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Abstract. For n a nonnegative integer, we consider the n-Laplacian A,, acting on the space
of n-differentials on a confinite Riemann surface X which has ramification points. The trace
formula for the resolvent kernel is developed along the line a la Selberg. Using the trace
formula, we compute the regularized determinant of A, + s(s + 2n — 1), from which we
deduce the regularized determinant of A,, denoted by det’A,,. Taking into account the
contribution from the absolutely continuous spectrum, det’A,, is equal to a constant C,
times Z(n) when n > 2. Here Z(s) is the Selberg zeta function of X. Whenn =0orn =1,
Z(n) is replaced by the leading coefficient of the Taylor expansion of Z(s) around s = 0
and s = 1 respectively. The constants C,, are calculated explicitly. They depend on the
genus, the number of cusps, as well as the ramification indices, but is independent of the
moduli parameters.
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1 Introduction

Let H be the upper half plane, and let I" be a Fuchsian group, a discrete subgroup of PSL(2, R).
The group I acts discontinuously on H and the quotient X = I'\H is a Riemann surface. In this
work, we consider the case where X is a cofinite Riemann surface. In other words, X has finite
hyperbolic volume. This includes compact Riemann surfaces, as well as surfaces with finitely
many cusps and ramification points.

Let

0? 0?
2=~ 5+ 57)

be the Laplacian operator acting on functions. It is an invariant operator under the action of
PSL(2,R).

In the seminal paper [18], Selberg developed a theory that can be used to study the spectrum
of Ag on Riemann surfaces, making full use of the invariant property of the Laplacian operator.
The theory was subsequently developed and elaborated in [7, 11, 12, 19, 23, 24, 25]. One of
the extensions of Selberg’s theory is to consider the spectrum of D, for n > 1, where D, =
~K, 1L, —n(n—1), and K, and L,, are the Maass operators' (see Section 2 for more details).

This paper is a contribution to the Special Issue on Mathematics of Integrable Systems: Classical and Quan-
tum in honor of Leon Takhtajan.
The full collection is available at https://www.emis.de/journals/SIGMA /Takhtajan.html
'Our D,, has a negative sign compared to that used in [6], while Fischer [7] denote it by —A,,.
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The significance of this theory is an identity that relates the spectral trace to the geometric
trace.

In mathematical physics, the regularized determinant of the Laplacian is of special interest.
This has been considered in [4, 17] for compact Riemann surfaces. Subsequently, Efrat [5] exten-
ded the result to smooth Riemann surfaces with cusps. In the special case of arithmetic surfaces,
this has also been considered in [14, 15]. In [9], Gong derived the regularized determinant in full
generality using the trace formula developed in [7] directly, which can be applied to cofinite
Riemann surfaces and for the operators D,, with unitary twists.

The goal of this paper is to study the explicit expression for the resolvent trace formula and
the regularized determinant of n-Laplacians A, on Riemann surfaces that have finite volumes.
A, has the same spectrum as D,, + n(n — 1). In principle, one can extract the expression
for the trace formula and the determinant of A,, from the formulas obtained in [7, 9, 12, 23].
However, we find that a direct approach from a theory for A, would be more appealing for
further application. This is the tasks undertaken in this paper.

2 Laplacians of n-differentials
Let H be the upper half of the complex plane equipped with the hyperbolic metric

dz? + dy?
ae = LW

The corresponding metric density is p(z) = (Im z)~2 and the area form is

_dxdy

dp(2) 2

p(z) d%z.

The group PSL(2,R) acts on H transitively by Mdbius transformations

a b — 7(2) az+b
= Dz z) = :
7 c d 7 cz+d
The hyperbolic metric is an invariant metric under this group action.
The distance between two points z and w on H, denoted by d(z,w), is given by

coshd(z,w) =14 2u(z,w),
where

( ) |z — wl|?
wz,w) = ———
’ 4Tm zImw

is a point-pair invariant, i.e.,
u(yz,yw) = u(z,w) for all ~ € PSL(2,R).

Let T" be a cofinite Fuchsian group, namely, it is a discrete subgroup of PSL(2,R) such that
X = TI'\H is a Riemann surface with finite hyperbolic volume. Such I' is finitely generated.
More precisely, if X is a genus g Riemann surface with ¢-punctures and v ramification points,
then I is generated by 2g hyperbolic elements a1, 51, ..., oy, By, ¢ parabolic elements k1, . .., kg,
as well as v elliptic elements 7, ..., 7, of orders mq,...,m, respectively, with

2<m1 <mg < - < my.
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For each 1 < j <w, ij 7 = I. The generators of I" satisfy the additional relation

—1 -1 —1 -1
alﬁlal Bl "’agﬁgag ﬁg K/l"‘K/qu"‘TU:I,

where [ is the identity element. We say that the Riemann surface X and the group I' are of
type (g;¢;m1,ma, ..., my).

Let I be the canonical bundle of X. For a nonnegative integer n, let S(n) be the space of
sections of K2 @ K~™/2. A function in S(n) can be realized as a function f: H — C satisfying

f(vz)(iiij) = f(z), for all ~ = (CCL 2) el.

In the context of analytic number theory, it is natural to consider the Maass operators K,:
S(n) — S(n+1), L,: S(n) = S(n—1) and D,: S(n) — S(n) given by [6]

Kn:(z—é)aaz—i-n,
Ln——(z—z);’z—n,

0? 0? 0
Dn=—? 2+ ) 4 2ing 2
Y <83}2 * 8y2> + Y o

These operators are invariant with respect to the PSL(2, R) action and

Dn+1Kn = KnDna anan = LnDna
D,=-Lp1K,—n(n+1)=—-K,1L, —n(n—1).

For applications of the theory of Riemann surfaces in physics, it is more natural to consider the
space of tensors f(z)(dz)™, or called n-differentials, on X. These are sections of K", which are
functions f: H — C satisfying

f2)y ()" = f(2), forall ~veT.

We denote this space by H2(T). It is a Hilbert space with the inner product

(f.g) = / /X F(2)5(@p(z) " dp(2).

The n-Laplacian operator A,, = 49;9,, is an operator on H2(T") with explicit formula given by

2—2n 9 2n 9
A, = —4y Y 5
This is a positive operator. We put a factor 4 in front of 950, so that when n = 0, we get the
usual Laplacian on functions Ag.
Throughout this paper, the nonnegative integer n is fixed. Our goal is to study the trace
formula for the resolvent of A, and the regularized determinant of A,. The isometry I:
H2(T') — S(n) defined by

f(2) = y"f(2)

conjugates A,, with D,, + n(n —1). Hence, A,, and D,, + n(n — 1) have the same spectrum.

For a Riemann surface with cusps, the spectrum of A,, consists of a discrete part and a con-
tinuous part. To study the spectrum of the continuous part, we need to consider Eisenstein
series, which we discuss in next section.
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A powerful tool to study the spectrum of A,, is the Selberg trace formula. The Selberg trace
formula for the operator D,, has been developed extensively in [7, 12, 23]. It can be adapted
to A,. To find the determinants of Laplacian, we will follow Fischer [7] and derive the trace
formula for the resolvent kernel of the Laplacian operator first.

Let ¥: R — C be a function that vanishes at infinity and satisfies other regularity conditions
to be specified when needed. Define k: H x H — C by

k(z,w) = \I/(u(z,w))% = U(u(z,w))Hp(z,w), (2.1)

Notice that H,(z,z) = p(z)". Since H,(yz,yw)y ()" (w) = H,(z,w), we find that

k(vz, yw)y (2)™ (0)" = k(z,w).

In other words, k(z,w) is a point-pair invariant kernel on H.

Given s € C, the function f(z) = (Im(z))*™™ is an “eigenfunction” of A, with eigenvalue
—(s —n)(s+n —1). The following proposition shows that f(z) is also an eigenfunction for the
operator defined by the point-pair invariant kernel k(z, w).

Proposition 2.1. Let ¥V: R — C be a continuous function with compact support and let
k(z,w) = V(u(z,w))Hy(z,w)

be the corresponding point-pair invariant kernel. If s € C, then
//H E(z,w)(Imw)* " (Im w)?"dp(w) = As(Im 2)57™,

where

r- | /H (i, w) (Tm )™ (Im w)*dja(uw).

Proof. Given z € H, notice that v = (8 g), with é =a = +VImz and ab = Rez maps i to z.
For such v, 7/(2) = a? = Im 2. Let

2 = [ b w)mwy = mw dp(w).

Using k(vi, yw)~' ()" (w)" = k(i, w) and Im(yw) = Im(w)|y'(w)|, a change of variables w — yw

gives
// (Y1, yw) (Im yw) T dp(w) = a®~2" // i, w)(Imw)* T dp(w)

s(Imz)*™™,

where

r- [ /H (i, w)(Tm w)* " dja(w). .
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Given the point-pair invariant kernel k(z,w) on H, we can define a point-pair invariant ker-
nel K(z,w) for the Riemann surface X by

w) = Zk('yz,w)'y’(z)", z,w € H. (2.2)
vyel

Notice that if f € H2(T), then

J[ Kt dautw) = [[ bt duw)

We want to find a function ¥,, s(u) = ¥(u) so that the corresponding K (z,w) is the resolvent
kernel of the operator A, +s(s+2n—1). The reason to use s(s+2n—1) instead of (s—n)(s+n—1)
is so that when s = 0, we get A,. This function ¥(u) must satisfy the differential equation

Ap(U(u(z,w))Hp(z,w)) = —s(s 4+ 2n — 1)V (u(z,w))Hp(z, w).

Using the fact that

O’V oW
Ay (U (u(z,w))Hy(z,w)) = ( w(u+1)=— 502 +[(2n — 2)u — 1]8U>Hn(z,w),
we find that
O*v oW
(u—i—l)a 5 — [(2n—2)u—1}% —s(s+2n—-1)¥ =0.
A solution is given by
_ (u+1)7°T'(s)T'(s + 2n) s,s+2n 1
Vo) = o Tasram) 2 2s4 20wt (23)
where
a,b. ZT(a+E)T(Ob+Fk)2F
2P ( c’ Z) L(c+k) k!

k:O
is the hypergeometric function. The normalization constant 1/47 is chosen so that when u — 0T,

1 1

More explicitly, one can show that as u — 0T,

U,y (1) = 417r{ log% +20(1) — (s + 2n) — ¢(5)} +O(u). (2.4)
Here
W) = T

is the logarithmic derivative of the gamma function I'(s), and ¥ (1) = —v, where ~ is the Euler
constant.
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3 The Eisenstein series

For Riemann surfaces that are not compact, it is well-known that the spectrum of the Laplacians
contain a continuous part, which are related to the Eisenstein series.

The Riemann surface X has ¢ cusps corresponding to the g parabolic elements k1, ..., Kq.
For 1 <i <gq, let z; € RU{oo} be the fixed point of x;. Then z; is a representative of the cusp

associated to k;. Let o; € PSL(2,R) be an element that conjugates k; to ((1) :&11), namely,

1 1 £1
0, Ki0; = 0 1 .

Then o;(c0) = z;. If B is the parabolic subgroup generated by (1), then I'; = 0;Bo; ! is the
stabilizer of the cusp x; in I'.
Define the Eisenstein series associated to the cusp x; by

Ezsm)= Y [m(o792)]" " [(o7) ()"

yE\I

when Res > 1. Here to simplify notation, we write 0~! oy as 0~ 1v, and we write (0‘1 o 'y) (2)
as 0~ 'yz. One can check that the definition of the Eisenstein series here differs from the one used
in [7, 12, 23] by the factor y™. This makes good sense in view of the isometry between H2(T')
and S(n) that we discussed earlier.

Using the fact that Ap,y*™" = —(s —n)(s+n — 1)y* ", and A, is invariant with respect to
the action of PSL(2,R), we find that

ApEi(z,8;n) = —(s—n)(s+n—1)E;(z,s;n).

The theory of Eisenstein series has been developed extensively in the books [7, 12, 13]. In the
following, we follow [13] to give a brief exposition of the facts needed in this work.

Given 1 < 4,5 < g, there is a double coset decomposition of the group o; 1F0j into disjoint
double cosets given by

ai_ll“aj = 513900 U U U Qd/c-
c>0dmodc

Here €, contains all the upper triangular matrices in o, 1Faj, and (g, is the double coset
Bwg,.B, where wg/. is an element of o, 1F0j of the form

* ok
U.)d/C: c d .

Using this, one can show that when y — oo,

1-s—n

Ei(0jz,5,n)05(2)" = 055" " + @ij(s;n)y + exponentially decaying terms,

where
I(s)[(s—3) 1
SOZ](S7TL) - ﬁr(s + n)F(s - n) ;dr%CC%
is a Dirichlet series. From this explicit expression, one finds that
(s)?
i(sin) = i(s70). 3.1
902](87n> F(S—I—TL)F(S—TL)(PU(S’ ) ( )

Namely, there is a simple relation between ¢;;(s;n) and ¢;;(s;0).
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The ¢ x ¢ matrix ®(s) = [p;;(s)] is called the scattering matrix and it plays an important
role in the spectral theory. It has the following properties:

Moreover, if we denote by E(z, s;n) the column matrix with components E;(z, s;n), then
E(z,s;n) = ®(s;n) E(z,1 — s;n).

It follows that
O(s)P(1 —5) = 1.

Denote by ¢(s) the determinant of ®(s), namely, ¢(s) = det ®(s). Then we find that

p(s) =¢(5),  @(s)p(l—s)=1

4 The trace of the resolvent kernel

The spectral theory for the Riemann surface X = I'\H states that there is a countable orthonor-
mal system {uy}r>0 of eigenfunctions of A,, with eigenvalues 0 = Ag < A\ < Ay < ---, and
eigenpackets given by the Eisenstein series so that for any f € H2(T),

iﬂuh Yu(z +Z/ <f, (, + ir; n>>Ej<z,;+iT;n>dr.
k=0

We want to use this formula to find the trace of the resolvent (A, + s(s +2n — 1))~!. However,
the kernel function K(z,w) for this resolvent defined by ¥, ;(u) in (2.3) has singularity along
z = w. To circumvent this problem, we consider the kernel function K(z,w) with ¥(u) =
U, s(u) — Uy, o(u), for some fixed a. For this kernel function,

<K<'7 w), uk) = A(/\k)uk(w)7

<K(-, w), Ej < % + ir; n>> = A(r)E; <w, % + ir;n),

where

1 1
A\ = -
(Ax) A +s(s+2n—1) M+ala+2n—1)’
~ 1 1
Alr) = (s+n—l)2+r2 - (a—i—n—l)z%—r?'
2 2

Therefore, the spectral decomposition of K (z,w) is

K(z,w) = iA(/\k)uk(z)m + % Zq: /OO A(r)E; (z, % +ir; n> E; (w, % +ir; n> dr.

Setting z = w, we have

=Y A (= |2+Z/
k=0
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Integrating over X, one would have

ki;oA(Ak)://)(<K(z,z)—;rg/_:1~&(r) Ej<z,;+ir;n>

As in [13], some regularizations are needed to make this integral well-defined. This will be
explained in the following.
By definition (2.1) and (2.2), K(z,w) can be written as a series

K(z,w) =) k(yz,w)y(2)",

vyel

2
dr) Y2 dpu(z).

where

k(z,w) = (Un,s(u(z, w)) — Una(u(z, w))) (:2n

(Z )2n K
with @, s(u) defined in (2.3). Decompose the elements of the group I' into the set that con-
tains only the identity, and the three sets that contain respectively hyperbolic elements, elliptic

elements and parabolic elements, we have

K(z,w)=k(z,w)+ Y k(yzw)y @)+ > klyzw)y(2)"

vyerl vyerl
7 is hyperbolic v is elliptic
/
+ Y k(yzmw)y ()"
yel’
7 is parabolic

Therefore,

00

E A(/\k):E()—i-EH—I—EE—i-EP, (4.1)

k=0
where

Eoz//X k(z, 2)y*"dp(z),
En = / /X > k(yz ) ()P du(2),

vel’
v is hyperbolic

Ep = / / > k(vz )Y () P duz).
X vyel
v is elliptic

The term Zp contains the parabolic contribution as well as the absolutely continuous spectrum.
We need to do some regularization to make it finite. Let £’ be a fundamental domain of X on H.
Given Y > 0, let

q
Y _ Y
Fr=F\J 7,
j=1

where

F =Fnoj({z+iy|y>Y}).
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Then we define

Ep —Q@m{/LY > klyzw)y (2)"yP du(z)

vyel
v is parabohc

S RUNUIC RO

In Appendix D, we show that this limit indeed exist.
By (2.4), we have

2

y*"dp(z) dr}.

(e )" = = {05 + 20) + () — b(a+ 20) — (a) ).

Therefore,

Zo =~ {5+ 20) + () — 0l + 20) — p(a)},

where |X| is the hyperbolic area of X given by

|X|—27T{29 2+q+z<1—7;>}.

7j=1

The computations of Zf, ZEp and Zp are much more complicated. We leave them to Appen-
dices B, C and D, and quote the results here.

For the hyperbolic contributions, let P be the primitive hyperbolic conjugacy classes in I.
For a representative 7 of a primitive hyperbolic class, let N () > 1 be the multiplier of 7. Then
=g = &y(s) — &x(a), where

log N (v
gH(S) 23+2n_1 Z Z s+n+k_1
€P k= O

The elliptic contribution is given by Zp = &g(s) — &g(a), where

v Myj—

8e(s) = 28””_122[2% ()

=1 r=0

2m?2

+204m (r+n)+1-— w<s+2n+r>].
j

m;

If m is a positive integer greater than 1, and k is an integer, a,,(k) is defined to be the least
positive residue modulo m. Namely, it is the smallest nonnegative integer congruent to k£ mo-
dulo m.

Finally, we have Zp = &p(s) — &p(a), where

p(s) = (25”1”_1)2 [q - Trq><;)] 4 %z(s)

+2(29—k(1271—1){w(3)+¢(3+2”) _210g2—21/1<8+n+ ;) —2"¢(s+n)},

where

1 [ 1 "1
Y(s) = / 2¢<+ir>dr.
2T Joo 124 (s4+n—3)" ¢ \2

Gathering all the results, we obtain the resolvent trace formula for A,,.
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Theorem 4.1 (the resolvent trace formula). The resolvent trace formula of the n-Laplacian A,
on the Riemann surface X is given by

Ts(s) — Ts(a) = Ta(s) — Ta(a),

where Ts(s) and J(s) are respectively the spectral trace and the geometric trace given by

> 1 1
75(5) _kZ:o A+ s(s+2n—1) 52(8)’

X log N (v
9G<s>=—u7j[w<s+2n>+w<>]+25+2n122 R

€eP k=0

v My—

2amj )+1 s+r
28+2n—1zz[ 2m? ¢< mj>

=1 r=0
+2am (r+n)+1- ¢<s+2n+r>]

2m?

j m;

+2(2s+an—1)[w(s)+w(s+2n)_210g2—2¢(8+n+;) —2¢(s+n)]
A

* (2s +2n —1)%’

and A is the constant

ofoofd)]

In [22], we have explained that A is an even nonnegative integer. In applying the resolvent
trace formula, we always take a to be a positive constant that is large enough.

As mentioned in the introduction, A,, has the same spectrum as D,, + n(n — 1). Therefore,
Ay, + s(s+2n — 1) has the same spectrum as

Dp+s(s+2n—1)4+nn—1)=Dp+ (s+n)(s+n—1).

Hence, if we replace the s in the resolvent trace formula for D,, that were derived in [7, 12]
by s + n, one should get the resolvent trace formula for A,, obtained in Theorem 4.1.

In principle, we can directly quote the formulas in [7, 12] and proceed directly to derive the
regularized determinants of n-Laplacians. However, we have found some inconsistencies in the
results in these two references. One of the goals of this work is to resolve this inconsistency, giving
a concise reference to the computations that lead to the resolvent trace formula, supplementing
the n = 0 case done in the book [13]. When doing so, we find that it is more natural to consi-
der A, which is a matter of taste. The use of A, +s(s+2n—1) instead of A, +(s—n)(s+n—1)
is so that setting s =0 in A, + s(s+2n — 1) give A,,.

5 Dimensions of spaces holomorphic differentials

For n > 1, the space of holomorphic n-differentials is the subspace of H2(I") which are holomor-
phic. Hence, they are eigenvectors of A,, with eigenvalue 0. We also call them zero modes or
holomorphic cusp forms of weight 2n.

Let d,, be the dimension of the space of holomorphic n-differentials of X. Although the
formula for d,, is well-known, we would like to show how this can be derived from the resolvent
trace formula, similar to what have been done in [12].
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When n = 0, dy is the dimension of space of holomorphic functions, which is equal to 1,
corresponding to the constant functions.
Notice that the hyperbolic contribution to the resolvent trace formula can be written as

1 d 1 d
C L - Yz
B 9s i on—1ds 0g Z(s+n) 2a +2n — 1ds og Z(a+n),

where Z(s) is the Selberg zeta function of X defined as

Z(s)= [T II (0 = N()~—7H).

leP k=0

It is well known that Z(s) has a zero of order 1 at s = 1 and it is absolutely convergent
when Res > 1. Therefore, when n = 1, % log Z(s + n) has residue 1 at s = 0. When n > 2,
% log Z(s 4+ n) has residue 0 at s = 0.

As we explained above, the dimension of the space of holomorphic n-differentials d,, is equal
to the multiplicity of 0 as a discrete eigenvalue of A,,. According to Theorem D.1, the residue
of 3(s) at s = 0is 0. Hence, d,, is equal to (2n — 1) times the residue at s = 0 of the function on
the left hand side of the resolvent trace formula. To determine the value of d,, from the resolvent
trace formula, we need to find the residue at s = 0 of the function at the right-hand side of
the trace formula. It then amounts to understanding the zeros and poles of Z(s) at positive
integers, as well as the residues of 1 (s) at rational numbers.

Since

> 1 1
¢(8)=—7+k2_0<k+1—8+k>,

we find that the residues of ¥ (s) at s = 0,—1,—2,... are all equal to —1. ¥(s) does not have
poles at other points.
Using the fact that a,,,(—1) = m; — 1, we find that

1 - 1
d1:2[2g—2+q+2(1—m)

j=1 J

v

1 1 q
-3 (1——)-2-
* 22< mj> 2~ 7

Jj=1

which is a well-known result, since the space of holomorphic one-differentials is exactly the space
of abelian differentials.

When n > 2,
42—t - +§“: L +1 " mj —1—=2am,(—n) ¢
I 17 m; 2 4 m; 2
7=1 7=1
Since
am(=n) __n | _n
mj  mj mj |’

we find that when n > 2,

dn:(2n—1)(g—1)+(n—1)q+iQn—n’;D.

J=1
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6 The determinant of n-Laplacian

In this section, we want to derive our main result — the formula for the determinant of n-
Laplacian A,, for a cofinite Riemann surface X in terms of the Selberg zeta function for the
Riemann surface. This extends our result in [22] to the case where n > 1. The results are
not entirely new. For compact hyperbolic surfaces, the relation between the determinant of A,
and the Selberg zeta function have been obtained by D’Hoker and Phong [4] and Sarnak [17].
In [5], Efrat considered the determinant of Ag+ s(s — 1) for cofinite hyperbolic surfaces without
elliptic points. For congruence subgroups I'g(V), I'1(N) and I'(N), Koyama has obtained the
relation in his work [14, 15]. Gong has considered the more general case of Laplacian operators
on automorphic forms of nonzero weights in [9], but this work has not attracted much attention.

We would first derive the determinant of A, + s(s + 2n — 1). Since A,, contains absolutely
continuous spectrum, we need to be careful with defining the determinant. Following [5, 15, 24],
let

R CArx —\( g +ir|dr
D = T 0P I T A 2

be the spectral zeta function of X correspond to A, + s(s+2n—1). This expression is well-defi-
ned when Rew is large enough. It can be analytically continued to a neighbourhood of w = 0.
The zeta regularized determinant det(A,, + s(s 4+ 2n — 1)) is defined as

det((An + s(s+2n—1)) = exp (—(w(0,s)) .

By uniqueness of analytic continuation, we find that

d 1 d d 1 d
G525 1 an—1ds BB ol 20— ) = G T ()

_afs 1
~ds A +s(s+2n—1) M +ala+2n—1)

k=0
1 [ 1 1 e

- — [ 3 — 3 ]('O(—l—ir)dr .
AT ) oo L(s+n—3)"+712  (a+n—3)" +r2] ¥ \2

To compute this using the resolvent trace formula, we first recall that the Alekseevskii-Barnes
double gamma function I'y(s) is defined as [1, 3]:

1 s+l 2 ﬁ S —k s

Co(s+1) = sezt 2 ¢ <1+ > e 2k,
(2m)>2 Pt k

It satisfies the equation

FQ(S)
L(s)

FQ(S + 1) =

Using

islong(SJrl):ilog(27r)+;+(’y+1)s52(}1 ! >,

and
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we find that
d o (2m)2512n=1Ty (5 + 2n) 2Ty (5)%T (s + 2n)?7 1
ds 08 [(s)2n+

—(2s4+2n—1)((s+2n) + Y(s) — 2).

Hence, the resolvent trace formula says that

(fs 25+21nlc? log det(A,, + s(s +2n — 1))
= i;ilog [Zoo(8)Z (s + 1) Zen(s) Zpar (5)]
ds2s+2n —1ds > SSIERER AL
where
[ (2m)25 2071y (s 4 2n) 2Ty (5)%T (s + 2n)2"1} £
O ’
2am ; (r—n)+1-m; 2am ; (rn)+1-m;
Zun(s) = F<s+r) 2m; F<s+2n—|—r> 2m;
j=1 =0 M M
am; (r—n) am; (rn)
- H [T D(5r) ™ r(een)
j=1 [(27T)mj*1m;(25+2n Dp ['(s+2n)T s)]%( —m; )
T(s)T(s + 2n) a/? 1\ 2
Zpar(S) = [225+2”_1F(S+n)2r(8—|—n—|—1)2] (s—i—n— 2) . (6.1)
2

It follows that
B 1\2, p
det(An + s(s + 20— 1) = Zoo(5)Z(5 + 1) Zans) Zpur(5)e P (473

for some constants B and D. To determine B and D, we need to study the behavior of both
sides when s — oo.
First we define the heat kernel

o0 00 2 !
_ Zeft)\k _ 1/ e_t(r2+[”_%] )ﬁ (1 + ir> dr
Pt T J_ o p \ 2

for t > 0. Notice that

C(w,s) = —— / =19 (p)ets(s+2n=1) gy
0

I'(w)
Although we can derive the explicit formula for 6(¢) using the general trace formula, but we do
not need it. We only need the asymptotic expansion of 0(t) as t — 0%. By comparison to the
n = 0 or the general theory about heat kernel, we know that the asymptotic expansion of 6(t)
has the form

b clo d t(n—1)?
9(t)=<t+ £t+\/z+h)e_( 2) +0(Vt)

for some constants b, ¢, d and h. Let

u:s+n—§.



14 L.-P. Teo

Then as u — oo,

0 1 o b clogt d 2
logdet(A, +s(s+2n—1)) ~ —— / tw_1<+ ++h>e_t“dt.
g det( ( )~ =5 T Ry by
Using
2| T t* wdt = —21
ow w:OF(w) /O ¢ 08U
0 1 o w2 ) )
Ow | o I'(w) /0 ¢ et autlog,
8 1 o0 _§ —t 2
-l T Y Ydt = -2
ow w:OP(w) /0 e ﬁu,
9 1/0075“’_310 te—tuzdt——2\/7>ru(2—210 2 — v —2logu)
Ow |, I'(w) Jo & N gs—7 gu),

we find that as u — oo,

log det(A, 4 s(s 4+ 2n — 1)) = bu? — 2bu?logu + 2cv/Tu(2 — 2log 2 — v — 2log )
+ 2dv/7u + 2hlogu + o(1).

On the other hand, it is obvious from definition that log Z(s + n) is o(1) as s — co. From the
asymptotic behaviors
1 1
logI'(s) = <s - 2) logs — s+ 3 log 27 + o(1),

1 3 1
logTa(s+1) = —552 log s + 132 - ;log(Qﬂ) + T2 logs — ¢'(=1) + o(1), (6.2)

we can deduce the following. As s — oo,

X 1
log Zoo(s) = |47r|{ <—2u2 +2n? — 6) logu + 3u® — 4C’(—1)} +o(1),

A
log Zpar(s) = %{—(2u + 1)logu + 2u — log(27) — 2ulog 2} + B} logu + o(1).

The asymptotic behavior of Zg(s) is the most complicated one. We leave the computation to
Appendix F and quote the result here. We find that as s — oo,

log Zen(s) = Zlogu+ 2 + o(1),

where
o3 (ot e an )
= 6m]‘ mj
Yo/m2 =1 ay,(n)(m; — am,(n))
— J mj J mj .
7 Z ( 6m; m; ) g,
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Hence, we find that as s — oo,

log det(A, + s(2+2n — 1))
_ X

1
=7 {(—2u2 +2n? — 6> log u + 3u? —4<’(—1)} + Blogu+ 2
78

A
+ %{—(2u+ 1)logu + 2u — log(2m) — 2ulog 2} + 510gu+ Bu?+ D+ o(1)
= bu® — 2bu? logu + 2cv/Tu(2 — 2log 2 — v — 2log u) + 2dv/Tu + 2hlogu + o(1).

Comparing the two asymptotic expansions give

po X
2T

S (mi =1 (n)(my — am, (”))) log m;. (6.3)

D= fg’(—l) - %log(Qﬂ) +) < )
j=1

6m]‘ mj

This gives the following result.

Theorem 6.1. Let n be a nonnegative integer and let A, be the n-Laplacian of the Riemann
surface X. Then

B )’4D
det (Ap +s(s+2n — 1)) = Zoo(8)Z(8 + 1) Zei(s) Zpar(8)e (s+n=3)"+D,

where Z(s) is the Selberg zeta function, Zso(S), Zen(s) and Zpar(s) are defined in (6.1), and the
constants B and D are given by (6.3).

Since A,, has zero eigenvalues, we need to remove these zero modes when we define the
regularized determininant of A,,. When n > 2, ¢(s + n) is regular when s = 0. Hence, a reaso-
nable definition is

det(A, + s(s+2n —1)) 1 . det(A, +s(s+2n—1))

det’' A, = li =
e = 10 [s(s +2n — 1)]dn (2n — 1)dn 550 sdn

,  (64)

where d,, is the dimension of holomorphic n-differentials. When n = 1, Proposition D.1 shows
that we can also use (6.4) to define det’ A;.

The n = 0 case is more complicated. As discussed in [23], the possible zero of p(s) at s =0
would give some extra contribution. If ng is the order of zero of ¢(s) at s = 0, then we should
define

det’Ag = lim det(Ap + s(s — 1)) — (—1)™ L Tim det(Ag + s(s — 1))
s—0 [S(S — 1)]1—710 s—0 sl—mo

Now we want to derive the formula for det’A,, from Theorem 6.1. We discuss the case n =0
and n > 1 separately. When n = 0, we find that when s — 0,

X1

1 ar x|

ZOO(S) ~ % S 27 s
v mj—1 1—m; m7—1 , 2r+7i:m]~
; J
Zen(s) ~ Hs ™ om H r ,
J m]
j=1 r=1
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These imply that

lim 2(s)

det’A -
0 S—> 00329 1+q—mnq’

= CO
where

(6.5)

When n > 1, we find that as s — 0,

Zo(s) ~
v mj7172amj(7n)
Za(s) ~ [[{s ™™
j=1
mj—l
r
X H I'f—
r=1 mj
I'(2n)

(2n—1) Xl 2n—1 2 on—171
s in [ (2m) [2(2n)°T(2n) |

)

2amj (—n)+1—mj

2mj

J

2o¢mj ('r+n)+17mj

)

2amj (rfn)+17'm,j

2m 2n+r

J

i—1
IT (
r=0

A

1

22n=11(n)2T(

)

q/2
n
n—i—%)Q] (

Using also the fact that Z(s) has a zero of order 1 at s = 1, and Z(n) is nonzero, we conclude

that when n =1,
det’' Ay = C1Z'(1),
while when n > 2,
det’'A,, = CpnZ(n).
The constant C,, is given by
C, =

2am (—n)+1— m;

2mj

i

|

Finally, we obtain the main res

22n—1

a/2
7rF(2n)] (2n—1)

Theorem 6.2. Whenn > 0, the regularized determinant of the n-Laplacian Ay,

[X]

[(2m)>" 1T (2n)T (20)2" ] in

2o¢mj (7‘+n)+1—m]~

m BRIy
me) = et T
r=0 m;j
A
—dn (TL _ 1) : eB(n—l)Q-i-D (66)

2

ult of our paper.

of X is given by

CoZo, n =0,
det’' A, =< C12'(1), n=1,
CnZ(n), n>2,
where
Z(s)
Zo = ll_r}(l) g29—14+g—no’

Co is given by (6.5) and forn > 1,

Cy, is given by (6.6).
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This establishes the exact relation between the regularized determinant det’A,, and the Sel-
berg zeta function. Notice that the constant C,, only depends on the type of the Riemann surface
and is independent of the moduli. In [20] and [21], Takhtajan and Zograf established the local in-
dex theorem for Riemann surfaces with cusps and with ramification points, using Z’(1) and Z(n),
n > 2, as defintions for det’A; and det’A,,, n > 2 respectively. Since they only considered the sec-
ond variation of log det’A,, on the moduli space, Theorem 6.2 justifies their approach. However,
if one wants to consider the holomorphic factorization of the determinant of Laplacian, as con-
sidered in [16] for compact Riemann surfaces, the precise value of C,, becomes important. They
would also be important for the extension of the work [8] by Freixas i Montplet and von Pippich.

We would like to point out that our definition of the regularized determinant of Laplacian
has taken into account the contribution from the absolutely continuous spectrum. For a generic
cofinite Riemann surface with cusps, it is not known whether it has an infinite discrete spectrum.
In fact, it has been conjectured to be the opposite. The inclusion of the absolutely continuous
spectrum is essential to render the determinant to be equal to a moduli independent constant
times Z(n) (for n > 2).

In the resolvent trace formula, the contribution from the absolutely continuous spectrum
depends on ¢(s), the determinant of the scattering matrix, which is moduli dependent. It would
be interesting if one can compute the contribution of this term in the local index theorem
explicitly.

A The inversion formulas

In this appendix, we want to derive a useful formula that is needed in the computation of the
elliptic contribution to the trace equation (4.1) in Appendix C.
When

1+,
=—4ir
2 )

we find that

(s—n)(s+n—1)=r+ (n;>2

Given a function J#(\), define

h(r) :%<r2+ <n ;)2>

In this work, we let #(\) be a function such that the function h(r) satisfies the following
conditions:

e N(r) is holomorphic in the strip |Im(r)| < 1 + ¢ for some & > 0,

e there exist positive constants M and e such that |h(r)| < W in the strip.
Using Proposition 2.1 with k(z,w) the kernel of the operator J#(A,,), we find that

H(—(s—n s+n—1))

/ / < L ) (x — E(_;j_nl))znyHn da;;iy
—1)2 .
n/o /—oo \P<$2 2 4@/1) ) (93 .(y1+ 1)>2nys_2dx !

SN
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Let
=2(-1)" - 2+ L T
QL) =2 /ooql( i )(x—i\/v—i-l)%d
o 1\n o0 2 v(33—1—1\/1}—1—1)2”—1—(x—i\/v—kl)znx
o 1)/0 V(e + ) TS da.
Then

h(r) = /000 Q<(y ;y1)2>yi’"_1dy = /_OO Q(sinh2 ;>eit’“dt.

h(r) = /00 g(t)etrdt.

—0o0

Namely, h(r) is the Fourier transform of ¢g(¢). The theory of Fourier transform implies that

g(t) ! /OO h(r)e "tdr.

:% .

When
U(u) =Wy o(u) — ¥y ou),

where ¥, (u) is defined in (2.3), we have
1 1
h(T): 2 1\2 - 2 1\2
2+ (n—3%)"+s(s+2n—-1) 12+ (n—3)" +ala+2n—1)
1 1

_r2+(s+n—%)2ir2+(a+n—%)2'

It is well-known that h(r) is the Fourier transform of the function
)= bt etond) L t(eennd),
2s+2n—1 2a +2n — 1

Next we want to express ¥(u) in terms of Q(v) in the particular case where ¥(u) = ¥, o(u) —
U, o(u). Inspired by the formula in [11], we claim that

1 o0
V() = —2/ Qz+#)(Va+1+8—1)"dt
m —0o0
1 oo
=5 Q' (z +t*) [(\/m 142 0"+ (Ve+1+2+ t)zn] dt.
T Jo
Since U, s(u) is a linear combination of terms of the form
1
(u+ 1)
it suffices to consider the case where

1
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In this case,

Q(v) =4(-1)" /OOO (m2 — _1|_ 1)a+2n z_;) <§:,) (v + 1)n—r(71)n—7“$27"d$

n m ) "3
=2 1) (—1)"
<2r> (v+ 1" (=1) /0 (r+v+ 1)a+2ndx

_ 2 i<2n>(_1)TF(T+%)F(Q+27L—T—;).

I'(a+ 2n)

Some manipulations give

et i iy (P 3 et
(U + 1)a+n7% F(a + 277,) 2 = (%)T r! (—a —2n + %)T
2/ I‘(a+2n—%) P —n,—n+%‘1
<v+1)a+n—% I« +2n) 2 —a—2n—|—%’
o2yt T(a+2n—13) T'(—a—2n+3)T(-a+1)
el T Ta—nt DT (-amnt§
2\/m Fla+n) (a+n-3)
(v+ 1)tz D(@)T(a+2n)

Qv) =

It follows that

oym  T(a+n)T (a+n+3)

Q (U) == (’U + 1)a+n+% F(Q)F(Oé + 2”)

Next, we compute

J(z) :/ ! (Ve —n*a
o (x +1+ t2)o‘+”+§

n

& 1
=2 / > @”) (x4 1+ )" T2 dt
0 (l’ + 1 + t2)a+n+§ —0 T

n m 00 t2r
=9 dt
Z (27’) /0 (.%' +14 tQ)a+r+%

r=0
_ 1 " (—n), (—nJr%)rF(T%—%)I’(a)
(x+ 1)« —~ (%)Tr! F(a+r+%) '
It follows that
T VT +%>r 1
O R @D,

o s —n, —n + %
'(a) f) 2F1< ,a+§+2;1>
I(a) v T(a+3)T(a+2n)
F(a+%)(x+1)0‘I‘(a+n)F(a+n+%).
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This proves that for

1

U(z) = m,

the inversion formula holds. Namely, if

Qv) = 2(—1)" /Z (a2 + v) - i\/iﬁ)mdx,

then

V) = [ Q) (Va1 1)

2

Thus, this formula works for U(u) = ¥,, s(u) — ¥, 4(u).

B The hyperbolic contribution

In this section, we want to compute the hyperbolic contribution

== Y //F (72, 20 ()2 dpu(2)

yel’
7 is hyperbolic

to the trace equation (4.1).
For any v € I, let

r,= {aGF | aya™? :'y}.

It is a cyclic subgroup of I' generated by some g € I" such that v = ’yé for some nonzero integer £.

The elements in I' are partitioned into conjugacy classes. The conjugacy class of vy consists
of all elements in I" of the form aya~!, when a runs through all elements in I'. Two elements «
and S in I' define the same element in the class containing ~, namely,

= pBy87,

if and only if o713 € T,
Let v € I" be a hyperbolic element. There exists 0 € PSL(2,R) and a real number A, > 1
such that

)\1/2 0

—1 Y

o oc=D., = .
y v < 0 /\;1/2

Ay is called the multiplier of 7. Each hyperbolic element v in I" belongs to a conjugacy class.
All elements in the same conjugacy class has the same multiplier. There exists 9 € I' such that
v = 70 for some nonzero integer ¢, and I'y is generated by vp. 7o is called a primitive hyperbolic
element.

Let P be the set of conjugacy classes of primitive hyperbolic elements in I'. Then the set of
hyperbolic elements in I" can be written as

U U {oryga_l | e T, \T'}.

[yoleP (=1
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Given g a representative of a primmitive hyperbolic conjugacy class, and £ a positive integer,
let v = fyg. We first consider the integral

= > / / aya 'z, 2) [(eya) (2)]" y*"du(2).

ael \I'

Using the invariant property of the kernel k(z,w), we find that

Iy = // k(A z, z))\zy%d,u(z).
o~ 1 (Ty\H)

In the following, we abbreviate A, as A. Let A = )\6. Then
THEN\H) = {z +iy | 1<y < Ao

It follows that

Y 1R, (4 ay
= [ (B ) ey

—1\)\3 0 12
_ 2=0mAs hmo/ \P<x2—i— A-1 ) L e
[.T—l—l

N1 o 4\ .M]Qn
2vA
VA 1 AT 1 A
L LC 0 e e R LR i v R

Now we can sum up the contributions from v = ’yg, where ¢ ranges from 1 to oco. To avoid
confusion with the eigenvalues of Laplacian, we denote A\, by N (7). Since

> 1
Z ZZA (el ;)W

(=1 k=0 (=1

A~ —L4(s+mn)

we find that 2y = &5 (s) — &y (a), where

—(s+n+k)

én(s) = 25 +2n—1 Z Z 1 — N(y)~(stntk) N ().
~y]eP k=0

C Elliptic contribution

In this appendix, we compute the elliptic contribution

Ep= Y / /F (v2,2)7'(2)"y*"du(z2)

yel’
v is elliptic

to the trace equation (4.1).
For simplicity, let us just do the calculation with
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understanding that the singularity at « = 0 is eliminated by subtracting W, o(u). At the end,
we will restore the result with

U(u) = Uy o(u) — ¥y o(u).

Recall that the Riemann surface X has v ramification points corresponding to the v elliptic
elements 7,...,7, of orders mq,...,m, respectively. For each 1 < j < wv, there is a 0, €
PSL(2,R) such that

—1 COSGJ‘ —Sil’lgj'
o Tioi =\ .
Jod sinf; cosf; )’

where 0; = ml] If v is an elliptic element of I', then there exists « € I', 1 < 5 < v and an integer
1 <2< mj—1sothat

g = Z Z Z // k(omfoflz,z) [(ana_l)/(z)]ny%du(z)
-2 Z / [ M= @i ane) = 32 3 00

where 0, = 7=, and

_ n; / /H k(Roz, 2)R)(2) g2 du(2),

Ry = (C.OSQ —sm@)

sinf@ cosf

In the following, we omit the subscript j in our calculation of I ;. Now,

sin? 9(1 + 2%+ y2)2 + 4 cos? Oy?
42 ’
Ry ("
(Rgz — 2)2" (sinf(1+ z2 + y?) — 2iy cos 9)2n

u(Rgz,z) +1=

(=4)"

With
‘ 1+ 22 + o2
=
we have
dt
=2yt — 1 — 92, dr= —22
2yt — 1 — 32
Then
> U (t*sin 6 — sin? §) dt dy
IE( 2n T
m tsm@—wos@) 2yt —1—142 Y
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V- dy U (t?sin” 6 — sin* 6)
kL

dt.
VST Y2yt — 1 — y2 (tsinf —icos )"

It has been computed that

t+V12—1 dy
/t—\/tQ—l y\/ 2yt — 1 — o2 B
Therefore,
21 [ U(t?sin®H — sin® 0
Ip(0) = (-1)"— ( )

m Jy (tsin@—icos&)zn

This integral is difficult to compute. Fischer [7] used the power series expansion of W, s(u)
followed by a lot of tedious calculations. The generalization from n = 0 to general positive n is
not easy, and Hejhal was unable to proceed in his first volume [11]; only succeeded to circumvent
the problem in his second volume [12]. We will use the method of Hejhal [12].

First of all, using the substitution u = ¢2sin? § — sin? 6, we find that

U (u) du

msm9 u -+ sin 0—icos9)2n u+sin29.

Ig(0) = (-

Using the inversion formula (see Appendix A)
1 oo

V)= —— [ Q(u+t)(Vut1+2—1t)"dt,

2
we find that

1)t o (Vuti+e—1)™ du
I5(0) / / u+ %) -t
\/u+sin2«9—icose) u + sin? 0
_ (=t / * o) (VoFr1-t)* dv
2msin 6 t2 (\/v—t2+sin29—icose)2n Vv —12 +sin? 6

n+1
2m 2m sin 0 / Qw

2m 2msin §

dit

where
= [ R e
v) = )
fﬁ( v—t2+sin29—icos0)2n v —1t2 +sin%6

Making a change of variables

t = Vv + sin? fsin o,
we find that

V) (Vo+1— Vv +sin?fsin @)2n
A (v) :/ 5 do,
—po(®) (Vv + sin®fcosp — icosb)

where

1 W

©o(v) = sin :
v+ sin? 0
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By definition, s#(0) = 0, and hence,

—L" /Ooo Qv)A' (v) dv

2m sin 0

Ip(0) =

Now, we calculate J#”(v). It is straightforward to find that

(\/v—i— — \/v+sin205in<po)2n N (\/’U—I— 1+ v+sin2<9$in<p0)2n
(\/v + sin? 6 cos o — icos 9)2n (\/v + sin? 6 cos ¢y — icos 9)2n

H'(v) = ¢j(v)

2n
_'_/‘PO(”) d |Vv+1—+v+sin?fsingp d
— .
—po(v) AV mcosw —icosf

If we define w so that

sinhw = &,

v + sin? 0
we find that
vu+1

———— = coshw.

Vv 4+ sin? 6
Observe that

d Vo +1—+v+sin?0sing i coshw —sing dw —ii coshw —sinp dw

dv | /v 4 sin? 6 cos ¢ — icos b dw cos p —isinhw dv de cosp —isinhw dv

. icosé d coshw —sing
~ 2(w+sin®0)v/v+ 1dpcosp —isinhw’

These imply that

() = sin 6 (Vor1—yo)™ . (VorT+vo)™"

"~ 2y/v(v+sin?0) | (sinf —icos#)2"  (sinf —icosf)
icosf

i
» dg

Vu+1—+vv+sin 051n4p] dyp

v + sin? Hcosgo—lcose

(v—i—sm 0)vv+1

(—1)"sin § e#n? n — 2n
:2ﬁ(v+sin29)[(m_ﬁ) + (Vo T+vo)7]
—1)"i cos eQinG " "
- 2((v wlL)sin2 0)0\/1; Ve rt- V)T = (Vo T Vo),

It follows that

t\ d t
' (smh2 )dt sinh? — 5

—1)" 2inf t t
= (=1)"e { sin # cosh Q(et” + e ") 4 icos @ sinh i(et” — e_t")}

2( sinh? % + sin? 9)
(—1)ne2ind { ‘ (eg + e—g)(em +emtn) (eg _ e—%)(etn —etn) }
sin 6 5

+1icos6

cosht — cos 20 2

(—1)ne?nf . 06(”+%)t + o—(n+3)t + o(n—3)t + o (n=3)t
= cosht—cos20| ™ 2
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e(n"'%)t —+ e_(n+%)t — e(n_%)t — e_(n_%ﬁ }

+1icos@

This implies that

2 / ot d 2t
Ip(0) 2msm9 <smh >H <51 h % sinh dt
20 o) e ( ey <n+ )t 4 on=B)t 4 o—(n-d)e
~ 2msind o cosht — cos26 . 2
4 ee(n+%)t + e_(n""%)t — e(n_%)t — e_(n_%)t
icos .
2
Using
_ 1 ft(ernfl)

g(t)_Zs—i—Qn—le 7

and

/OO e Kt Z sin 2k6
0 cosht—cosQH N sm29 k'’
we find that

1 e2in9 1
(25 +2n — 1) 2msin 6 sin 260

. sin2kf = sin2kf o=  sin2k6 - sin 2k6
in@ it o o
X{Sm {Zs+k—1+; s+ k +;s—l—l€+2njL;s—l—k—FZn—J

Ip(0) =

k=1
. sin2k6 . sin2kf = sin2k6 > sin 2k6
i cosf P Aemy N em
o [Zs—i—k:—l Zs—i—k +Zs—|—k+2n Zs+k+2n—1]}
k=1 k=1 k=1 k=1
B 1 eQin9 1
(25 +2n — 1) 2msin 6 sin 20
(e} . [e.e] . o0 . [e.e]
_ sin(2k + 2)0 sin 2k6 sin 2k6 sin(2k + 2)
«dsing| 5o mEE A0y B Y py e
{ — stk —~ stk st k+2n = s+ k420
) 2 sin(2k42)0 o= sin2kf =  sin2k6 > sin(2k+-2)
—1—10089[2—2 —l-zi Z }}
— s+ k — s+k k:03+k+2n kos+k+2n
1 je2int 0 o—i(2k+1)0 X Li(2k+1)0
" 25+ 2n—12msind — s+k _k:05+2n+kz

Now we find the sum

m—1
{4
Ir <”> .
=1 m
Notice that is k is an integer,

o mil(2k + 1)
=S o (Y
Sin — m

/=1 m
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m—1 . . m . .
1 i mil(2k + 1) i mi(m — 0)(2k + 1)
=3 [ Z 7 €XP (—m > + Ez: 7_11 =ty &XP (— -

m
m—1 ex (mg(i]frl)) exp( mé(i’fl)) m—1 $§l<:+1 £—2k: 1
= il il = -1 ’
=1 exXp (H) €xp (_ﬁ) =1 Ty — T,

where

(Wif)
xp=exp| — |.
m
Using the fact that

sy h {m —1 if m divides h,
-1

if m does not divide h,

we find that if £ is a nonnegative integer

-1
k
S R A LTI
m
1

=
:—Qm{k}—f—m—l.

Here {z} = x — |z]. The case when k is a negative integer is more complicated. First we notice
that for any integer x, if ¢ = L%J, then x = gm + r, where 0 < r < m — 1. It follows that

—z—1l=—-gm—-r—1=(—¢—1)m+m—r—1,
where
0<m-r—1<m-—1.

This shows that

R R T R

If k is a negative integer, let ¥’ = —k. Then k’ is a positive integer and
m—1 9ok'—1 —2k'+1
x —x
-5
(=1 Te— Xy
m—1
/I _ /__ _ / _ !
_ (a:?k 2+x§k 4+--~+x42k+4+x 2k+2)
=1

s snGE )}l
nft}ons

This shows that for any integer k,

Sk = —2am, (k) +m —1,
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where

it-nft)

is the least positive residue of £ modulo m. We have established that

am(—=k) =m —1— ap(k).

S_p=—Sk.

It follows that

m—1 0
¥4 1 1 1
Ig| — — 20, (k — -1
; E<m> 2m2s+2n1{ +k‘( am(k—n)+m—1)

—20m(k —1) 5.
+kzzos+2n—|—k om(k +n) +m )}

?T‘
O

Writing kK = mq + 7, where 0 < r < m — 1, we have

oo m—1
ml 1 1 ZZ 1
IE<m>:2sz+2n—1{ 5+mq+r(_2am(r_n)+m_l)

™Ml

q=0 r=0
oo m—1 1
2 -1
55wt e oy

Notice that when r runs from 0 to m—1, r —n and r+n respectively runs through a complete
residue system modulo m. Hence,

m—1 m—1
Zam(r—n): [m—1— am(r —n)]
r=0 r=0

and
m—1 m—1
Zam(r—i—n): [m—1— am,(r+n).
r=0 r=0

Therefore,
m—1 m—1
> (“20m(r—n)+m—1)=> (—20m(r+n)+m—1) =0. (C.1)
r=0 r=0

Thus

mz_:lIEC;f) = ;,Z%J,H{ig [s—i—rrtq—kr - m(q1—|— 1)](—2am(r—n)+m— 1)

q: 7‘:
oco m—1

1 1
+ZZ L+2n+mq+r_m(q+1)](—2am(r+n)+m—1)}

q=0 r=0
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H

m
2amr—n +1— s+r
23—|—2n—1§[ 77b< m)
200, (1 + 1 -m s+2n—+r
N m( 2) ¢< )]

Finally, we find that the elliptic contribution is given by Eg = &g(s) — &g(a), where

£a(s) — Zmz 2oy o) kLo (54
B 25—|—2n—1 — = ? m;
+2amj(r+n)—|—1—mjw s+2n+r
2777,]2 m; .

D Contribution from parabolic elements
and absolutely continuous spectrum

In this appendix, we compute the parabolic contribution Ep to the trace equation (4.1).

D.1 Contribution from parabolic elements

In this section, we compute the term

Ep. —//FY . k(=Y ()" ().

vyel
v is parabolic

Again we first consider the case where ¥(u) = ¥,, s(u). Recall that the Riemann surface X
has ¢ cusps corresponding to the ¢ parabolic elements x1,...,kq. For each 1 < i < g, there is
a o; € PSL(2,R) such that

1 1 +1
0, Ki0; = 0 1 .

If v is a parabolic element of I', then there exists a € I', 1 < j < g and a nonzero integer ¢ so
that

oflfyoz = Fd?.

For an integer £, define

Ep1 = //FY Z Z k(cm?oflz,z) [(a&?ail)/(z)]ny%d,u(z)

7=1 £#0 a€l'x .\F

- Z Z //1 OéTeOz_lz, z) [(aTga_l)/(z)]nyQ”du(z)

Y
1 £#£0 anleK 0']\0' FO'] (")

=2 / h(Tez, 2)T7(2)"y ™" dpa(2).
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Here

m =E\J U ')

k#j €l \I
where
H ={z+iy|0<z<1,0<y<Y}.
Since the hyperbolic area of H \ HY is O(Y‘l), we find that

Ep1=qlp+O(Y 1),

where
Ip = Z// E(Typz, 2)T)(2) y*"dp(2).
HY
140
Now
52
w(Tyz,2) = —5,
Ty (="

(—4)"

(Tpz — 2%~ (£+ 2ig)>

Hence, we have
o2\ (2y)* dy
Ip = (-1)" U -— —
p=C ZZ_;/O <4y2>[(l+2iy)2n+(l—2iy)2”]y2
o 2Y/¢ 2n 2n
_(—1)"22/ @(2)[ Y Y }dg
— Lo y?) LA +iy)* - (1-iy)* ]y

As in [13], if F(y) is a well-behaved function, standard techniques in analytic number theory

give
S2 [ o [ [ ronaa(£2) - [ o] [ (£
2Y

<v <v
2Y
= / F(y) [QIOgy +2’y+O(yY_1)]dy.
0
Hence,

2Y 1 y2n y2n 2V dy
Ip= —1”/ w()[ — + , Hzlo — +2y+O0(yy ! ]
O A V7 [ 7 T (i I A e

= (log(2Y) +9)Ipo + Ip1 + O(Y "logY),

where
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A straightforward computation gives

o° 1 1 1
Ipg=2(-1)" [ ¥(z® dz =0Q(0) = — —
ro=2(-1) /0 N @roe T T O = 5T
The computation of Ip; is more complicated:
I —2(_1)71/00\1/@2)_ Lo v oguds
P = ) (wri " (w—pn] 8

_ (=" /mi T(s+k(s+2n+k) 1 1
T Jo = I'(2s+2n+k)  k!(u?+1)ktst2n
X - (20 w?™(—1)""™ log u du
= 2m

LZ 2n mifs—i—k s+2n—|—k)1/°° u™
A7 2m = T@s+2n+k) KklJo (u+ 1)k+st2n
This implies that

Ip1 = G'(0),

where

1 & m°°Fs—|—k (s+2n+k)1 [ ymtes
6@ =52 3 (om) L Tt G e

m=0

From [10], we find that

/OO a3 q _F(m—l—a—}-%)f‘(s—i—Qn—l—k—m—a—%)
o (u+ Frsan T T(s+2n + k) '

Hence,

1
du.

=

1 & m 1\ < T(s+kI(s+2n+k—m—a—1)1
G(a)_MZ(QWJ - F<m+a+2>z ['(2s+2n+ k) ) ik

k=0

Using the definition and identity of hypergeometric functions (see [2]), we have

T(s+k)T (s+2n+k-—m—-a—3)1

et ['(2s +2n + k) k!
71—‘(8)1_‘(54‘277/— —a—l) r 373—|—2n—m—a—%.1
- ['(2s+ 2n) 2 25+ 2n ’

L) (s+2n—m—a—3)T (m+a+3)
T(s+2n)T (s+m+a+3) '

Now, we notice that

D=

<2n)_(2n)(2n—1)~-(2n—2m—|—1)_( n)m(—n+ ),
2m) 1-2---(2m —1)(2m) B 3), m ’

(—l)mf<s—|—2n—m—a_;>_(_l)m( I’(s—}—Qn_a_%)

s+2n—a—3-1)-(s+2n—a-—

3= m)
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F(s—i—Qn—a—%)
B (—s—2n—|—a+%+1)---(—s—2n+a—|—%+m)
F(s—|—2n—a—%)
T smmratd),

This gives

1 F(a+l)2F(s)F(s+2n—a—l)
=1 F(23—1—2n)f‘(3+a+%) 22 H(av),

il @i,
o) = 3 e ot G e D,

= 4F3< - n+2,a+2,a+2 13 1).
2,—5—2n+a+2,3+a+2

This is a balanced hypergeometric series. According to [2, Theorem 3.3.3], we find that

Fla+1-s)I(a+s+2n)(a—s—2n+3)T (a+s+3)
Fa+l-s—n(a+s+n)l(a—s—n+3)T(a+s+n+3)

-n, n—l—Q,—a,—a
X4F3(§,s a,1—s—2n—a’ 1>'

As a function of «,

H(a) =

R B
4F3(1 mhE T e ;1>:1+O(a2) as a— 0.

psS—a,l—s—2n—«
Hence, Ip; = G'(0) = L'(0), where L(«) is given by

1 T(a+ %)21“(3)1“(34- 2n—a—H)T(a+1—s)D(a+s+2n)(a—s—2n+3)
A T(s+2n)(a+1—-s—n)l(a+s+n)l(a—s—n+3)(a+s+n+3)

L'(a) =

It is then straightforward to obtain

1T (3T (s+2n— 1) T(L = )T(s + 20)T (=5 — 2n.+ 3)
P’l_471’F(5+2n)f‘(1—s—n)F(s+n)F(—s—n+%)F(S—i-n-l-%)

8 {21/)(;) _w<8+2”_;> +¢(1—8)+¢(S+2n)+w(—s—2n+;’)

—w(l—s—n)—w(s—i—n)—w(—s—n—{—z)—¢<8+n+;>}-

Using the fact that I'(z + 1) = 2I'(2), we find that

1 1 1
F<8+n+2> = <s+n—2)F<s+n—2>,

1 1 1
1/1(s+n+2) S_HL_2+1/J<S+TZ—2>

and
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On the other hand, using
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T(:)(1—2) = ——

sinmz’
we find that
L(s)I'(1 —s) _sinm(s4+n) (—1)"
'(1-—s—n)['(s+n)  sinms ’

L(s+2n— L' (-s—2n+3) B sinm (s +n—3)

F(—S—n—i-%)r(s—kn—%) sin7r(3+2n_%) = (=1)",
P(s) =1 —s)+¢v(l—s—n)—Y(s+n)=0,

w<s+n—;> —w<—s—2n+3> +w<

3 1
5 —s—n+2>—w<s+n—2>—0.
Together with

@) v<)-

we have

ir (%)2 L(s)I (s+2n—3) (1 —s)I' (—s —2n+ 2)

1
Ar (1 —s—n)(s+n) (-s—n+2)T(s+n+3) 225+ 2n—1)°
and

1
Ipj=—
PL=o@s+2n - 1)

{w(s)+w(s+2n) —410g2—2¢1<s—|—n—|—;> —2¢(s+n)}
N

1
_2$+2n—1+

(2s+2n —1)2°
Collecting the various contributions, we find that
1 logY + !
=—)F— 10 —_—m
P st on—1 %" T (2s+2n— 1)
1 1
—_ 2n) —2log2 — 2 — | =2 .
1) V) + U+ 20— 210g2 =20 (st o) 2G4 )}
Therefore, 2p1 = &p1(s) — ép1(a), where

épa(s) 1

q q
-9 gy
dstom—1%" T sran—12 T2@sron—1)

X {¢(s) + (s + 2n) —210g2—2¢<8—|—n+;> —2¢(s+n)} +0(Y™1).

D.2 Contribution of the absolutely continuous spectrum
In this section, we want to compute

SE LY/

2
y*"dp(z) dr,

1
Ejl 2z, = +ir;
J<z,2—|—1r7n>
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where

~ (1 1 1
h(r) =A —i—r2>: - .
) (4 r2+(s+n—%)2 r2+(a+n—%)2

From Appendix E, we find that
q 1
2// Ej<z,+17“;n>
j=1 FY 2
1 1 - 1 . "1
= T |0 - i Y (- i Y| 4 2glogY — (2 i ).
2ir 2 2 p\2

Therefore,

2
y*"du(2)

J=J1+ Jo+ Js,

where
logY [
g =1 2i /Oo h(r)dr,
JQ = - (T) Tr |:(I) < _ 1T> Y21T _ (I)< 4 17,) Y217':| dT,
8mi J_ o T 9 9
1 o0 sl
h= g [0 (G )ar
Since
1 o
o h(r)dr = g(0),
2 J_ o
we find that
1 1
=gqlogY — ‘
i alos <2s+2n1 2a+2n1>
As in [13],

1 [®h 1 . 1 .
Jy = ") 1y [@ <2 - ir> Yir— o (2 + ir) YQ”"] dr

= i Tr® (;) h(0) + O(Y %)

) {(25 * T 12 (2a+ = 1)2] T“D(;) +0(Y™),

where ¢ is an arbitrary positive number. Collecting everything together, we find that

1 1 1 1 1
= qlog¥ - - Tro( -
= alog <2s+2n—1 2a+2n—1>+[(23+2n—1)2 (2a+2n—1)2} ' (2)

1 [ o (1 9
- — h(r)={( = +1ir Jdr+ O(Y ).
i (r)@ <2+1r> r+ O )
When h(r) = ﬁ for some o with Rea > 0, we can follow the method of [23] to compute the
integral

1 > ' (1
=1 _ooh(r)% <2+ir> dr.
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From (3.1) and the results for the case n = 0, we can deduce that ¢(s) is holomorphic on the
half plane Re s > % except for for a finite number of poles on (%, 1] , with order not larger than q.
From the relation ¢(s)p(1 — s) = 1, we then deduce that on the half plane Res < %, ¢(s) can
only have zeros on [ , 2) Using these and the residue theorem, we find that

1 o0 1 el 1 / d
o 22(p<2+i7“)d7":2 5 1¢((8+n))_ Z %
T ) ot t+a® @ st+2n—1p(s+n s & pole of (s) _(p_é)
Rep<%
order (o)
D S N o
aisapoleofgp(s)a _(0—_5)

se (3]

Here order(z) is the order of pole of ¢(s) at s = z, ¢ is a constant independent of .
We are interested in the particular case where @ = s +n — % The following result is needed
when we want to discuss the dimension of the space of holomorphic n-differentials.

Proposition D.1. Given a positive integer n, let ¥(s) be the function

1 [ 1 "1
X(s) = / 2<p<+i7“>dr.
21 Joo 12 + (s+n—3)" ¥ \2

Then the residue of ¥(s) at s =0 is 0.

Proof. According to (D.1), ¥(s) is a sum of three terms. We denote these three terms by ¥ (s),
Yo(s) and X3(s) respectively.

We need to discuss the case where n =1 and n > 2 separately.

When n = 1, the residue of ¥i(s) at s = 0 is equal to —ng, where ng is the order of pole
of ¢(s) at s = 1, which is equal to the order of zero of ¢(s) at s = 0. Since ¢(s) does not have
pole at s = 0, the residue of ¥a(s) at s = 0 is 0. Since ¢(s) has a pole of order ng at s = 1, the
residue of ¥3(s) at s = 0 is ng. This shows that the residue of X(s) at s =0 is 0.

When n > 2, the residue of £;(s) is equal to 51— times the order of zero of ¢(s) at s = n.
Since ¢(s) does not have pole when Re s > 1, the residue of X3(s) at s = 0 is 0. For s(s), the
order of zero of p(s) at s = n is equal to the order of pole of ¢(s) at 1 —n. Therefore, the residue
of ¥s(s) at s = 0 is the negative of the residue of ¥;(s) at s = 0. This proves the assertion that
the residues of X(s) at s =0 is 0. [ |

D.3 The term Ep

2

Y2 dp(z) dr}

Collecting the results from Appendices D.1 and D.2, we find that the parabolic contribution
Ep=li k '(2)"y*"d
Jim. { I, = semarera)
vis parabolic
RN RECY L
1 1 1 [ 1 o (1
& =—S|\q—Trd| = — ZlZ4ir]d
) Y g s
1
a {¢(s)+w(s+2n)—210g2—21b<s+n+2>—21/;(s+n)}.

ver
<z = +ir; n>
is given by Ep = &p(s) — &p(a), where
* 2(2s+2n —1)
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E Maass—Selberg relation

The Maass—Selberg relation is very important in the computation of the contribution from the
absolutely continuous spectrum. The results in this part follows almost the same as the case
n = 0 as presented in [13].

Given a function f in H2(T) such that A,f = Af, it has the following Fourier expansion
around the cusp associated to «;.

flog)ali(z)m = S [P (y)ermike,

k=—o00

We define

f2), z€FY,
1Y) = () (. —1 Y
f(z) = fo (aj z), z¢€ F
Theorem E.1. If f and g are functions in H2(T') such that

Anf=M\F, Ang = Xag.
Then

(=) [y edy =y S (1) 006 0) = 50 0).

j=1
Proof.

(M1 = o) / fgy?n2de dy = / / An gy 2da dy — / SBgy®de dy
FY FY

- [ G )o o (G ) e
_ n0f 2n 99
= _21/8FY (y 5 —gdz + fy dz)

= Z 21/_18FY< Q"gﬁ(ajz)o"(z)”a;(z) g(ojz)o’(z)" dz

=1

<.

+ H(o2)0} " o (021 ) )

=y Z 2i / < ajz)aé(z)”ag-(z) g(ojz)o’(z)" do

+ floj2)0; (z)”%(ajz)ag(z)”m d$> .

Notice that

00 . oo (@)
9 n : j ik 1 of, ik
@A T = Y w4 3T S e

k=—o00 k=—o0

Hence,

0 B 8.0
(A1 — A2) // fay*"dedy = YQ”Z > < V)l (v) - 153)(3’)8;'; (Y)>-

j=1k=—00
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Applying A, f = Af, where A = —(s — n)(s +n — 1), to the Fourier expansion, we find that

> 3 a2f i S ] ik
y? E: (2mk)? Je2miks _ 2 2: Tk (y)emike _ apy 2: QWEQﬂCMGQk
h=moo k=—00 k=—o00
S Ojéﬂ 2mik S () 27ik
— 2ny Z Ty(y)e ™= —(s—n)(s+n—1) Z ka (y)e2mike.
h=—o0 k=—o00
Hence,
82f(j) P (4) '
y? ay’; (y) + 2ny (9]; (y) — (4mk?y® — dmnky + (s — n)(s +n — 1)) f]gJ) —0.

This implies that

157 ) = oy ™"+ By

On the other hand,

() — () —
d o, (Of . 5 Og . NS
e ( o g,i”—f,i”a’;) =" [(s1=n)(s1 + n—1) = (s2=n)(s2 + n— DI g

Hence, if k # 0,

()
YQ”ZZ< Vg () - £ >8§; <Y>)

j=1 k#0

q

o0 NN q
—(M =22 Z/Y y? 2 gy = (- a0) Y //FY gy e dy.
j=1 j

j=1 k0

It follows that

o) NG
v =) [ gan sy = <y S (T ) - 100 %)

j=1
q
— (>\1 _ )\2) Z// ngYan—de dy
=17

Hence,

(A1 = Aa) / gy e dy = YQ”Z(éj)(Y)géj)’(Y)—féj)’(Y)géj)(Y))- .

7=1

Theorem E.2 (Maass—Selberg relation). If s1 and s2 are regular points of the Eisenstein series
Ei(z,s1;n) and Ei(z,s2;n), s1 # S2 and s1 + 5o # 1, then

// EY(z,s1:n (z s9;n)y*" 2dx dy

. _
5 7YSI+S2 ! . ys2—s1 — -
81 + 59 — 1 + 3 — s (p’bj(81) + p—— @]Z<32)
1 N
s +s3—1 Z‘Pik(sl)%k(SQ)Yl 51-53

k=1
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Proof. By Theorem E.1, we have

Y2n
E 2n—2d dy =
// (z,s1:1m (z 52;M)Y ray —(s1—n)(s1+n—1)+GE—n)Sz2+n—-1)

X Z ( lkYSl n+901k<31)Y1_81_n][5jk(32— n)YSW_l + (1— S9— n)(pjk(32)y—s2—n]

— [k (51 = )Y T (1= 51— n)pu(s)Y 1 [0 Y 52 + SOjk(S2)Y1_S2_”]>

1 — _
= . ysitsz—1 . ys2—s1
Vs 455 —1 +5—51%](81) +sl—s

1

q
s +sm -1 Z gpik(sl)(pjk(52)yl_51_52_ ]
1 2 —

@ji(s2) Y172

Theorem E.3. AsY — oo,
2

Z / / ( 5 Firs n) y*"du(2)
Y
1 - 1 . a!
—Tr O = —ir )Y —d( = +ir |y 27 —{—2qlogY—£ — +ir ).
2ir 2 2 p \ 2

Proof. From the proof of the previous theorem, we find that
2

// E; (z + ir; n) EY< + ir; n) v dpu(z)
FY

+ exponentlally decaying terms.
Setting s1 = s9 = 0 + ir in the previous theorem, we find that

ey (.5 +irin)

anu

2

1 1
2n 20—-1 2ir
(1/L = Y —piilo+ Y™
Y (2) 20 —1 2ir ”( ir)

I ————

+Twwjj(a+1r)Y r
1

20—1

q
Z k(o +ir)pji(o + ir)yl=20,
k=1

We want to take the limit when o — 1/2. We find that as o — 1/2,

Y2 =14 (20 = 1)logY 4+ O((20 - 1)?),

pik(o +ir) = @jk(; + ir) + (o - ;) o (; + ir> +0((20 — 1)?).

2
1 1 . 1 . q

= —Tr|®(=—ir )Y —®(=+ir |y 2" 1+ (20 —1)logY
% r[ <2 W) <2+1T> ]+20—1< + (20 —1)log )

B 201— 1 qu: [‘pj’“@“?") + <U— ;)‘P;’k(;—i-ir)]
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X [Spkj (; — ir) + (a — ;) Dl (; — ir>] <1 — (20 — 1)logY) + 0(20 — 1).

Now the matrix ®(s) = [p;;(s)] satisfies
O(s)P(1—s) =1.

Hence, for each 1 < j <gq,

Z%k< +1T>g0kj<; —ir> =1

Moreover,
P(1—s)=d(s)" L.
Since

% log det ®(s) = Tr [®/(s)® " (s)],

and
% log det ®(s) = —% logdet (1 — s)
we find that
1 1 1 1
Tr [@’(2 + ir> ot (2 + irﬂ =Tr [@’(2 — ir> ¢>—1<
This gives

2
y*dp(z) =

ey (.5 )

The assertion of the theorem follows.

F Asymptotic behavior of the zeta function Zg(s)

In this section, we want to compute the asymptotic behavior of log Zg(s), where

v Mmy—

e H H F(s—i—r) 2m;

j=1 r=0

when u = s +n — 3 is large. From the asymptotic behavior of logI'(s) (6.2), we have

log Zen(s) = Fulogu + Blogu + Cu+ 2 + o(1),

where

2amj (r—ﬂ,)+1—m]~ 2amj (r+n)+1—mj

s+2n—+r

-+ ir) YQ“}
1 1
+2qlogY — Tr [@’(2 + ir><I>1 <2 + ir)].
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v 1 v
- Z Bjlogm; + 3 log(2m) Z a;j,
j=1 j=1

and

iy 20, (r—n)+1—=mj  2au,(r+n)+1-m;
A= Z 2 + Am; ’
m; m;j

r=0
mi—1

5'_2 20, (r—n)+1—=m; (—n+3+r 1
I 2mj m; 2
r=0

+2am].(r—|—n)+1—mj <n+§+r 1)}

2m,; m; 2

From (C.1), we find that a; =0 for 1 < j < 0. Hence, & =% =0, and

v
— > Bjlogm.
j=1

It remains to calculate 3;. First we notice that

72 2am] )+1—mj+r2amj(r+n)+l—mj
m]‘ 2mj

because of (C.1). If ay,,(n) = £, then

{4+, 0<r<mj—+{—1,

C+r—mj, mj—L<r<m;—1,

Qm; (1 +n) = {

o (1 — ) = m;+r—4£, 0<r</{-1,
" B r—/, C<r<mj;—1.

With the help of a standard computer algebra, we find that

_ il (m)(mg — am, (n)

g--%y (m —1 am,(n)(my famj<n>>> log .
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