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Abstract. We employ the 1/2-spin tautological relations to provide a particular combi-
natorial identity. We show that this identity is a statement equivalent to Faber’s formula
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1 Introduction

The moduli spaces of curves M,, and their Deligne-Mumford compactifications M,, are
central objects in modern mathematics. Although in general their Chow rings are inifinite-
dimensional, there are finite-dimensional subrings, the tautological rings R*, that contain most
‘naturally occuring’ classes. These rings have been studied since the foundational work of
Mumford [13] and Faber [4]. Overviews of the main results on these rings can be found in
[14, 19, 20, 22].

The system of tautological rings {R*(Mgyn)}gn can be defined succinctly as the smallest
system of subalgebras of the Chow rings closed under pushforwards along the three tautological
maps

T Mg7n+1 — Mg,n,
p: Mg,n+1 X Mhﬁn-l—l — Mg—l—h,n—l—ma

0: Mgnia X Mgiin,

where the first map forgets the last marked point and the other two glue two marked points
together, see [5]. This system of rings is also closed under pullbacks along the above-mentioned
maps, and it contains the natural tautological -, x-, and A-classes, after which the rings are
named.

This paper is a contribution to the Special Issue on Integrability, Geometry, Moduli in honor of Motohico Mu-
lase for his 65th birthday. The full collection is available at https://www.emis.de/journals/SIGMA /Mulase.html
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In fact, a set of additive generators of the tautological rings can be given by dual graphs,
which are graphs with n leaves (or labelled half-edges) decorated as follows: to each vertex v
we attach a genus g(v) and a product of k-classes, and to each half-edge we attach a power
of a -class. Vertices represent stable components of algebraic curves, half-edges represent
special points (i.e., can be either nodes of the curve or leaves), among which labelled half-edges
represent the n leaves. We interpret the dual graphs as follows: we attach to vertices of genus ¢’
and valency n’ a copy of ﬂggn/, we form the product of all k- and -classes attached to the
vertex or to its half-edges, and we push it forward along the gluing tautological maps given by
the edges.

The tautological rings of the open space M, , and its partial compactifications are defined
via restriction from ﬂg,n. As M, corresponds to all smooth curves, all graphs with at least
one edge restrict to zero on this space; the only tautological classes are polynomials in k- and
1p-classes. We denote by Mgtn and ./\/lgfn the partial compactifications of M, ,, by stable nodal
curves of compact type and with rational tails, respectively.

In fact there are many relations between dual graphs in the tautological ring. These relations
are called tautological relations and they encode the structure of the tautological rings. There-
fore, the understanding of tautological rings boils down to the understanding of their tautological
relations.

1.1 Half-spin relations

One way of approaching tautological relations is via cohomological field theories (CohFTs).
One particular CohFT has played a distinguished role in this context. It is a shifted version
of Witten’s r-spin class [18, 21], and has been thoroughly studied by Pandharipande-Pixton—
Zvonkine in two different ways [15, 16]. On the one hand, Witten’s class is quasi-homogeneous,
and this gives a degree bound for its shifted version. On the other hand, any semi-simple
CohFT can be constructed via Givental’s action from its degree zero part, and this gives an
explicit description for the shifted Witten’s class, that seemingly has non-trivial contributions
in high degrees. As both approaches should lead to the same result, this gives tautological
relations in degrees above the bound, called r-spin relations.

In [16], it was also proved that the Witten r-spin class is polynomial in r for r large. This
makes it possible to choose r, which a priori should be an integer greater or equal to two, to be
any number. In [9], the authors observed that taking the value r = % results in much simplified
relations compared to the case of general r. These relations are called half-spin relations.

The coefficients of the half-spin relations are proportional to expressions of the type

<2a2; 1> C2d-1)1,  a,d€ Ty (1.1)

(cf. [9, Lemma 2.1]). It turns out that further applications of half-spin relations require a
better understanding the combinatorial structure of these numbers. We propose some purely
combinatorial questions about them, cf. Question 5.2 and Conjecture 5.7 that arose naturally
from our analysis of Faber’s conjecture.

1.2 Faber’s intersection numbers conjecture

The top tautological group RQ*Q(MQ) is one-dimensional, spanned by the class k42, g > 2
[3, 12]. All other monomials of kappa-classes, kq, - Kq,, £ > 1, a1,...,a0 > 1, a1+ +ap =
g — 2, are proportional to k43 with some coefficients of proportionality. These coefficients were
conjectured by Faber in [4, Conjecture 1c], and he also observed in op. cit. that the class AgAg—1
vanishes on M g,n\/\/l;fn. An equivalent form of his conjecture (now theorem) can be represented
as follows:
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Theorem 1.1 (Faber’s intersection numbers conjecture). Let n > 2 and g > 2. For any
di,...,dp>1,di+---+d, = g—2+n, there exists a constant Cy that only depends on g such
that

1 L
—_— AgAg— 2d, - )N =C,,. 1.2
(29—3+n)!/Mg,n gngHl?/)Z( i~ 1) I 12
Remark 1.2. In particular, fﬂq ) )\g)\g_lwffl = %Cg. This integral is computed in [4,
Theorem 2], so it is known that C; = #2(92'9)!, where By, is the Bernoulli number.

This theorem has several proofs: Getzler and Pandharipande [6] derived it from the Virasoro
constrains for P2 proved by Givental [7]. Liu and Xu [11] derived it from an identity for the
n-point functions of the intersection numbers of -classes that comes from the KdV equation.
Goulden, Jackson, and Vakil proved it for n < 3 using the reductions of Faber—Hurwitz classes [8].
Buryak and the fourth author proved it using relations for double ramification cycles [1]. Finally,
Pixton showed the compatibility of this theorem with Faber—Zagier relations in [17], also proved
by Faber and Zagier (unpublished, see a remark in [16]). Together with a result of [16], this
shows that Faber—Zagier relations imply this theorem.

In fact, all these independent proofs are inspired by quite different ideas and they all lead
to a deeper understanding of the geometry of the moduli spaces of curves. In this paper, we
use the half-spin relations to transform Faber’s conjecture into a combinatorial identity. This
gives insight into the use of half-spin relations and the related combinatorics of expressions of
the form of (1.1). On the other hand, it gives insight into Faber’s formula itself, as we extend it
to formal negative powers of -classes.

We then prove several cases of the combinatorial identity, providing a new proof of Faber’s
conjecture for n less than or equal to five.

1.3 Organization of the paper

In Section 2, we give the definition of the half-spin relations. In Section 3, we reduce Faber’s con-
jecture (Theorem 1.1) to a combinatorial identity using the half-spin relations. In Section 4, we
introduce formal negative powers of 1-classes to reduce the combinatorial identity to a simpler
one, which we refer to as the main combinatorial identity of the paper. In Section 5, we investi-
gate this identity from a combinatorial viewpoint and conjecture a refinement. In Appendix A,
we give a combinatorial proof of the identity in low-degree cases.

2 Definition of half-spin relations

We will define two specific cases of the half-spin relations in Rzg(Mgfn), as this is all we need
for the rest of the paper. For a more general version and the construction, see [9].
First we need to define stable graphs.

Definition 2.1. A stable graph is the dataI' = (V,H,L,E,g: V — Z>o,v: H - V,.: H — H)
such that

1) V is the vertex set with genus function g;

\V]

¢ is an involution of H, the set of half-edges;

4) the set F of edges is given by the two-point orbits of ¢;

)
)
3) the set L of legs or leaves is given by the fixed points of ¢;
)
5)

v sends a half-edge to the vertex it is attached to;
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6) the graph given by (V, F) is connected;

7) for each vertex w € V, the stability condition holds: 2g(w) — 2 + n(w) > 0, where
n(w) = [v=!(w)] is the valence of w.

For such a stable graph, its genus is given by g(I') = >_, oy, g(v) + h*(T'), where h'(T') is the first
Betti number of the graph. The type of a stable graph I' is given by (g(T"), |L|).

We recall that the r-spin relations are proved in [16] by taking the Cohomological Field
Theory given by Witten’s r-spin class, and showing that it is polynomial in 7 in a certain way.
This is a subtle argument, hinging on the primary fields aq, ..., a, attached to the leaves. For
the r-spin theory, these are numbers between 0 and r — 2, such that A :== > a; =g—1+ D
mod r — 1, where D is the degree of the relation. To show polynomiality in 7, this congruence
is lifted to an equality A = g — 14 D + z(r — 1) for some xz € Z>¢. If z = 0, all the primary
fields can be taken constant in 7, and polynomiality follows from the argument of [16].

For z > 1, however, the argument is more complicated, as the polynomiality does not hold
over all of ﬂg,n. However, under certain conditions, it still holds on certain subspaces, where
we can then use it to get half-spin relations on these subspaces. As taking r = % is in effect
taking a linear combination of relations for integer graphs, we do get relations on all of Mg,
but their description is not explicit outside the given subspace. For more details, see [9]. We
will only give the half-spin relations needed for this paper; they only use trees.

Definition 2.2. Define the polynomials

m 2m
Qm(a) = (2_,,11731! 11 (a +1- l;) . (2.1)
k=1

Let n > 2, D > g and a4,...,a, be non-negative integers, called primary fields, with sum
A:=3%" a;=g—1+D. Consider all stable trees I' = (V,H, L, E, g,v,¢) of type (g,n) and
decorate them in the following way:

e On each leg labeled by i, place the sum Zgjzo Qu; (ai)wgli, and place the integer a; — d; on
the corresponding half-edge fixed by ¢.

e On each vertex v, we use the tree structure to work inwards from the leaves. If we
have determined all half-integers b; at its incident half-edges except one, say by, then
bo == g(v) —1 =", b; if this is at least zero. Otherwise, set by == g(v) — % — > bi.

e On each edge with half-integers a and b on its two half-edges, place the sum — >~ Qn(a+
m) (¢ + w’)m_15a+b+mﬁ%, where 1) and ¢’ are the 1)-classes corresponding to the two half-
edges.

The half-spin relation for x =0, QL (a1,...,a,) = 0 € RP(M',), is given by the sum of these
decorated stable graphs with these coefficients being zero in degree D.

Remark 2.3. Although the coefficient on the edge does not seem to be symmetric in a and b,
a simple calculation shows it actually is.

In fact, the coefficient on an edge with ¢ and b on its two half-edges coming from the r-spin
relations is

! <5a+b,—§ - Z Z Qm(C)Qm’ (d)(sa,c—méb,d—m’50+d7_gwm(wl)MI> . (2'2)

/
1/} 9 m,m’=0 c,dG%Z

This is equal to the coefficient given in the definition, but we give this equation as well, as it is
closer to the form of the r-spin relations in [16], and because it is useful for the rest of the paper.
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In this formula, the numbers ¢ and d should be interpreted as being placed near the middle of
the edge, or at the end of the half-edges. In this way, they are similar to the a; on the leaves,
and they will also be called primary fields. Meanwhile, the a; — d; are similar to the a and b on
the edges. This analogy will be used in the proof of Proposition 3.1. The equality can be seen
from the relation

Qu(a +m) Qe (b+ ) = (

/
3
m+m>Qm+mf(a+m+m’) ifat+tb+m+m =—=.

m 2

Remark 2.4. These relations have been proved in [9], by specialization of the r-spin relations
proved in [16]. The proof in [9] uses the polynomiality of the r-spin relations in r, which is
also proved in [16]. The half-spin relations can be extended to all of M, but this extension
is not unique, much less explicit, and unnecessary for our purpose. However, their extension is
of principal importance for applications in Gromov—Witten theory, since it allows to prove the
following statement (a reformulation of [9, Lemma 5.2]):

Proposition 2.5. Any monomial of 1-classes of degree at least max(g,1) on ﬂg,n can be
expressed in terms of the boundary classes that involve no k-classes, that is, in terms of the dual
graphs with at least one edge, decorated only by 1-classes.

This reformulation of [9, Lemma 5.2] is noted in [2] (where an alternative approach to the
same statement is developed), and in this reformulation Proposition 2.5 immediately resolves
Conjecture 3.14 in [10] and Conjecture 3 in [5].

We will also need the half-spin relation on My, for z = 1. We give them here on M;tn for
general g, which reduces to My, for g = 0.

Definition 2.6. Now, let n > 2, D > g+ 1, and the primary fields a4, ..., a,—1 be non-negative
integers, and a, < —% with sum A = g+ D — % Then the half-spin relation for x = 1,
an(al, coan)=0¢€ RD(Mgfn), is given by a sum over decorated stable trees with the same
conditions as the ones for z = 0.

Remark 2.7. Although the (local) conditions are the same, the (global) relations are different,
because the sum of the primary fields is different.

3 A combinatorial identity from half-spin relations
In this section, we employ the half-spin relations to prove the following proposition. We shall
denote by [n] the set {1,...,n}.

Proposition 3.1. For any g > 2 andn > 2, for any a1, ...,an € Z>p, a1+---+a, = 2g—3+n,
we have the following equation:

n _\k k
0= Z ( kll) Z Z (Tay -~ Tay )g - 1_11 Qa;+1;1-1(aqr)- (3.1)
j=

k=1 Ill_ln-ulk:[[’nﬂ d17~--adk€ZZO
Ii#o N jelk] di+-+dp=g—2+k

Here we denote ngj a¢ by ajr;) and

k
1 d:
e [ p— )\ A _ o 32
(le Tdk>g C’g /Mg,k g\g 1i|:|1¢1 ) ( )

where Cy is an arbitrary constant depending only on g (for instance, it is convenient to assume
that Cy is the constant given in Remark 1.2).

Moreover, for a fized g > 0, the whole system of equations (3.1) (we can vary parameters
n>2andai,...,a,) determines all integrals (tq, - -~ Ta, )g, k > 2, in terms of (T4—1)g4-
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Remark 3.2. Note that equation (3.1) can also be considered as an equation for the classes
in R97%(M,), once we replace the symbols (74, - - - 74, )4 by the restrictions to RI=2(M,) of the

classes 7, (" - -wg’“), where m: Mgy — M,.

Proof. We will use relations in Rg_2+"(M§fn) given by half-spin relations for A = 2g — 3 + n.
Note that to produce relations D := g — 2 + n must be at least g, and hence we have n > 2.

The restriction to Mgtn means that all allowed stable trees must have one vertex v, of genus g,
and all other vertices have genus 0. If we cut v, from such a stable tree, it falls apart in several
connected components, which are called rational tails.

The leaves are then distributed among these rational tails, and this gives a decomposition
[n] = |_|£-€:1 I;. If |I;] = 1, this corresponds to a leaf attached to vy,. We will therefore consider all
graphs where the points with indices in I; lie on a separate rational tail, for every i = 1,... k.

We want to simplify these relations by applying half-spin relations in genus zero to each of
the tails. Hence, we will now consider a particular rational tail that contains points with indices
in I C [n], with |I| > 2. Consider the edge that attaches this rational tail to the genus g
component, and assume that it is decorated by )¢ at the node on the genus g component. We
call this edge the root edge, e,, for this tail.

The total (cohomological) degree of the rest of this tail is given by the number of edges,
excluding this one, together with the total number of -classes, excluding this one. We will call
this degree Dj. It cannot be larger than |I| — 2, since dim¢ MO,IIIH = |I| — 2 and the graph is
constructed via pushforward along a map from this space. This means that the end of the root
edge which connects to the rational tail is decorated with ¢! for some 0 < ¢ < |I| — 2.

Figure 1. A dual graph of genus g with rational tails and n leaves. The marked points with indices in
I; C [n] are attached to the rational tail denoted by RTy,, for alli=1,... k.

Let us now discuss the coefficient corresponding to the root edge. Using the congruences
for the primary fields for the leaf contributions and the vertex contributions to be non-zero,
together with the fact that all vertices in the rational tail correspond to genus 0 components
and the total number of remaining 1 classes and edges is equal to D — £, the primary field at
the genus 0 end of the root edge must be equal to by == —% —ay+ (Dr —£). The primary field
at the genus g end of the root edge must be equal to by = ajy) — (Dr +d + 1).

The coefficient of the contribution of the root edge reads

b[o]-'rf
D; big)+d+1 —_—
_ d e - D _3_ D
> ity | Qaii (a — Di)Qy 5 —am T+ D

=0

3
— Qara(a) — Dr+1)Qe (-2 —ay+ Dr - 1)
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3
+ Qay3(ay — Dr +2)Qe—2 (—2 —ay + Dy - 2>

3
+ (1) Qare+1(ap — Dr + Qo (—2 —ay+ Dr — f) ],

where the alternating sum comes from the division by ), + ¢g], following equation (2.2). Let
us take this sum in a bit different way, with respect to the argument of the second factor
ag = —% —ayp + Dy — j, where j runs from Dy to 0, and decompose the exponent of g as
£ =7+ k. We have

—3/2—a[I]+DI J

—3/2—ap—a 3 f—_'—a ——a
a0:—3/2—am
apn—(=3/2—ao)
| Y Qulao)y

k=0
The sum over ag here is over half-integers, with integer steps.

Let us analyse the sum ZZE; 3/2+ao Qr (a())l/)[%]. We cut the root edge and assign ag as primary
field for the new leaf on the rest of the tail, which is decorated with #B]' The total dimension
of the class on the rest of the tail is Dy = Dy — j = Dy — (—% —ayg+Dr— ag) = % +ayy + ao.
Thus ag + agp = Do — % Therefore, if Dy > 1, then with this sum on the root edge the total
sum of all graphs in the tail (for a fixed ag) is the half-spin relation for x = 1, with primary
field ag at the root edge and a;, ¢ € I, for the marked points on the tail.

Thus the only nontrivial contribution of the tail comes from the case Dy = 0 which produces

no relation for the tail, with ag = —% —ajy). In this case there is the unique non-trivial summand
in the sum above that is equal to

(=12 il Qarpy 1 (o)

Moreover, the only non-trivial 1/-classes are on the root edge and there are no more internal
edges on the tail.

In the end, modulo the relations in genus 0 on the tails, the only graphs that remain in the
relation in degree D = g — 2 + n are the following. The marked points are split in k£ non-empty
sets I,..., I, corresponding to different rational tails. If I; is a set of one element, then the
tail is just a leaf decorated with 1% and the coefficient is Qa;(agr,))- If I; is a set of two or more
points, then this tail is just one rational vertex with all leaves from I; on it, attached by an edge
to the genus g vertex. The 1/-classes are only on this edge, ¥/% on the genus g side and "’ on
the genus 0 side, with the coefficient (—1)DI+1Qdi+D1+1(a[Ii])-

Up to now, everything we described was done in R9*2+”(M§fn). Hence, we still need to
pushforward to M, ;, along the map forgetting some of the marked points. For each decorated
graph we constructed, we will pushforward until each tail has exactly one marked point left, and
hence must be a leaf.

We can do this on each tail individually, first using the string equation, which in this case
reads fm0,|l|+1 1/1[?)]1 = fmo,m 1/1[%1 ~!. Therefore, pushing forward along a map forgetting a point
in I decreases the exponent of 15 by one. As this can be done until the rational tail has two
marked points, we must get Dy = |I| — 2.

Finally, the pushforward of a rational tail with two marked points along the map forgetting
one of those marked points just collapsed the tail and moves the remaining marked point to the
collapsed node.
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Summarising, the only surviving terms are the terms where all the marked points are parti-
tioned as ||, I, = [n] over rational tails consisting of a leaf or a single rational curve with all
marked points attached to it, with coefficient

(—1)|I|_1¢@]¢Eé]|_2Qd+u|—1 (arn)-

These terms pushforward to terms on Mg, given by

()" 94Q 44 11-1 ()
Taking the product over all the tails and taking into account that the linear function

1
o | AgAg—1: RIT2H(My) — Q
g J M,

is an isomorphism, the half-spin relations we found for D = g — 2 + n imply the combinatorial
identity (3.1).

On the other hand, it is easy to see that these relations determine the intersections of all
possible monomials in -classes in terms of fng AgAg—1] -1 (using the natural lexicographic

order). [

We relate Proposition 3.1 to Faber’s conjecture and refine it using the string equation, which
turns the result into a combinatorial identity.

Corollary 3.3. Let g > 2 and n > 2. The following two statements are equivalent:

i) Faber’s Conjecture 1.1: there exists a constant C, that only depends on g such that

1 o 29 —3+n)!
(Tay " Tay)g = C |- AgAg—1 szdl = (n—) (3.3)
9 J Mg.n i=1 IT(2d; — )N
i=1

forany dy,...,d, > 1.
ii) For any ay,...,an € Z>o such that a; + - -+ + ap, = 2g — 3 +n, we have

n 1k k
0= Z ( kl') Z Z (T, Tap)y 1_[1 Qa;+11;1-1(ag)), (3.4)

k=1 T nueUlp=[n] di,...dx€Z>0
Ii#o N je[k] di++dr=g—2+k

where

29 — 3+ k)!
<Td1"‘7'dk>;:(kg—+) mn case di,...,dp > 1, (3.5)

I] (2d; — 1)!
=1

and determined by the string equation

] =

(Tay = T, T0)g = ) _(Tdy—61; " Tdp—1; )y (3.6)

j=1
d;

[\
—

otherwise. Here ajr;) denote delj ap.

Proof. By Proposition 3.1, the left-hand side of equation (3.3) satisfies equation (3.4), and the
integrals can be recovered from this equation. Therefore, both sides of equation (3.3) are equal
if and only if the right-hand side also satisfies equation (3.4). [
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4 Psi-classes of negative degree

In the previous section, we showed that Theorem 1.1 is equivalent to a system of combinatorial
identities. The goal of this section is to reduce this system to a much nicer system of identities. In
order to do this, we need to consider formal systems of correlators satisfying the string equation.

4.1 Formal negative degrees of psi-classes

Definition 4.1. Let ¢ > 2. Consider a system of numbers <Hf:1 Tdi>; that depends on
di,...,dpy €Z,dy +---+dp =g— 2+ k, and is symmetric in these variables. We say that this
system of numbers satisfies the string equation if

<Td1—51j o 'Tdk—5kj>;]'
1

k
Jj=

Example 4.2. The system of numbers

k *
<ﬁ7d > - <Hfdi> L dy,. .y >0,
i) i=1 g
=1

g 0, at least one d; is negative

satisfies the string equation, as follows, by definition, from equation (3.6).

g = (2g—3+k)!/ Hle(Qdi —1)!! also satisfies
the string equation (this can be checked by direct inspection).

Example 4.3. The system of numbers < Hle Tdi>

Remark 4.4. These two examples coincide in the case when all d;’s are positive and also in the
case when all d;’s except for one are positive and the remaining one is equal to zero. For other
values of (di,...,dy) the numbers in these two examples are generally different.

The string equation allows to choose the values of all numbers <Hf:1 Tdi>;, Hle d; # 0,
k > 1 in an arbitrary way, and the rest of the numbers (where at least one index d; is equal to
zero) are linear combinations of these initial values with non-negative integer coefficients.

4.2 (@Q-polynomials and a refined string equation

Fix ¢ > 2 and n > 2 and let aq,...,a, be formal variables. Define Q;(a) =0 for i < 0. Fix an
arbitrary system of numbers <Hf:1 Tdi>;, diy...,dy € Z,dy +---+dp = g — 2+ k, symmetric
in these variables and satisfying the string equation.

Consider the following expression

noo Nk k
Egnld@) = ( kl,) > > (ra 700y [ Qaywiry -1 (o) (A1)

k=1 T LUeUlp=[n] dy,...,dL€Z j=1
Li#o,Vjelk] dit+dp=g—2+k

as a polynomial in ay, ..., a, and a linear function in (74, -+ 74, )5, d1 -+ - dg # 0.

Proposition 4.5. For any di,...,dy € Z,d1+---+dy =9g—24k, dy---di # 0, where at least
one index d; is negative, we have

0y n(a)

— - =(.
Nty Tay )y
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Proof. Assume dy,...,dy; are negative, and the rest of the indices d; are positive. Let us fix
I U-- U C [n] that satisfy the condition |I;| +d; —1 >0 for any i =1,...,¢.
Consider all terms in the expression £ satisfying the following conditions:

e The correlator factor is a coefficient <Hl T Td”> such that

— for each i = 1,...,k, we have Z;”:ildij:di—i-mi—l;

— for each ¢ = 1,...,¢, at most one of d;;, j = 1,...,m; is negative. It is at least d;,
and at least d; + 1 if m; > 2 (this ensures there exists a zero index to use the string
equation);

— foreach ¢ =¢+1,...,k, all d;;, 7 = 1,...,m; are non-negative. Moreover, one index

must be at least d;, and at least d; + 1 if m; > 2.
| L
ALY d7>9 # 0. In other words, the corre-

8<Td1 Tdk>

lator in the denominator can be deduced from the one in the numerator via successive
applications of the string equation.

This list of conditions is equivalent to

e The sets I;; satisfy I_I;”:"1 ij =1 foreachi=1,... ¢
e For each i = 1,...,k the sets I;; are arranged in such a way that min([;;) < min(Z;;) if

and only if j < j’ (this condition is necessary to have control on the combinatorial factor).

We can refine (4.1) as follows: we define “refined correlators” <Hf:1 Tdi(Ji)>;, now depending
formally on subsets J; C [n], and subject to a natural refinement of the string equation

k k k
(ro(Jrs1) [ [ 7, = (1a,-1(J; U Jier) [ ] 7 (T0))s.

i=1 j=1 i=1

i#]

We then define Zref( @) to be

no Nk
egr@=> "0 Y S ) ma (5 1T Qe o)

k=1 T LUeUlp=[n] dy,...,dL€Z j=1
Li#o,Vjelk] dit-+dp=g—2+k

Clearly, 5;?72(6) reduces to &, (d) after setting 74(I) — 74.
Using this notation, if we fix m;, d;; and I;; for ¢ > 1, and let mq, dy;, and Iy; vary
in all possible ways such that the conditions above are satisfied, we can split the derivative
<Hl V12 7a)5/0(Ta, -+ - Tay, ) g into the sum of “refined derivatives”

a< ﬁ ﬁ rdij(lij)>; 8<ﬁ1]ﬁ1 Tdij(fij)>; <Td1(11) ﬁ ﬁl Tdij(Iij)>

g

o(ray(t) 11 T 7, () o I 7 (1))’

i=2 j=1 i=1 g

The derivative is clearly zero if the partition {I;;} is not a refinement of the partition {I;}.
Thus we obtain the following expression for the derivative of &, ,(a):

0&gn(d@) 9E;5 (@)
3<Td1g'"7dk>; = 2 3<Td1(11)?"7dk(fk)>5

11L|'~~L|Ik=|1nﬂ

7a(D)=T4
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k. m; °
- S orar () 11 11 7a, (1),
= kl Z H H dZJ+|[ZJ| 1 [IZJ}) °
Liu---ulp=[n 1=2j5=1 .
é;&z,v'}e&[kﬂﬂ i= 3<il;[1 Tdi(IZ)>

mi,dij,li]- for 122

g

E

Q
S
—=
&
P
~
<.
-
~—
o

Il
—

my
mi— =17
X Z (=™ ! H Qd1j+\11j|*1(a[llj]) ’

(4.2)
m1,dyj,I1 J=1 8<le (11)

E

Ta(1)=74

i

T
[N}
<
I

°
Td;; (Iz'j)>
=1 g
In order to prove the proposition, it is sufficient to show that the factor in the third line of this
expression is always equal to zero. Note that this factor is a polynomial in the variables a,
p € I, of degree 2 (dy +my — 1+ |I1] —my). The degree of this polynomial is less than twice
the number of its variables (since d; < 0). Therefore, in order to show the constant vanishing
of this polynomial, it is sufficient to show that it constantly vanishes for two specific values
of each of its variables, namely, at the points a, = 0 and a, = —1/2 for each p € I;. Since
this polynomial is symmetric in its variables, it is sufficient to prove this vanishing for just one
variable.

We assume, for simplicity, that 1 € I1, and prove the vanishing for a; = 0, —1/2. In order to
use the string equation, we split the terms in the third line of (4.2) in two parts: those where
I 1 = {1}, and those where I1; D {1} (as 1 € I;; by the third bullet of conditions). The
first part is parametrised by partitions Iy U --- U I, = I; \ {1}, and the second part can
be reparametrised by the same partitions, plus a choice of one of these sets which should also
contain 1. Hence, up to a common sign factor, we can split the third line of (4.2) as terms of
the form

kE m; °
m1 a< H Td;; (I’L])>
i=1j=1 g
lel‘i’l*l(a‘l) H Qd1]+|llj‘—l(a[113]) k m; ° (43>
= o (1) I1 11 7, (1))
%mﬂmwmnnwﬂmnnmAm>
mi mi =2 j=1 g
#r
=2 1 Quyysinyi-1(agy) + ardsr) e
=252 O(ay (1) 11 T 7a,, (1))
1=27j5=1
In both the cases a; = 0 and a; = —1/2, d1; must be equal to zero here (otherwise Qq,,(a1) =0

in the first term and the indices d;; in the other terms do not add up to d; + m; — 1). Then,
for a; = 0 all Q-coefficients in (4.3) are literally the same, so it vanishes using the following
derivative of the refined string equation

oot 1 ra, 0 11 1),

=2 =2 j=1

0,20 0 (1) T 7, () T1 1T 70,00

mi ]:2 Z:2j:1 g

= Z j;él: m; o . (4'4)
r— 8<le (1) IT TI Tdij(Iij)>g

i=2j=1
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The case a; = —1/2 is more subtle. We use induction on |I;|. Using the identity Qp,(a) —
Qpla—1/2) = —(a/2) - Qp—1(a — 1) and the derivative of the refined string equation (4.4), we
can rewrite expression (4.3) as

mom o( 11 7a, 00 11 i 7, 1),

1 _ i=2j=1
_iza[llk] ’ ‘Hlej+‘Ilj|—l(a[Ilj]) k} m; .7 (45)
k=2 g O(ra, (AN TT I 7a,, (1) )
i=2j=1 g
where in the coefficient of aj we use the notation ayr,,) = ayy,] — opk, P = 2,...,m1, and

dlq = dlq - 5kq7 q = 2,.. .,Mma.

By our assumptions, d; < 0 and |I1] +dy —1 > 0, so |[I;] > 2. For the base case of the
induction, |I;| = 2, we then have d; = —1, so di; + d12 = di + m; — 1 = 0, and therefore
d12 = 0. In this case, the k-sum and j-product in equation (4.5) collapse, yielding a coefficient
QcZquIIu\—l(aI[m]) = Q_l(a][m] — 1) = 0, proving the basis step.

For the induction step, we see that for each k the coefficient of a;,,) in (4.5) is the polynomial
in one fewer variables (namely, taking out the variable a;) and size of |I1| one less (by removing 1)
of exactly the same form as the summands in the third line of (4.2). Resumming over my, dy;,
and I; ; with the sign coming from the third line of (4.2), this becomes equal to the third line
of (4.2), which was zero by induction (where we use already that this third line vanishes for all

a; = 0, —1 / 2).
Thus, the third line in (4.2) is equal to zero for a; = —1/2 as well as a; = 0, which implies
it vanishes constantly. This implies the proposition. |

4.3 Applying formal negative degrees of 1-classes
to the combinatorial identity

We use the result of the previous section to reduce the system of identities (3.4) to a simpler
one.

Proposition 4.6. Faber’s conjecture (Theorem 1.1) is equivalent to the following system of
combinatorial identities.
For any g > 2 and n > 2, for any ai,...,an € Z>o, a1 +---+a, =29 —3+mn,

k

no Nk B
0=2. ( k:l') > > M 1 Qay 11,11 (a)- (4.6)

k=1 " LhueUl=[n]  di,...,dx€Z 2d. — 1)1 =1
Li#o N je[k] dit-+dp=g—2+k igl( ' )

Proof. We have already shown that Faber’s conjecture is equivalent to the system of identi-
ties (3.4), where the correlators are replaced by the predicted value from the conjecture. So, it is
sufficient to show that the system of identities (3.4) is equivalent to the system of identities (4.6).
Note that the right hand side of (3.4) is a specialization of the expression &£, (a@) for the values
of (74, - 74,)y given in Example 4.2. The right hand side of (4.6) is a specialization of the
expression &, (@) for the values of (74, - -~ 74, )5 given in Example 4.3.

As observed before, a system of numbers (74, -- 'Tdk>; satisfying the string equation, see

Definition 4.1, is fixed by choosing all numbers for H§:1 d; # 0 arbitrarily and inferring the
other cases from the string equation. We call the chosen numbers initial values.

The initial values of the system of numbers (7g4, - - - 74, )§ given in Examples 4.2 and 4.3 coincide
for all dy,...,dr > 0 and differ when at least one of d;’s is negative. Proposition 4.5 implies
that the initial values (7, - - - 74, )5 With at least one d; negative have no impact on the value of
Egn(@). Therefore, a specialization of the expression &, ,(a@) for the values of (7q, - - - 74, )3 given



Half-Spin Tautological Relations and Faber’s Proportionalities of Kappa Classes 13

in Example 4.2 is equal to zero if and only if the same specialization of the expression &, (@)
for the values of (74, -+~ 74,)5 given in Example 4.3 is equal to zero. Therefore, the system of
identities (3.4) is equivalent to the system of identities (4.6). [

5 The main combinatorial identity and its structure

In the previous section we used formal negative degree psi-classes in order to simplify the system
of combinatorial identities to which Faber’s conjecture is equivalent (Proposition 4.6). We now
want to substitute the @-polynomials by their definition and rearrange the terms to obtain the
following statement.

Corollary 5.1 (of Proposition 4.6). Faber’s conjecture (Theorem 1.1) is equivalent to the fol-
lowing system of combinatorial identities.
For any g > 2 and n > 2, for any ai,...,an € Z>o, a1 + -+ ap = 29 — 3 +n, we have
n k
B (—1)"(29g — 3+ k)!
0= Z k!

k=1

k
2(1[13_} +1 (2dj - 1)”
, 1
x ) > H( 2d; ) (2d; + 11— 2L o
LU-UL=[n]  di,..dk€Ls0 j=1
Li#oVjelk] dit++di=g—24n

Here by ajr;) we denote Zeelj ag and by |I;| we denote the cardinality of the set I; C
{1,...,n},j=1,... k.

Proof. Recall that, for m > 0, Qu(a) = ((=1)™/2%™m!) - [[2"% 1 (2a + 1 — 7). If its argument
is a non-negative integer, we can rewrite @, (a) as (2‘21:;1) ~(2m — ! (=1)™/22™. For m < 0,
Qm(a) = 0. Then it is easy to see that equation (5.1) is obtained from equation (4.6) by the
relabelling d; + |I;| — 1 ~ d; and dividing by a common factor of (—1)9~2+n /22(9=2+n), [ |

In the rest of the paper we refer to equation (5.1) as the main combinatorial identity. This
section is devoted to a purely combinatorial analysis of this identity. Clearly, since Faber’s
conjecture is proved, the main combinatorial identity holds true. However, we are interested in
an independent proof of it, in order to obtain a new proof of Faber’s conjecture. We produce
such a proof for n <5 in the next section.

Question 5.2. Is there a purely combinatorial way to prove the combinatorial identity (5.1)
for all n?

In fact, one of the purposes of the present article is to pose the question to the combinatorial
community about a possible enumerative interpretation of our identity.

5.1 Polynomials vanishing in the integer points of some simplices

We denote the right hand side of (5.1) by P(as,...,ay). It can be considered as a polynomial of
degree 2g —4+2n in ay, ..., a, (since the blnomlal coefﬁment ( '”2[ i ) is naturally a polynomial

of degree 2d in q| ]}). We can also rewrite it as

Z”: (—1)*(29 — 3+ k)! 3 3 H <2a11+1> (2aq,) = 2f; — D!
Pt k! B S e 2fj+1 ) (2ap,) — 2f; +1 =2 !
L;#2,V je[k] fit~+fr=9—1
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and refer to it as R(ay,...,a,). The function R(ay,...,ay) is also a polynomial in ay, ..., ay,
where each term in the sum over k = 1,...,n has degree Z?:l 2f;j + 1] = 29 — 2+ n, so the
total degree of R is 2g — 2 + n. Note that P # R (they even have different degrees); from the
construction they coincide only on the simplex ay,...,a, € Z>0, a1 +--- 4+ a, =29 — 3 +n.

Proposition 5.3. We have Plg,—0=0,i=1,...,n

Proof. Since P is symmetric in its variables, it is enough to prove this proposition for a, = 0.
Consider an arbitrary splitting I U --- U I = {1,...,n — 1}. We want to append this splitting
with the element n: either we add {n} as one of the sets (there are k + 1 ways to do this, since
we can choose the number of this set from 1 to k + 1 shifting the indices of I; accordingly), or
we append n to one of the existing sets Iy, £ = 1,...k. Consider the sum of all terms in P that
correspond to these choices of splitting of {1,...,n}. Since the first k£ + 1 terms are all equal to
each other, we can assume that we have k + 1 copies of the case I = {n} instead. Therefore,
if we split the terms of P in this way, we get summands of the following form:

(—1)k+1(2g — 3+k+1 2G[I]+1 (2d; — 1! 2a, + 1
1 .

di+-+dgyy J=1
=g—2+n

(—1)F 2g 3+k)! 2a1]+2an5]g+1 (2d; — )N
+ Z ZH 2d; + 1 2[ I

di+--+d (=1 j=1
=g—24n

If a,, = 0, then the first summand is nontrivial only for di+; = 0. So, if we substitute a,, = 0,
then this expression is equal to

(—1)k (29 3+ k)l b (2 ]+1 (2d; — 1)!
SO ) e st

di+- +ko 1
=g— +n

k
X <—(29 24 k) + Y (2d+ 1~ 2\@;)) .
/=1

Note that the last factor is equal to zero. Since the definition of P reduces to the sum over
Liu---uly = {l,...,n — 1} of the terms that we considered here, and we never used the
restriction of P to the simplex a; + --- + a, = 29 — 3 + n, we have P(ay,...,a,-1,0)=0. N

~ n
Corollary 5.4. The function P(ay,...,ay,) = P(a1,...,a,)/ [] a;i is a polynomial in aq, ..., ap
i=1
of degree 29 — 4 + n.

So, we have a collection of symmetric polynomials of quite small degree (that is, smaller
than what one expects trying to construct such non-trivial polynomials using the Lagrange
interpolation, for instance) vanishing in all integer points of the certain simplices:

e P(ay,...,ay) is a polynomial of degree 2g — 4 + 2n that vanishes at all integer points of
the simplex a1,...,a, >0, a1+ -+ a, =29 — 3 +n.

e R(ay,...,ay) is a polynomial of degree 2g — 2+ n that vanishes at all integer points of the
simplex ai,...,a, >0, a1+ -+ a, =29 —3+n.

° ]5((11 +1,...,a,+1) is a polynomial of degree 2g —4+n that vanishes at all integer points
of the simplex a1,...,a, >0, a1+ -+ +a, =29 — 3.
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5.2 Combinatorial reduction of the identity for a; = 1

In this section we give a combinatorial reduction of the identity (5.1) in the case one of the
arguments a; is equal to 1.

Proposition 5.5. For any g > 2 and n > 1, for any a1,...,a, € Z>o, we have
n
P(ay,...,an,1) — P(ay,...,a,,0) = P(ay,...,a,) - <4Zai—8g—|—10—2n> . (5.2)
i=1

Proof. Let {n+1} U J C {1,...,n+ 1}. Consider the corresponding factor in a summand in
P(ay,...,an,1) assuming I; .= {n+1}U.J, for some j, and denoting the corresponding index d;
by d. We have the following decomposition:

<2(am+1)+1>( (d -1 _ <2(am+0)+1> (24— 1)!

2d 2d — 1 2[J|)! 2d (2d— 1 — 27!
2apy + 1 2d — 1)!! .
+ ( o ) (DN 3 2d), (5.3)
2d ) (2d+1-2J)!

where d = d — 1. The first term on the right hand side is equal to the corresponding factor in
the same summand in P(aq,...,a,,0). The second term gives a summand in P(ay,...,a,) with
a coefficient.

There are (k + 1) ways to obtain the summand

i <2a[1j]+1) (2d; — 1)1

—1)*(29 — 3+ k)!-
(=729 =3+k) E od;, ) (2d; + 12/,

in P(ay,...,ay) (here [1U---UI; = [n], di+---+di = g—2-+n, and we omit the factor 1/k! that
controls the permutations of the sets Iy, ..., I) from the second term of the decomposition (5.3):
either J = I;, j = 1,...,k, or J = @. In the latter case, the extra coefficient that we get is
equal to —3(2¢g — 2 + k). Thus, the total coefficient of this summand is equal to

(g +3-2dj) —3(29 =2+ k) =4 a; — 89+ 10 - 2n,
1 i=1

k
Jj=

which does not depend on the choice of I} U---U I, = [n] and d1 + -+ + dx, = g — 2+ n. This
implies equation (5.2). [ |

If we restrict equation (5.2) to the simplex a3 + - + a, = 29 — 3 + n and use that
P(ai,...,an,0) = 0 (without any assumptions on ay,...,a,), we obtain the following corol-
lary:

Corollary 5.6. For any g > 2 andn > 1, for any a1,...,a, € Z>0, a1 +---+a, =29 —3+n,
we have

P(ay,...,an,1) = (2n —2)P(ay,...,an).

In particular, P(29—2,1) = 0, and for n > 2 the vanishing of P(a1, ..., ay) implies the vanishing
of P(ai,...,ap,1).
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5.3 A conjectural refinement of the identity

In this section we formulate a conjectural refinement of the identity (5.1), which gives a natural
strategy for its combinatorial proof. In particular, it allows to prove it for n < 5 for all g.

We replace each factor (ZQ%H) in each summand of the identity by the sum (2;5]) + (225[_”1)
Then we collect all terms with the fixed number of factors where we have chosen to decrease 2d

to 2d — 1. Let us define P, ; as

"L (=1)k(2g — 3+ k)!
Z( )(Qk! + k)

k=1
2&[[ <2d] - 1)”
D SR SR Dl | [ P
Liu---UIp=[n] dl,...,dkEZZO AcC[k] =1 Jj€ J J
I;#2,V je[k] di+-+dp=g—2+n |A|=n—t
fort =0,...,n. Here d;c4 is equal to 1 for j € A and to 0 otherwise. For instance,

2a
Pro=(-1)"(29 — 3 +n)! > H< ]>
01,.. ,On€(22+1)>0 7j=1
o1++on=29—4+n
n

Poy=(-1)"2¢-3+n)Y > ﬁ (2%) (2%)

=1 01,...,01,...0n€(2Z+1)s¢ j=1
€i€(2Z)>0 JFi
01405 +0n+e;=29—3+n
n n

SRR )> IT (%) (P2 ) on

o
Z7€:1 017"'76;;7"’70/\57"’On€(22+1)>0 ]:1 J i
i<l 0:0€(2Z+1) >0 J#il
01+++6;,0¢ " +0n+0=2g—3+n

n k
o (1)F(2g — 3+ k) 2ay1,] (e; — D!
P"’"_Z k! ll .J 11— oL
! 2 2 ej ) (ej+ ;!
k=1 LUu-Uly  er,.,ex€(2Z)>0 J=1
={1,...,n} ey +--+er=2g—4+2n

Here we use the notation oe (resp., e,) to stress that these are odd (resp., even) non-negative
numbers, and 0; means that this particular index is skipped.

Denote by A,, the sum (—1)"(2g —4 + n)! 2017,,,70n€(22+1)>0 HJ 1 (2‘13).
o1+-+on=2g9—4+n

Conjecture 5.7. For anyn >2 andt=0,...,n, a1,...,a, € Z>p, a1+ -+ a, =29 —3+n,
we have

Pos = (—1)! [((” X 1) _ (’Z:f)) (29— 3+ n+1)+2(t - 1)<t_ f)} A, (5.4)

Observe that the right hand side is equal to

(—1)t [<n21>(29—2+n+(t—1))— <?:11)(2g—2+n—(t—1))] A,

Remark 5.8. This conjecture does not follow from identity (5.1), so the equivalence of Faber’s
conjecture and identity (5.1) does not prove equation (5.4). On the other hand, let us prove
that equation (5.4) implies the main combinatorial identity (5.1). Indeed,

n

SO(-1)! K”;l>(2g—2+n+(t—1))— <7Z:11>(2g—2+n—(t—1))]

t=0
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n

=(20-3+n) > (-1 (n ' 1) Fml Zn:(_l)tc:f)

t=0 t=0

—(29—2+n) tno(—l)t@:ll) +(n—1) tno(—1)f<7;:22) = 0.

Therefore, a combinatorial proof of Conjecture 5.7 would immediately give a new proof of Faber’s
conjecture.

Proposition 5.9. Conjecture 5.7 is true for n <5, any t, and fort =0,1,2,3, any n.
We prove this proposition in Appendix A.

Remark 5.10. Note that surprisingly this proposition is also true for n = 1, though in this
case we have no identity (5.1). Indeed, for n = 1 we have

4g — 4
A = —(2g — 3)!
=—g-3n(;0 7))

Pro= (29— 2)! (49 - 4) _ (29— 2)A,,

29 -3

49 — 4
P1=—(29—2)! =(29g—1)A
11 =—(2g )(292> (29 — 1Ay,

which matches exactly equation (5.4) for n =1 and t =0, 1.

5.4 An equivalent formulation of the conjecture

In this section we reformulate Conjecture 5.7 via a 3-term recursion in the P, ;. Let ZBM be

o= [((7) - (271)) a-s s - (7

Proposition 5.11. Let n > 2 and ay,...,a, € Z>0, a1 + -+ + an, = 29 — 3+ n. The following
three statements, are equivalent:

i) Conjecture 5.7 holds:

Pn,t:pn,t forallt=0,1,...,n.
i) The P+ obey the following 3-term recursion for allt =0,...,n:

_ (=D'2g-1)(n
t+1)Pusy1+(n—(t+1)Pys = m <t>Pn,0-

iii) The following expression does not depend on t:
thn = N1 [(t+ 1) P + (0 — (t+1)) Poy] .-
Proof. Let Sy, (x) = Y - Pn', for which we already know the values
Sg,n(o) = Pn,Ov

Sgn(1) =Y Puy
t=0
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(—1)*(2g — 3+ k)! 2a,) + 1 (2d; — )N
S s s (M s

Lu--Uly=[n] di,...,dx€Z>q j=1 dj
I;#2,Vjelk] 3; di=g—2+n

n

>~
Il
—_

Let us now compute the generating polynomial for the ant

n
= E Pmtl't

S (U 1) RS R I

First substitute A,, = P, 0/(2g — 3 + n) and expand the whole expression in terms of the type

= (m

> (77 )otrara,

t=0

where p(t) is a polynomial in ¢ and a is an integer. For each such summand substitute p(¢) with
p(z ), apply Newton binomial theorem to Y 3" ('})(—z)" = (1 — )", and finally apply the
operator p( ) to the summand. Collecting the summands’ resulting contributions together
gives

Sunle) = =2 (2~ )(a 1)+ (0= D) P (5:5)
Observe that S, (0) = S,,(0), and S(z) satisfies the non-homogeneous first order ODE

(29 =3+n) [(1—2)f'(z) + (n—1)f(2)] = (1 —2)"(29 — 1) Pnyo, (5.6)
which Sy, (z) also satisfies if and only if

(E+1)Pagr + (n— (£ + 1)) Py = m <7Z> Pao. (5.7)
for t = 0,1,...,n. This proves the equivalence between (i) and (ii). Clearly (i7) implies (ii7).

Let us see that (7i7) also implies (i7). Assuming (i7i), we can evaluate (i7) at any t. Let us pick
t = 0 for simplicity. Then (i7) reads
(29 1)
=-———"_P
n,1 (29 —3F TL) n,0
B (2—n)(29 —2+n)
(29 —3+n)

(1) (5 e ()

which holds true from the case ¢ = 1 in Proposition 5.9. This concludes the proof of the
proposition. |

(2g—1)—(n—1)(29g —3+n)

— (= Db = (2g —3+n)

Pn,O

Pn,O

A Proof of the main combinatorial identity for several cases

In this section we prove Proposition 5.9. By Remark 5.8, this implies a proof of the main
combinatorial identity (5.1) for n < 5 and g > 2. By Corollary 5.1, this implies a new proof of
Faber’s conjecture for n < 5 and g > 2.

We would like to emphasize that we present in this proof a brief exposition of a quite intricate
computation involving an interplay between binomials with even and odd denominators that we
could not find deeply analyzed in the literature on combinatorics.
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Proof of Proposition 5.9. The case t = 0 is obvious from the definition. For the other cases,
we perform quite intricate computations based on the following lemma.

Lemma A.1l. For any non-negative integers ai,...,an, a1 + -+ an = A, and t1,...,ty,,
t1+---+t, =T, and for an arbitrary vector of parities (p1,...,pn), Pi € Lo, we have

2a " (2a;
> UC)ee- > 1w
Jitetfa=B i=1 i+ fa=2A-B+T i=1 v
fi=pi, i=1,..,n fi=pit+t;, i=1,..n

Here by f € Zo we denote the parity of f € Z, and by (f); we denote the Pochhammer symbol,
(fre=ff=1)--(f+1-1).

Proof. It follows from the following identity

(o (i (2o (s

Example A.2. If a1 + -+ a, = 29 — 3+ n, then

> 1ut)- = 1)

014,00 E(2Z+1) >0 =1 01,--,0nE(2Z41) >0 J=1
01+:++0on=2g9—4+n 01+:++0on=29—2+n

Thus we have an alternative definition of A,, as the sum

SRS S | ().

01,..,0n€(2Z+1)>0 j=1
o1+-4on=29—2+4n

Below in all arguments we apply Lemma A.1 assuming the condition a1 +- - -4a, = 2g—3+n.
We will also make use several times of the Chu-Vandermonde identity .., (;)(7) = ("),
which follows from the expansion of the identity (1 + z)"(1 + )% = (1 + )" 5.

Al Caset=1
We have

n

n
2a; 2a;
Py = (12— 3 Y T H( )( )
i=1 01,..,61,..0n€(2Z+1)s0 J=
e:€(2Z) >0 J#i
01+++-0j--+on+e;=2g—3+n
n n

+ (=D N2 —4+n)! ) > 11 (2%) <2alf2az) - 0j¢.-

; ~ ~ 0j 7

Z,ZZI 01,...,OZ‘,...,O@,...0n€(22+1)>0 ]:1

i<t 0:0€(2Z+1) >0 J#iL
01++:6§,0p+0n+0;p=2g—3+n

In the first term we can replace the factor (29 —34n) by the sum of the indices 01+ - 0; - - -+
on, + €;. In the second term we can apply the Chu-Vandermonde identity

G KT o (0 R 69 [ ) [

G(QZJrl)zo
e€(2Z)>0
o+e=0j
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On the right-hand side of this equation, we always have one even bottom argument in the
binomial coefficients and all other bottom arguments are odd in both terms of this expression.
The expression is totally symmetric with respect to the choice of the place of the even bottom
argument. The coefficient in each summand of

(—1)"(29 — 4 +n)! 3 <2a1> ll (2;;)

€1
02--~70n€(22+1)>0
616(22)20
eitoz+-+on=29—3+n

(that is, we collect the terms where the even bottom argument is below 2a;) is equal to

(el%—Zoz) _;el+oi>=_el. ((”11)_(651)).

Applying Lemma A.1 to this term, we obtain

(-)"2g—4+n)t S <2a1> ll <2aa> (1)eer <<n - 1> B <n;1>>

02...,0n€(22+1)>0 Vi
616(22)20
e1to2+-+on=29—3+n

= (- —4+n)l > H(ga”>'0"1>'<<n11)‘<n51>>'

01,..4,0nE(2Z41) >0
o1++on=2g9— 2+n

Now, since the even bottom argument could be at any place, not only at the first one, we have
to replace in the full computation of P, ; the factor o; above by o1 +---+0, = 29 —2+n. Thus
we have

Poy=An- (29 =2+n) (1) <<n11>_<n81>>

which is exactly the desired result for ¢ = 1.

A2 Caset=2

Let us describe P, 2. All terms there have a common factor of (29 — 54 n)!. The sum of bottom
arguments of all binomial coefficients is always equal to S = 2g —2+n. Taking into account the

total symmetry with respect to the permutations of ay, . .., a,, we see that (—1)"P, 2/(29—5+n)!
has
2a1 + 2ag + 2 " (2a;
<n> terms of the type ( a1+ 2oz + ag) H < az) -0123(0123 — 2),
3 0123 o4 \Oi
2a; + 2 2a3 + 2 o (2a;
3( ) terms of the type ( o+ a2) ( 43 + a4) H ( a,) © 012034,
012 034 i—s \ 0

Z) ( > terms of the type <2a1 + 2a2> <2a3) <2af) c012(S8 — 2),

2a;1 + 2 o (2a;
<Z terms of the type <a1+ a2>1—[< a) (e12 — 1)(S —2),

=3
2 2 2a;
n> terms of the type ( a1> ( ag) ( a) 1)(S —2).
2 €1 €2

N—

=
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For instance, in the first line we mean that we have the following sum of (g”) summands

3 3 (2a,- + 2a] + 2ak> ﬁ (2;;@) ook —2).

o
i<j<k 0ijk€(2Z+1)>0 ik /.Zl.k
00 €(2Z+1)50, Le{L,...n}\{ij.k} 7,
Oijk 2 0e (1, . .n}\{i.g k) O0=29—2+n

We assume that the parity of the bottom arguments denoted by o (resp., €) is odd (resp., even).

Let us expand all binomial coefficients using the Chu—Vandermonde identity, that is, in such

a way that we have exactly n factors of the type (2}“) where we also keep track of the possible

parity of the bottom arguments. For instance,

(o)=L 2 L) L2 GE)E)

e1+e2+03=0123 e1+o2+e3=0123

o2 ) 2 GIEIE)

o1+e2+e3=0123 01+02+03=0123

We compute all the coeflicients to obtain

() st ()G (127,
() oo (("2)- ("))
(o) 2 (") - ("11)):
H<2‘“> (-2 () (),
1 term of the type lj<2a) ( )

Applying Lemma A.1 to the sum of all terms in the first line, we obtain the same terms as in the
third line, with the coefficient 20109 (";2) This, together with all terms in the second line and
the third line, gives us the term in the fifth line with the coefficient ((";1) - (”Il)) S(S—1).
The sum of all terms in the fourth line gives us also the term in the fifth line with the coefficient
S(—=("3") + (") + (%)). The observation that

(30 -7 ssnes (12 + (1) + () ()
== [((75 ) ()" )]

is exactly the product of (29 — 4+ n) and the desired coefficient of P, 2/A,, completes the proof
of this case.

(?) terms of the type

<g> terms of the type

s \:IE: =

<T) terms of the type

A.3 Caset=3

Let us describe P, 3. All terms there have a common factor of (29 — 6+ n)!. The sum of bottom
arguments of all binomial coefficients is always equal to S := 29 —1+n. Taking into account the



22 E. Garcia-Failde, R. Kramer, D. Lewariski and S. Shadrin

total symmetry with respect to the permutations of ai, . .., a,, we see that (—1)"P, 3/(29—6+n)!
has terms of the following type:

2a; + 2ag + 2a3 + 2a4)\ 17 (20
_( a1 +2az + 2a3 + a4> H ( al) - 01234(01234 — 2) (01234 — 4),
=5 \

01234 i
2a1 + 2a2 + 2a3> <2a4 + 2&5) - <2ai>
— - 0123(0123 — 2)045,
< o193 ous g 0 123(0123 — 2)045
B <2a1 + 2a2> <2a3 + 2a4> (2@5 + 2a6> ﬁ <2ai> 01203105
012 034 056 i \ 0 '
2a1 + 2a9 + 20,3) (2&4) & (2az’>
- 0123(01234 — 2)(S — 4),
(P2 L) - onstonsa =265 -
2a1 + 2a9 + 2a3> - (2ai>
-(e123 — 1)(e123 — 3)(S — 4),
GRS | (G RC"ECERCERE
<2a1 + 2a2) <2a3 + 2a4> <2a5> ﬁ <2ai> - 012084(S — 4)
034 € ) i \ O ’
2a1 + 2a9 2a3 + 2ay4 L 2a;
. -1 S —4
< ) > 1T o (e12 — 1)o3s(S — 4),

=5

(“
<2a1 4 2a2> (m) <2a4> 135 (25) 0125 = 3)(S — 4),
)

<2a1~|—2a2 <2a3> (2%) (exz = 1)(S — 3)(5 — 4),

E)CICE) oo

Let us expand all binomial coefficients using the Chu—Vandermonde identity, that is, in

such a way that we have exactly n factors of the type (2}1;), where we also keep track of the

possible parity of the bottom arguments. Computing the coefficients, we obtain terms of the
type (2‘“) (2“2) (2a3) [Ty (2;‘:’) and (2‘”) 1T, (2;1) with some complicated coefficients that we

€2 es3
want to collect in several disjoint groups.

A.3.1 First group of terms

Denote — ((”gl) — (ngl)) by Cy. With this coefficient we have terms of the following type:

<2a1) ﬁ <206zi) ei1(er —1)(e; —2) - C4,

€1/
2 2 2 ~ (2a;
( al) ( “2> < a3> 11 ( ) ereses - 6C1,
e1 J\e2/\es )\ o
2a1\ [2as . 2a;
. —1)-3C.
<€1><62>g<0i e102(02 ) 1
Applying Lemma A.1 to these terms, we obtain

2a;
> H<a> (29 —2+n)(2g — 3+n)(29 — 4+ n)Cy.
01+++on i=1
=2g—2+n
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A.3.2 Second group of terms

Denote —4(”;1) by Cy. With this coefficient we have terms of the following type:

2(11) - <2ai>
-eq - 109,
(61 71;[2 0; 1-e102
2 2 “ (2a;
( 1)( “2> H( ) o100,
el 02 ) 15 \ 0i

<2€all) ﬁ <2ociz> ce1 - (—4)Ca.

=2

We collect these terms into (2‘“) [T, (20‘“) ce1- (29 — 5+ n)Cs.

€1
these terms, we obtain

3 H <2a’> 014+ 0n) (29 — 5+ n)Ch

01+++o0n 1=1

=2g—4+n
= Y H (2%) (29 — 4 +n)(2g — 5+ n)Cs.

o1+-+on i=1
=2g—4+n

Applying Lemma A.1 again, we obtain

) H(mz) (29 — 4+ n)(29 — 5+ n)Ch.

01+++o0n 1=1
=2g—2+n

A.3.3 Third group of terms

Applying Lemma A.1 to all

Denote 6 (("gl) — (”;1)) by C3. With this coefficient we have terms of the following type:

2a1 - QCLZ‘
<€1>E<Oi>-e1'03.

Applying Lemma A.1 to all these terms, we obtain

3 H(m) (14 +oCs= 3 H(Qaj.

01++on 1=1 01+--+o0n i=1
=2g—4+n =2g—4+n

Applying Lemma A.1 again, we obtain

3 H(”Lz) (2 — 4+ n)Cs,

01+-+on i=1
=2g—2+n

A.3.4 Fourth group of terms

-4+ n)Cg

Denote —2(”;2) by C4. With this coefficient we have terms of the following type:

2a1 2a2> (2@3) - <2ai)
- 3e1e9e3Cy,
<61><62 e g 0 1€2e3Cy
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=2 i
2a1> - <2ai>
— e1(er — 1)ooCYy,
<e1 [1() erer-vencs
2a1\ 11 (24
_< a1> H( a) €10203C4
€1 o 0;

Applying Lemma A.1 to the first two lines, we obtain

> H(Qa’> : (ZO¢oj> (014 + 0p — 2)C4

01+++on i=1 1<J
=2g9—2+n
2a
E H< z) (g ozoj) (29 — 4+ n)Cy.
01+--+on i=1 1<J
=2g—24n

Applying Lemma A.1 to the last two lines, we obtain

-> > <2;i> <2e(j-j> gl—[l (20(?) ceiej [eite+ Y o | Ca

’L<] 61+6]+ZZ€{1 _____ nI\{i,j5} Oy e?é: . ZE{l,,n}\{z,]}
=2g—2+4n bJ

2a;\ (2a;\ v [2a;
Y YT ) ot
1<j e;+e;+y. ) € € (=1 i
v :e;g{ié:’i’;;}\{%]} 04,5

It follows from Lemma A.1 that

2a;
> H AP DD
01++on 1=1 1<J 1<J e;+e;
=29=2+n 201, n )\ (i} O
=29—2+n

2ai 2aj f[ 2ai Ceies — 0
€; €; 0; v '
77 =1

Hence, the total sum of all terms with the coefficient Cjy is equal to 0.
A.3.5 Final computation
In order to complete the proof of the case t = 3 it is sufficient to observe that

(29—2+n)(29—3+n)(2g—4+n)C1+(29—4+n)(29—5+n)Ca+ (29 —4+n)Cs

—(2g—4+n)(2g — 5 +n) [<<n;1) - <n;1>> (2g+n)+4<n;1)].

A4 Casen=t=4

In this case a1 + - -- + a4 = 29 + 1. We have the following formula for Py 4:

4
Pia k(29 - 3+ k) 2a[11 (e; — D!
T -y & syl DD H N YTy
k=1 IU---Uly eq,. 6k€(22)>0 j=1
={1,..., }e1+ +ep=2g+4
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Note that if £ = 1, then (29 — 3+ k)! = (29 — 2)!. But then this term looks like

2a1 + 2a0 + 2a3 + 2a4
2 3)(2 1)(2g — 1
(P25 2 ) 2+ 320+ )29 - 1),

and the last factor here still allows us to extract the common coefficient of (2g — 1)!. With that

remark we see that every term in the expression for (21;4’3, above is multiplied by a quadratic

polynomial in e, ..., eg.
Applying the Chu—Vandermonde identity in the same way as in the previous cases, we obtain
terms of the following type:

4
2a; 2 2 2 2 2
()0 () we T() oo
Sr\e er)\ex/\ o3/ \ o3
Applying Lemma A.1 to all these terms, we obtain

2a; A
> TL() ortontostontortortosto1=—g-1 5 M0
01402+03 i=1 I ‘
+o4=2g

which confirms this case of the proposition.

A5 Casen=t=25
In this case a1 + - - - + a5 = 2g + 2. We have the following formula for Ps 5:
5
Ps 5 k(29 — 3 +k)! 2a[I] (e;j — 1!
it e ¥ X Il CESESIAINE
k=1 Lu---Uly eq,..., ekG(QZ)>0j 1
7{1 ..... 5} e1+--+ep=29+6

Note that if k = 1, then (29 — 3+ k)! = (29 — 2)!. But then this term looks like

2a1 + 2a0 + 2a3 + 2a4 + 2a5
( o )(20-+5)20 + 3)(2a + (29 - 1)

and the last factor here still allows us to extract the common coefficient of (2¢g — 1)!. With
that remark we see that every term in the expression for e P’ 11 above is multiplied by a cubic
polynomial in ey, ..., eg.

Applying the Chu—Vandermonde identity in the same way as in the previous cases, we obtain
terms of the following type:

<2a1> <2a2> <2a3> <2a4> <2a5>
- - Gereges,
el €9 es 03 05
5
2a1> <2a2> (204')
— - 3e102(02 — 1),
() (% 1 () seroter =1
5
2a1 QCLZ‘
— . —1 —2).
<61>H<0i> e1(er )(e1 )
1=2
Applying Lemma A.1 to all these terms, we obtain

20 5 5 5 As
-2 UG (Ze) (B ) (Be2) e gty
+04+o05= 2g+1

which confirms this case of the proposition.
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A6 Casen=5,t=4
In this case a1 + -+ + a5 = 2g + 2. We have the following formula for P 4:

Ps4 25: k(29 — 3+ k)!
(29 — 1)! — El(2g — 1)!

SIS 3 | (R e

— — NN
LUl eq,...,ep€(2Z) >0 £=1j=1 0¢j) (ej +1=2[ !
={1,...,5} e;+--+ep=29+6

Here we can divide by (2¢g — 1)! for the same reason as in the case n =t = 5, and after that we
can consider the coefficient of every term in this expression to be a cubic polynomial in e; — dy;.
We apply the Chu—Vandermonde identity in the same way as in the previous cases, and we
obtain two groups of terms (the sum of the bottom arguments in the binomial coefficients in
these terms is equal to 2g + 5).
The first group of terms consists of

5
2a1\ (2as 2a; 9
20 t f the t -(—6
erms of the type <61><€2>1;[<0> (—6)etes,

2 2
10 terms of the type < a1> ( a2>

el
5
2 2 2 2a;
30 terms of the type < a1> ( a2> < a3> H ( al) - (—6)e1e201.
€1 €2 03 iy 0;

Taking into account that e; + e2 + 03 + 04 + 05 = 2g + 5, we see that the sum of all this terms
is equal to

10 terms of the type <2a1> <2a2> ﬁ <2ai> - (—6)eres(2g — 2). (A1)

€1 €2/ ;5 \ i

The second group of terms consists of

5 terms of the type (2“1> ﬁ <2a> (=3)01 (01 — 1) (01 — 7),

01 o 0;
2a 2a\ 1o (2

20 terms of the type < 1) ( 2) H < z) - (=3)o1(01 — 1)o2
or )\ oz /)i \oi

Taking into account that o1 + 09 + 03 + 04 + 05 = 29 + 5, we see that the sum of all this terms
is equal to

5

2 2a;

5 terms of the type < a1> H < @ ) - (=3)o1(01 — 1)(2g — 2). (A.2)
01 o 0;

We apply Lemma A.1 to (A.1) and (A.2), and this gives us

3 H<2%>. - (io) (ioi—1> :—3(2g—2)-(29A_51)!,

o1+oz2+o03 i=1
+o4+05=2g+1

which confirms the proposition in this case. This concludes the proof of the proposition. |
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