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Figure 8. Diagram for Case (2) in proof of Theorem 8.8 showing: Twin root α = (α+, α−) determined

by adjacent chambers C+ and C1. Also showing pair of rays (r+, r−) contained in α, where r+ =
[
y+, e

1
+

)

and r− =
[
z−, e1−

)
. The path of edges (C1, C2, . . . , Cm−1, Cm) forms the interval [x+, y+] which contains

the sequence of adjacent vertices (x+ = x0, x1, . . . , xm−1, xm = y+) so Ci = [xi−1, xi] for 1 ≤ i ≤ m. The

path of edges (g · C1, g · C2, . . . , g · Cm−1, g · Cm) forming the interval [g(x+), g(y+) = y+] is also shown.

in Ui can be written as u =
r∏
j=1

exp(adeαj ), so for any h ∈ h we have

u(h) = h−
r∑

j=1

αj(h)eαj ∈ h⊕
r⊕

j=1

gαj .

�

Lemma 8.10. We have Bi,K = TW even = BK is independent of i = 1, 2.

Proof. By Theorem 8.8 we have Bi = TW evenUi. It is clear that TW even ⊂ K. For i = 1, 2, set
(Ui)K = Ui∩K = {u ∈ Ui |ω(u) = u} where ω denotes the Cartan involution. Since ω(gα) = g−α

for any α ∈ Φ, we get ω ◦ Uα ◦ ω−1 = U−α from Lemma 2.9. Suppose 1 6= u =
r∏
j=1

exp(adeαj ) ∈

(Ui)K for αj ∈ Φi, 1 ≤ j ≤ r, where eαj ∈ gαj . Then u = ω(u) =
r∏
j=1

exp(ade−αj ) for some

basis vector e−αj ∈ g−αj . Let h ∈ h be an element such that αj(h) 6= 0 for 1 ≤ j ≤ r.

From Lemma 8.9, we get u(h) = h−
r∑
j=1

αj(h)eαj . Using the formula above for ω(u) we similarly

calculate ω(u)(h) = h+
r∑
j=1

αj(h)e−αj , but then u(h) = ω(u)(h) gives the non-trivial dependence

relation −
r∑
j=1

αj(h)eαj =
r∑
j=1

αj(h)e−αj among the independent basis vectors from the root

spaces ⊕rj=1gαj and ⊕rj=1g−αj . This contradiction proves that u = 1 so (Ui)K = {1}. �

Corollary 8.11. The maps Ch± : K/BK → Cham(B±∞) given by Ch±(kBK) = k(e±i,∞) are
bijective for either choice of i = 1, 2 and either choice of ±.

Proof. For each choice of ±, K acts transitively on Cham(B±∞), which is the K orbit of e±i,∞,
with stabilizer Bi ∩K = BK , so the orbit-stabilizer theorem gives the result. �

Lemma 8.12. For Ξ∞ = Ξ+
∞∪Ξ−∞ the twin halo of g, each element the set {x±i | 1 = 1, 2} ⊂ Ξ±∞

is fixed by BK , which is the pointwise stabilizer in K of that set.

Proof. The action of the even Weyl group W even fixes the four rays of ∂Lt, so its induced
action on {x±i | 1 = 1, 2} is trivial. The same is true of the adjoint action of T = exp(t)


