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Figure 11. Continuing with the same conventions as above, the diagrams show pencils defining fibrations

with an I∗0 fiber and a type III fiber. In this case we describe two pencils in F2, one having eight, the

other one seven basepoints.

The quadratic term in the parentheses admits two distinct roots in C×, so there exist two values
λ± = [λ±

1 : λ±
2 ] such that σλ± is singular. By the classification, in the fibration these singular

curves must be of type I1. Hence, together with [λ1 : λ2] = [0 : 1] and [λ1 : λ2] = [1 : 0] we have
a curve of type III and three curves of type I1.

Example 6.7 (fibration with an I2 fiber). To get a fibration with an I2 fiber, we consider two
sections σ1, σ2 intersecting each other in two distinct points, none of them on the chosen fibers
Fi (i = 1, 2, 3, 4). Alternatively, we can choose a nodal curve with the node on the fiber F4,
shown on Fig. 12. To get such a fibration from a pencil in CP 2, take L1 as earlier, together with
a quadric, which does not pass through P and it is transverse to L1, see Fig. 12.

There are five cases for the further singular fibers, as shown in the third row of Table 1: next
to I∗0 and I2 we can have: (a) two further I2, (b) an I2 and two I1, (c) two type II, (d) a type
II and two I1 and finally (e) four I1. We will discuss these cases below.

Example 6.8 (three I2 fibers). Consider an elliptic pencil on F2 whose eight basepoints are
all distinct, pairwise lying on the fibers over 0, 1, t, ∞ of the ruling. Assume in addition that
there exists a section σ1 of F2 passing through four of these basepoints and a section σ2 passing
through the other four basepoints (see the upper left diagram of Fig. 12).

If there exist two sections σ1, σ2 satisfying the above conditions, then in the corresponding
fibration they give rise to a curve of type I2. In order to find a fibration with three I2 fibers, it
is thus sufficient to find values a±, b±, c±, d± such that there exist simultaneously

• a pair of sections σ1, σ2 such that σ1 passes through a+, b+, c+, d+ and σ2 passes through
a−, b−, c−, d−;

• a pair of sections σ3, σ4 such that σ3 passes through a−, b+, c−, d+ and σ4 passes through
a+, b−, c+, d−;

• a pair of sections σ5, σ6 such that σ5 passes through a+, b+, c−, d− and σ6 passes through
a−, b−, c+, d+.


