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Abstract. In this paper we show how Einstein metrics are naturally described using the
quantization of the algebra of functions C∞(M) on a Kähler manifold M . In this setup
one interprets M as the phase space itself, equipped with the Poisson brackets inherited
from the Kähler 2-form. We compare the geometric quantization framework with several
deformation quantization approaches. We find that the balanced metrics appear naturally
as a result of requiring the vacuum energy to be the constant function on the moduli space of
semiclassical vacua. In the classical limit these metrics become Kähler–Einstein (when M
admits such metrics). Finally, we sketch several applications of this formalism, such as
explicit constructions of special Lagrangian submanifolds in compact Calabi–Yau manifolds.
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1 Introduction

Noncommutative deformations of Kähler geometry exhibit some extraordinary features, similar
to those that appear in the description of n quantum harmonic oscillators by the noncommutative
phase space Cn. Noncommutative geometry in Calabi–Yau compactifications is expected to
play a special role when the B-field is turned on [21, 15], in the formulation of M(atrix) theory
[3, 7, 14], and in the large N limit of probe D0-branes [13]. Also, as we show below, one can
use the geometric quantization approach to noncommutative geometry to determine1 important
objects in string theory compactifications, which allow the computation of the exact form of the
Lagrangian in the four dimensional effective field theory [8, 9, 10, 11].

In this paper we show how the notion of balanced metrics appears naturally in the framework
of Kähler quantization/noncommutative geometry. In the geometric quantization formalism the
balanced metric appears as a consequence of requiring the norm of the coherent states to be
constant; these states are parameterized by the Kodaira’s embedding of the Kähler manifold M
into the projectivized quantum Hilbert space. In the Reshetikhin–Takhtajan approach to the
deformation quantization of M [20], the balanced metric appears as a consequence of requiring
the unit of the quantized algebra of functions C∞(M)[[~]] to be the constant function 1 : M →
1 ∈ R. Finally, we quantize the phase space with constant classical Hamiltonian on M using
the path integral formalism; here, one considers a different class of semiclassical vacuum states
which are not coherent states, and uses them to define2 a generalization of the balanced metrics
(which also become Einstein metrics in the classical limit).

?This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
available at http://www.emis.de/journals/SIGMA/noncommutative.html

1More precisely, what one can determine are certain metrics, known as balanced metrics, which obey the
equations of motion in the classical limit.

2By requiring the vacuum energy density to be the constant function on the semiclassical vacua, labeled by
the points x ∈M .

mailto:lukic@physics.rutgers.edu
http://dx.doi.org/10.3842/SIGMA.2010.069
http://www.emis.de/journals/SIGMA/noncommutative.html
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The organization of the paper is as follows. In Section 2 we recall some basic facts of
geometric quantization [2, 12, 22], show how the balanced metrics appear naturally in this
framework, and sketch how differential geometric objects, such as Kähler–Einstein metrics or
Lagrangian submanifolds, can be described in this language. In Section 3 we summarize the
work of Reshetikhin–Takhtajan, and show how the constant function is the unit element of their
quantized algebra of functions if and only if the metric on M is balanced. Finally, in Section 4
we consider a different set of semiclassical vacuum states in path integral quantization and use
them to define generalized balanced metrics, which differ slightly from the balanced metrics in
geometric quantization.

2 Geometric quantization

Classical mechanics and geometric quantization have a beautiful formulation using the language
of symplectic geometry, vector bundles, and operator algebras [2, 12, 22]. In this language,
symplectic manifolds M are interpreted as phase spaces, and spaces of smooth functions C∞(M)
as the corresponding classical observables.

Kähler quantization is understood far better than quantization on general symplectic mani-
folds; for this reason we only consider Kähler manifolds (which are symplectic manifolds endowed
with a compatible complex structure). (M,L⊗κ) denotes a polarized Kähler manifold M with
a very ample hermitian line bundle3 L⊗κ, and κ ∈ Z+ a positive integer. For technical reasons,
we consider M to be compact and simply connected. We work with a trivialization of L|U → U ,
where U ⊂ M is an open subset; we define K(φ, φ̄) to be the associated analytic Kähler poten-
tial and e−κK(φ,φ̄) the hermitian metric on L⊗κ → M . If dimC M = n and {φi}0<i≤n is a local
holomorphic coordinate chart for the open subset U ⊂ M , we can write the Kähler metric on M
and its compatible symplectic form as

iκgīdφi ⊗ dφ̄̄ = κωīdφi ∧ dφ̄̄ = iκ
∂

∂φi

∂

∂φ̄̄
K(φ, φ̄)dφi ⊗ dφ̄̄.

Classically, the space (C∞(M), ω) of observables has, in addition to a Lie algebra structure
defined by the Poisson bracket

{f, g}PB = ωī(∂if∂̄̄g − ∂ig∂̄̄f), f, g ∈ C∞(M),

the structure of a commutative algebra under pointwise multiplication,

(fg)(x) = f(x)g(x) = (gf)(x).

Quantization can be understood as a non-commutative deformation of C∞(M) parameterized
by ~, with commutativity recovered when ~ = 0. We will discuss the formalism of deformation
quantization in the next section, although generally speaking, quantization refers to an assign-
ment T : f → T (f) of classical observables to operators on some Hilbert space H. When M is
compact, the Hilbert space will be finite-dimensional with dimension dimH = vol M

~n + O(~1−n).
The assignment T must satisfy the following requirements:

• Linearity, T (af + g) = aT (f) + T (g), ∀ a ∈ C, f, g ∈ C∞(M).

• Constant map 1 is mapped to the identity operator Id, T (1) = Id.

• If f is a real function, T (f) is a hermitian operator.

• In the limit ~ → 0, the Poisson algebra is recovered [T (f), T (g)] = i~T ({f, g}PB)+O(~2).

3In other words, L⊗κ is an element of the Kähler cone associated to M .
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In geometric quantization the positive line bundle L⊗κ is known as prequantum line bundle.
The prequantum line bundle is endowed with a unitary connection whose curvature is the sym-
plectic form κω (which is quantized, i.e., ω ∈ H2(M, Z)). The prequantum Hilbert space is the
space of L2 sections

L2(L⊗κ,M) =
{

s ∈ Ω0(L⊗κ) :
∫

M
hκ〈s, s̄〉ω

n

n!
< ∞

}
,

where hκ is the compatible hermitian metric on L⊗κ. The Hilbert space is merely a sub-
space of L2(L⊗κ,M), defined with the choice of a polarization on M . In the case of Kähler
polarization, the split of the tangent space in holomorphic and anti-holomorphic directions,
TM = TM (1,0) ⊕ TM (0,1), defines a Dolbeault operator on L⊗κ, ∂̄ : Ω(0)(L⊗κ) → Ω(0,1)(L⊗κ).
The Hilbert space Hκ is only the kernel of ∂̄, i.e., the space of holomorphic sections H0(M,L⊗κ).

As a final remark, the quantization map T is not uniquely defined; there are different as-
signments of smooth functions on M to matrices on Hκ that obey the same requirements stated
above, giving rise to equivalent classical limits. For simplicity, we mention only the most stan-
dard ones [4]:

• The Toeplitz map: T (f)αβ̄ =
∫
M f(z, z̄)sα(z)s̄β̄(z̄)hκ(z, z̄)ω(z,z̄)n

n! , with sα a basis of sections
for Hκ and sα(z) the corresponding evaluation of sα at z ∈ U ⊂ M .

• The geometric quantization map: Q(f) = iT
(
f − 1

2∆f
)
, with ∆ the corresponding Lapla-

cian on M .

We will work only with completely degenerated Hamiltonian systems (i.e. a constant Hamiltonian
function on M); therefore the choice of quantization map will not be important. Rather we
will study the semiclassical limit of the corresponding quantized system by determining the
semiclassical vacuum states.

2.1 Coherent states and balanced metrics

As we described above, the geometric quantization picture is characterized by the prequantum
line bundle, L⊗κ → M , a holomorphic line bundle on M which is endowed with a U(1) connection
with Kähler 2-forms κω. As the positive integer κ always appears multiplying the symplectic
form, one can interpret κ−1 = ~ as a discretized Planck’s constant. Thus, according to this
convention, the semiclassical appears in the limit κ →∞.

In the local trivialization U ⊂ M , where K(φ, φ̄) is the Kähler potential and e−κK(φ,φ̄) the
hermitian metric on L⊗κ|U , one can set the compatible Dolbeault operator to be locally trivial
and write the covariant derivative as

∇̃ = dφi(∂i − κ∂iK) + dφ̄ı̄∂̄ı̄,

where K is the yet undetermined analytic Kähler potential on L. One can also determine the
associated unitary connection up to a U(1) gauge transformation,

∇ = dφi(∂i + Ai) + dφ̄ı̄(∂̄ı̄ −A†
i ),

with Ai =
√

h−κ∂i

√
hκ, and h = exp(−K(φ, φ̄)).

As explained above, the Hilbert space Hκ corresponds to the kernel of the covariant half-
derivative ∇(0,1) : Ω(0)(L) → Ω(0,1)(L), which are the holomorphic sections of L⊗κ

Hκ = H0(M,L⊗κ) = spanC {|sα〉}N
α=1 .
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The dimension of the quantum Hilbert space is

N = dimHκ =
1
n!

∫
M

c1(L)nκn +
1

2(n− 1)!

∫
M

c1(L)n−1c1(M)κn−1 + O
(
κn−2

)
.

We identify |sα〉 as the basis elements of Hκ. The coherent state localized at x ∈ M can be
defined (see [19]) on the trivialization L⊗κ|U → U ⊂ M as the ray in PHκ generated by

|Ω̃x〉 =
∑
α

sα(x) exp(−κK(x, x̄)/2)|sα〉 ∈ Hκ,

where sα(x) exp(−κK(x, x̄)/2) is the evaluation of the holomorphic section |sα〉 at the point
x ∈ U ⊂ M , in the trivialization L⊗κ|U . The coherent states are a supercomplete basis of Hκ,
and obey the Parseval identity

〈ζ|ξ〉 =
∫

M↪→PHκ

〈ζ|Ω̃x〉〈Ω̃x|ξ〉
ωn(x, x̄)

n!
, ∀ ζ, ξ ∈ Hκ. (1)

These points in PHκ are independent of the trivialization, and they have the property of being
localized at x ∈ M with minimal quantum uncertainty. The distortion function, diagonal of the
Bergman kernel, or expected value of the identity at x, ρ(x, x̄) is defined as

ρ = 〈Ω̃x|Ω̃x〉 =
∑
α,β

s̄ᾱ(x̄)sβ(x) exp (−κK(x, x̄)) 〈sα|sβ〉, (2)

which measures the relative normalization of the coherent states located at different points
of M . Imposing ρ(x, x̄) = 〈Ω̃x|Ω̃x〉 = const, constrains the Kähler potential K(x, x̄) to be
a Fubini–Study Kähler potential:

K(x, x̄) =
1
κ

log

∑
α,β

s̄ᾱ(x̄)sβ(x)〈sα|sβ〉

 . (3)

One of the most important ingredients in the quantization procedure is the definition of the
quantization map, T : C∞(M) → Herm(Hκ). This maps classical observables, i.e. smooth
real functions on the phase space X, to quantum observables, i.e., self-adjoint operators on
the Hilbert space Hκ. If we work with an orthonormal basis 〈sβ|sα〉 = δβα, the quantization
condition

T (1M ) = Id ∈ Hκ ⊗H∗
κ

implies that the embedding of the coherent states satisfies the balanced condition [9],

δαβ = 〈sα|sβ〉 =
∑

x

〈sα|Ω̃x〉〈Ω̃x|sβ〉 =
∫

M

s̄α(x̄)sβ(x)∑
γ |sγ(x)|2

ω(x, x̄)n

n!
; (4)

here, we have used the Parseval identity (1), and the Liouville’s volume form on the phase
space M , which can be written as

1
n!

ω(z, z̄)n =
1
n!
[
∂̄̄∂iK(z, z̄)dzi ∧ dz̄ ̄

]n
.

In summary, in the geometric quantization of an algebraic Kähler manifold, the homogeneity
of the distortion function 〈Ω̃x|Ω̃x〉 and the mapping of the constant function on M to the identity
operator Id: Hκ → Hκ, determines a unique metric on M known as balanced metric. In the
semiclassical limit, κ → ∞, this sequence of balanced metrics approaches the Kähler–Einstein
metric (if it exists) as sketched below (see [8, 11]).



Balanced Metrics and Noncommutative Kähler Geometry 5

2.2 Emergence of classical geometry

For every κ, the balanced metric has just been defined as result of requiring 〈Ω̃x|Ω̃x〉 to be
the constant function on M . In the semiclassical limit, κ → ∞, we can expand the distortion
function in inverse powers of κ (see [23])

〈Ω̃x,κ|Ω̃x,κ〉 ∼ 1 +
1
2κ

R + O
(
κ−2

)
+ · · · ,

and therefore the sequence of balanced metrics will converge to a metric of constant scalar
curvature at κ = ∞. For a Calabi–Yau manifold this is equivalent to a Ricci flat Kähler metric.
It is interesting to note that if the identity matrix is identified with the quantum Hamiltonian,
and the coherent states with the semiclassical states, the balanced metric can also be defined
as the metric that yields a constant semiclassical vacuum energy 〈Ω̃x,κ|Ω̃x,κ〉, as a function of
x ∈ M and fixed κ.

Other geometrical elements that one can recover naturally are the Lagrangian submanifolds
with respect the Kähler–Einstein symplectic form. In the Kähler n-fold (M,ω), the level sets
of n commuting functions (f1, f2, . . . , fn) under the Poisson bracket

{fa, fb}PB = ωī(∂ifa∂̄̄fb − ∂ifb∂̄̄fa) = 0, ∀ a, b,

define a foliation by Lagrangian submanifolds. One can recover such commutation relations as
the classical limit of n commuting self-adjoint operators on the Hilbert space Hκ [4]:

〈Ω̃x,κ|[f̂a, f̂b]|Ω̃x,κ〉 ∼
i

κ
{fa, fb}PB + O(κ−2),

with 〈Ω̃x,κ|f̂a|Ω̃x,κ〉 → fa(x), and |Ω̃x,κ〉 the coherent state peaked at x ∈ X. Thus, one can
approximate Lagrangian submanifolds by using n-tuples of commuting matrices for large enough
κ. One can impose further conditions, i.e. Im(Ω)|SLag = 0, in order to describe special Lagrangian
submanifolds. More precisely, we define the quantum operator

Iᾱβᾱ1β1...ᾱnβn =
1
2i

∫
M

ωn

n!
s̄ᾱsβe−κK

(
Ωi1...in∂i1

(
s̄ᾱ1sβ1e

−κK
)
· · · ∂in

(
s̄ᾱnsβne−κK

)
− Ωı̄1...̄ın∂ ı̄1

(
s̄ᾱ1sβ1e

−κK
)
· · · ∂ ı̄n

(
s̄ᾱnsβne−κK

))
,

with ∂i = gī∂̄̄ and ∂ ı̄ = gı̄j∂j . If Herm(Hκ) is the space of hermitian matrices in Hκ and
Comm(⊕nHerm(Hκ)) is the space of n mutually commuting tuples of hermitian matrices in Hκ,
we can write the map as I : Comm(⊕nHerm(Hκ)) → Herm(Hκ). Therefore, one can use the
kernel of I to approximate special Lagrangian submanifolds as the level sets of the n functions
“〈Ω̃x,κ|ker(I)|Ω̃x,κ〉”.

Also, one can generalize this quantum system by coupling the particle to a rank r holomorphic
vector bundle V → M . We will not give many details of this generalization here, although we will
say a few words. For instance, the system can be interpreted as a particle endowed with certain
U(r)-charge. The associated quantum Hilbert space is H0(M,V ⊗ L⊗κ). One can also define
an analogous set of coherent states and an associated distortion function. In the semiclassical
limit, requiring the generalized distortion function to be constant as a function of M gives rise
to generalized balanced metrics, and therefore, to hermite-Yang–Mills metrics on V → M when
κ−1 = 0 [10].

Finally, as a technical comment, the balanced metric equations (4) and (3) can be explicitly
solved for finite κ, and its solutions used to approximate Ricci-flat metrics and hermitian Yang–
Mills connections. A method to solve them involves the concepts of T-map and algebraic Monte-
Carlo integration [9, 11], which can be applied whenever one has enough analytical control on
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the Kodaira’s embeddings M ↪→ PH0(M,L⊗κ). We leave the problem of developing technical
methods for constructing special Lagrangian submanifolds and other geometric objects for future
work. In the following sections we will show how the concept of balanced metric appears naturally
in other frameworks for quantization (Berezin’s star product and path integral quantization),
and thus gives rise to Kähler–Einstein metrics in the classical limit.

3 Berezin’s star product

Instead of quantizing the space of observables by introducing a Hilbert space of states,Hκ, and its
corresponding space of quantum observables (i.e., the hermitian matrices), one can understand
quantization as a noncommutative deformation of the geometry of M . In the deformation
quantization approach to noncommutative geometry, the ordinary algebra of functions C∞(M)
is replaced by the noncommutative ? algebra C∞(M)[[κ−1]], which reflects the operator algebra
of hermitian operators on Hκ. The ? product of two elements in C∞(M)[[κ−1]] is defined
through formal series expansions in powers of κ−1, such that,

[f, g] := f ? g − g ? f = iκ−1{f, g}PB + O
(
κ−2

)
.

The explicit form of the algebra is not unique [16], in the same way that the quantization of
a classical system is not unique. Here, we will first explore the Reshetikhin–Takhtajan star
product in Kähler geometry [20].

To describe this algebra, we first introduce the diagonal of the Bergman kernel and the
Calabi’s diastatic function. Using the notation introduced above, the diagonal of the Bergman
kernel can be written as

e(z, z̄) =
∑
α

s̄ᾱ(z̄)sα(z) exp(−κK(z, z̄)),

which coincides with the distortion function defined in (2). The Calabi function is simply

φ(z, z̄; v, v̄) = K(z, v̄) + K(v, z̄)−K(z, z̄)−K(v, v̄).

Note that e(z, z̄) and φ(z, z̄; v, v̄) are invariant under Kähler transformations K → K + f + f̄ .
Using the Berezin’s formula, one can define a non-normalized product given by

(f • g)(z, z̄) :=
∫

M
f(z, v̄)g(v, z̄) exp (−κφ(z, z̄; v, v̄))

ωn

n!
,

which can be used to introduce the normalized product

(f ? g)(z, z̄) =
∫

M
f(z, v̄)g(v, z̄)

e(z, v̄)e(v, z̄)
e(z, z̄)

exp (−κφ(z, z̄; v, v̄))
ωn

n!
.

The Calabi’s diastatic function is defined in some neighborhood of the diagonal M × M , and
the point v = z is a critical point of the Calabi function considered as a function of v and v̄; the
Laplace expansion of e−κφ at the critical point v = z yields a formal power series in κ−1. As
it is shown in [20], one can determine naturally the • product as a combinatoric expansion in
powers of κ−1, derived from the Laplace expansion of the diastatic function. Therefore, one has
to compute the • product in order to determine the normalized ? product. The unit element
of their noncommutative deformation C∞(M)[[~]] given by the • product is the diagonal of the
Bergman kernel e(z, z̄).

Therefore, as a corollary, if the unit element of the Reshetikhin and Takhtajan algebra is
constant, i.e. the corresponding Bergman kernel has a constant diagonal, the metric on M is
balanced. This shows how balanced metrics become natural objects in deformation quantization.
One can study this phenomenon further in the path integral quantization formalism.



Balanced Metrics and Noncommutative Kähler Geometry 7

4 Completely degenerated quantum systems

In this section we compute the quantum vacuum energy density associated to a constant Hamil-
tonian function on M , in the semiclassical limit, ~ = κ−1 → 0. In the geometric quantiza-
tion framework, the quantum Hamiltonian associated with the classical Hamiltonian function
1 : M → 1, is the identity operator Id; if we identify the semiclassical vacuum states with the
coherent states, the semiclassical vacuum energy density will be proportional to 〈Ω̃x|Ω̃x〉. How-
ever, in the path integral approach, the Hamiltonian is set to be zero, and the choice of vacuum
is not necessarily the same as the identification “coherent state” = “vacuum state.”

By subtracting the classical energy density to 〈Ω̃x|Ω̃x〉, we will compare the path integral
approach and the geometric quantization approach, and find that the leading term in κ−1 is the
same, though the first sub-leading correction is not. This means that requiring the semiclassical
vacuum energies (in both quantization frameworks) to be constant, yields metrics on M that
become Kähler–Einstein in the classical limit. The fact that the sub-leading corrections are
different only affects higher corrections to the aforementioned metrics when κ−1, though small,
it is not zero.

4.1 Vacuum energy in geometric quantization

The system is completely degenerated when the Hamiltonian function is constant; each point
in the phase space is a classical vacuum state and the quantum Hilbert space becomes the
space of quantum vacua. On the geometric quantization side, one identifies the quantum Hilbert
space Hκ with the space of holomorphic sections H0(M,L⊗k). The natural candidate to be the
semiclassical quantum vacuum state peaked at x is the coherent state introduced by Rawns-
ley [19], and denoted by |Ω̃x〉. We construct |Ω̃x〉 as follows: first, we choose an orthonormal
basis of holomorphic sections, {sα ∈ H0(L⊗k)}N(κ)

1 with

〈sα|sβ〉 = δᾱβ =
∫

M
s̄ᾱ(x̄)sβ(x)e−κK(x,x̄) ω

n(x, x̄)
n!

,

where sα(x)e−κK(x,x̄)/2 is the complex number associated with the evaluation of the holomorphic
section sα at x ∈ U , and defined in the trivialization L⊗κ|U ' C × U . Second and lastly, one
can define the coherent state peaked at x ∈ M as the ray in PHκ generated by

|Ω̃x〉 :=
N(κ)∑
α=1

sα(x)exp (−κK(x̄, x)/2) |sα〉 ∈ Hκ, x ∈ U ⊂ M,

and one can easily show how such a ray is independent of the choice of trivialization of the line
bundle.

The set of coherent states {|Ω̃x〉}x∈M is a supercomplete system of vectors inHκ, parametrized
by the points of M . It also defines an embedding of M into PHκ, and implies the Parseval iden-
tity (1). This allows the definition of an embedding of the space of quantum observables in Hκ

(i.e., the self-adjoint matrices in Herm(Hκ) ⊂ H∗
κ ⊗Hκ) into the space of classical observables

C∞(M), according to the formula

f̂ 7→ 〈Ω̃◦|f̂ |Ω̃◦〉 = f ∈ C∞(M), f̂ = f̂ †,

where ◦ denotes the pre-image of f in M . The function f is called a covariant symbol of the
matrix f̂ . A function f̌ ∈ C∞(M) such that the matrix f̂ is representable as

f̂ =
∫

M
|Ω̃x〉 ⊗ 〈Ω̃x|

f̌ωn(x, x̄)
n!

,
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is called contravariant symbol of the matrix f̂ . The map f̌ 7→ f̂ is also known as Toeplitz map,
T : C∞(M) → Herm(Hκ) ⊂ H∗

κ ⊗Hκ.
It is important to stress that the identification between the quantum vacuum state |Ωx〉

localized at x ∈ M and the coherent state |Ω̃x〉 is, in somehow, made arbitrarily. Such an
identification is motivated by the fact that the coherent state is peaked at x and localized within
a neighborhood Vx ⊂ M with minimal quantum uncertainty. More precisely, the coherent state
|Ω̃x,κ〉 satisfies

1
〈Ω̃x,κ|Ω̃x,κ〉

∫
Vx⊂M

〈Ω̃x,κ|Ω̃y,κ〉〈Ω̃y,κ|Ω̃x,κ〉
ωn(y, ȳ)

n!
∼ 1, (5)

with
∫
Vx

ωn/
∫
M ωn ∼ 1

N . Such an identification is correct as a first approximation in κ−1,
although the O(κ−2) terms are not universal and depend on the choice of vacuum state |Ωx,κ〉.
The O(κ−2) corrections are important at the time of computing correlation functions of the type

〈Ωx,κ|f̂1f̂2 · · · f̂m|Ωx,κ〉 (6)

in the limit κ→∞, as power series in κ−1 of the covariant symbols f1, f2, . . . , fm∈C∞(M)[[κ−1]].
For instance, every identification of the vacuum state with peaked states that obey equation (5),
gives rise to the same semiclassical limit

〈Ωx,κ|[f̂ , ĝ]|Ωx,κ〉 = iκ−1ωī
(
∂if(x, x̄)∂̄̄g(x, x̄)− ∂ig(x, x̄)∂̄̄f(x, x̄)

)
+ O

(
κ−2

)
,

with f(x, x̄) := 〈Ωx,κ|f̂ |Ωx,κ〉 and g(x, x̄) := 〈Ωx,κ|ĝ|Ωx,κ〉, [4]. However, the higher corrections
O(κ−2) will depend on the choice of vacuum state.

To compute the semiclassical limit of the correlators (6) beyond O(κ−1) is a difficult task
which involves hard analysis; see [18] for the most recent results. For simplicity, we study
only the vacuum expectation value of the identity operator using the näıve vacuum state |Ω̃x,κ〉.
Z. Lu computed the lower order terms in powers of κ−1 of the squared norm of the näıve vacuum
state, [18],

〈Ω̃x,κ|Ω̃x,κ〉 = 1 +
1
2κ

R +
1

3κ2

(
∆R +

1
8
(
|Riemann|2 − 4|Ricci|2 + 3R2

))
+ O

(
κ−3

)
.

Computing the asymptotic series of the vacuum energy on the path integral side involves pertur-
bative expansions of Feynman vacuum diagrams. As the classical energy density is set to be zero
in the path integral formalism, one should compare the path integral result to the “renormalized”
geometric quantized vacuum energy

E0(x) = 〈Ω̃x,κ|Ω̃x,κ〉 − 1

=
1
2κ

R +
1

3κ2

(
∆R +

1
8
(
|Riemann|2 − 4|Ricci|2 + 3R2

))
+ O

(
κ−3

)
, (7)

which is zero at κ = ∞.

4.2 Path integral derivation of the vacuum energy

On the path integral quantization side, Cattaneo and Felder [6] give a prescription for computing
correlation functions for quantized observables f, g ∈ C∞(M)[[κ−1]], by evaluating path integrals
perturbatively as formal expansions in powers of κ−1. In such perturbative expansion one
considers perturbations around the constant map, i.e., the solution of the equations of motion
or classical vacuum state Φ0 : R 7→ x ∈ M . For simplicity, we choose a local coordinate chart
around x, {φi}0<i≤n given by the Kähler–Riemann normal coordinates [1]. For a vanishing
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Hamiltonian, the phase-space action associated with perturbations Φ around the classical va-
cuum state Φ0 is the line integral of the U(1)-connection on the prequantum bundle L⊗k, along
the path Φ in M

S[Φ] = i

∫ ∞

−∞
dt∂̄̄K(φ, φ̄)

dφ̄̄

dt
, (8)

with Φ ∈ Maps(R → M) and4 Φ(±∞) = x, implying φ(±∞) = 0 in the local Kähler–Riemann
normal coordinate system around x. The functional integration of fluctuations around the
classical vacuum x ∈ M defines a semiclassical quantum vacuum state that we denote as |Ωx,κ〉,
although we don’t know how to describe it as an element of the Hilbert space, Hκ.

The prescription for computing the correlation functions that appear in deformation quanti-
zation [6, 17] is given by the path integral on the phase-space variables

〈Ωx|f̂ ĝ|Ωx〉 := f ? g(x, x̄) =
∫

Maps(R→M)|Φ(±∞)=x
dΦ f(Φ(1))g(Φ(0)) exp (iκS[Φ]) , (9)

with f, g ∈ C∞(M)[[κ−1]]. In Riemann normal coordinates we can write the action (8) as follows

iκS[Φ] = −κ

∫
R

dt∂̄̄K(φ, φ̄)
dφ̄̄

dt
= −κ

∫
R

dt

(
gī(x, x̄)φi ˙̄φ̄ +

1
2
Rīkl̄φ

iφ̄̄φk ˙̄φl̄

+
1
6
DmRīkl̄φ

mφiφ̄̄φk ˙̄φl̄ +
1
6
D̄m̄Rīkl̄φ̄

m̄φiφ̄̄φk ˙̄φl̄ +
1
12

DnDmRīkl̄φ
nφmφiφ̄̄φk ˙̄φl̄

+
1
12

D̄n̄D̄m̄Rīkl̄φ̄
n̄φ̄m̄φiφ̄̄φk ˙̄φl̄ +

1
12

D̄(n̄DmRīkl̄)φ
mφ̄n̄φiφ̄̄φk ˙̄φl̄

+
1
4
gor̄Ro(̄ml̄Rin̄k)r̄φ

mφ̄n̄φiφ̄̄φk ˙̄φl̄ + O
(
φ7
)
· · ·

)
,

where φ̇ = dφ/dt, and the parentheses enclosing indices indicate the completely symmetric
part of such indices; we sum over repeated indices. Still, the measure dΦ in the functional
integration (9) also depends of the phase-space coordinate field φ. Hence, in this choice of
coordinates

e−iE′
0(x)δ(0) =

∫
Maps(R→M)|Φ(±∞)=x

n∏
i=1

dφid̄φ̄ī det ω
(
φ, φ̄

)
exp
(
−κ

∫
R

dt∂̄̄K(φ, φ̄)
dφ̄̄

dt

)
, (10)

where detω is the determinant of the Kähler form ωī, and E′
0(x) is the quantum vacuum energy

density, depending on the choice of semiclassical vacuum labeled as x ∈ M . Therefore, as ω
depends on the integration variables, we can introduce an anti-commuting auxiliary field λ to
write the path integral using a standard gaussian measure

e−iE′
0(x)δ(0) =

∫ n∏
i=1

dφid̄φ̄īdλid̄λ̄ī exp
(
−κ

∫
R

dt∂̄̄K(φ, φ̄)
dφ̄̄

dt
+
∫

R
dt ω(φ, φ̄)īλ

iλ̄̄

)
,

where the functional integral of the auxiliary field λ obeys the rules of the Grassmann integration.
One can expand the action for the auxiliary field, in powers of the field φ, to find out the
interactions between auxiliary field and phase-space coordinate field,∫

R
dt ω(φ, φ̄)īλ

iλ̄̄ = i

∫
R

dt

(
gīλ

iλ̄̄ + Rīkl̄λ
iλ̄̄φk ˙̄φl̄ +

1
12

D̄(n̄DmRīkl̄)λ
iλ̄̄φmφ̄n̄φk ˙̄φl̄

4We denote by Maps(R→M) the functional space of maps of the real line R to the phase space M .
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+
1
4
gor̄Ro(̄ml̄Rin̄k)r̄λ

iλ̄̄φmφ̄n̄φk ˙̄φl̄ + · · ·

)
,

where the coefficients gī, Rīkl̄, etc., are evaluated at x ∈ M .
Therefore, we can evaluate E′

0(x) perturbatively as an expansion of the path integral in powers
of κ−1, in the limit κ → ∞. If we write the Fourier transform of the field to the momentum
variables as

φ̂(p) =
1
2π

∫
R

dt exp(ipt)φ(t), φ(±∞) = 0,

λ̂(p) =
1
2π

∫
R

dt exp(ipt)λ(t), λ(±∞) = 0,

the propagators in the momentum space are

igī

p−iε
−igī

Figure 1. Propagators for the phase-space coordinate field (left), and the auxiliary field (right).

In order to compute (10), we perform a perturbative expansion in powers of κ−1 = ~. We
can compute the vacuum energy E′

0(x), by simply summing the connected vacuum (or bubble)
diagrams, and dividing by the total length of R. Thus, a vacuum diagram with L loops con-
tributes to E′

0(x) a term proportional to κ1−L = κV−P , with V the number of vertices and P
the number of propagators. Therefore, to determine E′

0(x) up to order κ−2, we have to sum the
connected diagrams depicted in Figs. 4–10.

̄

k

il̄

= −ipl̄Rīkl̄
= −

i
4pl̄

(

D(n̄DmRīkl̄) + 3gor̄Ro(̄ml̄Rin̄k)r̄

)

l̄

n̄ m

k

̄
i

Figure 2. Interaction vertices for the phase-space field. pl̄ denotes the momentum carried by the particle
which propagates along the l̄-leg.

̄

k

il̄

= iRīkl̄

l̄

n̄ m

̄

= i
(

D(n̄DmRīkl̄) + 3gor̄Ro(̄ml̄Rin̄k)r̄

)

i

k

Figure 3. Interaction vertices for the auxiliary field with the phase-space field.

As we want only to evaluate diagrams up to order κ−2, we only need to consider a few
interactions; by drawing the diagrams, one realizes that the only vertices that appear are the
ones depicted in Figs. 2 and 3. The asymptotic expansion of E′

0(x) in powers of κ−1 can be
expressed as

−iE′
0(x)δ(0) =

∑
Γ∈G2

1
κ|Aut(Γ)|

DΓ(x) +
∑

Γ∈G3

1
κ2|Aut(Γ)|

DΓ(x) + O
(
κ−3

)
, (11)
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Figure 4. Two-loop vacuum diagrams, (2.i) left and (2.ii) right.

Figure 5. Three-loop vacuum diagram (3.i).

where GL is the set of bubble diagrams with L loops, Aut(Γ) is the subgroup of the group of
automorphisms of Γ that maps vertices to vertices of the same type and oriented propagators
to oriented propagators of the same type (which start and end at the same vertices), |Aut(Γ)| =
#Aut(Γ) is also known as symmetry factor, and DΓ(x) is the evaluation of the Feynman diagram.

The evaluation of each diagram DΓ(x) follows from the Feynman rules in momentum space:
to each line we associate its corresponding propagator (Fig. 1), to each vertex we associate
its corresponding numerical factor (Figs. 2 and 3), we impose momentum conservation at each
vertex and integrate over each undetermined momentum

∫
R

dp
2π . There are two types of integrals

that appear in the evaluation of bubble diagrams

lim
ε→0+

1
2π

∫
R

idp

p− iε
=

1
2

and δ(0) =
1
2π

∫
R

dp.

Each vacuum diagram is proportional to the Dirac delta δ(0), or the “total length” of R, because
the calculation in the momentum space yields the total vacuum energy in R. As we are just
interested in the vacuum energy density, we will divide out by infinite total length of the (0+1)-
spacetime, R. Thus, in order to determine E′

0(x) up to three loops, we use equation (11). The
evaluation of the two- and three-loop diagrams gives rise to the following: for two-loops,

• (2.i) in Fig. 4

D(2.i)(x) = −iRīkl̄g
īgkl̄ 1

(2π)2

∫
R

dp1
ip1

p1 − iε

∫
R

dp2
i

p2 − iε
= δ(0)

1
2
R.

• (2.ii) in Fig. 4

D(2.ii)(x) = iRīkl̄

1
(2π)2

∫
R

dp1(−i)gkl̄

∫
R

dp2
igī

p2 − iε
= δ(0)

1
2
R.

For three-loop diagrams,

• (3.i) in Fig. 5

D(3.i) = (−i)2Rīkl̄g
ij̄Rmn̄op̄g

mn̄gkp̄gol̄

∫
R3

dp1dp2dp3

(2π)3
i

p1 − iε

(
i

p2 − iε

)2

p2
ip3

p3 − iε

= δ(0)
1
4
|Ricci|2.
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Figure 6. Three-loop vacuum diagram (3.ii).

Figure 7. Three-loop vacuum diagram (3.iii).

• (3.ii) in Fig. 6

D(3.ii) = (−i)2Rīkl̄R
īkl̄

∫
R4

dp1dp2dp3dp4

(2π)4
δ(p1 + p3 − p2 − p4)p1p2

× i

p1 − iε

i

p2 − iε

i

p3 − iε

i

p4 − iε

= −|Riemann|2
∫

R3

dp1dp2dp3

(2π)3
1

(p3 − iε)[(p1 + p3 − p2)− iε]

= −|Riemann|2
∫

R3

dl1dl2dl3
(2π)3

i

(l1 − iε)(l2 − iε)
= δ(0)

1
4
|Riemann|2,

where l1 = p1 + p2 − p3, l2 = p3 and l3 = p2.

• (3.iii) in Fig. 7

D(3.iii) =
−i

4

(
∆R + 3

(
2
3
|Ricci|2 +

1
3
|Riemann|2

))
× lim

ε→0+

∫
R3

dp1dp2dp3

(2π)3
i

p1 − iε

i

p2 − iε

ip3

p3

= δ(0)
1
16
(
∆R + 2|Ricci|2 + |Riemann|2

)
.

• (3.iv) in Fig. 8. Similarly to (3.i)

D(3.iv) = δ(0)
1
4
|Ricci|2.

• (3.v) in Fig. 8

D(3.v) = δ(0)
1
4
|Ricci|2.
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Figure 8. Three-loop vacuum diagrams with auxiliary field, (3.iv) left and (3.v) right.

Figure 9. Three-loop vacuum diagram with auxiliary field (3.vi).

Figure 10. Three-loop vacuum diagram with auxiliary field (3.vii).

• (3.vi) in Fig. 9. Similarly to (3.ii),

D(3.vi) = (iRim̄kō)(iRn̄pl̄)
(
− igī

)(
− igkl̄

) ∫
R3

dp1dp2dp3

(2π)3
ignm̄

p1 − iε

igpō

p2 − iε

= δ(0)
1
4
|Riemann|2.

• (3.vii) in Fig. 10. Similarly to (3.iii),

D(3.vii) = i

(
∆R + 3

(
2
3
|Ricci|2 +

1
3
|Riemann|2

))∫
R3

dp1dp2dp3

(2π)3
i

p1 − iε

i

p2 − iε

= δ(0)
1
4
(
∆R + 2|Ricci|2 + |Riemann|2

)
.

Finally, including the symmetry factors of each diagram, and summing them as in equa-
tion (11), yields the vacuum energy density associated to the semiclassical vacuum state localized
at x ∈ M ,

E′
0(x) =

1
2κ

R +
1

96κ2

(
5∆R + 42|Ricci|2 + 17|Riemann|2

)
+ O

(
1
κ3

)
. (12)

Thus, comparing equation (12) with the equivalent result in geometric quantization (7), yields
different vacuum energy densities E0(x) 6= E′

0(x), despite the fact that the leading terms are
identical. The corollary is an interesting one: fixing κ and requiring the quantum vacuum
energy density to be constant on the quantum moduli space of semiclassical vacua is equivalent
to endowing M with a “generalized balanced metric”. This generalized notion of balanced
metric gives rise to the same Kähler–Einstein metrics in the classical limit, which shows that
the emergence of Kähler–Einstein metrics in the classical limit is generic for a broad choice of
semiclassical vacuum states.
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5 Conclusion

We have shown how the Kähler–Einstein metrics appear naturally in the classical limit of Kähler
quantization. In geometric quantization, identifying semiclassical vacuum states with coherent
states allows us to define balanced metrics as those metrics which yield constant semiclassical
vacuum energy (for constant classical Hamiltonian). In the Berezin’s approach to deformation
quantization, the unit element of the noncommutative algebra C∞(M)[[κ−1]] is the constant
function, if and only if the metric is balanced. Also in path integral quantization, requiring
the semiclassical vacuum energy to be constant yields a metric that is Kähler–Einstein in the
classical limit.

Strictly speaking, the metrics that appear in path integral quantization are not balanced.
This is due to a different choice of vacuum states in the path integral formalism; thus, for
each choice of moduli spaces of semiclassical vacua one can define different generalized balanced
metrics. It would be interesting to study the properties exhibited by this general class of metrics.
For instance, it is especially interesting to understand how introducing quantum corrections to
the Kähler potential deforms the moduli of semiclassical vacua [16].

Another interesting problem would be to understand balanced metrics in vector bundles
within the framework of Kähler quantization. Also, one could explicitly construct special La-
grangian submanifolds in Calabi–Yau threefolds, and give a geometric quantization formulation
of the Bressler–Soilbeman conjecture [5] (which conjectures a correspondence of the Fukaya
category with a certain category of holonomic modules over the quantized algebra of functions).

A final motivation for future research comes from the fact that the geometric objects explored
in this paper appear in the large volume limit of string theory compactifications. We have
shown how these objects can be explicitly constructed in the semiclassical limit of geometric
quantization; one would expect that different areas of string theory, such as Matrix theory,
black holes, and Calabi–Yau compactification theory [3, 7, 13, 14], where the quantized algebra
of functions plays a special role, could be understood better through a deeper study of the ideas
explored here.
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Vol. 149, Birkhäuser Boston, Inc., Boston, MA, 1997.
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