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Abstract. In the present work we review the twisted field construction of quantum field
theory on noncommutative spacetimes based on twisted Poincaré invariance. We present
the latest development in the field, in particular the notion of equivalence of such quan-
tum field theories on a noncommutative spacetime, in this regard we work out explicitly
the inequivalence between twisted quantum field theories on Moyal and Wick–Voros planes;
the duality between deformations of the multiplication map on the algebra of functions on
spacetime F (R4) and coproduct deformations of the Poincaré–Hopf algebra HP acting
on F (R4); the appearance of a nonassociative product on F (R4) when gauge fields are also
included in the picture. The last part of the manuscript is dedicated to the phenomenology
of noncommutative quantum field theories in the particular approach adopted in this re-
view. CPT violating processes, modification of two-point temperature correlation function
in CMB spectrum analysis and Pauli-forbidden transition in Be4 are all effects which show
up in such a noncommutative setting. We review how they appear and in particular the
constraint we can infer from comparison between theoretical computations and experimen-
tal bounds on such effects. The best bound we can get, coming from Borexino experiment,
is & 1024 TeV for the energy scale of noncommutativity, which corresponds to a length
scale . 10−43 m. This bound comes from a different model of spacetime deformation more
adapted to applications in atomic physics. It is thus model dependent even though similar
bounds are expected for the Moyal spacetime as well as argued elsewhere.

Key words: noncommutative spacetime; quantum field theory; twisted field construction;
Poincaré–Hopf algebra
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1 Introduction

A great deal of effort has been put in trying to achieve a formulation of a theory of quantum
gravity.

It has long been speculated that spacetime structure changes radically at Planck scales. In
1994, in a fundamental paper, Doplicher, Fredenhaghen and Roberts argued that the commu-

?This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
available at http://www.emis.de/journals/SIGMA/noncommutative.html
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tator among the four spacetime coordinates of a physical theory in which Einstein’s theory of
relativity and principles of Quantum Mechanics both coexist, should not vanish1 [1]. This argu-
ment suggested that noncommutativity of spacetime at Planck scales, a feature seen before as
just a way to regularize quantum field theory, is possibly one of the main features of quantum
gravity. We will now sketch the argument, for further details we refer to the original papers [1, 3].

From quantum physics we know that to probe a spacetime region with radius of the order of
the Planck length

LP =

√
G~
c3

' 1.6× 10−33 cm,

we need a particle of mass M∗ such that its Compton wavelength is smaller than the length
scale of the spacetime region we wish to probe, namely of the Planck length:

λC =
~

M∗c
≤ LP ⇒ M∗ ≥ ~

LP c
' 1019 Gev.

Einstein’s theory of relativity tells us that the Schwarzschild radius associated to such a mass
distribution is

RS =
2GM∗

c2
≥ 2LP .

It is thus greater than the region we would like to explore. Thus probing spacetime at the Planck
scale generates a paradox: in the process an event horizon (or a trapped surface) is created which
now prevents us to access altogether the spacetime region we were initially interested in.

In order to avoid the collapse of the probed region, we must assume that it is not possible to
simultaneously measure all four spacetime coordinates. This requirement can be incorporated
in the noncommutativity of coordinates. A simple choice for this noncommutativity is

[x̂µ, x̂ν ] = iθµν . (1.1)

Here θµν = −θνµ are constants and x̂µ are the coordinate functions on an n-dimensional space-
time Rn on which the Poincaré group acts in a standard manner for θµν = 0:

x̂µ(x) = xµ.

In the present paper, the relations (1.1) will be assumed. We will describe how to formu-
late the minimal requirements for a quantum field theory (QFT) on such a spacetime and two
particular instances of quantum field theories will be constructed over such noncommutative
spacetimes, the Moyal and the Wick–Voros quantum fields. We should point it out here that
different proposals have been discussed in the literature (see for instance [12, 13] and referen-
ces therein), however the construction provided here is constructive and their consistency and
properties can be tested directly. The paper will be organised as follows. In the next section
we will introduce the Drinfel’d twist and the deformation of the Poincaré Hopf algebra HP.
Both concepts will play a crucial role in the formulation of QFT on noncommutative spacetime,
which will be then explained in Section 3. Relations (1.1) do not uniquely specify the space-
time algebra. For example, both Moyal and Wick–Voros planes are compatible with (1.1). In
Sections 4 and 5 we will see how this freedom gets reflected on the QFT side. In Section 6
we will present some further mathematical developments while the last section will be devoted
to describe phenomenological consequences of noncommutative spacetimes. They influence the

1The idea of extra-dimensions has been widely used recently. Even in those cases the description of spacetime
in terms of a four dimensional manifold must be achieved in some sort of effective limit. It has been shown that
the four dimensional limit of certain string theories [2] does, in fact, involve a noncommutative spacetime.
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cosmic microwave background, the K0–K̄0 mass difference and the Pauli principle among others.
From available data we will present the experimental bounds on the scale of spacetime noncom-
mutativity. The best bound we find for its energy scale is & 1024 TeV. It comes from Borexino
and Superkamiokande experiments. We will then conclude with some final remarks.

2 The Drinfel’d twist and deformed coproduct

At first we notice that the relations (1.1) can be implemented by deforming the product of the
standard commutative algebra of functions on our n-dimensional space-time A0 ≡ (F (M),m0),
where M ∼= Rn, F (M) are smooth functions on M and m0 is the point-wise multiplication
map:

m0(f ⊗ g)(x) = f(x)g(x) = g(x)f(x) = m0(g ⊗ f)(x).

There is a general procedure to deform such a product in a controlled way using the so-called
twist deformation [4].

Let us denote as Aθ = (F (M),mθ) such a deformation of A0 which leads to (1.1). Here
mθ = m0 ◦ Fθ is a noncommutative product and Fθ the twist map. The two satisfy:

mθ(f ⊗ g)(x) = m0 ◦ Fθ(f ⊗ g)(x) := (f ? g)(x), (2.1)
Fθ : F (M)⊗F (M) → F (M)⊗F (M) and Fθ → 1 as θ → 0.

An explicit form of Fθ is

Fθ = exp
i

2
θ[∂x ⊗ ∂y − ∂y ⊗ ∂x]. (2.2)

In particular the unit is preserved by the deformation. We notice that

1) Fθ is one-to-one and invertible;

2) Fθ acts on the tensor product in a non-factorizable manner, i.e. the action on F (M) ⊗
F (M) intertwines the two factors.

The above choice of Fθ ≡ FMθ leads to the Moyal plane AMθ :

mMθ (f ⊗ g)(x, y) ≡ f(x, y) · g(x, y) +
i

2
θ
[
(∂xf)(∂yg)− (∂yf)(∂xg)

]
+

∑
n=2

[
i
2θ(∂x ⊗ ∂y − ∂y ⊗ ∂x)

]n

n!
(f ⊗ g).

But it is not unique. Another choice, leading to the Voros plane AV
θ is

FV
θ = exp

1
2
θ[∂x ⊗ ∂x + ∂y ⊗ ∂y]FMθ = FMθ exp

1
2
θ[∂x ⊗ ∂x + ∂y ⊗ ∂y]. (2.3)

The noncommutative relations (1.1) bring with them another problem: at first sight it seems
that the noncommutativity of spacetime coordinates violates Poincaré invariance: the l.h.s.
of (1.1) transforms in a non-trivial way under the standard action of the Poincaré group P
whereas the r.h.s. does not. But there is still a way to act properly with the Poincaré group,
or rather, with its group algebra CP, on the deformed algebras Aθ if its action is changed to
the so-called twisted action [5, 6, 7]. It goes as follows. The l.h.s. of (1.1) is an element of the
tensor product space followed by mθ : AM,V

θ ⊗AM,V
θ → AM,V

θ . The way in which CP acts on
the tensor product space requires a homomorphism CP → CP ⊗ CP. It is not fixed by the
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way P acts on Aθ, but is a further ingredient of the theory we need to specify. This map is
called the coproduct and will be denoted by ∆:

∆ : CP → CP ⊗ CP.

Once we provide CP with the coproduct ∆, that is we also specify how CP acts on a tensor
product space, we get a new mathematical structure called a Hopf algebra HP. There are fur-
ther formal compatibility requirements between the multiplication map of CP and the map ∆,
but we will not discuss them here. For further details on Hopf algebras, we refer to [8, 9, 10, 11].

Usually we assume for the coproduct the simple separable map ∆0:

∆0(g) = g ⊗ g ∀ g ∈ P. (2.4)

It extends to CP by linearity. But (2.4) is not the only possible choice. The idea proposed
in [5, 6, 7] is that we can assume a different coproduct on CP, that is “twisted” or deformed
with respect to ∆0, to modify the action of the Poincaré group on tensor product spaces in
such a way that it does preserve relations (1.1). We must realize here that the change of ∆0

is not a mere mathematical construction, as it affects the way composite systems transform
under spacetime symmetries. This observation will have deep consequences in the physical
interpretation of the theory as it will be shown later. This modification changes the standard
Hopf algebra structure associated with the Poincaré group (the Poincaré–Hopf algebra HP) to
a twisted Poincaré–Hopf algebra HθP (H0P ≡ HP).

The deformed algebra is not unique. For the Moyal and Wick–Voros cases they are different,
although isomorphic2. The isomorphism map is

γ = e−
1
4
θ(∂2

x+∂2
y), γ : AMθ → AV

θ and FV
θ = γ ⊗ γFMθ ∆

(
γ−1

)
.

We denote them by HM,V
θ P when we want to emphasise that we are working with Moyal and

Wick–Voros spacetimes.
Still they lead to different QFT’s since the isomorphism map is not unitary. We discuss this

point in detail in Sections 4 and 5.
The explicit form of the deformed coproduct ∆θ of HθP is obtained from requiring that the

action of CP is an automorphism of the new algebra of functions Aθ on spacetime. That is, the
action of CP has to be compatible with the new noncommutative multiplication rule (2.1). In
particular, for g ∈ P ⊂ CP,

g . mθ(f ⊗ h)(x) = mθ(g . (f ⊗ h))(x).

It is easy to see that the standard coproduct choice (2.4) is not compatible [5, 6, 7] with the
action of CP on the deformed algebra Aθ. In the cases under consideration, where Aθ are twist
deformations of A0, there is a simple rule to get deformations ∆θ of ∆0 compatible with mθ.
They are given by the formula:

∆θ = (Fθ)−1∆0Fθ, (2.5)

where Fθ is an element in HθP ⊗HθP and it is determined by the map Fθ introduced before,
Fθ being the realisation of Fθ on Aθ ⊗Aθ.

For Fθ = FM,V
θ , the corresponding FM,V

θ give us the Hopf algebras HM,V
θ P.

Without going deeper into the deformation theory of Hopf algebras, we just note that the
deformations we are considering here are very specific ones since we keep the multiplication rules

2The two deformations are in fact equivalent in Hopf algebra deformation theory. That is they belong to the
same equivalence class in the non-Abelian cohomology that classifies Hopf algebra twist-deformations. See for
details [10].
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unchanged and deform only the co-structures of the underlying Hopf algebra. Thus for CP, we
only change ∆0 to ∆θ leaving the group multiplication the same. For a deeper discussion on
deformations of algebras and Hopf algebras, we refer again to the literature [8, 9, 10, 11].

Lastly we have to introduce the concept of twisted statistics. It is a strict consequence of the
twisted action of the Poincaré group on the tensor product space (2.5). In quantum mechanics
two kinds of particles, with different statistics, are admitted: fermions, which are described by
fully antisymmetrised states, and bosons, which are instead completely symmetric. Let H be
a single particle Hilbert space. Then given a two-particle quantum state, α⊗ β with α, β ∈ H,
we can get its symmetrised and anti-symmetrised parts as:

α⊗S,A β =
1± τ0

2
α⊗ β,

where the map τ0 is called the flip operator and it simply switches the elements on which it acts,

τ0(α⊗ β) = β ⊗ α.

From the foundations of quantum field theories it can be proved that the statistics of particles
have to be superselected, that is Poincaré transformations cannot take bosons (fermions) into
fermions (bosons). In other words, a symmetric (antisymmetric) state must still be symmetric
(antisymmetric) after the action of any element of the Poincaré group. This requirement implies
that the flip operator has to commute with the coproduct of any element of CP. As can
be trivially checked, the action of τ0 commutes with the coproduct ∆0(g) of g ∈ P, but not
with ∆θ(g). If we do not modify the flip operator, we end up with a theory in which, for
example, a rotation can transform a fermion into a boson.

If the deformation of the coproduct is of the kind we have been considering so far, that is
a twist deformation as in (2.5), again it is easy to find a deformation τθ of the flip operator τ0

which commutes with ∆θ:

τ0 → τθ = (Fθ)−1τ0Fθ (2.6)

and, moreover τ2
θ = I. This equation contains the R-matrix of a quasi-triangular Hopf algebra.

By definition, R is given by

τθ = R ◦ τ0. (2.7)

Hence:

R := F−1
θ ◦ Fθ21, Fθ21 ≡ τ0Fθτ

−1
0 . (2.8)

In quantum physics on a noncommutative spacetime, we then consider symmetrisation (anti-
symmetrisation) with respect to τθ rather then τ0:

α⊗Sθ,Aθ
β =

1± τθ

2
α⊗ β. (2.9)

3 Examples: Moyal and Wick–Voros planes

The preceding section explains the general features of the formalism of deformations of algebras
induced by the relations (1.1) and how to deform the Hopf algebra structure of the Poincaré
group to keep the theory still invariant under its action, as in (2.5). We now proceed with the
study of two explicit examples: Moyal and Wick–Voros planes.



6 A.P. Balachandran, A. Ibort, G. Marmo and M. Martone

As previously indicated, we denote by FM,V
θ and mM,V

θ the twists and multiplication maps
for the deformed algebras AM,V

θ respectively. Then as in (2.1)

mM,V
θ (f ⊗ g) ≡ m0 ◦ FM,V

θ (f ⊗ g). (3.1)

In the following, for the sake of simplicity, we will work in two dimensions. The generalization
to arbitrary dimensions will be discussed in Section 7.

In two dimensions, we can always write θµν as

θµν = θεµν , ε01 = −ε10 = 1, (3.2)

where θ is a constant. Then as in (2.2) and (2.3) the two twists FM,V
θ assume the form

FMθ = exp
i

2
θ[∂x ⊗ ∂y − ∂y ⊗ ∂x],

FV
θ = exp

1
2
θ[∂x ⊗ ∂x + ∂y ⊗ ∂y]FMθ = FMθ exp

1
2
θ[∂x ⊗ ∂x + ∂y ⊗ ∂y]. (3.3)

Hereafter we will call FMθ and FV
θ the Moyal and Wick–Voros twists, and AMθ and AV

θ the
Moyal and Wick–Voros algebras respectively. Both deformations, AMθ and AV

θ , realize the com-
mutation relations (1.1). This fact already shows, as pointed out above, how noncommutativity
of spacetime does not fix uniquely the deformation of the algebra. There are many more noncom-
mutative algebras of functions on spacetime that realize (1.1) with different twisted products.
In order to address the study of how this freedom reflects on the quantum field theory side it is
enough to work with two of them. Thus hereafter we will only work with AM,V

θ .
Given the above expressions for the twists, explicit expressions for the noncommutative pro-

duct of the functions in the two cases follow immediately from (3.1):

(f ?M g)(x) = mMθ (f ⊗ g)(x) ≡ f(x)e
i
2
θαβ
←−
∂α⊗
−→
∂β

g(x), (3.4)

(f ?V g)(x) = mV
θ (f ⊗ g)(x) ≡ f(x)e

i
2

(
θαβ
←−
∂α⊗
−→
∂β−iθδαβ

←−
∂α⊗
−→
∂β

)
g(x).

If we let the ?-product to act on the coordinate functions, we get in both cases the noncommu-
tative relations (1.1).

Once the two twists are given, following (2.5), we can immediately write down the deforma-
tions of the two coproducts as well:

∆M,V
θ (g) =

(
FM,V

θ

)−1∆0(g)FM,V
θ =

(
FM,V

θ

)−1(g ⊗ g)FM,V
θ . (3.5)

Here FM,V
θ ∈ HP ⊗HP are:

FMθ = exp
(
− i

2
θ[Px ⊗ Py − Py ⊗ Px]

)
, (3.6)

F V
θ = exp

(
−1

2
θ[Px ⊗ Px + Py ⊗ Py]

)
FMθ = FMθ exp

(
−1

2
θ[Px ⊗ Px + Py ⊗ Py]

)
,

where Pµ are translation generators. Their realisation on AM,V
θ is:

Pµ . f(x) ≡ (Pµf)(x) = −i(∂µf)(x).

We end this section with a discussion on how the τ0 gets twisted in the two cases. As FMθ is
skew-symmetric and F V

θ is the composition of FMθ and a symmetric part, we get:

FMθ21 =
(
FMθ

)−1
,
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F V
θ21 = exp

(
−1

2
θ[Px ⊗ Px + Py ⊗ Py]

) (
FMθ

)−1
.

In the R-matrix (2.8), any symmetric part of the twist cancels. Thus in both Moyal and
Wick–Voros cases, the statistics of particles is twisted in the same way:

RM,V =
(
FMθ

)−2 = exp (−iθ[Px ⊗ Py − Py ⊗ Px]) .

We must point out here that the results discussed in this paper differ from those in [12]
because of the differences in the construction of quantum field theories on AM,V

θ here and
in [13]. Thus while our approach is based on Hilbert spaces, operators and explicitly enforces
unitarity, the other approach uses functional integrals. There are issues to be clarified in the
case of functional integrals in the context of the Moyal plane as they do not fulfill reflection
positivity. For a detailed discussion of this issue, see [14].

4 Quantum field theories on Moyal and Voros planes

It is time now to discuss how to quantize the two theories introduced in the previous section.
Our approach to the Moyal plane is discussed in [7, 15] and to the Wick–Voros plane can be
found in [16, 17]. For another approach to the latter, see [12].

The quantization procedure consists in finding a set of creation operators, and by adjointness
the annihilation counterpart, which create multiparticle states providing a unitary representation
of the twisted Poincaré–Hopf symmetry. Such a set of creation and annihilation operators must
also implement the appropriate twisted statistics (2.7)–(2.9). Out of them we can construct the
twisted quantum fields (QFs). It has been in fact proven elsewhere [7, 15] that the Hamiltonian
constructed out of such twisted fields is Hopf–Poincaré invariant.

Let us first consider the Moyal case. As our previous work [7, 15] shows,

aMp = cp exp
(
− i

2
pµθµνPν

)
, (4.1)

aM†p = c†p exp
(

i

2
pµθµνPν

)
, (4.2)

where cp, c†p are the untwisted θµν = 0 annihilation and creation operators (we can assume
all such operators to refer to in-, out- or free-operators as the occasion demands), provide the
operators we were looking for. Let’s see that.

Since we are considering only deformations in which the coproduct is changed, the way in
which the Poincaré group acts on a single particle state is the usual one. Therefore the creation
operator (4.2) on the vacuum will act like the untwisted operator c†p. It is then plausible that
the generators of Poincaré transformations on the Hilbert space under consideration have to be
the untwisted ones. We will now confirm this: if (a,Λ) → U(a,Λ) ≡ U(Λ)U(a) is the θ = 0
unitary representation of the Poincaré group, we will show that the multiparticle states created
by acting with (4.2) on the vacuum transform with the Moyal coproduct (3.5).

If we consider the action of a general group element of the Poincaré group (a,Λ) on a two-
particle state |p, q〉θ, we expect

∆Mθ
(
(a,Λ)

)
. |p, q〉θ =

(
FMθ

)−1((a,Λ)⊗ (a,Λ)
)
FMθ . |p, q〉θ

= |Λp, Λq〉θe−
i
2
(p∧q−Λp∧Λq)e−i(p+q)·a, (4.3)

where a ∧ b := aµθµνbν , and we have used the properties of a momentum eigenstate, Pµ . |p〉 =
pµ|p〉 and (a,Λ) . |p〉 = |Λp〉e−ip·a.
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For the θ = 0 generators of the unitary representation of the Poincaré group on the Hilbert
space under consideration, we have

U(a,Λ)c†pU
−1(a,Λ) = eip·ac†Λp.

Defining [22]3

|p, q〉Mθ = aM†q aM†p |0〉 (4.4)

we can now explicitly compute how U(a,Λ) acts on the two-particle state considered in (4.4):

U(a,Λ)|p, q〉θ = U(a,Λ)c†qU
−1(a,Λ)U(a,Λ)e

i
2
q∧P c†p|0〉 = c†Λqc

†
Λp|0〉e

−i(p+q)·ae
i
2
q∧p

= aM†Λq e
i
2
q∧P c†Λp|0〉e

i
2
q∧pe−i(p+q)·a = |Λp, Λq〉e−

i
2
(p∧q−Λp∧Λq)e−i(p+q)·a. (4.5)

In the above computation we have used Pν |0〉 = 0 and a relation which will be used repeatedly
in what follows: e

i
2
pµθµνPν c†qe−

i
2
pµθµνPν = e

i
2
pµθµν [Pν , · ]c†q = e

i
2
pµθµνqν c†q. Thus (4.5) coincides

with (4.3). It is a remarkable fact that the appropriate deformation of the coproduct naturally
appears as the θ = 0 Poincaré group generator acts on the two particle states obtained by the
creation operator (4.2). This result generalises to n-particles states.

The two-particle state in (4.3) also fulfills the twisted statistics. From (2.7), (2.9) we expect
that (throughout this paper we will only consider the bosonic case):

|p, q〉Mθ =
1+ τMθ

2
|p, q〉 =

1
2
(
|p, q〉+ e−i~q∧~p|q, p〉

)
and

|q, p〉Mθ =
1+ τMθ

2
|q, p〉 =

1
2
(
|q, p〉+ e−i~p∧~q|p, q〉

)
= e−i~q∧~p|p, q〉Mθ .

On the other hand using the definition (4.4) of two-particle states in terms of the creation
operators a†Mp ’s:

|q, p〉Mθ = aM†p aM†q |0〉 = c†p exp
(

i

2
pµθµνPν

)
c†q|0〉

= e−
i
2
~q∧~pa†q exp(− i

2
qµθµνPν)c†p|0〉 = e−i~q∧~p|p, q〉θ,

where we have used the relation introduced above and the fact that c†p and c†q commute. So
these creation operators do implement the statistics we want.

The operators defined in (4.1), (4.2) are called in the literature [18, 19, 20] as dressed ope-
rators. They are obtained from the θ = 0 ones by dressing them using the exponential term.
Exploiting a peculiar property of the Moyal plane, which will be explained in the next section,
we can obtain the Hermitian quantum field ϕMθ on the Moyal plane:

ϕMθ (x) =
∫

dµ(p)
[
aMp e−p(x) + aM†p ep(x)

]
, (4.6)

where ep(x) denotes eip·x as usual, through a similar dressing of the standard θ = 0 scalar field:

ϕMθ = ϕ0e
1
2

←−
∂ µθµνPν . (4.7)

3In the case under study, because of the twisted statistics, the creation operators, and likewise their adjoints,
do not commute. The order in which they act on a state becomes then an issue. The choice made here is motivated
by asking for consistency [7]. The scalar product we consider for the definition of the adjoint is the one associated
with the untwisted creation and annihilation operators.
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This formula is first deduced for in-, out- or free-fields. For example,

ϕM,in
θ = ϕin

0 e
1
2

←−
∂ µθµνPν .

But since the Heisenberg field becomes the ‘in’ field as x0 → −∞,

ϕ0(x) → ϕin
0 as x0 → −∞,

and Pµ is time-independent, we (at least heuristically) infer (4.7) for the fully interacting Heisen-
berg field.

Products of the field (4.6) have a further remarkable property which we have called self-
reproducing property:(

ϕMθ ?M ϕMθ
)
(x) =

[
(ϕ0 · ϕ0)(x)

]
e

1
2

←−
∂ µθµνPν ,

where the · represents the standard point-wise product. This property generalises to products
of N fields

ϕMθ ?M ϕMθ ?M · · · ?M ϕMθ︸ ︷︷ ︸
N -factors

= ϕN
0 e

1
2

←−
∂ µθµνPν , (4.8)

where again ϕN
0 indicates the N -th power with respect the commutative product m0. This

self-reproducing property plays a significant role in general theory. It is the basis for the proof
of the absence of UV-IR mixing in Moyal field theories (with no gauge fields) [21, 22].

Now consider the Wick–Voros case. The twisted creation operators, which correctly create
states from the vacuum transforming under the twisted coproduct, are [16]

aV †
p = c†pe

i
2
(pµθµνPν−iθpνPν), (4.9)

where pνPν uses the Euclidean scalar product. Its adjoint is

aV
p = e−

i
2
(pµθµνPν+iθpνPν)cp. (4.10)

We prove elsewhere [23] that (4.9) and (4.10) are also dictated by the covariance of quantum
fields.

It can be shown that, like in Moyal case, the states obtained by the action of aV †
θ reproduce

the appropriate twisted statistics too.
Although we have obtained, like in Moyal, (4.9) and (4.10) by dressing the θ = 0 operators,

the quantum field ϕV
θ on Wick–Voros plane:

ϕV
θ (x) =

∫
dµ(p)

[
aV

p e−p(x) + aV †
p ep(x)

]
(4.11)

cannot be obtained from an overall dressing like in (4.7). This property fails due to the fact
that is not possible to factorise the same overall exponential out of both (4.9) and (4.10), since
it is not possible in (4.9), (4.10) to move the exponential from right (left) to left (right), that is:

aV †
p 6= exp

(
− i

2
(pµθµνPν + iθpνPν)

)
c†p,

aV
p 6= cp exp

(
− i

2
(pµθµνPν + iθpνPν)

)
. (4.12)
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This is because c†p and cp do not commute with the exponentials in (4.9) and (4.10), in fact
moving c†p (cp) to the right (left) will bring a factor e−

θ
2
pνpν :

aV †
p = exp

(
i

2
(pµθµνPν − iθpνPν)−

θ

2
pνpν

)
c†p,

aV
p = cp exp

(
− i

2
(pµθµνPν + iθpνPν)−

θ

2
pνpν

)
.

A consequence is that we have to twist the creation-annihilation parts ϕ
(±)I
0 (I = in-, out- or

free-) fields separately:

ϕ
(+)V,I
θ =

∫
dµ(p)aV,I†ep = ϕ

(+)I
0 e

1
2
(
←−
∂ µθµνPν−iθ

←−
∂ µPµ),

ϕ
(−)V,I
θ =

∫
dµ(p)aV,Ie−p = e

1
2
(
−→
∂ µθµνPν+iθ

−→
∂ µPµ)ϕ

(−)I
0 ,

ep(x) = eip·x, dµ(p) :=
d3p

2
√

~p 2 + m2
, m = mass of the field ϕI

0,

where now we have added the superscript I to ϕI
0, aV,I†

p , and aV,I
p .

Therefore to obtain the field (4.11) we have to twist creation and annihilation parts separately

ϕV,I
θ = ϕ

(+)V,I
θ + ϕ

(−)V,I
θ . (4.13)

A further point relates to the self-reproducting property of these Wick–Voros fields. The
quantum fields ϕ

(±)IV
θ are self-reproductive, but in different ways. Thus

ϕ
(+)V,I
θ ?V ϕ

(+)V,I
θ ?V · · · ?V ϕ

(+)V,I
θ︸ ︷︷ ︸

M -factors

=
(
ϕ

(+)I
0

)Me
1
2
(
←−
∂ µ)θµνPν−iθ

←−
∂ µPµ ,

ϕ
(−)V,I
θ ?V ϕ

(−)V,I
θ ?V · · · ?V ϕ

(−)V,I
θ︸ ︷︷ ︸

M ′-factors

= e
1
2
(
−→
∂ µ)θµνPν+iθ

−→
∂ µPµ

(
ϕ

(−)I
0

)M ′
,

where, as in (4.8),
(
ϕ

(±)I
0

)N is the N -th power of ϕ
(±)I
0 with respect to the commutative pro-

duct m0. Given (4.13), it follows that the full field, ϕV
θ , does not have the self-reproducing

property.

5 Voros versus Moyal: a comparison

It is now time to compare the two theories we have previously introduced. We will follow the
treatment in [17] and prove them to be inequivalent. First we want to approach this question
of equivalence from a heuristic point of view. We will conclude this section proving that no
similarity transformation can relate the two theories, showing their inequivalence with respect
to isospectral transformations.

The first big difference among QFT’s on Moyal and Wick–Voros planes has already appeared
above. Although we have not stressed it, (4.1) and (4.2) could have been changed to

aMp = exp
(
− i

2
pµθµνPν

)
cp, (5.1)

aM†p = exp
(

i

2
pµθµνPν

)
c†p. (5.2)
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But in fact (4.1) equals (5.1) and (4.2) equals (5.2) because θµν = −θνµ [15, 24]. In (4.12)
we have instead seen that this is not the case for the Wick–Voros plane. This observation is
important since it ensures that the Moyal field (4.6), which we can obtain from the θ = 0 field
by twisting it, is Hermitian. Had we constructed the Voros field in a similar way, we would have
ended up with a non-Hermitian operator.

Equation (4.12) is also the reason for the absence of the self-reproducing property on the
Wick–Voros plane that by itself causes differences at the level of physics. (For example the
arguments for the absence of UV/IR mixing on the Moyal plane would fail here.)

But that is not all. The states in the Wick–Voros case are not normalised in the same way
as in the Moyal case. For instance

〈k1, k2|p1, p2〉 ≡ 〈0|aV,I
k1

aV,I
k2

aV,I†
p2

aV,I†
p1
|0〉 = eθk1·k24

√
(~k2

1 + m2)(~k2
2 + m2)

×
[
δ3(k1 − p1)δ3(k2 − p2) + e

i
2
k1µθµνk2ν δ3(k1 − p2)δ3(k2 − p1)

]
, (5.3)

I = in, out, |0〉‘in = |0〉out, m = mass of the field ϕI
0.

For scattering theory, normalisation is important. It depends on the scalar product we
are using. If we normalise the states as in the Moyal case, since the normalisation constant
in (5.3) is momentum dependent, the normalised states no longer transform with the Wick–
Voros coproduct. The factor (5.3) has been computed using the standard scalar product in the
Fock space. We can try changing it [16] so that the states become correctly normalised. But
then the representation (a,Λ) → U(a,Λ) ceases to be unitary. We can try to seek for another
one, modifying U(a,Λ) using a non trivial operator O. We could not find any such O which
would preserve the way the unitary representation has to act on single particle states. It then
appears that the Wick–Voros plane is not suitable for quantum physics.

We now show that there is no similarity transformation taking aM,I
p , aM,I†

p into aV,I
p , aV,I†

p .
One way to quickly see this is to examine the operators without the Moyal part of the twist. So
we consider cI

p, cI†
p and

aV,I′
p = e

1
2
θpνPν cI

p, (5.4)

aV,I′†
p = cI†

p e
1
2
θpνPν . (5.5)

Now

[cI
p, c

I†
k ] = 2|p0|δ3(p− k)1,

p0 =
√

~p 2 + m2, m = mass of the field ϕI
0.

Had there existed an invertible operator W such that

WcI
pW
−1 = aV,I′

p , WcI†
p W−1 = aV,I′†

p ,

then we would have

[aV,I′
p , aV,I′†

k ] = 2|p0|δ3(p− k)1. (5.6)

But a direct calculation of the l.h.s. using (5.4), (5.5) shows that (5.6) is not true.
However there exists an invertible operator S which transforms aM,I†

p to aV,I†
p and is given

by:

S = e
θ
4
(PµPµ+K), K = −

∫
dµ(k)kµkµcI†

k cI
k (5.7)
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and a simple computation now shows that

SaM,I†
p S−1 = aV,I†

p .

where, as usual, I on cI†
k , cI

k denotes in-, out- or free- while in PµPµ and kµkµ, we use the
Euclidean scalar product.

But

SaM,I
p S−1 = e−

i
2
(pµθµνPν−iθpνpν)cI

p = ãV,I
p 6= aV,I

p .

Let us pursue the properties of this operator further.
The operator S leaves the vacuum invariant and shows that certain correlators in the Moyal

and Wick–Voros cases are equal. From the explicit expression (5.7) it follows also that the map
induced by the operator S is isospectral, but not unitary in the Fock space scalar product. It is
possible to define a new scalar product which makes S unitary [16]. But the previously defined
U(a,Λ) would not be unitary in this scalar product as we discussed above.

Now consider the twisted fields

ϕM,I
θ =

∫
dµ(p)

[
aM,I

p e−p + aM,I†
p ep

]
,

ϕ̃V,I
θ =

∫
dµ(p)

[
ãV,I

p e−p + aV,I†
p ep

]
,

where ep(x) denotes eip·x as before. Then of course,

S : ϕM,I
θ → S . ϕM,I

θ :=
∫

dµ(p)S
[
aM,I

p e−p + aM,I†
p ep

]
S−1 = ϕ̃V,I

θ . (5.8)

Also

S|0〉 = S−1|0〉 = 0. (5.9)

From (5.8) and (5.9) we obtain trivially the equality of the n-points correlation functions:

〈ϕM,I
θ (x1)ϕ

M,I
θ (x2) · · ·ϕM,I

θ (xN )〉0 = 〈ϕ̃V,I
θ (x1)ϕ̃

V,I
θ (x2) · · · ϕ̃V,I

θ (xN )〉0.

Consider simple interaction densities such as

H M
I = ϕM,I

θ ?M ϕM,I
θ ?M · · · ?M ϕM,I

θ︸ ︷︷ ︸
N -factors

and H V
I = ϕ̃V,I

θ ?V ϕ̃V,I
θ ?V · · · ?V ϕ̃V,I

θ︸ ︷︷ ︸
N -factors

in either field. Since S only acts on the operator parts of the fields, the similarity transformation
in (5.8) will not map H M

I to H V
I :

S . H M
I 6= H V

I .

Hence

〈ϕM,I
θ (x1) · · ·ϕM,I

θ (xj)H M
I (xj+1)ϕ

M,I
θ (xj+2) · · ·ϕM,I

θ (xN )〉0
6= 〈ϕ̃V,I

θ (x1) · · · ϕ̃V,I
θ (xj)H V

I (xj+1) · · · ϕ̃V,I
θ (xj+2) · · · ϕ̃V,I

θ (xN )〉0.

So we can immediately conclude that also in this case the two theories are different.
There is no such S for mapping ϕM,I

θ to ϕV,I
θ , so that the correlators are not equal even at

the tree level.
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6 Further formal developments

In the presentation we have given so far, the Hopf algebra deformation has been introduced to
compensate for the spacetime noncommutativity (1.1) and restore the Poincaré invariance of the
theory. The algebra of functions on spacetime and the Poincaré group are related by a duality
in a very precise manner. The consequence of that is that once one of the two is deformed, the
duality relation imposes a similar deformation on the other. A deformation of the coproduct of
the Poincaré group thus induces a noncommutative spacetime [25]. Thus while customarily, we
deduce the Hopf algebra deformations from spacetime noncommutativity, we can also deduce
the latter from the former.

Also, so far we have not discussed gauge theory to any extent. In the approach to gauge
theories followed in [26, 27], a unique feature seems to arise due to the deformation needed
in the presence of gauge fields: the coproduct deformation is not coassociative. Because of
the dual relation cited above, the product between functions on spacetime induced by such
a noncoassociative coproduct is also nonassociative [28].

Both of these more formal features deserve to be discussed in more detail.

6.1 Spacetime from symmetry

The starting point to unveil the duality that ties the Hopf algebra deformation with the defor-
mation on the spacetime algebra, is to recall a well-known result. The commutative algebra of
functions on spacetime, what we have called A0 ≡ (F (R4),m0), can be obtained as a coset of
the algebra of functions on the Poincaré group with respect to the right action of the proper
ortochronous Lorentz group L↑+. This result exploits the fact that the Poincaré group is the
semi-direct product of translations and the Lorentz group, so that R4 ∼= P�L↑+. It is crucial
to stress that the reason why such a coset description of R4 gives the algebraic structure of A0

is because the product of two right-invariant functions under the action of L↑+ on the Poincaré
group it is still right invariant.

In order to generalise such a construction to the noncommutative case, we should also mention
that it is well known in Hopf algebra theory that the product structure on functions on any Lie
group F (G ) and the group algebra CG are dual to each other. Such a duality is a remarkably
powerful tool. Given the Hopf algebra structure on the group algebra CG , that is given the
multiplication map m and the coproduct ∆, and the duality map:

∀ f ∈ F (G ), ∀ g ∈ CG 〈f, g〉 = f(g) ∈ C (6.1)

we can deduce a multiplication map m∗ and a coproduct ∆∗ on F (G ) turning F (G ) also into
a Hopf algebra. The structures on F (G ), (m∗,∆∗), are uniquely deduced in the following way:

∀ f1, f2 ∈ F (G ), ∀ g ∈ CG , (f1 · f2)(g) ≡ 〈m∗(f1 ⊗ f2), g〉 := (f1 ⊗ f2)(∆(g)), (6.2)
∀ f ∈ F (G ), ∀ g1, g2 ∈ CG , ∆(f)(g1 ⊗ g2) ≡ 〈∆∗(f), g1 ⊗ g2〉 := f(g1 · g2).

In this approach, a co-commutative ∆ on CG , like the choice (2.4), induces a commutative
multiplication map on functions. It is then natural to expect that if we deform the costructure
of CP, like in (2.5), then on the dual, that is on the functions on Poincaré group, we will obtain
a noncommutative multiplication map.

We will work with HMθ P. Its coproduct is obtained from the standard coproduct on CP
using the Moyal twist introduced in (3.6). In order to get an algebra of functions on spacetime
from F (P), as explained above, we should make sure that the coset operation is compatible
with the noncommutative product induced by (6.2) when ∆ ≡ ∆Mθ . Such a requirement will
fix how the duality pairing (6.1) gets lifted to the tensor product space. Once this lift is fixed,
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there is no more freedom allowed and we can proceed to compute the multiplication map m∗θ on
the algebra F (P) using (6.2). In [25] we have found such a lift and we have explicitly shown
that such a product m∗θ coincides exactly with the standard Moyal product on F (R4) mMθ as
in (3.4).

6.2 Nonassociative deformations

Gauge theories in noncommutative QFT’s have been a long standing problem. The main com-
plication is the non-closure of the commutator of covariant derivatives if connections are non-
commutative. Thus:

[Aµ,Aν ](x) = [Aa
µλa, Ab

νλ
b](x)

=
(
Aa

µ ? Ab
ν −Ab

ν ? Aa
µ

)
(x)λaλb +

(
Aa

µ ? Ab
ν

)
(x)fab

c λc, λi ∈ g,

where g is the Lie algebra. Now λaλb /∈ g, unless the Lie group G is U(N) where N is the
dimension of the particular representation under consideration. The Lie group in this way
becomes the whole unitary group if λa’s describe an irreducible representation. Its dimension
is also dependent on the representation of λa. One way out is to assume standard point-wise
multiplication among gauge fields so that the extra term, proportional to [Aa

µ, Ab
ν ]?(x), vanishes

as it usually does. We will follow this approach. More formally we will consider connections
as G -valued functions on the commutative algebra A0 ≡ (F (R4),m0), where G is the gauge
group. The fields Aθ

µ are then not twisted: Aθ
µ = A0

µ. Such a formulation, where matter fields
are twisted, that is regarded as elements of Aθ ≡ (F (R4),mθ), while gauge fields are treated as
standard commutative functions, can be shown to be internally consistent. The basic reason is
that Aθ is an A0 module. We refer to [26, 27] for more details.

In this approach, the deformation of the action of the Poincaré–Hopf algebra on tensor
product spaces shows up only through matter fields. In the particular case in which we choose
the Moyal plane Aθ ≡ AMθ for the matter part, the deformed coproduct ∆θ which acts both
on ϕMθ and Aµ

θ = Aµ
0 has to fulfill

∆θ|Gauge fields = ∆0,

∆θ|Matter fields = ∆Mθ =
(
FMθ

)−1∆0F
M
θ .

In order to write an expression for ∆θ which would take care of both gauge and matter
sections, we need to enlarge the group algebra CP. Specifically we should introduce a central
element u which will act effectively as a grading operator for the quantum fields. We call the
extended group algebra CP.

Let us denote by χg,m
0 a generic untwisted gauge and matter field. The central element u

acts on them by conjugation, we will denote such an action as usual as Ad:

Ad(u)χg,m
0 := uχg,m

0 u−1.

We define the action of u so that gauge fields are even whereas matter fields are odd:

Ad(u)χg
0 = χg

0, Ad(u)χm
0 = −χm

0 .

It then follows that the operator

δAd u,−1 ≡
1
2
[1−Ad(u)] (6.3)

acts as identity on matter fields χm
0 and as 0 on gauge ones χg

0.
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We have now introduced enough formalism to present the definition of the extended copro-
duct ∆θ:

∆θ := F−1
θ ∆0Fθ, (6.4)

where now the twist operator Fθ is given by

Fθ = e−
i
2
Pµθµν⊗Pν(δAd u,−1⊗1).

Using (6.3), Fθ can be checked to reduce to the identity map on the gauge sector and the
standard Moyal twist FMθ (3.6) on matter fields.

We want to study the coproduct deformation introduced in (6.4) further. Specifically we
want to study its so-called coassociativity. A coproduct ∆ is said to be coassociative if the
following equation is fulfilled:

(∆⊗ 1)∆(g) = (1⊗∆)∆(g), ∀ g ∈ CP. (6.5)

Both l.h.s. and r.h.s. define an action of CP on a three particles state. If the coproduct is
coassociative there is no ambiguity in the definition of the action of CP on three, and actually on
any multiparticle state. Coassociativity of ∆ is assumed when we deal with Hopf algebras. The
lack of it will change a Hopf algebra to what is called a quasi-Hopf algebra (see for instance [10]).

In order to show that (6.4) is not coassociative, we can compute the action both of l.h.s. and
r.h.s. of (6.5), with ∆ ≡ ∆θ, on vectors ep ⊗ eq ⊗ ek ∈ VGauge ⊗ VMatter ⊗ VMatter. VGauge and
VMatter denote the even and odd vector spaces under u and er (r = p, q, k) denote plane wave
vectors: er(x) := eir·x. In [28] it has been shown that (∆θ ⊗ 1)∆θ and (1 ⊗∆θ)∆θ transform
ep ⊗ eq ⊗ ek in different ways. Thus ∆θ is not coassociative and HθP, that is the deformation
of the Hopf–Poincaré algebra when gauge fields also are included in the picture, is a quasi-Hopf
algebra.

Given the deformation HθP, the deformation on the algebra of functions F (R4) can be
obtained using duality as explained previously. It is a standard result that the multiplication
map m∗ induced on the dual Hopf algebra is associative if and only if the starting ∆ is coasso-
ciative. In HθP, the coproduct we need to consider is ∆θ. The multiplication map on functions
on spacetime ? induced by (6.2) is hence nonassociative:

f1, f2, f3 ∈ F
(
R4

)
, (f1?f2)?f3 6= f1?(f2?f3).

This is a striking result which deserves more study. In particular one can try to understand
how to formulate quantum mechanics on such nonassociative spacetimes.

7 Experimental bounds on θ

In the following we will present some bounds for the noncommutativity parameter θ provided
by the most recent experiments. Most of them deal with QFT on the Moyal plane.

7.1 Modifications of the CMB spectrum

The Cosmic Microwave Background (CMB) radiation gives us a picture of the universe when it
was only 400,000 years old. The smallness of the anisotropies detected by COBE in 1992 have
suggested that what we see today is how the universe appeared at the end of an era of exponential
expansion called inflation. The inflation era stretched a region of Planck size into cosmological
scales. We then expect that the CMB radiation would show some signatures of physics at
Planck scale too. That is the reason why descriptions of CMB radiation in the noncommutative
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framework have been addressed in many places [29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. We
will report the results of [39, 40] which use the approach to QFT on noncommutative spaces
introduced above. We will only report the most important formulas and results, referring to the
original papers for details. The θ = 0 calculation can be found in [41, 42, 43].

The observational data used to constrain the noncommutative parameter θ were obtained
from WMAP5 [44, 45, 46], ACBAR [47, 48, 49] and CBI [50, 51, 52, 53, 54]. All these experiments
have measured the anisotropy in the temperature of the CMB.

The temperature fluctuations can be expanded in spherical harmonics:

∆T (n̂)
T

=
∑
lm

almYlm(n̂),

where n̂ is the direction of the incoming photons.
The coefficients of spherical harmonics, alm, contain all the information encoded in the

temperature fluctuations. They can be connected to the primordial scalar metric perturbation
caused by the quantum fluctuations of the inflaton field:

a0,θ
lm = 4π(−i)l

∫
d3k

(2π)3
∆l(k)ϕ0,θ(~k, η)Y ∗lm(k̂),

where ∆l(k) are called transfer functions, η = t
a(t) is the cosmological time and ϕ0,θ(~k, η) is the

inflaton field in momentum space which for θ 6= 0 is taken to be given by the Moyal quantum
field (4.6). We can now introduce the two-point temperature correlation function, which can
also be expanded in spherical harmonics:〈

∆T (n̂)
T

∆T (n̂′)
T

〉
=

∑
lm,l′m′

〈alma∗l′m′〉Y ∗lm(n̂)Yl′m′(n̂′),

where

〈alma∗l′m′〉0,θ = 16π2(−i)l−l′
∫

d3k

(2π)3
∆l(k)∆l′(k)Pϕ0,θ

(~k)Y ∗lm(k̂)Yl′m′(k̂). (7.1)

The function Pϕ0,θ
(~k) is called power spectrum and is defined in terms of the real part of the

two-point correlation function in momentum space:

〈ϕ0,θ(~k, η)ϕ†0,θ(~k
′, η)〉 = (2π)3Pϕ0,θ

(~k)δ3(~k − ~k′).

It is Pϕ0,θ
(~k) which contains the signature of noncommutativity. The expression for the power

spectrum when a mode k crosses the horizon, that is when a(η)H = k say for η = η0, in the
commutative limit and in the θ 6= 0 cases, are respectively:

Pϕ0(~k) =
16πG

9ε

H2

2k3

∣∣∣
a(η0)H=k

, (7.2)

Pϕθ
(~k) = Pϕ0(~k) cosh

(
H~θ 0 · ~k

)
. (7.3)

These formulas above are obtained assuming the Hubble parameter H to be constant du-
ring inflation, ε is the slow-roll parameter in the single field inflation model [41] and ~θ0 :=
(θ01, θ02, θ03).

Substituting (7.2) and (7.3) in (7.1) we get for the two cases:

〈alma∗l′m′〉0 =
2
π

∫
dk k2 (∆l(k))2Pϕ0(k)δll′δmm′ ≡ Clδll′δmm′ (7.4)
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〈alma∗l′m′〉θ =
2
π

∫
dk

∞∑
l′′=0, l′′:even

(i)l−l′(−1)m(2l′′ + 1)k2∆l(k)∆l′(k)Pϕ0(k)il′′(θkH)

×
√

(2l + 1)(2l′′ + 1)
(

l l′ l′′

0 0 0

) (
l l′ l′′

−m m′ 0

)
, (7.5)

where il(z) is the modified spherical Bessel function, while the Wigner’s 3-j symbols come from
integrals of spherical harmonics:∫

dΩkYl,−m(k̂)Yl′,m′(k̂)Yl′′,0(k̂) =

√
(2l+1)(2l′+1)(2l′′+1)

4π

(
l l′ l′′

0 0 0

)(
l l′ l′′

−m m′ 0

)
.

From (7.4) we get the definition of Cl, that is the power spectrum for multipole moment l.
The data sets from WMAP5, ACBAR and CBI are only available for such diagonal terms. We
can then consider (7.5) for l = l′ and average over m to get a much simpler expression:

Cθ
l ≡

1
2l + 1

∑
m

〈alma∗lm〉θ =
∫

dk k2 Pϕθ
(k)|∆l(k, η = η0)|2i0(θkH). (7.6)

Here the coefficients C0
l ≡ Cl in the θ = 0 are given by (7.4).

A comparison between (7.4) and (7.6) with the available data shows [40] that it is not possible
to constrain θ using WMAP data. This is due to the fact that the last data point in the
WMAP observations is at a relatively small value for angular momentum l (l = 839) whereas
the signature of noncommutativity appears at very high values of l. Using data from ACBAR
and CB instead, which go up to l = 2985 and l = 3500 respectively, we can get constraints on θ.
The restriction we found on Hθ is

Hθ < 0.01 Mpc. (7.7)

Data from ACBAR+WMAP3, give an upper limit on the Hubble parameter:

H < 1.704× 10−5Mp, (7.8)

where Mp is the Planck mass. We are interested in a value for θ at the end of inflation. The
scale factor then, assuming a reheating temperature of the universe close to the GUT energy
(1016 GeV), is a ' 10−29 [41]. Using both (7.7) and (7.8) we finally get a bound for θ:

√
θ <

(
1.84a× 10−9

)1/2 = 1.36× 10−19 m,

which corresponds to a lower bound for the energy scale of 10 TeV.

7.2 Pauli-forbidden transitions

There have been suggestions [24] that the Pauli principle will be modified on non-commutative
spacetimes. In [55], the authors computed the statistical potential VSTAT among two twisted
two-particle fermion states. VSTAT does not show an infinitely repulsive core, as it would be
on commutative spacetimes. In [56] a concrete calculation of Pauli-forbidden transition has
been carried out on a non-commutative spacetime. It leads to the bound & 1024 TeV for the
energy scale of noncommutativity when combined with limits on Pauli-forbidden transitions
from [57, 58, 59, 60, 61]. This is a strong bound suggesting an energy scale beyond the Planck
scale.

The calculation is carried out using a twist deformation which is neither Moyal nor Wick–
Voros. Specifically the twist has the form:

F ′θn̂ := e−
iθ
2

(P0⊗n̂· ~J−n̂· ~J⊗P0), (7.9)
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where P0 and ~J are respectively the time translation and rotations generators and n̂ is a fixed
unit vector. The twist (7.9) leads to a different kind of noncommutativity with respect to (1.1).
Acting with the noncommutative product m′θ := m0 ◦ F ′θn̂ on coordinates functions we get

[x̂0, x̂j ] = iθεijknix̂k.

It can be shown that the twist (7.9) still defines a consistent Poincaré–Hopf algebra defor-
mation. It is then possible to proceed to compute the twisted ground two-electron state of a Be
atom:

|1, 1〉θn̂ =
1− τθn̂√

2
|1,+1; 1,−1〉n̂,

where τθn̂ =
(
F ′θn̂

)−1
τ0Fθn̂ is the new twisted flip operator (2.6) and the label n̂ indicates that

the states are ~J · n̂ eigenstates with eigenvalue given by the second state label:

~J · n̂|ν, α〉n̂ =
~σ · n̂

2
|ν, α〉n̂ =

α

2
|ν, α〉n̂, α = ±1.

The first state label, that is ν in the above formula, indicates principal quantum number and
hence the energy eigenvalue:

P0|ν, α〉n̂ = Eν |ν, α〉n̂.

Likewise we can compute the two-electron excited state

|2,+1; 3,+1〉θn̂ =
1− τθn̂√

2
|2,+1; 3,+1〉n̂. (7.10)

We consider the case where two of the four electrons in Be are initially in the ground state
and the remaining two in the state (7.10). Then in the standard θ = 0 case, any transition
from the excited state (7.10) to the ground state vanishes by Pauli principle as the ground state
is fully occupied. Once the explicit expressions for the two states are obtained it is possible
to compute the transition rate in the θ 6= 0 case. In the noncommuativity case, the twisted
statistics introduces a θn̂ dependence in energy eigenstates. If we take into account the rotation
around its axis and revolution around the sun, the Earth frame is a non-inertial one. This
reflects in the fact that in this frame the angular momentum generators rotate. Effectively,
such a rotation can be seen on the axis identified by n̂:

n̂i → m̂i := n̂jR(t)i
j , R(t) ∈ SO(3). (7.11)

Hence the twisted flip operator goes into τθm̂. Such a change, τθn̂ → τθm̂ induces (twisted)
bosonic components in multi-fermion (in the case of study electrons) state vectors leading to
non-Pauli effects.

The time scale of the effect induced by the twisted flip operator in energy eigenstates is
expected to be very large, of the order of the inverse of the Planck length. On the other side
the effect of Earth rotation, as in (7.11), are at the most of the order of 1 year. A suitable
approach to treat corrections due by such a short-scale effect is the sudden approximation, in
the case under study is the rotation R(t) of n̂ which is considered as sudden effect. As n̂ rotates,
τθn̂ goes into τθm̂ but the states have “no time” to adjust, they in fact do not change in the
sudden approximation. The states are then no longer eigenstates of the twisted flip operator τθm̂,
this is the cause of the appearance of non-Pauli effects. The details of the calculation can be
found in [56]. Comparison between the nonvanishing transition rate in the θ 6= 0 case and the
bounds on Pauli-forbidden transitions coming from nuclear physics [57, 58, 59, 60, 61] leads to
the bound for the energy scale of the noncommutativity parameter & 1024 TeV given above.
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7.3 Particle physics phenomenology

The noncommutativity parameter θ can also be constrained using particle physics experiments.
Non-commutative spacetimes lead to CPT violation [62]. One of the strongest experimental
supports to CPT symmetry comes from the mass difference of K0 and K

0 which is predicted to
vanish exactly for CPT-invariant theories. In [63], the data from the KTeV E731 experiment [64]
and the experiments on kaons [65, 66] have been used to get bounds on θ. The constraints
obtained are similar to the ones coming from nuclear experiments described above. Below we
report the main results.

Considering QFT on the Moyal plane, that is the standard point-wise product is deformed
into (2.1), we get the following expression for the K0–K

0 mass difference at first order in
~θ0 ≡ (θ01, θ02, θ03) [63]:

mK0 −mK̄0
' δ⊥

(
mK0

~θ0 ~Pin

)√
1 + tan2(φSW ), (7.12)

where φSW is called the super-weak angle, while δ⊥ is given in terms of the CPT violating
parameter δ and φSW : δ⊥ = −Re δ sin(φSW ) + Im δ cos(φSW ).

From the KTeV E731 experiment, we get for φSW :

φSW = 43.4◦ ± 0.1◦. (7.13)

Using the measurements of the complex and real part of δ from kaon decay experiments [65, 66]
and the above value of φSW in (7.13), we get:

δ⊥ ' 20.93 × 10−5. (7.14)

Plugging back (7.13) and (7.14) in (7.12), we can solve for ~θ0 finding√
|~θ0| < 10−32 m.

This corresponds to a lower bound for the energy scale associated to noncommutativity of the
order of 1016 GeV.

We emphasis that the above bounds are obtained for “electric” noncommutativity (~θ0 6= 0,
θij ≡ 0) and not for “magnetic” noncommutativity (~θ0 ≡ 0, θij 6= 0 for some i, j).

Further details can be found in [63].
In [63], CPT measurements on the g − 2 difference of µ+ and µ− [67, 68, 69, 70] have been

also used to constrain θ. The derivation is similar to the kaon case but, the mass of the muon
being considerably smaller than the kaon mass, we get a much weaker bound:

√
θ < 10−20 m.

It corresponds to a lower bound for the energy scale of 103 GeV.
The measurements of the g− 2 difference of e+ and e− are much more precise then the ones

on muons. But still they do not give good bounds on θ, the electron being even lighter than the
muon.

8 Final remarks

We can now briefly outline how to generalize our considerations on the Wick–Voros twist (3.3)
to 2N -dimensions4. We can always choose x̂µ so that θµν , now an 2N × 2N skew-symmetric
matrix, becomes a direct sum of N 2× 2 ones. These 2× 2 matrices are of the form (3.2), but
different 2×2 matrices may have different factors θ. For every such 2× 2 block, we have a pair
of x̂’s which can be treated as in the 2-dimensional case above. (Of course there is no twist in
any block with a vanishing θ.)

4In 2N + 1-dimensions, we can always choose θµν so that θµ,2N+1 = θ2N+1,µ=0.
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