
18 Spectral sequences via indecomposable bicomplexes

We will consider the category of graded modules over A, which we denote by M(A), in what
follows. The automorphism T of A induces an autoequivalence T of M(A), defined by T :=
(T−1)∗. Clearly T (Pr〈i〉) = Pr+1〈i〉 holds for all r, i ∈ Z.

Given a module M = ⊕i,j∈ZM
i,j in M2, we place the homogeneous bigraded component of

M i,j at (i, j) in the corresponding node of the two-dimensional lattice Z2. For each r ∈ Z, we
collect togetherM i,js on the line of slope one (depicted as the dashed line in the picture below):

Mr :=
⊕

i−j=r

M i,j. (2.8)

Note that Mr is singly graded, with its homogeneous degree j part M j
r set to be M r+j,j.

Since ∂1 and ∂2 have bidegrees (1, 0) and (0, 1), respectively, they induce maps

D1 := ∂1 :M
j
r−→M j

r+1, D2 := (−1)r∂2 :M
j
r−→M j+1

r−1

These maps satisfy D2
1 = 0, D2

2 = 0 and D1D2 = D2D1. We put the vector space Mr at the rth
vertex of A and declare the rightward (resp. leftward) going arrows to be the induced map D1

(resp. D2). We have thus obtained a graded A-module by summing over the r-degrees M∞ :=
⊕r∈ZMr.

Schematically, we depict the correspondence as follows.

∂1

∂1

∂2

∂2

• •• •• ••

D1 D1

D2 D2

· · · · · ·

· · · · · ·

(2.9)

Furthermore, a morphism f :M−→N in M2 componentwise given by

f =
⊕

i,j∈Z

f i,j :
⊕

i,j∈Z

M i,j−→
⊕

i,j∈Z

N i,j,

satisfies ∂1f
i,j = f i+1,j∂1, ∂2f

i,j = f i,j+1∂2. One has the associated morphism of bigraded A-
modules, which is defined as

fr :=
⊕

i−j=r

f i,j :Mr−→Nr f∞ :=
⊕

r∈Z

fr.


