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Abstract. We describe new families of the Knizhnik-Zamolodchikov—Bernard (KZB) equa-
tions related to the WZW-theory corresponding to the adjoint G-bundles of different topo-
logical types over complex curves X, , of genus g with n marked points. The bundles are
defined by their characteristic classes — elements of H*(%, ,, Z(G)), where Z(G) is a center
of the simple complex Lie group G. The KZB equations are the horizontality condition for
the projectively flat connection (the KZB connection) defined on the bundle of conformal
blocks over the moduli space of curves. The space of conformal blocks has been known to
be decomposed into a few sectors corresponding to the characteristic classes of the under-
lying bundles. The KZB connection preserves these sectors. In this paper we construct the
connection explicitly for elliptic curves with marked points and prove its flatness.
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1 Introduction

The Knizhnik—Zamolodchikov-Bernard (KZB) equations [8, 9, 40] are a system of differential
equations for conformal blocks in a conformal field theory. Here we consider the WZW theory
of the level k, related to a simple complex Lie group G' and defined on a Riemann surface ¥, ,,
of genus g with n marked points (21, 22,...,2,). To describe this model, one should define
a G-bundle over Y, ,. Topologically, the G-bundles are defined by their characteristic classes.
Let Z(G) be a center of G and G* = G/ Z(G). The characteristic classes are obstructions to lift
the G*-bundles to the G-bundles. They are elements of the cohomology group H%(%,, Z(G)) ~
Z(G) [46] . If G is the corresponding simply connected group (the universal covering with the
natural group structure) and G = G/Z"(G), then elements from H?(2,, ZV(G)) are obstruction
to lift the G-bundles to the G-bundles. In particular, consider G = Spin(N) and SO(N) =
Spin(N)/Za. Then H?(X,,Zs) ~ Zs defines the Stiefel-Whitney classes of the SO(N)-bundles
over Y.

For generic bundles the WZW theories were studied in [23, 35]. The aim of this paper
is to define the KZB equations in these theories. The KZB equations have a large range of
applications in mathematics. In particular, on the critical level they produce Hamiltonians
of the quantum Hitchin system [30, 34, 43, 57], while in the classical limit they lead to the

1See (4.1)-(4.3) in [46].
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monodromy-preserving equations [32, 41, 44, 62, 66]. In this way, we obtain new classes of these
systems.

The KZB equations are described in the following way. Consider the highest weight repre-
sentations V,,, (u, are the highest weights) of G attached to the marked points. For a positive
integer k define the integrable module Vu of level k of the centrally extended loop group
D* — G, where D* =D\ z, is a punctured disk around the marked point z,. The conformal
blocks are linear functionals V[”] = Vu1 ® - ® VM — C satisfying some additional conditions
(the Ward identities). Let Cq (V™) be a space of conformal blocks. This space depends on
parameters — the complex structure of Y, ,, and in this way forms a bundle over the moduli
space My, of complex structures. There exists a projectively flat connection in this bundle (the
KZB connection). Then the meaning of the KZB equations is that the conformal blocks are
the horizontal sections of the KZB connection. The KZB equations were derived originally for
the genus zero case by Knizhnik and Zamolodchikov [40] and were generalized later to arbitrary
genus by Bernard [8, 9]. In subsequent years the KZB equations was studied in a number of
works [4, 16, 22, 29, 33, 36].

If the cocenter ZV(G) = Ker G — G is non-trivial then the integrable module is a sum of
sectors, corresponding to the characteristic classes of the underlying bundles

V,=EPVvY,  N=ordZ(Q).

In terms of the spectra the WZW theory this was studied essentially in [23]. Similarly, the
conformal blocks are also a sum of different sectors. In each sector one can define the KZB
connection.

The aim of this paper is to construct explicitly the KZB connections in all sectors of con-
formal blocks for the WZW theory defined on elliptic curves. The compatibility conditions
(horizontality of the KZB connection) are verified explicitly.

The KZB connection in the trivial sector was studied in [24]. This construction is based on
the classical dynamical r-matrix with the spectral parameter living on the elliptic curve. The
r-matrices of this type related to the trivial sector were classified by Etingof and Varchenko [19].
Recently, we have classified the dynamical elliptic r-matrices as sections of some bundles of an
arbitrary topological type over elliptic curves [46]. It turned out that the dynamical parameters
of the r-matrices are elements of the moduli spaces of the bundles. It allows us to define the
KZB connection in these cases.

Different approach to classification of elliptic r-matrices was proposed in [17, 18, 21] and the
corresponding KZB connection was also constructed in [17, 18]. The staring point of last ap-
proach is an automorphism of the extended Dynkin diagram. In our construction we considered
only those automorphisms that isomorphic to elements of the center Z. In this case we come to
the same r-matrices and the KZB equations as in [17, 18]. For A,, D, and Eg algebras there
exists another type automorphisms. So far the underlying vector bundle structure is unclear. It
should be noted that in [17, 18] the derivation of the KZB equation is based on the representa-
tions of conformal blocks as twisted traces of intertwiners. We will come to this representation
in the forthcoming paper where the Hecke transformation of conformal blocks will be considered
(see below).

For the SL(N,C) WZW model on elliptic curves the KZB equation in the similar to our
form was described in [42]. The authors considered a particular type of bundles that lead to
the Belavin—Drinfeld classical r-matrix. In this case the corresponding KZB equation has not
dynamical parameter and similar to the KZ equation. However, if N is not a prime number
there exist r-matrices and the corresponding KZB equations intermediate between Felder and
Belavin—Drinfeld cases.
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In the subsequent paper we will describe the transformation operators that intertwine the
different sectors (the Hecke transformations). It is worthwhile to notice that in the classical case
these transformations provide a passage from the elliptic Calogero—Moser system to integrable
Euler—Arnold top [48, 69, 70] (see also [47, 59, 70, 73]). For arbitrary characteristic classes
these type of models were described in [45]. Different aspects and applications of the Hecke
transformations to integrable systems and related topics (such as Painlevé—Schlesinger equations
[2, 15, 50, 51, 60, 67, 68, 71], monopoles [14, 25, 31, 37, 39, 49, 58], quadratic Poisson structures
[13, 74], applications to AGT conjecture [53, 54, 55] etc.) can be found in wide range of literature.

The paper has the following structure. In Section 2 we consider a general setting of the KZB
equations related to arbitrary curves Y, , and arbitrary characteristic class of the bundles. In
Section 3 the space of conformal blocks is described. In Section 4 we consider the genus one
case in detail. The proofs of main relations (Propositions 1 and 2) and information about the
special basis in simple Lie algebras as well as the elliptic functions identities are given in the
appendices.

2 Loop algebras, loop groups and integrable modules

2.1 Loop algebras and loop groups

Let G be a simply-connected simple complex Lie group and Z = Z (G) is the center of G. For
all simply-connected groups (SL(NN,C), Spy, Es, E7 and Spiny except N = 4n), the center is
a cyclic group. For Spingy Z = Zy @ Zs. The adjoint group is the quotient group G* = G/ Z.
Assume for simplicity that Z is a cyclic group Z; of order .

Let K be a maximal compact subgroup of G and T is the Cartan torus of K. Consider the
homomorphisms of S — T

e(p) = (e(n1p), e(12¢), ..., e(np)) €T,  e(p) = exp(2mup).

PV = {y = (m,...,7)} is a coweight lattice in the Cartan subalgebra h* = Lie(T) and in
h C g = Lie (G). Let QY be the coroot lattice (Q¥ C PV). The center Z(G) is isomorphic to
the quotient group Z ~ PV/QV. In particular, if " € PV is a coweight such that " € QV,
then the Z ~ Z;. It is generated by the element e(w") = exp(2mw”) € T. For Spinyy the
center is generated by two coweights, corresponding to the left and right spinor representations.

Let h be a Cartan subalgebra of g and {a} = R € h* is the root system [12]. There is the
root decomposition of g,

g=he > g% adxg"=(X,a)g"  Xeb
aER

R is an union of positive and negative roots R = R4 U R_ with respect to some ordering in h*.
Let IT = {a,...,} be a basis of simple roots in R. The dual system IIV = {af,..., o)}
({aj, o)) = d;1,) forms a basis in b.

Let ¢ be a coordinate in C. Define the loop group L(G) = {C* — G} = {g(t)} such that g(t)
has a finite order poles when ¢t — 0. In other words, L(G) is the group of Laurent polynomials
L(G) = G®C[[t,t"]. There is a central extension L(g) of L(g) = g ® C[[t, ]

L(g) = L(g) ® CK, (2.1)

defined by a two-cocycle ¢(X ® f,Y ® g) = (X,Y) Res(gf'dt).
The set of the affine roots if of the form: R = {& = a +n, n € Z, n # 0}. Let {hs} be
the basis of simple coroots in . Then the analog of the root decomposition for the loop algebra
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has the following form

L(g) =9+ Z Z hat™ + Z a2, 0% = zaes = Taeat™.

n#0 acll ac Raff

Let —ayg be the highest root —ag € R. The system of simple affine roots is IT = ITU (—ap+1).
It is a basis in R*. Consider the positive loop subalgebra

L*(g) = (b + g @ tC[[t]]), (2:2)
where b=h@ > g is the positive Borel subalgebra. Let also
a€ER*
L7 (g)=(n_+g®t'Ct]), n_= > g~ (2.3)
aER™

Then L(g) (2.1) is the direct sum
L(g) =L (g)® L"(g) ® CK. (2.4)

Each summand is a Lie subalgebra of f)(g) There are two types of the affine Weyl groups:
Wp =W x PY and W =W x QV, where W is the Weyl group of g,

sz{w:wﬂ,wew,yepv}, WQ:{w:th,wEVV,'yeQV}. (2.5)

They act on the root vectors as es = et — €yia) = ew(a)t"+<'7’a>. The loop groups L(G) =
G ® C[[t,t71]] have the Bruhat decomposition [61]. Define subgroups

LT(G) = {gg +git+--- }, gj € G, go=>be B, is the positive Borel subgroup, (2.6)
N™(G) = {n, +git7 4 }, n_ € N_, is the negative nilpotent subgroup, (2.7)
NT(G) = {n+ +agit+--- }, ny € Ny, is the positive nilpotent subgroup. (2.8)
The Bruhat decomposition takes the form

L(G™) = U N™(G*)wL*(G™M), L(G)= U N~ (G)wL™(G). (2.9)

For a loop g(t) in G® denote by g its lift to a map from S* to G. This map can be multivalued,
after turning along the circle the value can be multiplied by some element of the center which we
call the monodromy: g(e?™t) = e(y)g(t), (e(x) = ™). If v ¢ Q" then ¢ = e(y) is a non-trivial
element of the center Z and the map g(t) is well defined for G = G4, but not for G. In this
way we have the representations

L&) = | Ly (™), L, (G*) = {g(e*™t) = e(7)g(t)}. (2.10)

yeEPY

If vy = 42+ 6 for any 6 € Q then 71 and 75 lead to the same monodromies. We say in this case
that L., (G) and L, (G) are equivalent. Then from (2.10) we have

L(@) = | Lc(6™).
ez
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In particular, if the center Z ~ 7Z; is generated by a fundamental coweight ", then
-1
L(G) = JL;j(G™),  L;j(G™) = {g(e’™t) = e(j=")g(t)}, (2.11)
j=0

and L;(G*) = e(jw")(L(G)/Z2).

Consider the quotient FI*! = L(G2d)/L*(G*) [61]. It is called the affine flag variety.
Let X be an N™ (Gad)—orbit of W in FI*f. This orbit is dipheomorphic to the intersection
N~ (Gad)w =N~ (G*) NN~ (G*)w~!. Therefore, its codimension in FI* is the length I(w)
of w. It is the number of negative affine roots which w transforms to positive ones (Theorem 8.7.2
in [61]). The Bruhat decomposition (2.9) defines the stratification of FI2:

FIf = L(G*) /1" (™) = | = (2.12)
weWp

2.2 Integrable modules

Consider a subset of dominant weights Pt = {u € P|{(u,a") > 0 for o € I1V}. Each dominate
weights define a g-module V),. It contains the highest weight vector (HWV) v, such that

Xv, = (X, uv, for X e, g%v, =0 for a€RT.

Define the Verma module V,, of £(g) associated with V,, [38]. Let I = {u € P*|{u, ) < k}
be a subset of dominant weights. Define the action of L*(g) (2.2) on V,: (g ® ¢tC[[t]])V, = 0,
KV, = kId, and b acts on V,, as described above. Then V,, = U(L(g)) ®u(L(g)+) Vi 1s induced,
where p € I,. There is the isomorphism

Vi~ U(L™(g)) ®c Uy -

Let E,, be the root subspace in g corresponding to agp. Consider the maximal submodule S,
of V,, generated by the singular vector

(Bop @t~ 1) 00ty (2.13)
The irreducible integrable module Vu is the quotient
Vi, =V,u/S,. (2.14)

We identify the module V), with a submodule V,, ® 1 < V,,. The integrable module V can
be characterized in the followmg way: the subspace of V anmhzlated by the positive subalgebm
g ® C[[t] is isomorphic to the finite-dimensional g- module Vi

Vi~ {v e Vil(g @ ¢Cl[t]]) - v = 0}.

The group L(G) has a central extension 1 — C* — LG — LG — 1 corresponding to (2.1). The

integrable module can be described in terms of LG. The action of L*(G) on the HWV has the
form

LY (G)v, = xu(b)vp, v, = e(k)uy, A € the center C*, (2.15)

where x,(b) is the character of the Borel subgroup B. Then Vu is generated by the action
of N7(G) (2.7) on V,.
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In this way we describe only “the trivial sector” of the L(G)-module. Consider the Bruhat
representation for L(Gad) (2.9), and let w = t7, v € PV. Define the Verma modules with the
HWV 7y,

Vu(v) =U(L"(9)) ®c t"vp. (2.16)

They have the singular vectors (Eq, ® t_1)k:—<uao>+1 tYv, (compare with (2.13)). Let S, be
the maximal submodules generated by these singular vectors. Consider the quotient spaces

Vi) = Vu()/ Sy (2.17)

and define their direct sum

V.= P V(). (2.18)

yePY

We say that two subspaces Vp(%) and V#(’}/Q) are equivalent if v; = v9 + 8, where § € QV. This

equivalence leads to the decomposition of V, (as a L(G?d)-module) into a sum of | = ord(Z(G))
sectors,

Vi =D V). (2.19)

ez

Notice that (t7v,) is not the HWV with respect to LT (g). However, it was proved in [23]
that there exists a unique element % = W (y) = tow € Wg such that t7wv, is the HWV. We
demonstrate it below for L(SL(2,C)). The elements w and ~y represent the same element ¢ € Z.
Then we define the Verma module

Vu(€) ~ U(L(g)™) ®c (t7dvy). (2.20)

The vector (an ® t_l)k_w weo)+1 (yv,,) is singular and corresponds to the submodule S,, .

As in (2.14) we identify the integrable modules V,({)/S,,, with V,.(¢) (2.16).
Let V;; be the dual module. The Borel-Weil-Bott theorem for the loop group [61] states

that Vu* can be realized as the space of sections of a line bundle £, over the affine flag varie-
ty (2.12). The line bundle is determined by the action L™ (G) x C* on its sections as in (2.15),

L={(9:) ~ (g0, xu (b71)€), g€ L(G), be LT(G)}. (2.21)

3 Conformal blocks and KZB equation in general case

3.1 Moduli space of holomorphic G-bundles

Let P be a principle G-bundle over a curve ¥, ,, of genus g with n marked points 2= (21, ..., 2),

(n > 0), V is a G-module and Eg = P xg V is the associated bundle. We consider the set

of isomorphism classes of holomorphic G-bundles Mg 4, over ¥, with the quasi-parabolic

structures at the marked points [64]. They are defined in the following way. A G-bundle
n

can be trivialized over small disjoint disks D = |J D, around the marked points and over
a=1
n
Ygn \ Z. Therefore, P is defined by the transition holomorphic functions on D* = J (D) and
a=1

D} = Dg \ z,. If G(X) are the holomorphic maps from X C ¥, to G, then the isomorphism
classes are defined as the double coset space

Bung = G(Egn \ 2) \ G(D*)/G(D) ~ Mcign. (3.1)
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Let t, be a local coordinate in the disks D,. Then G(D) =

n
a=

G(D,) = "1 G ® C[[t.]] and

1 a=
G(D*) =[] La(G),  LalG) =G @C[ta,t;"]. (3.2)

Let us fix G-flags at fibers over the marked points. The quasi-parabolic structure of the
G-bundle means that G(D) preserves these G-flags. In other words, G(D,) = LI (G) (2.6).
At the level of the Lie algebra Lie(G(D)) = @,_; L (g) (2.2). We discuss the Lie algebra
gout = Lie(G (X4, \ 7)) below.

Consider the one-point case Z = z in (3.2). Let g(t) € G[[t,t7'] = G(DZ) be the transition
function on the punctured disc D with the local coordinate ¢. This transition function defines
a G-bundle. Its Lie algebra Lie(G(D*)) = g ® C[[t,t!] assumes the form (see (3.1))

Lie(G(D*)) = gout ® T Bung &L ™ (g). (3.3)

Introduce a new transition matrix g(t) = t7g(t), where v € PV is an element of the coweight
lattice. It defines a new bundle E¢;. The passage from E¢ to E¢ is called the modification of the
bundle Fg at the point zyp. The modification amounts to the passage between different sectors
of the integrable module attached at zo (see (2.16), (2.17), (2.18)). Since t7 € B, where B
is the Borel subgroup (b = Lie(B) C L™ (g)) (2.2), we say that modification is performed in
the “direction”, consistent with the quasi-parabolic structure at zy. In general, it can have
an arbitrary direction. It means that ¢t may be replaced by Ady(t7), where f € G. As it
was mentioned in Section 2.2 there is a unique modification that preserves the HWV of the
integrable module f/# attached at zg.

To be a G-bundle over >4 the transition matrix g should have a trivial monodromy g(tez’”) =
g(t) around w. If g(t) has a trivial monodromy and + belongs to the coroot sublattice @V,
then g(¢) also has a trivial monodromy. Otherwise, the monodromy is an element of the cen-
ter Z(@) For example, let v = jw", where @" generate the group 7, i.e. lw” € @QV, while
jw¥ ¢ QY for j # 0, mod(l). In this case

g(te’™) = g(t),  (=e(@"). (3.4)

If 7 # 0 then g(t) is not a transition matrix for the G-bundle. But it can be considered
as a transition matrix for the G®-bundle, since G* = G/Z. In this case the G-bundle is
topologically non-trivial and ( represents the characteristic class of Eg. The characteristic class
is an obstruction to lift G*4-bundle to G-bundle. It is represented by an element H?(%,, Z) [46].
Let §(t) = g;(t) = #®". Then the multiplication by g;(t) provides a passage in (2.11) from the
trivial sector to the non-trivial sectors

9;(t) - Lo(G*) = L;(G™).

In general, we have a decomposition of the moduli space (3.1) into sectors

_ (€D
Meaagr = | Mo 410

yeEPY
MG =G (Sgn \w) \ G2 & C[t7']/G & C[t],
Gl Clt,t ] =G tC[[t,t 7). (3.5)

In particular, for ¥p; (CP! ~ C U o0o) and the marked point z; = 0 this representation is
related to the Grothendieck description of the vector bundles over CP!. Let g- € G ® C[z71],
g+ € G® Clz]. Then g(z) € L(G) = (C* — G) = {g(2)} has the Birkhoff decomposition [61]

9(z) =g-2"¢g4+, v € PY. (3.6)
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It means that any vector bundle Eg over CP! is isomorphic to the direct sum of the line bundles
@®!_, L., where L., is defined by the transition function 27, v = (y1,...,7). If v ¢ Q" Eg then
has a non-trivial characteristic class. In fact, the bundle with v # 0 are unstable.

Two subsets M(71)1 and /\/l(wg)1 of the moduli space correspond to the vector bundles with
the same characterlstlc class if v1 = v2 + 3, 8 € QV. Then the topological classification of the
moduli spaces of the vector bundles by their characteristic classes follows from (3.5)

Magr=J M(Gg,)g,p

ez
M = G(Sga\w) \ G @ Cl[t,¢71)/G & CH],
GOt t =Gt Ct,t™], (=e(j=Y). (3.7)

Similar representation exists for the space Mg g.5.

3.2 Moduli of complex structures of curves

Let 91, be the moduli space of complex structures of compact curves X, of genus g. The moduli
space My, of the complex structures of curves with marked points is foliated over 9, with
fibers U C C™ corresponding to the moving marked points.

An infinitesimal deformation of the complex structures is represented by the Beltrami (—1,1)
differential p(z,z) = ,ud% ® dz on ¥g,. In this way p is (0,1) form on ¥ taking values in
T (M,,,) and vanishing at the marked points. The basis in the tangent space T(9, ) is
represented by the Dolbeault cohomology group H'(X,,T'(X, \ 2) ® K), where K is the anti-
canonical class.

Let us compare it with the Cech like construction of Ty, as a double coset space. As
above, consider small disks D, around marked points with local coordinates t,. Let C[[tq,t; |0k,
C[[ta]]Ok, be vector fields on Dy while D, and I'(x; \ ) is a space of vector fields on X\ 2. The
vector fields from the latter space can have poles of finite orders at the marked points. Then

TMy.p =T (5,5 @C ta,t7110, @C ta]]Oy, - (3.8)

This construction has the following relation to the Dolbeault description. We establish cor-

n
respondence between ¢ € @"_,C|[tq,t,1]0;, on U1 D and the Beltrami differential u. Let
a=

n
Sout € '(x,\7)5 Sint € Dg—1C[[ta]]0,. Consider two equations on |J Dy

a=1
5§0ut = U, 5§int = W,
where 0| px = 0;,- On D} O(Sout — Sint) = 0 and, therefore, cout — int represents a Dolbeault

cocycle The first equation has solutions that can be continued on ¥, \ Z and the second — on

U D,. If ¢ € ®"_,C|[[tq,t; )0, has continuations ¢,y and G then it corresponds to a trivial

element of T9M,,. On the other hand, 0s = 1 globally and, therefore, ;1 represents an exact
Dolbeault cocycle. In this way the non-trivial vector fields ¢ € &y_; C[[ta, t- 10, correspond to
elements of H'(X,,T'(Z, \ 2) ® K).
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3.3 Definition of conformal blocks and coinvariants

Let us associate with X ,, the following set: integer k and the weights @ = (1, .., fin, fta € Ii)
attached to the marked points Z'= (z1,...,2,). The L(g)-module (2.4)

V?Lz@\?ua, Z=(z1y...,2n)- (3.9)

According to (2.19)
Vie = @ Vi (a)- (3.10)

Ca€Z

Coming back to (3.1) we define a Lie algebra gou = Lie(G(X4 \ D) as a Lie algebra of mero-
morphic functions on ¥, with poles at 2= (21,..., z,) taking values in g. Let (¢1,...,t,) are

local coordinates in D. There is a homomorphism O(X, \ 2) — C[[t,, ;] for each 2, providing

the homomorphism of the Lie algebras gou — g ® C[[ta,t;!]. In this way gous acts on V[;}I as

(X@f)-(v1®~--®vn):Zvl®~~-®(X®f(ta))-va®-~®vn.

a

This is a Lie algebra action. Due to the residue theorem this homomorphism is lifted to the
diagonal central extension

gout = EP La(e),  Lalg) = (8@ Cllta,t," ) @ K, K — k.

In what follows we need a relation of Vu with the space of coinvariants. In general setting
the coinvariants are defined in the following way. Let W be a module of a Lie algebra £. The
space of coinvariants W] is the quotient-space [W]g = W/t - W. In the case at hand we define
the space of coinvariants with respect to the action of gout,

HEE) =[VE] . (Vle=V/g-V).
v

The space of conformal blocks C( p ﬂ) 1s the dual space to the coinvariants. In other words,

[n]

C(V[Z%) is the space of linear functionals on Vz,m invariant under gous:

F: \A/'g%%@, F(X-v)=0 forany X € gout-

Put it differently, the conformal blocks are goyt-invariant elements of the contragradient module

*[M] For a single marked point case the conformal blocks are goyt invariant sections of the line
bundle £, over the affine flag variety (2.21).

According to (3.9) and (3.10) the space V%] has the representation

V;”:®@Va<a

a=1(,eZ

In a similar way the conformal blocks are decomposed in subspaces corresponding to the cha-
racteristic classes of the bundles

o) - @ P e
a=1 (.2

where

= {F(ga) : VNEL(C@) — (C} (3'11)
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3.4 Variation of the moduli space of complex structures

The space of conformal blocks € (V[;L) is a bundle over 9, ,. This bundle is equipped with the
KZB connection that can be described as follows.

A stress-tensor T'(z, Z) in general theories, defined on a surface X ,,, generates vector fields
on ¥y ,. A dual object to T'(z,Z) is the Beltrami differential p(z,2). It means that there is
a connection on the bundle of fields over M, ,, (the Friedan-Shenker connection)

V,F =0,F+ / uTF. (3.12)
P

In conformal field theories the stress-tensor is a meromorphic projective structure on ¥, ,. The
connection acting on the space of conformal blocks is projectively flat. The conformal blocks are
horizontal sections of this bundle. The horizontality conditions are nothing else but the KZB
equations for the conformal blocks. In general setting these equations are discussed in [33] (for
the smooth curves) and in [22]. They have the form of non-stationary Schréodinger equations [36].

The connection (3.12) can be rewritten in a local form based on the representation (3.8). Let
n
U DS C £4 and v, C D is a small contour and ¢, is a vector field in D). Then (3.12) can

a=1
be written as

Vo, F=0,F+ f TF (3.13)

and the KZB equation assumes the form
V.F=0. (3.14)

At the marked points T has the second order poles, while ¢, € C[[t,]]0;, (3.8). Thereby, this
integral produces 0., F. On the other hand, the product T'F' is non-singular outside the disks D,,.
Then for ¢, € I'(z,\z) the integrals vanish. It means that the conformal blocks F' are defined
on My .

Consider a one point case and let ¢ be a local coordinate on a punctured disk D*. The stress-
tensor in the local coordinate has the Fourier expansion T'(t) = Y. L,t "2, The coefficients

nez

obey the Virasoro commutation relations [Ly, L] = (n — m)Lyim + 5n(n? — 1).

In the WZW model the stress-tensor is obtained from the currents by means of the Sug-
awara construction (see [7]). Let {t,} be a basis in g, {t’} is the dual basis, and I(t) =
S tamt ™t € g@ C[[t,t7!]. Then

T(1) = ; !

WZ:Ia(t)IQ(t):a

where h" is the dual Coxeter number. The Fourier coefficients of T'(t) take the form

1
L = ) D taptn (3.15)
PEZL

The normal ordering means placing to the right t& (t,,) with n > 0. The Virasoro central
charge is
dim g
c= .
k+ hY
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The Virasoro algebra acts on g ® C[[t,t7!] as

d
L, — t"t1—. 1
— o (3.16)

This action is well defined because the action of the Sugawara tensor is well defined on the inte-
grable modules. In particular, it follows from (3.16) that for the moving points equation (3.14)
assumes the form

(9:, — L%1)F = 0. (3.17)

The restriction of V. on €, (3.11) yields a family of the KZB equations

> VaF(G) =0. (3.18)

In next section we construct these equations explicitly for the bundles over elliptic curves.

3.5 Variation of the moduli space of holomorphic bundles
3.5.1 General construction

The moduli space of holomorphic bundles Mg 4., = Bung (3.1) is foliated over the moduli space
of complex structures M, ,,. Let us consider the dependence of the space of coinvariants H(Z, i)
(conformal blocks €(V[)) on the variations of the moduli of the bundles Bung. For simplicity
consider the one-point case. Let t, be a local coordinate in D), and Gou = G(X4 \ 2,). Define
the quotient

Mg = Gow \G(D)),  G(D})=Glta,t;'] (3.19)

a a

This space is the moduli space of G-bundles with a trivialization around z, (see (3.1)).

Let Vua be an integrable module (2.14) attached to z,. Recall that V/j‘a is the space of
holomorphic sections I'(L,,,) of the line bundle (2.21) over the affine flag variety (2.12). In
these terms the space of conformal blocks has the following interpretation [6, 20]. Since Vﬂa is
the integrable representation, the group G(D*) acts on Vua- Thereby, the subgroup Gout acts
on f/#a also. Due to (3.19) G(Dy) acts on Mg from the right. Therefore, G(D;) acts on the

a

sections V,,, @ O(Mg) of the trivial vector bundle V,U«a X Mg

g-v(@) = (gv)(xg),  g€GCtats'], vEV,,. (3.20)
Consider the space of the coinvariants

Ve @ O(Mg) / (Vi ® O(Mg)) - Staby,

where Stab, is Lie(G5(D*), Go(D*) = {g|r-g = =, x € Mg}. In particular, Stab, = gout for
corresponding to Goyt. The spaces of coinvariants are isomorphic for different choices of x. The
dual space I'(L,,)/Gout is the space of conformal blocks. The quotient I'(£,)/Gout is a space
of sections of the line bundle over Bung (3.1). It means that the space of conformal blocks is
a non-Abelian generalization of the theta line bundles over the Jacobians.

3.5.2 SL(2,C)-bundles over CP?!

It is instructive to consider this construction for ¥ = CP! = C U co. This case was analyzed in
details in [5] for the trivial G-bundles and v = 0 in (3.6). Here we consider G = SL(2, C)-bundles
with v € PV. Let t, = h,e, f be the Cartan—Chevalley basis in the Lie algebra sl(2, C)

[h7e]:267 [haf]:2f7 [evf]:hy
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and to(n) = t4t". The Verma module V, is generated by L™ (s1(2,C)) = c¢- f + g® t'C[t™}]
(2.20), (2.3). The HV v,, with the weight 1 € P(sl(2,C)) is defined by the conditions hv, = 2sv,,
s = 3{u, h) € 3Z, ev,, = 0, to(n)v, = 0 for n > 0. The singular vector (et~!)**1725 generates
the submodule Sﬂ C V., and the integrable module is the quotient Vu =V,/S,.

This form of V}, defines a trivial sector in (2.19). Note that Z(SL(2,C)) = Zy = {¢ = (0,1)}.
Therefore, there are two sectors in the integrable module (2.19). Consider the non-trivial sector
corresponding to ¢ = 1. Let Wp = {w} be the Weyl group (2.5), @ = Zg x t7, where 7 belongs
to the weight lattice v € PV(sl(2,C)) = P(s1(2,C)) = 3Z. Since Q" (s1(2,C)) = Q(sl(2,C)),
Z = P/Q ~ Zg, and ¢ = 1 corresponds to v ¢ (. It means that (v, h) is odd. Then according
to (2.19)

Vu¢ =1 =U(L7(612.0) (vn), 7E Q. Vul(=1) =Vul( =1)/Sp

As it was mentioned above, t7v, is not the HWV. In other words, it is not annihilated by the
positive nilpotent loop subalgebra (2.8) Lie(NT(SL(2,C))) = {n(t) = b- e+ g ® tC[[t]], b € C}.
In fact, we have

n(t)tv, =7 Adpt (n(t))v,.
Let (y,h) =2s >0, and s € 5 + Z. Then

Ad;’Yl (n(t)) = Z (aerl - bt + by, - et?stm + Cmt1 - ft_2s+m+1) :
m>0

The terms ¢y, 41+ ft~ 2571 for m < 2s—1 do not belong to Lie(N T (SL(2,C))). Multiply ¢” by
wt™ € Wg, where (y1,h) = —2s+ 1 and w : e <+ f. This transformation preserves the sector.
Now n(t) annihilates the vector wt"t7v,. Note (wt™) is uniquely defined by ~. Thus, for any
vector t7v,, we define a unique HWV from the same sector. It is a particular case of general
theorem proved in [23].

Consider the trivial G-bundles over CP!. Tt was proved in [5] that the conformal blocks are

[n]

G-invariant functionals on the module VH"
forn=1

satisfying some additional conditions. In particular,

0, wu#0,

3.21
17 n= 07 ( )

dim(€(G)) = {

- 12]
and for Vig o) (uo,p00)

N

Let us analyze the case of SL(2, C)-bundles. It follows from the Bruhat decomposition (2.9)
that there are two types of the SL(2,C)-bundles over CP' — the trivial, when v € Q in (3.5)
is an element of the root lattice v € @, and non-trivial, when v ¢ @. Note that the stable
bundles correspond v = 0. In the first case we deal with the adjoint bundles that can be lifted
to the SL(2,C)-bundles. In the second case there is an obstruction to lift these bundles to the
SL(2, C)-bundles.

Let z~! be a local coordinate in a neighborhood of co. The Lie algebra go.; assumes the
form gout = s1(2,C) + 271s1(2,C) ® C[z7!]. Let n = 1 and z = 0 is the marked point with the
attached integrable L(sl(2,C))-module Vu' We have gout(vu) = Vu for p # 0. But vp € gout(vo)
and vg is the coinvariant confirming (3.21).



Hecke Transformations of Conformal Blocks in WZW Theory. 1 13

Consider the integrable module generated by z7v,, where, as above, (y,h) = 2s > 0, and
s € 3+ Z. Then

Gout 2 Uy = Adz_w1 (n(t)) =27 Z (a_mzfm ch4bogz 2 ey c_mzZSfm) - fuu.
m>0

—2s—m

Then the elements b_,,z -e(vy) for 0 < m < 2s are not generated by gou. Thus, if v # 0,
the space of coinvariants (and the space of conformal blocks) is non-empty for an arbitrary
weights p. Its dimension depends on «: dim(€(SL(2,C))) = 2s (compare with (3.21)).

3.5.3 The form of connection

For conformal blocks we have (see (3.20))
F(z) = (¢F)(zg), g € Stab,.

Define the current J(t,) = (g7 1dg)(ts) € 9@ C[[ta,t;t]) @ QYD) for g(ta) € GRC[[tq, t; ]
A local version of (3.20) is defined by the operator

VUa = aua +j{ <(971d9)7t04>7

a

where t, is a generator of g and u, is a coordinate of the tangent vector to Bung. The action
of V4, on the conformal blocks is well defined because the conformal blocks are goyu¢-invariant.
Therefore, they are horizontal with respect to this connection

6%F+%<@1@MWJ@F:0 (3.22)

If one takes u from Mg)g ., (3.7) then (3.22) takes the form

D F(Ga) + 75 (974 dg) (ta), o) F(C0) = 0,

Ya

where F((,) € €, (3.11).

4 KZB equations related to elliptic curves
and non-trivial bundles

4.1 Moduli space of elliptic curves

We consider in details the genus one case X1 ,. Let ¥, = C/(7,1) be the elliptic curve with the
modular parameter in the upper half-plane H = {Immr > 0}. For n € Z, n > 1 define the
set of marked points 2= (z1,...,2,). Due to the C action on ¥(z — z + ¢), we assume that
Y aZa =0. A big cell Sﬁ(l]’n in the Teichmiiller space 9y, is defined as

th?m = {(21, ceeyZn), Zza =0, 2z # z;j, mod((r, 1))} x H.

a
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4.2 Moduli space of holomorphic G-bundles over elliptic curves

For G = GLy the moduli space of holomorphic bundles was described by M. Atiyah [3]. For the
trivial G-bundles, where G is a complex simple group, it was done in [10, 11, 52]. Non-trivial
G-bundles and their moduli spaces were considered in [26, 27, 28, 63]. We describe the moduli
space of stable non-trivial holomorphic bundles over ¥, using an approach of [46].

Let G be a complex simple Lie group. An universal cover G of G in all cases apart Ga, Fy
and Eg has a non-trivial center Z(G). The adjoint group is the quotient G*! = G/Z(G). For

the cases A,—1 (when n = pl is non-prime) and D,, the center Z(G) has non-trivial subgroups
Z; ~ wy = ZJIZ. Assume that (p,l) are co-prime. There exists the quotient-groups

G =Gz, G, =G/ 2, G =@G/2(@), (4.1)

where Z(G)) is the center of G; and Z(G)) ~ pu, = Z(G)/Z;.
Following [56] we define a G-bundle Eg = P xg V' by the transition operators Q and A;
acting on the sections of s € I'(Eg) as

s(z+1) = 9(2)s(2), s(z+7) = A(2)s(2), (4.2)

where Q(z) and A(z) take values in End(V'). Going around the basic cycles of ¥, we come to
the equation

Az +7)A(2)Q(2) 'A 2z +1) =1d. (4.3)

It follows from [56] that it is possible to choose the constant transition operators. Then we come
to the equation

QAQ AL =1d. (4.4)
Replace (4.4) by the equation
QAQTIAT! =14,

where ( is a generator of the center Z (C_}) In this case (Q, A) are the clutching operators for G29-
bundles, but not for G-bundles, and ¢ plays the role of obstruction to lift the G®d-bundle to the
G-bundle. Here ( = e(w") is a generator of the center Z(G), where @ € P is a fundamental
coweight such that Nw” € QY and N = ord(Z(G)).?

Let 0 < j < N. Consider a bundle with the space of sections with the quasi-periodicities

s(z+1) = Qs(z), s(z+7) =Ajs(z) (4.5)
such that
QA QAT = 1d. (4.6)

If j and N are co-prime numbers then (7 generates Z (G) In this case Q and A; can serve as
transition operators only for a G*! = G'/Z-bundle, but not for G-bundle and ¢/ is an obstruction
to lift G*-bundle to G-bundle.

The element ¢ has a cohomological interpretation. It is called the characteristic class of Eg.
It can be identified with elements of the group H?(3g ., Z (@)) This group classifies the of the
characteristic classes of the bundles [46].

For the simplicity we assume here and in what follows that Z ~ Z;. The case Z(Spin(4n)) = Z ® Z2 can be
considered in a similar way.
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Consider, as above, a non-prime N = pl and put j = p. Then ¢/ is a generator of the
group Z;. In this case Q and A; are transition operators for G; = G/Z;-bundles (see (4.1))
and (7 is an obstruction to lift a Gj-bundle to a G-bundle.

The moduli space of stable holomorphic over ¥, with the sections (4.5) is defined as

Mg)l = (solutions of (4.6))/(conjugation). (4.7)

For the stable bundles this description of the moduli space is equivalent to (3.1). In fact, the
monodromy of s(z) around z = 0 is the same as in (3.4). Similar to (3.7) we have

N
Mg = U M(Cg,)l (4.8)

=1

Assume that Q is a semi-simple element and Q € Hg is a fixed Cartan subgroup of G. Tt
means that we consider an open subset

Mg)l D <M(é)1) = M(()])(G) = {(Q € Ha, Aj)/(conjugation) }.

In this case the solutions of (4.4) have the form [46]

vV

O =exp <27riph> , Aj = AV (4.9)

where pY is a half-sum of positive coroots, h is the Coxeter number, Ag is an element of the
Weyl group defined by (7:

Cj — A(), (Ao)l =1d.

The element Ay preserves the extended system of simple roots II®* = IT U (ay), where —ayg is
a maximal root [46, Proposition 3.1]. In this way Ag is a symmetry of the extended Dynkin
diagram of g = Lie (G), generated by @ [12].

Let Ho C Hs be the Cartan subgroup commuting with Ag. To describe V; consider the
adjoint action A = Ad(Ag) on the Cartan subalgebra h = Lie(Hs). Let by = Lie(Ho) be
the invariant subalgebra (A(hg) = ho). Then V; = exp(2mu)(u € by) is an arbitrary element
from Ho defining the moduli space ./\/l(()] )(G).

There exists a basis IZIJV in ho such that Iis a system of simple roots for a simple Lie subalgebra
go C g. For the list of these subalgebras see [46]. If j = N, we come to the trivial bundles (4.4).
In this case Ag = Id, ho = b and go=g-

Let QY and PV be the coroot and the coweight lattices in hg, and W is the Weyl group cor-
responding to II. Define the Bernstein-Schwarzman type groups [10, 11]. They are constructed

by means of the lattices Q¥ or PV. In the first case it is the semidirect products
Wps =W x (1Q" @ QY). (4.10)

Then the moduli space of non-trivial G-bundles with the characteristic class ¢/ is the fundamental
domain in f)((f ) under the action of Was

M(()J)(G) _ C]sc _ Eéj)/WBS (4.11)

is the moduli space of non-trivial G-bundles.
Consider G?d-bundles. Define the semidirect product

Wad =W x (rP¥ @ PY). (4.12)
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A fundamental domain of this group in Séj ) is Cad = Eéj )/ ng and
M (G) = ct = b /W (4.13)

is the moduli space of the non-trivial G*-bundles. It is the moduli space of Egaa-bundles with
characteristic class defined by ¢/. In other words

¢3¢ for Eg-bundles,
u
C3d for Egaa-bundles.

4.3 The gauge Lie algebra for elliptic curves

Here we define the moduli space of holomorphic G-bundles coming back to the double coset
construction (3.1). Recall, that the Lie algebra gout = Lie(G(X;,\?)) is a Lie algebra of mero-
morphic functions on ¥, ,, with poles at 2= (21,...,2,) and the quasi-periodicities (4.2), (4.3).

Let us take for simplicity the case (4.4) and apply the decomposition (A.1) corresponding
the characteristic class defined by ¢ to the Lie algebra gout:

_ - k
b =0l = ghomn Ao —e (5 ule)

Consider the quasi-periodicity conditions (4.2). The GS-basis is diagonal under Ady and Adg
actions (A.6)—(A.8). We should find functions on 3, \ D that have the same phase-factors and

pole singularities at Z. To define g, and g, we use the functions ¢ (B.1), and ©&™ (B.4). They
have the needed quasi-periodicities (B.16), (B.17) and poles at z = 0 (B.7), (B.9). Then we find

n K(ak)
9k = { Z Z (Z xz,m,aa;nd) <I;, zZ — Z@) bz + Z yloi,m,a(pgm( zZ — Za) ) } (4 14)

a=1 m=0 acll aER

K(a,a)
{ZZ Z YomaPa™ uz—za)o} (4.15)

a=1acR m=0

Similarly, from (B.10), (B.11), (B.12), (B.14), (B.15) we have

ﬁoz{i(Z ( 2l o+ Z A O zza)>ha

a=1 \ qell
K(a,a)

+ Z Z yamacp (u,z — za)Ea> } (4.16)
ackR m=0

Then gout has the correct quasi-periodicities and has poles of orders K(a,m), K(a,a) at z,,

a=1,...,n. In this last expression (due to the residue theorem) from (B.14) we assume that
n
21, =0. (4.17)
a=1

Let us unify the last two expression (4.15) and (4.16) in a single formula,

goz{i(Z < ad o+ Z > z—za)>ha

a=1 \ eIl
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K(a,o)
—i—Z Z Yomapa (1 z—za)0>}. (4.18)

acR m=0

We will act on the coinvariants by gout. In what follows we need the limit z — z, of these
expressions. Notice that goyt is the filtered Lie algebra. The filtration is defined by the orders of
poles. The behavior of goyt is defined by the asymptotics (B.7)—-(B.9), (B.12). As it will become
clear below we need the least singular terms in gout. In this way we take m = 0 in (4.14), (4.18)
and m =1 (Ei(z — z,)) in (4.18):

gwizmg,&%-..“j ¢ >+Z¢( )+>saf;

a=1 a€ll

k
+ E <<u + KT, Q) + l) + 2mi(k, o)

Z— Zq

s

+ 3 eh0 a2 - 2) +--->t’;, (4.19)

b#a
1
0~Z< a,l,a(Hl+ZE1(Zb—za)>—|—xg’0_|_...>ha
acll b#a

+ Zyg,o,a<"‘+ ! +E1(<u+/gr,a>) + 2mi(k, a)

‘ Z — Zq
a€ER
+Zw3(u,zb—za)+--->f3- (4.20)
b#a

4(' . ‘77

Here means the terms of order o(z — za)_l and o(1). For giny = Lie(G(Up)) we have local
expansions in neighborhoods of the marked points

gint:{ Z(b +Zy] Z = 2q) ) ba € bo, Yj 69}

a=1 7>0

Define the Lie algebra with the loose condition (4.17))

n
g:)ut = Bout with Z xg,l,a eC
a=1

and let n= = >  g~® Then the Lie algebra Lie(G(D*)) has the form (compare with the
aERT
general case (3.3))

Lie (G(D¥)) = gou © (@4=1 1) © Gint
= Gout ® (Z > x&,l,aha) @ (@7 ny) @ gin- (4.21)
a=1 qell

Notice that the constant terms n; come from the constant terms c(m,k) in (B.9). We can
conclude from (4.21) that locally the action on G(D*) by Gouy = G(X1,, \ 2) from the left and

Gint = H G(D,) from the right absorbs almost all negative and positive modes of G(D*)

except the two types of modes describing the moduli space:
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e The vector u = Z > 2l Jha € bo. It defines an element of the moduli space Mg 1 (4.8).
Laell

e The Lie algebrasn_, a = 1,...n. They are the tangent spaces to the flag varieties attached
the marked points coming from the quasi-parabolic structure of the bundle.

4.4 Conformal blocks

In this section we define connections on the space of conformal blocks and derive the KZB
equations in a similar way as it was done for the trivial characteristic classes in [24]. The
derivation is based on the representation of the moduli space of bundles as the double coset
space (3.1) in a given sector of the decomposition (3.5). In other words, the characteristic class
(defined by j =0,...,l—1in (4.7)) is fixed and we deal with Gout \ G2 @ C|[ta, t; ']/ Gint, where
Gouwt = G(2:,,\ 2) and Gy, = G ® C[[t,]] were described above.

Let us write down the Virasoro generators (3.15) using the GS-basis (A.3), (A.4), (A.5)
tr @™ =8 (m) (t£(0) = t&) for the generators of the loop algebra

L, = ZZ(Z o (—p) L (p +m): + > :H%(—p)b, q(p+m):>. (4.22)

pEZq 0 \a€R acll

Consider the integrable modules attached to the marked points IA/E[,S} (3.9) and the corresponding
conformal blocks. They satisfy the equations (3.14), (3.18), (3.22). For elliptic curve they
assume the form:

e The moving points (3.17):

a 1
(8@ - Lil)F == 0, 8(1 == m&za, ta =2 — Zq- (423)

e The vector field corresponding to the deformation of the moduli 7 of the elliptic curve X, ,:

<aT - ;mEl(z)@) F=o0 (4.24)

This action follows from (3.13) and the operator algebra

T(Z)F(z) = E1(2' — 2)0.F(z) + analitic part.

e The invariance with respect to the action of gout (3.22):
(10u_, + El(z)ﬁg) F=0, acll, u={u,}, acll, (4.25)

where $0 are the Cartan generators (A.5). Notice that this operator is well defined
on Mg (3.19).

The vector field (4.24) is defined on the universal curve HxC/ (7, 1)\ H x 0, since it is invariant
under the lattice shifts (7,1). The 7 deformation can be defined in the non-holomorphic form
as 0y + i%i@z.

The invariance with respect to Lie(Gout) (4.14), (4.18) means that

O (g, 2 — 24t F = 0, a€R, VEk,
"0,z —2)9EF =0, acll, k#0. (4.26)
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Now using (4.19), (4.20) and (4.26) we write down the annihilation condition gouwtF = 0 in in
the basis t2°(m) =1® - - ® 1@ t2°(m)® 1®---® 1 (on the c-th place):

(t’g;a(—l) + <E1 (ua + (K, Q)T + l;) + 27i(k, a>> tha(0)

+ Z OF (W, 20 — za)ti’c(0)> F =0,
c#a

(ﬁg’“(—l) + <E1 <</<;, a)T + l;) + 2mi(k, a)) 55];’“(0)
+ ) k(0,20 — za)ﬁ§’0(0)> F=0 (4.27)
c#a

for « € R, Vk and a € II, k # 0 correspondingly. In the same way (4.24) and (4.25) assume the
form

1
(3+2 _2+—ZE1 e — 2q)L )on,

cta

(zaua +9%%(=1) + > Ei(ze — 2a)H5(0 )) F=0, acll (4.28)
c#a

Now we are ready to evaluate the Virasoro generators, i.e. to express them in terms of zero
modes of the loop algebra tlgjc(O) = t5¢ only. As we have found above the positive modes of the
loop algebra act on F by zero t2*(m)F = 0, m € Z,.. Therefore, from (4.22) we have

-1
<k+hV>Li1=Z<Zfz;“< DL +Zfoq’ 1)h%9(0 )) on F (4.29)

q=0 \a€eR

and

-1
(k+hV)L% =Y (Ztg (=2)t257(0) + > HE4(=2)h,2*(0 )) (4.30)

¢=0 \a€R a€ll
ll—l
+22(2tg;( DEZY(=1) + > 9L (=1)h, 2% (— )) on F.
q=0 \a€R acll

In order to find L%, one need to substitute £%(—1), H5%(—=1) from (4.27) and HI*(—1)
from (4.28) into (4.29)

—(k+h)LE =1 53%(0)du,

aef[

+ Z Z af? ( ( ( + (k,a)T + l) + 27i(k, oz>) t24(0)t_2%(0)

q=0 a€ER

+> ¢h(ua, 2 — za>t3’0<0>t_i’“(0)>
c#a
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+ Z Z << < K, )T + l) + 2mi(k, a)) HL0)h_L%(0)

9=0 qell
+ >80, 2 — 2a)HL(0)H <0>>,
c#a

where ¢ (0, z.— z4) = E1(2:—24). The first term in the last line vanishes due to skew-symmetry
with respect to a,q — —a, —q. The similar term in the second line does not vanish because
[t&(0),t_2%(0)] = p—\/“iexp( 2mid) b%* [46]. Therefore,

lz_i Z o (E1 (ua + (K, Q)T + %) + 27k, a>) £2:2(0)¢=%(0)

q=0 a€R

= ;lz_i Z | <E1 <ua + (k,a)T + %) + 27i(k, a)) %exp ( 2mi— ) poa

q=0 a€R

pala?| exp(fZWi%)

-1
=1 Z bgga(())&la log H H ¥ (ua -+ <,€7 Oz>7' + l) 201

a€ll g=0a€R
The term
fzz lo|?27i (K, 7exp< 2~ ) poa
q=0 a€R

vanishes because of summation over ¢q. Notice also that the obtained scalar expression does not
depend on {z.}. Then, the equation (4.23) gives

-1
(aa H1YH5 (00, + Y ( D lal@d (a, ze — 22t (0)5°(0)

a€ll q=0 c#a \ a€R
+ ) (0,2 — Za)ﬁi’C(O)h_Z’“(0)> ) oo
oceﬁ
where
) -1 ' pale?] -
F:FHHﬁ<ua+<K/,OZ>T—|—%) 2l\/ exp( ﬂ-zl)'
q=0a€R

This is the first set of equations in (4.41). In order to obtain the second one (the KZB connec-
tion V. along 7) one should use (4.30). It is needed to compute L*,. The later arises from the
local expansion of (B.4) for k = 1. Then the following identities should be used

0:0(u, 2) = ¢(u, 2) (B1(z + u) — E1(2)) = f(u, 2) + (E1(u) — Er(2))8(u, 2),
where f(u, z) = 0,¢(u, z) for t(—2)t(0)-terms and
d(u, 2 — 20)P(—u, 2 — 2p) = —P(u, 2 — 24)P(u, 2, — 2)
= —d(u, 26 — 20) (E1(u) + Er (2 — 2za) + E1(2p — 2) — E1(u+ 2 — 24))
= f(u, 26 — za) + B, 26 — 24) (B1(z — 2) — E1(z — z4))

for t(—1)t(—1)-terms. On the other hand V; is a unique flat connection for given V, (4.37).
The final answer is given below in Section 4.6. This answer is verified in Appendix C.
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4.5 Classical r-matrix

The construction of the KZB connection is based on the classical dynamical elliptic r-matrix
defined as sections of bundles over elliptic curves [13, 47, 74]. For trivial G-bundles our list
coincides with the elliptic r-matrices were defined in [19]. A more general class of elliptic r-mat-
rices was constructed in [17, 18]. The latter classification includes our list though it was derived
from different postulates.

4.5.1 Axiomatic description of r-matrices

The classical dynamical r-matrix is a meromorphic one form r = (u, z)dz, (u € bo) on C taking
values in g ® g that satisfies the following conditions:

1. r(z) has a pole at z = 0 and

Res | o7 ZZ\aFtk t_k+ZZY)k®b

k 0a€R k=0 a€ll
where t£, $5% h-* are generators of the GS basis in g (see Appendix A). If V is a g-module,
then C5 acts by the permutation on V ® V.
2. Behavior under the shifts by the generators of the lattice Z & 7Z:

r(z+1) = Adgr(2), r(z+71)=2m Z 92 @50 + Ady,; r(2), (4.31)
a€ell

where the Ad-action is taken with respect to the first factor in g ® g. Here Q = e(k),
AU = Age(u) (see (4.9)), {60} ({$°}) is the simple coroot basis (the dual basis) in the
invariant subalgebra gy (see Appendix A). It means that r is a connection in the g ® g-
bundle over X;.

3. The classical dynamical Yang-Bazter equation (CDYBE). It follows from 1 that r(z) can
be represented as

ZZM ot @ k+zz‘lfk (2)95 @ b,

k 0a€eR k=0 acll

Then 7(z) is a solution of CDYBE:

[r12(212), 7“13(213)] + [r12(212), 723(223)] + [r13(213), T23(223)]

_\/ZZ o t’f@t* ® 1Pl (0,2 — w)

k=0 a€R
[ T — k
— Tta ®by @tZe01P,(u, 2z — x)
|04|2*o k ok k
+ Tf)a ®t, @t Po(u,w—2x) =0, Zij = % — Z%j, (4.32)

where 0; is the differentiation with respect to the first argument.

4. The unitarity

r2(u, 2) + r*(u, —2) = 0.
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5. The zero weight condition

X®1+1® X,r(u,z2)] =0, X ehb.

Lemma 1. e Any r’-matrixz satisfying 1-5 has the form
r'(u,2) =r(u,2) + or(u),
where

r(u, z) =rg(u, z) + rr(2), (4.33)

-1
1 —k
ra(nz) = 5 30 3 rkwe),  rh(u2) = Jafebu, o)t @ 1k,
k=0 a€R

-1
ra(z2) =) D ra(2),  ra(z) = ¢i(2)9h © b,
k=0 a€cll
satisfies 1-5 and gog(x, 2) is defined in (B.3), k(2) = ¢(k/l,2), ¥8(2) = E1(2).
o d7(u) € ho ® ho

or(u)= > AqpHo @b}, Ags=—Ag,
aﬂeﬁ

e 0r(u) is generated by the gauge transformation

or(u) = —1Y (Dus )1 @0, (Quf)f L e€by,  f=f(u)e Hy,
I

ac
where Hy is a Cartan subgroup of the invariant subgroup Go C G (see Table 1 in [46]).

Proof. It follows from the properties of the functions ¢% (u,2), ¢&(u, z) described in the Ap-
pendix B that r(u, z) satisfy 1 and 2. It was proved in [46] that it is a solution of the CDYBE.
This sum is a classical dynamical r-matrix corresponding to a non-trivial characteristic class
defined by (4.31). The conditions 4 and 5 can be checked as well. The conditions 1-3, 5 define
the r-matrix up to a constant (z-independent) Cartan term 67. Then it follows from 4 that A,
is antisymmetric.

Next we wish to prove that locally Ans = —1(y, (f)f ') for some f € Hy. The twisted
r-matrix must satisfy the CDYB equation. Plugging r + dr into (4.32) we see that the “commu-
tator” part vanishes identically since [r%, §7%] 4 [r®, 7] = 0 due to

o] & A+ e 5] <o
The “derivative” part Of (432) ylelds 811,&"4,87 + au&Aaﬂ + 8“6‘4'704 =0 or

dA=0, A= Y Agpdus Adug € Mg.
a,Bell

The term ér is called the dynamical twist of the r-matrix. The statement follows from the
Poincaré lemma. |
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4.5.2 r-matrices as sections of bundles over moduli spaces

Consider the behavior of the r-matrix (4.33) under the action of latices QY ® QY (4.10) and
7PV @ PY (4.12) on the dynamical parameter u. It follows from (B.2), (B.3) and (B.16) that the
r-matrices has distinct type of quasi-periodicities with respect u € hg. Let 8Y € IIV be a simple

coroot, corresponding to the invariant algebra go. For a € R define the integers n, 3 = (o, 8Y).
Then we find

T]oi (u + /Bva Z) - T’g(u, Z), ’I”(]; (u + 7—6\/7 Z) - e(_na,ﬁz)rlt;(uv Z)

Let =V be a basis of fundamental co-weights dual to the basis II, and @ is a fundamental
coweight in PV. Since PV is a sublattice of PV, the weight ©" can be decomposed in the basis

of the fundamental co-weights @ =Y v .zv nSvY, where n € Z. As above we find

a(u + {ﬂvv Z) = Tf&(“? Z)7 7ﬁ]oi(u + T(Dv’ Z) = e(—nfé<yv’a>z)r§(u, Z)‘

On the other hand, due to the A-invariance of QV, we have (3Y, A" (a)) = (8", a). Therefore,
Adexpampy Exm(a) = e((a, 8Y)) Exm(q). Then from (A.3) we find that

Adexp(—2mpvz) ta = e(—ngp2)te.
Similarly, due to A-invariance of PV, we have also
Adexp(—2mavz) ta = e(—nf6<yv7a>z)tg.
Since the Cartan part rg of the r-matrix does not depend on u we come to the relations

r(u + Y, z) =r(u,z), r(u + 7Y, z) = Adexp(—2mBV2) r(u, 2), (4.34)
r(u + @Y, z) =r(u,z), r(u + 1Y, z) = Adexp(—2mavz) T(1, 2). (4.35)
In all cases the adjoint actions Ad;, act on the first component of the tensor product and play

the role of the clutching operators.
Let z(k,a) = (u,a+r7)+k/l. Then r(u,z) is singular when z(k, o) — 0 (see (B.7) and (B.2))

r(u, 2) = |a’e((k, a)z) ( + O(l)) @tk (4.36)

x(k, @)

It means that r(u, 2) are sections of the bundles over the moduli spaces C3° (4.11), or C’;?‘d (4.13)
with sections taking values in g ® g with the quasi-periodicities (4.34), (4.35) and with the
singularities (4.36).

4.6 KZB connection related to elliptic curves

As it was established the part of connection related to the moving points coincides with the
introduced above r-matrix. Here we prove that this connection is flat. Consider the following
differential operators

Va=0:, +0"+) (4.37)
c#a

) 1
V=270, + A+ Q%:fbd,
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with

-1
= Z D laPeh(u 2 — 2 MG+ DD eb(u, 20 — 20)9E0E°

k=0 a€R 0 ol
-1
aC:ZZ ’a‘2f£(u72a— tkat + E E fO ll Za*Zc)f)l;’a gc
k=0ach k=0 a€ll

where " = 1@ - @10t ®1®---® 1 (with & on the a-th place) and similarly for the
generators ﬁlgja and h’;;“.?* The following short notations are used here

-1
o, aclySaa.,

acll a€ll s=0
and
k _ 2mi{k,a)z k
goa(u,z)—e ’ ¢ <u+’£7—7a>+772 )
k _ 2mi(k,a)z k
fi(u, z) = =™ V2f [ (u+ KT, @) + T2 (4.38)

From the definition it follows that r% = —r® and f% = f@. Following (B.6) and (B.7) we put

0o(2) = E1(2), (4.39)
f3(2) = p(2) = 5 (B} (2) — 9(2)). (4.40)

Notice that

1
2

féf(u, 0) =—F, <<u + kT, Q) + I;> =—p ((u + KT, Q) + ]l6> —2m

and, therefore

-1

-1
=2 lalPelta et = D0 D okt — 2m s,

k=0 a€R k=0 a€cll

where Cf is the Casimir operator acting on the c-th component. Recall that we study the
following system of differential equations

VoF'=0, a=1,...,n, V. F =0. (4.41)
There are two types of the compatibility conditions of KZB equations (4.41)
Vo, Vo]F =0, a,b=1,...,n, Vo,V F=0, a=1,...,n. (4.42)

It is important to mention that the solutions of (4.41) F' are assumed to satisfy the following
condition

(Z hg’c) F =0, for any o € II. (4.43)
c=1

3For brevity we write &%, h®* instead of representations of these generators in the spaces V.
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Proposition 1. The upper equations in (4.42) [Vq, V] = 0 are valid for the r-matriz (4.33)
on the space of solutions of (4.41) satisfying (4.43). They follow from the classical dynamical
Yang—Bazxter equations

[Tab,rac] + [,rab,rbc] + [TGC,T.bC] + [éa’rbc] + [éc7rab] + [éb’rca] —0. (444)

Proposition 2. The lower equations in (4.42) [Va,VT] = 0 are valid for the r-matriz (4.38)
on the space of solutions of (4.41) satisfying (4.43).

The proofs of these statements are given in the Appendix C.
Let us also remark that the non-trivial trigonometric and rational limits of the above formulae
can be obtained via procedures described in [1, 65, 72].

A Generalized Sine (GS) basis in simple Lie algebras

Let Z be a subgroup of the center Z(G) of G, and consider a quotient group G = G/ Z. Assume
for simplicity that Z(G) is cyclic. The case Spin(4n) where Z(G) = pg X p2 can be treated
similarly.

Let us take an element ¢ € Z(G) of order [, generating Z. It defines uniquely an element A
from the Weyl group W (see [12, 46]). It is a symmetry of the corresponding extended Dynkin
diagram and (Ag)! = Id. Ag generates a cyclic group 1 = (Ag, (Ag)%,..., (Ag)! = 1) isomorphic

to a subgroup of Z(G). Note that [ is a divisor of ord(Z(G)). Consider the action of Ay on g.
Since (Ag)! = Id we have a I-periodic gradation
2mi

g — @la;l()gaa )\(ga) — wagaa W = eXp T, )\ — AdAoa (A]-)

[9a, 0b] = Gars modl,

where gg is a subalgebra gy C g and the subspaces g, are its representations. Since ©Q and A

commute in the adjoint representations the root subspaces g, are their common eigenspaces.
GS-basis. Here we shortly reproduce the construction of the GS-basis following [46]. Since

Ao € W it preserves the root system R. Define the quotient set 7, = R/y;. Then R is represented

as a union of yy-orbits R = U7;O. We denote by O(3) an orbit starting from the root /3

O(B) ={B,A(B),.... N1 (B)}, BeT.

The number of elements in an orbit O (the length of O) is /pa = la, Where pq is a divisor of [.
Let v, be a number of orbits Oz of the length l,,. Then $R = > v4l,. Notice that if O(/3) has
length [5(lg # 1), then the elements Mg and Mt 3 coincide. First, transform the root basis

& ={Es, f € R} in £. Define an orbit in £

Es = {Es Exg)s- -+ Ex1(g)}

corresponding to O(3). Again £ = Uger &5 For O(p) define the set of integers

Jpe = {a = MPa ‘ m € Z, ais definedmodl}, Pa = li (A.2)

«

Let E, (o € R) be the root basis of g. “The Fourier transform” of the root basis on the
orbit O(f) is defined as

-1 .
a 1 ma 2mi
ts = 7 mg_ow Eym gy, W= exp—-, a € Jg. (A.3)



26 A.M. Levin, M.A. Olshanetsky, A.V. Smirnov and A.V. Zotov

Almost the same construction exists in £. Again let Ay generates the group p;. Since
Ag preserves the extended Dynkin diagram, its action preserves the extended coroot system
Vet =TIV U o in $. Consider the quotient K; = I1V***/y;. Define an orbit H(&) of length
lo = 1/pq in IV passing through H, € I1Vext

H(@) = {Ha, Hy(a)s - Hyio100) } ac kK =11V .
The set ITV*** is a union of H(&):

(1Y) = Upere, H(a).
Define “the Fourier transform”

21

-1
1
¢ =— WM Hym (o), w=exp—, c€ Jy (see (A.2)).
ha \ﬁ% A™ () Xp I ( ( ))

The basis bS, (¢ € J,, @ € K;) is over-complete in §). Namely, let H(ay) be an orbit passing
through the minimal coroot {HamH)\(ao): .. '7H)\l*1(o¢0)}' Then the element b%o is a linear
0., (o € M) and we should exclude it from the basis. We replace the

combination of elements b~ 5,

basis IV in $) by

o e, Sl Ria e (A4
a € Ky, c#0.

As before there is a one-to-one map IIV «+ {h5}. The elements (h%,t%) form GS basis in
9(1—a) (A.1). The dual basis is generated by elements $H%

(9g,b) = slrbomeds, 5 95 = (Aas)b5%  bE =D (AJH)N5%  (A5)
Bell acll
where
-1

2
Aa — —sa (o
= g

s=0

and a, g is the Cartan matrix of g.
The A-invariant subalgebra gg contains the subspace

_ 40 _

BeT/
Then gg is a sum of gg and V

go=goDdV.

0. 12) we can use the Chevalley basis

In the invariant simple algebra go instead of the basis (b, 3

and incorporate it in the GS-basis
{bg,t%} — {80 = (Ha,a €1l, E3,B€R), V = (5. 8€T)},

where II is a system of simple roots constructed by the averaging of the A action on °* and R
is a system of roots of gy generated by II. We have the following action of the adjoint operators
on the GS basis:

C

AdA(t%):e<<ﬁ,B)—j>t%, AdA(b%):e<—§) he,  e(w) = exp(2miz).  (A.6)
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In addition,
Adg (bhg) =05, Ado(Ha) = Ha (A.T)
Adg (t%) = e({(k, ﬁ})t%, Adg(Fs) = e(k,a)E;. (A.8)

There are also the evident relations
Adp(Ez) = e((w,a))E; Adp(Hz) = Hz, uaebh.
In particular,
C ~ c C C C C
Ady () =e ((@8) - 7)15,  Ady (v3) =e (=) b5,

Commutation relations in the GS basis:

-1
1
7 Zwbscoa,/\sﬁtgil;\-S/ga @ 7& _)\867

Pa gb a+b s
W Na a=—A\p,
Vi B
-1
1 s 2(a, A%0)
k (m ks ) k+m
ty'| = — E t
[bom 3 } ] w (Ck, a) B s
s=0
g (o, @)
(9] = i wks 5 (6, A BT
s=0

B Elliptic functions

The basic function is the theta-function

1 .
19(2’7’) = g5 Z(_l)neﬂz(n(n+1)7+2nz).
nez

e(r) = exp(2mix).

It is a holomorphic function on C with simple zeroes at the lattice 7Z + Z and the quasi-

periodicities
Iz+1)=—0(2),  O(z+7)=—q 2e =Y(2).

Define the ration of the theta-functions

I (u ~+ 2)¥'(0) .

o 2) = =500

Then

P(u, z) = ¢(z,u), P(—u, —z) = —¢(u, 2).

Related functions:

P (u,2) = e((r, $)2)6 ((u+ k. B) + .2)

@5 (u,2) = 0 (e(<f%ﬁ>2’)¢ (<u + 7, B) + z)) o0

[
f(u7 Z) = au¢(u7 Z)7
flu, z) = ¢(u, 2)(Er(u+ 2z) — Er(u)).

m

:SOIB7
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¢(u, z) has a pole at z = 0 and

B 2) =~ + Fa(u) + 2 (B ) — pu)) + -+ (B.7)
Similarly,
©F (v, 2) = % + Eq ((u + kT, B) + %) + 2mi(k, B) + %(E%(u) — go(u)) + e (B.8)

where E; is (B.10). It follows from this expansion that

. 1 1
P, 2) = — 5 + o (BRw) — pw)) + -+
.......................................... (B.9)
m, (—1*
Y3 k(uv Z) = Skt +C(m k)
In other words cpgl’k(u, z) has not poles of order less than k + 1.
The FEisenstein functions:
1
Eq(z|T) = 0, log¥(z|7), Eqi(z|T) ~ P 2mz+ -, (B.10)
where
24 1/ (7) i
_ - — 1 N
(7) 2 m_z_:oo n_z_:oo (mr4+n)2  2min(r)’ n(r) =g };IO ( I )’
1
By(2|7) = —0.En(z|7) = 82 log¥(2|7),  Ba(z|r) ~ = T 2m, (B.11)
and more general for k > 2
1
Ei(z|7) = (=9,)* log 9(z|7), Ey(z|T) ~ o +oee (B.12)
Relation to the Weierstrass functions:
C(sz) = E1(27T) + 27]1(7-)27 @(Z, T) = EQ(ZvT) - 2771(7-)
Quasi-periodicity:
Dz +1)=—0(z), I(z+7)=—q 2e2m29(2), (B.13)
Ei(z+1) = Eq(2), Ei(z+71) = Ei(z) — 2mi, (B.14)
Ex(z+1) = Ex(2), Ey(z+ 1) = Ex(2), k>1, (B.15)
Su,z+1) = @(u,2),  $lu,z+7) = e T(u, 2), (B.16)

vg (u z+1) = e((k, >) H(u, 2),
goﬁ (u,z2+7) e( )cpﬂ (u,z), (B.17)
f(u z+ 1) (U, Z)7 f(u Z+ T) 27rzu']c(u’ Z) - 2m¢(u, Z)

The following identities are also used here

2110-p(u, 2) = 0,0u,¢(u, z) = 0, f(u, z)
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and for the functions (4.38) this identity takes the form
omidr " (2) = 9, £ (2). (B.18)
Fay identity:
d(u1, z1)P(ug, 22) — ¢(ur + ug, 21)P(uz, 22 — 21) — G(u1 + ug, z2)P(u1, 21 — z2) = 0.
Differentiating over us we find
P(u1, 21) f(uz, z2) — d(ur + uz, 21) f(u2, 22 — 21)
= P(ug, zo — z1) f(u1 + ug, z1) + ¢(u1, 21 — 22) f(u1 + ug, 22).
Substituting here
u1:<u+m7,a+ﬁ>+k+Tm, ugz—(u—i-/w,ﬁ)—%,
21 = Za — Zc = Zac) 22 = 2 = Zc = Zbe,
and multiplying by appropriate exponential factor we can rewrite it in the form
P8 (2ac) P (2ab) — €5 (2ab) X (2ac) + 5 (2ab) 2 (2eb) — OEF (20e) f20 (20e) = 0. (B.19)
Taking the limit m = 0, § = 0 and using the expansion
Bzu) ~ -+ By(2) Fup(z) +
we find
o (e (zan) — B () 1 (zae) + ) £ o) — @b (achpls) = 50 ECe)- (B20)
More Fay identities:
ok (zac) ' (20c) = 0 (2ae) I (20e) = @515 (200) (9 — 0, (B.21)
¢35 (2ac) F25 (2ac) = 975 (2ac) [ (2ac) = Eag (B.22)
05 (2ac) 9 — 05 (2ac) p(2ac) + E1(2ac) f§(2ac) = %&Lf/; (%ac)- (B.23)
The last one follows from
Oud(u, z) = ¢(u, z) (E1(z + u) — E1(u))
and
(Br(z+u) — Ei(u) — E1(2))* = 9(2) + p(u) + p(z + u).
C Proofs of Propositions 1 and 2
Proof of Proposition 1.
[V, Vi) = [0z, 78] + [0%, 7] (C.1)

D DA R N A B R VA S B ST

cFb ca,b d£b are
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First, notice that

02, + 0., 7] = 0.

Secondly,

[éajrba] o [éb,rtlb] _ _[éa + éb’rab] _ Z [écjrab] - [Zéc’rab] ]

c#a,b c

Thirdly,

ZZ [,rac’ ’I"bd] _ Z ([Tacﬂﬂba] + [’l“ab,Tbc] + [rac’ rbc])‘

d#b a#c c#a,b
Therefore,

[Va, V] = > CDYB™* — [ZéC,rab], (C2)

c#a,b c

where

CDYBabc: [T,ab’rac] + [T,ab,rbc] + [rac’rbc] + [éa,rbc] + [éc’rab] + [éb,rca] (4é4) 0. (C?))
and [Zéc,r“b] @49 . [ |
Proof of Proposition 2.

1.
(0., %] — 2mi[a,re] "2V,

I -1 ~
A, Z] =520 30 T BP0 a2 [0 65

c#a c#a fERM=0

-1
FID DTS IBPNE, BYF (20 — 2e)Oug ty TG

c#a BER a€ll s=0
3. Terms [é“, %fbc] for b, ¢ # a and b # ¢

-1
a% > be] = é SN lalPouft(z — 2% e (C.4)

b,c#a b,c#a k=0 a€ER
b#c b#c

3.1. Terms [5“,%]”“6] for ¢ # a:
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Therefore we get

[éa7 Z fac

c#a

c#a cyﬁa a€ERmM=0

3.2. Terms [5“,%]“’“]:

Aal aa mp0,agm.ag m
[6,21' }z fZZrﬂ\aupghg o

m= OBGR

PR TN

m 0B€ER

3.3. Terms [8“ lfcc] for ¢ # a:

aﬂZifCC] = ——Z Z > I8P By by [ he] ,

c#a c#a m=0peR

4. Terms [r, f]:

Zrac’ % Zfb,d] _ % Z ([,,qac’fab] + [T,ac’ fbc] + [rab’ fac] + [rab’fbc])
b,d

b,c#
c#a b;ca

+ Z ( ac7 fac ;[rac’ faa] + %[,ﬂzcv fCC]) .

c#a
4.1. Terms [r, f] for b, ¢ # a and b # ¢
_ Z rac fab [ acjfbc] + [,rabjfac] + [T,ab7fbc])

b,c#a
b#c
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(C.5)

(C.7)

(C.8)
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Almost all terms in this big sum vanish due to the Fay identity (B.19), except the terms with
m = 0. Using (B.20) for these terms in the expression (C.8) we get

-1 -1
= DI FACRITETEET'S BB D) DA N ACHITHE

b,c#a k=0 a€ER b,c#a k=0 aER
b#c b#c

-1
DD ) MTNACRIET

b,c#a k=0 a€R
b#c

Finally, using the symmetry in summation over ¢ and b we obtain

_ Z rac fab [ acvfbc] + [,rabjfac] + [Tab’fbc])
bc;éa
btc

_ Z 22‘04 6ufk Zac fkaf)Obf_kc

b,c#a k=0 a€ER
b#c

-1
e S lalau s ek (C9)

b,c#a k=0 a€ER
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Notice that the second term here cancels the expression (C.4).
4.2. Terms [T“C,f‘w}:
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5 Cac) P (zae) ) [0 5 TR (C.10)

4.3. Terms [r“c,f‘m] and [r“c fcc} for ¢ # a:
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The first two lines in (C.10) are canceled by first lines in (C.11) and (C.12) due to identi-
y (B.21). Next, the sum of the third line in (C.10), the second line in (C.12), the sum of
fourth line in (C.10) and the second line in (C.11) are vanished due to (B.21) for all values of
summation parameters except k = 0. For k = 0 these sums give

-1
_é >3 S I8P (98 e 5 (Fae) — 95 (ac) S5 (2ac))

c#a m=0BeR

: (r)%a 5 6, = 1 )

S S e (1 g, o T p),)

c#a m=05ER

and this is exactly what we need to compensate (C.6) and (C.7). (Note that (C.7) cancels by
the first term here and (C.6) cancels by the second one due to (4.43).)

Finally, the last two lines in (C.10) are canceled by the list lines in (C.11) and (C.12) for all
values of summation parameters except m = 0. For m = 0 the sum of these terms equals

-1
Y I8P (e ) — ) zae) + )
c#a k=0 BER
([bﬁ A5 0T = [0 5] L ) (C.13)

Notice that due to (4.39) and (4.40) f9(z4c) = p(2ac) and ©8(2ac) = E1(2ac). Then using (B.23)
we can simplify the expression (C.13)

l - a ,a —K,c C ,C ,a
_Zzzz\ﬁpaufg(zac)([hg AT LCE - [ 5 6. (C.14)

c#a k=0 fER
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Finally, we have nonzero terms from (C.5), first term in (C.9) and (C.14). All these terms are
proportional to 0, fé"’ . Summing them up we find
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