Symmetry, Integrability and Geometry: Methods and Applications SIGMA 11 (2015), 007, 13 pages

On a Certain Subalgebra of Uq(ﬁAlz)
Related to the Degenerate g-Onsager Algebra

*

Tomoya HATTAI ' and Tatsuro ITO ¥

t Iida Highschool, 1-1, Nonoe, Suzu, Ishikawa 927-1213, Japan
E-mail: tmyhtti@m2.ishikawa-c.ed.jp

¥ School of Mathematical Sciences, Anhui University, 111 Jiulong Road, Hefei 230601, China
E-mail: tito@staff.kanazawa-u.ac.jp

Received September 30, 2014, in final form January 15, 2015; Published online January 19, 2015
http://dx.doi.org/10.3842/SIGMA.2015.007

Abstract. In [Kyushu J. Math. 64 (2010), 81-144], it is discussed that a certain subalgebra
of the quantum affine algebra U, (;[2) controls the second kind TD-algebra of type I (the
degenerate g-Onsager algebra). The subalgebra, which we denote by U/ (A [3), is generated
by ed, el , kX (i = 0,1) with ey missing from the Chevalley generators e, k! (i = 0,1)
of U, (5[2) In this paper, we determine the finite-dimensional irreducible representatlons
of U (.;\[2) Intertwiners are also determined.
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1 Introduction

Throughout this paper, the ground field is C and ¢ stands for a nonzero scalar that is not a root
of unity. The symbols €, * stand for an integer chosen from {0,1}. Let A, = At(f’a ) denote the
associative algebra with 1 generated by z, z* subject to the defining relations [4]

[2, ]2, |2, 2 ]qm = —e(q —q72)%[z, 27,
(TD) {[z*,[ ] = —e(g? q_Q)Q[Z*,ZL

where [X,Y] = XY - Y X, [X,Y], = ¢XY — ¢ 'Y X. This paper deals with a subalgebra of
the quantum affine algebra Uq(sAlg) that is closely related to Ay in the case of (¢,¢*) = (1,0).
If (e,¢*) = (0,0), A, is isomorphic to the positive part of Uq(;b). If (e,e*) = (1,1), Ay is
called the ¢-Onsager algebra. If (¢,e*) = (1,0), A, may well be called the degenerate q-Onsager
algebra.

The algebra A, arises in the course of the classification of TD-pairs of type I, which is
a critically important step in the study of representations of Terwilliger algebras for P- and
@-polynomial association schemes [3]. For this reason, A, is called the TD-algebra of type I.
Precisely speaking, the TD-algebra of type I is standardized to be the algebra 4,, where ¢ is
the main parameter for TD-pairs of type I; so ¢> # £1 and ¢ is allowed to be a root of unity.
In our case where we assume ¢ is not a root of unity, the classification of the TD-pairs of type I
is equivalent to determining the finite-dimensional irreducible representations p : A, — End(V)
with the property that p(z), p(z*) are both diagonalizable. Such irreducible representations

*This paper is a contribution to the Special Issue on New Directions in Lie Theory. The full collection is
available at http://www.emis.de/journals/SIGMA /LieTheory2014.html
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of A, are determined in [4] via embeddings of A, into the augmented TD-algebra 7;. (In the
case of (g,¢*) = (1,1), the diagonalizability condition of p(z), p(z*) can be dropped, because
it turns out that this condition always holds for every finite-dimensional irreducible representa-
tion p of the ¢g-Onsager algebra A,.) 7, is easier than A, to study representations for, and each
finite-dimensional irreducible representation p : A; — End(V) with p(z), p(z*) diagonalizable
can be extended to a finite-dimensional irreducible representation of 7, via a certain embedding
of A, into 7j.

The augmented TD-algebra 7, = 771(5’5*) is the associative algebra with 1 generated by =z, y,
k*! subject to the defining relations

Kk~ =k 1k =1,

(TD), kxk™! = ¢%x, (1)
kyk™' = q 7%y,
and
o § [ ulal] = (7K — ek ~%?),
(TD), *1.2, 2 27.—2 (2)
[, [v: [y, 2)glg1] = 6(—*k*y* + ey?k™2),
where § = —(q — ¢ 1) (¢> — ¢72)(¢* — ¢3)¢*. The finite-dimensional irreducible representations

of T, are determined in [4] via embeddings of 7; into the U,(slz)-loop algebra U,(L(sls)).
Let e, k' (i = 0,1) be the Chevalley generators of U,(L(slz)). So the defining relations of
Uqy(L (5[2)) are

koks = kiko = 1, ikt =k ki =1, ke k!t = ¢,
+7.-1 ¥2i . . + - ki_ki_l + - : :
kek =dq ) 275]’ [eivei]:m7 [61‘76]‘]:07 275]7 (3>
[eiiv [6§E’ [eii?eji]q] -1] =0, i F# J.
Note that if [ kok1 = kiko = 1 is replaced by koki1 = kiko _in (3), we have the quantum affine

algebra U, (5[2) Uqy(L(slz)) is the quotient algebra of U, (5[2) by the two-sided ideal generated
by koki1 — 1. For a nonzero scalar s, define the elements z(s), y(s), k(s) of Us(L(sl2)) by

z(s)=—q (¢ - ([1)2(565r +es ey ki),
y(s) = e*seg ko + s tef, (4)
k(s) = sko.

Then the mapping
ps: Ty = Ug(L(sh)),  z,y,k— x(s),y(s), k(s), (5)

gives an injective algebra homomorphism. If (¢,e*) = (0,0), the image ¢4(7;) coincides with
the Borel subalgebra generated by e, k' (i = 0, 1) f (e,€*) = (1,0), the image s(7;) is
properly contained in the subalgebra generated by 60 , 6’1 , kﬂ (¢ =0,1) with e; missing from
the generators; we denote this subalgebra by U, (L(slz)). Through the natural homomorphism

U, (;[2) — Uy(L(sl2)), pull back the subalgebra U, (L(slz)) and denote the pre-image by Uy (;(2):
Ul(sly) = (eg, e, kL i = 0,1) C Uy(sl).

In [4], it is shown that in the case of (g,¢*) = (1,0), all the finite-dimensional irreducible
representations of 7, are produced by tensor products of evaluation modules for U,(L(slz))
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via the embedding ¢, of 7, into U;(L(slz)). Using this fact and the Drinfel'd polynomi-
als, we show in this paper that there are no other finite-dimensional irreducible representa-
tions of U,(L(sl2)) and hence of U(sly) than those afforded by tensor products of evalua-

tion modules, if we apply suitable automorphisms of U,(L(slz)), Ué(;[g) to adjust the types
of the representations to be (1,1). Here we note that the evaluation parameters are allowed
to be zero for Uj(L(sl2)), Ui(slz). Details will be discussed in Sections 2 and 3, where the

isomorphism classes of finite-dimensional irreducible representations of Ué(f/l\[g) are also deter-

mined. In Section 4, intertwiners will be determined for finite-dimensional irreducible Ué(f/i\[g)—
modules.

In our approach, Drinfel’d polynomials are the key tool for the classification of finite-
dimensional irreducible representations of U, (sA[g), Ué(f:\[g), although they are not the main sub-
ject of this paper. They are defined in [4], and the point is that they are directly attached to
T4-modules, not to U, (5[2) or U/ (5[2) modules. (In the case of (g,e*) = (0,0), they turn out
to coincide with the original ones up to the reciprocal of the variable.) So in our approach to
the case of (g,¢*) = (0,0), finite- dimensional irreducible representations are naturally classified
firstly for the Borel subalgebra of U, (5[2) and then for U, (5[2) itself. This will be briefly demon-
strated in Section 3 as a warm-up for the case of (¢,e*) = (1,0), thus giving another proof to the
classical classification theorem of Chari—Pressley [2] and to the main theorems (Theorems 1.16
and 1.17) of [1].

We now review Drinfel’d polynomials for 7,-modules [4, p. 119]. Let V' be a finite-dimensional
T,-module. We assume the following properties for V:

d ,
(D)o: k is diagonalizable on V with V = @ U;, k|y, = s¢*~%, 0 < i < d, for some nonzero
i=0
constant s;

(D)li dim UO =1.

By the relations (TD)g : kk™! = k7'k = 1, kak™! = ¢%x, kyk~! = ¢~ 2y, it holds that 2U; C
Uit1, yU; € Ui—1 (0 < i < d), where U_y = Ugy; = 0. So the one- dimensional subbpa—
ce Up is invariant under y’a’ and we have the sequence {o;}°, of eigenvalues o; of y'z’ on Up:
o; = y'z'|y,. Notice that op = 1 and 0; = 0, d + 1 < 4. The Drinfel’d polynomial Py ()\) of the
Ty-module V' is defined by

d ' d
P = Y e 11, e e
where [i] = [i], = (¢ — ¢ /(¢ — ¢~ ') and [i]! = [1][2] - - - [{] with the understanding of [0]! = 1.

Since og = 1, Py(\) is a monic polynomial of degree d.

If V is an irreducible 7;-module, it is known that V' in fact satisfies the properties (D)o, (D)1
[4, Lemma 1.2, Theorem 1.8], and these properties provide a rather simple short proof for the
‘injective’ part of [4, Theorem 1.9], i.e., for the fact that the isomorphism class of the irreducible
T;-module V' is determined by the trio ({0;}:2, s, d).

If V is a tensor product of evaluation modules for Uy (L(sl2)) in the case of (¢,¢*) = (1, 1), (0,0)
or for Uy(L(sl2)) in the case of (¢,e*) = (1,0), we regard V as a T;,-module via the embedding s
of (5). Then it is apparent that the 7,-module V' satisfies the properties (D)o, (D)1. Moreover
it is known that a product formula holds for the Drinfel’d polynomial Py (\) and it turns out
that Py (A) does not depend on the parameter s of the embedding ¢ [4, Theorem 5.2]. The
‘surjective’ part of [4, Theorem 1.9] follows from the structure of the zeros of the Drinfel’d
polynomial for such a tensor product of evaluation modules regarded as a 7;,-module via the
embedding ;.
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2 Finite-dimensional irreducible representations of U ;(5[2)

The subalgebra Ué(sAlg) of the quantum affine algebra Uq(.;\[Q) is generated by e, ef, k:iil

(i =0,1), e, missing from the generators, and has by the triangular decomposition of Uq(E:\[2>
the defining relations

koki = kiko,  kiki ' =k k=1, koelky ' =ded,  kiefky! = ¢t

ky — kit

kiefkit =q%el,  koerky'=q er,  [ef.el] = p— (6)

leg,er] =0,  [ef,lef (e ¢flglg1] =0, i# .

Note that if kok; = ki1ko is replaced by kok1 = ki1ko = 1 in (6), we have the defining relations
for Uy (L(slz)).

Let V be a finite-dimensional irreducible U, (f?[g)-module. Let us first observe that the Uy (EaA[g)—
module V' is obtained from a U,(L(slz))-module by applying an automorphism of U, (sly) as

follows. Since the element kgki belongs to the centre of Ué(;[z), kok1 acts on V as a scalar s
by Schuris lemma. Since kok; is invertible, the scalar s is nonzero: koki|ly = s € C*. Observe
that Ué(ﬁ[g) admits an automorphism that sends kg to s 'ky and preserves k;. Hence we may
assume koki|y = 1. Then we can regard V as a Uy (L(slz))-module.

Let V be a finite-dimensional irreducible U, (L(sl2))-module. For a scalar 6, set V(0) = {v €
V | kov = Ov}. So if V() # 0, 0 is an eigenvalue of kg and V() is the corresponding eigenspace
of ko. For an eigenvalue § and an eigenvector v € V(6), it holds that ejv € V(¢?6) by the
relation koear = quarko and efv € V(¢T%0) by k()eit = qﬂefko. We have

qV(O) SV(®0), V(0 S V(™). (7)

If dim V = 1, then ef V = 0, eV = 0 by (7) and koly = +1 by [e],e;] = (ki —k; ) /(g—q7 1) =
(ko '—k0)/(g—q"). Sucha Uy (L(slz))-module V' is said to be trivial. Assume dim V' > 2. Choose

an eigenvalue 6 of kg on V. Then > V(¢¥%) is invariant under the actions of the generators
€L
by (7), and so we have V = > V(¢¥2) by the irreducibility of the Uy(L(sl2))-module V.
€L
Since V is finite-dimensional, there exists a positive integer d and a nonzero scalar sg such that
the eigenspace decomposition of kg is

d

V= @ V(soq%*d). (8)

1=0

We want to show that sp = £1 holds in (8).

Consider the subalgebra of U (L(sl2)) generated by et, k' and denote it by U : U = (T,
k'), Regard V as a U-module. Since U is isomorphic to the quantum algebra U,(sly), V' is
a direct sum of irreducible -modules, and for each irreducible U-submodule W of V, the
eigenvalues of k1 = ky' on W are either {¢*¢|0 < i < £} or {—¢* |0 < i < ¢} for some
nonnegative integer ¢. This implies that (i) so = +¢™ for some m € Z and (ii) if 0 is an

d .
eigenvalue of kg, so is #~1. Tt follows from (i) that V = @ V(£¢*~9*™), and so by (ii), we
=0
obtain m = 0, i.e., sg = %1.
Observe that Uj(L(slz)) admits an automorphism that sends k; to —k; (i = 0,1) and el

to —ej. Hence we may assume sy = 1 in (8). Note that in this case, k1 has the eigenvalues

{slq%_d |0 < i < d} with s; = 1. Such an irreducible module or the irreducible representation
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afforded by such is said to be of type (1, 1), indicating (so,s1) = (1,1). We conclude that the
determination of finite-dimensional irreducible representations for U, é (57[2) is, via automorphisms,
reduced to that of type (1,1) for U;(L(slz)).

In the rest of this section, we shall introduce evaluation modules for Uy (L(slz)) and state our
main theorem that every finite-dimensional irreducible representation of type (1,1) of Uy (L(slz))
is afforded by a tensor product of them. For a € C and ¢ € Z>¢, let V({,a) denote the (¢ + 1)-
dimensional vector space with a basis vg, v1,...,v. Using (6), it can be routinely verified that
Uy(L(slz)) acts on V(£,a) by

kovi = %y, kv = ¢ %y, eqvi = aqli + 1viy1, 9
61"_1]2' = w — 1+ 1}’1)1'_1, ey v = [Z + 1]'1}1'_;,_1, ( )
where v_1 = vgp1 = 0 and [t] = [t]; = (¢" —¢7")/(¢ — ¢'). This U}(L(sly))-module V (£, a)
is irreducible and called an evaluation module. The basis vo,v1,. .., v, of the Uy(L(slz))-modu-
le V(4,a) is called a standard basis. The vector vy is called the highest weight vector. Note
that the evaluation parameter a is allowed to be zero. Also note that if £ = 0, V(¢,a) is the
trivial module. We denote the evaluation module V' (¢,0) by V' (¢), allowing ¢ = 0, and use the
notation V' (¢, a) only for an evaluation module with a # 0 and ¢ > 1.
The U,(slz)-loop algebra Uy(L(slz)) has the coproduct A : Uy(L(sly)) — Uy(L(slz)) ®
Uq(L(sl)) defined by

AREY =k ok, Alef)=kioef +ef @1,

g o (10)
A(ei k‘z) =k ® e; k; + e; ki®1.

The subalgebra U, (L(slz)) is closed under A. Thus given a set of evaluation modules V'(£),
V(£i,a;) (1 <i<n)for Uy(L(slz)), the tensor product

V(f) ®V(£laal) & ®V(€nvan) (11)

becomes a Uy (L(sl2))-module via A. Note that by the coassociativity of A, the way of putting
parentheses in the tensor product of (11) does not affect the isomorphism class as a U, (L(sl2))-
module. Also note that if £ =0 in (11), then V(0) is the trivial module and the tensor product
of (11) is isomorphic to V(£1,a1)®- - -®@V (€n, an) as U, (L(slz))-modules. Finally we allow n = 0,
in which case we understand that the tensor product of (11) means V (¥).

With the evaluation module V (£, a), we associate the set S(£, a) of scalars ag—**1, ag=**3,.. .,

aqg_lz

S(t,a) = {ag®* 0 <i<e—1}.

The set S(¢,a) is called a g-string of length ¢. Two g¢-strings S(¢,a), S(¢',a’) are said to be in
general position if either

(i) the union S(¢,a) U S(¢,a’) is not a g-string, or

(ii) one of S(¢,a), S(¢',a’) includes the other.

Below is the main theorem of this paper. It classifies the isomorphism classes of the finite-
dimensional irreducible Uy (L(slz))-modules of type (1,1).

Theorem 1. The following (i), (i), (ii1), (iv) hold.

(i) A tensor product V=V ()@V(l1,a1)R--Q@V ({n,an) of evaluation modules is irreducible
as a Uy(L(slz))-module if and only if S({;,a;), S(¢;,a;) are in general position for all
i,7 €4{1,2,...,n}. In this case, V is of type (1,1).
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(it) Consider two tensor products V.= V() @ V({1,a1) ® -+ @ V(ln,a,), VI = V(') ®
V(ly,d) @ --- @ V(l,,al,) of evaluation modules and assume that they are both irre-
ducible as a Uy(L(slz))-module. Then V, V' are isomorphic as Uy(L(sla))-modules if and
only if ¢ =0', n=m and (¢;,a;) = ({},al) for all i, 1 <i <n, with a suitable reordering
of the evaluation modules V(£1,a1),...,V(ln,an).

(44i) Every non-trivial finite-dimensional irreducible Uj(L(slz))-module of type (1,1) is isomor-

phic to some tensor product V(£) @ V({1,a1) ® - @ V(ly, an) of evaluation modules.

(tv) If a tensor product V.=V (0)QV ({1,a1)®@- - -QV (bn, an) of evaluation modules is irreducible
as a Ué(L(slg))—module, then any change of the orderings of the evaluation modules V' (¢),

V(ti,a1),...,V(ln,an) for the tensor product does not change the isomorphism class of
the Uy(L(slz))-module V.

3 Proof of Theorem 1(i), (ii), (iii)

Discard the evaluation module V' (¢) from the statement of Theorem 1 and replace Ug(L(slz))
by Uy(L(sly)) or by B, where B is the Borel subalgebra of U,(L(sls)) generated by e;, ki
(i = 0,1). Then it precisely describes the classification of the isomorphism classes of finite-
dimensional irreducible modules of type (1,1) for Uy(L(sl2)) [2] or for B [1]. There is a one-to-
one correspondence of finite-dimensional irreducible modules of type (1,1) between U,(L(sl2))
and B: every finite-dimensional irreducible U, (L(sl2))-module of type (1,1) is irreducible as a B-
module and every finite-dimensional irreducible B-module of type (1,1) is uniquely extended
to a Uy(L(slz))-module. This sort of correspondence of finite-dimensional irreducible modules
exists between Uy (L(slz)) and 7, via the embedding s of (5), where 7 is the augmented TD-
algebra with (g,*) = (1,0). Namely, we shall show that (i) every finite-dimensional irreducible
U, (L(slz))-module of type (1,1) is irreducible as a 7;-module via certain embedding ¢ of (5),
and (ii) every finite-dimensional irreducible 7;-module is uniquely extended to a Ug(L(slz))-
module of type (1,1) via the embedding ¢, of (5) with s uniquely determined. Since finite-
dimensional irreducible 7,-modules are classified in [4], this gives a proof of Theorem 1.

Apart from the Drinfel’d polynomials, the key to our understanding of the correspondence
is the following two lemmas about Uy(slz)-modules. Let ¢ denote the quantum algebra U, (sly):
U is the associative algebra with 1 generated by X*, K*! subject to the defining relations

K- Kt

KKilzKilK:]_, KXiK?lzqi2X:t7 [XJr’Xi]: -1 -
q—q

(12)

Lemma 1 ([4, Lemma 7.5]). Let V be a finite-dimensional U-module that has the following
weight-space (K -eigenspace) decomposition:

V=U Kly,=¢%%  0<i<d.
Let W be a subspace of V as a vector space. Assume that W is invariant under the actions
of XT and K :

XTW Cw, KW CW.
If it holds that

dim(W N U;) = dim(W N Uy_), 0<i<d,

then X—W C W, i.e., W is a U-submodule.
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Lemma 2. IfV is a finite-dimensional U-module, the action of X~ on V is uniquely determined
by those of X, K*' on V.

Proof. The claim holds if V is irreducible as a ¢/-module. By the semi-simplicity of ¢/, it holds
generally. |

As a warm-up for the proof of Theorem 1, we shall demonstrate how to use these lemmas
in the case of the corresponding theorem [2] for U,(L(slz)). We want, and it is enough, to
show part (iii) of the theorem for U,(L(slz)) by using the classification of finite-dimensional
irreducible B-modules. This is because the parts (i), (ii), (iv) are well-known in advance of [2],
while the finite-dimensional irreducible B-modules are classified in [4] rather straightforward by
the product formula of Drinfel’d polynomials without using the part (iii) in question.

Let V be a finite-dimensional irreducible U,(L(sl2))-module of type (1,1). Then V has the
weight-space decomposition

V= koly, = ¢, 0<i<d.

Regard V as a B-module. Let W be a minimal B-submodule of V. Note that W is irreducible as
a B-module. We want to show W =V i.e., V is irreducible as a B-module. Since the mapping
(eg)d_%: U; — Ug_; is a bijection and W N U; is mapped into W N Uy_; by (ear)d_%, we have
dim(W NU;) < dim(W NU4_;), 0 < i < [d/2]. Similarly from the bijection (e])?~%: Uy_; — Uj,
we get dim(W NUy—;) < dim(W NU;). Thus it holds that

Consider the algebra homomorphism from U to U,(L(sl2)) that sends X+, X, K*! to ef, ey,
k:gd, respectively. Regard V as a U-module via this algebra homomorphism. Then X TW C W,
KW C W. Since dim(W NU;) = dim(W NUyz—;), 0 < i < d, we have by Lemma 1 that
X"W C W, ie., egW C W. Similarly, Lemma 1 can be applied to the /-module V' via
the algebra homomorphism from U to Uy(L(slz)) that sends X, X~, K*! to ef, ey, k‘fcl,
d
respectively, in which case the weight-space decomposition of the Y-module V' is V.= € Uy,
i=0

Kly, , = ¢* 4 0 < i < d. Consequently, we get X~ W C W, i.e., e, W C W. Thus W is
U, (L(sly))-invariant and we have W =V by the irreducibility of the U,(L(slz))-module V. We
conclude that every finite-dimensional irreducible U, (L(sly))-module of type (1, 1) is irreducible
as a B-module.

Now consider the class of finite-dimensional irreducible B-modules V', where V' runs through
all tensor products of evaluation modules that are irreducible as a Uy(L(slz))-module:

V= V(fl,al) X Q& V(€n>an)

Then it turns out that the Drinfel’d polynomials Py () of the irreducible B-modules V' exhaust
all that are possible for finite-dimensional irreducible B-modules of type (1, 1), as shown in [4,
Theorem 5.2] by the product formula

Pr(N) =[P, PraaN =[] +0.
i=1 CeS(¥;,aq)

Since the Drinfel’d polynomial Py (A) determines the isomorphism class of the B-module V
of type (1,1) [4, the injectivity part of Theorem 1.9’], there are no other finite-dimensional
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irreducible B-modules of type (1,1). This means that every finite-dimensional irreducible B-
module of type (1,1) comes from some tensor product of evaluation modules for U,(L(sl2)).
Let V be a finite-dimensional irreducible U,(L(sl2))-module of type (1,1). Then V is irre-
ducible as a B-module and so there exists an irreducible Uy(L(slz))-module V' = V ({1, a;1) ®
@V (£y,ay,) such that V, V' are isomorphic as B-modules. By Lemma 2, V', V' are isomorphic
as Uy(L(slz))-modules. This completes the proof of part (iii) of the theorem for U,(L(sl2)).
The proof of Theorem 1 can be given by an argument very similar to the one we have seen
above for the case of U,(L(sl2)). We prepare two more lemmas for the case of Ug(L(sl2)) to
make the point clearer. Set (e,e*) = (1,0) and let 7; be the augmented TD-algebra defined
by (TD)o, (TD); in (1), (2). For s € C*, let ¢, be the embedding of 7, into U;(L(slz)) given
by (4), (5).

Lemma 3. Let Vy, Vo be finite-dimensional irreducible Ué(L(slg))-modules. If Vi, Vo are iso-
morphic as ¢s(Tq)-modules for some s € C*, then V1, Vo are isomorphic as Uy(L(slz))-modules.

Proof. By (4), ¢s(T;) is generated by sed + s e ki, e and k' (i = 0,1). Since (e, k')
is isomorphic to the quantum algebra U,(slz), the action of e; on V;, i = 1,2, is uniquely
determined by those of e, ke ©s(74) by Lemma 2. Apparently the action of ea“ on Vi,
i = 1,2, is uniquely determined by those of sear + s_lefkl, €1, k1, and hence by that of ¢4(7;).
So the action of Uy(L(slz)) on V;, i = 1,2, is uniquely determined by that of ¢,(7). [ |

Lemma 4. Let V be a finite-dimensional irreducible U, (L(slz))-module of type (1,1). Then
there exists a finite set A of nonzero scalars such that V is irreducible as a ps(Tq)-module for
each s € C* \ A.

Proof. For s € C*, regard V as a ¢4(7;)-module. Let W be a minimal ¢,(7;)-submodule of V.
It is enough to show that W = V holds if s avoids finitely many scalars. By (8) with sy = 1,
d
the eigenspace decomposition of k1 = ko_l onVisV=@Uii kilv, ,=¢* ¢ 0<i<d The
=0
subalgebra (e, k1) of U, (L(slz)) is isomorphic to the quantum algebra U = Uy(slz) in (12) via
the correspondence of eli, klﬂ to X+, K*1. The element (ef)d_% maps Uy_; onto U; bijectively,
0 <i<[d/2]. Also (e] k1)4~% maps U; onto Uy_; bijectively, 0 < i < [d/2].

The element (e])?~2 belongs to ¢s(7;). So (ef)4~2W C W. Since the mapping (e] )42
Ug—i — U; is a leeCtIOH we have dim(W NUy—;) < dim(W NU;), 0 <i < [d/2].

The element (e k1)?2" does not belong to ps(7y), but (ef + s~ 27 k1)?~2 does. By (7),
(ed +s72e1 k1)?% maps U; to Ug—;, 0 < i < [d/2]. We want to show it is a bijection if s avoids
finitely many scalars. Identify Uy_; with U; as vector spaces by the bijection (ef)d_% between
them. Then it makes sense to consider the determinant of a linear map from U; to Ugz_;. Set
t = s72 and expand (ef + tey k1)4 "% as

td—zi(el—kl)d—% + lower terms in t.

Each term of the expansion gives a linear map from U; to Uyz_;. So the determinant of (ear +
te] k1)4"% |y, equals

$d=20dimUs qot (o7 k)42 + lower terms in t, (13)

v,

d 2Z|U # 0. Let A; be

the set of nonzero s such that ¢t = s~2 is a root of the polynomial in (13). Then if s € C* \ A;,
(ed + s~ 27 k1) maps U; to Uy_; bijectively.

Set A = U[d/2]A Choose s € C* \ A. Then the mapping (el + s 2e; k1)4"% : U; —
Ug—i is a leeCtIOn for 0 < i < [d/2]. Since e + s2?e; k1 belongs to gps(fl) we have (e +

and this is a polynomial in ¢ of degree (d — 2¢)dim U;, since det(e] k1)
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s 2e1 k1) 2W C W and so dim(W N U;) < dim(W N Uy_;). Since we have already shown
dim(W NU;—;) < dim(W N U;), we obtain dim(W N U;) = dim(W N Uyz—;), 0 < i < [d/2].
Therefore by Lemma 1, we have e, W C W. Since (68_ + s‘zel_kl)W C W, the inclusion
egW C W follows from e; W C W and so W is Uy (L(slz))-invariant. Thus W = V" holds by
the irreducibility of V' as a Uy (L(slz))-module. [

Proof of Theorem 1. We use the classification of finite-dimensional irreducible 7,;-modules
in the case of (g,*) = (1,0) [4, Theorem 1.18]:

(i) A tensor product V =V({)@V ({1,a1)®---QV (£, ay) of evaluation modules is irreducible
as a @s(T,)-module if and only if —s™2 ¢ S(¢;,a;) for all i € {1,...,n} and S(4;,a;),
S(¢;,aj) are in general position for all 7,5 € {1,...,n}.

(ii) Consider two tensor products V = V({) @ V(¢{1,a1) @ -+ @ V(lp,ay,), V! = V(') ®
V(l,a) @@ V(L,, al,) of evaluation modules and assume that they are both irre-
ducible as a ¢s(7;)-module. Then V, V' are isomorphic as ¢4(7;)-modules if and only if
¢=",n=mand (¢;,a;) = ({;,a}) for all i € {1,...,n} with a suitable reordering of the
evaluation modules V' ({1, a1), ...,V (ly,ap).

(iii) Every finite-dimensional irreducible 7;-module V', dim V' > 2, is isomorphic to a Tg-module
Vi=V{U)@V({i,a)® - @ V(ly,a,) on which T, acts via some embedding ¢s : 7, —

Uy(L(sh).

Part (i) of Theorem 1 follows immediately from the part (i) above, due to Lemma 4. Part (ii)
of Theorem 1 follows immediately from the part (ii) above, the ‘if’ part due to Lemma 3 (and
Lemma 4) and the ‘only if’ part due to Lemma 4.

We want to show part (iii) of Theorem 1. Let V' be a finite-dimensional irreducible U, (L(sl2))-
module of type (1,1). By Lemma 4, there exists a nonzero scalar s such that V' is irreducible
as a @s(7Ty)-module. By the part (iii) above, for the proof of which Drinfel’d polynomials play
the key role, the 7;-module V' via ¢, is isomorphic to some 7;-module V! =V (£) @ V(¢1,a1) ®
-+ @V (ly, an) via some embedding ¢y of 7, into Uy (L(sl2)). Since kg has the same eigenvalues
on V, V', we have s = s’ and so V, V' are isomorphic as ¢4(7;)-modules. By Lemma 3, V, V'
are isomorphic as U (L(sl))-modules. Part (iv) will be shown in the next section. [

4 Intertwiners: Proof of Theorem 1(iv)

In this section, we show that for £, m € Zsg, a € C*, there exists an intertwiner between
the U,(L(slz))-modules V(¢,a) ® V(m), V(m) ® V({,a), i.e., a nonzero linear map R from
V(l,a) ® V(m) to V(m)® V(¢,a) such that

RA(§) = AR, V&€ Uy(L(sh)), (14)

where A is the coproduct from (10). If such an intertwiner R exists, then it is routinely concluded
that V(¢,a) ® V(m) is isomorphic to V(m) @ V(£,a) as Uy(L(slz))-modules and any other
intertwiner is a scalar multiple of R, since V(m) ® V (£, a) is irreducible as a U, (L(sl2))-module
by Theorem 1.

Using the theory of Drinfel’d polynomials [4] for the augmented TD-algebra 7, = T4 ") with
(e,e*) = (1,0), we shall firstly show that V(¢,a) ® V(m) is isomorphic to V(m) ® V(¢,a) as
U,(L(slz))-modules. This proves Theorem 1(iv), since it is well-known [2, Theorem 4.11] that
V(#i,a;) @ V(¢5,a;) and V(¢;,a;) ® V({;,a;) are isomorphic as Uq(glg)-modules, if S(¢;,a;) and
S(¢;,a;) are in general position. Finally we shall construct an intertwiner explicitly.

Let us denote the Uy (L(slz))-modules V (¢,a) ® V(m), V(m) ® V({,a) by V, V"

V=V({a)®V(m), V' =V(m)®V({(,a).
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Recall we assume that the integers £, m and the scalar a are nonzero. Let us denote a standard
basis of the U (L(sl2))-module V' (¢, a) (vesp. V(m)) by vo, v1, ..., v (vesp. vg, v}, ..., vy,) in the
sense of (9). Recall V/(m) is an abbreviation of V'(m,0) and the action of U;(L(slz)) on V, V"
are via the coproduct A of (10).

Let U denote the subalgebra of U, (L(sl2)) generated by er, kf. The subalgebra U is isomor-
phic to the quantum algebra U,(slz). Let V(n) denote the irreducible #-module of dimension
n+ 1: V(n) has a standard basis zg, z1, ..., T, on which U acts as

2 b , —
kix; = q" wy, el xi=[n—i+ 1z, ey xi = [i + 1|ziqq,

where [t] = [t]; = (¢ — ¢ V) /(¢ —q¢71), -1 = Zpy1 = 0. We call x,, (resp. zg) the lowest
(highest) weight vector: kix, = ¢ "Tpn, €] Tn = 0 (k120 = ¢"x0, €] w0 = 0). Note that V(¢,a) is
isomorphic to V' (¢) as U-modules.

By the Clebsch-Gordan formula, V = V(¢,a) ® V(m) is decomposed into the direct sum of
U-submodules V' (n), [{—m| <n < {+m,n = {¢+m mod 2, where V (n) is the unique irreducible
U-submodule of V' isomorphic to V(n). With n = ¢ + m — 2v, we have

min{l,m}
V=V(a)@Vim= P VE+m-2v) (15)
v=0

Let %, denote a lowest weight vector of the /-module V(n). So

A(k))Tp, = q "Zp, A(ey )Zn = 0.
Since V/ has a basis {ve—;®v;, ;[0 <i<¢,0<5<m} ande:l acts on it by A(k1)(ve—;®@vy, ;) =
g~ M+ y, @ the lowest weight vector &, of V(n) can be expressed as

m—j°
Ty = Z cjvg_i@w;n_j, n=4~+m—2v.
i+j=v
Solving A(e] )z, = 0 for the coefficients c;, we obtain

G 22 [l — v+ j]
Cj—1 [m - _7 + 1]

and so with a suitable choice of ¢g

v

Tn= > (=1 — vt i m — ey @ V), (16)
j=0

where n = ¢+ m —2v and [t]! = [t][t — 1] -- - [1].
Lemma 5. A(ear)%n = aqTpi2-

Proof. By (10), we have A(ed) =ef ® 1+ ko ® ej. By (9), the element ef vanishes on V(m)
and acts on V (£, a) as agey . Since ejvp_pyj = [( — (v — 1) + jlvg_(,—1)4;, the result follows
from (16), using vs41 = 0. [

Corollary 1. Any nonzero U,(L(slz))-submodule of V(¢,a) ® V(m) contains Ty, the lowest
weight vector of the U-module V (¢, a) @ V(m).

We are ready to prove the following
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Theorem 2. The Uy(L(slz))-modules V (£,a) @ V(m), V(m) @V (£, a) are isomorphic for every
£,m € Zwg, a € C*.

Proof. Let 7, = 7;(5’5*) be the augmented TD-algebra with (e,e*) = (1,0). Let s : Ty —
Uy(L(sl2)) denote the embedding of 7, into Uy(L(slz)) given in (5). By [4, Theorem 5.2], the
Drinfel’d polynomial Py (\) of the ¢ (7;)-module V =V (¢, a) ® V(m) turns out to be

-1

Py(A) =" (A +ag® ).
=0

(Note that the parameter s of the embedding s does not appear in Py (\). So the polyno-
mial Py ()) can be called the Drinfel’d polynomial attached to the Uy(L(sl2))-module V)

Let W be a minimal Uj(L(slz))-submodule of V' = V(/,a) ® V(m); notice that we have
shown the irreducibility of the Uy(L(slz))-module V' = V(m) ® V(£,a) in Theorem 1 but not
yet of V.=V (¢,a) ® V(m). By Corollary 1, W contains the lowest and hence highest weight
vectors of V. In particular, the irreducible Uy (L(slz))-module W is of type (1,1). By Lemma 4,
there exists a finite set A of nonzero scalars such that W is irreducible as a ¢(7;)-module for
any s € C* \ A. By the definition, the Drinfel’d polynomial Py () of the irreducible ¢4(75)-
module W coincides with Py (\):

P (X) = Py(A).

By Theorem 1, V' = V(m) ® V (£, a) is irreducible as a U, (L(slz))-module. So by Lemma 4,
there exists a finite set A’ of nonzero scalars such that V' is irreducible as a ¢s(7,)-module
for any s € C*\ A’. By [4, Theorem 5.2], the Drinfel’d polynomial Py/(\) of the irreducible
©s(T)-module V' coincides with Py (\):

Pyr(X) = Py(A).

Both of the irreducible ¢(7;)-modules W, V' have type s, diameter d = ¢ + m and the
Drinfel’d polynomial Py (A). By [4, Theorem 1.9’], W and V' are isomorphic as ¢ (7;)-modules.
By Lemma 3, W and V" are isomorphic as U, (L(slz))-modules. In particular, dim W = dim V".
Since dim V' = dim V', we have W =V, i.e., V and V' are isomorphic as U, (L(slz))-modules. H

Finally we want to construct an intertwiner R between the irreducible U,(L(slz))-modu-
les V, V'. Regard V! = V(m) ® V({,a) as a U-module. By the Clebsch-Gordan formula, we
have the direct sum decomposition

min{¢,m}
V=V(meVtad= P VE+m-2w), (17)
v=0

where V’(n) is the unique irreducible U-submodule of V' isomorphic to V(n), n = £ +m — 2v.
Let 7], be a lowest weight vector of the «-module V'(n). By (16), we have

¥, =Y (17T — v+ )10 — W, ® v (18)
§=0

up to a scalar multiple, where n = £+ m — 2v. It can be easily checked as in Lemma 5 that the
lowest weight vectors Z/,, n = ¢+ m — 2v, 0 < v < min{/, m}, are related by

(ey @ )T, = Ty 40, (19)

where V' =V (m) ® V (£, a) is regarded as a (U ® U)-module in the natural way.
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n—+27
$n+2 .

Proof. We have A(ed)¥, = aq(k;' @ e] )@, since Aef) =ef @1+ ko ®@e], and e vanishes
on V(m) and acts on V(£,a) as age;. Express k' @e; as k' ®@e; = (k' @ 1)(1®ey) =
(k' @1)(Aley) —ey @ky ') = (k1@ A(er ) —ky tey @k = (k'@ 1)A(er) —¢*(e] @) Ak ).
Since A(e])7), = 0, A(k; 1T, = ¢"7,, the result follows from (19). |

Lemma 6. A(ef)z), = —aq-q

There exists a unique linear map
R,: V=V({a)oV(m)—V(n)

that commutes with the action of ¢/ and sends Z,, to 2,. The linear map R,, vanishes on 17(75) for
t # n and affords an isomorphism between V (n) and V’(n) as U-modules. If R is an intertwiner
in the sense of (14), then R can be expressed as

min{¢,m}

R = Z ayRyym—ov, (20)
v=0

regarding R as an intertwiner for the «-modules V', V'. By (14), we have
RA(ef) = Aed)R. (21)

Apply (21) to the lowest weight vector Z,, in (16). By Lemma 5, A(eg )Z, = aqZn+2 and so with
n =/{+m — 2v, we have

RA(ed )Zn = aqou, 1%, . (22)
On the other hand, RZ, = a,2},, n = { +m — 2v, and so by Lemma 6, we have

Aled)R7, = —aqa,q" 27, . (23)
By (22), (23), we have oy, /a1 = —¢ "2 = —¢~ =2~ and so

, = (—1)/q v {rm=v+D) (24)

by choosing g = 1. An intertwiner exists by Theorem 2. If it exists, it has to be in the form
of (20), (24). Thus we obtain the following.

Theorem 3. The linear map

min{¢,m}

R= Y (-1)/¢" R,
v=0

is an intertwiner between the Ug(L(slz))-modules V ({,a) @ V(m), V(m) @ V({,a). Any other
intertwiner is a scalar multiple of R.

Remark 1. Let R(a,b) be an intertwiner between the irreducible U;(L(sl))-modules V =
V(l,a) @ V(m,b), V! =V (m,b) @ V(¢,a), where a # 0, b # 0:

R(a,b): V=V(,a)@V(m,b) = V' =V(m,b) @ V({,a).
As in (20), we write

min{¢,m}

R(a,b) = Z oy Roym—ou.
v=0
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Recall R, is the linear map from V to V' that commutes with the action of U = (e}, ki)
and sends Z,, to T, where T, Z,, are the lowest weight vectors of V(n), V'(n) from (15), (17)
that are explicitly given by (16), (18) and satisfy (e; ® 1)T,, = ZTpi2, (6] ® 1)T), = ;5 as

n (19). Since the Uj(L(sl2))-modules V', V' can be extended to Uq(.f:\lg)—modules, we have by [2,
Theorem 5.4]

Ay = i b— ag+m—2j’
where we choose ap = 1. Note that the denominator and the numerator of (25) are non-zero,
since V, V' are assumed to be irreducible and so S(¢,a), S(m,b) are in general position.

The intertwiner R(a,b) with a # 0, b # 0 is derived from the universal R-matrix for the
quantum affine algebra Uq(;[g) [5]. If we put b = 0 in (25), then the spectral parameter u
disappears, where ¢** = a/b, and we get (24). In this sense, the intertwiner R of Theorem 3
is related to the universal R-matrix for Uq(sA[g), but we cannot expect that R comes from it
directly, because the Uy(L(slz))-modules V' = V({,a) ® V(m), V! = V(m) @ V({,a) cannot
be extended to Uq(glg)-modules. In order to derive both of the intertwiners R(a,b), R from

a universal R-matrix directly, we need to construct it for the subalgebra Ué(;\[g) of Uq(;[g).
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