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1 Convergence theory of Riemannian manifolds

Let
(
Mn
i , gi

)
be a sequence of n-dimensional complete Riemannian manifolds with the pointed

Gromov–Hausdorff (pGH) convergence:

(Mn
i , dgi , xi)

pGH−→ (X, d, x) (1.1)

to some pointed proper metric space (X, d, x), where a metric space is said to be proper if any
bounded closed subset is compact. Then the convergence theory of Riemannian manifolds states
that under suitable curvature restriction:

(?) Establish regularity results on (X, d).

(??) Find relationships between Mn
i and X.

It is worth pointing out that Gromov’s cerebrated precompactness theorem states that a se-
quence of pointed proper metric spaces (Xi, di, xi) has a pGH-convergent subsequence if and only
if open balls BR(xi) are uniformly metric doubling for any fixed R > 0, that is, for any ε > 0
there exists k ∈ N such that for any i ∈ N there exists a collection of points yi,1, . . . , yi,k ∈ BR(xi)

such that BR(xi) ⊂
⋃k
j=1Bε(yi,j) holds.

In this short note we provide several conjectures related to the problem (?) under lower Ricci
curvature bounds. Before introducing them, let us start to discuss the case of sectional curvature
shortly in order to clarify the difference from the case of Ricci curvature.

Note that metric (metric measure, respectively) spaces with a lower bound of sectional (Ricci,
respectively) curvature we will discuss below satisfy this uniform metric doubling property be-
cause of the Bishop–Gromov inequality. Thus such a sequence always has a pGH-convergent
subsequence, which shows us that the setting (1.1) appears naturally in the following settings.

This paper is a contribution to the Special Issue on Scalar and Ricci Curvature in honor of Misha Gromov
on his 75th Birthday. The full collection is available at https://www.emis.de/journals/SIGMA/Gromov.html
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2 Lower bound on sectional curvature

Let us consider (1.1) in the case when the sectional curvature of
(
Mn
i , gi

)
is bounded below by

a constant K ∈ R:

SecgiMn
i
≥ K. (2.1)

Then (X, d) is a k-dimensional Alexandrov space of curvature bounded below by K for some
k ∈ [0, n] ∩ N, which is a direct consequence of the stability of Alexandrov spaces with respect
to the pGH convergence proved in [13]. In particular nice geometric properties of (X, d) are
carried from Alexandrov geometry which gives the best framework on the synthetic treatment
of lower bounds on sectional curvature for metric spaces. For example any point p of X has
a neighbourhood Up of p which is homeomorphic to the tangent cone at p, which is proved in
[13, 46] (see also [36]). This gives a geometric answer to the problem (?). The fibration theorem
proved in [52] also gives a geometric answer to the problem (??).

3 Lower bound on Ricci curvature

Next let us consider (1.1) in the case:

RicgiMn
i
≥ K(n− 1). (3.1)

It is trivial that (2.1) implies (3.1). After passing to a subsequence by [15, 24], with no loss of
generality we can assume that the pointed measured Gromov–Hausdorff (pmGH) convergence
holds:(

Mn
i , dgi , xi,

volgi
volgiB1(xi)

)
pmGH−→ (X, d, x,m) (3.2)

for some Borel measure m on X. Then (X, d,m) is so-called a Ricci limit space.

The structure theory of Ricci limit spaces is established in [15, 16, 17]. For example, the
Laplacian ∆ on (X, d,m) is well-defined via the rectifiablity as a metric measure space. Moreover
it is proved in [17] that the spectrums behave continuously with respect to the convergence (3.2)
if (X, d) is compact, which confirms a conjecture raised in [24]. This gives an analytic answer
to the problem (??).

On the geometric side, in general, a similar fibration result as in [52] is not satisfied in this
setting. A counterexample can be found in [10]. However we know that if (X, d) is compact
with no singular set, and (3.2) is non-collapsed (as explained below), then X is homeomorphic
to Mn

i for any sufficiently large i, which is proved in [15]. This gives a geometric answer to the
problem (??).

Let us consider the problem (?). It is proved in [15] that the same geometric property
as in the previous section also holds for regular points if the sequence (3.2) is non-collapsed
whose definition is to satisfy m = aHn for some a ∈ (0,∞), where Hn is the n-dimensional
Hausdorff measure. That is, if m = aHn, then any n-dimensional regular point p of X has
a neighbourhood Up of p which is homeomorphic to Rn.1 This gives a geometric answer to the
problem (?). See also [18] for a recent development along this direction.

1We say that a point p is n-dimensional regular if any tangent cone at p is isometric to
(
Rn, dRn , 0n

)
. In

general tangent cones at a point are not unique even in the non-collapsed setting. More strongly, there exists a
5-dimensional non-collapsed Ricci limit space with a base point p such that there exist two tangent cones at p
which are not homeomorphic to each other. See [20]. Thus it is hard to find nice topological results around
singular points, which is very different from the case of sectional curvature (2.1). See also [42].
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However if the sequence (3.2) is collapsed, then such a nice geometric property is unknown.
Although one of the central topics in this story is to develop the local structure theory in general
situation, it is still very hard.

In connection with these observations, it is also interesting to ask:

(♠) When can we find other non-collapsed sequence of k-dimensional complete Riemannian
manifolds

(
M̂k
i , ĝi

)
with Ricci curvature bounded below by a constant such that(

M̂k
i , dĝi , x̂i,

volĝi
volĝiB1(x̂i)

)
pmGH−→ (X, d, x,m) (3.3)

holds as a non-collapsed sequence (even if the sequence (3.2) is collapsed)?

In general this question (♠) has a negative answer. A counterexample can be found in [15] as
a “metric horn” which will be discussed later. See also [32, 41, 43] for other examples along this
direction. Let us emphasize that if (3.3) holds (as a non-collapsed sequence), then m = bHk
holds for some b ∈ (0,∞).

We are now in a position to provide the first conjecture:

Conjecture 3.1. If m = bHk holds for some b, k ∈ (0,∞), then
(
X, d,Hk

)
is a non-collapsed

RCD(K(n− 1), k) space.

The synthetic condition of lower bounds on Ricci curvature for metric measure spaces,
RCD(K,N) condition, is explained in the next section.

Let us compare Conjecture 3.1 with the following conjecture raised in [15]:

Conjecture 3.2 (Cheeger–Colding). It holds that there exists m ∈ [k, n] ∩ N such that for all
y ∈ X,

Hk(Br(y))

Volm(r)
↓ (r ↑ ∞)

holds, where k = dimH(X, d) is the Hausdorff dimension of (X, d) and Volm(r) denotes the
volume of a ball of radius r in the m-dimensional space form whose sectional curvature is equal
to −1.

In connection with Conjecture 3.2, it is natural to ask:

(♥) Is
(
X, d,Hk

)
an RCD(K1, N1) space for some K1 ∈ R and some N1 ∈ [1,∞]? Here

k = dimH(X, d).

Because if this question (♥) has a positive answer for some suitable K1, N1, then Conjecture 3.2
holds by the Bishop–Gromov inequality in the RCD theory (note that then it is necessary to
satisfy N1 ≥ k). However this question (♥) has a negative answer for a metric horn. See the
next section.

4 Synthetic treatment of lower bound on Ricci curvature

A triple (X, d,m) is said to be a metric measure space if (X, d) is a complete separable met-
ric space and m is a Borel measure on X with full support. The pioneer papers [40, 49, 50]
define CD(K,N) conditions for metric measure spaces from the point of view of optimal trans-
portation theory (see also [51]). Roughly speaking, a metric measure space (X, d,m) is said to
be a CD(K,N) space if the Ricci curvature is bounded below by K ∈ R, and the dimension is
bounded above by N ∈ [1,∞]. After that, adding Riemannian structure to CD(K,N) spaces, the
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definition of RCD(K,N) spaces is introduced in [4, 23, 25]. Let us give an equivalent definition
of RCD(K,N) spaces under assuming a bit of knowledges on the Sobolev space H1,2(X, d,m).

A metic measure space (X, d,m) is an RCD(K,N) space for some K ∈ R and some N ∈ [1,∞]
if the following four conditions hold:

• (Volume growth condition) There exist C > 1 and x ∈ X such that m(Br(y)) ≤ CeCd(x,y)2

holds for any y ∈ X and any r > 0.

• (Riemannian structure) The Sobolev space H1,2 = H1,2(X, d,m) is a Hilbert space. In
particular for all fi ∈ H1,2 (i = 1, 2),

〈∇f1,∇f2〉 := lim
t→0

|∇(f1 + tf2)|2 − |∇f1|2

2t
∈ L1(X,m)

is well-defined, where |∇fi| denotes the minimal relaxed slope of fi.

• (Sobolev-to-Lipschitz property) Any function f ∈ H1,2 satisfying |∇f |(y) ≤ 1 for m-a.e.
y ∈ X has 1-Lipschitz representative.

• (Bochner inequality) For any f ∈ D(∆) with ∆f ∈ H1,2,

1

2
∆|∇f |2 ≥ (∆f)2

N
+ 〈∇∆f,∇f〉+K|∇f |2

holds in the weak sense, that is,

1

2

∫
X

∆φ|∇f |2 dm ≥
∫
X
φ

(
(∆f)2

N
+ 〈∇∆f,∇f〉+K|∇f |2

)
dm

for any φ ∈ D(∆) ∩ L∞(X,m) with ∆φ ∈ L∞(X,m) and φ ≥ 0, where

D(∆) :=

{
f ∈ H1,2; ∃h =: ∆f ∈ L2,

s.t.

∫
X
〈∇f,∇ψ〉 dm = −

∫
X
hψ dm, ∀ψ ∈ H1,2

}
.

See also [1, 3, 9, 14]. It is worth pointing out that any Ricci limit space as obtained by (3.2)
is an RCD(K(n− 1), n) space by the stability of RCD(K,N) spaces with respect to the pmGH
convergence proved in [28], and that any n-dimensional Alexandrov space of curvature bounded
below by K with Hn is also an RCD(K(n− 1), n) space, which is proved in [47, 53].

From now on we fix K ∈ R and a finite N < ∞. Thanks to recent quick developments on
the study of RCD(K,N) spaces, most of the well-known properties on Ricci limit spaces can
be covered by the RCD theory. For example, it is proved in [12] that the essential dimension,
denoted by dim(X, d,m),2 whose definition is the unique k such that the k-dimensional regular
set has positive m-measure, is well-defined. This gives a generalization of a result proved in [19]
to RCD(K,N) spaces. See also [39].

On the other hand, a special class of RCD(K,N) spaces, so-called non-collapsed RCD(K,N)
spaces, is proposed in [21] as the synthetic counterpart of non-collapsed Ricci limit spaces. An
RCD(K,N) space is said to be non-collapsed if m = HN holds. Let us emphasize that it is
essential that the upper bound N of dimension (as RCD spaces) coincides with the dimension N
of the Hausdorff measure HN in the definition of the non-collapsed condition.3 Then non-
collapsed RCD(K,N) spaces have nicer properties, including that for non-collapsed Ricci limit

2We know that dimH(X, d) ≥ dim(X, d,m) holds. See the final section. It is also conjectured that dimH(X, d) =
dim(X, d,m) holds. See also [45].

3In general, the optimal dimension dimopt(X, d,m) of (X, d,m) as RCD spaces, defined by the infimum of N̂
such that (X, d,m) is an RCD

(
K̂, N̂

)
space for some K̂, is not equal to dimH(X, d). It follows from a result proved

in [21] that [dimopt(X, d,m)] ≥ dimH(X, d) holds, where [a] denotes the integer part of a ∈ R. See also [35].
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spaces, rather than general RCD(K,N) spaces. For instance, any N -dimensional regular point p
has a neighbourhood Up of p which is homeomorphic to RN (see also [37]).

Let us mention that dim(X, d,m) is equal to N if (X, d,m) is a non-collapsed RCD(K,N)
space. It is conjectured in [21] that the converse implication is also true up to multiplication by
a positive constant to the measure, that is:

Conjecture 4.1 (De Philippis–Gigli). If an RCD(K,N) space (X, d,m) satisfies dim(X, d,m) =
N , then m = aHN holds for some a ∈ (0,∞).

This conjecture is true if (X, d) is compact, which is proved in [34]. Note that since the
RCD(K,N) condition is unchanged under multiplication by a positive constant to the measure,
if
(
X, d, aHN

)
is an RCD(K,N) space, then

(
X, d,HN

)
is a non-collapsed RCD(K,N) space.

Conjecture 3.1 can be formulated in the RCD setting as follows:

Conjecture 4.2. If an RCD(K,N) space (X, d,m) satisfies

m = bHk (4.1)

for some b, k ∈ (0,∞), then
(
X, d,Hk

)
is a non-collapsed RCD(K, k) space.

Note that the implication from Conjectures 4.2 to 3.1 is trivial by letting n = N . Combining
a result proved in [12] with Conjectures 4.1 and 4.2, we also propose:

Conjecture 4.3. Let (X, d,m) be an RCD(K,N) space. Then the following two conditions (a)
and (b) are equivalent:

(a) For all f ∈ D(∆),

∆f(x) = tr(Hessf )(x) (4.2)

holds for m-a.e. x ∈ X, where the Hessian, Hessf , of f is defined in [26] as a (0, 2)-type L2

tensor.

(b) (4.1) holds for some b, k ∈ (0,∞).

One implication, from (a) to (b), is equivalent to Conjecture 4.1. Let us check this fact.

Assume that Conjecture 4.1 is true. If (a) holds, then it follows from a result of [12], which con-
firms a conjecture raised in [21], that (X, d,m) is an RCD(K, k) space, where k = dim(X, d,m).
In particular, Conjecture 4.1 yields (b). Thus we have the implication from (a) to (b).

Next assume that the implication from (a) to (b) holds. If an RCD(K,N) space (X, d,m)
satisfies dim(X, d,m) = N , then a result proved in [31] shows that (a) holds. Thus we have (b),
which implies that Conjecture 4.1 is true because (4.1) implies k = dim(X, d,m) (see the final
section).

On the other hand, the other implication, from (b) to (a), follows from Conjecture 4.2. That
is, if (b) holds, then Conjecture 4.2 yields that

(
X, d,Hk

)
is a non-collapsed RCD(K, k) space.

In particular applying a result of [31] again implies (a).

It is worth pointing out that for a compact RCD(K,N) space
(
X, d,Hk

)
, it is proved in [34]

that
(
X, d,Hk

)
is a non-collapsed RCD(K, k) space if and only if

inf
x∈X,r∈(0,1)

Hk(Br(x))

rk
> 0 (4.3)

holds. Thus in the case when (X, d) is compact, the remaining issue for Conjecture 4.3 is only
to prove (4.3) under assuming (4.1).
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Finally let us go back to the question (♥) appeared in the previous section. It is constructed
in [15] that for any sufficiently small ε > 0 there exists a sequence of complete Riemannian
metrics gi on R8 with positive Ricci curvature such that(

R8, dgi , 0,
volgi

volgiB1(0)

)
pmGH−→

(
R≥0 × S4, dhε , p, νε

)
, hε = (dt)2 +

(
t1+ε

2

)2

gS4

holds for some Borel measure νε, where p is the cusp and gS4 is the standard Riemannian metric
on S4. This limit space is called a metric horn. Let us denote it by (Xε, dε, p,mε).

From now on we will check that for any K1 ∈ R,
(
Xε, dε,H5

)
is not an RCD(K1,∞) space

(in particular,
(
Xε, dε,H5

)
cannot be an RCD(K1, N1) space for any N1 ≥ 5). Before proving

it, let us remark by definition of hε that we have

lim
r→0+

H5(Br(p))

r5
= 0. (4.4)

Assume that
(
Xε, dε,H5

)
is an RCD(K1,∞) space for some K1 ∈ R. Note that it is easy to

see that an open set BR(p) \ Br(p) for all r,R ∈ (0,∞) with r < R is isometric as Riemannian
manifolds to an open subset of a closed Riemannian manifold (by gluing “two caps” along the
boundary). In particular the localities of the minimal relaxed slope, of the Laplacian and of the
Hessian (see [26]) yield∫

Xε

〈∇f,∇φ〉dH5 = −
∫
Xε

tr(Hessf )φ dH5, ∀ f ∈ D(∆), ∀φ ∈ C∞c (Xε \ {p}).

Thus we see that ∆f(x) = tr(Hessf )(x) for H5-a.e. x ∈ Xε. Then it follows from the Bochner
inequality involving the Hessian term proved in [26] that in the weak sense:

1

2
∆|∇f |2 ≥ |Hessf |2 + 〈∇∆f,∇f〉+K1|∇f |2

≥
(tr(Hessf ))2

5
+ 〈∇∆f,∇f〉+K1|∇f |2

=
(∆f)2

5
+ 〈∇∆f,∇f〉+K1|∇f |2

holds for any f ∈ D(∆) with ∆f ∈ H1,2. This shows that
(
Xε, dε,H5

)
is an RCD(K1, 5) space,

that is, it is non-collapsed. In particular the Bishop–Gromov inequality yields

lim inf
r→0+

H5(Br(p))

r5
> 0,

which contradicts (4.4).

5 Regularity on reference measure

Let (X, d,m) be an RCD(K,N) space with k = dim(X, d,m). We recall some structure results
on the reference measure m. Based on results obtained in [22, 29, 38, 44], it is proved in [8] that
the limit

φ(x) := lim
r→0+

m(Br(x))

ωkrk
(5.1)

exists in (0,∞) for m-a.e. x ∈ X (we denote by R∗k the set of all such points x ∈ X) and
coincides with the Radon-Nikodym derivative of the restriction of m to R∗k with respect to Hk,
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where ωk = Hk(B1(0k)). In particular we have dimH(X, d) ≥ k because Hk(R∗k) > 0 holds,
which comes from the finiteness of φ on R∗k with m(R∗k) > 0. Moreover if m = bHl holds for
some b, l ∈ R>0, then l = k holds because Hl and Hk are mutually absolutely continuous on R∗k.

Let f be a function defined on a Borel subset A of X. We say that f is differentiable for
m-a.e. x ∈ A if there exists a family of Borel subset {Ai}i∈N of A such that m(A \

⋃
iAi) = 0

holds and that f |Ai is Lipschitz for any i. See [2, 33]. Typical examples can be found in Sobolev
functions, that is, we see that any g ∈ H1,p(U, d,m) for some open subset U of X and some
p ∈ [1,∞) is differentiable for m-a.e. x ∈ U via the standard telescopic argument.4 Let us prove
this fact for reader’s convenience.

Fix x ∈ U and find R > 0 with B3R(x) ⊂ U . For any L > 1 let us define:

AL :=
{
y ∈ BR(x);

∣∣|∇g|pp∣∣Br(y) ≤ Lp, ∀ r ∈ (0, R]
}
,

where fA is the average of f over A ⊂ X and |∇g|p denotes the minimal (p-)weak upper gradient
of g (see [27] for the independence on p of |∇g|p). Note that m(BR(x) \AL)→ 0 holds as L ↑ ∞
by the maximal function theorem. Thus it is enough to check:

(♣) there exists a Borel subset ÂL of AL such that m
(
AL \ ÂL

)
= 0 holds and that g|ÂL is

Lipschitz.

The (1, p)-Poincaré inequality proved in [48] (for more general class, CD(K,∞) spaces), with
the volume doubling property which follows from the Bishop–Gromov inequality yields∣∣g − gBr(y)∣∣Br(y) ≤ C(K,N)Lr, ∀ y ∈ AL, ∀ r ∈ (0, R].

See also [30]. In particular for any i ∈ Z≥0, any r ∈ [0, R] and any y ∈ AL, we have∣∣gB
2−(i+1)r

(y) − gB2−ir(y)

∣∣ ≤ ∣∣g − gB2−ir(y)

∣∣
B

2−(i+1)r
(y)

≤ C(K,N,R)
∣∣g − gB2−ir(y)

∣∣
B2−ir(y)

≤ C(K,N,R)2−iLr.

Thus taking the sum with respect to i yields that any Lebesgue point y ∈ AL of g satisfies∣∣g(y)− gBr(y)
∣∣ ≤ C(K,N,R)Lr. (5.2)

Since it is easy to see |gBr(y) − gBr(z)| ≤ C(K,N,R)L for all y, z ∈ AL with d(y, z) ≤ r,
(5.2) shows

|g(y)− g(z)| ≤ C(K,N,R)Lr (5.3)

for all Lebesgue points y, z ∈ AL of g with d(y, z) ≤ r. In particular taking r = d(y, z) in (5.3)
completes the proof of (♣).

It is trivial from [26] that if f is differentiable for m-a.e. x ∈ A with m(X \A) = 0, then ∇f
is well-defined in L0(TX), that is, ∇f is a Borel measurable vector field on X.

We are now in a position to introduce the final conjecture (recall m(X \ R∗k) = 0, where
k = dim(X, d,m)):

Conjecture 5.1. The function φ defined by (5.1) is differentiable for m-a.e. x ∈ R∗k. Moreover
for all f ∈ D(∆),

∆f(x) = tr(Hessf )(x) + 〈∇ log φ,∇f〉(x)

holds for m-a.e. x ∈ X.

4The characteristic function χB1(0n) of B1(0n) in Rn is differentiable for Hn-a.e. x ∈ Rn, but for all p ∈ [1,∞)
it is not in H1,p.
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Let us remark that the implication from Conjecture 5.1 to (4.2) is trivial. A partial contri-
bution to Conjecture 5.1 can be found in [34].

The technique provided in [34] is useful for all conjectures above in the case when (X, d) is
compact. This is to apply a geometric flow defined by embedding maps in L2 via the global heat
kernel.5 Such embedding maps are introduced and studied first in [11] for closed Riemannian
manifolds. Recently in [7] this observation is generalized to RCD(K,N) spaces by using stability
results of Sobolev functions with repect to the pmGH convergence proved in [5, 6]. It seems to
the author that this technique, using a geometric flow, is useful for all conjectures proposed in
this paper even in the case when (X, d) is non-compact.
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