
34 L. Carbone, A.J. Feingold and W. Freyn

u u u u u u u u u u u
u u u u u u u u u u uv+

1/2

v−1/2

v+
3/2

v−−1/2

v+
5/2

v−−3/2

v+
7/2

v−−5/2

v+
9/2

v−−7/2

v+
11/2

v−−9/2

v+
−1/2

v−3/2

v+
−3/2

v−5/2

v+
−5/2

v−7/2

v+
−7/2

v−9/2

v+
−9/2

v−11/2

A−

A+

Figure 4. Twin apartment
(
A+, A−) in twin tree

(
B+,B−

)
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results should be compared to those of Carbone and Garland [7], where they obtain a spherical
building at infinity, a BN -pair and Bruhat decomposition for complete rank 2 Kac–Moody
groups over finite fields.

A ray in a tree is a sequence of incident vertices and edges (v1, e1, v2, e2, . . . ) with an initial
vertex, v1, infinite in only one direction. Two rays are called equivalent if their intersection is
a ray. An equivalence class of rays is called an end of the tree, and we denote the end of a ray Xray

by [Xray]. A line in a tree is a sequence of incident vertices and edges infinite in both directions,
so it can be expressed as the union of two rays having a finite nonempty intersection, which can
always be taken to be exactly one vertex. So each line has two ends, the classes of those two
rays. For each apartment, X = Xray1∪Xray2 in B± there is an apartment [X] = [Xray1]∪ [Xray2]
in B±∞ whose two chambers [Xray1] and [Xray2] uniquely determine the line X as follows.

Without loss of generality, we may assume that Xray1 ∩Xray2 = {X0} is exactly one vertex.
Suppose another apartment Y = Yray1∪Yray2 with Yray1∩Yray2 = {Y0} also exactly one vertex, has
[Xray1] = [Yray1] and [Xray2] = [Yray2], so the intersections I1 = Xray1∩Yray1 and I2 = Xray2∩Yray2

are both rays. The intersection I1 ∩ I2 ⊆ Xray1 ∩Xray2 is either one vertex {X0} or empty, and
I1 ∩ I2 ⊆ Yray1 ∩ Yray2 is either one vertex {Y0} or empty. So if I1 ∩ I2 is non-empty, then it is
one vertex and that vertex is X0 = Y0, so X = Y . Assume now that I1 ∩ I2 is empty and write
I1 = (v1, e1, v2, e2, . . . ) and I2 = (w1, f1, w2, f2, . . . ) so v1 is a vertex in Xray1 ∩ Yray1 and w1

is a vertex in Xray2 ∩ Yray2 but the connected path in X from v1 to w1 goes through X0 while
the connected path in Y from v1 to w1 goes through Y0. If those two paths were distinct, there
would be a loop in the tree, so they must be identical, giving X = Y .

Roughly speaking, a spherical building at infinity of a tree B± consists of a ‘sufficiently large’
set of ends. The minimal spherical building at infinity may be constructed as follows. For each
sign ± let A± be the fundamental apartment of B± with fundamental chamber C±, and let
A± =

{
g ·A± | g ∈ G

}
be the set of all G-translates of A±. Then A± is the minimal apartment

system of B± containing A±. (See [1, Section 4.5] for a discussion of complete apartment systems,
and Section 11.8.4 for a discussion of incomplete apartment systems.) A chamber in B±∞ is an
end of an apartment in A±, and Cham±∞ denotes the set of all chambers of B±∞. Of course, this
building is highly degenerate. As a simplicial complex it consists of only 0-simplices, and its
apartments are the subsets of two distinct points corresponding to the two ends of an apartment
in A±. So in this rank 2 case, each apartment is the Coxeter complex consisting of those two
points with order 2 Coxeter group W∞ = W/W even ∼= {±1} ∼= Z/2Z. Since W even acts as
translations in each apartment of B±, it stabilizes the ends, while W odd switches them.

We need to define the distance δ±∞ and codistance δ∗∞. Any two distinct chambers c± =[
X±ray1

]
and d± =

[
X±ray2

]
in Cham±∞ come from a unique line X± = X±ray1∪X±ray2 in B± written

as a union of two rays whose intersection is a vertex X±0 . Let C±1 ∈ X±ray1 and C±2 ∈ X±ray2


