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1 Introduction

In recent years, global solutions of Fuchsian differential equations with more than three re-
gular singularities and those of the differential equations of confluent types, attracted atten-
tion [11, 29]. The multi-indexed Laguerre and Jacobi polynomials [10, 19]1 and their simplest
(one-indexed) cases, i.e. the exceptional orthogonal polynomials, provide explicit examples of
infinitely many global solutions of such equations. They are obtained by Darboux–Crum trans-
formations [1, 3, 4, 14] applied to the exactly solvable Schrödinger equations [2, 13] of the radial
oscillator potential and the Pöschl–Teller potential. In these global solutions, all the extra sin-
gularities (i.e. those added by Darboux–Crum transformations) turn out to be apparent and the
characteristic exponents are all −1. This is a generic property of the Darboux–Crum transfor-
mations. The role of Darboux transformations in iso-monodromic deformations has been known
for some time [5] and some explicit examples of monodromy free rational potentials were given
in [8, 15].

In the present paper, we construct, by adjusting the parameter of the multi-indexed Laguerre
polynomials, several families of infinitely many global solutions of Schrödinger equations with
two or more finite regular singularities and one irregular singularity at infinity. At one of the re-
gular singular points, these solutions have an apparent singularity of characteristic exponent −2.
We now show one of the examples which is labeled as (E) in Section 3. The Hamiltonian is given
by

H = − d2

dx2
+ x2 +

195

4x2
− 16− 2

d2 log(x2 + 6)3(x2 + 14)

dx2
.

?This paper is a contribution to the Special Issue “Superintegrability, Exact Solvability, and Special Functions”.
The full collection is available at http://www.emis.de/journals/SIGMA/SESSF2012.html

1For the bibliography of various exceptional orthogonal polynomials see references in [19].
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We change the variable by η = x2. Then the equation Hψ(x) = Eψ(x) (E ∈ C) in the va-
riable η has apparent singularities η = −6 and η = −14, whose characteristic exponent is −2
and −1 respectively. All the apparent singularities are located outside of the half line (0,∞),
thus the eigenfunctions of the Schrödinger equations are constructed by using Darboux–Crum
transformation, and they are global solutions of the differential equations. The essential part of
the numerators of these global solutions form orthogonal polynomials over a half line (0,∞), with
the square of the denominator forming the part of the weight functions e−xx7/{(x+6)4(x+14)2}.
The polynomials in the numerators of the global solutions are obtained within the framework
of multi-indexed orthogonal polynomials, and their degrees have “gaps”. In this example, the
polynomials of degrees 0, 1, and 2 are missing. We also report examples (A), (B), (C), (D),
(F), (G) in the two index case and an example in the three index case. Each example has its
peculiar properties (see section three). The orthogonal polynomials related to (A) and (B) are
also reported in [9].

This paper is organised as follows. In Section 2, we review the Darboux transformations
with the induced singularities. In Section 3 we show that the special cases of multi-indexed
Laguerre polynomials provide several families of infinitely many global solutions of confluent
differential equations with two or more finite regular singularities and one irregular singularity
at infinity. They have an apparent singularity of characteristic exponent −2. The final section
is for a summary and comments.

2 Darboux transformations and induced singularities

Our starting point is a generic Schrödinger equation with a Hamiltonian H

H = − d2

dx2
+ U(x),

in which U(x) is a meromorphic potential. Let ψ(x) and ϕ(x) be two distinct solutions, not
necessarily square-integrable eigenfunctions, of the Schrödinger equation

Hψ(x) = Eψ(x), Hϕ(x) = Ẽϕ(x), E , Ẽ ∈ C. (2.1)

Then it is elementary to show that a new function

ψ(1)(x)
def
=

W[ϕ,ψ](x)

ϕ(x)
=
ϕ(x)ψ′(x)− ϕ′(x)ψ(x)

ϕ(x)

is a solution of a new Schrödinger equation with a deformed Hamiltonian H(1)

H(1) = − d2

dx2
+ U (1)(x), U (1)(x)

def
= U(x)− 2

d2 logϕ(x)

dx2
,

with the same energy E

H(1)ψ(1)(x) = Eψ(1)(x). (2.2)

The zeros of the “seed” solution ϕ(x) produce singularities of the equation, and there are no
multiplicities of the zeros of ϕ(x) except for the singularities of U(x), because the function ϕ(x)
satisfies the Schrödinger equation and the exponents at a holomorphic point are 0 or 1.

To obtain the deformed Hamiltonian which admits an apparent singularity of exponent −2
or higher, we use Darboux–Crum transformations [1, 3, 4, 14]. Let {ϕj(x), Ẽj}, j = 1, . . . ,M be
distinct seed solutions of the original Schrödinger equation (2.1) and as above ψ(x) be a solution
with the energy E

Hψ(x) = Eψ(x), Hϕj(x) = Ẽjϕj(x), E , Ẽj ∈ C, j = 1, . . . ,M.
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By repeating the above Darboux transformation M -times, we obtain a new function

ψ(M)(x)
def
=

W[ϕ1, . . . , ϕM , ψ](x)

W[ϕ1, . . . , ϕM ](x)
, (2.3)

which satisfies an M -th deformed Schrödinger equation with the same energy [1, 3, 14]

H(M)ψ(M)(x) = Eψ(M)(x),

H(M) = − d2

dx2
+ U (M)(x), U (M)(x)

def
= U(x)− 2

d2 log W[ϕ1, . . . , ϕM ](x)

dx2
,

(
ψ(M), ψ(M)

)
=

M∏
j=1

(E − Ẽj) · (ψ,ψ). (2.4)

Here W[f1, . . . , fN ](x) is a Wronskian

W[f1, . . . , fN ](x)
def
= Det

(
dk−1fj(x)

dxk−1

)
1≤j,k≤N

,

and the inner product among real functions is defined as usual

(f, g)
def
=

∫
f(x)g(x)dx.

Except for the singularities of the potential, a zero of the Wronskian W[ϕ1, . . . , ϕM ](x)

W[ϕ1, . . . , ϕM ](x) = c0(x− x0)m +O(x− x0)m+1, m ∈ Z>0,

corresponds to an apparent singular point of the deformed Hamiltonian H(M)

x ≈ x0, U (M)(x) = U(x0) +
2m

(x− x0)2
+ regular terms.

The characteristic exponents of the solutions of the new Schrödinger equation (2.2) at the
apparent singularity x0 are determined by

ρ(ρ− 1)− 2m = 0.

For certain values of the integer m, the monodromy of the added singularity becomes trivial

m = 1, ρ = −1, 2,

m = 3, ρ = −2, 3,

m = 6, ρ = −3, 4, etc.

When all the added singularities are of trivial monodromy, the possibility of global solutions
arises. The infinite families of the exceptional (or one-indexed) Laguerre and Jacobi polyno-
mials [19] are the examples of the global solutions of second-order Fuchsian (and its confluent
limit) equations with many extra singularities with all ρ = −1. This is the generic case, since
any solution ϕ(x) of the Schrödinger equation (2.1) with the radial oscillator potential (3.1) or
the Pöschl–Teller potential [19] cannot have a multiple zero (m ≥ 2).

3 Multi-indexed Laguerre polynomials

In this section, we present several families of infinitely many global solutions with a high deg-
ree (ρ = −2) of apparent singularity. The strategy is simple. We start from certain “non-
generic” multi-indexed Laguerre polynomials and choose the parameter g such that a triple zero
is achieved for the seed solution (the Wronskian). Then we construct the global solutions expli-
citly. When the zeros are outside the half line (0,∞), the global solutions are square integrable
and they are eigenfunctions of the deformed Hamiltonian.
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3.1 “Non-generic” multi-indexed Laguerre polynomials

For the multi-indexed Laguerre polynomials [19], we adopt the Schrödinger equation (2.1) with
the radial oscillator potential [2, 13]

U(x; g) = x2 +
g(g − 1)

x2
− (1 + 2g), g > 0, 0 < x <∞. (3.1)

It has a regular singularity at x = 0 with the characteristic exponents ρ = g, 1 − g and an
irregular singularity at x =∞. The eigenpolynomial solutions are

Hφn(x; g) = Enφn(x; g), En = 4n,

φn(x; g) = e−x
2/2xgL

(
g−1

2

)
n (η(x)), η(x)

def
= x2, n = 0, 1, . . . , (3.2)

in which L
(α)
n (η) is the degree n Laguerre polynomial in η. They form a complete set of ortho-

gonal polynomials over (0,∞)

(φn, φm)
def
=

∫ ∞
0
φn(x; g)φm(x; g)dx =

1

2

∫ ∞
0
e−ηηg−

1
2L

(
g−1

2

)
n (η)L

(
g−1

2

)
m (η)dη = hn(g)δnm,

hn(g)
def
=

1

2n!
Γ
(
n+ g + 1

2

)
.

The generic multi-indexed Laguerre polynomials are constructed by the Darboux–Crum trans-
formations (2.3) in terms of two types of polynomial (v ∈ Z>0) seed solutions, called the virtual
state solutions [19],

φ̃Iv(x; g)
def
= e

1
2
x2xgL

(
g−1

2

)
v (−η(x)), Ẽ Iv(g)

def
= −4

(
g + v + 1

2

)
,
(
φ̃Iv, φ̃

I
v

)
=∞, (3.3)

φ̃IIv (x; g)
def
= e−

1
2
x2x1−gL

(
1
2−g
)

v (η(x)), Ẽ IIv (g)
def
= −4

(
g − v− 1

2

)
,
(
φ̃IIv , φ̃

II
v

)
=∞, (3.4)

with certain constraints on the range of the parameter g. In order to generate a wider class
of global solutions with a high degree of apparent singularities, we will adopt non-virtual state
polynomial seed solutions, too:

φ̃IIIv (x; g)
def
= e

1
2
x2x1−gL

(
1
2−g
)

v (−η(x)), Ẽ IIIv (g)
def
= −4(v + 1),

(
φ̃IIIv , φ̃IIIv

)
=∞. (3.5)

Here we summarise the definition of “non-generic” multi-indexed Laguerre polynomials.

Definition. The “non-generic” multi-indexed Laguerre polynomials are the main part of the
eigenfunctions ψ(M)(x) (2.3) generated by the multiple Darboux transformations with the eigen-
functions {φn(x; g)} and the three types of seed solutions (3.3), (3.4) and (3.5), the virtual and
non-virtual state solutions, and that the parameter g is restricted only by the positivity g > 0.

The regularity of the solutions and/or the positivity of the resultant weight functions etc.
must be verified in each specific case of the chosen parameter values. This is in good contrast
with the multi-indexed Laguerre and Jacobi polynomials defined in [19], in which the parameters
are restricted (equations (23) and (24) of [11]) so that the seed solutions are of definite sign and
their inverse are not square integrable(

1/φ̃Iv, 1/φ̃
I
v

)
,=
(
1/φ̃IIv , 1/φ̃

II
v

)
=∞.

These two additional properties guarantee the regularity of the solutions and the positivity of
the weight function. In other words, these restrictions are lifted for the possible construction of
the non-generic multi-indexed Laguerre polynomials. In the singular solution cases, the square
integrability is irrelevant and we also consider g < 0 example (F).

For the M -index case, the seed solutions is W[ϕv1 , . . . , ϕvM ](x). We look for the possibility
that this function has triple or higher zeros at some points.
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3.2 Two-index case

Here we consider the simplest multi-index case, the two-index case

φ(2)n (x)
def
=

W[ϕ1, ϕ2, φn](x)

W[ϕ1, ϕ2](x)
. (3.6)

We focus on the seed solutions of the form

W
[
φ̃IIIv1 (x; g), φ̃Iv2(x; g)

]
(x), W

[
φ̃IIIv1 (x; g), φ̃IIv2(x; g)

]
(x), W

[
φ̃Iv1(x; g), φ̃IIv2(x; g)

]
(x),

with lower degrees v1 and v2 and evaluate the discriminants of the polynomial part of the seed
solutions. At the roots of the discriminant, which is a polynomial in g, the above seed solution
has a multiple zero. The first two are the non-generic type and the last one is the generic type.
As we will show in some detail, they have different features.

So far we have encountered the following seven cases:

(A) : W
[
φ̃III1

(
x; 3

4

)
, φ̃I2
(
x; 3

4

)]
(x), (B) : W

[
φ̃III2

(
x; 1

4

)
, φ̃I1
(
x; 1

4

)]
(x),

(C) : W
[
φ̃III2

(
x; 9

4

)
, φ̃II1

(
x; 9

4

)]
(x), (D) : W

[
φ̃III1

(
x; 9

4

)
, φ̃II2

(
x; 9

4

)]
(x),

(E) : W
[
φ̃I2
(
x; 15

2

)
, φ̃II1

(
x; 15

2

)]
(x), (F ) : W

[
φ̃I1
(
x;−13

2

)
, φ̃II2

(
x;−13

2

)]
(x),

(G) : W
[
φ̃I3
(
x; 53

2

)
, φ̃II1

(
x; 53

2

)]
(x).

3.2.1 Seed solution case (A)

In this case

W
[
φ̃III1 (x; g), φ̃I2(x; g)

]
(x)

= 1
16(2g + 1)ex

2(−9 + 18g + 4g2 − 8g3 +
(
18− 8g2

)
x2 + (12 + 8g)x4 + 8x6

)
.

The discriminant of the polynomial in the variable η(= x2) is

2048(2g − 3)(2g + 3)2(4g − 3)2,

and g = 3
4 gives a cubic zero

W
[
φ̃III1

(
x; 3

4

)
, φ̃I2
(
x; 3

4

)]
(x) = 5

256e
x2
(
3 + 4x2

)3
.

The potential is

UA(x) = x2 − 3

16x2
+

48

3 + 4x2
− 288(

3 + 4x2
)2 − 13

2
. (3.7)

3.2.2 Seed solution case (B)

In this case

W
[
φ̃III2 (x; g), φ̃I1(x; g)

]
(x)

= 1
16(2g − 3)ex

2(
5− 2g − 20g2 + 8g3 +

(
10 + 16g − 8g2

)
x2 + (20− 8g)x4 + 8x6

)
.

The discriminant of the polynomial in η is

−2048(2g − 5)2(2g + 1)(4g − 1)2,

and g = 1
4 gives a cubic zero

W
[
φ̃III2

(
x; 1

4

)
, φ̃I1
(
x; 1

4

)]
(x) = − 5

256e
x2
(
3 + 4x2

)3
.

The potential is the same as UA(x) up to an additive constant

UB(x) = UA(x) + 1 = x2 − 3

16x2
+

48

3 + 4x2
− 288(

3 + 4x2
)2 − 11

2
. (3.8)



6 R. Sasaki and K. Takemura

3.2.3 Seed solution case (C)

In this case

W
[
φ̃III2 (x; g), φ̃II1 (x; g)

]
(x)

= 1
8x

3−2g(−135 + 174g − 68g2 + 8g3 +
(
−54 + 48g − 8g2

)
x2 + (36− 8g)x4 + 8x6

)
. (3.9)

The discriminant of the polynomial in η is

−2048(2g − 9)2(2g − 3)(4g − 9)2,

and g = 9
4 gives a cubic zero

W
[
φ̃III2

(
x; 9

4

)
, φ̃II1

(
x; 9

4

)]
(x) =

(
3 + 4x2

)3
64x3/2

.

The potential is exactly the same as UB

UC(x) = UB(x) = x2 − 3

16x2
+

48

3 + 4x2
− 288(

3 + 4x2
)2 − 11

2
.

Since the eigenvalue En = 4n is independent of g, the corresponding solutions φ
(2)
n (x) (3.6) for (B)

and (C) satisfy the same equations. Thus they are identical. We will not consider case (C) in
the next subsection.

3.2.4 Seed solution case (D)

In this case

W
[
φ̃III1 (x; g), φ̃II2 (x; g)

]
(x)

= 1
8x

3−2g(−135 + 174g − 68g2 + 8g3 +
(
54− 48g + 8g2

)
x2 + (36− 8g)x4 − 8x6

)
.

The polynomial part is obtained from that of (3.9) by the change x2 → −x2. Thus the discri-
minant is the same and g = 9

4 gives a cubic zero

W
[
φ̃III1

(
x; 9

4

)
, φ̃II2

(
x; 9

4

)]
(x) = −

(
−3 + 4x2

)3
64x3/2

.

The potential has a singularity in (0,∞)

UD(x) = x2 − 3

16x2
+

48

−3 + 4x2
+

288(
−3 + 4x2

)2 − 11

2
. (3.10)

The corresponding solutions (3.6) are not square integrable and this sequence is not that of
orthogonal polynomials.

Cases (E)–(G) belong to the generic type.

3.2.5 Seed solution case (E)

In this case

W
[
φ̃I2(x; g), φ̃II1 (x; g)

]
(x)

= − 9
16 + 5

2g
2 − g4 +

(
9
2 + 9g − 2g2 − 4g3

)
x2 +

(
15
2 − 4g − 6g2

)
x4 − 2(1 + 2g)x6 − x8.
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The discriminant of the polynomial in η is

−16(2g − 15)2(2g − 3)(2g + 1)(2g + 3)2

and g = 15
2 gives a cubic zero

W
[
φ̃I2
(
x; 15

2

)
, φ̃II1

(
x; 15

2

)]
(x) =

(
6 + x2

)3(
14 + x2

)
.

The potential is

UE(x) = x2 +
195

4x2
− 144(

6 + x2
)2 +

12

6 + x2
− 112(

14 + x2
)2 +

4

14 + x2
− 16. (3.11)

3.2.6 Seed solution case (F)

In this case

W
[
φ̃I1(x; g), φ̃II2 (x; g)

]
(x) = 15

16 − g −
7
2g

2 + 4g3 − g4 −
(
15
2 + 7g − 14g2 + 4g3

)
x2

−
(
5
2 − 16g + 6g2

)
x4 + (6− 4g)x6 − x8.

The discriminant of the polynomial in η is

−16(2g − 5)2(2g − 3)(2g + 1)(2g + 13)2

and at a negative value of the parameter g = −13
2 it gives a cubic zero

W
[
φ̃I1
(
x;−13

2

)
, φ̃II2

(
x;−13

2

)]
(x) = −

(
x2 − 14

)(
x2 − 6

)3
.

The potential is singular in (0,∞)

UF (x) = x2 +
195

4x2
+

144(
x2 − 6

)2 +
12

x2 − 6
+

112(
x2 − 14

)2 +
4

x2 − 14
+ 12. (3.12)

3.2.7 Seed solution case (G)

In this case

W
[
φ̃I3(x; g), φ̃II1 (x; g)

]
(x) = 1

96

{
(−3 + 2g)(−1 + 2g)(1 + 2g)(3 + 2g)(5 + 2g)

+ 10(−3 + 2g)(1 + 2g)(3 + 2g)(5 + 2g)x2 + 80(−1 + g)(3 + 2g)(5 + 2g)x4

+ 160g(5 + 2g)x6 + 80(3 + 2g)x8 + 32x10
}
.

The discriminant in η is proportional to

(2g − 3)(2g + 1)(2g + 3)2(2g + 5)3(10g − 39)2

and g = 39
10 gives a cubic zero

W
[
φ̃I3
(
x; 39

10

)
, φ̃II1

(
x; 39

10

)]
(x) = 1

9375

(
12 + 5x2

)3(
2244 + 495x2 + 25x4

)
.

The potential is

UG(x) = x2 +
1131

100x2
− 44

5
− 1440(

12 + 5x2
)2 +

60

12 + 5x2

+
165000x2(

2244 + 495x2 + 25x4
)2 +

20
(
10x2 − 99

)
2244 + 495x2 + 25x4

.

The basic structure of (G) is essentially the same as that of (E). So we will not present the
explicit formulas of (G), since they tend to be rather lengthy.
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3.2.8 The detailed structure of these seed solutions

In the non-generic cases (A) and (B), the potential functions are essentially the same, but the
main eigenfunctions carry different coupling constants,

{
φn
(
x; 3

4

)}
and

{
φn
(
x; 1

4

)}
. Thus the

corresponding multi-indexed polynomials are entirely different. The equality (up to a sign) of
the seed solutions of (A) and (B) is easily understood, when one notes the trivial identity

φ̃Iv(x; g) = φ̃IIIv (x; 1− g).

In fact, we have

φ̃I1
(
x; 1

4

)
= φ̃III1

(
x; 3

4

)
= 1

4e
x2/2x1/4

(
3 + 4x2

)
,(

1/φ̃I1
(
x; 1

4

)
, 1/φ̃I1

(
x; 1

4

))
=
(
1/φ̃III1

(
x; 3

4

)
, 1/φ̃III1

(
x; 3

4

))
<∞, (3.13)

φ̃I2
(
x; 3

4

)
= φ̃III2

(
x; 1

4

)
= 1

32e
x2/2x3/4

(
3 + 4x2

)(
15 + 4x2

)
,(

1/φ̃I2
(
x; 3

4

)
, 1/φ̃I2

(
x; 3

4

))
=
(
1/φ̃III2

(
x; 1

4

)
, 1/φ̃III1

(
x; 1

4

))
=∞.

A cubic zero of the seed solution in (A) and (B) is realised by a nice magic of the Wronskian

W
[
ex

2/2x1/4
(
3 + 4x2

)
, ex

2/2x3/4
(
3 + 4x2

)(
15 + 4x2

)]
(x)

=
(
ex

2/2x1/4
(
3 + 4x2

))2
W
[
1, x1/2

(
15 + 4x2

)]
(x).

The Wronskian on the r.h.s. provides another factor 3 + 4x2. The fact that 1/φ̃I1
(
x; 1

4

)
and

1/φ̃III1

(
x; 3

4

)
are square integrable (3.13) means that the mechanism of multi-index polynomials

developed in [19] does not apply.
For (C) and (D), the functions are

φ̃II1
(
x; 9

4

)
= −1

4e
−x2/2x−5/4

(
3 + 4x2

)
, φ̃II2

(
x; 9

4

)
= 1

32e
−x2/2x−5/4

(
−3 + 4x2

)(
1 + 4x2

)
,

φ̃III1

(
x; 9

4

)
= 1

4e
x2/2x−5/4

(
−3 + 4x2

)
, φ̃III2

(
x; 9

4

)
= 1

32e
x2/2x−5/4

(
3 + 4x2

)(
−1 + 4x2

)
,(

φ̃II1
(
x; 9

4

)
, φ̃II1

(
x; 9

4

))
=∞,

(
1/φ̃II1

(
x; 9

4

)
, 1/φ̃II1

(
x; 9

4

))
=∞.

Again the cubic zeros of these cases are realised by a nice magic of the Wronskian. As expected,
φ̃II2
(
x; 9

4

)
, φ̃III1

(
x; 9

4

)
and φ̃III2

(
x; 9

4

)
change sign in (0,∞), which is a deviation from the mechanism

of multi-index polynomials developed in [19].

Now it is clear that the solutions φ
(2)
n (x) (3.6) have a ρ = −2 apparent singularity, that is,

φ(2)n (x) ∝ 1

(3 + 4x2)2
, (A), (B), (C), φ(2)n (x) ∝ 1

(−3 + 4x2)2
, (D). (3.14)

Among the six terms of the numerator Wronskian W[ϕ1, ϕ2, φn](x) of (3.6), the four terms
containing φ′n(x) or φ′′n(x) contain at least one term ϕ1(x) or ϕ2(x) without a derivative. Thus
they contain at least one factor of 3 + 4x2 in (A), (B), (C) and −3 + 4x2 in (D). The remaining
two terms which contain φn(x) are proportional to

ϕ′1(x)ϕ′′2(x)− ϕ′′1(x)ϕ′2(x).

Since ϕj(x) is a solution of the original Schrödinger equation (2.1), they satisfy

ϕ′′j (x) =
(
U(x)− Ẽj

)
ϕj(x), j = 1, 2.

Thus the above terms also contain one factor of ϕ1(x) or ϕ2(x), that is, 3 + 4x2 in (A), (B),
(C) and −3 + 4x2 in (D). Thus one factor of the cubic zero of the seed function W[ϕ1, ϕ2](x) is
cancelled and we arrive at (3.14).
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The relationship between the generic cases (E) and (F) has similarities with that between
the non-generic cases (C) and (D). The functions in (E) are

φ̃I2
(
x; 15

2

)
= 1

2e
x2/2x15/2

(
6 + x2

)(
12 + x2

)
, φ̃II1

(
x; 15

2

)
= −e−x2/2x−13/2

(
6 + x2

)
.

The functions in (F) are

φ̃I1
(
x;−13

2

)
= ex

2/2x−13/2
(
−6 + x2

)
, φ̃II1

(
x;−13

2

)
= 1

2e
−x2/2x15/2

(
−6 + x2

)(
−12 + x2

)
.

Thus it is also clear that the solutions φ
(2)
n (x) (3.6) have a ρ = −2 apparent singularity, that is,

φ(2)n (x) ∝ 1

(6 + x2)2
, (E), φ(2)n (x) ∝ 1

(x2 − 6)2
, (F).

3.3 Global solutions with a ρ = −2 apparent singularity

Here we present the infinitely many global solutions with a ρ = −2 apparent singularity in

explicit forms. They are simply obtained by evaluating φ
(2)
n (x) (3.6) in each case (A)–(F), to

be denoted by φAn (x), φBn (x), . . . , φFn (x), respectively. Most formulas look simpler as functions
of η ≡ η(x) = x2, since the eigenpolynomials of the radial oscillator potential are the Laguerre
polynomials in η, (3.2).

3.3.1 Global solutions (A)

The global solutions are

HAφAn (x) = EnφAn (x), HA def
= − d2

dx2
+ UA(x), En = 4n, (3.15)

φAn (x) =
e−η/2η3/8

(3 + 4η)2
LAn (η), n = 0, 1, . . . , (3.16)

in which LAn (η) (n ≥ 0) is a degree n+ 3 polynomial in η defined by

LAn (η)
def
=
(
−117 + 156η + 208η2 + 64η3

)
L(1/4)
n (η)

− 4n(3 + 4η)2L(1/4)
n (η)− 4η(3 + 4η)(15 + 4η)∂ηL

(1/4)
n (η).

In evaluating the Wronskian W
[
φ̃III1

(
x; 3

4

)
, φ̃I2
(
x; 3

4

)
, φn
(
x; 3

4

)]
(x), the second derivative of the

Laguerre polynomial L
(1/4)
n (η) appears. It is replaced by L

(1/4)
n (η) and ∂ηL

(1/4)
n (η) by using the

equation for the Laguerre polynomial

x∂2xL
(α)
n (x) + (α+ 1− x)∂xL

(α)
n (x) + nL(α)

n (x) = 0.

There is another member of this family corresponding to the eigenvalue E = −8, because of
the fact that the Darboux transformation in terms of φ̃III1

(
x; 3

4

)
is not one-to-one,

(
1/φ̃III1

(
x; 3

4

)
,

1/φ̃III1

(
x; 3

4

))
<∞, (3.13), see [19]. Let us denote it tentatively by LA−2(η)

LA−2(η)
def
= 15 + 4η, (3.17)

whose normalisation is irrelevant. Note that n = −1 is missing. Some lower members are

LA0 (η) = −117 + 156η + 208η2 + 64η3, LA1 (η) = −765

4
+ 408η + 408η2 − 64η4,

LA2 (η) = −8505

32
+

6237

8
η + 567η2 − 252η3 − 168η4 + 32η5.
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They are also discussed in § 6.2.5 of [9]. They satisfy the orthogonality relation∫ ∞
0

e−ηη
1
4

(3 + 4η)4
LAn (η)LAm(η)dη = hAn δnm, n,m = −2, 0, 1, . . . ,

hAn
def
=

4(n+ 2)(4n+ 13)Γ(n+ 5
4)

n!
, n 6= −2,

which is obtained by rewriting (2.4) with Ẽ III1 (34) = −8 and Ẽ I2(34) = −13.
By rewriting the Schrödinger equation for φAn (x) (3.15) in terms of

φAn (x) = e−η/2η3/8y(η),

we obtain a second-order differential equation with regular a singularity at η = 0 and η = −3
4

and an irregular singularity at x =∞

ηy′′ +

(
5

4
− η
)
y′ +

45− 24η + 16η2

(3 + 4η)2
y + ny = 0, n = −2, 0, 1, . . . . (3.18)

For each n we have a global solution with a ρ = −2 apparent singularity

yn(η) =
LAn (η)

(3 + 4η)2
, n = −2, 0, 1, . . . .

The differential equations for the polynomials {LAn (η)} read

4η(3 + 4η)LAn (η)′′ − (4η − 1)(15 + 4η)LAn (η)′

+ 4
(
5 + 12η + n(3 + 4η)

)
LAn (η) = 0, n = −2, 0, 1, . . . .

The groundstate wavefunction φA−2(x) (3.16) with LA−2 (3.17) and the energy E = −8 is
related to the potential UA(x) (3.7) through the prepotential wA(x) (Riccati form of Schrödinger
equation)

ewA(x)
def
=
e−x

2/2x3/4(15 + 4x2)

(3 + 4x2)2
⇒

(
dwA(x)

dx

)2

+
d2wA(x)

dx2
− 8 = UA(x).

In other words, the Hamiltonian HA (3.15) is written in a factorised form

HA = AA†AA − 8, AA def
=

d

dx
− dwA(x)

dx
, AA† = − d

dx
− dwA(x)

dx
. (3.19)

It is easy to verify that the standard Darboux–Crum transformation [3] of deleting the ground-
state applied to (3.19) will lead to the system of one-indexed (or the exceptional) polynomial
system generated in terms of the virtual state solution φ̃I2

(
x; 3

4

)
HA1 def

= AAAA† − 8 = − d2

dx2
+

(
dwA(x)

dx

)2

− d2wA(x)

dx2
− 8 = − d2

dx2
+ UA1(x),

UA1(x) = x2 +
21

16x2
+

16

3 + 4x2
− 96

(3 + 4x2)2
+

16

15 + 4x2
− 480

(15 + 4x2)2
− 9

2

= U
(
x; 3

4

)
− 2

d2

dx2
log φ̃I2

(
x; 3

4

)
.

This shows clearly that the non-generic two-indexed polynomial system (A) generated by a non-
virtual state solution φ̃III1

(
x; 3

4

)
and a virtual state solution φ̃I2

(
x; 3

4

)
is not shape-invariant [7], in

contrast with the generic multi-indexed polynomial systems [19]. The standard Darboux–Crum
transformation removes the groundstate “created” by the non-virtual state solution φ̃III1

(
x; 3

4

)
and the generic one-indexed polynomial system generated by the virtual state solution φ̃I2

(
x; 3

4

)
is obtained.
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3.3.2 Global solutions (B)

The global solutions are

HBφBn (x) = EnφBn (x), HB def
= − d2

dx2
+ UB(x), En = 4n, (3.20)

φBn (x) =
e−η/2η1/8

(3 + 4η)2
LBn (η), n = 0, 1, . . . , (3.21)

in which LBn (η) (n ≥ 0) is a degree n+ 3 polynomial in η defined by

LBn (η)
def
=
(
−63 + 252η + 240η2 + 64η3

)
L(−1/4)
n (η)

− 4n(3 + 4η)2L(−1/4)
n (η)− 4η(3 + 4η)(15 + 4η)∂ηL

(−1/4)
n (η).

There is another member of this family corresponding to the eigenvalue E = −12, because of
the fact that the Darboux transformation in terms of φ̃III2

(
x; 1

4

)
is not one to one,

(
1/φ̃III2

(
x; 1

4

)
,

1/φ̃III2

(
x; 1

4

))
<∞, (3.13), see [19]. Let us denote it tentatively by LB−3(η)

LB−3(η)
def
= 1. (3.22)

Its normalisation is irrelevant. Note that n = −2,−1 are missing. Some lower-degree members
are

LB0 (η) = −63 + 252η + 240η2 + 64η3, LB1 (η) = −297

4
+ 396η + 264η2 − 64η3 − 64η4,

LB2 (η) = −2835

32
+

4725

8
η + 225η2 − 300η3 − 120η4 + 32η5.

They are also discussed in § 6.2.6 of [9]. They satisfy the orthogonality relation∫ ∞
0

e−ηη−1/4

(3 + 4η)4
LBn (η)LBm(η)dη = hBn δnm, n,m = −3, 0, 1, . . . ,

hBn
def
=

4(n+ 3)(4n+ 7)Γ(n+ 3
4)

n!
, n 6= −3,

which is obtained by rewriting (2.4) with Ẽ III2

(
3
4

)
= −12 and Ẽ I1

(
3
4

)
= −7.

By rewriting the Schrödinger equation for φBn (x) (3.20) in terms of

φBn (x) = e−η/2η1/8y(η),

we obtain a second-order differential equation with a regular singularity at η = 0 and η = −3
4

and an irregular singularity at x =∞

ηy′′ +

(
3

4
− η
)
y′ +

45− 24η + 16η2

(3 + 4η)2
y + ny = 0, n = −3, 0, 1, . . . . (3.23)

For each n we have a global solution with a ρ = −2 apparent singularity

yn(η) =
LBn (η)

(3 + 4η)2
, n = −3, 0, 1, . . . .

The differential equations for the polynomials {LBn (η)} read

4η(3 + 4η)LBn (η)′′ −
(
−9 + 64η + 16η2

)
LBn (η)′

+ 4(3 + n)(3 + 4η)LBn (η) = 0, n = −3, 0, 1, . . . .
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The groundstate wavefunction φB−3(x) (3.21) with LB−3 (3.22) and the energy E = −12 is
related to the potential UB(x) (3.8) through the prepotential wB(x) (Riccati form of Schrödinger
equation)

ewB(x) def
=
e−x

2/2x1/4

(3 + 4x2)2
⇒

(
dwB(x)

dx

)2

+
d2wB(x)

dx2
− 12 = UB(x).

In other words, the Hamiltonian HB (3.20) is written in a factorised form

HB = AB†AB − 12, AB def
=

d

dx
− dwB(x)

dx
, AB† = − d

dx
− dwB(x)

dx
.

It is easy to verify that the standard Darboux–Crum transformation [3] of deleting the ground-
state will lead to the system of one-indexed (or the exceptional) polynomial system generated
in terms of the virtual state solution φ̃I1

(
x; 1

4

)
HB1 def

= ABAB† − 12 = − d2

dx2
+

(
dwB(x)

dx

)2

− d2wB(x)

dx2
− 12 = − d2

dx2
+ UB1(x),

UB1(x) = x2 +
5

16x2
+

16

3 + 4x2
− 96

(3 + 4x2)2
− 7

2
= U

(
x; 1

4

)
− 2

d2

dx2
log φ̃I1

(
x; 1

4

)
.

3.3.3 Global solutions (D)

The global solutions are

HDφDn (x) = EnφDn (x), HD def
= − d2

dx2
+ UD(x), En = 4n, (3.24)

φDn (x) =
e−η/2η1/8

4(−3 + 4η)2
LDn (η), n = 0, 1, . . . ,

in which LDn (η) (n ≥ 0) is a degree n+ 3 polynomial in η defined by

LDn (η)
def
= (3 + 4η)

(
63 + 16η2

)
L(7/4)
n (η)

− 16nη(−3 + 4η)2L(7/4)
n (η)− 36η(−3 + 4η)(1 + 4η)∂ηL

(7/4)
n (η).

There is another member of this family belonging to the energy E = −8, to be denoted tentatively
by LD−2(η)

LD−2(η)
def
= 1 + 4η. (3.25)

Some lower members are

LD0 (η) = (3 + 4η)
(
63 + 16η2

)
, LD1 (η) =

2079

4
+ 792η2 − 384η3 + 192η4,

LD2 (η) =
31185

32
− 10395

8
η + 3465η2 − 2940η3 + 1512η4 − 224η5.

Note that n = −1 is missing. The lowest member LD−2 (3.25) with the energy E = −8 is related
to the potential UD(x) (3.10) through the prepotential (Riccati form of Schrödinger equation)

ewD(x) def
=
e−x

2/2x1/4(1 + 4x2)

(−3 + 4x2)2
⇒

(
dwD(x)

dx

)2

+
d2wD(x)

dx2
− 8 = UD(x).
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By rewriting the Schrödinger equation for φDn (x) (3.24) in terms of

φDn (x) = e−η/2η1/8y(η),

we obtain a second-order differential equation with a regular singularity at η = 0 and η = +3
4

and an irregular singularity at x =∞

ηy′′ +

(
3

4
− η
)
y′ − 27 + 72η − 16η2

(−3 + 4η)2
y + ny = 0, n = −2, 0, 1, . . . . (3.26)

For each n we have a global solution with a ρ = −2 apparent singularity:

yn(η) =
LDn (η)

(−3 + 4η)2
, n = −2, 0, 1, . . . .

The differential equations for the polynomials {LDn (η)} read

4η(−3 + 4η)LDn (η)′′ − (1 + 4η)(9 + 4η)LDn (η)′

+ 4
(
3 + 12η + n(−3 + 4η)

)
LDn (η) = 0, n = −2, 0, 1, . . . .

3.3.4 Global solutions (E)

The global solutions are

HEφEn (x) = EnφEn (x), HE def
= − d2

dx2
+ UE(x), En = 4n, (3.27)

φEn (x) =
e−η/2η

15
4

(6 + η)2(14 + η)
LEn (η), n = 0, 1, . . . , (3.28)

in which LEn (η) is a degree n+ 3 polynomial in η defined by

LEn (η)
def
= −24

(
840 + 280η + 30η2 + η3

)
L(7)
n (η)

− 4n(6 + η)2(14 + η)L(7)
n (η)− 16η(6 + η)(12 + η)∂ηL

(7)
n (η).

This belongs to the generic case and the Darboux transformation is one-to-one. The groundstate
corresponds to LE0 . Some lower members are

LE0 (η) = −24(840 + 280η + 30η2 + η3), (3.29)

LE1 (η) = 28
(
−6336− 1320η + 44η2 + 22η3 + η4

)
,

LE2 (η) = −16
(
54432 + 4536η − 1944η2 − 180η3 + 12η4 + η5

)
.

They satisfy the orthogonality relation∫ ∞
0

e−ηη7

(6 + η)4(14 + η)2
LEn (η)LEm(η)dη = hEn δnm, n,m = 0, 1, . . . ,

hEn
def
= 16(n+ 10)(n+ 6)(n+ 1)7,

which is obtained by rewriting (2.4) with Ẽ I2
(
15
2

)
= −40 and Ẽ II1

(
15
2

)
= −24. Here (a)n

def
=

n∏
k=1

(a+ k − 1) is the shifted factorial (the Pochhammer symbol).

By rewriting the Schrödinger equation for φEn (x) (3.27) in terms of

φEn (x) = e−η/2η15/4y(η),
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we obtain a second-order differential equation with a regular singularity at η = 0 and η =
−6,−14 and an irregular singularity at x =∞

ηy′′ + (8− η)y′ + 4
1008 + 12η − 16η2 − η3

(6 + η)2(14 + η)2
y + ny = 0, n = 0, 1, . . . . (3.30)

For each n we have a global solution with a ρ = −2 and a ρ = −1 apparent singularities:

yn(η) =
LEn (η)

(6 + η)2(14 + η)
, n = 0, 1, . . . .

The differential equations for the polynomials {LEn (η)} read

η(6 + η)(14 + η)LEn (η)′′ −
(
−672− 8η + 18η2 + η3

)
LEn (η)′

+
(
−224 + 18η + 3η2 + n(6 + η)(14 + η)

)
LEn (η) = 0, n = 0, 1, . . . .

The groundstate wavefunction φE0 (x) (3.28) with LE0 (3.29) is related to the potential UE(x)
(3.11) through the prepotential wE(x):

ewE(x)
def
=
e−x

2/2x15/2(840 + 280x2 + 30x4 + x6)

(6 + x2)2(14 + x2)
⇒

(
dwE(x)

dx

)2

+
d2wE(x)

dx2
= UE(x).

By construction, the system is shape-invariant(
dwE(x)

dx

)2

− d2wE(x)

dx2
= U

(
x; 17

2

)
− 2

d2

dx2
log W

[
φ̃I2
(
x; 17

2

)
, φ̃II1

(
x; 17

2

)]
(x) + 4

= x2 +
255

4x2
− 14− 48

(6 + x2)2
+

4

6 + x2

− 640(630 + 175x2 + 12x4)

(840 + 280x2 + 30x4 + x6)2
+

4(−160 + 3x2)

(840 + 280x2 + 30x4 + x6)
.

As shown clearly above, the singularity at x2 = −6 of the new potential corresponds to the
characteristic exponents ρ = −1, 2.

3.3.5 Global solutions (F)

The global solutions are singular in (0,∞)

HFφFn (x) = EnφFn (x), HF def
= − d2

dx2
+ UF (x), En = 4n, (3.31)

φFn (x) =
e−η/2η−13/4

(−6 + η)2(−14 + η)
LFn (η), n = 0, 1, . . . , (3.32)

in which LFn (η) is a degree n+ 3 polynomial in η defined by

LFn (η)
def
= −4

(
−9
(
−280 + 140η − 22η2 + η3

)
+ n(−14 + η)(−6 + η)

)
L(−7)
n (η)

− 16η(−6 + η)(−12 + η)∂ηL
(−7)
n (η).

They are not square integrable and thus they are not eigenfunctions. Some lower members
are

LF0 (η) = 36
(
−280 + 140η − 22η2 + η3

)
, (3.33)

LF1 (η) = −32
(
−1512 + 504η + 12η2 − 16η3 + η4

)
, (3.34)

LF2 (η) = 14
(
−6480 + 1080η + 396η2 − 42η3 − 12η4 + η5

)
.
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By rewriting the Schrödinger equation for φFn (x) (3.31) in terms of

φFn (x) = e−η/2η−13/4y(η),

we obtain a second-order differential equation with a regular singularity at η = 0 and η = 6, 14
and an irregular singularity at x =∞

ηy′′ − (6 + η)y′ − 4
1008− 12η − 16η2 + η3

(−6 + η)2(−14 + η)2
y + ny = 0, n = 0, 1, . . . . (3.35)

For each n we have a singular global solution with a ρ = −2 and a ρ = −1 apparent singularities

yn(η) =
LFn (η)

(−6 + η)2(−14 + η)
, n = 0, 1, . . . .

The differential equations for the polynomials {LFn (η)} read

η(−6 + η)(−14 + η)LFn (η)′′ −
(
504− 104η − 8η2 + η3

)
LFn (η)′

+
(
−252− 8η + 3η2 + n(−6 + η)(−14 + η)

)
LFn (η) = 0, n = 0, 1, . . . .

The wavefunction φF0 (x) (3.32) with LF0 (3.33) is related to the potential UF (x) (3.12) through
the prepotential wF (x)

ewF (x)
def
=
e−x

2/2x−13/2(−280 + 140x2 − 22x4 + x6)

(−6 + x2)2(−14 + x2)

⇒
(
dwF (x)

dx

)2

+
d2wF (x)

dx2
= UF (x).

By construction, the system is shape-invariant. The equations and the wavefunctions of (E)
and (F) systems have very similar forms.

Here we provide a summary table of (A) to (F), with the seed solution, the potential, the
orthogonality weight function and the “degree” of the extra member, that is the “n” of the extra
member Ln. Case (C) is omitted because it is identical with (B).

Summary table
seed potential weight extra “deg.”

(A) ex
2
(3 + 4x2)3 x2 − 3

16x2
+ 48(−3+4x2)

(3+4x2)2
− 13

2
e−ηη1/4

(3+4η)4
−2

(B) ex
2
(3 + 4x2)3 UA + 1 e−ηη−1/4

(3+4η)4
−3

(D) x−3/2(−3 + 4x2)3 x2 − 3
16x2

+ 48(−9+4x2)
(−3+4x2)2

− 11
2 n.a. −2

(E) (x2 + 6)3(x2 + 14) x2 + 195
4x2

+ 12(x2−6)
(x2+6)2

+ 4(x2−14)
(x2+14)2

− 16 e−ηη7

(6+η)4(14+η)2
none

(F) (x2 − 6)3(x2 − 14) x2 + 195
4x2

+ 12(x2+6)
(x2−6)2 + 4(x2+14)

(x2−14)2 + 12 n.a. none

3.4 Three-index case

Among various possibilities of the three index cases with lower degrees, the following has been
noted to have a cubic zero:

W
[
φ̃I1
(
x; 53

2

)
, φ̃II1

(
x; 53

2

)
, φ̃II2

(
x; 53

2

)]
(x) = −4

e−x
2/2

x51/2
(
30 + x2

)3(
390 + 39x2 + x4

)
.
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This case is denoted by (H). The potential is

UH(x) = x2 +
2499

4x2
− 52− 720

(30+x2)2
+

12

30+x2
− 312x2

(390+39x2+x4)2
+

4
(
2x2 − 39

)
390+39x2+x4

.

The global wavefunction of the Schrödinger equation with the eigenvalue En = 4n is

φHn (x) =
e−η/2η51/4

(30 + η)2(390 + 39η + η2)
LHn (η), n = 0, 1, . . . ,

in which LHn (η) is a degree n + 4 polynomial in η. This belongs to the generic case, and
the groundstate corresponds to LH0 (η), which is proportional to 425880 + 67704η + 4004η2 +
104η3+η4. The polynomial LHn (η) also satisfies a second-order differential equation with regular
singularities at η = 0,−30,−39/2 ±

√
−39/2 and an irregular singularity at x = ∞. The

orthogonality measure for the polynomials {LHn (η)} is given by e−ηη25dη
2(30+η)4(390+39η+η2)2

.

At present we do not have a systematic means to locate seed solutions with high multiplicity
of zeros, we stop our investigation here.

4 Summary and comments

Several families of infinitely many global solutions are presented for certain second-order diffe-
rential equations (3.18), (3.23), (3.26), (3.30) and (3.35) having two or more finite regular
singularities and one irregular singularity at infinity. The characteristic exponent of the global
solutions at each finite singularity is −2, −1 or 0. They are obtained from the non-generic as
well as the generic two-indexed Laguerre polynomials by choosing the parameter g in such a way
that the seed solutions have a triple zero. In two families (D) and (F), the extra finite singularity
is located inside the domain of the radial oscillator potential (0,∞). In the other three families,
the extra singularity is outside of (0,∞) and thus they form orthogonal polynomials over (0,∞)
with the weight functions (A) WA(η) = e−ηη1/4/(3 + 4η)4, (B) WB(η) = e−ηη−1/4/(3 + 4η)4,
(E) WE(η) = e−ηη7/{(6 + η)4(14 + η)2}. Since they are obtained within the framework of
multi-indexed orthogonal polynomials, their degrees have “gaps”. Those polynomials belonging
to (A) and (B) were derived in a different way in [9].

By construction, these families of two-indexed Laguerre polynomials are also the main part
of eigenfunctions of exactly solvable quantum mechanics, belonging to the class called deformed
radial oscillator potentials. In contrast with the generic multi-indexed polynomials (E) and (G),
the systems obtained from the non-generic multi-indexed polynomials (A) and (B) are not shape
invariant. By the standard Darboux–Crum transformations, these non-generic two-indexed poly-
nomial systems are mapped to the generic one-indexed polynomial systems.

By using the same method, we tried in vain to find other global solutions with higher degrees
(ρ = −3,−4) of apparent singularities within the multi-indexed Laguerre polynomials. It would
be interesting to explore the Jacobi polynomials counterparts of those results established in the
present paper [12]. We wonder if the ideas of the present paper could be generalised to a certain
kind of difference equations in discrete quantum mechanics [6, 16, 17, 18, 22, 23, 27, 28]2.
The multi-indexed orthogonal polynomials are also established in the framework of difference
Schrödinger equations, the multi-indexed (q-)Racah, Wilson and Askey–Wilson polynomials
[20, 21, 24, 25, 26].

2The dual q-Meixner polynomial in [27, § 5.2.4] and dual q-Charlier polynomial in [27, § 5.2.8] should be
deleted because the hermiticity of the Hamiltonian is lost for these two cases.
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[9] Gómez-Ullate D., Kamran N., Milson R., A conjecture on exceptional orthogonal polynomials, Found.
Comput. Math., to appear, arXiv:1203.6857.
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