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Figure 8. The diagram on the left shows two sections in F2 intersecting each other in two points of

C∞. (The sections are denoted by σ1 and σ2.) Once again, thick (red) lines provide one of the curves,

while the thin (blue) segments define the other curve. The pencil generated by these curves provides a

fibration with an I∗0 fiber and an I4 fiber. The two degree-3 curves in CP 2 on the right diagram generate

a pencil which gives rise to a fibration admitting an I∗0 fiber and an I4 fiber.
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Figure 9. The diagram depicts two pencils (one in F2 and the other one in CP 2) giving fibrations with

an I∗0 fiber and a type IV fiber. The conventions are the same as earlier.

by the classification of possible singular fibers, it follows that next to the I∗0 - and I4 fibers there
is a single possibility for other singular fibers: these must be two fishtail (I1) fibers.

Example 6.4 (fibration with a type IV fiber). To get a fibration with a fiber of type IV next
to I∗0 , take two sections in F2, which are now tangent to each other at a point of F1, see the
left diagram of Fig. 9. In CP 2 consider S0 to be three distinct lines L1, L2, L3 again, so that L1

passes through P , while all three lines pass through P ′ ∈ CP 2 which is distinct from P , see the
right diagram of Fig. 9.

In order to get a pencil generating a fibration with an I∗0 , a type IV and a type II fiber,
consider the sections u4 and uv3 in O(4), giving rise to two double sections in F2. Let F1,
F2, F3, F4 be chosen as follows: F1 is over [0 : 1] (where the two sections are tangent to each
other in one of the double section), and the other fibers are over [ui : 1], where u3i = 1. The
corresponding fibers pass through the intersections of the sections of O(4), hence each such fiber
passes through two basepoints in the pencil in F2, therefore both curves are in the pencil.

In a similar manner, when starting with the sections u4 and uv2(u+v), we get a pencil giving
a fibration with an I∗0 fiber, a type IV fiber and an I1 fiber, hence (again by the classification)
there is a single further singular fiber which is an I1. (The fibers are over the points [ui : 1]
where ui solves u3 = u + 1.) These two examples exhaust the cases having an I∗0 fiber and a
type IV fiber next to it.

Example 6.5 (fibration with an I3 fiber). Consider now two sections σ1, σ2 of the ruling on
F2 intersecting each other in F1, and in a further point which is not on the chosen fibers Fi

(i = 2, 3, 4). Taking this curve as C0, the resulting pencil will have an I3 fiber next to the I∗0
fiber. In CP 2 we consider S0 which is again a union of three lines L1, L2, L3, with L1 passing


