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1 Introduction

For a classical rigid body with a fixed point, the configuration space is the group SO(3) of rota-
tions of three-dimensional Euclidean space. In 1765, L. Euler proposed the equations of motion
of the rigid body describing as geodesics in SO(3), where SO(3) is provided with a left-invariant
metric. In essence, the Euler theory of a rigid theory is fully described by this invariance.

Let G be an arbitrary (possibly infinite-dimensional) Lie group and G the corresponding Lie
algebra and G∗ the dual of G. V.I. Arnold in [3] suggested a general framework for Euler equations
onG, which can be regarded as a configuration space of some physical systems. In this framework
Euler equations describe geodesic flows w.r.t. suitable one-side invariant Riemannian metrics
on G and can be given to a variety of conservative dynamical systems in mathematical physics,
for instance, see [2, 4, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 20, 21, 22, 24, 25, 28, 30, 32, 33, 35, 37, 39]
and references therein.

Since V. Ovsienko and B. Khesin in [35] interpreted the Kuper–KdV equation [23] as a geodesic
flow equation on the superconformal group w.r.t. an L2-type metric, it has been attracted a lot of
interest in studying super (fermionic or supersymmetric) anologue of Arnold’s approach, which
has some different characteristic flavors, for instance [2, 11, 16, 23, 24, 25, 36, 38].

In this paper, we are interested in Euler equations related to the N = 1 generalized Neveu–
Schwarz (GNS in brief) algebra G, which was introduced by P. Marcel, V. Ovsienko and C. Roger
in [29] as a generalization of the N = 1 Neveu–Schwarz algebra and the extended Virasoro
algebra. In [16], P. Guha and P.J. Ovler have studied the Euler equations related to the GNS
algebra G and obtained fermionic versions of the 2-component Camassa–Holm equation and the
Ito equation in some special metrics. Our motivations are twofold. One is to study the Euler
equation related to G for a more general metric Mc1,c2,c3,c4,c5,c6 in (2.1) with six-parameters given
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by

〈F̂ , Ĝ〉 =

∫
S1

(
c1fg + c2fxgx + c3φ∂

−1χ+ c4φxχ+ c5ab+ c6α∂
−1β

)
dx+ ~σ · ~τ ,

which can be regarded as a super-version of Sobolev-metrics in the super space. The other is to
study the condition under which Euler equations are supersymmetric or bi-superhamiltonian.
Our main results is to show that

� the Euler equation is bi-superhamiltonian supersymmetric
when the metric is �
Mc1,c2,

1
4
c1,c2,c5,−c5 Yes No (if c1 6= 0)

Mc1,c2,c1,c2,c5,−c5 only find a superhamiltonian Yes
structure (if c1 6= 0)

M0,c2,0,c2,c5,−c5 Yes Yes

As a byproduct, we obtain some supersymmetric or bi-superhamiltonian generalizations of some
well-known integrable systems including the coupled KdV equation, the 2-component Camassa–
Holm equation and the 2-component Hunter–Saxton equation.

This paper is organized as follows. In Section 2, we calculate the Euler equation on G∗reg
and discuss their Hamiltonian properties. In Section 3, we study bi-superhamiltonian Euler
equations. Section 4 is devoted to describe supersymmetric Euler equations, also including
a class of both supersymmetric and bi-superhamiltonian Euler equations. A few concluding
remarks are given in the last section.

2 Euler equations related to the GNS algebra

To be self-contained, let us recall the Anorld’s approach [4, 20, 21]. Let G be an arbitrary Lie
group and G the corresponding Lie algebra and G∗ the dual of G. Firstly let us fix a energy
quadratic form E(v) = 1

2〈v,Av〉
∗ on G and consider right translations of this quadratic form on G.

Then the energy quadratic form defines a right-invariant Riemannian metric on G. The geodesic
flow on G w.r.t. this energy metric represents the extremals of the least action principle, i.e., the
actual motions of our physical system. For a rigid body, one has to consider left translations.
We next identify G and its dual G∗ with the help of E(·). This identification A : G → G∗,
called an inertia operator, allows us to rewrite the Euler equation on G∗. It turns out that the
Euler equation on G∗ is Hamiltonian w.r.t. a canonical Lie–Poisson structure on G∗. Notice that
in some cases it turns out to be not only Hamiltonian, but also bihamiltonian. Moreover, the
corresponding Hamiltonian function is −E(m) = −1

2〈A
−1m,m〉∗ lifted from the Lie algebra G

to its dual space G∗, where m = Av ∈ G∗.

Definition 2.1 ([4, 20]). The Euler equation on G∗, corresponding to the right-invariant metric
−E(m) = −1

2〈A
−1m,m〉∗ on G, is given by the following explicit formula

dm

dt
= −ad∗A−1mm,

as an evolution of a point m ∈ G∗.

In the following, we take G to be the N = 1 generalized Neveu–Schwarz algebra [34]. Let V
be a Z2 graded vector space, i.e., V = VB ⊕ VF . An element v of VB (resp., VF ) is said to be
even (resp., odd). The super commutator of a pair of elements v, w ∈ V is defined by

[v, w] = vw − (−1)|v||w|wv.



Euler Equations Related to the Generalized Neveu–Schwarz Algebra 3

Let Ds
(
S1
)

be the group of orientation preserving Sobolev Hs diffeomorphisms of the cir-
cle and TidDs

(
S1
)

the corresponding Lie algebra of vector fields, denoted by Vects
(
S1
)

={
f(x) d

dx |f(x) ∈ Hs
(
S1
)}

. We denote

VB = Vects
(
S1
)
⊕ C∞

(
S1
)
⊕ R3, VF = C∞

(
S1
)
⊕ C∞

(
S1
)
.

Definition 2.2 ([34]). The GNS algebra G is an algebra VB⊕VF with the commutation relation
given by

[F̂ , Ĝ] =

((
fgx − fxg +

1

2
φχ

)
d

dx
,

(
fχx −

1

2
fxχ− gφx +

1

2
gxφ

)
dx−

1
2 ,

fbx − axg +
1

2
φβ +

1

2
αχ,

(
fβx +

1

2
fxβ −

1

2
axχ− gαx −

1

2
gxα+

1

2
bxφ

)
dx

1
2 , ~ω

)
,

where φ, χ, α and β are fermionic functions, and f , g, a and b are bosonic functions, and
F̂ =

(
f(x, t) d

dx , φ(x, t)dx−
1
2 , a(x, t), α(x, t)dx

1
2 , ~σ
)
∈ G and Ĝ =

(
g(x, t) d

dx , χ(x, t)dx−
1
2 , b(x, t),

β(x, t)dx
1
2 , ~τ
)
∈ G and ~σ, ~τ ∈ R3 and ~ω = (ω1, ω2, ω3) ∈ R3. Here

ω1(F̂ , Ĝ) =

∫
S1

(fxgxx + φxχx)dx,

ω2(F̂ , Ĝ) =

∫
S1

(fxxb− gxxa− φxβ + χxα)dx,

ω3(F̂ , Ĝ) =

∫
S1

(2abx + 2αβ)dx.

Let us denote

G∗reg = C∞
(
S1
)
⊕ C∞

(
S1
)
⊕ C∞

(
S1
)
⊕ C∞

(
S1
)
⊕ R3

to be the regular part of the dual space G∗ to G, under the following pair

〈Û , F̂ 〉∗ =

∫
S1

(uf + ψφ+ va+ γα)dx+ ~ς · ~σ,

where Û =
(
u(x, t)dx2, ψ(x, t)dx

3
2 , v(x, t)dx, γ(x, t)dx

1
2 , ~ς
)
∈ G∗ and ~ς = (ς1, ς2, ς3) ∈ R3. By the

definition, using integration by parts we have

〈ad∗
F̂

(Û), Ĝ〉∗ = −〈Û , [F̂ , Ĝ]〉∗ = −
∫
S1

(
u

(
fgx − fxg +

1

2
φχ

)
+ ψ

(
fχx −

1

2
fxχ− gφx +

1

2
gxφ

)
+ v

(
fbx − axg +

1

2
φβ +

1

2
αχ

)
+ γ

(
fβx +

1

2
fxβ −

1

2
axχ− gαx −

1

2
gxα+

1

2
bxφ

))
dx− ~ς · ~ω

=

∫
S1

(
2ufx + uxf − ς1fxxx + ς2axx +

3

2
ψφx +

1

2
ψxφ+

1

2
γαx −

1

2
γxα+ vax

)
gdx

+

∫
S1

(
ς1φxx − ς2αx −

1

2
uφ− 1

2
vα+

3

2
fxψ + fψx +

1

2
γax

)
χdx

+

∫
S1

(
(vf)x +

1

2
(γφ)x − ς2fxx + 2ς3ax

)
bdx

+

∫
S1

(
γxf +

1

2
γfx −

1

2
vφ+ ς2φx − 2ς3α

)
βdx.
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So the coadjoint action on G∗reg is given by

ad∗
F̂

(Û) =

((
2ufx + uxf − ς1fxxx + ς2axx +

3

2
ψφx +

1

2
ψxφ+

1

2
γαx −

1

2
γxα+ vax

)
dx2,(

ς1φxx − ς2αx −
1

2
uφ− 1

2
vα+

3

2
fxψ + fψx +

1

2
γax

)
dx

3
2 ,(

(vf)x+
1

2
(γφ)x− ς2fxx+ 2ς3ax

)
dx,

(
γxf+

1

2
γfx−

1

2
vφ+ ς2φx− 2ς3α

)
dx

1
2 , 0

)
.

On G, let us introduce an inner product Mc1,c2,c3,c4,c5,c6 given by

〈F̂ , Ĝ〉 =

∫
S1

(
c1fg + c2fxgx + c3φ∂

−1χ+ c4φxχ+ c5ab+ c6α∂
−1β

)
dx+ ~σ · ~τ , (2.1)

which is a generalization of that in [11, 16]. By the Definition 2.1, the Euler equation on G∗reg
for Mc1,c2,c3,c4,c5,c6 is

dÛ

dt
= −ad∗A−1Û

Û (2.2)

as an evolution of a point Û=
(
u(x, t)dx2, ψ(x, t)dx

3
2 , v(x, t), γ(x, t)dx

1
2 , ~ς
)
∈G∗, whereA : G→G∗

is an inertia operator defined by

〈F̂ , Ĝ〉 = 〈A(F̂ ), Ĝ〉∗.

A direct computation shows that the inertia operator A : G → G∗ has the form

A(F̂ ) =
(
Λ(f)dx2,Θ(φ)dx

3
2 , c5adx, c6∂

−1αdx
1
2 , ~σ
)
,

where Λ(f) = c1f − c2fxx and Θ(φ) = c4φx − c3∂−1φ. Thus we have

Proposition 2.3. The Euler equation (2.2) on G∗reg for Mc1,c2,c3,c4,c5,c6 reads

ut = ς1fxxx − ς2axx − 2ufx − uxf − vax −
3

2
ψφx −

1

2
ψxφ−

1

2
γαx,

ψt =
1

2
uφ+

1

2
vα− ς1φxx + ς2αx −

3

2
fxψ − fψx −

1

2
γax,

vt = ς2fxx − 2ς3ax − (vf)x −
1

2
(γφ)x, (2.3)

γt =
1

2
vφ− γxf −

1

2
γfx − ς2φx + 2ς3α,

where u = Λ(f) = c1f − c2fxx, ψ = Θ(φ) = c4φx − c3∂−1φ, v = c5a and γ = c6∂
−1α.

Let us remark that the system (2.3) has been obtained in [16] with minor typos. But they
didn’t discuss the condition under which the Euler equation (2.3) is supersymmetric or bi-
superhamiltonian.

According to Definition 2.1, the Euler equation (2.3) has a natural Hamiltonian description [4,
20, 21]. Let Fi : G∗ → R, i = 1, 2, be two arbitrary smooth functionals. The dual space G∗
carries a canonical Lie–Poisson bracket

{F1, F2}2(Û) =

〈
Û ,

[
δF1

δÛ
,
δF2

δÛ

]〉∗
,
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where Û ∈ G∗ and δFi
δÛ

=
(
δFi
δu ,

δFi
δψ ,

δFi
δv ,

δFi
δγ ,

δFi
δ~ς

)
∈ G, i = 1, 2. The induced superhamiltonian

operator is given by

J2 =


ς1∂

3 − u∂ − ∂u −ψ∂ − 1
2∂ψ, −ς2∂

2 − v∂ −γ∂ + 1
2∂γ

−∂ψ − 1
2ψ∂

1
2u− ς1∂

2 −1
2γ∂

1
2v + ς2∂

ς2∂
2 − ∂v −1

2∂γ −2ς3∂ 0
−∂γ + 1

2γ∂
1
2v − ς2∂ 0 2ς3

 . (2.4)

Proposition 2.4. The Euler equation (2.3) could be written as

d

dt
(u, ψ, v, γ)T = J2

(
δH1

δu
,
δH1

δψ
,
δH1

δv
,
δH1

δγ

)T

(2.5)

with the Hamiltonian H1 = 1
2

∫
S1(uf + ψφ + va + γα)dx, where (·)T means the transpose of

vectors.

Proof. Indeed, for a functional F [u, ψ, v, γ], the variational derivatives δF
δu , δF

δψ , δF
δv and δF

δγ are
defined by

d

dε
|ε=0 F [u+ εδu, ψ + εδψ, v + εδv, γ + εδγ]

=

∫ (
δu
δF

δu
+ δψ

δF

δψ
+ δv

δF

δv
+ δγ

δF

δγ

)
dx. (2.6)

By using (2.6), we have

δH1

δf
= Λ(f),

δH1

δφ
= −Θ(φ),

δH1

δa
= v,

δH1

δα
= −γ.

It follows from the definition of u, ψ and γ that

δH1

δu
= Λ−1

δH1

δu
= f,

δH1

δψ
= −Θ−1

δH1

δφ
= φ,

δH1

δv
= a,

δH1

δγ
= −∂ δH1

δα
= α. (2.7)

Hence, (2.5) could be easily verified by using (2.4) and (2.7). �

3 Bihamiltonian Euler equations on G∗reg

Unless otherwise stated, in the following we use “(bi)hamiltonian” to denote “(bi)-superhamil-
tonian”. In this section we want to study bihamiltonian Euler equations on G∗reg w.r.t. the
metric Mc1,c2,

1
4
c1,c2,c5,−c5 and propose some new bihamiltonian and fermionic extensions of well-

known integrable systems including coupled the KdV equation, the 2-CH equation and the 2-HS
equation.

3.1 The frozen Lie–Poisson bracket on G∗
reg

For the purpose of discussing possible bihamiltonian Euler equations, we introduce a frozen
Lie–Poisson bracket on G∗reg defined by

{F1, F2}1(Û) =

〈
Û0,

[
δF1

δÛ
,
δF2

δÛ

]〉∗
,
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for a fixed point Û0 ∈ G∗. The corresponding Hamiltonian equation is given by

dÛ

dt
= −ad∗δH2

δÛ

Û0 (3.1)

for a functional H2 : G∗reg → R. If we could find a functional H2 and a suitable point Û0 ∈ G∗reg
such that the system (3.1) coincides with (2.3). This means that the Euler equation (2.3) is
bihamiltonian and could be written as

d

dt
(u, ψ, v, γ)T = J1

(
δH2

δu
,
δH2

δψ
,
δH2

δv
,
δH2

δγ

)T

= J2
(
δH1

δu
,
δH1

δψ
,
δH1

δv
,
δH1

δγ

)T

with Hamiltonian operators J2 in (2.4) and J1 = J2|Û=Û0
. Moreover, according to Proposi-

tion 5.3 in [20], { , }1 and { , }2 are compatible for every freezing point Û0.

3.2 Bihamiltonian Euler equations on G∗
reg w.r.t. Mc1,c2,

1
4
c1,c2,c5,−c5

In this case, we have

c1 = 4 c3, c2 = c4, c6 = −c5.

By setting φ = ηx and α = µx, then

u = Λ(f) = c1f − c2fxx, ψ = Π(η) = c2ηxx −
1

4
c1η, v = c5a, γ = −c5µ (3.2)

and the Euler equation becomes

ut = ς1fxxx − ς2axx − 2ufx − uxf −
3

2
ψηxx −

1

2
ψxηx − vax −

1

2
γµxx,

ψt =
1

2
uηx − ς1ηxxx + ς2µxx −

3

2
fxψ − fψx +

1

2
(vµ)x,

vt = ς2fxx − 2ς3ax − (vf)x −
1

2
(γηx)x, (3.3)

γt =
1

2
vηx − γxf −

1

2
γfx − ς2ηxx + 2ς3µx.

We are now in a position to state our main theorem.

Theorem 3.1. The system (3.3) is bihamiltonian on G∗reg with a freezing point Û0 =
(
c1
2 dx

2, 0,
0, 0,

(
c2, 0,

c5
2

))
∈ G∗reg and a Hamiltionian functional

H2 =

∫
S1

(
− ς1

2
ffxx +

c1
2
f3 − c2

4
f2fxx −

c2
2
fηxηxx −

3c1
8
fηηx +

ς1
2
ηηxx

− ς2afx +
1

2
avf + ς3a

2 +
1

2
aγηx + ς3µµx + ς2µηxx +

1

2
γµxf

)
dx.

Proof. Direct computation gives

δH2

δf
= ς2ax − ς1fxx +

3c1
2
f2 − c2ffxx −

c2
2
f2x −

c2
2
ηxηxx −

3c1
8
ηηxx +

1

2
av +

1

2
γµx,

δH2

δη
=

3c2
2
fxηxx + c2fηxxx +

c2
2
fxxηx −

3c1
4
fηx −

3c1
8
fxη + ς1ηxx − ς2µxx +

1

2
(aγ)x, (3.4)

δH2

δa
= 2ς3a+ vf +

1

2
γηx − ς2fx,
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δH2

δµ
= γxf +

1

2
γfx −

1

2
vηx + ς2ηxx − 2ς3µx.

Under the special freezing point

Û0 =
(c1

2
dx2, 0, 0, 0,

(
c2, 0,

c5
2

))
∈ G∗reg,

the system (3.1) reads

ut = c2

(
δH2

δu

)
xxx

− c1
(
δH2

δu

)
x

, vt = −c5
(
δH2

δv

)
x

,

ψt =
c1
4

δH2

δψ
− c2

(
δH2

δψ

)
xx

, γt = c5
δH2

δγ
. (3.5)

Using (3.2), we have

δH2

δu
= Λ−1

(
δH2

δf

)
,

δH2

δψ
= Π−1

(
δH2

δη

)
, c5

δH2

δv
=
δH2

δa
, c5

δH2

δγ
= −δH2

δµ
.

The system (3.5) becomes

ut = −
(
δH2

δf

)
x

, ψt = −δH2

δη
, vt = −

(
δH2

δa

)
x

, γt = −δH2

δµ
,

which is the desired system (3.3) due to (3.2) and (3.4). We thus complete the proof of the
theorem. �

3.3 Examples

Example 3.2 (an L2-type metric M1,0, 1
4
,0,1,−1). The systems (3.3) reduces to

ft = ς1fxxx − ς2axx − 3ffx +
3

8
ηηxx − aax +

1

2
µµxx,

ηt = 4ς1ηxxx − 3fηx −
3

2
fxη − 4ς2µxx − 2(aµ)x,

at = ς2fxx − 2ς3ax − (af)x +
1

2
(µηx)x, (3.6)

µt = ς2ηxx − 2ς3µx −
1

2
aηx − µxf −

1

2
µfx.

We call this system (3.6) to be a Kuper-2KdV equation. Especially, (1) if we set η = µ = 0, we
have

ft = ς1fxxx − ς2axx − 3ffx − aax, at = ς2fxx − 2ς3ax − (af)x,

which is a two-component generalization of the KdV equation with three parameters including
the Ito equation in [17] for ς1 6= 0, ς2 = ς3 = 0; (2) if we set ς1 = 1

2 , ς2 = 0, a = 0 and µ = 0, we
have

ft =
1

2
fxxx − 3ffx +

3

8
ηηxx, ηt = 2ηxxx − 3fηx −

3

2
fxη,

which is the Kuper–KdV equation in [23].
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Let us remark that when we choose ς1 = 1
4 and ς2 = ς3 = 0, up to a rescaling, the Kuper–2KdV

equation (3.6) is the super-Ito equation (equation (4.14b) in [1]) proposed by M. Antonowicz
and A.P. Fordy, which has three Hamiltonian structures. According to our terminologies, we
would like to call it the Kuper–Ito equation.

Example 3.3 (an H1-type metric M1,1, 1
4
,1,1,−1). The systems (3.3) reduces to

ft − fxxt = ς1fxxx − ς2axx − 3ffx + 2fxfxx + ffxxx +
3

8
ηηxx +

1

2
ηxηxxx − aax +

1

2
µµxx,

ηxxt −
1

4
ηt =

3

4
fηx +

3

8
fxη − fηxxx −

1

2
fxxηx −

3

2
fxηxx − ς1ηxxx + ς2µxx −

1

2
(aµ)x, (3.7)

at = ς2fxx − 2ς3ax − (af)x +
1

2
(µηx)x,

µt = ς2ηxx − 2ς3µx −
1

2
aηx − µxf −

1

2
µfx.

We call this system (3.7) to be a Kuper–2CH equation. Especially, (1) if we set ς1 = ς2 = ς3 = 0
and η = µ = 0, we have

ft − fxxt = 2fxfxx + ffxxx − 3ffx − aax, at = −(af)x,

which is the 2-CH equation in [6, 13]; (2) if by setting ς1 = ς2 = ς3 = 0, a = 0 and µ = 0, the
system (3.7) becomes

ft − fxxt = ffxxx + 2fxfxx − 3ffx +
3

8
ηηxx +

1

2
ηxηxxx,

ηxxt −
1

4
ηt =

3

4
fηx +

3

8
fxη − fηxxx −

1

2
fxxηx −

3

2
fxηxx,

which is the Kuper–CH equation in [10, 38].

4 Supersymmetric Euler equations on G∗reg

In this section, we want to discuss a class of supersymmetric Euler equations on G∗ associa-
ted to a special metric Mc1,c2,c1,c2,c5,−c5 . Moreover, we present a class of supersymmetric and
bihamiltonian Euler equations.

4.1 Supersymmetric Euler equations on G∗
reg w.r.t. Mc1,c2,c1,c2,c5,−c5

In this case, we have

c1 = c3, c2 = c4, c6 = −c5.

By setting φ = ηx and α = µx, we obtain

u = c1f − c2fxx, ψ = c2ηxx − c1η, v = c5a, γ = −c5µ.

Let us define a superderivative D by D = ∂θ + θ∂x and introduce two superfields

Φ = η + θf, Ω = µ+ θa,

where θ is an odd coordinate. A direct computation gives
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Theorem 4.1. The Euler equation (2.3) on G∗reg w.r.t. Mc1,c2,c1,c2,c5,−c5 is invariant under the
supersymmetric transformation

δf = θηx, δη = θf, δa = θµx, δµ = θa

and could be rewritten as

c1Φt − c2D4Φt = ς1D
6Φ− 3

2
c1
(
ΦD3Φ +DΦD2Φ

)
+ c2

(
DΦD6Φ +

1

2
D2ΦD5Φ +

3

2
D3ΦD4Φ

)
− ς2D4Ω +

1

2
c5
(
DΩD2Ω + ΩD3Ω

)
, (4.1)

c5Ωt = ς2D
4Φ− 2ς3D

2Ω− 1

2
c5
(
DΩD2Φ + 2D2ΩDΦ + ΩD3Φ

)
.

4.2 Examples

Example 4.2 (another L2-type metric M1,0,1,0,1,−1). The system (4.1) reduces to

Φt = ς1D
6Φ− 3

2

(
ΦD3Φ +DΦD2Φ

)
− ς2D4Ω +

1

2

(
DΩD2Ω + ΩD3Ω

)
,

Ωt = ς2D
4Φ− 2ς3D

2Ω− 1

2

(
DΩD2Φ + 2D2ΩDΦ + ΩD3Φ

)
. (4.2)

We call this system (4.2) to be a super-2KdV equation. Especially, (1) if we set η = µ = 0, we
recover the two-component KdV equation again; (2) but if we choose ς1 = 1

2 , ς2 = ς3 = 0 and
Ω = 0, the system (4.2) becomes

Φt =
1

2
D6Φ− 3

2

(
ΦD3Φ +DΦD2Φ

)
,

equivalently in componentwise forms,

ft =
1

2
fxxx − 3ffx +

3

2
ηηxx, ηt =

1

2
ηxxx −

3

2
(fη)x,

which is the super-KdV equation in [31].

Example 4.3 (another H1-type metric M1,1,1,1,1,−1). The system (4.1) reduces to

Φt −D4Φt = ς1D
6Φ− 3

2
(ΦD3Φ +DΦD2Φ) +

(
DΦD6Φ +

1

2
D2ΦD5Φ +

3

2
D3ΦD4Φ

)
− ς2D4Ω +

1

2

(
DΩD2Ω + ΩD3Ω

)
, (4.3)

Ωt = ς2D
4Φ− 2ς3D

2Ω− 1

2

(
DΩD2Φ + 2D2ΩDΦ + ΩD3Φ

)
.

We call this system (4.3) to be a super-2CH equation. Especially, (1) if we set ς1 = ς2 = ς3 = 0
and η = µ = 0, we obtain the 2-CH equation in [6, 13] again; (2) but if by setting ς1 = ς2 = ς3 = 0
and Ω = 0, the system (4.3) becomes

Φt −D4Φt =

(
DΦD6Φ +

1

2
D2ΦD5Φ +

3

2
D3ΦD4Φ

)
− 3

2

(
ΦD3Φ +DΦD2Φ

)
,

which is the super-CH equation in [11].
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4.3 Supersymmetric and bihamiltonian Euler equations
w.r.t. M0,c2,0,c2,c5,−c5 on G∗

reg

Let us combine with Theorem 3.1 and Theorem 4.1, we have

Theorem 4.4. The Euler equation on G∗reg w.r.t. the metric M0,c2,0,c2,c5,−c5 is supersymmetric
and bihamiltonian.

Example 4.5 (an Ḣ1-type metric M0,1,0,1,1,−1). The systems (4.1) reduces to

−D4Φt = ς1D
6Φ +

(
DΦD6Φ +

1

2
D2ΦD5Φ +

3

2
D3ΦD4Φ

)
− ς2D4Ω +

1

2

(
DΩD2Ω + ΩD3Ω

)
, (4.4)

Ωt = ς2D
4Φ− 2ς3D

2Ω− 1

2

(
DΩD2Φ + 2D2ΩDΦ + ΩD3Φ

)
.

We call this system (4.4) to be a super-2HS equation. Especially, (i) if we set ς1 = ς2 = ς3 = 0
and η = µ = 0, we have

−fxxt = 2fxfxx + ffxxx − aax, at = −(af)x,

which is a 2-HS equation in [39]; (ii) if by setting ς1 = ς2 = ς3 = 0 and Ω = 0, the system (4.4)
becomes

−D4Φt = DΦD6Φ +
1

2
D2ΦD5Φ +

3

2
D3ΦD4Φ,

which is the super-HS equation in [5, 24].

5 Concluding remarks

We have described Euler equations associated to the GNS algebra and shown that under which
conditions there are superymmetric or bihamiltonian. Here we only obtain some sufficient
conditions but not necessary conditions. As an application, we have naturally presented several
generalizations of some well-known integrable systems including the Ito equation, the 2-CH
equation and the 2-HS equation. It is well-known that the Virasoro algebra, the extended
Virasoro algebra and the Neveu–Schwarz algebras are subalgebras of the GNS algebra. Thus
our result could be regarded as a generalization of that related to those subalgebras, see for
instances [2, 4, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 20, 21, 22, 24, 25, 28, 30, 32, 33, 35, 37, 39]
and references therein. In the past twenty years, in this subject it has grown in many different
directions, please see [21] and references therein. Finally let us point out that in this paper all
super-Hamiltonian operators are even. Recently, in [5, 26, 27], the classical Harry–Dym equation
is supersymmetrized in two ways, either by even supersymmetric Hamiltonian operators or by
odd supersymmetric Hamiltonian operators. Notice that the HS equation is one of a member of
negative Harry–Dym hierarchy. It would be interesting to investigate whether the above point
of view has an extension to the odd supersymmetric integrable system, for instance, the odd HS
equation.
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l’hydrodynamique des fluides parfaits, Ann. Inst. Fourier (Grenoble) 16 (1966), 319–361.

[4] Arnold V.I., Khesin B.A., Topological methods in hydrodynamics, Applied Mathematical Sciences, Vol. 125,
Springer-Verlag, New York, 1998.

[5] Brunelli J.C., Das A., Popowicz Z., Supersymmetric extensions of the Harry Dym hierarchy, J. Math. Phys.
44 (2003), 4756–4767, nlin.SI/0304047.

[6] Chen M., Liu S.-Q., Zhang Y., A two-component generalization of the Camassa–Holm equation and its
solutions, Lett. Math. Phys. 75 (2006), 1–15, nlin.SI/0501028.

[7] Constantin A., Kappeler T., Kolev B., Topalov P., On geodesic exponential maps of the Virasoro group,
Ann. Global Anal. Geom. 31 (2007), 155–180.

[8] Constantin A., Kolev B., Geodesic flow on the diffeomorphism group of the circle, Comment. Math. Helv.
78 (2003), 787–804, math-ph/0305013.

[9] Constantin A., Kolev B., Integrability of invariant metrics on the diffeomorphism group of the circle, J. Non-
linear Sci. 16 (2006), 109–122, arXiv:0911.5058.

[10] Devchand C., A Kuper–CH system, Unpublished note, 2005, Private communications, 2010.

[11] Devchand C., Schiff J., The supersymmetric Camassa–Holm equation and geodesic flow on the supercon-
formal group, J. Math. Phys. 42 (2001), 260–273, solv-int/9811016.

[12] Ebin D.G., Marsden J., Groups of diffeomorphisms and the motion of an incompressible fluid, Ann. of
Math. (2) 92 (1970), 102–163.

[13] Falqui G., On a Camassa–Holm type equation with two dependent variables, J. Phys. A: Math. Gen. 39
(2006), 327–342, nlin.SI/0505059.

[14] Guha P., Geodesic flow on extended Bott–Virasoro group and generalized two-component peakon type dual
systems, Rev. Math. Phys. 20 (2008), 1191–1208.

[15] Guha P., Integrable geodesic flows on the (super)extension of the Bott–Virasoro group, Lett. Math. Phys.
52 (2000), 311–328.

[16] Guha P., Olver P.J., Geodesic flow and two (super) component analog of the Camassa–Holm equation,
SIGMA 2 (2006), 054, 9 pages, nlin.SI/0605041.

[17] Ito M., Symmetries and conservation laws of a coupled nonlinear wave equation, Phys. Lett. A 91 (1982),
335–338.

[18] Khesin B., Topological fluid dynamics, Notices Amer. Math. Soc. 52 (2005), 9–19.

[19] Khesin B., Lenells J., Misio lek G., Generalized Hunter–Saxton equation and the geometry of the group of
circle diffeomorphisms, Math. Ann. 342 (2008), 617–656, arXiv:0803.3078.

[20] Khesin B., Misio lek G., Euler equations on homogeneous spaces and Virasoro orbits, Adv. Math. 176 (2003),
116–144.

[21] Khesin B., Wendt R., The geometry of infinite-dimensional groups, A Series of Modern Surveys in Mathe-
matics, Vol. 51, Springer-Verlag, Berlin, 2009.

[22] Kolev B., Bi-Hamiltonian systems on the dual of the Lie algebra of vector fields of the circle and periodic
shallow water equations, Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 365 (2007), 2333–2357,
math-ph/0610001.

[23] Kupershmidt B.A., A super Korteweg–de Vries equation: an integrable system, Phys. Lett. A 102 (1984),
213–215.

[24] Lenells J., A bi-Hamiltonian supersymmetric geodesic equation, Lett. Math. Phys. 85 (2008), 55–63,
arXiv:0806.4793.

[25] Lenells J., Lechtenfeld O., On the N = 2 supersymmetric Camassa–Holm and Hunter–Saxton equations,
J. Math. Phys. 50 (2009), 012704, 17 pages, arXiv:0809.0077.

http://dx.doi.org/10.1007/BF01219660
http://dx.doi.org/10.1007/BF01219660
http://dx.doi.org/10.1088/1751-8113/40/17/008
http://arxiv.org/abs/hep-th/0611192
http://dx.doi.org/10.1063/1.1606527
http://arxiv.org/abs/#2
http://dx.doi.org/10.1007/s11005-005-0041-7
http://arxiv.org/abs/nlin.SI/0501028
http://dx.doi.org/10.1007/s10455-006-9042-8
http://dx.doi.org/10.1007/s00014-003-0785-6
http://arxiv.org/abs/math-ph/0305013
http://dx.doi.org/10.1007/s00332-005-0707-4
http://dx.doi.org/10.1007/s00332-005-0707-4
http://arxiv.org/abs/0911.5058
http://dx.doi.org/10.1063/1.1330196
http://arxiv.org/abs/solv-int/9811016
http://dx.doi.org/10.1088/0305-4470/39/2/004
http://arxiv.org/abs/nlin.SI/0505059
http://dx.doi.org/10.1142/S0129055X08003523
http://dx.doi.org/10.1023/A:1007660018819
http://dx.doi.org/10.3842/SIGMA.2006.054
http://arxiv.org/abs/nlin.SI/0605041
http://dx.doi.org/10.1016/0375-9601(82)90426-1
http://dx.doi.org/10.1007/s00208-008-0250-3
http://arxiv.org/abs/0803.3078
http://dx.doi.org/10.1016/S0001-8708(02)00063-4
http://dx.doi.org/10.1098/rsta.2007.2012
http://arxiv.org/abs/math-ph/0610001
http://dx.doi.org/10.1016/0375-9601(84)90693-5
http://dx.doi.org/10.1007/s11005-008-0257-4
http://arxiv.org/abs/0806.4793
http://dx.doi.org/10.1063/1.3060125
http://arxiv.org/abs/0809.0077


12 D. Zuo

[26] Liu Q.P., Popowicz Z., Tian K., Supersymmetric reciprocal transformation and its applications, J. Math.
Phys. 51 (2010), 093511, 24 pages, arXiv:1002.1769.

[27] Liu Q.P., Popowicz Z., Tian K., The even and odd supersymmetric Hunter–Saxton and Liouville equations,
Phys. Lett. A 375 (2010), 29–35, arXiv:1005.3109.

[28] Manakov S.V., A remark on the integration of the Eulerian equations of the dynamics of an n-dimensional
rigid body, Funct. Anal. Appl. 10 (1976), 328–329.

[29] Marcel P., Ovsienko V., Roger C., Extension of the Virasoro and Neveu–Schwarz algebras and generalized
Sturm–Liouville operators, Lett. Math. Phys. 40 (1997), 31–39, hep-th/9602170.

[30] Marsden J.E., Ratiu T.S., Introduction to mechanics and symmetry. A basic exposition of classical mecha-
nical systems, Texts in Applied Mathematics, Vol. 17, 2nd ed., Springer-Verlag, New York, 1999.

[31] Mathieu P., Supersymmetric extension of the Korteweg–de Vries equation, J. Math. Phys. 29 (1988), 2499–
2506.

[32] Mishchenko A.S., Integrals of geodesic flows on Lie groups, Funct. Anal. Appl. 4 (1970), 232–235.

[33] Misio lek G., A shallow water equation as a geodesic flow on the Bott–Virasoro group, J. Geom. Phys. 24
(1998), 203–208.

[34] Ovsienko V.Yu., Coadjoint representation of Virasoro-type Lie algebras and differential operators on tensor-
densities, in Infinite Dimensional Kähler Manifolds (Oberwolfach, 1995), DMV Sem., Vol. 31, Birkhäuser,
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