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Abstract. P. Berglund, T. Hiibsch, and M. Henningson proposed a method to construct
mirror symmetric Calabi—Yau manifolds. They considered a pair consisting of an invertible
polynomial and of a finite (abelian) group of its diagonal symmetries together with a dual
pair. A. Takahashi suggested a method to generalize this construction to symmetry groups
generated by some diagonal symmetries and some permutations of variables. In a previous
paper, we explained that this construction should work only under a special condition on
the permutation group called parity condition (PC). Here we prove that, if the permutation
group is cyclic and satisfies PC, then the reduced orbifold Euler characteristics of the Milnor
fibres of dual pairs coincide up to sign.
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1 Introduction

The idea of mirror symmetry came to mathematics from physics. In the simplest form, it refers
to the observation that there exist pairs of Calabi—Yau manifolds with symmetric sets of Hodge
numbers. It implies, in particular, that their Euler characteristics coincide up to sign. In [2, 3],
P. Berglund, T. Hiibsch, and M. Henningson suggested a method to construct mirror symmetric
Calabi—Yau manifolds. They considered pairs (f,G) consisting of a quasihomogeneous polyno-
mial f of a special type (an invertible one) and of a finite (abelian) group G of its diagonal
symmetries. For a pair (f,G) they constructed a dual pair (f, CNJ) For certain pairs (f,G),
a crepant resolution of the quotient {f = 0} /G of the subvariety defined by the equation f =0
in the weighted projective space is a Calabi—Yau manifold. Berglund, Hiibsch, and Henningson
claimed that the manifolds constructed for the pairs (f,G) and (f, é) are mirror symmetric to
each other. Berglund and Henningson [2] proved a symmetry property for the elliptic genera of
them (see also [12]).

Instead of working with the hypersurface {f = 0} in the weighted projective space one can
consider the Milnor fibre Vy = {f = 1} in the affine space with the action of the group G. In this
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case one has to compare orbifold Hodge numbers of the Milnor fibres of dual pairs and thus the
reduced orbifold Euler characteristics of them. There were some symmetries found for invariants
of the pairs (V, G) and (Vf, G). In particular, in [4], it was shown that the reduced orbifold Euler

characteristics X(V, G) and Y(Vf, é) coincide up to sign. (This statement holds for arbitrary
=

pairs (f,G), not only for those giving Calabi—Yau manifolds.) Besides that, in [5], another
special sort of symmetry (calleii Saito duality) was found between the reduced equivariant Euler

characteristics X“(V;) and x¢ (Vf) (with values in the Burnside rings of the groups) of the
Milnor fibres. Initially one could not see a relation of this symmetry with the mirror one. Later
it was understood that the statement for the orbifold Fuler characteristics can be deduced from
the Saito duality (in the case of abelian (!) groups; see a discussion below, and see [7] for a proof
of this fact).

Based on an idea of A. Takahashi, in [6], the notion of dual pair was generalized to the
following situation. Let f be an invertible polynomial in n variables, let S be a subgroup of the
group S,, of permutations of the variables preserving the polynomial f, and let G be a group
of diagonal symmetries of f invariant with respect to .S. In this case, the semidirect product
G % S is defined and f is G x S-invariant. (The group G x S is, in general, not abelian.) One
can see that the polynomial f participating in the BHH-dual pair ( f, CNJ) is preserved by the
group S and that the dual subgroup G is S-invariant. Therefore, fis invariant with respect to
the semidirect product G x S. The Berglund-Hiibsch-Henningson-Takahashi (BHHT) dual to
the pair (f,G x S) is the pair (f, G x ).

In [6], a special property of a subgroup S of the permutation group S, was introduced
which was called parity condition (PC). It was shown that a non-abelian analogue of the Saito
duality between the reduced equivariant Euler characteristics of the Milnor fibres may hold for
BHHT-dual pairs only if the permutation group S satisfies PC. This led to the conjecture that
BHHT-dual pairs correspond to mirror symmetric varieties only if the condition PC is satisfied.
This conjecture found a support in data about Calabi—Yau threefolds presented in [19].

One invariant which has to be the same up to sign for mirror symmetric orbifolds is the
reduced orbifold Euler characteristic. One can conjecture that the reduced orbifold Euler char-
acteristics of BHHT-dual pairs satisfying the PC condition coincide up to sign. In [7], this
conjecture was proved for a very particular case, namely when the polynomial f is atomic of
loop type (see the definition in Section 3).

Here we prove the conjecture for BHHT-dual pairs with a cyclic permutation group, i.e., S is
a cyclic group.

2 Invertible polynomials and non-abelian duality

A polynomial f in n variables is called invertible if it is quasihomogeneous, consists of n mono-
mials, that is

n n

E.

flz1,...,2n) = E aiHasj”,
i=1  j=1

where a; are non-zero complex numbers and the matrix £ = (F;;) has non-negative integer
entries, and det ¥ # 0. This does not imply that f has an isolated critical point at the origin,
e.g., f(r1,22) = xf + 2222 is an invertible polynomial with a non-isolated critical point at
the origin. If f has an isolated critical point at the origin, then the invertible polynomial is
called non-degenerate. Here we will only consider non-degenerate invertible polynomials and we
drop the adjective non-degenerate. Without loss of generality one may assume that a; = 1 for

1=1,...,n.
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The group of (diagonal) symmetries of f is
Gf = {A = ()\1, e An) S (C*)n: f()\ll'l, R ,)\nxn) = f(a;l, R ,xn)}

One can see that G is an abelian group of order |G| = | det E|.

The group S, of permutations on n elements acts on C" by permuting the coordinates.
Suppose that the polynomial f is invariant with respect to the action of a subgroup S of S,,. In
this case, S acts on the group Gy by conjugation. The group of transformations of C" generated
by Gy and S is the semidirect product Gy x S and the polynomial f is Gy x S-invariant. Because
of that, the group Gy x S acts on the Milnor fibre Vy = {z € C": f(z) = 1}.

Remark 2.1. Elements of Gy xS can be represented as pairs (A, o) with A = (A1,...,\,) € Gy,
o € §. The multiplication in Gy x S is given by

(A,0) - (Hv T) = (AJ(H)v oT),

where, for p = (u1,..., pn),
(1) = (Ho-1(1)s -+ Ho1(m)) -

The action of the group Gy x .S on C" is defined by
A o)z = Mz, L(1)s -+ AnZg=1(p ))

(gz (T1y...,xy) € C”).

The Berglund-Hubsch (BH) transpose of f is

flay, ...z :ZHJCJE“

i=1j=1

(see [3]). Ome can show that the group G 7 of diagonal symmetries of f~ is in a natural way
isomorphic to the group G = Hom (G, C*) of characters of Gy (see, e.g., [5, Proposition 2]).
Let G be a subgroup of G¢. The (Berglund-Henningson) dual subgroup GinG 7 is the set of
characters a: Gy — C* vanishing (i.e., being equal to 1) on the subgroup G ([2], see also [14]
r [13]). One has |G| = |Gf|/|G|. The pair (]7, é) is called the Berglund-Hibsch—Henningson
(BHH) dual of the pair (f,G).
Let S be a subgroup of Sy, preserving f and let G be a subgroup of Gy invariant with respect
to S, i.e., 0(G) = G for any 0 € S. In this case, the semidirect product G x S is defined
and the polynomlal [ is G x S-invariant. The BH-transpose f is also preserved by S and the

dual subgroup G is S-invariant. Therefore the group GxS preserves the polynomial f The
pair (f G S) is called the Berglund—Hiibsch—Henningson—Takahashi (BHHT) dual to the pair

(f, G % 5) (see [6]).
One says that the subgroup S of S,, satisfies the parity condition (PC) if, for any subgroup

T C S, one has
. mT _
dim ((C ) =n mod 2,
where (C")T := {2 € C": gz =z for 0 € T} is the fixed point set of T' (see [0]).

One can show that, if S satisfies PC, then S C A,. Moreover, if S is a cyclic group (say,
generated by s), then S satisfies PC if and only if s € A,,.
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3 Orbifold Euler characteristic and fixed point sets
of symmetries

For a topological space X with an action of a finite group H, its orbifold Fuler characteristic is
defined by (see, e.g., [1, 11])

or ]‘

X 'D(X,I—J):ﬁ > x(xtom. (3.1)
(g;h)eH?:
gh=hg

Here X (%M is the fixed point set of the subgroup of H generated by ¢ and h, i.e., XM = {z €
X: gx = hx =z}, x(+) is the “additive” Euler characteristic defined as the alternating sum of
the ranks of the cohomology groups with compact support. (One can show that x°™(X, H) is
an integer.) The reduced orbifold Euler characteristic is

X" (X, H) = X (X, H) — x°™(pt, H),

where pt is the one point set with the unique action of H. (If the group H is abelian,
X (pt, H) = [H|.)

The orbifold Euler characteristic (X, H) is an additive invariant of H-spaces, i.e., spaces
with an action of the group H. The universal additive invariant of H-spaces is the equiv-
ariant Euler characteristic with values in the Burnside ring A(H) of the group H (see, e.g., [9,
Section 3]). Therefore the orbifold Euler characteristic of H-spaces is the reduction of the equiv-
ariant one under a group homomorphism A(H) — Z. One can speculate that the symmetry
property (coincidence up to sign) for the reduced orbifold Euler characteristics of the Milnor
fibres of BHHT-dual pairs can be deduced from the non-abelian Saito duality. The results of [6]
imply that this is really the case if

X (G 3 S/H 1 T,G % S) = xP(Gpx S/H % T,G xS

for a subgroup T of S and for subgroups H and G of Gy (with special properties). Unfortunately,
it is unclear how to prove this equation. In [7] it was proved for H = {e} (and thus H = G )

If H is a subgroup of a finite group K, one has the induction operation Indg which converts H-
spaces to K-spaces. For an H-space X, the space Indg X is the quotient of the Cartesian product
K x X by the (right) action of the group H defined by (g,x) *x h = (gh, h_lsc) (e K, ze X,
h € H). The action of the group K on Ind¥ X is defined in the natural way: ¢'*(g,z) = (¢'g, x).
One has the following important property of the orbifold Euler characteristic:

X" (Indfy X, K) = x°"(X, H)

(see [10, Theorem 1]).

The computation of the orbifold Euler characteristic x°™ (Vy, G x S) of the Milnor fibre of an
invertible polynomial f (in n variables) with an action of a group G xS (G C Gy, S C S,,) will
be based on a decomposition of V; into its intersections with certain unions of the coordinate
tori. For a subset I C Iy = {1,2,...,n}, let

(CI = {g:(ggl,...,xn)E(C"::ci:0f0ri¢f}
and let

(cH = {z=(21,...,2,) €C":2; #0forie l,a; =0 fori¢I}.
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One has
c =[]

ICI()

Let f be the restriction of the polynomial f to C!, and let Vfl = V;N(C*)!. Each torus (C*) is
invariant with respect to the action of the group Gy. Let ch = {A €Gp: Az =xforz € (C*)I}
be the isotropy group of the action of G on (C*)Z.

The group S acts on the set 2/0 of subsets of Iy. One can represent the space C" as the
disjoint unions

c= JI [l

Jge2lo/sJedg

The union of tori [ ] ;. j((C*)J is invariant with respect to the action of the group GxS. Therefore

XV G xS = ) XOfb< [T v/ 6 S).

Jge2lo/s Jeg

For a subset I C Io, let ST C S be the isotropy subgroup of I for the S-action on 2/0. Let
I := Iy \ I be the complement of I. One has S’ = S. One can see that, for a representative I
of an S-orbit 7, one has

J GxS I
]_[ V/ =d5*s, V;
Jeg

(as a G x S-set). Therefore

xorb< [Iv/cx S) — P (nd%7S, VI, G % S) = P (V] , G x 5.
JeJg

A polynomial f is invertible if and only if it is the (Sebastiani-Thom) sum of “atomic”
polynomials in different (non-intersecting) sets of variables of one of the forms:
1) af'wy + ab?xs + - + 2P g + by, m > 1 (chain type);

2) oMlag + 2BPxs + -+ 2, + b wy, m > 2 (loop type).

This classification appeared first in [15] with a reference to proofs in [16]. Sometimes (for
example in [14]) one also distinguishes the so-called Fermat type: z['. Here we consider it as
a special case of the chain type with m = 1. (There are some reasons to consider it as a special
case of the loop type with m = 1 as well, writing it as xfl_lxl.)

Let f be an invertible polynomial and let S be a permutation group preserving f. An
element o of S respects the decomposition of f into atomic polynomials and sends each of them
into an isomorphic one. For an atomic summand f,, of f, let N be the minimal power of o which
sends f, to itself. One may have the following two (somewhat different) situations. First, the
action of ¢V on the set of variables of f, may be trivial. This always happens if f, is of chain
type. If f, is of loop type, the action of oV on the set of its variables may be non-trivial. A non-
trivial automorphism of a loop can be a rotation. This means the following. The length m of the
loop fo = 2*zo+- - +ahxy is divisible by £, 0 < £ < m, m = kf, the sequence py,pa, ..., P is
{-periodic, that is, p;+¢ = p;, where the index ¢ is considered modulo k¢, and the automorphism
sends the variable x; to the variable x;,4 with 0 < s < k. Another option for a non-trivial

automorphism is a flip. This means that there exists an index ¢ such that the automorphism
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sends the variable x; to the variable z4_;. Such an automorphism exists if and only if all the
exponents p; are equal to 1. In this case, the polynomial f, has either a non-isolated critical
point at the origin, or a non-degenerate one (i.e., its Hessian is different from zero), depending
on the parity of the length m. We exclude flips from consideration, i.e., assume that oV is
a rotation.

For a computation of the orbifold Euler characteristic Xorb(Vf, G % S) with the use of equa-

tion (3.1), one has to consider mutual fixed point sets Vf<g - of pairs of commuting elements
g,h € GxS. Here we shall consider the fixed point set (Vfl)@> (I C Ip) of an element g = (A, o),
o € ST, and give a condition for it to be non-empty. First we consider the case I = Ij.

For an element o € S, let n = (i1,...,4,) be a cycle in o. For an element A\ € Gy, the cycle
product of \ corresponding to 1 is A\;, - A;,.. Let & = (z1,22,...,2,) € (C*)™ be a fixed point
of g=(A,0) € G x S. This means that

(A 0)z = do(z) =z, (3:2)
where o(z) = (T,-1(1); To-1(2), - -, To—1(ny). For a cycle n = (iy,...,i;) in o, equation (3.2)
means that

()‘i1xim )\Z'QLL“Z'I, ey Airxir—1) == (337;1 s Ligy oo ,l’ir). (33)

Here x;; # 0, j = 1,...,7, and therefore a solution of (3.3) exists if and only if A;, --- A, = 1,
i.e., if the corresponding cycle product is equal to 1. One can take, e.g.,

(Qj‘il,...,l‘ir) = ()‘ilv)‘il/\im" . 7)‘i1 .. ~)\i7,71,1).

This implies that the fixed point set ((C*)") () 4 non-empty if and only if, for all cycles of o,
the cycle products of A are equal to 1.
For an element o € S, let ¢ be the number of cycles of the permutation o.

Definition 3.1. The cycle homomorphism Cy is the map from G to (C*)¢ which sends an
element A € Gy to the collection of the cycle products of A.

The discussion above means that the fixed point set (((C*)")«A’U)> is non-empty if and only
if A € Ker C,. In this case one has dim ((C”)«A’U)> = dim (C”)<0> =/.

Definition 3.2. For an element o € S, the shift homomorphism A, is the map from G to itself
defined by

As(2) = Ao (A) 7

Remark 3.3. Two elements (), o) and (), 0’) commute if and only if 00’ = 0’0 and Ao ()) =
No'(M\). The latter condition is equivalent to A,/(A) = A, (\).

Proposition 3.4. One has
KerC, =Im A,.

Proof. It is easy to see that Im A, C Ker Cs. Indeed, for u = A;(A) and for a cycle (i1, ..., i)
of o, one has pi; = /\ij()\ij_l)*l, where the index j — 1 is considered modulo 7, and therefore
the cycle product of A,(A) is equal to

iy - Hip = Aiy ()‘ir)il)‘iz ()‘il)il T )\Z"r()\’l'r—l)il =1

We shall show that the order | Im A,| of the subgroup Im A, is equal to the order | Ker Cy|.
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Let f = @,ca fa be the representation of the invertible polynomial f as the Sebastiani-
Thom sum of atomic polynomials f,. The permutation ¢ sends each f, to an isomorphic
one. Let us regard f as @, 4 /(o) D..c., fa Wwhere the first sum is over all orbits of the action
of the group (o) (generated by o) on the set A of indices. Since Gy = Dyeca/(0) CP, .., fa
and o preserves each summand @, fo, it is sufficient to prove the statement for one block
D.co fo With w € A/(s). Thus we may assume that f = @f\i 1 fi where f; are isomorphic
atomic polynomials and o sends f; to fi+1 (the indices are considered modulo N). The proof is
somewhat different for the cases when the f; are of chain type and when the f; are of loop type.

1) Let

fi=aliwio + alxiz + -+ aym  Tim + 2,
be of chain type, ¢ = 1,..., N. The permutation o sends the variable z; ; to the variable z;11 ;.
The order |G| of the group Gy is equal to |Gy, |" (in the case under consideration |G| =
P Pm). Let Ay = (N, ..., Aim), i =1,...,N. For \; € Gy,, one has

Nig = Ay (3.4)

for 5 = 1,...,m. The kernel Ker A, consists of the elements (\;,...,Ay) € G% such that
A =Xy =+ = Ay. Therefore |Ker A,| = |G, | and |Im Ay| = |G, |V ~1. Because of (3.4) the
cycle relation for \; ; follows from the cycle relation for A; ;. Therefore the kernel Ker C,; consists
of (Ay,...,Ay) € G}\i such that A\i1 - A21---An,;1 = 1. In the elements of Gy, the components
A1, A2,1,. .-, An,1 are arbitrary roots of degree |Gy, | of 1. Therefore |Ker Cy| = |G¢|/|Gy,| =
G Y1 = [Tm A,

2) Let

N p2 . Pm—-1 . Pm ..
fi= Ti1Ti2 T LT3+ + Xy Tim + Ty T

be of loop type, ¢ = 1,...,N. The permutation ¢ sends the variable x; ; to the variable x;1 ;
for 1 <i < N —1 and sends the variable zx ; to the variable 1 i1, where 0 < L <m —1 (the
index j is considered modulo m). In this case pj1r = p;. If L =0, the proof literally coincides
with the one for chains. Otherwise let ¢ = ged (L, m). The sequence py, ..., pm, of the exponents
is (-periodic, i.e., pj1¢ = pj. Let k:= 7, P:=p1---p;. One has |Gy,| = Pk — (—1)k, |G| =

IGAIN. Let A = (Aits-- s Aim)s i = 1,...,N. For A, € Gy,, ome has A;; = A7 PPt for

i?
j=1,...,m;cf. (3.4). Because of this the cycle relation for \; ; follows from the cycle relation
for A; 1. The kernel Ker A, consists of the elements (A,...,Ay) € G% such that

AM1=A21 =" =AN1=A1p41 =" = ANLt1 = AN 2041 = = AN, (k=1)f+15
ie., \; = for 1 <¢ < N and, in addition,

)\1,1 = )‘1,124—1 = >\1,2£+1 == )\1,(k—1)£+1- (3'5)

Since Aj 11 = ()\1,1)(_1)[]3, equation (3.5) means that ()\1,1)(_1)41D = A1,1, SO ()\1,1)13_(_1)2 =1,
i.e., A1 is an arbitrary root of degree P — (—1)¢ of 1. Therefore

|Ker Ay| = P — (—1)*

and

|Im A,| =
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The cycle relation for A is
AL1e e ANIAL 1 )‘N,€+1>\1,Z(k—1)+1 T )\N,K(k—l)-i—l =1,
i.e.,

(Ag- /\N,1)H(*l)[PH*DMPZJF"'JFPl)w_lﬂpk_l — 1

This means that the product A1 1---An,1 is an arbitrary root of degree

Pk _ (_1)196

k—1 1\ pk—2 _ (k—l)fzi
Pl (1) PR 4 (1) =

of 1. Since A11,...,An,1 are arbitrary roots of degree Pk — (—1)“ of 1, this implies that

(Pk _ (_1)1@()1\/
P—(-1)¢

| Ker C,| = = |Im A,|. [ |

Let I be a non-empty subset of Iy = {1,...,n} and let 0 € S?. The discussion above about
a condition for (A, o) to have a non-empty fixed point set in (C*)™ gives the following analogue

for (C*)!: the fixed point set ((C*)I) (A0))

in I, the cycle products of A are equal to 1. In this case, the dimension of ((CI )

is non-empty if and only if, for all cycles of o contained

() is equal to

the dimension of ((CI )<U> and is equal to the number of cycles contained in 1.

Let the subset I be such that the number of monomials of the polynomial f is equal to |I|.
Let I = I\ I and |I| = k. By renumbering the coordinates, we can assume without loss of
generality that I = {1,...,k}. Then the matrix F = (FE;;) is of the form

_(Br 0
be < * E1> ’
where E7 and E7 are square matrices of sizes k x k and (n — k) x (n — k) respectively, and Ey is
the matrix corresponding to f!. Since det E # 0, it follows that det EY # 0. Moreover, f! also

has an isolated critical point at the origin, see, e.g., [8, Proposition 5]. This implies that flis
an invertible polynomial.

Proposition 3.5. In the situation described above, the fired point set (((C*)I) (o)) s non-empty
if and only if A € Ker C, + ch.

Proof. Let f = ®w6A/<o) @D, c., fa be the decomposition of f into the Sebastiani-Thom sum of
polynomials f, of atomic type. One has Gy = @weA/(a> G@QEW .- The subset I is the disjoint
union of the subsets I,, where I, is the intersection of I with the set of the indices corresponding
to the coordinates in @, fo. Since, for wy # wo, the subsets I,, and I, are disjoint, one
has G@a€w1 t. C G;”Q. Therefore it is sufficient to prove the statement for f = @Z]\i 1 fiand o
sending f; to f;+1. If the polynomials f;, ¢ = 1,..., N, are of loop type, then I consists of all
the coordinates and the statement says that A has a non-empty fixed point set in the maximal
torus if and only if A € Ker Cy, i.e., A satisfies the cycle relation(s), and ch = {1}.
If

fi=aliwio + 5wz + -+ xﬁ%__llxi,m + i, i=1,...,N,
are of chain type, then I = I, = Hf\;l{(i,r),...,(i,m)} where 1 < r < m. An element

A = (\ij) € (C)™N belongs to Gy if and only if \;; is a root of degree p;---p,, of 1 and
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Nij = ()\@1)(_1)3‘711’1”'7’]’—1 for j =2,...,m. In particular, A; ; can be an arbitrary root of degree

pj - pm of 1. Since, for j > 7, A\;; = ()\Z;r)(_l)jirp””'pj—l, the cycle relation Ay jAg ;- Apj =1
21/ —1n;

Pre-Pm

where Zfil n; = 0. Let X be the element of G defined by Xi,l = exp %. One has

~ ~—1
AeKerC, and AN € G?. This proves the statement. |

follows from the cycle relation A\j ;Ao - - - A, » = 1. In this case, one can write \; , = exp

As above, let I be a non-empty subset of Iy such that the number of monomials of the
polynomial f is equal to |I| and let ¢ = (), o), 0 € S’, be such that the fixed point set

((cHh) (o)) 4 non-empty.
Proposition 3.6. One has

| Ker Ay |

| Ker A, N Gﬂ ' (36)

X((VfI) <(A,0)>) _ (_1)dim(<cf)<">—1

Proof. The Euler characteristic under consideration is the Euler characteristic of the Milnor
fibre of the restriction of the function f to ((CI)«A’U». Let f = @weA/@ Docw fo be the
decomposition of f into atomic polynomials and let I, be the set of indices of the variables

in fo. The fixed point set ((‘CI)«A’U)> is the direct sum of the spaces (D,c, (CI"‘)«A’U)> over

all w such that IN (]_[ 1, ) is non-empty. The restriction of f to ((CI )“A’U)) is the Sebastiani—

aEw T
(Cla)«A’U». Therefore its Milnor fibre is homotopy

Clo) ()

Thom sum of its restrictions to (@D,c,

equivalent to the join of the Milnor fibres of the restrictions of f to (@aew
Euler characteristic is equal up to sign to the product of the corresponding Euler characteristics
for @Bc., Cle. The groups whose orders are in the numerator and in the denominator of (3.6)
are direct products of the corresponding groups for I N (]_[ 1, ) Therefore it is sufficient to

aEw T
prove (3.6) for the polynomial @, fo with w € A/(o). Thus, as in Proposition 3.5, we may

and its

acw
assume that f = @f\i 1 fi (fi are atomic) and o sends f; to fi+1. Again we have to distinguish
between two cases.
1) Let
fi= xﬁllxm + x%:ﬁi,g o2+ 2l i=1,...,N,

i,m—1 i,m?

be of chain type. The permutation o sends the variable x; ; to the variable x;11 ;. The subset I
(invariant with respect to o) is of the form

N
[T{G.r), Gr+ 1), (5,m)}
=1

with 1 <r < m. The fixed point set (((C*)I)«A’U)) consists of points of the form
@1&7 3132% ces A 'Am—lg7 Q)a

where \; € G, (see the notations in the proof of Proposition 3.5),
Y= rs-sYm) = (INyy - s TNm)-

Therefore the restriction of f to this set is equal to
N (YPr g1 + U0 Yrga + -+ Yo Ym + Y57,

The Euler characteristic of the intersection of its Milnor fibre with the corresponding torus is
equal up to sign (not depending on \) to the determinant of the matrix of exponents (see, e.g.,
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[18, Theorem 7.1]), which in our case is equal to p,---py,. The group Ker A, consists of the
elements of the form (A, A;,...,A), Ay € Gy,, and its order |Ker A;| is equal to pi-- - pm.
The group Ker A, N ch consists of the elements of the form (A, A,...,A;) with \; € G;?Il.
This means that A;; is an arbitrary root of degree pi---p,—1 of 1 and therefore the order
|KerAU N Gﬂ is equal to p1---pr_1.
2) Let
fi = xf’llxi,Z + .f6f’22$i,3 4+ o4+ xf;,l@__llxi,m =+ xi:r,;zx@l? 1= 1, - ,N,

be of loop type, m = kf, p; = pi;¢, the permutation o sends the variable x; ; to the variable
xit1,; for 1 <i < N —1 and sends the variable zx ; to the variable x1 j1s¢, ged(s, k) = 1, and
the set I consists of the indices of all the variables. (One can say that in this case I = Iy.) In
[6, Proposition 3|, it was shown that the element (A, o) € G xS (with non-empty fixed point set

((C*)NM)((A’U») is conjugate in Gy x S to the element (1,0) (in fact by an element of the form
(1, 1), p € Gy). This means that the fixed point set ((CI)«A’U)> is obtained from ((CI)<U> by the

translation by p. This translation preserves f. The fixed point set ((C*)N M)<U> consists of the
points z = (x;;) with @;; = 21 fori =1,...,N, j=1,...,kl and z1 ;¢ = x1; (the index j
is considered modulo kf). Therefore, as coordinates on ((C*)V M)@, one can take y; = 1 ; for
1 < j </ and the restriction of the polynomial f to this subspace is equal to

EN (47 yo + yh2ys + -+ yp 1 ve + v yn). (3.7)

As in 1), the Euler characteristic of the intersection of its Milnor fibre with the maximal torus is
equal up to sign (not depending on \) to P—(—1)¢ where P = p; - - - p;. We have | Ker A,| = P—
(—1)¢ and ch = {1} and therefore | Ker AgﬂGﬂ = 1. Note that, for £ = 1, the polynomial (3.7)
is equal to kNy!"y; (i.e., is of Fermat type) and the equation for the Euler characteristic holds
as well. This proves the statement up to sign. However the sign of the Euler characteristic of
the Milnor fibre is determined by the dimension. |

4 Symmetry for cyclic permutation groups

Let f be an invertible polynomial (in n variables) and let S C S, be a subgroup of the group of
permutations of the coordinates preserving f. Let G be an S-invariant subgroup of Gy, and let

the pair (]?, G x S) be the BHHT-dual to (f,G % S).
Theorem 4.1. If S is a cyclic group satisfying the condition PC, then

P (Vy, G X S) = (_1)"y°rb(vf,é x S). (4.1)

One has C" =[], (C*)! (Io ={1,...,n}) and therefore
vi= I V/
ICIy, [#2

(0 ¢ V¢). The group S acts on 2/0. One has the decomposition

C*\ {0} = 11 I,

Je(2o\{z})/s T

where the (disjoint) unions are over the orbits J of the S-action except the one of the empty
set and over the elements of the orbit. Therefore

=1 IO

Je(2lo\{2})/sICT
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For I C Iy, let S' be the isotropy subgroup of I for the action of S on 2%. It is easy to see
that

J 1. 1GxS 1,1
H Vi =Ind; 7o Vy
Jcg

for an element I of J. One has

X (IndG7 e, Vi, G x 8) = x (VF,G x ')

(see [10, Theorem 1]).

Recall that, for a subset I C Iy, f! denotes the restriction of f to C!. The polynomial f!
has not more than |I| monomials and it has |I| monomials if and only if f? has |7| monomials.
If f7 has less than |/| monomials, then

X (Vi,Gx 8" =o.
This follows from [6, Lemma 1], which says that, in this case, the equivariant Euler characteristic
yGxs?! (VfI) with values in the Burnside ring A(G x ST) is equal to zero, together with the facts
that x°™ (Vfl, G~ SI) is a reduction of XG”SI (VfI) and XGNSI (Vfl) is a reduction of XGfNSI (VfI)
Therefore, if f! has less than |I| monomials, then both x°™ (Vf’, G x SI) and y°P (V]{, G % SI)

are equal to zero.

One has
1 o), \ o'
UGS = S ()
(M), (M0 ) e(GxsTH2:
Ao) (Ao )=(A ;") (A,0)
1 1 1 {(00),(),0)
=i X @ )3 x((V7) )-
| | (o,0)e(81)2: | | AA)eG2:
oo!=c'c (A,J)(AT,L;):(A’,J/)(A,U)
Let
1 A\o),(N o
Xhal0:0) = 3 x (V) oy, (4.2)
(AN)eG2:
Q0o )= o) (A,0)
One has
1 1
X (pt, G x ST) = 57 > @\{(A,A’) €G®: (N o)(N,o') = (N, o)A o)}
(0,07)€(ST)?

Let

X?,G(Gv OJ) = _|é“{()\7)\/) € G*: (A, U)(Alval) = (A/,G,)(A, U)H

In these terms, one has

—Oor 1
X b(Vf,G X SI) = Z |S—I Z X%G(O', o), (4.3)
J=[I]e2’0 /s (o,a'>/e_(s,1>2:

where the first sum runs over all the S-orbits in 20 including the orbit of the empty set,
[I] denotes the orbit of the subset I.
Let ST be a cyclic group (2 Z,) and let s be a generator of S7.
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Proposition 4.2. Let 0 = s™, ¢/ = s™.

X?G(Sm*a 1).
Proof. For (),0) and (X,0’) from Gx S, let (v,0(c’)7!) := (A, 0)(X,0’) "}, where v = v(A, X).

Then (), o) commutes with (), o) if and only if (), o) commutes with (v, o0(¢’)~!). Moreover one
A =1
has (VfI)«AJ)v(A o)) _ (V}{)((A,U),(z,v(ff) )

For m* = ged(m,m/,q), one has X§7G(a, o) =

. Therefore the correspondence ((A,0), (X, 0")) +—
(A, 0), (v(A,X),0(c")71)) preserves the summands in (4.2) and therefore

Xf.c(0:0") = xpc(o,0(0") 7).

Then the Euclidian algorithm implies the statement. The arguments are valid for I = @ as
well. -

Now we shall compute XiG(a, 1) for I such that f! has |I| monomials. (This includes I = @.)

Proposition 4.3. In this case,

1,1 | Ker A, |
el = VG Rer d, 6]
x |G (ImA, +G})| - |G N (Ker A, N GY), (4.4)

where d. = dim ((CI)<U>.

Proof. First, let I be non-empty. The fixed point set of (\,o) in (C*)! is not empty if and
only if A € KerC\, + ch (Proposition 3.5). Thus the number of the elements A € G with a
non-empty fixed point set (((C"‘)I)«A’U)> is equal to ‘G N (Ker Cy+ fo)‘ = ‘G N (Im Ay + ch)‘
(see Proposition 3.4).

The fixed point set of (), 1) in (C*)! is empty for \' ¢ ch and is equal to (C*)! for ) € ch.
The element (\,1) € G x S commutes with (A, o) if and only if A,()\) = A1(\) = 1, i.e., if
N € Ker A,. Thus, for a fixed A € G with a non-empty fixed point set (((C*)I) <(A’U)>, the number
of elements (), 1) € G'x.S commuting with (), ¢) and having a non-empty fixed point set in (C*)?
(coinciding with (C*)!) is equal to |G ( Ker Agﬂch) |. In this case (Vfl) (@) A0) (Vfl) (o)
(since X € G}) and according to Proposition 3.6 one has

| Ker A, |

A\o),(\,1 I_
X((Vfl)«i ) ( )>) :(_1>d” 1’KerAgﬁ(;ﬂ'

This proves the statement for a non-empty I.
Let us show that equation (4.4) holds for I = @ as well. In this case fo = Gy and the right

hand side of (4.4) degenerates to —|GNKer A,| (since Ker A,NG% = Ker 4,, GN(Im AU+G§) =
G, GnN (Ker As N ch) = GNKerA,). For an arbitrary element A € G (their number being
equal to |G]), (A, o) commutes with (X', 1) if and only if A,()\) = A;(A) =1 (see Remark 3.3),
i.e., if ' € G NKer A,. Therefore

{AX) € G?: (\,0) and (X, 1) commute }| = |G| - |G N Ker A,|
and Xff,G(J, 1) =—|GNKerA,|. [

Proof of Theorem 4.1. From (4.3) together with Proposition 4.2, it follows that it is sufficient
to show that, for I such that f! has |I| monomials, one has

X?G(Ua 1) = (_1)an’c‘7@(o" 1), (4.5)
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o € 8. According to Proposition 3.6, the signs in all non-zero summands on the left hand side
and on the right hand side of (4.5) (see Definition (4.2)) are

(_1)dim(CI)<g>fl and (_1)n(_1)dim ((CT) <a>—1

I

respectively. The condition PC gives
dim ((C")«f> = dim (CI)<0> + dim ((CT) “) — 0 mod 2.

Therefore the signs on the left hand side and on the right hand side coincide and to prove the
statement it is sufficient to show that in this case

IXFalo, 1) = \x~~01)\
One has
I }ImAU—I—G |
‘Gﬂ(ImAJ—I—G)‘ ‘G—i—(ImA +G1)‘
'}KerAgﬂGf|

Iy| _
‘Gﬂ (KerAUﬂGf)‘ = ‘G—i— (Keerﬂch)"

Therefore Proposition 4.3 gives

‘ImA —i—G‘
’G+ ImA +GI)’~’G+ KerAUﬂGfl)"

Xfc(0.1)] = [Ker Aq| - |G

The subgroup of G 7 dual to ch is G; (see [5, Lemma 1]). The subgroups Ker A, and Im A,

of Gy are dual to the subgroups Im A} and Ker A}, of G 7 respectively. (The homomorphism
AL G ;o G 7 is in fact the corresponding homomorphism A, on this group. We keep the
notation A} to recall what it is acting on.) In particular, |Ker A,| = %. Therefore the
subgroups dual to Im A, + GL, G + (Im Ay, + ch), and G + (Ker A; N G}) are Ker A% N G?

GnN (Ker Al N G;), and G N (Im A+ G;), respectively. Hence one gets

|G| | Ker Ay|
|Gyl | Ker A% N G;{

‘X§7G(a, 1)‘ = . |C~¥ﬂ (KerA(’; N G;ﬂ . |C~¥ﬂ (ImA;; + G§)| (4.6)

G
One has |Ker A,| = |I|m£1| E

| Ker A%|. Therefore the right hand side of (4.6) coincides with ‘Xgé(o, 1)].
This proves Theorem 4.1. ’ |

Since the subgroup dual to Im A, is Ker A%, one gets | Ker A,| =

Remark 4.4. The result in [7, Theorem 4] is a particular case of Theorem 4.1.

Remark 4.5. One can show that
X (Vy, G % S) = —x(C", VG % S),

where x°™ ((C”, Vi;Gx S ) is the orbifold Euler characteristic of the pair (C", V) (which is equal
to X (C"/Vy, G x S)). Therefore equation (4.1) is equivalent to

X (C Vi G 3 S) = (=1)"xP(C™, Vi G % S).
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5 Examples

Theorem 4.1 gives the orbifold Euler characteristics of the Milnor fibres of pairs BHHT-dual to
a number of examples from [17, Table 2] which are not present in the table. For instance, in
Examples 33 and 34 from [17] one has the pairs (f,G x S), where

f=alws + 321 + 2fza +ajzs + 23, G =(3(1,2,0,0,0),1(0,0,1,2,0),J),

S = ((13)(24)) in Example 33 and S = ((12)(34)) in Example 34. Here 1 (ay,...,as) means
the operator diag (exp %, ..., €xXp %) and J = %(1, 1,1,1,1) is the exponential grading
operator. For the BHHT-dual pairs (f, G x S) one has fv: f and G = <%(1, 1,4,4,0), J>. The
data from [17, Table 2] (compiled with the use of a computer) together with Theorem 4.1 give
that in the cases dual to Examples 33 and 34 the orbifold Euler characteristics of the Milnor
fibres are equal to 8 and —16, respectively.

In the same way, one gets the following table of orbifold Euler characteristics of the Milnor
fibres of the BHHT-dual pairs for some other examples. Here the first line indicates the number
of the example from [17, Table 2] and the second one gives the orbifold Euler characteristic for
the dual pair. (Let us recall that in all these cases the dual pairs are not present in [17, Table 2].)

36 45 46 48 50 53 60 65 68 69 71 2 Tr V9 81 87
§ 40 -—-16 16 8 16 —-16 &8 112 112 112 88 112 88 88 40
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