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Abstract. For the quantum algebra U,(gl(n 4+ 1)) in its reduction on the subalgeb-
ra U,(gl(n)) an explicit description of a Mickelsson-Zhelobenko reduction Z-algebra
Z4(gl(n+1), gl(n)) is given in terms of the generators and their defining relations. Using
this Z-algebra we describe Hermitian irreducible representations of a discrete series for the
noncompact quantum algebra Ugy(u(n, 1)) which is a real form of U, (gl(n + 1)), namely, an
orthonormal Gelfand—Graev basis is constructed in an explicit form.
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1 Introduction

In 1950, I.M. Gelfand and M.L. Tsetlin [1] proposed a formal description of finite-dimensional
irreducible representations (IR) for the compact Lie algebra u(n). This description is a genera-
lization of the results for u(2) and u(3) to the u(n) case. It is the following. In the IR space
of u(n) there is a orthonormal basis which is numerated by the following formal schemes:

min man e Mnp—1,n Mnn
min—1 ma2n—1 . Mp—1n-1

mi2 ma2
mi1

where all numbers m;; (1 <1 < j < n) are nonnegative integers and they satisfy the standard
inequalities, “between conditions”:

Myj41 = Mij > Mig1j41 for 1<i<j<n-1

The first line of this scheme is defined by the components of the highest weight of u(n) IR, the
second line is defined by the components of the highest weight of u(n — 1) IR and so on.

*This paper is a contribution to the Proceedings of the XVIIIth International Colloquium on Integrable Sys-
tems and Quantum Symmetries (June 18-20, 2009, Prague, Czech Republic). The full collection is available at
http://www.emis.de/journals/SIGMA /ISQS2009.html
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Later this basis was constructed in many papers (see, e.g., [2, 3, 4]) by using one-step lowering
and raising operators.

In 1965, I.M. Gelfand and M.I. Graev [5], using analytic continuation of the results for u(n),
obtained some results for noncompact Lie algebra u(n,m). It was shown that some class of
Hermitian IR of u(n,m) is characterized by an “extremal weight” parametrized by a set of
integers my = (min, man,...,myn) (N = n+m) such that miy > moy > -+ > muyn, and
by a representation type which is defined by a partition of n in the sum of two nonnegative
integers o and 3, n = a + [ (also see [6]).

For simplicity we consider the case u(2,1). In this case we have three types of schemes

mi3 ma3 M33
mi2 mag for (0675) = (270)7
mi1

mi3 Ma23 M33
mi2 ma2 for (0675):(171%

mi3  Ma3 ms33
mi2 ma2 for (0675) = (0, 2)-

The numbers m;; of the first scheme satisfy the following inequalities
miz > miz + 1, mi3 + 1 > mag > ma3 + 1, miz > mip > Mmaa.
The numbers m;; of the second scheme satisfy the following inequalities
mig > mig + 1, mg3 — 1 > mao, miz 2> M1 = Mag.
The numbers of the third scheme satisfy the following inequalities
mag — 1 > mig > mgz — 1, mg3 — 1 > mag, miz > M1 > Mag.

Construction of the Gelfand—Graev basis for u(n,m) in terms of one-step lowering and raising
operators is more complicated than in the compact case u(n + m).

In 1975, T.J. Enright and V.S. Varadarajan [7] obtained a classification of discrete series of
noncompact Lie algebras. Later it was proved by A.I. Molev [8] that in the case of u(n, m) the
Gelfand—Graev modules are part of the Enright—Varadarajan modules and Molev constructed
the Gelfand—Graev basis for u(n,m) in terms of the Mickelsson S-algebra [9].

A goal of this work is to obtain analogous results for the noncompact quantum algebra
Uq(u(n,m)). Since the general case is very complicated we at first consider the case Uy(u(n,1)).
The special case Uj(u(2,1)) was considered in [10, 11]. It should be noted that the principal
series representations of Uj(u(n, 1)) were studied in [12] and a classification of unitary highest
weight modules of Uy(u(n, 1)) was considered in [13].

2 Quantum algebra U,(gl(IN)) and its noncompact
real forms U,(u(n,m)) (n +m = N)

The quantum algebra U,(gl(N)) is generated by the Chevalley elements ¢*¢i (i = 1,...,N),
€iitl, €i+1,i (1 =1,2,...,N — 1) with the defining relations [14, 15]:
€44

qiqTC = g gt =1, (2.1)
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€44

qiqti = q%i ¢, (2.2)
qeiiejkq—en' — qdij—5ikejk (l7 — k| =1), (2.3)

€ii—€it1,it1 __ q€i+1,i+1*5ii

q
[€ii+1,€j41,5] = bij " ; (2.4)
[€iit1,€j541] =0 for [i—j] =2, (2.5)
leit1ej415] =0 for [i—j]>2, (2.6)
(leiiv1s €5541lg,€5541]g =0 for [i—j| =1, (2.7)
leit1isejt1gles €jr14lg =0 for |i—j[ =1, (2.8)

where [eg, e4], denotes the g-commutator:

[eg. exlq = egey — aPPesep.

The definition of a quantum algebra also includes operations of a comultiplication A,, an an-
tipode Sy, and a co-unit €;. Explicit formulas of these operations will not be used in our later
calculations and they are not given here.

Let ¢; (i = 1,2,...,N) be a dual basis to the Cartan basis e; (i = 1,2,...,N), €i(ejj) =
(€i,€5) = 0i5. In terms of the orthonormal basis vectors e; the positive root system A of gl(V)
(Uq(gl(IV))) is presented as follows:

A+:{€i—€j|1§i<j§N},

where ¢, — €41 (1 =1,2,..., N — 1) are the simple roots.

Since for construction of the composite root vectors e;; := e, ¢, (|i —j| > 2) of the quantum
algebra Uy (gl(N)) we need to use the notation of the normal ordering in the positive root system
Ay, we recall this notation. We say that the system Ay is written in normal (convez) ordering,
A, if each positive composite root £; — gj = (ei —ep) + (e —€5) (1 < k < j) is located between
its components €; — €j, and €, — €. It means that in the normal ordering system &Jr we have
either

sy & Ty &) T &Gy € T EGy e,
or
<€k T &y 8 T Ejy e & T Eky e

There are many normal orderings in the root system Ay = A (gl(/V)), more than (N — 1)! for
N > 3. To be definite, we fix the following normal ordering (see [14, 15])

€1 — €2 €] —€3=Eg3—€3=E]—E4=EQ—€4=E3—€4=<"=

€1 — € €3 —€p <X+ REp—] — € <X+ <€l —EN<EQ—EN<X"<EN_1—EN- (2.9)
According to this ordering, we determine the composite root vectors e;; for |i — j| > 2 as follows:

€ij ‘= [eik,ekj]qq, €ji = [ejk,eki]q, (2.10)

where 1 < i < k < j < N. It should be stressed that the structure of the composite root vectors
does not depend on the choice of the index k on the right-hand side of the definition (2.10). In
particular, we have

€ij = [€iit1, €ir1jlg1 = [€ij-1,€j-15]q-1,
eji = [€ji+1, €iv1,lq = [€),-1, €j-1,ilg, (2.11)

where 2 <1+ 1<j < N.
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Using these explicit constructions and defining relations (2.1)—(2.8) for the Chevalley basis it
is not hard to calculate the following relations between the Cartan-Weyl generators e;; (i, =
1,2,...,N):

¢reiiq ok = PO (1< 4,5,k < N), (2.12)
€ii—€jj _ g€jj—Cii
[eijaeji]:q q—qgl (1<i<j<N), (2.13)
leij, ertlg-1 = Ojreaqr (1 <i<j<k<I<N), (2.14)
ek, ejt]g—1 = (q — qil)ejkeil (1<i<j<k<Il<N), (2.15)
lejrs eitlg-1 =0 (1<i<j<k<lI<N), (2.16)
e eiklyr =0 (1<i<j<k<N), (2.17)
lexi, eji] =0 (1<i<j<k<I<N), (2.18)
leaner] =0 (1<i<j<k<I<N), (2.19)
leji, €i1] = e;iq® ™ (1<i<j<IlI<N), (2.20)
lert, €] = erig™* (1<i<k<I<N), (2.21)
leji, exi] = (q_1 — q)epe;igtiTkn (1<i<j<k<I<N). (2.22)

If we apply the Cartan involution (e’ e = €ji, F =¢ ~1) to the formulas (2.12)—(2.22), we get
all relations between the elements of the Cartan—Weyl basis.

The explicit formula for the extremal projector for U,(gl(/V)), corresponding to the fixed
normal ordering (2.9), has the form [14, 15]

p(Uqg(gl(N)) = p(Uqg(gU(N — 1)) (PAND2N *** PN—2,NPN—1,N)
= p12(p13p23) - - (P1k - Pr—1,k) - (PIN - - PN-1,N), (2.23)

where the elements p;; (1 <i < j < N) are given by

(=) - r -
Dij = Z W%g €15 €45 Pijor = g U {H[eii —ejj+J—1i+ s]} . (2.24)

r=0 s=1
Here and elsewhere the symbol [z] is given as follows
qx o qfx
[#] = —F.
q—q
The extremal projector p := p(U,(gl(N)) satisfies the relations:
Ciit1p =peis1i=0 (1<i<N-1), p’=p. (2.25)

The extremal projector p belongs to the Taylor extension TU,(gl(N)) of the quantum algebras
Uq4(gl(N)). The Taylor extension TU,(gl(N)) is an associative algebra generated by formal
Taylor series of the form

~ e11 enn ) 712 T13 723 . TN—1,N _ri2 ri3 r23 . JN-1,N
§ : Cii i} (q v )621 €31°€32" " ENN_1€12 €13 €23 T EN_1 N
{7} {r}
provided that nonnegative integers 712,713,723, ...,7Nv—1,N and 712,713,723, ...,7"N—1,N are sub-

ject to the constraints

E fij_g rij

1<j 1<j

< const
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for each formal series and the coefficients Cysy 1 (g%, ..., g®VN) are rational functions of the
g-Cartan elements ¢%¢. The quantum algebra U,(gl(/V)) is a subalgebra of the Taylor extension
TU,(gI(N)), Uy(gl(N))  TU,(gI(N)).
We consider, on the quantum algebra U, (gl(/V)), two real forms: compact and noncompact.
The compact quantum algebra U, (u(N)) can be considered as the quantum algebra Uy (gl(N))
(N =n+ m) endowed with the additional Cartan involution x:

hf=h;  for i=1,2,...,N, (2.26)
ezi_H = €i+1,i, €:+17i = ei,i+1 fOl“ 1 § 7 S N — 1, (2.27)
¢=q o g=q" (2.28)

Thus we have two compact real forms: with real ¢ (¢* = ¢) and with circular ¢ (¢* = ¢~'). In the
case of the circular ¢ the Cartan-Weyl basis e;; (i,j = 1,2, ..., N) constructed by formulas (2.10)
is x-invariant, i.e. el*j =ej; for all 1 <4,5 < N. In the case of the real ¢ this Cartan—Weyl basis
is not x-invariant, since the basis vectors satisfy the relations e7; = e;-i for |i — j| > 2 where the
root vectors e}i are obtained from (2.10) by the replacement ¢*' — ¢T!.

It is reasonable to consider the real compact form on the Taylor extension TU,(gl(N)). In

particular, it should be noted that

P =p for real and circular q. (2.29)
This property is a direct consequence of a uniqueness theorem for the extremal projector, which
states that equations (2.25) have a unique nonzero solution in the space of the Taylor extension
TU4(gl(N)) and this solution does not depend on the choice of normal ordering and on the
replacement gt' — ¢T' in formulas (2.10).

The noncompact quantum algebra Uy(u(n,m)) can be considered as the quantum algebra
Uy(gl(N)) (N =n+ m) endowed with the additional Cartan involution *:

he=h; for i=1,2,...,N, (2.30)
€5 it1 = Citlis €it1i = €iitl for 1<i<N -1, i #n, (2.31)
e;kz,n-i-l = —€n+1n, 62.4.1771 = —C€n,n+l, (2.32)

(2.33)

¢F=q o ¢ =q

We also have two noncompact real forms: with real ¢ (¢* = ¢q) and with circular q (¢* = ¢~ 1).
Below we will consider the real form U,(u(n,1)), i.e. the case N =n + 1.

3 The reduction algebra Z,(gl(n + 1), gl(n))

In the linear space TU,(gl(n + 1)) we separate out a subspace of “two-sided highest vectors”
with respect to the subalgebra U, (gl(n)) C Uy(gl(n + 1)), i.e.

Zq(g[(n +1),gl(n)) = {x € TU,(gl(n+1)) ‘ i1t =xeir1;, =0, 1 <i<n-— 1}.
It is evident that if = € Z,(gl(n + 1), gl(n)) then
L = pxp,

where p := p(U,(gl(n)). Again, using the annihilation properties of the projection operator p
we have that any vector x € Z,(gl(n+1), gl(n)) can be presented in the form of a formal Taylor
series on the following monomials

/ /

™ Tn Tn 1
Plri11  Cntinbnn+l " €1 nt1P- (31)



6 R.M. Asherova, C. Burdik, M. Havli¢ek, Yu.F. Smirnov and V.N. Tolstoy

It is evident that Z,(gl(n+1), gl(n)) is a subalgebra in TU,(gl(n+1)). We consider a subalgebra
Z4(gl(n + 1), gl(n)) generated by finite series on monomials (3.1).

We set
20 =P, Zi = P€in+1D; zoj=pent1p  (1=12,...,n).
Theorem 1. The elements z; (i = 0,£1,+2,...,4+n) generate the unital associative algebra

Zy(gl(n + 1), gl(n)) and satisfy the following relations

202i = %20 = % for ¢ =0,£1,%£2,...,%£n, (3.2)
2iZ_j = 2_j% for 1<4,j<n, i#j,
2izj = zjzim for 1 <i<j<n, (3.4)
[pij]
Z_iZ_j = z_jz_,-M for 1<i<j<n, (3.5)
[pi; +1]
and
n
ZiZ_; = Z Bz'jzszj' + Yi%0 for 1 =1,2,...,n, (3.6)
j=1
where
by bF _
Bij = —ma Yi = [pin+1 — 107, (3.7)
n
s 1 .
b,i = H M, Pij = €y — €jj T — (3.8)

Remark 1. The relations (3.2) state that the element z( is an algebraic unit in Z,(gl(n + 1),
gl(n)).

A proof of the theorem can be obtained by direct calculations using the explicit form of
extremal projector (2.23), (2.24).

It should be noted that the theorem was proved by V.N.T. as early as 1989 but it has not
been published up to now, however, the results of the theorem were used for construction of the
Gelfand-Tsetlin basis for the compact quantum algebra U, (u(n)) [14, 15].

For construction and study of the discrete series of the noncompact quantum algebra U, (u(n,1)
we need other relations than (3.6). The system (3.6) expresses the elements z;z_; in terms of

the elements z_;z; (i = 1,2,...,n) but we would like to express the elements z_121,...,2_42aq,
Zot1Z—a—1s - - - s ZnZ—n 0 terms of the elements z12_1,...,202—q, Z—a—12a+1; - - - s Z—n2n fOr o =
0,1,...,n."»2 These relations are given by the proposition.
Proposition 1. The elements z_121,...,2—aZas Zat1%—a—1; - - - y ZnZ—n are expressed in terms of
the elements z12_1,...,20%—a) Z—a—1%a+1, - - - s 2—n2n by the formulas
2_izi = ZB zjZ—j + Z Bz z_ lzl—i—’yl( 2 (1<i<a), (3.9)
l=a+1
P ZBM 2jZ_j + Z B,(d Z_12] —i—’y,i )zo (a+1<k<n). (3.10)
l=a+1

'Tn the case @ = 0 we have relations (3.6) and for a = n we obtain the system inverse to (3.6).
2In Section 5 the parameter a will characterize a representation type of the discrete series.
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Here
(@)+7(a)— (@) 47 (a)+
B(a) _ bz b B(Oé) — bi bl
1) ) 2l )
[‘PZJ + 1] [@il]
—[Pint1 — @]bEO‘)Jr for 1 <i,j<a<l<n, (3.11)
(@)= ()= (@)= (a)+
B _ _bk b (@ _ b b
& lons] M o —1] 7
W = o —a— 1T for 1<j<a<kl<n, (3.12)
where

T lpis £ 1] [is] |
(1_[1 [is] ) ( 11 [soi1]> (I<i<a), (3.13)
e — (H [SOE;Pljjl]> ( 11 [Q%il]) (a+1<1<n). (3.14)

s=1 s=l+1 [QDZS]

Scheme of proof. The relations (3.9) and (3.10) with the coefficients (3.11)—(3.14) can be
proved by induction on a. For a = 0 they coincide with the relations (3.6)—(3.8)%. Next
we assume that relations (3.9)—(3.14) are valid for & > 1 and we extract from (3.10) the
relation with & = a + 1 and express in it the term z_, 12441 in terms of the elements
2121y ZatlZ—a—1y Z—a—2%a+2; - - -» Z—nZn; then this expression is substituted in the right
side of the rest relations (3.9) and (3.10) and after some algebraic manipulations we obtain
the relations (3.9)—(3.14) where « should be replaced by a + 1. [ |

Using (3.3)-(3.5) and (3.9)—(3.14) we can prove some power relations.

Proposition 2. The following power relations are valid

Zi 2% =222 for 1<i,j<n, i#j and r,seN, (3.15)
il
7 2] = 252 i + ]!l 8]' for 1<i<j<n and r,seN, (3.16)
[pis]!ij + 1 — s]!
2l2t = z[%J] [%] —r+s for 1<i<j<n and r,s€eN, (3.17)
Pij — 901] + ]!
«
B r)2jZ—j + Z B )2_121 + ’yi(a)(r)zo (1<i<a), (3.18)
Jj=1 l=a+1
2Kzl = Z r)ziZ—j + Z Bkl )Z2_12 —i—’y,(ca)(r)zo
Jj= l=a+1
+1<k (3.19)
Here
(@) [r] @)+, p(e)- (o) [r] (@)+ 7\ p(@)+
B =—— b b B = b b
13 (T) [SO’LJ —|—7“] 7 (T) 7 ) 1l (T) [SOZZ +’I"— 1] (3 (T) l 9
V) = —[[imsr —a+r =BT (1<ij<a<l<n reN), (3.20)

3In this case, the relations (3.9) are absent and, moreover, the first sum in the right side of the relations (3.10)
is equal to 0 for o = 0.
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B0 =~ v Y on B = —MET]_ eSO
7,(€a)(r) =[]k nt1 —a — r]béa)_(r) (1<j<a<kl<n; reN), (3.21)
where

i—1 ) r n ) r_

i = ( T 1]> ( I H) e 22
=1 18 s—ot1 18

p\I~ = T Lo =1 f[ _Lpss] (1<j<a) (3.23)

! 1 [pjs] s—atl [pjs — 1] o

o= () (M ery)  eorseso oo
s= s=k+

(a)+ _ - [©15] o [¢is + 1]
bl a (g [Spls + 1]) (sl;—[i—l [Sols] ) (a thsts n) (325)

Here in (3.16), (3.17) and thoughtout in Section 4 we use the short notation of the g-factorial
[x+n]l = [z+n]z+n—1]--- [z+1][z]! instead the ¢-Gamma function, [x+n]! = T'y([zr+n+1]).

Sketch of proof. The relations (3.15)—(3.17) are a direct consequence of the relations (3.3)—
(3.5). Relations (3.18) and (3.19) with the coefficients (3.20)—(3.25) are proved by induction on
r using the initial relations (3.9) and (3.10) with the coefficients (3.11)—(3.14) for r = 1. [

4 Shapovalov forms on Z,(gl(n + 1), gl(n))

Let us consider properties of the Z-algebra Z,(gl(n+ 1), gl(n)) with respect to the involutions *
(2.26)(2.28), and * (2.30)—(2.33).

Proposition 3. The Z-algebra Z,(gl(n+1),gl(n)) is invariant with respect to the involutions x
and *, besides

25 = 20, Zy =z for i =41,4£2,...,4n, (4.1)
and

2y = 20, 2 =—z_; for i=41,4£2,... +n. (4.2)
Proof. Because the extremal projector p = p(gl(n)) is %*-invariant, p* = p for % = %, (see
the formula (2.29)), it turns out that
zf = pefnﬂp, zi = pef+17ip for t=1,2,...,n.

If g is circular, then efn 41 = Tenti4, eff 414 = Eein, where the plus belongs to the compact
case and the minus belongs to the noncompact case, and we obtain the formulas (4.1) and (4.2).

If ¢ is real, then ey, | . = +e}, .y, e, = Fe;, ., where the root vectors e}, ., and €],
are obtained from (2.10) by the replacement ¢=! — ¢F'. Let us consider the difference 2X =z =
p(€ i1 — €im+1)p for 1 <4 < n). Substituting here (see the formulas (2.11))

/ / -1 /
Cintl = €inlnnt+l — 4 Cnn+1€in, €in+1 = €innnt+l — €nn+1€in, (43)
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/

and using the annihilation properties of the projector p (see (2.25)) we obtain 2, — z; = p(e},, —

€in)€nnt+1D- In a similar way, using explicit formulas of type (4.3) for the generators e, and ey,

we obtain 2*, — z; = p(é! €in—1 — €in—1)€n—1n€nnt1p. By proceeding as above, we have zi —
zZ; = p(€i7i+1 — el’l+1)el+17l+261+2,i+3 rln—1nennt+1PD = 0. In a similar way, we prove that
zr —2_;=0. [ |

The Z-algebra Z,(gl(n+1), gl(n)) with the involution « is called the compact real form and is
denoted by the symbol Z,gc) (gl(n+1),gl(n)). The noncompact real form on Z,(gl(n + 1), gl(n))

is defined by the involution * and is denoted by the symbol Z(gnc) (gl(n+ 1), gl(n)).
Let p{® be an extremal projector for Z,(gl(n + 1), gl(n)) satisfying the relations

()

Z_ip :p(a)zi for 1=1,2,...,«
2ep'® :p(o‘)z_;C for k=a+1,a+2,...,n,
[eii, p] =0 for i=1,2,...,n

The extremal projector p(® depends on the index « that defines what elements are consi-
dered as “raising” and what elements are considered as “lowering”, i.e. in our case the ele-
ments 2_1,2-9,...,%—q, Zatl,---,2n are raising and the elements z1,29,..., 20, 2—a—15---,2-n
are lowering. It should be stressed that the “raising” and “lowering” subsets generate disjoint
subalgebras in Z,(gl(n + 1), gl(n)). The operator p{®) can be constructed in an explicit form.

Let us introduce on Zém) (gl(n + 1),gl(n)) the following sesquilinear Shapovalov form [16].
For any elements z,y € Z(gnc) (gl(n +1),gl(n)) we set

B (z,y) = py*ap'®. (4.4)
Therefore, the Shapovalov form also depends on the index a (o = 0,1,2,...,n). We fix «
( = 0,1,2,...,n) and for each set of nonnegative integers {r} = (ry,ra,...,r,) introduce

a vector Ugf; in the space Zq(nc) (gl(n 4+ 1),gl(n)) by the formula

U‘({ii = Z; ’Z7ln1 Zzaoj_ll e Zinn (45)

Theorem 2. For each fired o (« = 0,1,2,...,n) the vectors {v%ii} are pairwise orthogonal with,
respect to the Shapovalov form (4.4)

B@ (o), i) = 80y, 1y B (v v(i)) - (4.6)

and

Noint1 —a+m —1]! ﬁ ) [ ons1 + o+ 1!
[iny1 —a —1]! [Pnt1, +af!

EQ

B (o7} v(ry) (

i=1 l=a+1

y [pij + i = rj)lei; — 1]! 11 [kt — i+ 7 ok — 1]
r<isjea Pis Tl —ry =1t 2t lew = e = Wlew !
1+ i — 1) pu + 1 — 1)!r
< TI [ + 1 — 1oy '+ T ]'[%z] ) 2@, (4.7)
Lcicnsren Lt len —1)!

where z(()a) = pl®@),
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As a consequence of this theorem we obtain that the Shapovalov form is not degenerate on
a subspace of Zénc) (gl(n + 1), gl(n)), generated by the vectors of form (4.5).

In the case of the compact Z-algebra Z(gc) (gl(n + 1),gl(n)) the Shapovalov form B(zx,y) is
defined by formula (4.4) where a = 0, p© is the standard extremal projector of the quantum
algebra U,(gl(n + 1)) and the involution is given by formulas (4.1). It is not difficult to see that

B(vgry, viey) = 0y 1y Bugry, vgry)-
0)

where v,y 1= v and

B(ogy,vy) = (-5 BO (), vi))

_ 1y [rdterngn — 1! 11 Low — i+ riftlom — 11} (o)

(P11 — 1 —1]! [orr — rie — 1w + ]!

=1 1<k<i<n

5 Discrete series of representations for U,(u(n, 1))

As in the classical case [9] each Hermitian irreducible representation of the discrete series for the
noncompact quantum algebra Uy (u(n, 1)) is defined uniquely by some extremal vector |zw), the
vector of extremal weight®. This vector should be the highest vector with respect to the compact
subalgebra U, (u(n)) @ Uq(u(1)). Since the quantum algebra Uy(u(1)) is generated only by one
Cartan element ¢°»+t»+1, the vector |xw) should be annihilated by the raising generators e;;
(1 <i < j <n) of the compact subalgebra Uy(u(n)). So the vector |zw) satisfies the relations

eiilrw) = p;|zw) (i=1,2,...,n+1),
eijlrw) =0 (1<i<j<n),

where the weight components p; (i = 1,2,...,n) are integers subjected to the condition py >
Mo > -+ > ly. Such weights can be compared with respect to standard lexicographic ordering,
namely, p > p', where p = (g1, 2, ..., pin) and p' = (pf, ph, ..., ul,), if a first nonvanishing
component of the difference p — ' is positive.

The component p,41 is also an integer. In the general case of finite-dimensional irreducible
representations of the compact quantum algebra U,(u(n)) & Uy(u(1)), the weights p=(p1, p2,

.y i) and p,41 are not ordering. If we choose some ordering for these weights, for example,

(I1y -« s Moy Bty Bat1s - - - 5 on ), then such n + 1-component weights can be compared.

The extremal vector |zw) has the minimal weight A;O‘_gl = (ALnt1, A2n41s - s Ant1n+1)
where ;41 =i (1 = 1,2,...,0), Aatintl = fntls Ntins1 = (= a+1,...,n). The
vector |Agofgl> := |zw) with the weight Agofgl satisfies the relations

z_i]A(a) ) =0, for i=1,2,...,q,
zk\Aq(f_%):O, for k=a+1,a+2,...,n.

It is evident that any highest weight vector ‘A;O-Qﬁ A,,) with respect to the compact subalgebra

Uqy(u(n)) has the form

AN An) = 2ol 2 AT, (5.1)

*We assume that the vector |zw) is orthonormal, (zw|zw) = 1.
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Here the integers {r} are defined by the weights Agffgl = (Mn+1, A2n41, - - - s Ant1,n+1), Where
Ximt1 = digingr (1= 1,2,...,n), and Ay = (A1, A2n, oo Apn), Where Xip > Xij1n (1 =

1,2,...,n — 1), namely,

Ti = Nin — Nint1 (i=1,...,a),
Tl:)\l+17n+1—)\ln (l:a—i—l,,n)

If we would like to calculate the scalar product of the two vectors (5.1) then using the results
for the Shapovalov form (4.6), (4.7) we obtain

(AnaAn+1|A£LOj|>17 ):5 AL (An’An+1‘An+1’A )’
(AnaAn+1|A£LOjFl’ n) = B(a)(vﬁl {T})‘AW

where the symbol | means that we specialize the Shapovalov form (4.7) for the extremal

A(a)

n+1
weight A, 41, that is we replace the Cartan elements e;;, e;; in the functions ¢;; by the corre-
sponding components A; ,+1, Aj 1 and 2o by 1

From the condition that
(An’ An+1|An+1; ) >0

we find all admissible highest weights A,, of the compact subalgebra U,(u(n)). The result is
formulated as the theorem

Theorem 3. 1) Every Hermitian irreducible representation of the discrete series for the non-
compact quantum algebra Uy(u(n, 1)) with the extremal weight A$z+)1 = (Mt Anblnt1)s
where the integers \j n41 satisfy the inequalities N pi1 > Nigint1 (4= 1,2,...,n), under the
restriction Ug(u(n, 1)) | Uy(u(n)) contains all multiplicity free irreducible representations of the
compact subalgebra Uy(u(n)) with the highest weights Ay, = (Ain, Aon, ..., Aun) satisfying the
conditions:

>\1n Z )\l,n—l-l Z )\2,n Z A2,n—l—1 Z e 2 )\om Z Acu,n—l—l;
)\a+2,n+1 > )\a—l—l,n > )\a+3,n+1 > 2 )\n+1,n+1 > )\nn (52)

2) The vectors
A A = PO (A A2 1A,
where the “lowering” operator F@ (An;Aff_‘gl) is given by

)\an )\a n A nf)‘ 3T
F )(A Agzojk)l) = N )(AmAEw)l) e
X zi()&+21n+1 >\o<+1,n . zirrzl+1,n+l_>\nn’ (53)
for all highest wights A, = (AnyA2n, ..., Ann) constrained by the conditions (5.2) form an

orthonormal basis in the space of the highest vectors with respect to the compact subalgebra
U,(u(n)). Here in (5.3) the normalized factor N (An,Aglle) is given as follows:

N@ (A ALY

_1
n+1 (An?An—l—l’An—&-l? ) 2

= { H lin+1 = lat1,n41 — 20+ n — 1]!

zn — U n+1] [lz,n - la+1,n+1 —2a+n— 1]'
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n

H lot1int1 — lyiner +2a—n —1]!
ll+1 nt1 — U — Ulag1me1 — ln + 200 — n]!

o Lin = s 1) ling1 — Lin — 1]!
I<i<j<a lin = Uin] llins1 — Ljnpr — 1!

< TI [len — lir1nt1 — 2 lks1,n41 — L + 1!
arizicicn  en =l Ml tner =l — 1!

1
Lin — U [lin+1 — ls1n1 — 2]! 2
i . -

1<i<a<l<n l; ll+1 n+1 — 2] [lz,n—i-l - lln - 1]![lz,n+1 - ll+1,n+1

(lg == Asp — s fors=1,2,...;r; r=n,n+1).

The first part of the theorem coincides with the classical Gelfand-Graev case [5, 6] for the
noncompact Lie algebra u(n,1). Using analogous construction of the Gelfand—Tsetlin basis for
the compact quantum algebra U,(u(n)) [14] we obtain a g-analog of the Gelfand-Graev—Tsetlin
basis for Uy(u(n,1)). Namely, in the Uy(u(n, 1))-module with the extremal weight A there is

n+1
an orthogonal Gelfand—Graev—Tsetlin basis consisting of all vectors of the form !
Aty
Ay
A= ... F_(Ars Ag)F- (Ag; Ag) - F (A1 A) A5 A),
A
Ay

where Aj = (Aij,A25,..., ) (j = 1,2,...,n) and the numbers \;; satisfy the standard “be-
tween conditions” for the quantum algebra U,(u(n)), i.e.

Xig41 = Nij = Aig1,j+1 for 1<i<j<n-1

The lowering operators F_(Ax; Agr1) (K =1,2,...,n — 1) are given by (see [14, 15])

k
F_ (A A1) = N(Ag; Ae)p(Ug (u(k)) T [ () et =,
i=1
: ik — Ukt k1 — 1!
N(Ag; A = li RN :
( g k+1 { H z k+1 — lzk] Uz,k-{—l - lk+1,k+1 — 1]'
1
< 11 i1 — L] lik — Lk — 1]!}2
r<iciep Lk = U liperr = Lern = 1!
where [;; := \jj —i for 1 <4 < j < n —1. This explicit construction allows one to obtain

formulas for actions of the U,(u(n, 1))-generators. These results will be presented elsewhere.

6 Summary

Thus, we obtain the explicit description of the Hermitian irreducible representations of the
discrete series for the noncompact quantum algebra U, (u(n,1)) by the reduction Z-algebras for
description of which we used the standard extremal projectors.

Next step: to obtain analogous results for U,(u(n,2)). For this aim we need to construct the
extremal projector p(® which is expressed in terms of the Z-algebra Z,(gl(n + 1), gl(n)).

Final aim: to consider the general case Uy(u(n,m)). In this case, extremal projectors of new
type will be used.
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