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Figure 14. A pencil which gives rise to fibrations with an I∗0 fiber, an I2 fiber and further I2 or type

III fibers.

If only F1 is tangent to our chosen curve (see Fig. 14), then the fibration (next to I∗0 and I2)
has either a further I2 (and also two I1) or a type III (and a further I1). The outcome depends
on the fact whether the curve with singularity on F1 is nodal (giving a further I2) or cuspidal
(providing a type III fiber). Clearly the first is the generic case among these examples. In the
next examples we will give constructions of these cases.

Example 6.10 (two I2 fibers). By choosing appropriate homogeneous polynomials, we can
arrange that we have two I2 fibers (and two further I1 fibers). Indeed, by taking u2v(u+ v) and
uv2(u+2v), for the first curve we have a node and a tangency (for the second a tangency and a
node) at the fibers over [0 : 1] and [1 : 0], and by choosing the fibers over [ui : 1] with ui solving
the equation u(u+1) = u+2, we get the desired pencil and hence fibration. Indeed, next to I∗0
and the two I2 fibers, no further fiber can contain a (−2)-curve (since the pencil cannot contain
sections, and no further singular point can be on the fibers of the ruling).

A more specific construction may be given along the lines of Example 6.5, choosing σ1 =
(u− v)2(u+ 2v)2, σ2 = u2v2, with the corresponding discriminant
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admitting two distinct roots (other than at [λ1 : λ2] = [0 : 1] and [1 : 0]).

Example 6.11 (one I2 fiber). A fibration with an I2 and a cusp fiber II (next to the I∗0 fiber)
and by classification having either a further II or two further I1 fibers) can be given by taking
the homogeneous degree-4 polynomials u2v2 and (u+ v)(u+ xv)3 with parameter x ̸= 0, 1 (the
first giving an I2 fiber, the second a cusp curve with cusp over [−x : 1]), where the fibers of the
ruling F2 → CP 1 are chosen over [0 : 1] and over [ui : 1] with ui solving u2 = (u + 1)(u + x)3.
The two cases for the additional fibers can both occur. In the pencil generated by the above
two singular curves, the discriminant is
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Setting λ2 = 1, the term in the parentheses has discriminant in λ1 equal to
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The roots of this polynomial are distinct from 0, 1. If x is a root of this polynomial, then the
pencil has only one further singular fiber which is then necessarily a cusp. Otherwise the pencil
has two further singular fibers which are fishtails.

Finally, the generic case is when next to I∗0 and the I2 fiber there are four I1 fibers. To get
an example with these singular fibers, pick σ1 = (u− v)2(u+ v)2, σ2 = u2v(u+ 2v), giving rise
to fibers of type I2, I1 respectively. Then the generic curve in the pencil has discriminant
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