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Abstract. Using the computational approach introduced in [Agore A.L., Bontea C.G.,
Militaru G., J. Algebra Appl. 12 (2013), 1250227, 24 pages] we classify all coalgebra split
extensions of Hy by k[C,], where C,, is the cyclic group of order n and Hy is Sweedler’s
4-dimensional Hopf algebra. Equivalently, we classify all crossed products of Hopf alge-
bras Hy#k[C,] by explicitly computing two classifying objects: the cohomological ‘group’
H2(k[C,], Hy) and CrRP(k[C,], Hy) := the set of types of isomorphisms of all crossed pro-
ducts Hy#k[C,,]. More precisely, all crossed products Hy#k[C},] are described by generators
and relations and classified: they are 4n-dimensional quantum groups Hu, x ¢, parameteri-
zed by the set of all pairs (), ) consisting of an arbitrary unitary map ¢ : C,, — C and an
n-th root A of £1. As an application, the group of Hopf algebra automorphisms of Ha, » ¢
is explicitly described.
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1 Introduction

The second cohomology group H?(H, A) classifies all extensions of an Abelian group A by
a group H, i.e. all groups G that fit into an exact sequence 1 - A — G — H — 1. More
precisely, each element f € H2(H, A) is assigned with an extension G 5 of A by H, namely the
crossed product Gy := A#TH of A and H and the effective classification of all the extensions
of A by H is obtain after computing the group H?(H, A). In group theory there is a well
developed cohomological machinery [1] which allows, at least for some classes of groups A and H,
to compute this cohomology group. Transferring this problem to Hopf algebras by considering
group algebras over a field k, we obtain that any extension of A by H gives a coalgebra split
extension of k[A] by k[H]| in the sense of [2, Definition 1.2]. In fact, there is more: a Hopf
algebra E is a coalgebra split extension of k[A] by k[H] if and only if E = k[G], for a group G
which is an extension of A by H [2, Example 1.4]. This can be restated in a cohomological manner
as follows: H2(k[H], k[A]) = H?(H, A), where H2(k[H], k[A]) denotes the second cohomological
group for Hopf algebras introduced by Sweedler [14]. Thus, the classification of all coalgebra
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split extensions of a Hopf algebra A by a Hopf algebra H covers the extension problem from
group theory. Now, if we replace the group algebra k[A] by another arbitrary Hopf algebra, say
a noncommutative and noncocommutative Hopf algebra such as Sweedler’s 4-dimensional Hopf
algebra Hy, things change radically as none of the classical cohomological techniques can be
applied in this context. In other words, the cohomological type object H2(k[H], Hs) needs to
be computed using a direct approach.

In this paper we shall classify all coalgebra split extensions of Hy by k[C},], where C), is the
cyclic group of order n, i.e. all Hopf algebras E that fit into a sequence Hy — E = k[C),] such
that 7 : E — k[C},] splits as a coalgebra map and H, ~ EkCn]) | Equivalently, we classify all
crossed products of Hopf algebras Hy#k[Cy]. This kind of crossed products are a special case
of those arising in Hopf-Galois extensions theory. For a generalization of the notion of a Hopf-
Galois extension see [9]. The fact that there is no efficient cohomology theory for arbitrary
Hopf algebras led us to consider a purely computational approach which relies heavily on the
methods introduced in [2]. First of all we compute the set of all crossed systems (Hy, k[C],>, f)
between Hy and k[C,]. This is the first computational part of our strategy, quite laborious
considering the large number of axioms that need to be fulfilled by the pairs (>, f) in order
to provide a crossed system of Hopf algebras (Hy, k[Cy,],>, ). Theorem 3.1 gives the following
description: the set of all crossed systems of Hopf algebras (Hy, k[C,],>, f) is parameterized
by the set CS(n, k) C U(Cp,Ca) x k*, consisting of all pairs (¢, \), where ¢ : C,, — C3 is an
arbitrary unitary map and A € k* is an n-th root of 1. Thus there are at most n2"~! crossed
products of the form Hy#k[Cy] := Hap z¢, for some (¢, \) € CS(n, k) and they are described by
generators and relations in Corollary 3.3 — this is the second step of our approach. Finally, the
last computational step uses [2, Theorem 2.1] as a tool: we shall classify all the above crossed
products by explicitly computing the classifying objects H2(k[C,], Hy) and CRP(k[C,], Hy) :=
the set of types of isomorphisms of Hopf algebras of all crossed products Hs#k[Cy]. The
classification results are proven in Theorems 3.4 and 3.6. As an application, Corollary 3.7
provides the parametrization of Autpepf(Han x¢), the group of Hopf algebra automorphisms
of H4n,)\,t-

We point out that a coalgebra split extension is a special case of a more general type of Hopf
algebra extension defined in [6, Definition 1.2.0]. As explained in [5, Section 5.2], it is a very
difficult task to classify this general type of extensions and, to the best of our knowledge, the only
example of such a classification is [10, Lemma 2.8]. There are also several known classification
results for Abelian extensions of Hopf algebras associated to matched pairs of groups (see [11, 12]
and the references therein). Our computational method, introduced in [2] and used in the present
paper, is the most direct and natural way of approaching the classification of all coalgebra split
extensions for two given Hopf algebras. This might not be the only way to approach the problem:
for certain pairs of Hopf algebras A and H, the class of all coalgebra split extensions of A by H
can be classified by using the lifting method [8].

2 Preliminaries

Let G and H be two groups with H Abelian. In what follows ord(g) denotes the order of the
element g € G, |G| is the order of G while Aut(G) stands for the group of automorphisms of G.
U(G, H) will be the set of all unitary maps v : G — H, i.e. u(l) = 1. A normalized 2-cocycle
[13, Section 7] is a map f : G x G — H such that

f(lag) = f(ga 1) =1, f(g7 h)f(.gha l) = f(h7 l)f(ga hl) (1)

for all g,h,l € G. The map f: G x G — H, f(g,h) := 1, for all g,h € G, is called the trivial
cocycle. The set of all normalized 2-cocycles is denoted by Z%(G,H). Two cocycles f and f’
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are called cohomologous, and we denote this by f & f’, if there exists a unitary map v : G — H
such that

fg.9") = ulg)ulg") (9,9 )u(gg") "

for all g, ¢’ € G. A normalized 2-cocycle f is called a coboundary if f is cohomologous with the
trivial cocylcle, i.e. if there exists a unitary map v : G — H such that f(g,¢") = fu(g,q’) =
u(g)u(g)u(gg’)~t, for all g, ¢’ € G. “~” is an equivalence relation on Z%(G, H) and we denote
by H2(G, H) := Z*(G, H)/~ the corresponding factor set. H2(G, H) is called the second coho-
mology group of G with coefficients in the Abelian group H [1]. The following result is folklore:
it describes all the normalized 2-cocycles f : C, x C,, — Cs.

Proposition 2.1. Let n be a positive integer. There exists a bijection U(Cy,, C) ~ Z*(C,,, Co)
such that the 2-cocycle f = fi : Cp, x C,, — Co associated to the unitary map t € U(Cy,, Co) is
given by

o i—1 j—1 i+j—1
£ ) =TTt [Tt ] e
p=0 q=0 r=0

foralli,j=1,...,n.

Proof. The fact that f; is a normalized 2-cocycle follows from a straightforward computation
and moreover, f; can be written equivalently as

ft (Ci,C‘j) = t(CO)t(cl) . ~t(ci_1)t(cj)t(cj+1) .. -t(cj”_l) @)

foralli,7 =1,...,n. The inverse of the map t — f; is constructed as follows: let f : C), x C), —
C» be a normalized 2-cocycle and define t = t; : Cy, — Ca, t(¢) := f(c,¢?), forall j =1,...,n.
Using the cocycle condition (1) and induction on i we easily obtain that (2) holds and the
correspondence (f — t¢,t +— f;) is bijective. |

Crossed products of Hopf algebras

We shall review the construction of the crossed product of two Hopf algebras introduced in [7,
Lemma 1.2.10] as a special case of the cocycle bicrossproduct [6, Theorem 2.20]. It can be also
obtained as a special case of the unified product of [4, Theorem 2.4, Examples 2.5(2)]. From
now on k will be an arbitrary field and we shall use ® instead of ®j. For the comultiplication of
a Hopf algebra we use Sweedler’s ¥-notation with suppressed summation sign: A(a) = a(1)y®ay).
If A and H are Hopf algebras and f : H®Q H — A is a k-linear map, we denote f(g,h) = f(g®h),
for all g,h € H. A k-linear map >: H® A — A is called a weak action [13] of H on A if for any
a,be A, h € H:

lg>a=a, (3)
thAZEH(h)lA, (4)
h > (ab) = (h(l) > a)(h(g) > b) (5)

Let A and H be two Hopf algebras, f: H ® H — A a k-linear map and >: H ® A — A a weak
action of H on A. We denote by A#?H the k-vector space A ® H endowed with the following
multiplication

(aftg) - (b#h) = alga) > ) f(9(2), () #93)h2) (6)
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for all a,b € A, g,h € H, where # stands for ®. The object A#‘}H is called the crossed product
of A with H if it is a Hopf algebra with the multiplication (6), the unit 14#1y and the coalgebra
structure given by the tensor product of coalgebras. [2, Proposition 1.1] and [7, Lemma 1.2.10]
proves that A#?H is a crossed product of A with H if and only if f and > are morphisms of
coalgebras satisfying the following compatibilities

f(h,1g) = f(lu,h) = eu(h)la, (7)
l9y > (hy > )] F92), hzy) = Flaay, b)) (9 b)) > @), (8)
(901) > F Ry, L)) (920, Peoyl)) = F91) b)) F 92y, D (9)
9(1) @ (92) > a) = g2) ® (91) > a), (10)
gnyha) @ f(92), h2) = 92)he) @ (90, ) (11)

for all a € A, g,h,l € H. Whenever (3)-(5) and (7)—(11) hold, (A, H,>, f) is called a crossed
system of Hopf algebras. The antipode of A#'}H is given for any a € A and h € H by

S(a#h) = (SA [f(SH(h(Q)),h(d))]#SH(h(l))) : (SA(CL>#1H) (12)

A coalgebra split extension of A by H [2] is a triple (E,7,m) consisting of a Hopf algebra E
and two Hopf algebra homomorphisms ¢ : A — E and m : F — H such that ¢ is injective,
7 has a section as a coalgebra map and i(A4) = E°W) .= {z ¢ Elzq) @ m(z) = z® 1}

If E is finite-dimensional, then the sequence A —— E —"> H is an exact sequence of Hopf
algebras [6]. Two coalgebra split extensions (E,i,m), (E',i',7") of A by H are called equivalent
if there exists an isomorphism of Hopf algebras ¢ : E — E’ that stabilizes A and co-stabilizes H,
i.e. the following diagram

At p_T. g

IdA\L id} lIdH

A p "o g

is commutative. Any crossed product A#'}H is a coalgebra split extension of A by H via
iqg: A— A#'}H, ia(a) = a#ly, for all a € A, and 7p : A#?H — H, wg(a#h) = ea(a)h,
for all a € A and h € H. Conversely, any coalgebra split extension of A by a cocommutative
Hopf algebra H is equivalent to a crossed product extension (A#'}H yia,mr) of A by H [2,
Proposition 1.3]. More precisely, if ¢ : H — FE is a unit preserving coalgebra map that splits =
then the action > = >, and the cocycle f = f, implemented by ¢ are given by: ha :=
@(hay)aSe(h)) and f(g,h) == @(ga))e(ha))Se(g@) b)), for all g,h € H and a € A. Thus, the
classification of all coalgebra split extensions of A by H reduces to the classification of all crossed
products A#?H . The classifying object for all coalgebra split extensions of A by H, denoted
by H%(H, A), was introduced in [2, Remark 2.4]. For the reader’s convenience we recall briefly
its construction: let CS(A, H) be the set of all pairs (>, f) such that (A4, H,>, f) is a crossed
system of Hopf algebras. Two pairs (>, f) and (>, f') € CS(A, H) are called cohomologous and
we denote this by (>, f) ~ (&, f') if there exists 7 : H — A an unitary cocentral map' such that
for any a € A and h,g € H we have

ho' a =r(hay)(he) > a)(Saor)(hag),
f'(h,g9) = r(h(l))(h@) > r(g(1)))f(h(3)79(2))(5A or)(h)g(s))-

Then [4, Theorem 3.4] proves that (>, f) ~ (>, f') if and only if there exists a Hopf al-
gebra isomorphism A#‘}H = A#?/,H that stabilizes A and co-stabilizes H. Thus, =~ is an

.e. r is a unit preserving coalgebra map such that r(h(1)) ® hy = r(h@)) ® hq, for all h € H.
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equivalence relation on the set CS(A, H) and H2(H, A) is the pointed quotient set defined by
H2(H,A) := CS(A,H)/~. Now, if H is cocommutative and A commutative then H?(H, A)
coincides with the second cohomological group as constructed by Sweedler [14]; however, for ar-
bitrary Hopf algebras A and H, we could not find a complex for which H?(H, A) is the associated
cohomological group. We denote by CRP(H, A) the set of types of Hopf algebra isomorphisms
of all crossed products A#?H associated to all crossed systems (A, H,>, f). Two equivalent
extensions are isomorphic and hence there exists a canonical surjection H?(H, A) - CRP(H, A).
As in the case of groups, it turns out that the two classifying objects H2(H, A) and CrRP(H, A)
are different: [2, Proposition 4.2] proves that for the pair of Hopf algebras (H, A) := (Hy, k[Y])
we have that CRP(H, A) = Cy while H2(H, A) = k, where k is the base field.

3 The classification of coalgebra split extensions of H, by k[C,,]

Let k be a field of characteristic # 2, k[C),] the group Hopf algebra of the cyclic group C), of
order n generated by ¢ and let Hy be Sweedler’s 4-dimensional Hopf algebra generated by the
group-like element g and the (1, g)-primitive element x (that is A(z) =z ® 1 4+ g ® x) subject
to the following relations

g2 — 1’ x2 = 0’ Tg = —gzT.

We classify all coalgebra split extensions of Hy by k[C),] following the strategy presented in the
introduction: first, we describe explicitly all crossed systems (Hy, k[Cy],>, f), then we describe
by generators and relations the associated crossed products and, finally, we classify such exten-
sions by computing the classifying objects H2(k[C,], Hy) and CrRP(k[C,], Hy). To any unitary
map t : Cp, — Co we associate the function o, : N — N defined by 04(0) = o4(1) := 0 and for
any positive integer j > 2

) 14 ordt(c) +---+ordt(d7Y) if 27,
oi(j) == .
t ordt(c) + -+ +ordt(c 1) if 217

The following gives the parametrization of all crossed systems (Hy, k[Cy],>, f).

Theorem 3.1. Let k be a field of characteristic #2 and n a positive integer. Then there exists
a bijective correspondence between the set of all crossed systems of Hopf algebras (Hy, k[Cy],>, f)
and the set CS(n, k) CU(Cy, Co) xk* consisting of all pairs (t,\), wheret : C,, — Cy is a unitary
map and \ € k* is such that \* = (—1)7("),

Under this bijection the crossed system (Hg, k[Cy],>, f) corresponding to (t,\) is given by

drl=1, drg=g, dor= (—1)“t(j))\jx, o (gz) = (—1)Jt(j))\jgm,

o i—1 j—1 i+j—1
@) =TTt [Tt T te) (13)
p=0 q=0 r=0

foralli,j=1,...,n.

Proof. We have to describe all pairs (>, f) of coalgebra maps > : k[C,]| ® Hy — H4 and
[ k[Cy] ® k[C)] — Hy that satisfy the compatibility conditions (3)—(5) and (7)—(11). For such
a pair, the compatibilities (10)—(11) hold since k[C),] is cocommutative.

Let (>, f) be a pair such that (Hy, k[Cy],>, f) is a crossed system. We will first prove that
f(ct, ¢?) e {1,g}, for all 3,5 = 1,...,n, the corresponding map f : C, x Cp, — Co = {1, g} is
a classical normalized 2-cocycle of groups in the sense of (1) and the action > : k[C),| @ Hy — Hy
is given by

del=1, drg=yg, dox =\, > (gr) = A\jgx (14)
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for all j = 1,...,n, where the scalars \; € k are such that (14) holds, which in our case takes
the equivalent form

("> (d>a)f(cd.d) = f(,d) (™ ba) (15)

for all 4,7 = 1,...,n and a € Hy. In the next step we will use Proposition 2.1: any classical
normalized 2-cocycle f : C,, x C,, — (5 is implemented by a unique unitary map ¢ : C,, — Cy
such that (13) holds. Finally, using this description of f, we will prove that (15) holds if and
only if A\; = (—1)Ut(j)/\j1, forall j =1,...,n, and AT = (—=1)7¢(™), This will finish the proof.

First, since f : k[Cy] ® k[C,] — Hy is a coalgebra map, f(c’,¢/) is a grouplike element
in Hy. Therefore f(c',¢?) € {1,g}, for all i,5 = 1,...,n. Hence, f is uniquely determined
by its restriction to C), which we will also denote by f : C,, x C,, — Ca. Similarly, as > :
k[C,]) ® Hy — Hy is a coalgebra map, we obtain that ¢/ > g € {1,g}, forall j = 1,...,n. We
claim that ¢/ > g = g, for all j = 1,...,n. Indeed, assume that ¢/ > g = 1, for some j = 1,...,n.
Applying (15) for i := n — j and a := g and taking into account the normalizing condition (7),
we obtain f(c" 7, /) = f(c"7,cl)g, which gives a contradiction as Im(f) C {1,¢} and g% = 1.
Therefore, ¢/ > g =g, forall j =1,...,n.

Using once again that > is a coalgebra map and the fact that x is a (1, g)-primitive element
of Hy we obtain that ¢/>x is also an (1, g)-primitive element of Hy. Hence, using [3, Lemma 4.2],
we obtain that ¢/ >x = p; — ;9 + Ajz, for some scalars i, A; € k. From this formula of ¢/ >z
and the compatibility condition (5) we obtain

0=cp (m2) = (c] I>£L') (07 Dx) = 2;@ — 2,u§g + 2p N

Thus p; = 0 and ¢ >x = Az, for all j = 1,...,n. Applying (5) once again we obtain:
d e (gz) = (> g)(dd >x) = Ajgr. Thus, the formula (14) holds. Now, the compatibility
condition (9) is equivalent to

(cibf(cj,ck))f(ci,cj+k) = f(ci,cj)f(c”j,ck)

for all 4,7,k = 1,...,n. Since ¢! > f(c¢/,c*) = f(c?,cF), for all i, j and k, the condition (9) is,
thus, equivalent to the fact that f : C, x C,, — C5 is a usual normalized 2-cocycle for groups in
the sense of (1). It follows then from Proposition 2.1 that there exists a unique map ¢ : C,, — Co
such that ¢(1) = 1 and (13) holds for all 4,5 = 1,...,n. In particular, f(c,¢’) = t(¢’), for all
j=1...,n.

With the information collected so far on f and > we turn now to the compatibility con-
dition (15) and see when it is satisfied: this is in fact the last compatibility that needs to be
fulfilled in order for (Hy, k[Cy],>, f) to be a crossed system of Hopf algebras. We notice that (15)
holds automatically if a = g, since ¢!>g = g, for all i = 1,...,n. On the other hand, using (15)
for a = x and ¢ = ¢/ = ¢ we obtain

Mzf(e,c) = f(e, ).
Multiplying to the left by f(c,c) =t(c) € {1, g} we obtain
Ao = A f(c,e)xf(c,c) = (1)o@,

Thus, Ao = (—1)7*@)\2. By writing (15) for (¢, ¢?) and a = = we obtain that A\ lozf(c,c?) =
f(e, ) A3z, from which we deduce

A3z = )\1)\2]@(67 C2)£Uf (C, 62) _ (_1)ord f(e,e)+ord f(c’cz))\i’l’.
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Thus, A3 = (—1)7t®)\3. By induction, it follows that \; = (—1)7*WM for all j = 2,...,n — 1.
Applying (15) for (¢, c® ') and a = x, we obtain that M\, 12f(c,c" ') = f(c,c" ')z, which is
equivalent to

= M-1f(c, Daf(c,c" ) = (—=1)7e MNP,

Thus, A} = (—1)7() as needed.

Conversely, let A € k be such that A" = (—1)°") and define \; := (—1)7)\. Then
we can prove that (15) holds. Indeed, it suffices to see that (15) holds for a = z. Observe
first that, since (—1)7t("+1) = (=1)7t(M+t0) | we have ¢t > 2 = (—1)7( ) \"+ig and thus,
¢ b= (—1)7U Nz, for all non-negative integers j. Secondly,

wt(c)t(c®) - t(d ) (—1)1+°rdt(c)t(c)xt(02) ot =
= (=17 Hrerd e tetord ey () (¢2) -t (P )2
(—1)Ut(j)t(c)t(02) cet(dT

Using this formula, we have

(ci > (07 Dx))f(cl,cj) _ (_1)at(i)+at(j)/\i+jxf( i )
itj—1

= (- 1)0f<>+0f<ﬂ>x+Jth P) Ht ) I e
p=0 r=0

— (- )20—,5(z)+2at(1)+0t(l+ﬂ))\l+3f(c CJ)

= (~1) DN f () = f(cd, ) (b ),

which proves our assertion and completes the proof. |

Remark 3.2. If t; € U(C,,Cy) is the trivial map, i.e. t1(c!) = 1, for any i = 1,...,n — 1,
then 2|0y, (j), for all j > 0. Then the crossed systems (Hy, k[C)], >, f) corresponding to (¢1, A),
A" =1, are precisely the matched pairs of [3, Proposition 4.3].

Next we describe by generators and relations all crossed products Hy#k[C),] associated to
the crossed systems from Theorem 3.1. We need to introduce the following notation: for any

i,7=1,...,n— 1 we shall denote by j x4 the following number
o J+i it j+i<nmn,
Jxt=9. . e
j+i—m if j4+1i>n.

Corollary 3.3. Let k be a field of characteristic # 2 and n a positive integer. Then H4#?k:[C’n} =
Hup zt, for some (t,\) € CS(n, k), where we denote by Hyp x; the 4n-dimensional Hopf algebra
having {d;, gd;,xd;, gxd; |i = 1,...,n} as a k-basis, the unit 1 = d,, and the multiplication is
subject to the following relations

=1, =0, axg=-gzr, dig=gd;,

dl-ac = (—1)Ut(i)/\i$dl‘, djdi = t(c) cee t(Cj_l)t(Ci)t(Ci—H) tee t(CH_j_l)djﬂ'
foralli,j =1,...,n—1. The coalgebra structure and the antipode on Hyy x; are given by

Alg) =g®y, A(d;) = d; ®@ d;, Alz)=z®1+g®a, e(g) = e(di) =1,

ex)=0, S(g =g, S@)=—gx,  S(di)=dni[]t()t(c"7)

foralli=1,...,n—1.
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Proof. The Hopf algebra Hy, »; is the crossed product H4#Dk[ '] associated to the pair (¢, \)
as in Theorem 3.1. Up to canonical identification, the crossed product Hy#"% 7 k[Cy] is generated
as an algebra by g = g#1, x = z#1 and d; = 14’ fori € {1,...,n}. As Hy is a Hopf subalgebra
of Hyp t, the relations ¢*> =1, 2> =0 and g = —xg also hold in Hyp x ¢ Now, in the crossed
product H4#‘>k[ ] the following relations hold

dig = (1#¢) (g#1) = ¢ b g#c = g#c = (g#1) (1#¢) = gd;,
diz = (1#c") (z#1) = ¢ b ot = (=17 O\ et = (—=1)70) Nigd;,
did; = (147) (14t¢") = f(d, ) #IT = t(e) -+t ()t ()t () -t () dja
for all 4,7 =1,...,n — 1. The formula for the antipode follows from (12). |

Next we shall give necessary and sufficient conditions for two Hopf algebras Hy, »; and
Hyp, v ¢ to be isomorphic. We recall from [3, Lemma 4.6] that Autops(Ha) = k*: explicitly, any
automorphism u : Hy — Hy is of the form

u(g) =g, u(x) = p, u(gx) = Bgz (16)

for some non-zero scalar 8 € k*. It what follows, the automorphism u of H, implemented by
p € k* as in (16) will be denoted by u = ug.

Theorem 3.4. Let k be a field of characteristic #2,n a positive integer and (t,\), (t',N) €
CS(n,k). Then there is a bijective correspondence between the set of all Hopf algebra isomor-
phisms ¢ : Hyp x ¢t — Huan y ¢ and the set of all triples (8,1, s) € k*xU(Cy, Ca) x{s € {1,...,n—
1} | ged(s,n) = 1} satisfying the following compatibility conditions for any i,5 =1,...,n

i—1 1s—1

T t()t() = r(é)r()r(c ) Ht ()t (c0+99), (17)
p=0

_1)1+Ut(i)+ordr(ci))\16 _ (_1)0,&/(15)()\/)15. (18)

Under the above bijection the isomorphism ¢ = g, s) * Hanxt — Han x ¢ corresponding to
(8,71, s) is given by

w(a#ci) = ug(a)r(ci) 4t
forallae Hyandi=1,...,n

Proof. Let (Hy, k[Cy],>, ft) and (Hy, k[Cy],>, fir) be the crossed systems corresponding to
(t,\) and respectively (', \') given in Theorem 3.1. Then Hyy \; = Hy##% k[Cr] and Hyp y ¢ =
H4#> k[Cy]. By [2, Theorem 2.1], the set of all Hopf algebra morphisms t : Hyp x ¢ — Hap y v
is in bljectlve correspondence with the set of all quadruples (u,p,r,v), where p : Hy — k[C},] is
a Hopf algebra map, u : Hy — Hy, r : k[C,] — Hy and v : k[C,] — k[C},] are unitary coalgebra
maps satisfying the following compatibility conditions:

(CP1)  wu(aq)) ®plag)) = ul(a) @ plaq)),

(CP2) r(ha)) @v(h@g) =r(he )) ® v(h)),

(CP3)  u(ab) = u(aq)) (plag) > ulbwy)) ' (plags)), p(b)));
(CP4) wv(h)o(g) = p(f(hq), 9(1))) v(h(2)9(2));

(CP5)  w(h)p(a) = p(h(1) > a)v(h))

(CP6)  7(h(1))(v(ha) > r(gq))) f (v(he)), v(92)
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=u(f(hay 91)) (P(f(he2y 92) > (hygw)) ' (0(F(ha)s93)s v(he)96))))
(CPT)  r(hq1)) (v(h) > ulany)) [ (v(hs), plag)))
= u(hq) > aqy) (p(h) > ag)) > (b)) f (p(hes) > ags)), v(hes)

for all a,b € Hy, g,h € k[C,]. The correspondence is such that the morphism ¢ = Y
associated to (u,p,r,v) is given by

Pa#th) = u(apy) (plag) > (hay)) f (p(ag), v(he))# paw)v(hs)

for all @ € Hy and all h € k[C,]. We will show that, under this bijection, isomorphisms
correspond precisely to quadruples (u,p,r,v), where p : Hy — k[C),] is the trivial morphism,
u: Hy — Hy and v : k[C,] — k[C,] are Hopf algebra automorphisms and r : k[C,,] — Hy is
a unitary coalgebra map such that the following two conditions are satisfied

u7p7,rl7v)

() = r(@)r(@)r (@) o (0() 0 ), (19
u(ci > a)r(ci) = r(ci) (v (c’) p’ u(a)) (20)
foralli=1,...,nand a € Hy. At the end we will see that such quadruples are in bijection with

triples (B8,7,8) € k* x U(Cp,Co) x {s € {1,...,n — 1} | ged(s,n) = 1} such that (17) and (18)
are satisfied.

Suppose first that 1 = ¥y ey + Ha#ts,k[Cn] — H4#?;,k:[0n] is an isomorphism correspon-
ding to (w,p,r,v). Thus p : Hy — k[C},] is a Hopf algebra map; it follows from [3, Lemma 4.6]
that p(z) = 0 and p(gx) = 0. In particular, we have

(1) = u(@)#p(1) + u(g)#p(e) = u(z)#1.

As 1 is an isomorphism, u(x) must be non-zero. Looking at (CP1) for a = z and taking
into account that p(z) = 0 and u(x) # 0 we obtain p(g) = 1. Thus, p : Hy — k[C,] is the
trivial morphism: p(z) = e(z)1, for all z € Hy. Thus, the compatibility conditions (CP1)
and (CP5) hold automatically while (CP2) holds since k[C),] is cocommutative. Moreover,
(CP3) is equivalent to the fact that u : Hy — Hy4 is a Hopf algebra morphism and (CP4) is
equivalent to v : k[C),] — k[C),] being a Hopf algebra morphism. Since u(x) # 0, it follows from
[3, Lemma 4.6] that w : Hy — Hy is an automorphism of Hy. Using [2, Corollary 2.2] we obtain
that v : k[C),] — k[C)] is also an automorphism of k[C),].

It remains to show that (19) and (20) hold. We claim that, in fact, these are exactly (CP6)
and (CP7) written in an equivalent form. Indeed, taking into account that p is the trivial map,
we have that (CP7) is equivalent to the compatibility condition (20), while (CP6) is equivalent to

r(¢) (o(¢) o' 7 () fr (v (), v (@) = ulfile, &))r ()

for all 4,5 € {1,...,n}. Now r : k[C,,] — Hy is a coalgebra map, hence r(c') € {1, g}, for all i.
Since v(c?) € C,, and the elements of C), act, via &/, trivially on {1, g}, we have v(c") >’ r(c/) =
r(c?), for all 4 and j. Furthermore, f;(c¢',¢’) € {1,g} for all i and j, and u(1) = 1 and u(g) = g,
hence, u(f(c%,c’)) = f(c!,¢’), for all i and j. These remarks show that (CP7) is equivalent to

r()r(@) fe (0(¢),0()) = fil s )r(e™)

for all 4,7 = 1,...,n, which is equivalent to (19).

Conversely, let (u,p,r,v) be a quadruple with p : Hy — k[C),] the trivial morphism, u : Hy —
Hy and v : k[Cy] — k[C,] Hopf algebra automorphisms and r : k[Cy,] — Hy a unitary coalgebra
map satisfying (19) and (20). We will prove that the compatibility conditions (CP1)—(CPT)
are satisfied. Indeed, (CP1)-(CP5) are trivially fulfilled. (CP6) and (CP7) are equivalent,
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as we have seen, with (19) and (20). Thus, (u,p,r,v) determines a Hopf algebra morphism
b+ Hy#t k[Cn) — H4#;;k[cn], given by

Y(a#h) = u(a)r(hqy)# v(h))

for all a € Hy and h € k[C,]. Since u and v are isomorphisms it follows from [2, Corollary 2.2]
that ¢ is an isomorphism.

To conclude, we have established a bijective correspondence between the set of all Hopf al-
gebra isomorphisms v : Hyp x¢ — Hap vy and the set of all quadruples (u,p,r,v) consisting
of the trivial morphism p : Hy — k[C),,], two Hopf algebra automorphisms, v : Hy — Hy and
v : k[Cy] = k[Cy], and a unitary coalgebra map r : k[C,,] — H, that satisfy (19) and (20). These
quadruples are, in turn, in bijection with the set of all triples (8,7, s) € k* x U(Cy,,Ca) x {s €
{1,...,n—1}| ged(s,n) = 1} such that the compatibility conditions (17) and (18) are fulfilled.
Indeed, for any v € Autpept(Ha) there exists a unique 8 € k* such that u = ug and for any
v € Autpopr (k[Cp]) there exists a unique s € {1,...,n—1}, ged(s,n) = 1, such that v(c") = ¢**,

for all ¢ = 0,...,n — 1. Furthermore, any unitary coalgebra map r : k[C,]| — Hy is uniquely
determined by a unitary map C, — C2 = {1, g} which we still denote by r. Therefore (17)
and (18) are nothing but (19) and (20) in terms of ¢, ¢/, 3, r and s. [ |

Remark 3.5. Although condition (17) is given in terms of ¢, ', r and s, in practice it is rather
difficult to work with. In such a situation, it is more convenient to consider the equivalent
condition (19) which says that the normalized 2-cocycles f; and fy o (v X v), where v is the
automorphism of C), associated to s, are cohomologous and that the coboundary by which they
differ is the one associated to r.

The main result of the paper is the following theorem:
Theorem 3.6. Let k be a field of characteristic # 2 and n a positive integer. Then:

1. There exists a bijection between H2(k[Cy], Hs) and the quotient set CS(n,k)/~, where ~
is the equivalence relation on CS(n, k) defined by: (t,\) ~ (t',\') if and only if there exists
r € U(Cy, Co) such that for alli,j=1,...,n

1 i—1

t(cp)t(cp+j) = r(ci)r(cj)r(ciﬂ) H t (cq)t'(cq+j), (21)

0 9=0
71)1+0t(i)+0rdr(6i))\i _ (71)%'(1') ()\’)i. (22)

.
I

—

—~ 3

2. There exists a bijection between CRP(k[Cy], Hs4) and the quotient set CS(n,k)/=, where =
is the equivalence relation on CS(n, k) defined by: (t,\) = (t', \') if and only if there exists
(By1y8) € E* xU(Cyp,C2) x {s € {1,...,n—1}]| ged(s,n) = 1} satisfying the compatibility
conditions (17) and (18).

Proof. It follows from Theorems 3.1 and 3.4. For (1) we use the fact that the isomorphism
Y =g+ Hogx — Hyp v associated to the triple (8,7, s) € k* xU(Cp, C2) x{s € {1,...,n—
1} | ged(s,n) = 1} stabilizes Hy if and only if § = 1 and co-stabilizes k[C,] if and only if
s=1. |

Theorem 3.4 allows us to give a description of the automorphisms of Hy, » ;. We denote, in
what follows, by vs the automorphism of C,, associated to s € {1,...,n—1}, ged(s,n) = 1, given
by vs(c') = %, for all i. We also note that (U(C,,C3),-) is an Abelian group with point-wise
multiplication.
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Corollary 3.7. The group Autwops(Han ) of all Hopf algebra automorphisms is parameterized
by the set of all triples (B,r,s) € k* xU(Cp,Ca) x {s € {1,...,n —1}]| ged(s,n) = 1} satisfy-
ing (17) and (18) with (XN',t') = (A, t). The automorphism of Hyy, x4 corresponding to (53,1, s)
is given for any a € Hy andi=1,...,n by

w(ﬁ,r,s) : H4n,>\,t — H4n,)\,tv 1/1(5,7«,5) (a#ci) = ugp (a)r(ci)#vs (Cl) .

In particular, there exists an embedding
AutHOpf(H4n,>\7t) — k* x (U(Cn, CQ) ><]f Aut(Cn)),

where U(C,, Ca) X Aut(Cy,) is the semidirect product associated to f : Aut(Cy) — Aut(U(Cy,
(), f(w)(p) =pow, for allp € U(Cy, C2) and v € Aut(C,,).

Proof. The first assertion follows from Theorem 3.4. If 9, ) and (g, ) are two automor-
phisms of Hy, » ¢, then, using the fact that u, is a homomorphism which acts as the identity on
{1, g}, we have

Vo) © Vs (0#6) = Vi (w3 @) (€)00()) = va(ua(a)r () p () s ()
= s @)r(¢) (0 00) () () = Vi am (0.

This shows that ' : Autgept(Hanae) — K X (U(Cp, C2) 3y Aut(Zy)), defined by T'(¢g,.4)) 1=
(B , (7, vs)_l) is a one-to-one homomorphism of groups. Indeed,

FW(a,p,q) o w(,é’,r,s)) = F(¢(aﬂ,r~(povs),qs)) = (aﬁa (T ) (p © Us)a qu)_l)
= (aﬁa ((’I“, US)(pv Uq))_l) = (Oé, (pv Uq)_l) (67 (’l“, US)_l)
= F(¢(a,p,q))r(w(ﬂ,r,s))a

which proves our claim and concludes the proof. |

Example 3.8. As it can be easily seen from Theorem 3.6, the description of the classifying
objects H2(k[C,], Hy) and CRP(k[C,,], Hy) depends on the arithmetics of the positive integer n.
We describe below the two classifying objects for n = 2 — this can serve as a model for other
values of n. Let k be a field of characteristic # 2. Then:

1. If -1 §7§ k2, then H2(k[02],H4) = CRP(k[CQ],H4) = {H4 &® k[CQ]}

2. If -1 = (2, ¢ € k, then H2(k’[02],H4) = CRP(k‘[CQ],H;;) = {H4 ® k?[Cz],Hg(}, where H&C
is the 8-dimensional Hopf algebra having {1, ¢, x, gz, d, gd, xd, gxd} as a k-basis, with the
multiplication subject to the following relations

92 = 17 1‘2 = 07 d2 =9, rg = —gz%, dg = gd7 dx = dev
and the coalgebra structure such that g and d are group-like elements and z is (1,g)-
primitive.

Indeed, U(Ca, Ca) = {t1,t2}, where t1(c) =1 and t2(c) = ¢. Then o0y,(2) = 2 and 04, (2) = 3.
Thus,

{(t1, 1), (t1, 1)} if —1¢ k2,
{(th 1)7 (tlﬂ _1)7 (t27C)7 (t27 _C)} if —1= C27 ¢ € k.

It is easy to see that (¢1,1) ~ (¢t1, —1) and (¢2, () =~ (t2, —(), the map r € U(Cs, C2) satisfying (21)
and (22), being, in both cases, = t3. Since the normalized 2-cocycles, f;, and f,, associated
to t; and ty are not cohomologous, and the s from (17) can take only the value 1, we obtain
using Remark 3.5, that (t1,1) # (t2,¢). Thus, (¢1,1) % (t2,(), also. Finally, the description
of Hg ¢ follows from Corollary 3.3.

CS(2,k) = {
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