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H = Bi ∩ N � N , W∞ = N/H = 〈S〉 for i = 1, 2. Since wi ∈ N and wiBiw
−1
i = B3−i

and G = 〈B1, B2〉, we have G = 〈Bi, N〉. We also have H = TW evenUi ∩ TW = TW even so
N/H = (TW )/(TW even) = W∞. Condition T3 requires that the nontrivial element in W∞,
represented by either w1 or w2, satisfies wiBjw

−1
i 6⊆ Bj , and that is true since B3−j 6⊆ Bj .

However, condition T2 requires that for i, j, k ∈ {1, 2} we have wiBkwj ⊆ BkwiwjBk ∪BkwjBk,
so in particular, T2 requires that B2 = w1B1w1 ⊆ B1∪B1w1B1. If this were true it would mean
that U2 = w1U1w1 ⊆ U1 ∪ U1w1U1 which would imply U1 ⊆ U2 ∪ w1U1U2. Since U1 ∩ U2 = 1,
this would require U1 ⊆ w1U1U2 and then w1U1 ⊆ U1U2 so w1 ∈ U1U2. Certainly we know
from the usual formula that w1 ∈ U1U2U1, but there is no expression for w1 in U1U2. The only
case of concern in TW2 is when s = w1 = w, so that `(sw) = `(1) = 0 < `(w1) = 1, and the
requirement is that B1w1B1w1B2 = B1B2, which is true since w1B1w1 = B2. Concerning TW3,
since we know w1B1 = B2w1 we get that B2w1∩B1 = w1B1∩B1 is the empty set since w1 /∈ B1

so these are distinct left cosets of B1.

We thank Peter Abramenko for his exposition of the following results of Ronan-Tits about
twin trees, and how they can be applied to achieve our goal in this section.

We now discuss real roots and real root groups from the point of view of twin buildings.
Let (B+,B−, d∗) be a twin building with codistance d∗, and fix a fundamental twin apartment
A0 = (A+

0 , A
−
0 ). A root α± of B± is a half-apartment of A±0 , and Φ± is the set of all roots

of A±0 . For each choice of a root α±, denote by −α± the other half-apartment such that
−α ∪ α = A±0 and −α ∩ α is exactly one panel. The use of superscript ± to distinguish roots
(half-apartments) in the two buildings is therefore not always consistent with the choice of a
factor of ±1 according to choice of building. From the Lie algebra point of view, there is just
one set of roots, Φ, but the action of a root group Uα for α ∈ Φ depends on the building B±. For
the twin tree B = (B+,B−, δ∗) we are studying in this section, if α = ±Φ2(k), the corresponding
half-apartment in B± would be L±ray(k) which is fixed by the real root group Uα according to
Proposition 7.1, and −α = ±Φ1(k+1) corresponds to the half-apartment R±ray(k+1) in B± which

is fixed by the real root group U−α. We have L±ray(k) ∪ R±ray(k + 1) = A±0 , and the intersection

L±ray(k) ∩R±ray(k + 1) is the single vertex v±
k+ 1

2

= C±(k) ∩ C±(k + 1).
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Figure 6. Twin apartment (A+, A−) in twin tree (B+,B−) with chambers C+ op C− and ver-

tices x+ op x− and y+ op y−.

As shown in Fig. 6, where C± = (x±, y±) and C+ op C− with d∗(x+, x−) = 0 = d∗(y+, y−),
so d∗(x+, y−) = 1 = d∗(x−, y+). Then there is a vertex z− adjacent to x− with d∗(y+, z−) = 2
and continuing along a ray in that direction the co-distance function d∗(y+, ·) is increasing.
There is also a vertex z+ adjacent to y+ with d∗(x−, z+) = 2 and continuing in a ray in that
direction the co-distance function d∗(x−, ·) is increasing. For any pair of opposite chambers,
C+ op C−, there exists a twin apartment (A+, A−) with C± ∈ A±.

Let V ± = V ±(T ±) be the set of vertices of the tree T ± = B±. Let x ∈ V + and y ∈ V − with
d∗(x, y) = n > 0, so we get rays

r+ of adjacent vertices (x = x0, x1, x2, x3, . . . ) with end e+ and

r− of adjacent vertices (y = y0, y1, y2, y3, . . . ) with end e−


