to (C[w(l)} e ,(C[w(")] C (Eén)g*‘. Therefore Z Bm)g is
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spanned over C by the elements W(T'(y)) with v € §/(X) and 75 a monomial in 01,...,0,. In
Ua

particular Z( an)g is a (central) subalgebra of (,Cén)6
(2) It is enough to show that the derivations D,, a € Z( fm)g, restrict to endomorphisms of

(L’én)g“. This follows from the inclusion Z( fm)g - (L’én)gA, since [a,u] € (L’én)UA for every

a,u € (Eén) Ua (L’én being an U4-module algebra), which by the definition of D, implies that
U U

Da((£4,).") € (£8,)." when a € Z(L§,,)°. m

Remark 8.9 (threading 7;(V2)). For every 1 <i<n, 0 <k <n — i we have

Vo (Z) Vo TZ(VQ) Tl(VQ)

i ; . . T (V-
Ti(qTey, (MO MO - Y)Y = qTeg ) (00 @ a0y

(z’—&—k))’
where Tj(V3) is the virtual representation in the Grothendieck ring of U*-modules, obtained
by plugging V5 in the [-th Chebyshev polynomial 7;. Indeed

Ti(V2)
Ty(qTx (1)) = qTr ( M)

because (using, e.g., the second picture in Figure 6.2)

k
® Va

vy X
qTr(M) = (qTr(M)) .
This and the computations in the first half of the proof of Proposition 7.6 prove our claim.

Remark 8.10. Recall that in Theorem 8.6 we have set ¢ := ig!/2. Let ¢ be such that (¢)2 = —e,
and define K (X) 1= K¢(X) ®z;¢ 1) Cer, where Cer is the Z[C, C_l]—module C, where ¢ acts by
multiplication by €’. By a result of [45], the set {T'(7),7 € S/(X)} is a C-basis of the center
of K#(X). Therefore Theorem 8.6 and the proof of (1) show that Z( S,n)g and 7 generate

2((£80) ")

Remark 8.11. As in the proof of (1), denote by 04, ...,0,+1 the boundary components of ¥,
and fix the generators of 71(X) to be 01,...,0, (for some choice of basepoints). Consider the
fiber product (with the notations of Remark 7.16)

G" xaya GG ={((G1,- -, Gn): [t]) € G" X GJ/G | plg1---gn) = pu([t])}-

As before Corollary 7.20, one can identify G" x s G//G with an [-fold branched covering
space Rg(X) of R’G(E), whose points are given by representations p: 71(X) — G endowed with
a choice of solution x € C of the equation Tj(z) = Tr(p(0;)), for every i =1,...,nand i = n+1.
Taking algebraic quotients yields a branched covering map Xg(2) = Xa(X) of degree "1
and one can lift Fr o ¢*~! to an isomorphism from (’)(X(;(E)) onto the algebra generated by 7
and Z(L§,,)°.

9 Applications to skein algebras

As usual denote by K¢(X) the skein algebra of the sphere with n + 1 punctures, n > 1. Re-

call K¢(X) is an algebra over Z[C ,C *1], where (¢ is an indeterminate. In this section we use

Theorem 8.6 to reformulate some of our results on (Eén)UA

of Kc(Z)
In [16, 72] it was proved that K:(3) does not have non trivial zero divisors, and its center
was computed by topological means. On the contrary the proof we give below of these two facts

in the case of g = s((2) in terms

is purely algebraic, based on properties of (Eén) Ua proved in Section 6, that hold true for any
complex finite dimensional simple Lie algebra g.



Unrestricted Quantum Moduli Algebras. I. The Case of Punctured Spheres 75

Corollary 9.1. The skein algebra K:(X) does not have non trivial zero divisors, and its center
1s the polynomial algebra over Z[C,(‘l] generated by the classes 01,...,0,11 of the boundary
components of 3.

Proof. The claims are direct consequences of Theorem 8.6, the formulas (8.6), and Proposi-

tion 6.11 and the last claim of Theorem 6.27 in the case of g = s[(2). [ |

Next we deduce from the results of Section 7 some properties of the center of the specia-
lizations of K¢(X) at roots of unity of order 41, [ > 3 odd. Let ¢ be such that (¢')? = —e.
Define

Ko (%) = K¢(2) ®zj¢ ¢-1 Cer,

where C. is the Z[C, Cil]—module C, where ¢ acts by multiplication by €. The sets S(3) and
{T(7),y € S(X)} are Z[(,(!]-basis of K¢(X) as well as C-basis of K(X). By Theorem 8.6 we
get an isomorphism of algebras

U
W: Ko(S) = (£8,) "
Denote by Z(K (X)) the center of K (X). Theorem 8.8(1) implies immediately:

Corollary 9.2. The set {T(y),y € S(X)} is a C-basis of a central subalgebra Z'(Ko (X))
of Ko (X), which is generated by n and the image of the embedding

Chyy := Wl oFrod: O(X4(X)) = Z(Ka(X)).

Therefore Z'(K (X)) is endowed with a natural Poisson bracket, the image of {, }coa, which
extends to an action by derivations of Z'(K. (X)) on Ko (X).

In fact Z'(Ko (X)) = Z(Ko (X)) (see [45]). One can check that Chyy, is a version of the
threading map Ch: K2 (¥) — Z«(X) of Bonahon-Wong (see [17], and also [46]). The point
is that it affords an explicit realization of C'h in classical invariant theory terms (via the for-
mulas (8.5)—(8.7)), and pulls the geometric tools of Section 7 onto K (X). A more symmetric
statement is obtained by extending Chyy to the ring O(Xg(X)) of Remark 8.11, so that 9,44
belongs to its image.
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