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1 Statement of results

1.1 Motivation

This paper is motivated by the Givental and Kim observation [10] that the characteristic variety
of the quantum differential equation of a flag variety is a Lagrangian variety of the classical Toda
lattice. The quantum differential equation is a system of differential equations hd;y) = b; o 1,
i =1,...,r, defined by the quantum multiplication o and depending on a parameter h. The
system defines a flat connection for all nonzero values of . Givental and Kim, in particular,
observe that the characteristic variety of this system is the Lagrangian variety of the classical
Toda lattice, defined by equating to zero the first integrals of the Toda lattice.

In this paper we describe a similar relation between the KZ equation and the classical
Calogero—Moser system. On numerous relations between the KZ equations and quantum Calo-
gero—Moser systems see [2, 3, 6, 7, 14].

1.2 Classical Calogero—Moser system

Fix an integer n > 2. Denote A = {z = (z1,...,2,) € C" | 2, = 2, for some a # b}, the union of
diagonals. Consider the cotangent bundle T7%(C™ — A) with symplectic form w = i dpa N dzq,
where p1,...,p, are coordinates on fibers. The classical Calogero—Moser system 0?1:71“ (C"—A)
is defined by the Hamiltonian
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The system is completely integrable. For

1 1 1
P Z1—29 F1—23 Z—z
1 1 1"
P2
Q=| 22 22 — 23 22 = zn |, (1.1)
1 1 1
DPn

Zn — 21 Zn — 22 2Zn — Z3

let det(u — Q) = u™ — Qru™ ! + .- £ Q, be the characteristic polynomial. Then Q1,...,Q, is
a complete list of commuting first integrals, and H = Q? — Q.
We will be interested in the subvariety Ly C T*(C™ — A) defined by the equations

Lo={(z,p) € T(C" = A) | Qu(2,p) =0, a=1,...,n}. (1.2)
Theorem 1.1 ([23]). For any n, the subvariety Ly is smooth and Lagrangian.

See propositions in Section 6 of [23]. Another proof of Theorem 1.1 will be given in Section 2.4.

1.3 Gaudin Hamiltonians and KZ characteristic variety

Fix an integer N > 2. Denote V = CY the vector representation of the Lie algebra gly.

The Hamiltonians of the quantum Gaudin model are the linear operators Hi,..., H, on the
space V&,
N (@)
H _ ij —ji 1.
(=Y Y (13
1,j=1 b#a

where e;; are the standard generators of gly, ez(»?) is the image of 12(e=1 eij ® 18(n=a) " and
21, .., 2n are distinct complex numbers, see [9]. The operators commute, [H,(z), Hy(z)] = 0 for
all a, b. The operators commute with the gly-action on V®",

Let A = (A,...,A\n) € Zgo be a partition of n with at most N parts, \y > --- > Ay,

Al = A1 + -+ -+ Ay = n. Denote
Sing V®"[A] = {v eVE | eyv=Nv, i=1,...,N; e;jv=0 for all i <j},

the subspace of singular vectors of weight A. The Gaudin Hamiltonians preserve Sing V™[]
We define the spectral variety of the Gaudin model on Sing V®"[A],

Specy.a = {(z,p) € T*(C" — A) | v € Sing VE"[A] with Hy(2)v = pav, a =1,...,n}.

The spectral variety is a Lagrangian subvariety of T7*(C" — A), see, for example, Proposition 1.5
in [20].
The Gaudin Hamiltonians are the right hand sides of the KZ equations,

k0, 1(z) = Hi(z)I(z), i=1,...,n,

where k € C* is a parameter. The spectral variety Spec N s, by definition, the characteristic
variety of the x-dependent D-module defined by the KZ equations with values Sing V®7[\].

Example. If X = (n,0,...,0), then Specy y is given by the equations po = ¥ (z4—2) ', a = 1,
b#a
.oo,n. f N=nand A = (1,...,1), then Specy , is given by the equations p, = — (2a—2) 71,
b#a
a=1,...,n.
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Theorem 1.2.

(i) The variety Specy x does not depend on N. Namely, consider A as a partition of n with
at most N + 1 parts. Then Specy x = Specyi; x- From now on we denote Specy y by
Specy,.

(13) For any n, the variety Lo is the disjoint union of the varieties Specy, where the union is
over all partitions X of n.

By Theorem 1.1, each Specy is smooth and Lagrangian.
Part (i) of Theorem 1.2 is proved in Section 2.2, and part (i7) is proved in Section 2.4.

1.4 Master function generates Spec,

N
Let A be a partition of n with at most N parts. Denote I, = > Ap,a=1,..., N — 1. Denote
b=a+1
=11 +---+1Iy_1. Consider the set of [ variables

t — (tgl), t(l) ’t(N_l) tl(N 1))

sl Tyl

and the affine space C"* x C! with coordinates z, t. The function ® N Ctox Cl -,

Pya(z,t) = Z log(zq — 2p) ZZlog t()

1<a<b<n a=1 1=1
It

N-—1 N=2 I
+23 3 log (¢ — %) = S5 S Ttog (1 - 1Y)
k=0

k=1 1<i<j<ly i=1 j=1

is called the master function, see [21, 22].
The master function depends on A, but not on N. Namely, consider A as a partition of n
with at most NV + 1 parts. Then ®y x = ®n 1 a. From now on we denote @y » by Py.
Critical points of ®» with respect to ¢ are given by the equation dg®y = 0. Denote by Crity
the critical set of ®) with respect to ¢,

Crity = {(2,t) € C" x C" | d®@x(2,t) = 0}.

This is an algebraic subset of the domain of C"* x C!, where the master function is a regular
(multivalued) function. Denote by Ly C T%(C™ — A) the image of the map

0Dy
0z,

Theorem 1.3. For any n and a partition X of n, we have Ly C Specy and Specy, is the closure
of Ly in T*(C" — A).

Crity — T7(C" — A), (z,t) — (2,p), where p, = —=(z,t), a=1,...,n.

Theorem 1.3 is proved in Section 2.1.

1.5 Calogero—Moser space C,, and cotangent bundle T*(C™ — A)

The Calogero-Moser system has singularities if some of z, ..., 2z, coincide. These singularities

can be resolved and the Calogero-Moser system can be lifted by the map & given by (1.4) below

to a regular completely integrable Hamiltonian system on the Calogero—Moser space C,, see [13].
Denote

Cpn ={(Z,Q) € gl, x gl, | rank([Z,Q] + 1) = 1}.
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The group GL, of complex invertible matrices acts on 571 by simultaneous conjugation. The
action is free and proper, see [23]. The quotient space C), is called the n-th Calogero-Moser
space. The Calogero-Moser space C), is a smooth affine variety of dimension 2n, see [23].

The group S, freely acts on C" — A by permuting coordinates. The action lifts to a free
action on T*(C™ — A). Define the map

§: TH(C"—A) - T*(C*" = A) /S, — Cn (1.4)

by the rule: (z,p) is mapped to (Z,Q), where Z = diag(z1,...,2,) and @ is defined by (1.1).
The map ¢ induces an embedding T*(C™ — A)/S,, — C,, whose image is Zariski open in C,.

Set C™ = C"/S,, and let spec(X) € C™ stand for the point given by the eigenvalues of
a square matrix X. The canonical map

m: Cp — (C(n) X (C(n)v (Zv Q) = (SpeC(Z)a SpeC(Q))7

is a finite map of degree n!, see [4]. This map and its fiber over 0 x 0 were studied, for example,
in [4, 8, 11].
Let CY be the subvariety TF_I(C(") x 0) C Cy,. Identifying C™ x 0 with C™ we get a map

0 % - cm, (Z,Q) — spec(Z),

induced by 7. We will describe 7% in Section 1.8.

1.6 Wronski map
For a partition A of n, introduce A = {Xl, ... ,Xn} by X = \i +n — i. Denote

Y -
fitwy =vwh4+ > fpudd, =10,
J=1
Xi—jgX

Denote X the n-dimensional affine space of n-tuples {f1,..., f,} of such polynomials. The

polynomial algebra C[X»] = C[fi;, i =1,...,n, 5 € {1,..., M}, \i—J ¢ ;\] is the algebra of
regular functions on Xjy.

If z = (21,...,2,) are coordinates on C", then ¢ = (o1,...,0,), where o, is the a-th
elementary symmetric function of z1, ..., z,, are coordinates on C™ = C" /Sh.
For arbitrary functions g1 (u), . .., gn(u), introduce the Wronskian determinant by the formula
-1
9w giw) .. o
/ n—1
We(gi(u), ..., gn(u)) = det | 920 92(w) .. gy (w)
-1
gn(w) gh(w) .. g V()
We have

Wr(fi(u),.. faw) = J[ (—N) <un + Z(1>awaun—a>

a=1
with Wy, ..., W, € C[X,]. Define an algebra homomorphism
Wy : C[C™W] = C[Xa], 04— Wa.

The corresponding map Wry : Xy — C™ is called the Wronski map.
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Denote
X3 = XanWry ' ((C" = A)/S,).

Irreducible representations of the symmetric group .S, are labeled by partitions A of n. Denote
by dx the dimension of the irreducible representation corresponding to A. The Wronski map is
a finite map of degree dy, see, for example, [18].

1.7 Universal differential operator on X,

Given an n x n matrix A with possibly noncommuting entries a;;, we define the row determinant
to be

rdet A = Z ala 1)A20(2) " * Ang(n)-
ocESy

Let z = (f1,..., fn) be a point of Xy. Define the differential operator Dy , by

fi(uw)  fiu l(n) u
Do = H (X] - Xz) " rdet fa(u)  fa(u) fQ(") (u)
1<Z<]§n PP
19 o

where 0 = d/du. Tt is a differential operator in variable u,

®>\,z = Z _PZJ(.T) u"ij 8”71', (15)

0<i<jsn
with Pj; € C[X,]. By formulae (2.11) and (2.3) in [18], we have
ZP“H (s +7) Hs—)\ +9), (1.6)
Jj=i+1 7j=1

where s is an independent formal variable.
Let x € XR. Fix z; = (214, .., 2n,2) € C" corresponding to Wrx(x) € C™ ., Then

a=1 a=1 ?
= 1 1
_ 671—2
- Z U — Za,x Pag+ Z Za,x — bz *
a=1 b#a
for suitable numbers p, = (P12, ...,Pnz), see Lemma 3.1 in [16].

Lemma 1.4. The map
w}\ : XR%T*(CR—A)/Sn, T+ (ziﬂapm)a
is an embedding whose image is Specy /Sy,

Lemma 1.4 is proved in Section 2.3.
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1.8 Description of 7°

Theorem 1.5.

(i) The irreducible components of the subvariety C° C C,, are naturally labeled by partitions X
of n, CY = UXCY, where C3 is the closure of £(Specy) in Cy,.

i1) For any X, the equations Q, =0, a = 1,...,n, define CY in C, with multiplicity dx.
A

(iii) The irreducible components of CO do not intersect. Each component is an n-dimensional
submanifold of Cy, isomorphic to an n-dimensional affine space, [23].

(iv) Let X be a partition of n. Then there is an embedding oy : Xy — C° whose image is C’R
and such that the following diagram is commutative:
P

X A
Wr )\\ /rO
cm)

C.f. the statements (7)—(4i7) with results in [8].

The map ¢y is given by the following construction. The restriction of ¢y to Xg‘ is the
composition & o 1y, where £ is given by (1.4). This map extends from Xg\ to an embedding
Xy — CY see Section 2.5.

Parts (i) and (éi) of Theorem 1.5 are proved in Section 2.4. Parts (i7i) and (iv) of Theorem 1.5
are proved in Section 2.5.

Remark. It follows from Theorem 1.5 that 7=1(0 x 0) consists of points labeled by partitions
and the multiplicity of the point corresponding to a partition A equals (dy)2.

The fact that the points of 771(0 x 0) are labeled by partitions was explained in [4]. The fact
that the multiplicity equals (dy)? was formulated in [4] as Conjecture 17.14 and proved in [8].

2 Proofs

2.1 Proof of Theorem 1.3

Assume that a point z = (z1,..., z,) has distinct coordinates. The Bethe ansatz construction
assigns an eigenvector w(z, t) of Gaudin Hamiltonians H,(z) on Sing V®"[A] to a critical point
(z,1) of the master function ®(z,t), see [1, 12, 19, 20],

0P
Hy(2)w(z,t) = —2(z,tw(z,t), a=1,...,n. (2.1)
0z,
Formula (2.1) shows that Ly C Specy. By Theorem 6.1 in [19] the Bethe vectors form a basis
of Sing V®"[A] for generic z € C" — A. This proves Theorem 1.3.

2.2 Proof of part (¢) of Theorem 1.2

It is easy to see that Sing V®"[A] and the action on it of the Hamiltonians H,(z) do not depend
on N. Hence, Specy  does not depend on N.

Another (less straightforward) proof of part (i) follows from formula (2.1) and the fact
that @y » does not depend on V.
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2.3 Proof of Lemma 1.4

Lemma 2.1. For every X, the spectral variety Specy /S, C T*(C" — A)/S,, is smooth. For
different X’s the spectral subvarieties do not intersect.

Proof. Let z € X and Wrx(z) be a projection of z; = (21,4,...,2n4). By [18], the points
T € XR are in a one-to-one correspondence with the eigenvectors of the Gaudin Hamiltonians on
Sing V®"[A]. Denote v, the eigenvector corresponding to . By Lemma 3.1 in [16] the numbers

P, = (P1a,-..,Dnz) are eigenvalues of Hi(zy),..., Hy(2z;) on v,. Hence, the image of 1y is
Specy, /Sn.
By Theorem 3.2 in [16], the coordinates zj z,...,2na, Pla,---,Pne generate all functions

on X3. This proves that ¢ is an embedding of X to T*(C" — A)/S,,.

By Theorem 3.2 in [16], the coefficients P;;(x) in (1.5) are given by some universal functions
in z,, p, independent of A. Hence formula (1.6) implies that the spectral varieties for different
A’s do not intersect. |

Lemma 2.2. For every X the spectral variety Specy, lies in the variety Lo defined in (1.2).

Proof. Let x € X3 and 2, = (21,4, .. ., 2ns) corresponds to Wry(z). By Theorem 3.2 in [16],

det((u Zy)(v— Q) —1 Z Pij(z)u"™ Iyt

0<i<g<n
where Z, = diag(z1,2,. .., 2n.z), Q is given by (1.1) in terms of z, and p,, and P;;(z) are given
by (1.5). This implies that det(v — Q) = v™ and hence Specy C Lyo. [

2.4 Proofs of parts (¢) and (¢¢) of Theorem 1.5,
part (¢¢) of Theorem 1.2, and Theorem 1.1

Consider the Lie algebra gl,, with standard generators e;;. Fix a set of complex numbers q =
(q1,-.-.,qn). Consider the weight subspace

V®"[1,...,1]:{w€V®"|eiiw:w, izl,...,n}

and the Gaudin Hamiltonians

)0

EEEWELEDS sl

i,j=1 b#a

which generalize the Gaudin Hamiltonians in (1.3). The generalized Gaudin Hamiltonians act
on V®"[1,...,1]. By Theorem 5.3 in [17], for generic (2,q) the generalized Gaudin Hamilto-
nians Hi(z,q), ..., H,(2z,q) have an eigenbasis in V®"[1,...,1]. By Theorem 4.3 in [15] the
eigenvectors are in one-to-one correspondence with the preimages of the point (z, g) under the
map 7 : Cp, — C™ x C™. This identification sends an eigenvector w with Hy(z,9)w = pyw
a=1,...,n, to the point (Z,Q), where Z = diag(z1,..., 2,) and Q is defined by (1.1).

The gl,,-action on every eigenvector of the Gaudin Hamiltonians H,(z,q = 0) on the space
Sing V®"[\] generates a dx-dimensional subspace in V®"[1, ... 1] of eigenvectors of H,(z,g=0).
The identification of Theorem 4.3 in [15] implies that Specy has multiplicity dx when defined by
the equations Q,(z,p) =0, a = 1,...,n. More precisely, the identification tells that dy points
of the 771(2, q) collide to one point of Specy, when g — 0. This proves part (i) of Theorem 1.5.

Since Y, d5 = n!, we conclude that Ly = Uy Specy. This proves part (i) of Theorem 1.5,
part (ii) of Theorem 1.2, and Theorem 1.1.
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2.5 Proof of parts (ii¢¢) and (iv) of Theorem 1.5

Every point of X is a point of Wilson’s adelic Grassmannian Grad(n), which is identified with
the Calogero-Moser space C), by the main Theorem 5.1 in [23]. For generic points of X the
map is © — (Zz,Qz). The induced map of functions C[C),] — C[X}] is constructed as follows.
Consider P(u,v) = det((u—Z)(v—Q)—1) as a polynomial in u, v whose coefficients are functions
on Cp, P(u,v) =3, Eju”_jv”_i. The coefficients ]51-]- generate C[C,], see Lemma 4.1 in [15].

The map C[C,] — C[X4] is defined by the formula P;; — P;;, where P;; are given by (1.5), see
Theorem 4.3 in [15]. By Lemma 3.4 in [18] the image of this map is C[X]|. Hence X — C,
is an embedding. By formula (1.6) the images do not intersect for different A’s. This proves
parts (i7i) and (iv) of Theorem 1.5.

3 Further remarks

Fix distinct complex numbers ¢ = (q1,...,q,). Let 04(q), a = 1,...,n, be the elementary
symmetric functions of g. Define

Ly = {(z,p) eT*(C" - A) | Qu(z,p) =04(q), a=1,... ,n}.
Theorem 3.1. The subvariety Lq is irreducible, smooth, and Lagrangian.

Define the spectral variety of the Gaudin Hamiltonians H,(z,q), a=1,...,n,on VE*[1,... 1]
by the formula

Specy = {(z,p) eTHC" — A) | Jv e VE"[1,...,1] with Hs(2,q)v = pv, a=1,...,n}.
Theorem 3.2. We have Lq = Spec,.
Consider the set of n(n — 1)/2 variables

1 1 n—2 n—2 n—1
t= (0, ) gy

and the affine space C™ x C*"~1/2 with coordinates z, t. Consider the master function b4 :
C" x Crn=D/2 4 C,

n n—1
Q4(2,t) = Z log(zq — 2p) ZZI t( )
1<a<b<n a=1 i=1

n—2n—kn—k—1

—i-QnZ:l Z log (¢; k) ZZ Z log (t k kH))

k=1 1<i<j<n—k k=0 i=1 j=
n—1n—~k

+ZZ Qh+1 = )t +Q1zza,

k=1 =1

see [5]. Denote by Critq the critical set of ®4 with respect to ¢,
Critg = {(2,t) € C" x C"""V/2 | dyy(z,¢) = 0}.

Denote by Zq C T*(C™ — A) the image of the map

Critg — T*(C" — A), (z,t) — (2,p), where p, =
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Theorem 3.3. We have Eq C Spec, and Spec,, is the closure of Zq in T*(C™ — A).

Consider the canonical map 7 : C,, = C™ xC™ (Z, Q) — (spec(Z),spec(Q)). Denote by C
the subvariety 7r_1((C(”) x q) C Cp. Identifying C x g with C™ we get a map 79 : C — C(™),
(Z,Q) — spec(Z), induced by .

Denote

filu) = e (u+ fi1), i=1,...,n.

Denote by X4 the n-dimensional affine space of n-tuples {fi,..., fn} of such quasiexponentials.
The polynomial algebra C[Xy] = C[fi1,..., fn1] is the algebra of regular functions on X4. We
have

Wr(fi(w),..- fa(w) = @t tere TT (g5 —q;) - <U” + Z(—l)“Waun_“)
1<i<j<n a=1
with Wy,..., W, € C[X,4]. Define an algebra homomorphism
Wy : C[C™] = C[X,], 04+ Wa.
Let Wrg : Xgq — C(™ be the corresponding map of spaces.
Theorem 3.4.

(i) The equations Qq = qa, a = 1,...,n, define Ci in C,, with multiplicity 1.

(ii) There is an embedding pq : Xq — CH whose image is Cq and such that the following
diagram is commutative:

®
Xq — 8
qu\ /TO
cm)

The map ¢q is given by the following construction. For x = (fi,..., fn) € Xq4, define the
differential operator Dg , by

(n)
Dyw = e~ (@t tan)u H (¢; — @) "' rdet fa(u)  f3(u) fa(u
1<i<j<n N
1 0 a"
Then
Dy = ZP'Lj(l’)Un_jan_i,
=0 j=0

where Pj; € C[Xg].
Denote X = X¢ N Wiyt ((C" — A)/S,) and consider the map

Vgt Xg =T (C"=A)/Sn, o0 (20.p,),



10

E. Mukhin, V. Tarasov, and A. Varchenko

where z, € C" projects to Wrg(z) € C™ and p, = (P14, - - - > Pnz),s

=0 1
Pax = — Res n + ﬁ
u=z2 _
a,x H (u _ Qi) bra a,r b,x
=1

Then the restriction of ¢4 to X, 2 is the composition & o 14, where ¢ is given by (1.4). This map
extends from X 3 to an embedding X, — Cy.
The proofs of Theorems 3.1-3.4 are basically the same as the proofs of Theorems 1.1-1.5.
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