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Abstract. In this paper, we study supersymmetric or bi-superhamiltonian Euler equations
related to the generalized Neveu-Schwarz algebra. As an application, we obtain several
supersymmetric or bi-superhamiltonian generalizations of some well-known integrable sys-
tems including the coupled KdV equation, the 2-component Camassa—Holm equation and
the 2-component Hunter—Saxton equation. To our knowledge, most of them are new.
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1 Introduction

For a classical rigid body with a fixed point, the configuration space is the group SO(3) of rota-
tions of three-dimensional Euclidean space. In 1765, L. Euler proposed the equations of motion
of the rigid body describing as geodesics in SO(3), where SO(3) is provided with a left-invariant
metric. In essence, the Euler theory of a rigid theory is fully described by this invariance.

Let G be an arbitrary (possibly infinite-dimensional) Lie group and G the corresponding Lie
algebra and G* the dual of G. V.I. Arnold in [3] suggested a general framework for Euler equations
on GG, which can be regarded as a configuration space of some physical systems. In this framework
Fuler equations describe geodesic flows w.r.t. suitable one-side invariant Riemannian metrics
on G and can be given to a variety of conservative dynamical systems in mathematical physics,
for instance, see [2, 4,7, 8,9, 11, 12, 14, 15, 16, 18, 19, 20, 21, 22, 24, 25, 28, 30, 32, 33, 35, 37, 39]
and references therein.

Since V. Ovsienko and B. Khesin in [35] interpreted the Kuper-KdV equation [23] as a geodesic
flow equation on the superconformal group w.r.t. an L?-type metric, it has been attracted a lot of
interest in studying super (fermionic or supersymmetric) anologue of Arnold’s approach, which
has some different characteristic flavors, for instance [2, 11, 16, 23, 24, 25, 36, 38].

In this paper, we are interested in Euler equations related to the N = 1 generalized Neveu—
Schwarz (GNS in brief) algebra G, which was introduced by P. Marcel, V. Ovsienko and C. Roger
in [29] as a generalization of the N = 1 Neveu-Schwarz algebra and the extended Virasoro
algebra. In [16], P. Guha and P.J. Ovler have studied the Euler equations related to the GNS
algebra G and obtained fermionic versions of the 2-component Camassa—Holm equation and the
Ito equation in some special metrics. Our motivations are twofold. One is to study the Euler
equation related to G for a more general metric M, ¢, c.c4,c5,c6 i (2.1) With six-parameters given
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(F, G‘) = / (clfg + 2 fpgz 4 e300 X + cadox + csab + CGQf)*lB)dx +7-T,
Sl

which can be regarded as a super-version of Sobolev-metrics in the super space. The other is to
study the condition under which Fuler equations are supersymmetric or bi-superhamiltonian.
Our main results is to show that

\\ the Euler equation is bi-superhamiltonian supersymmetric
when the metric is \
PP P —— Yes No (if ¢; # 0)
M, co.c1,02,05,—c5 only find a superhamiltonian Yes
structure (if ¢; # 0)
Mo c0.0,60,5,—c5 Yes Yes

As a byproduct, we obtain some supersymmetric or bi-superhamiltonian generalizations of some
well-known integrable systems including the coupled KdV equation, the 2-component Camassa—
Holm equation and the 2-component Hunter—Saxton equation.

This paper is organized as follows. In Section 2, we calculate the Euler equation on Gy,
and discuss their Hamiltonian properties. In Section 3, we study bi-superhamiltonian Euler
equations. Section 4 is devoted to describe supersymmetric Euler equations, also including
a class of both supersymmetric and bi-superhamiltonian Euler equations. A few concluding
remarks are given in the last section.

2 Euler equations related to the GNS algebra

To be self-contained, let us recall the Anorld’s approach [4, 20, 21]. Let G be an arbitrary Lie
group and G the corresponding Lie algebra and G* the dual of G. Firstly let us fix a energy
quadratic form E(v) = (v, Av)* on G and consider right translations of this quadratic form on G.
Then the energy quadratic form defines a right-invariant Riemannian metric on G. The geodesic
flow on G w.r.t. this energy metric represents the extremals of the least action principle, i.e., the
actual motions of our physical system. For a rigid body, one has to consider left translations.
We next identify G and its dual G* with the help of E(:). This identification A : G — G*,
called an inertia operator, allows us to rewrite the Euler equation on G*. It turns out that the
Euler equation on G* is Hamiltonian w.r.t. a canonical Lie—Poisson structure on G*. Notice that
in some cases it turns out to be not only Hamiltonian, but also bihamiltonian. Moreover, the
corresponding Hamiltonian function is —E(m) = —3(A~1m, m)* lifted from the Lie algebra G
to its dual space G*, where m = Av € G*.

Definition 2.1 ([4, 20]). The Euler equation on G*, corresponding to the right-invariant metric

—FE(m) = —%(A_lm, m)* on G, is given by the following explicit formula
dm .
E = —adA,lmm,

as an evolution of a point m € G*.

In the following, we take G to be the N = 1 generalized Neveu-Schwarz algebra [34]. Let V/
be a Zsy graded vector space, i.e., V = Vg @ Vp. An element v of Vp (resp., V) is said to be
even (resp., odd). The super commutator of a pair of elements v, w € V is defined by

[v,w] = vw — (—1)P*lyy,
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Let D? (Sl) be the group of orientation preserving Sobolev H?® diffeomorphisms of the cir-
cle and T;4D? (5’1) the corresponding Lie algebra of vector fields, denoted by Vect?® (Sl) =
{f(x)%“‘(a:) € H*(S')}. We denote

Vg = Vect*(S) @ C*(SY) @R?,  Vp=C>(S") @ C™(S").
Definition 2.2 ([34]). The GNS algebra G is an algebra Vp @ Vg with the commutation relation
given by

A A d 1
[FvG] = <<fg:r — fzg9 + ¢X> <fXx - lfxx_gd)z + ;gz¢> dx™2,

1 1 1
fbe — azg + §¢ﬁ + 50&){, <f/8x + fxﬁ - axX goiy — nga + 2bx¢> dl‘é,(ﬁ) )

where ¢, x, a and 3 are fermlomc functlons and f, g, a and b are bosonic functlons and
F = (f(a: t)dx,qb(:n t)dx~ 2 ya(z, t), a(x, t)d:m &) € G and G = (g(z,t) x,x(:r t)dx~ 2 ,b(z, 1),
ﬂ(w,t)dw2,r) €Gand 7,7 € R? and & = (w1, ws, ws3) € R3. Here

wl(ﬁ’, G) = /Sl (fa;gxz + %X:v)dﬂ?

w2(F7 é)

/Sl (fzab = geea — @28 + xzt)dz,

w3(pa G’)

/ (2ab, + 2a8)dx
g1
Let us denote
g:eg — COO(SI) D Coo(Sl) @ Coo(Sl) D COO(SI) @RS

to be the regular part of the dual space G* to G, under the following pair
(U, F)* = / (uf + ¢ +va+ya)dr +S- 7,
Sl

where U = (u(:li,t)dl)Q,?/J(:E,t)d:E%,U($,t)d$,7($,t)d$%,5) € G* and <= (51,52,53) € R3. By the
definition, using integration by parts we have

(0.6 =~ 1F. G == [ (00~ fog+ o)

_|_

<

1 1 1
<fXx 2fo 9Pz + gz¢> <fbx —azyg + 5@56 + 204X>

1

1 1 1 oo
+7 | fBs +2f:€ _2axX_gaz_2gxa+2bx¢>>dx—§‘w

3 1 1 1
) <2uf:c + uzf - §1fzz:v + Seazz + §¢¢z + §w$¢ + 570% — =Yz + Ua;t) gdzx
S

2

* 2

1

1 1 3 1

<§1¢x:}c — 0y — §U¢ - i'UOK + ifxw + f¢x + ’)’Cbz> Xd:l}
1

+ . ((Uf)x + 5(’7(25)96 - §2fxx + 2§3Cbx) bdx

_l’_

m\m\m\

<’Ya:f + %f)/f:c - %U¢ + §2¢z — 2§30¢> Bda:

1
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So the coadjoint action on G/, is given by

adﬁ(U) = <<2ufz + Uatf - glfa::r:c + S2lgy + §'¢¢m + §¢m¢ + 5’)/049; — 5")@@ + ’UG$> dxz,

1 1 3 1 3
(Clqux — 0y — 5“@5 - iva + §fm'¢} + fihz + 2'7ax> dxz,

((vf)er %(wﬁ)x— S frz+ 2<3ax>d:v, <7xf+ %’fo_ %UQfH- 2Pz — 2§3a> d:c;,O)-

On G, let us introduce an inner product M, ¢y cs.c4,c5,c6 EiVen by
(F, G) = / (c1fg + o fpgz 4+ €300 X + cadox + csab + 06a8*16)dm + -7, (2.1)
Sl

which is a generalization of that in [11, 16]. By the Definition 2.1, the Euler equation on G
for Me, ey c3,04,05,06 18

*
reg

i
—U:—ad*

= U (2.2)

as an evolution of a point U = (u(m, t)dx?, p(z, t)dx% Jo(z,t),y(x, t)dac%, 6) €G*, where A : G—G*
is an inertia operator defined by

(F,G) = (A(F), G)".

A direct computation shows that the inertia operator A : G — G* has the form
A(F) = (A(f)d:v2,@(qb)d:z:%C5ada:,06871adx%,6’),

where A(f) = c1f — c2for and O(¢) = c4¢, — c30~1¢. Thus we have

Proposition 2.3. The Euler equation (2.2) on Gyoy for Me, ey c5.cq,c5.c6 T€ads

3 1 1
Ut = S1 foza — 92020 — 2Ufr — Ugf — vaz — §¢¢x - §¢x¢ - 5’}/0[:(;,
1 1 3 1
Yy = Sup + V0 = S1¢pr + 0 — 5 foth — fhe — SV,
2 2 2 2
1
UVt = §2fz:v — 2¢3a, — (vf)w - 5(7¢)$; (2'3>

1 1
Tt = §U¢ —Yuf — §’fo — G2¢s + 2530,

where u = A(f) = c1f — cafuw, ¥ = O(d) = capp — 3071, v = c5a and v = cg0 ta.

Let us remark that the system (2.3) has been obtained in [16] with minor typos. But they
didn’t discuss the condition under which the Euler equation (2.3) is supersymmetric or bi-
superhamiltonian.

According to Definition 2.1, the Euler equation (2.3) has a natural Hamiltonian description [4,
20, 21]. Let F; : G* — R, i = 1,2, be two arbitrary smooth functionals. The dual space G*
carries a canonical Lie-Poisson bracket

{F1, P} (U) = <(7’ [f;FUl ff;] >
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where U € G* and %}g = (%, %, %, %i, 65—121) € G,1 = 1,2. The induced superhamiltonian
operator is given by

610% —ud —ou  —0 — %&b, —0% —v0 —0 + %87
— — 30 Tu—6? —170 U400

J2 = 0% — v —%87 —2¢30 0 (2:4)
—0v + %78 %v — o0 0 263
Proposition 2.4. The Euler equation (2.3) could be written as
d - §Hy, 6H, 0H; 6H\"
— = 2.
vt = (2 S 0 (25

with the Hamiltonian H; = %fsl (uf + ¢ + va + ya)dz, where (-)T means the transpose of
vectors.

OF 6F JOF d6F

Proof. Indeed, for a functional F'[u,,v,7], the variational derivatives 5, 57 5 5o are
defined by
d
2 le=o0 F'lu + €du, ) + €dp, v + €dv,y + €d7]
€
oF OF oF oF
Y 4 Sv— + 67— | da. 2.
/(5 oSS B+ 6 M)dw (2.6)
By using (2.6), we have
dH, 0H, 0H, 0H;
—_— = A _— = — —_— = _— = —
5F (f), 7 ©(¢), 5a 5o
It follows from the definition of u, ¢ and « that
6Hy , 0Hy 5H1 B 10Hy
Su N o =) Sy - 8¢ =
0H; 60Hy [ 6H;
Hence, (2.5) could be easily verified by using (2.4) and (2.7). [

3 Bihamiltonian Euler equations on G, o
Unless otherwise stated, in the following we use “(bi)hamiltonian” to denote “(bi)-superhamil-
tonian”. In this section we want to study bihamiltonian Euler equations on Gy, w.r.t. the

metric M S P and propose some new bihamiltonian and fermionic extensions of well-
74 b b b

known integrable systems including coupled the KdV equation, the 2-CH equation and the 2-HS
equation.

3.1 The frozen Lie—Poisson bracket on G, .
For the purpose of discussing possible bihamiltonian Euler equations, we introduce a frozen

Lie—Poisson bracket on G defined by

reg

{1, 1 (U) = <UO’ [ff; ffﬂ >
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for a fixed point Uy € G*. The corresponding Hamiltonian equation is given by

dU
ad5H2 U() (31)

sU

for a functional Hs : Q;“eg — R. If we could find a functional Hs and a suitable point UO S g;:eg

such that the system (3.1) coincides with (2.3). This means that the Euler equation (2.3) is
bihamiltonian and could be written as

d( w ) _j 6H2 5H2 5H2 (5H2 T_ 5H1 6H1 (5H1 5H1 T
dtu , U, 7Y — J1 575¢75U — J2 ’5w761},(5'y

with Hamiltonian operators J2 in (2.4) and J; = ‘72’0:00' Moreover, according to Proposi-

tion 5.3 in [20], { , }1 and { , }o are compatible for every freezing point Up.

*
3.2 Bihamiltonian Euler equations on G w.r.t. Mcl,C2,4cl,c2,C5,—C5

In this case, we have
c1 =4c3, co = ¢y, Cg = —Cs.

By setting ¢ = n, and o = i, then

1
u=A(f)=cif — c2foes Y =1(n) = canez — 1617 v = csa, v=—csp (3.2)

and the Euler equation becomes

3 1 1
U = §1f:mvx — Q0gy — 2ufx - uzf - iwnmz - 5¢x77x —Vag — §7Mmra
1 3 1
Py = 5“771 — S1Mzzx T S2lze — ifxqp - fd)x + i(vlu):lh
1
UVt = g?fmc — 2¢3a, — (’Uf) - 7(’77&)9«“ (33)

1 1
M= 5V — Yof — §7foc — SoMNza + 263 /4

We are now in a position to state our main theorem.

c1

Theorem 3.1. The system (3.3) is bihamiltonian on G,, with a freezing point Uy = (5dx2, 0,

reg
0,0, (02,0, )) € Gog and a Hamiltionian functional

IS c c c 3c S
Hy = /S1 (-;ffx:p + Elf?) - ZQf2fxz - 52]077:1377961 - ?lfnnff + 517777133

1 1 1
— oafy + §cwf + 3a® + =ayny + Sa3pifie + SopNes + 2’7fo> dx

2
Proof. Direct computation gives

2

2

0H:
Tf?:§2a$ §1f$z+7f2_62ffxac_*f

5H2 362 361 3c
577 facn:cx + c2 fNrzae "‘ fzm77:c —— [N — ff:cn + S1Mzz — 2z +

4
3Hy
oa

c1 1 1
?77771730 + iav + ifﬂizy

& (@), (3.4

= NNz —

1
=2ga+vf+ 3V~ 2 fa,
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0H 1 1
2= Yof + =7fz — 2N + S2Nze — 26311y
o 2 2

Under the special freezing point

N C1 Cs *
UO = <§d.%'2,0,0,0, <02707 5)) € reg?

the system (3.1) reads

e (PH2\ L (0H2\ (o
t — €2 Su . 1 Su zy t — 5 Sv 33’

B C1 5H2 5H2 o 5H2
7/175—4(% CQ((W))Ma ’Yt—C557~ (3.5)
Using (3.2), we have
0H, _1 (6H> d0H, _1 {6H> 0Hy  0H, 0H, 0H,
7:[\ “<cr | — =1I < | Cs—(—— = —(— Cs—— = ——( -
ou of o on o da oy o
The system (3.5) becomes
o (OH e (s _ o,
e \Ger ), YT T T e ), T
which is the desired system (3.3) due to (3.2) and (3.4). We thus complete the proof of the
theorem. n
3.3 Examples
Example 3.2 (an L?-type metric Ml,o,i,o,l,—1)° The systems (3.3) reduces to
3 1
ft = St fowe — 2000 — 3f fo + énnx:p —aay + §,U,Umma
3
N = 4§17]me - 3f77:r - ifmn - 4§2ﬂmx - 2(&#)1,
1
at = g?fmc — 2630y — (af)a: + i(ﬂnx)xv (36)

1 1
Ht = S2TNga — 2§3/fo — ATy — sz — §Nfz

2

We call this system (3.6) to be a Kuper-2KdV equation. Especially, (1) if we set n = u = 0, we
have

ft = glf:z:a:x — 0z — 3ff:1: — aayg, ar = §2fxx — 2¢3a, — (af)xv

which is a two-component generalization of the KdV equation with three parameters including
the Ito equation in [17] for ¢; # 0, o = ¢3 = 0; (2) if we set ¢; = %, ¢=0,a=0and u=0, we
have

1 3 3
fo= 5 faww =3 fo + gMews = 2awe = 3f10 = 5 o,

which is the Kuper-KdV equation in [23].
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Let us remark that when we choose ¢ = i and ¢o = ¢3 = 0, up to a rescaling, the Kuper-2KdV
equation (3.6) is the super-Ito equation (equation (4.14b) in [1]) proposed by M. Antonowicz
and A.P. Fordy, which has three Hamiltonian structures. According to our terminologies, we
would like to call it the Kuper—Ito equation.

Example 3.3 (an H'-type metric M , 1o _)- The systems (3.3) reduces to

3 1 1
ft - fmct = §1fx:v:c — 20xy — Sff:t + 2fxfa:x + ffmcx + Sz + ZNeNrzz — A0y + = bz,

8 2 2
S = 2 P 2 fam = Pona —  faata — o f + (ap)e, (37)
— =~ —fam — - = - = — - ~(a :
Nxat 477t 4 Nz 3 7 Nexx 5 zx Tz 5 zNzx — S1MNzzx T 21z 9 M)z,
1
ay = §2fx:v — 2¢3a, — (af)ac + 5(/“%)357

1 1
SNz — Haf — §fo

Mt = 2Nz — 263 1hg — 9

We call this system (3.7) to be a Kuper—2CH equation. Especially, (1) if we set ¢; = ¢ =¢3 =0
and n = p = 0, we have

ft_f:mt:2fwfxx+ff:pxx_3ffz_aam at:_(af)xa

which is the 2-CH equation in [6, 13]; (2) if by setting ¢; = ¢ =<3 =0, a = 0 and p = 0, the
system (3.7) becomes

3 1
ft - f:m:t = ffzzx + 2fxf:vx - 3ffz + gnnx:r + 577:1:7713::1:7
1 3 3 1 3
Next — Znt = anx + gfxn - fnmz;t - §fxx77:1: - §fmnazx7

which is the Kuper—CH equation in [10, 38].

*

4 Supersymmetric Euler equations on greg

In this section, we want to discuss a class of supersymmetric Euler equations on G* associa-

ted to a special metric M, ¢, c;,co,c5,—c5- Moreover, we present a class of supersymmetric and
bihamiltonian Euler equations.

4.1 Supersymmetric Euler equations on G w.r.t. M, c;.c;,ca,c5,—cs

In this case, we have
c1 = c3, co = ¢4, g = —Cs.
By setting ¢ = 1, and a = u,, we obtain
u=c1f — ¢ fra, Y = Coljgr — C11), v = csa, Y= —C5h.
Let us define a superderivative D by D = 0y 4+ 00, and introduce two superfields
b =n+0f, Q= p+ba,

where 6 is an odd coordinate. A direct computation gives
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Theorem 4.1. The Euler equation (2.3) on Gloy w.r.t. My c5.c1 09.c5,—c5 18 invariant under the
supersymmetric transformation

6f - 077937 577 - efv da = eluma 5M = 0a
and could be rewritten as

c1®y — oDy = ¢ DO — ;cl (®D*® + DPD*®)

3

1
+ ¢ <D<I>D6<I> + 51)2<1>1)5c1> + 2D3<PD4Q>>

—@D'Q+ 305 (DQD?*Q + QD*Q), (4.1)
5y = oD@ — 26, D% — %c5 (DQD*® + 2D*QD® + QD*®).
4.2 Examples
Example 4.2 (another L?-type metric Mi0,1,0,1,—1)- The system (4.1) reduces to
P, = DO — g(@D3<I> + DOD?*®) — ,D*Q + %(DQDQQ +QD3Q),
O = D*'® — 2¢D*Q — %(DQDQQ +2D*QD® + QD*®). (4.2)
We call this system (4.2) to be a super-2KdV equation. Especially, (1) if we set n = p = 0, we

recover the two-component KdV equation again; (2) but if we choose ¢ = %, ¢ =¢3 =0 and
Q =0, the system (4.2) becomes

P, = %D6<I> - ;(<I>D3<I> + D®D*P),

equivalently in componentwise forms,

1

1 3 3
ft = Efxzx —3ffe+ anmc’ = 577339:9: - 5(]077)96»

which is the super-KdV equation in [31].

Example 4.3 (another H'-type metric M7 1111,1). The system (4.1) reduces to

o, — DO, = ¢ D°® — ;@D?’@ + D®D*®) + <D<I>DGCI> + %D2<I>D5<I> + ;’D3<I>D4q>>
— D'+ %(DQDQQ +QD*Q), (4.3)
Q = D'® — 2¢3D*Q — %(DQDQQ +2D*QD® + QD*®).
We call this system (4.3) to be a super-2CH equation. Especially, (1) if we set ¢ = ¢ =¢3 =10

and n = p = 0, we obtain the 2-CH equation in [6, 13] again; (2) but if by setting ¢; = o =¢3 =0
and © = 0, the system (4.3) becomes

1 3 3
o, — D'®, = (D<I>D6<I> + §1)2<I>D5<1> + 2D3q>D4<1>> — 5(<I>D3<I> + D®D*®),

which is the super-CH equation in [11].



10 D. Zuo

4.3 Supersymmetric and bihamiltonian Euler equations
w.r.t. Mo c;.0,c0,c5,—c5s O G

Let us combine with Theorem 3.1 and Theorem 4.1, we have

Theorem 4.4. The Euler equation on G
and bihamiltonian.

reg W-T-L. the metric Mo c,.0,c0,c5,—c5 15 Supersymmetric

Example 4.5 (an H'-type metric Mo1,0,1,1,—1)- The systems (4.1) reduces to

syt

1
—D*®, = ¢ D% + <D<I>D6<b + 51)2c1>D5<1> + 2D3<1>D4<1>>

— oD+ %(DQDQQ +QD3Q), (4.4)
1
Q = D'® - 2D*0 — - (DAD*® + 2D*QD + QDT).

We call this system (4.4) to be a super-2HS equation. Especially, (i) if we set ¢; = ¢ =3 =0
and n = p = 0, we have

_fxact:zfxfxx+ff$xm_aax7 ar = _(af)am

which is a 2-HS equation in [39]; (i7) if by setting ¢1 = ¢2 = ¢3 = 0 and = 0, the system (4.4)
becomes

3
2
which is the super-HS equation in [5, 24].

1
—D*®, = D®D5® + 5D?<I>D5el> + SD3®dD*®,

5 Concluding remarks

We have described Euler equations associated to the GNS algebra and shown that under which
conditions there are superymmetric or bihamiltonian. Here we only obtain some sufficient
conditions but not necessary conditions. As an application, we have naturally presented several
generalizations of some well-known integrable systems including the Ito equation, the 2-CH
equation and the 2-HS equation. It is well-known that the Virasoro algebra, the extended
Virasoro algebra and the Neveu—-Schwarz algebras are subalgebras of the GNS algebra. Thus
our result could be regarded as a generalization of that related to those subalgebras, see for
instances [2, 4, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 20, 21, 22, 24, 25, 28, 30, 32, 33, 35, 37, 39]
and references therein. In the past twenty years, in this subject it has grown in many different
directions, please see [21] and references therein. Finally let us point out that in this paper all
super-Hamiltonian operators are even. Recently, in [5, 26, 27], the classical Harry—Dym equation
is supersymmetrized in two ways, either by even supersymmetric Hamiltonian operators or by
odd supersymmetric Hamiltonian operators. Notice that the HS equation is one of a member of
negative Harry—Dym hierarchy. It would be interesting to investigate whether the above point
of view has an extension to the odd supersymmetric integrable system, for instance, the odd HS
equation.
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