Symmetry, Integrability and Geometry: Methods and Applications SIGMA 16 (2020), 018, 17 pages

Finite-Dimensional Irreducible Modules
of the Racah Algebra at Characteristic Zero

Hau-Wen HUANG T and Sarah BOCKTING-CONRAD *

¥ Department of Mathematics, National Central University, Chung-Li 32001, Taiwan
E-mail: hauwenh@math.ncu.edu.tw

! Department of Mathematical Sciences, DePaul University, Chicago, Illinois, USA
E-mail: sarah.bockting@depaul.edu

Received November 12, 2019, in final form March 16, 2020; Published online March 24, 2020
https://doi.org/10.3842/SIGMA.2020.018

Abstract. Assume that F is an algebraically closed field with characteristic zero. The
Racah algebra R is the unital associative F-algebra defined by generators and relations in
the following way. The generators are A, B, C, D and the relations assert that [A, B] =
[B,C] = [C, A] = 2D and that each of [A, D|+AC—BA, [B, D|+BA—-CB, [C,D|+CB—-AC
is central in :. In this paper we discuss the finite-dimensional irreducible $-modules in detail
and classify them up to isomorphism. To do this, we apply an infinite-dimensional -module
and its universal property. We additionally give the necessary and sufficient conditions for
A, B, C to be diagonalizable on finite-dimensional irreducible ®-modules.

Key words: Racah algebra; quadratic algebra; irreducible modules; tridiagonal pairs; uni-
versal property
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1 Introduction

Throughout this paper, we adopt the following conventions. Let [F denote an algebraically closed
field and let charF denote the characteristic of F. Let Z denote the set of integers and let N
denote the set of nonnegative integers. The bracket [, | stands for the commutator.

In this paper we consider the Racah algebra R over F defined by generators and relations as
follows. The generators are A, B, C, D and the relations assert that

[A,B] = [B,C] = [C,A] = 2D
and that each of
[A, D]+ AC — BA, [B,D]+ BA—-CB, [C,D]+ CB— AC

is central in . The Racah algebra R is a universal analog of the original Racah algebras
which first appeared in [17]. In that paper, the original Racah algebras were used to establish
a link between representation theory and the quantum mechanical coupling of three angular
momenta. Since that time, the connections between the Racah algebras and many other areas
have been explored. We mention a few of them here. Their connections with the additive
double-affine Hecke algebra of type (Ci/ ,C’l), the Bannai-Ito algebra, and the Lie algebras
su(2), su(1, 1) were investigated in [6, 9, 10, 14]. Their realizations via the Racah polynomials,
the intermediate Casimir operators, and the superintegrable models in two dimensions were
presented in [5, 7, 8, 9, 11]. For information concerning the higher rank Racah algebras, see [3, 4].

We now mention an error in the literature on Racah algebras. In [2], the authors considered
the finite-dimensional irreducible modules of the original Racah algebras when charF = 0.
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In [2, Lemma 5.6], it was claimed that the defining generators can be diagonalized on any
finite-dimensional irreducible module of the Racah algebras. This result was then used in their
classification of finite-dimensional irreducible modules of the Racah algebras in [2, Section 6]. It
turns out that [2, Lemma 5.6] is conditional. We give the following example to help illustrate
the issue arising in [2].

Example 1.1. It is routine to verify that there exists a five-dimensional R-module V' that has
an [F-basis {Ui}?:() with respect to which the matrices representing A, B, C, D are i times

15 0 0 0 O 15 =36 0 O 0

4 3 0 0 O 0 3 -6 0 0

0 4 -1 0 0], 0 0o -1 -6 0 |,

0 0 4 3 O 0 0 0 3 -36

0 0 0 4 15 0 0 0 0 15

-9 36 0 0 O 18 =54 0 0 0

-4 15 6 0 O 6 —-15 -3 0 0

0 —4 23 6 0|, 0 2 0o 3 0 1,
0 0 -4 15 36 0 0 -2 15 b4

o 0 0 -4 -9 0 0 0 -6 -18

respectively. It follows that
[A, D]+ AC — BA=[B,D]+ BA—-CB=[C,D]|+CB—-AC=0

on the -module V. For each of A, B, C, it is straightforward to verify that its minimal
polynomial on V is

Y o3 (o BY
z+7)le—7 z=—)-
Therefore none of A, B, C is diagonalizable on V. We now show that V is in fact irreducible.
Let W denote a nonzero R-submodule of V. We will show that W = V. Observe that the
15 3 _1

element B has exactly three eigenvalues on V, namely 2, 7, —7. A direct calculation yields
that the corresponding eigenspaces are each of dimension 1 and are spanned by

0, 3vg + vy, 2Tvg + 12v1 + 8wo, (1.1)

respectively. Since W is nonzero, at least one of %, %, —% is an eigenvalue of B on W. There-

fore W contains at least one of the elements listed in (1.1). Observe that the R-module V is
generated by vg. Thus, if vg € W then W = V. If 3vg +v; € W then

9
'U0:9<A—2D—4> (3U0+Ul)€W

and hence W = V. If 2Tvg + 12v1 4+ 8vy € W then

1 11
3vg +v1 = —1—8 <A + 2D — 4> (27U0 + 12v1 + 8’02) ew

and hence W = V. Therefore W = V. Since the R-module V is irreducible, we now have
a counterexample to [2, Lemma 5.6].
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In light of the above example, we see that the finite-dimensional irreducible ®-modules are
not yet completely classified. The goal of this paper is to provide such a classification. The
idea of our classification comes from [13]. We mention that a similar issue arises in the case of
the Bannai—Ito algebra B7J [12] which is addressed by the first author in [16]. The result [15,
Theorem 5.4] reveals that the Racah algebra R is isomorphic to an F-subalgebra of BJ. As an
application of [16] and this result, the lattices of R-submodules of finite-dimensional irreducible
$BJ-modules are classified in [14].

The outline of this paper is as follows. In Section 2 we state our classification of finite-
dimensional irreducible R-modules in Theorem 2.5. In Section 3 we display an infinite-dimensio-
nal R-module and describe its universal property. In Section 4 we give necessary and sufficient
conditions for the irreducibility of finite-dimensional $-modules. In Section 5 we study the
isomorphism classes of finite-dimensional irreducible f-modules. In Section 6 we give our proof
of Theorem 2.5.

2 Statement of results

In this section we more formally introduce the Racah algebra #& and state the main result of
the paper which gives a classification of the finite-dimensional irreducible modules of the Racah
algebra 3. This main result will be proved later in Section 6.

Definition 2.1 ([1, Definition 3.1]). The Racah algebra R is the unital associative F-algebra
defined by generators and relations in the following way. The generators are A, B, C', D. The
relations state that

[A,B] =[B,C]=1[C,A] =2D (2.1)
and that each of
[A, D]+ AC — BA, [B,D]+ BA - CB, [C,D]+ CB— AC

is central in R.

It follows from the above definition that the element A + B + C is also central in ®. For
notational convenience, we let

o =[A, D]+ AC — BA, (2.2)
B =[B,D]+BA—CB, (2.3)
v=[C,D]+CB — AC, (2.4)
§=A+B+C. (2.5)

Lemma 2.2.
(i) The Racah algebra R is generated by the elements A, B, C.
(1) The Racah algebra R is generated by the elements A, B, 0.

Proof. (i) By (2.1) the element D can be expressed in terms of A, B. Hence (i) follows from
Definition 2.1. (ii) By (2.5) the element C can be expressed in terms of A, B, . Hence (ii)

follows from (i). |
Lemma 2.3. The F-algebra R has a presentation given by generators A, B, «, 8, § and relations
A’B —2ABA+ BA%? —2AB — 2BA = 2A% — 246 + 20, (2.6)
AB? —2BAB + B?A — 2AB — 2BA = 2B* — 2B§ — 24, (2.7)

aA = Aa, BA = AB, 0A = Af,
aB = Ba, 8B = B, 0B = B9, ad = da, 86 =6p5.
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Proof. We know from Lemma 2.2(ii) that A, B, «, (3, § generate R. Observe that C =6—A—B
by (2.5) and D = %[A, B] by (2.1). The result can now be obtained by either using these two
facts to eliminate C, D from the presentation of R given in Definition 2.1 or by using D = %[A, B]
to eliminate D from the presentation of R given in [1, Proposition 3.4]. |

In the following proposition, we assert the existence of certain finite-dimensional f-modules
and describe the actions of the generators of 3 on these modules. A reader familiar with the
theory of tridiagonal pairs will immediately recognize the form of the matrices representing A
and B as precisely those given in Terwilliger’s 2001 seminal work on tridiagonal pairs [18,
Theorem 3.2].

Proposition 2.4. For any a,b,c € F and any d € N there exists a (d+1)-dimensional R-module
Ry(a,b,c) satisfying each of the following conditions:

(i) There exists an F-basis {v;}&, for Ra(a,b,c) with respect to which the matrices represen-
ting A and B are

0o 0 05 1 0
1 6 GT ¥2
1 69 ’ 03 ’
Pd
0 1 ed 0 92

respectively, where
0i=(a+3—i)(a+d—i+1), 0<i<d,
0 =(b+94—i)(b+4—-i+1), 0<i<d,
pi=ili—d—1)(a+b+c+%—i+2)(a+b—c+d—i+1), 1<i<d

(1i) The elements o, B, § act on Ry(a,b,c) as scalar multiplication by

(c=b)(c+b+1)(a—D)(a+2+1),
(@a—c)a+c+1)(b—2)(b+2+1),

2(d+1)+ala+1)+bb+1)+c(c+1),
respectively.

Proof. Using Lemma 2.3, this result can be verified through routine, though tedious, compu-
tations. |

In order to state our main result more succinctly, we will use the following conventions and
definitions. Let d € N and let P = P, denote the set of all (a,b,c) € F? that satisfy

a+b+c+1,fa+b+c,afb+c,a+bfc§Z{%fi’izl,Q,...,d}.
We define an action of the abelian group {+1}3 on P by

(a,b,0) VY = (—a —1,b,¢),  (a,b,¢) 0D = (a,—b—1,¢),
(CL, ba C)(Ll’_l) = (CL, ba —C— 1)
for all (a,b,c) € P. We let P/{£1}? denote the set of the {41}3-orbits of P. For (a,b,c) € P,

let [a, b, c] denote the {£1}3-orbit of P that contains (a,b,c). We are now ready to state the
classification of finite-dimensional irreducible f-modules.
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Theorem 2.5. Assume thatF is algebraically closed with charF = 0. Let d denote a nonnegative
integer. Let M denote the set of all isomorphism classes of irreducible R-modules that have
dimension d 4+ 1. Then there exists a bijection R: P/{£1}> — M given by

[a, b, c] — the isomorphism class of R4(a,b, c)
for all [a,b,c] € P/{£1}3.

We will give a proof of Theorem 2.5 in Section 6.

3 An infinite-dimensional R-module and its universal property

In this section we introduce an infinite-dimensional f-module and its universal property in order
to prove Theorem 2.5. For convenience the following conventions are used throughout the rest

of this paper. We let a, b, ¢, v denote any scalars in F. We define the following families of
parameters associated with a, b, ¢, v:

( )(a+%—i+1) for all i € Z,
= )(b—l—f—z%—l) for all ¢ € Z,
Dia—b+c—5+i)(a—b—c—45+i—1) forallieZ,
—D(a+b+c+y5—i+2)(a+b—c+5—i+1) for all i € Z,

z(z
=i
c (c=b)(c+b+1)(a—5§)(at5+1),
" =(a c)(a+c—|—1)(b—f)(b+ +1),
n=%%+1)+ala+1)+bb+1)+clc+1).

+ ¥
2
+ ¥
2
vV —
-V

o N N e e T
N o Ot W N
222220

Proposition 3.1. There exists an R-module M, (a,b,c) satisfying each of the following condi-
tions:

(i) There exists an F-basis {m;}3°, for M,(a,b,c) with respect to which the matrices repre-
senting A and B are

00 0 08 ©®1 0
1 6 01 ¢
1 6 05
0 - 0
respectively.

(ii) The elements o, B, 6 act on My,(a,b,c) as scalar multiplication by ¢, ¢*, n, respectively.

Proof. Using Lemma 2.3, this result can be verified through routine computations. |

Throughout the rest of this paper we will let {m;}3°, denote the F-basis for M, (a,b,c) from
Proposition 3.1(i). The following result is an immediate consequence of Proposition 3.1(i).

J
Lemma 3.2. mj 1 = [[ (A —0y)m; for any i,j € N with i < j.
h=i

Shortly we will describe the R-module M, (a,b,c) in an alternate way. To aid us in this
endeavor, we first recall a Poincaré—Birkhoff-Witt basis for R.
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Lemma 3.3 ([1, Theorem 5.1]). The elements
A'DI Bk qr s 8t foralli,j k,r,s,t €N
form an F-basis of R.
Let I, (a,b,c) denote the left ideal of & generated by the elements

B — 65, (3.8)
(B —07)(A—6o) — 1, (3.9)

We now consider certain cosets of ®/1,(a, b, c).
Lemma 3.4. For each n € N, each of the following holds:

(i) BA™ + I,(a,b,c) is an F-linear combination of A' + I,(a,b,c) for all0 < i < n,

(ii) DA™ + I,(a,b, c) is an F-linear combination of A* + I,(a,b,c) for all0 <i<n+1,
(iii) D™+ I,(a,b,c) is an F-linear combination of A* + I,(a,b,c) for all 0 <i < n.

Proof. (i) We proceed by induction on n. Since I,(a,b,c) contains the element (3.8), the
statement holds for n = 0. Since I, (a,b,c) contains both of the elements (3.8) and (3.9), the
statement holds for n = 1. Now suppose n > 2. Right multiplying each side of (2.6) by A2
yields that

A’BA" 2 —9ABA™ ' + BA™ —2ABA™ 2 —2BA™ ! = 24" — 241§ + 24" 2a.

Since I,,(a,b, c) contains each of the elements listed in (3.10), it follows that BA™ is congruent
to

2ABA™ ' 4+ 2ABA™ 2 — A2BA™ 2 4 2BA" L 424" — 2pA™TL 420 A2 (3.11)

modulo I,(a,b,c). By the inductive hypothesis, the element (3.11) is congruent to an F-linear
combination of A%, for all 0 < i < n, modulo I,(a,b,c). Therefore (i) follows.

(ii) Observe that DA™ = $(ABA"™ — BA™*!) by (2.1). In light of this fact, the result now
follows from Lemma 3.4(i).

(iii) We proceed by induction on n. The statement holds trivially for n = 0. Now suppose
that n > 1. By the inductive hypothesis, D™ = DD"~! is congruent to an F-linear combination
of

DAY, 0<i<n-—1, (3.12)

modulo I,,(a,b,c). By Lemma 3.4(ii) each of the elements listed in (3.12) is an F-linear combi-
nation of A¥, for all 0 < k < n, modulo I,(a,b,c). Therefore the result follows. |

Lemma 3.5. The F-vector space R/I,(a,b,c) is spanned by
A"+ I,(a,b,c) for all i € N.
Proof. By Lemma 3.3, the F-vector space ®/I,(a,b, ¢) is spanned by
A'DIB*a %8 + I,(a,b,¢)  for all i, j, k,r,s,t e N. (3.13)

Since I,(a,b,c) contains the elements listed in (3.8) and (3.10), each of the elements listed
in (3.13) can be expressed as an F-linear combination of

A'DI + I,(a,b,c) for all 7,7 € N.

The result now follows from these facts along with Lemma 3.4(iii). [
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We are now ready to give our second description of M, (a,b,c).

Theorem 3.6. There exists a unique R-module homomorphism
®: R/I,(a,b,c) = My(a,b,c)
that sends 1+ I,(a,b,c) to mg. Moreover, ® is an isomorphism.

Proof. Consider the R-module homomorphism ¥: ® — M,(a,b,c) that sends 1 to mg. By
Proposition 3.1(i), the elements (3.8) and (3.9) are in the kernel of ¥. By Proposition 3.1(ii),
the elements listed in (3.10) are also in the kernel of ¥. Hence I, (a, b, ¢) is contained in the kernel
of U. It follows that ¥ induces an f-module homomorphism ®: R/I,(a,b,c) — M,(a,b,c) that
maps 1+ I,(a,b,c) to my. Observe that ® is the unique R-module homomorphism with the
desired property since R/I,(a,b, c) is generated by 1+ I,,(a, b, c) as an R-module.
By Lemma 3.2 the homomorphism ® sends

i1

[1A-6n) + L(a,b,c) (3.14)

h=1

to m; for all i € N. Since {m;};°, are linearly independent, the cosets (3.14) are linearly
independent. Combining this with Lemma 3.5, we see that the cosets (3.14) are an [F-basis for
R/I1,(a,b,c). Therefore ® is an isomorphism. [ |

As a consequence of Theorem 3.6, the f-module M, (a, b, c) satisfies the following universal
property.

Proposition 3.7. If V is an R-module which has a vector v € V' satisfying

Bv = Gy,
(B —071)(A—bo)v = ¢1v,
av = (v, Bv = (v, ov = nu,
then there exists a unique R-module homomorphism M, (a,b,c) — V that sends my to v.

For the rest of the present paper, we will consider the case v = d. Define Ny(a, b, c) to be the
A-cyclic F-subspace of My(a,b,c) generated by the element mgy.

Lemma 3.8. Ny(a,b,c) is an R-submodule of My(a,b, c) with the F-basis {m;}2,. ;.
Proof. Recall from Lemma 3.2 that
(A — Hl)mz = Mj41 for all i > d+ 1.

It follows from this fact that {m;};2,, , is an F-basis for Ng(a,b,c).
We now show that Ny(a, b, c) is an R-submodule of M (a,b,c). By Proposition 3.1(i),

(B —0;)m; = pimi_1 forall i > d+ 1.

By (3.4), the scalar @441 = 0 when v = d. Hence Ny(a,b,c) is B-invariant. By Proposi-
tion 3.1(ii), the element 0 acts on Ny(a,b,c) as scalar multiplication by 7. It now follows from
Lemma 2.2(ii) that Ng(a,b, ¢) is an R-submodule of My(a, b, c). |

Recall the R-module Rg(a,b,c) from Proposition 2.4. In the sequel we display how the -
module R4(a, b, c) is connected to M, (a,b,c). For convenience we let {v;}% , denote the F-basis
for R4(a,b,c) from Proposition 2.4(i) in the rest of this paper.
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Lemma 3.9. There ezists a unique R-module isomorphism
Mq(a,b,c)/Na(a,b,c) = Ra(a,b,c)
that sends m; + Ny(a,b,c) to v; for all 0 < i < d.

Proof. By Lemma 3.8, My(a,b,c)/Nq(a,b,c) is a (d+1)-dimensional R-module with the F-basis
{mi + Na(a,b,c)}. (3.15)

Observe that the matrices representing A and B with respect to the F-basis {v; g:o for Ry(a,b,c)
are identical with the matrices representing A and B with respect to the F-basis (3.15) for
Mg(a,b,¢)/Ng(a,b,c) by Propositions 2.4(i) and 3.1(i). By Propositions 2.4(ii) and 3.1(ii), the
actions of § on R;(a, b, c) and My(a,b, c)/Ng(a,b, c) are scalar multiplication by the same scalar 7.
In light of these comments, the result now follows from Lemma 2.2(ii). |

Proposition 3.10. Suppose that V is an R-module which has a vector v € V' satisfying

d

[JA-6:)v=o0. (3.16)

=0

If there is an R-module homomorphism My(a,b,c) — V that sends mq to v, then there ezists an
R-module homomorphism Rg(a,b,c) — V that sends vy to v.

Proof. Let o denote the R-module homomorphism My(a,b,c) — V that sends mg to v. By
Lemma 3.2, we have

d

md+1 = H(A - Ql)mo
=0

Combining this with (3.16), we see that mgi1 is in the kernel of p. Therefore Ny(a,b,c)
is contained in the kernel of p. By Lemma 3.8, there exists an R-module homomorphism
My(a,b,¢)/Ng(a,b,c) — V that sends mg + Ngy(a,b,c) to v. The result follows from this fact
along with Lemma 3.9. |

4 Conditions for the irreducibility of R4(a,b, c)

In this section, we derive the necessary and sufficient conditions for R4(a, b, ¢) to be irreducible
in terms of the parameters a, b, ¢, d. Throughout this section, we let

i—1
w; = H(A — gd,h)'l}o, 0 S 7 < d. (4.1)
h=0

Lemma 4.1. If the R-module Ry(a,b,c) is irreducible, then each of the following holds:

(i) charF =0 or charF > d,
(i) a+b+c+la+b—cg{d—i|li=1,2,....d}.

Proof. Suppose that there is an integer ¢, with 1 < ¢ < d, such that p; = 0. By Proposition 2.4,
the F-subspace W of Ry(a,b,c) spanned by {v}¢_, is invariant under A, B, ¢. It follows from
Lemma 2.2(ii) that W is an R-submodule of R4(a,b,c), a contradiction to the irreducibility of
Rgi(a,b,c). Therefore p; # 0 for all 1 <i < d, which is equivalent to (i) and (ii) by (3.4). [
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Lemma 4.2. The elements {w;}¢_, form an F-basis for Ry(a,b,c).

Proof. It follows from Proposition 2.4(i) that

vz:H(A—Qh)Uo, 0<i<d
h=0
Comparing this with (4.1), the result now follows. [

Proposition 4.3. The R-module Ry(a,b,c) is isomorphic to the R-module Ry(—a — 1,b,c).
Moreover, the matrices representing A and B with respect to the F-basis {w;}& for Rq(a,b,c)
are

04 0 98 $1 0
1 644 QT ¢2
1 049 , 05 : (4.2)
. . . ¢d
0 L 6 0 0;
respectively.

Proof. By Proposition 2.4(i), there exists an F-basis {u;}%_, for Rq(—a — 1,b,¢) with respect
to which the matrices representing A and B are equal to the matrices displayed in (4.2). By
Lemma 4.2, it suffices to show that there is an f&-module homomorphism Ry(a, b, c¢) — R4(—a—1,
b, c) that sends w; to u; for all 0 <i < d.

Observe that Buy = 05up and a direct calculation yields that

(B = 07)(A = 0p)ug = prup.

By Proposition 2.4(ii), the elements «, 3, § act on R4(—a — 1,b,¢) as scalar multiplication
by ¢, ¢*, n, respectively. According to Proposition 3.7, there exists a unique R-module ho-
momorphism Mjy(a,b,¢) — Rg(—a — 1,b,c) that sends mg to ug. By inspecting the matrix
representing A given in (4.2) we see that

d

H(A — QZ)U[) = 0.

=0
Hence there exists a R-module homomorphism
Ry(a,b,c) = Ry(—a —1,b,¢)

that maps vy to ug by Proposition 3.10. It now follows from (4.1) that this homomorphism
sends w; to u; for all 0 < ¢ < d. The result follows. |

Lemma 4.4. If the R-module Ry(a,b,c) is irreducible, then each of the following holds:

(i) charF =0 or charF > d,
(ii) a+b—|—c—|—1,—a+b—|—c,a—b+c,a—|—b—c€{%—i’z’zl,Q,...,d}.

Proof. By Proposition 4.3, the R-module Ry4(a,b,c) is isomorphic to Ry(—a — 1,b,¢). Hence
the result follows by applying Lemma 4.1 to both R4(a,b,c) and R4(—a — 1,b,¢). |
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Shortly we will show that the converse of Lemma 4.4 is also true. To aid us in doing so, we
establish the following notation. We define

d
IIB 05),

S: (A 9d h+1) OSZSd
1

&3‘
,_.

.

T

It follows from Proposition 2.4(i) that Rv is a scalar multiple of vy for all v € Ry(a,b,c). Thus,
for any integers ¢, j with 0 <4, j < d, there exists a unique L;; € IF such that

RSZ'U]' = Lijvo. (43)
By examining Proposition 2.4(i) further, we see that

Lij:O, 0<i<j<d, (4.4)
Lij=(0; —0j—1)Lij—1+ Li—1,j-1, 1< <i<d. (4.5)

It follows from Proposition 4.3 that

Lio = H(90 Od_hi1 H Ph; 0<i<d (4.6)
h=1

Solving the recurrence relation (4.5) with the initial conditions (4.4) and (4.6) yields that

d—i . . dflz]
Lij_< ;+‘7><;>(> Hgo 03-ni1 H¢hH¢h7 0<j<i<d (4.7)
h=1  h=

J

Theorem 4.5. The R-module Ry(a,b,c) is irreducible if and only if both of the following con-
ditions hold:

(i) charF =0 or charF > d,
(i7) a+b+c+1,—a+b+c,a—b+c,a+b—c¢{%—i‘izl,Q,...,d}.

Proof. (=) This is immediate from Lemma 4.4.

(<) To see the irreducibility of R4(a,b,c), we assume that W is a nonzero R-submodule of
R4(a,b,c) and show that W = Ry(a, b, c). Pick a nonzero vector w € W. Since W is invariant
under A and B, it follows that

RSweW, 0<i<d. (4.8)

Since {v;}L, is an F-basis for R4(a,b, c), there exist a; € F, for 0 < j < d, such that
d
w = Z ajvj.
§=0
It now follows from (4.3) that

RSw = ELUCLJ V0, 0<4<d. (4.9)
7=0
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Recall the parameters {¢; }icz and {¢; }icz from (3.3) and (3.4), respectively. It follows from
our assumptions (i) and (ii) that the scalars ¢; # 0 and ¢; # 0 for all 1 < ¢ < d. Let L denote the
(d+1) x (d+ 1) matrix, indexed by 0,1,...,d, with (¢, j)-entry given by L;; for all 0 <4, j < d.
By (4.4), the square matrix L is lower triangular. By (4.7), the diagonal entries of L are

d—i
Li=]]¢n][es 0<i<q
h

=1 h=1

which we know to be nonzero. Therefore the matrix L is nonsingular. Since w is nonzero at
least one of {a; }?:0 is nonzero. Hence there exists an integer ¢ with 0 < ¢ < d such that

d
> Lija; #0. (4.10)
j=0

Combining (4.10) with (4.8) and (4.9), we find that vg € W. Since the f-module R4(a,b,c) is
generated by vy, it follows that W = Ry(a, b, c) and so R4(a, b, c) is irreducible. |

5 The isomorphism class of the R-module R4(a, b, c)

In Proposition 4.3, we showed that the $f-module R4(a,b,c) is isomorphic to the R-module
Ry(—a—1,b,¢). In this section, we discuss the isomorphism class of Rg(a, b, c) in further detail.

Proposition 5.1. The R-module Ry(a,b,c) is isomorphic to the R-module Rq(a,b,—c —1).

Proof. By Proposition 2.4(i), there are F-bases for Ry4(a, b, c) and Ry(a,b, —c — 1) with respect
to which the matrices representing A and B are the same. By Proposition 2.4(ii), the actions
of 0 on Ry(a,b,c) and R4(a,b, —c—1) are both scalar multiplication by the same scalar 7. Hence
Rg(a,b,c) is isomorphic to R4(a, b, —c — 1) by Lemma 2.2(ii). [

Proposition 5.2. If the R-module R4(a, b, c) is irreducible, then Ry(a,b,c) is isomorphic to the
R-module Ryq(a,—b—1,c).

Proof. By Proposition 2.4(i), there is an F-basis {u;}%, for Ry(a, —b — 1,¢) with respect to
which the matrices representing A and B are

0o 0 02 ¢d 0
1 6 041 ¢a-1
1 0, , 0o : (5.1)
B !
0 1 6y 0 0

respectively. Since the R-module Ry(a,b,c) is irreducible, it follows from Theorem 4.5 that
¢; # 0 for all 1 < i < d. Thus we may set

o § (I
—h+1
| Kt
s Pd-nt
A direct calculation yields that Bv = 6jv and

(B —07)(A—00)v = ¢rv.
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By Proposition 2.4(ii), the elements «, 3, § act on Ry(a,—b — 1,¢) as scalar multiplication
by ¢, C*, n, respectively. According to Proposition 3.7, there exists a unique R-module ho-
momorphism My(a,b,¢) — Rg(a,—b — 1,¢) that maps mg to v. By inspecting the matrix
representing A given in (5.1), we see that

d

H(A - 02)1) =0.

i=0
Hence there exists an R-module homomorphism
Ri(a,b,¢) = Rg4(a,—b—1,¢) (5.2)

that sends vy to v by Proposition 3.10. Since the R-module R4(a,b,c) is irreducible, the -
module Ry(a, —b—1, ¢) is also irreducible by Theorem 4.5. Therefore (5.2) is an isomorphism. W

We end this section with a simple combination of Propositions 4.3, 5.1, and 5.2.
Theorem 5.3. If the R-module Ry(a,b,c) is irreducible, then Ry(a,b,c) is isomorphic to each
of the ®-modules Ry(—a — 1,b,¢), Rg(a,—b—1,¢) and Ry(a,b, —c — 1).

6 The proof of Theorem 2.5

Theorems 4.5 and 5.3 indicate that the map R in Theorem 2.5 is well-defined. In this section,
we shall show that R is a bijection.

Lemma 6.1. Assume that F is algebraically closed. If V' is a finite-dimensional irreducible
R-module, then each central element of R acts on V' as scalar multiplication.

Proof. This result follows from applying Schur’s lemma to . |
Lemma 6.2. For any i € Z, each of the following hold:

(1) Oiy1 +0i1 = 2(0; + 1),
(’LZ) 0ir10;—1 = 01((91 — 2)

Proof. The result can be routinely verified using (3.1). [

Theorem 6.3. Assume that F is algebraically closed with charF = 0. Let d denote a nonnegative
integer. If V is a (d+ 1)-dimensional irreducible R-module, then there exist a,b,c € F such that
the R-module Ry(a,b, c) is isomorphic to V.

Proof. Given any scalar k € F, we define
Yi(k)=(k—1)(k—i+1) for all i € Z.

Since charF = 0, for any distinct integers i, j, the scalars 9;(x) and 9;(x) are equal if and only
if i + j = 2k + 1. In particular {¢;(x)},_5 contains infinitely many values.

Since F is algebraically closed, we may choose a scalar k € F such that ¥y(k) is an eigenvalue
of Aon V. Since V is of dimension d+ 1, there are at most d+ 1 distinct eigenvalues of A on V.
Thus, there exists an integer j < 0 such that ¥;(x) is an eigenvalue of A but 9;_1(x) is not an
eigenvalue of A on V. Set

a:m—j—%.
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Similarly, there exists a scalar A € F and an integer k£ < 0 such that J4()\) is an eigenvalue of B
but ¥_1(\) is not an eigenvalue of B in V. We set

_ d
b=X—k—35.
Observe that under these settings, we have

0; = Viyj(K) for all i € Z, (6.1)
07 = 9irk(N) for all i € Z.

By Lemma 6.1, the element § acts on V as scalar multiplication. Since F is algebraically closed,
there exists a scalar ¢ € F such that the action of § on V' is the scalar multiplication by

n=2(¢+1)+ala+1)+bb+1)+clc+1).

To prove the theorem, it now suffices to show that there exists an R-module isomorphism from
Rg(a,b,c) into V.
Given any T € R and 6 € F, we let

Vr(0) ={v eV |Tv = 6v}.

Pick any v € V4(6p). Applying each side of (2.6) to v and using Lemma 6.2 to simplify the
result, we obtain that

(A—0_1)(A—01)Bv =2(00(00 — 1) + a)v. (6.3)
Left multiplying each side of (6.3) by (A — ), we obtain that
(A—0_1)(A—6p)(A—061)Bv=0.
By (6.1), the scalar 6_; is not an eigenvalue of A in V. Hence
(A—6p)(A—61)Bv=0.

In other words (A — 61)Bv € V4(6p) and therefore V4(6p) is invariant under (A — 1) B. Since F
is algebraically closed, there exists an eigenvector u of (A — 61)B in V4(6y). Similarly, there
exists an eigenvector w of (B — 67)A in V(). Define

i—1

u; = H(B —67)u for all i € N, (6.4)
h=0
i—1

w; = H(A — Op)w for all ¢ € N. (6.5)
h=0

We now proceed by induction to show that
(A — 6;)u; € spang{ug, ui, ..., ui—1} for all ¢ € N. (6.6)

Since u is an eigenvector of (A — 61)B in V4(6p), the claim is true for ¢ = 0,1. Now suppose
that ¢ > 2. Applying each side of (2.7) to u;—_2, we obtain that

(AB? —2BAB + B?A — 2AB — 2BA — 2B* + 2nB)u;_3 = —2Bu;_». (6.7)
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By Lemma 6.1, the right-hand side of (6.7) is a scalar multiple of w;_s. Using the inductive
hypothesis, (6.4), and Lemma 6.2(i), we find that the left-hand side of (6.7) is equal to

(A—0;)u; (6.8)

plus an F-linear combination of ug,u1,...,u;—1. Combining the above results, the claim (6.6)
follows.

Next, we show that {ui}?zo is an F-basis for V. Suppose on the contrary that there is an
integer h with 0 < h < d — 1 such that up,1 is an F-linear combination of ug, u1, ..., u,. Let W
denote the F-subspace of V spanned by wg,ui,...,us. Since W is B-invariant by (6.4) and
A-invariant by (6.6), it follows that W is an R-submodule of V by Lemma 2.2(ii). Since V is
irreducible, this forces that W = V. By construction, W is of dimension at most d, a contradic-
tion. Therefore {u;}¢_, is an F-basis for V. By a similar argument, it follows that

(B — 6;)w; € spangp{wo, w1, ..., wi—1} forallie N (6.9)

and {w;}%_, is an F-basis for V.
By (6.6), the matrix representing A with respect to the F-basis {u;}, is upper triangular
with diagonal entries {6;}%_,. By the Cayley—Hamilton theorem, we have

d

[](A = 6)wo = 0. (6.10)

=0

In other words Awy = 64wy by (6.5). Hence the matrix representing A with respect to the
F-basis {w;}¢, is

0o 0
1 6

1 6
0 1 6y

By (6.9), the matrix representing B with respect to the F-basis {wi}gzo is upper triangular
with diagonal entries {07 }% . We let {¢}}L | denote its superdiagonal entries as follows

05 ¥ *
07 ¥y
05 - . (6.11)
-
0 0%

Applying each side of (2.6) to w;_1, we obtain from the coefficients of w; that
it — 205+ @iq = (0 = i1 +2)67 — (05 — 01 — 2)67 1 +2(0i + 01 — ) (6.12)

for all 1 < i < d, where o and ), | are interpreted as zero. It is straightforward to verify
that {¢;}¢, also satisfy the recurrence relation (6.12). Since charF = 0, the corresponding
homogeneous recurrence relation

Ui+1_20i+0i—120a 1§Z§d,
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with the initial values o9 = 0 and o441 = 0, has the unique solution o; =0 for all 0 <¢ < d+1.
Therefore ¢} = ¢; for all 1 <i <d.
Up to this point, we have shown that

Buwjg = fywo, (6.13)
(B — 07)(A = 0o)wo = prwy, (6.14)
dwo = Mwo. (6.15)

Applying each side of (2.7) to wy and using (6.14) to simplify the resulting equation, we find
that

B’wo = C*’wo. (616)

Using logic similar to what was used to show (6.14), we obtain (A — 01)(B — 05)ug = @iuo.
Now, by applying each side of (2.6) to ug and using the above equation to simplify the resulting
equation, we find that aug = Cug. It follows from Lemma 6.1 that

awy = (. (6.17)

In view of (6.13)—(6.17), it follows from Proposition 3.7 that there exists a unique R-module
homomorphism My(a,b,c) — V that sends mg to wg. By Proposition 3.1(i), the entries
above the superdiagonal in (6.11) are zero. Combining the above R-module homomorphism
My(a,b,c) — V with (6.10), there is an f-module homomorphism

Ry(a,b,c) =V (6.18)

that sends vg to wg by Proposition 3.10. Since the R-module V is irreducible, the homomor-
phism (6.18) is onto. Since R4(a,b,c) and V are both of dimension d + 1, it follows that (6.18)
is an isomorphism. The result follows. |

Lemma 6.4. The traces of A, B, C on the R-module R4(a,b,c) are equal to d+ 1 times

d(d+2) d(d+2) d(d+2)
2 2 2 -
a“+a+ o b +b+ o c+c+ T

respectively.

Proof. To compute the traces of A, B on R,4(a, b, c), use Proposition 2.4(i). By (2.5), the trace
of C' is equal to the trace of ¢ minus the trace of A+ B on Ry4(a,b,c). Use the above facts along
with Proposition 2.4(ii) to compute the trace of C' on Ry(a, b, c). [

The following is a quick consequence of Theorems 5.3, 6.3 and Lemma 6.4.

Corollary 6.5. Assume that F is algebraically closed with charF = 0. Let V' denote a (d+ 1)-
dimensional irreducible R-module. Let tr A, tr B, tr C denote the traces of A, B, C on V,
respectively. Then the R-module Rq(a, b, c) is isomorphic to V' if and only if a, b, ¢ are the roots of

9 dd+2) trd
Tt T T dr
x2+m+d(d+2): tr B
12 d+1’
2, v wC
12 d+1

respectively.
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We are now ready to prove Theorem 2.5.

Proof of Theorem 2.5. By Theorems 4.5 and 5.3, the map R is well-defined. By Theorem 6.3,
the map R is onto. Since any element of R has the same trace on the isomorphic finite-
dimensional R-modules, it follows from Lemma 6.4 that R is one-to-one. |

In Example 1.1 we showed a five-dimensional irreducible *-module on which none of A, B, C
is diagonalizable. Note that the R-module is isomorphic to R4(—%, —%, —%) We finish this
paper with the necessary and sufficient conditions for A, B, C' to be diagonalizable on finite-

dimensional irreducible R-modules.

Theorem 6.6. Assume that F is algebraically closed with charF = 0. For any a,b,c € F
and d € N satisfying the conditions (i) and (ii) of Theorem 4.5, the following statements are
equivalent:

(i) A (resp. B) (resp. C) is diagonalizable on Rgy(a,b,c),

(77) a (resp. b) (resp. c) is not in

(=L i=1,2,...,2d — 1}. (6.19)

Proof. With reference to Proposition 2.4(i), the minimal polynomial of A in R4(a,b,c) is

d

Thus A is diagonalizable on Ry(a, b, c) if and only if the scalars {6;}% , are mutually distinct.
A direct calculation yields that the latter holds if and only if @ is not in (6.19). By a similar
argument B is diagonalizable on R4(a, b, c) if and only if b is not in (6.19).

To derive the condition for C' as diagonalizable on Rj(a,b,c), we consider the (d + 1)-
dimensional R-module R;(b,c,a). By Theorem 4.5 the f-module R4(b,c,a) is irreducible. By
Definition 2.1 or [1, Proposition 4.1] there exists a unique F-algebra automorphism p of R that
sends A, B, C, D to C, A, B, D, respectively. Let R4(b,c,a)? denote the R-module obtained
by pulling back the ®-module R;(b, ¢, a) via p. Observe that C' is diagonalizable on Ry(b, ¢, a)?
if and only if ¢ is not in (6.19). Using Corollary 6.5 yields that R4(b, ¢, a)? is isomorphic to the
f-module Ry(a,b,c). The result follows. [
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