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1 Introduction

Heun’s equation is a standard form of a second-order Fuchsian differential equation with four
singularities, and it is given by

d?y v ) € dy afz —q
A AT S S P | 1.1
d22+<z+z—1+z—t)dz+z(z—1)(z—t)y ’ (1.1)

with the condition
Yy+d+e=a+F+1.

The parameter ¢ is called an accessory parameter. Although the local monodromy (local expo-
nent) is independent of ¢, the global monodromy (e.g. the monodromy on the cycle enclosing two
singularities) depends on g. Some properties of Heun’s equation are written in the books [21, 23],
but an important feature related with the theory of finite-gap potential for the case v, d,e,a—f3 €
Z—i—% (see [6, 24, 25, 26, 27, 28, 29, 31] etc.), which leads to an algorithm to calculate the global
monodromy explicitly for all g, is not written in these books.

The sixth Painlevé equation is a non-linear ordinary differential equation written as

Pr 11 1 1 dN\? (1 1 1\ dx
a2 "3 <)\+)\—1+)\—t) (dt> - (t+7§—1+)\—t> @
AA=1)(A—1) {(1—000)2 gt 6 (-1 (1-67) t(t—l)} (1.2)
t2(t —1)2 2 222 2 (A-1)2 2 (A—1t)? '
A remarkable property of this differential equation is that the solutions do not have movable
singularities other than poles. It is known that the sixth Painlevé equation is obtained by
monodromy preserving deformation of Fuchsian system of differential equations,

d<y1>:(140+ A4 + A >(y1>, Ao,Al,AtE(CQXQ.
dz \ Y2 z z—1 z—t Y2

*This paper is a contribution to the Proceedings of the Workshop “Elliptic Integrable Systems, Isomonodromy
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See Section 2 for expressions of the elements of the matrices Ag, A1, A;. By eliminating ys we
have second-order differential equation for y;, which have an additional apparent singularity
z = A other than {0, 1,¢,00} for generic cases, and the point A corresponds to the variable of
the sixth Painlevé equation. For details of monodromy preserving deformation, see [10]. In this
paper we investigate the condition that the second-order differential equation for y; is written
as Heun’s equation. To get a preferable answer, we introduce the space of initial conditions
for the sixth Painlevé equation which was discovered by Okamoto [18] to construct a suitable
defining variety for the set of solutions to the (sixth) Painlevé equation.

For Fuchsian systems of differential equations and local systems on a punctured Riemann
sphere, Dettweiler and Reiter [2, 3] gave an algebraic analogue of Katz’ middle convolution
functor [12]. Filipuk [5] applied them for the Fuchsian systems with four singularities, obtained
an explicit relationship with the symmetry of the sixth Painlevé equation, and the author [30]
calculated the corresponding integral transformation for the Fuchsian systems with four singu-
larities. The middle convolution is labeled by a parameter v, and we have two values which leads
to non-trivial transformation on 2 x 2 Fuchsian system with four singularities (see Section 4). In
this paper we consider the middle convolution which is a different value of the parameter v from
the one discussed in [5, 30]. We will also study the relationship between middle convolution and
Heun’s equation. For special cases, the integral transformation raised by the middle convolution
turns out to be a transformation on Heun’s equation, and we investigate these cases. Note that
the description by the space of initial conditions for the sixth Painlevé equation is favorable. The
integral transformation of Heun’s equation is applied for the study of novel solutions, which we
will discuss in a separated publication. If the parameter of the middle convolution is a negative
integer, then the integral transformation changes to a successive differential, and a transforma-
tion defined by a differential operator on Heun’s equation was found in [29] as a generalized
Darboux transformation (Crum-Darboux transformation). Hence the integral transformation on
Heun’s equation can be regarded as a generalization of the generalized Darboux transformation,
which is related with the conjectual duality by Khare and Sukhatme [15].

Special functions of the isomonodromy type including special solutions to the sixth Painlevé
equation have been studied actively and they are related with various objects in mathematics
and physics [16, 32]. On the other hand, special functions of Fuchsian type including special
solutions to Heun’s equation are also interesting objects which are related with general relativity
and so on. This paper is devoted to an attempt to clarify both sides of viewpoints.

This paper is organized as follows: In Section 2, we fix notations for the Fuchsian system
with four singularities. In Section 3, we define the space of initial conditions for the sixth
Painlevé equation and observe that Heun’s equation is obtained from the Fuchsian equation by
restricting to certain lines in the space of initial conditions. In Section 4, we review results on
the middle convolution and construct integral transformations. In Section 5, we investigating
relationship among the middle convolution, integral transformations of Heun’s equation and the
space of initial conditions. In Section 6, we consider the case that the parameter on the middle
convolution is integer. In the appendix, we describe topics which was put off in the text.

2 Fuchsian system of rank two with four singularities

We consider a system of ordinary differential equations,

dY B B AU A1 At o an(z) alg(z) (W
E_A(Z)Y’ A(Z)_z+z1+zt_<a21(z) a22(z)>, Y—<y2>,(2.1)

where t # 0,1, Ay, A1, Ay are 2 x 2 matrix with constant elements. Then equation (2.1)
is Fuchsian, i.e., any singularities on the Riemann sphere C U {cc} are regular, and it may
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have regular singularities at z = 0,1,¢,00 on the Riemann sphere C U {oo}. Exponents of
equation (2.1) at z =0 (resp. z = 1, z = t, z = o0) are described by eigenvalues of the matrix A
(resp. A1, Ay, —(Ao+ A1+ Ay)). By the transformation Y — 2"0(z —1)" (2 —t)™Y, the system
of differential equations (2.1) is replaced as A(z) — A(z) + (no/z +n1/(z — 1) + na/(z — t))I
(I: unit matrix), and we can transform equation (2.1) to the one where one of the eigenvalues
of A; is zero for i € {0,1,t} by putting —n; to be one of the eigenvalues of the original A;. If
the exponents at z = oo are distinct, then we can normalize the matrix —(Ag + A1 + A;) to be
diagonal by a suitable gauge transformation Y — GY, A(z) — GA(2)G~!. In this paper we
assume that one of the eigenvalues of A; is zero for i = 0,1,¢ and the matrix —(Ag + A1 + Ay)
is diagonal, and we set

Ase = —(Ap + A1 + Ay) = < " 22 > (2.2)

By eliminating y2 in equation (2.1), we have a second-order linear differential equation,

Py dy1 _ . B  fan(?)
A2 +pi(z )7d + p2(2)y1 =0, p1(z) = —a11(z) — az(2) 7{112(2) )
_ d ai1(2) fara(2)
p2(z) = a11(z)az(2) — arz(2)an(z) — @all(z) + T(Z) (2.3)
Set
@ )

a a .
A = < ol ) . (i=0,1,1). (2.4)

a1 Ao

It follows from equation (2.2) that agg) + 52) + a(t) =0, a(o) + agl) + agtl) = 0. Hence aj2(2)
and a1 (z) are expressed as

a1(2) = kiz + ko a9 (2) = kiz + ko
P T =) (z—t) T =Dz —t)
and we have
o) +aiy +ald =0, (t+1)al) +taly +alf =k, tal) =k,

Dl ) =0 e el o = F 6l =

If k1 = ko = 0, then y; satisfies a first-order linear differential equation, and it is integrated
easily. Hence we assume that (ki,k2) # (0,0). Then it is shown that two of agg), aglg), agg),
(t+ 1)a§2) + ta%) + ath) cannot be zero. We set A\ = —ko/k1 (k1 #0) and A = 0o (k1 = 0). The
condition that none of ag), a%), a(1t2) nor (¢t + 1)‘1(1%) + ta%) + ag is zero is equivalent to that
A #0,1,t,00, and the condition a§2) =0 (resp. a( ) ath) =0, (t+ 1)a(1%) + ta(l) + ag =0)
is equivalent to A =0 (resp. A =1, A =t, A = oo)

We consider the case A # 0,1,¢, 00, i.e., the case agg) # 0, a%) # 0, agg) #0, (t+ 1)a§g) +

52) + a@ # 0. Let 6y (resp. 01, 6;) and 0 be the eigenvalues of Ag (resp. A;, A;). Then we can
set Ao, Ay, A as

A :(uo+90 —wo) A :<u1+91 —wl)
’ uo(uo + 6o)/wo  —uo )’ ! ur(ur +61)/wr —uy )’

At _ ( Ut +Ht —Wt ) , (25>

up(ug + 0p) Jwy  —uy



4 K. Takemura

by introducing variables ug, wo, ui, w1, us, we. By taking trace of equation (2.2), we have the
relation 0y + 601 +0; + k1 + ke = 0. We set O = K1 — K2, then we have kK1 = (0o — 09— 601 —6;) /2,
Ko = —(00o + 6o + 61 + 0:)/2.

We determine ug, ui, ug, wo, wy, wy so as to satisfy equation (2.2) and the following relations:

" (z)——@— wi  w k(=)

RPWTT T2 =t 2-D(z—0t)
ug + 0 up + 0 ug + 0

an() =t mto jutb

A A—1 A—t

(see [11]). Namely, we solve the following equations for ug, ui, us, wo, w1, Wy

—wo — wy —w; = 0, wo(t+ 1) +wit + wy = k, —wot = —kA,

uo(uo + 6p) /wo + ur(ur + 01) /w1 + we(uy + ;) Jwy = 0,

ug + 0p +uy + 601 + ur + 0y = —k1, —Ug — UL — Ut = —Ko,

(uo +60)/A+ (w1 +61)/(A = 1) + (ur + 0:) /(A — t) = p. (2.6)

The linear equations for wg, wy, wy are solved as

B S V) KA 1)
t t—1

(2.7)

By the equations which are linear in ug, u; and wus, we can express uj + 67 and u; + 6; as linear
functions in ug. We substitute uq + 61 and u; + 6; into a quadratic equation in ug, u; and uy.
Then the coefficient of u2 disappears, and wg, u1, us are solved as

o =~ + =N = A = 04 + 2 (A= D= 1) = 1A 1)

-t A= 1D} + ki{ki(A =t —1) — 01 — t0,}],

= =01~ G A= D= 0 + 2010 = 1A= )+ (0~ ) (A1)
10,0 — D3t {0 — £ 1)+ 0o — (E— 1)0 ],
"y = — + t(tA__l)tgoo[A(A SO = 2+ {26 — 1) (A — ) — 01 (A — 1)
b t(0m — 00— Dbt k1 {r1 (A — £+ 1) + 0o + (£ — 1) (0 — B0}, (2.8)

We denote the Fuchsian system of differential equations

dY_<Ao+ Ay n Ay )Y, Y:(yl), (2.9)

dz ~ \ z z—1 z-—t Y9

with equations (2.5), (2.7), (2.8) by Dy (6o, 61,0¢,0; A, pi; k). Then the second-order differential
equation (2.3) is written as

d2y1 1 —00 1 —01 1—975 1 dy1
d22+< +z—1+z—t_z—)\>dz
k1(ke +1) AA=1)p tt—1)H
+ - y1 =0,
z(z—1) zZz=1)(z=A) z(z—1(z—1)

A =D =) = {fo(A =)A= ) + O A\ — 1)

1
THt-1)
4 (0 — DA — D)+ 1 (k2 + 1) (A — 1)), (2.10)



Middle Convolution and Heun’s Equation 5

which we denote by Dy, (0o, 61,60;,050; A, 11). This equation has regular singularities at z =
0,1,t, A\, 00. Exponents of the singularity z = A are 0, 2, and it is apparent (non-logarithmic)
singularity. Note that the differential equations

dx 9H  du  OH

@ o dr o (2.11)

describe the condition for monodromy preserving deformation of equation (2.3) with respect to
the variable t. By eliminating the variable p in equation (2.11), we have the sixth Painlevé
equation on the variable A (see equation (1.2)). See [20] on equations (2.3), (2.10) and (2.11).

We consider realization of the Fuchsian system (equation (2.1)) for the case A = 0,1,¢, 00 in
the appendix.

3 The space of initial conditions for the sixth Painlevé equation
and Heun’s equation

In this section, we introduce the space of initial conditions for the sixth Painlevé equation,
restrict the variables of the space of initial conditions E(¢) to certain lines, and we obtain
Heun’s equation.

The space of initial conditions was introduced by Okamoto [18], which is a suitable defining
variety for the set of solutions to the Painlevé system. In [22], Shioda and Takano studied
the space of initial conditions further for the sixth Painlevé system (equation (2.11)) to study
roles of holomorphy on the Hamiltonian. It was also constructed as a moduli space of parabolic
connections by Inaba, Iwasaki and Saito [8, 9]. Here we adopt the coordinate of initial coordinate
by Shioda and Takano [22] (see also [33]). The space of initial condition E(t) is defined by
patching six copies

Uo = {(q0,p0) }, Ur = {(q1,m)}, Us = {(q2,12)},
Us = {(q3,p3)}, Us = {(qa,14) }, Uso = {(goor Poo) } (3.1)

of C? for fixed (t;6o, 601, 0:,05), and the rule of patching is defined by

90900 = 1, q0P0 + JooPoo = —K1, (Uo NUx),
qopo + q1p1 = bo, pop1 =1, (UoN U1)
(qo — 1)po + gap2 = 01, pop2 = 1, (Uo NUs),
(90 — t)po + gsps = b4, pops = 1, (Up N Us),
GooPoo + @aps =1 — b0,  Poops =1, (Uso N Us). (3.2)

The variables (A, ) of the sixth Painlevé system (see equation (2.11)) are realized as gy = A,
po = p in Up.
We define complex lines in the space of initial conditions as follows:

Lo ={(0,po)} C Vo, L1 ={(1,p0)} C Vo,

Ly = {(t,po)} C Up, Lo = {(0,p00)} C Uno,

Ly ={(q1,0} cUr,  Li={(g2,0)} C Vs,

Ly ={(g3,0)} cUs, L ={(q,0)} C Us. (3.3)

Set

UL = Ug \ (Lo U Ly U Ly).
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Then the space of initial conditions E(t) is a direct sum of the sets Ug”éo’u, Lo, L1, L¢, Lo,
Ly, Ly, Ly, L. If (\p) € Ugﬁéo’l’t, then A # 0,1,¢, 00 and equation (2.10) has five regular
singularities {0,1,¢, A, co}.

Although equation (2.6) was considered on the set , we may consider realization of
a second-order differential equation as equation (2.10) on the space of initial conditions E(t).
On the lines Ly, L, L, equation (2.10) is realized by setting A = 0,1,¢, and the equation is
written in the form of Heun’s equation

QO3£0717t
UO

d? —0 1—6 1—6,\ d 1 t0,
Y1 < 0 + 1 t> ﬂ K‘I(HQ + )Z + Oﬂyl — 07 (34)

dz? z z2—1  z—t) dz 2(z—=1)(z —t)

d2y1 1-— 00 _91 1-— Qt dyl K‘/l(f{/2 + ].)(Z _ 1) + (1 . t)91M
dZQ + < z +Z—1 Z—t E z(z_l)(z_t) 3/1—0, (35)
d2y; 1—0g 1—61 =0 \dyr  rmi(ke+1)(z—t)+t—1)0pu
dz2 + < z + z—1 z—t)dz Z(Z—l)(z—t) y1—0, (36)

respectively. Note that if 6p010; # 0 then we can realize all values of accessory parameter as
varying p. For the case 636160, = 0, we should consider other realizations.

To realize equation (2.10) on the line L, we change the variables (A, 1) into the ones (q1,p1)
on equation (2.10) by applying relations A\p + q1p1 = 6y, pup1 = 1. Then we have

d? 1—6y 1—-6; 1-—9 1 d

Y1 I 0, L t ay1
dz? z z—1 z—t z4+pi(pign—0o)) dz
n k1(k2 +1)2% + (tq1 — 0o(0r + t01 + p1 poly)z + (p1g1 — Bo)(—t — p1 poly)

2(z = 1)(z = t)(z + p1(P1q1 — o))

y1 =0,

where pol; and pol, are polynomials in p1, q1, t, 6o, 01, 6;, 0. By setting p; = 0, we obtain

d*n —0y 1—01 1—0;\ dya
d22+<z+z—1+z—t dz
k(kg + 1)22 + (tq1 — Op(0; + t61))z + t0y
+ e Te—D y1 = 0. (3.7)

Since the exponents of equation (3.7) at z = 0 are 1 and 6y, we consider gauge-transformation
v; = 2~ 'y; to obtain Heun’s equation, and we have

d? 2—6y 1-6, 1-6,\d + 1) (kg +2)z —
1121 0. 1 t) o, (k14 1) (k2 +2)2 qv1 -0,
dz z z—1 z—t) dz z2(z—=1)(z —t)

q=—tq1 + (90 - 1){t(91 - 1) + 0; — 1}. (3.8)
To realize the second-order Fuchsian equation on the line Lj, we change the variables (A, u)

into the ones (g2, p2), substitute ps = 0 into equation (2.10) and set v; = (2 — 1)~ 1y;. Then vy
satisfies the following equation;

d2’U1 1—6p 2 — 6 1-0;\ duvy (Hl + 1)(%2 + 2)(2’ — 1) -q
d22+< P z—t>dz+ 2(z—1)(z —t) u =9,
q=(t—1)g2— (61— D{(Q —t)(6 — 1) + 6, — 1}. (3.9)

The second-order Fuchsian equation on the line L is realized as

d? 1—6 1—60; 2—6,\ d 1 2(z—1t) —
d:21+< 0, 1 t>v1+(/<e1+ Y(k2 +2)(z —t) 4 0

z z—1  z—t) dz z2(z—1)(z —t)
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g =t(1—t)gs — (0, — 1)((t — 1)(6 — 1) +t(6; — 1)), (3.10)

by setting p3 = 0 and vy = (z — t) " 1y;.

We investigate equation (2.10) on the line Lo,. We change the variables (A, p1) into the ones
(Goos Poo) ON equation (2.10) by applying relations Agoo = 1, At + gooPooc = —kK1, and substitute
(oo = 0. Then we have

d? 1—6 1—-6 1—6,\ d +2)z —

dz? z2—1  z—t ) dz z(z—1)(z—1)
4= (Ooo — 1)poo + K1 (t(ka + 0 + 1) + ko 4+ 61 + 1).

Note that the exponents at z = oo are k1 and ko + 2.

To realize equation (2.10) on the line L%, we change the variables (A, 1) into the ones (g4, p4)
on equation (2.10) by applying relations Agoo = 1, Mt + GooPoo = —K1, GooPoo + qaPs = 1 — O,
PooPa = 1, substitute py = 0. We obtain

d? 1—6y 1-6, 1-6,\d 1 1)z —
Y, 0 1 t) dyr | (k1) (k2 + 1)z 4, —0,
dz? z z—1  z—t) dz 2(z=1)(z — t)
q=—qs+ (k2 + 1)(t(k1 + 0t) + K1+ 01). (3.11)

The exponents at z = oo are k1 + 1 and ko + 1, which are different from the case of the line L.

The Fuchsian system Dy (6, 01,0y, 003 A, 15 k) is originally defined on the set Ugo#o’l’t. We
try to consider realization of Fuchsian system (equation (2.1)) on the lines Lo, L§, L1, L7, L,
L}, Lo, L%, in the appendix.

4 Middle convolution

First, we review an algebraic analogue of Katz’ middle convolution functor developed by Det-
tweiler and Reiter [2, 3], which we restrict to the present setting. Let Ay, A;, A; be matrices
in C2*2. For v € C, we define the convolution matrices By, B;, B; € C%*6 as follows:

Ag+v A A 0 0 0
By = 0 0 0 , B, = Ay A1+v A ,
0 0 O 0 0 0
0 0 0
Bo=[ 0o o o . (4.1)
Ay A Ai+v

Let z € C\{0,1,t}, v, (p € C) be a cycle in C\ {0, 1,¢, z} turning the point w = p anti-clockwise
whose fixed base point is 0 € C\ {0,1,¢,2}, and [y, 7] = Vp'ypmyp_lygl be the Pochhammer
contour.

Proposition 1 ([3]). Assume thatY = '(y1(2),y2(2)) is a solution to the system of differential
equations

dy [(Ay A A
—<°+ L t)Y.

dz ~ \ z z—1 z—1
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For p € {0,1,t,00}, the function

/ w iy (w) (2 — w)¥dw
[vz7p)

w_lyg(w) (z —w)"dw
27'71?]

(w = 1) 1 (w)(z — w)" dw

—

Yz Yp)

(1w — 1)~ ya (w) (= — w)”du
Yz Vp)]

o

—

[
(w = 1)y (w) (2 — w)’dw

—

[
[ w0 - v
[727717]

Y=z 7’7}7]

satisfies the system of differential equations

AU (By B B
—<°+ L t>U. (4.2)

dz ~ \ 2 z—1 z—-t
We set
Ker(Ap) 0 0
,Co = 0 s £1 = Ker(Al) 5 ,Ct = 0 s
0 0 Ker(A)
L=Ly® L1 DL, K= Ker(Bo) N Ker(Bl) N Ker(Bt), (4.3)

where Lo, £1, £y, K C C% and 0 in equation (4.3) means the zero vector in C2. We fix
an isomorphism between C®/(K + £) and C™ for some m. A tuple of matrices mc,(A4) =
(Bo, By, B;), where Bp (p = 0,1,t) is induced by the action of B, on C™ ~ C®/(K + L),
is called an additive version of the middle convolution of (Ag, A1, A;) with the parameter v.
Let Ag, A1, Ay be the matrices defined by equation (2.5). Then it is shown that if v = 0, k1, ko
(resp. v # 0, K1, k2) then dimC%/(K + £) = 2 (resp. dimC®/(K + £) = 3). If v = 0, then the
middle convolution is identity (see [3]). Hence the middle convolutions for two cases v = K1, ko
may lead to non-trivial transformations on the 2 x 2 Fuchsian system with four singularities
{0,1,¢,00}. Filipuk [5] obtained that the middle convolution for the case v = k; induce an
Okamoto’s transformation of the sixth Painlevé system.

We now calculate explicitly the Fuchsian system of differential equations determined by the
middle convolution for the case v = k9. Note that the following calculation is analogous to the
one in [30] for the case v = k1. If v = Ko, then the spaces Ly, L1, Ly, K are written as

wo 0 0 0

ug + O 0 0 1

B 0 B wy 0 o
Ly=C 0 , Ly —— L;=C 0 ) K=C 1
0 0 Wy 0

0 0 (7 + et 1
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Set
0 0 0 wo 0 0
0 0 1 wug+6y 0 0
g 0 0 0 0 w1 0
o S41 Sa2 1 0 u1 + 01 0 ’
0 0 0 0 0 wy
s61 Se2 1 0 0 up + 04
. :,u(/\—t)—l—/ﬂ :t(u()\ 1)+ K1) o — A=A
41 T ke 61 Ty ; 42 7>\()\ "y’
tA =) < K2
S0 = ——————, A=A— 7 7 s (4.4)
A =)z s v ey Bl e

and [:] = S~'U, where U is a solution to equation (4.2). Then det U = k2(A — \)/(t(1 — t)k2)
and U satisfies

bn(z) blg(z)
ba1(2) baa(

- *(u0+00)900t
dU krk1Az

A
Az

= .
dz Tz 0
0
0

o O O O
h

1—t
EO—1)(z—1)

ey
o

o O o o o
o O O O O

t(1-t)
k(A—t)(z—t) z—t

o ox o oo

where b11(2), ..., b22(z) are calculated such that the system of differential equation

() - (68)

coincides with the Fuchsian system Dy(«%7 01,0, 000 N, iL; l;:) (see equation (2.9)), where

R e R R
0 — 2 ) 1= 2 ) t — 2 )
ém:_00_01;9t+9007 S‘ZA_ 0o H291 0;
LD WD S R
ﬁ:’{2ireo+'{~2+91+ﬁg+9t+ 2 k=k (4.5)
A A—1 A—t A=A
The functions 4 (z) and u2(z) are expressed as
_ kA
w1(2) = (uo + Oo)ui(z) — 7@62(2’) + (u1 + 61)us(z)
k(A—1 k(A—t
(15_1)“4(2) + (u + Op)us(2) + t((l — t)) ug(2),
5 RoA(A = 1) (A —¢) <()\u + k1) (up + 6p) Al A+ K1 —|— K1
tg(z) = - u(z z
2(2) O 5} 1(2) — uz(2)
(AN=1)p+ k1) (ur + 61) A=Dp+m
+ KO —1) us(z) + 1 uy(z)
(AN =t)p+ K1) (ug + 64) A=tp+r pth
4.
o () + S (46)
Combining Proposition 1 with equation (4.6) and setting 71(z) = J2(z) = u2(z), we have

the following theorem by means of a straightforward calculatlon.
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Theorem 1. Set k1 = (0o — 0p — 01 — 04)/2 and Ky = — (0o + 0o + 61 +~9t)/2. If y1(2) is
a solution to the Fuchsian equation Dy, (6o, 61,0t 0003 A\, 1), then the function Y ='(g1(2), 2(2))
defined by

dw

B AMA=D(A 1) dy(w) ey A g,
Jo(2) = k:(/\—;\) /['Yszp]{( dw H( )>)\—’w+:‘€1 dw }( S,

71(z) = /[ ] dy1 (w) (z —w)dw, (4.7)

satisfies the Fuchsian system Dy (kg + 0o, ko + 01, k2 + 04, Ko + O; \, [ k) for p € {0,1,t,00},
where

. ~ +6 +0 + 6
A=A-— ,{291 0, p=r2r 2T e, B2 (4.8)
T S v el v A A-l A=t A=A
Since
d
0= / — (y1(w)(z — w)™) dw
e ) AW
d
_ / Y1 (w) (Z _ w)fﬂdw —+ /.4;2/ yl(w)(z — w)nQildU), (49>
bl G b=
we have

Proposition 2 ([17]). If y1(z) is a solution to Dy, (68o,01,0¢,00; A, 1t), then the function
i) = [ ) -, (4.10)
[’YZ:’YP]

satisfies Dy, (k2 + 00, K2+ 01, K2+ 0, Ko + 0o M\ Qi) forpe {0,1,t,00}, where X and i are defined
in equation (4.8).

Note that this proposition was obtained by Novikov [17] by another method. Kazakov
and Slavyanov [14] essentially obtained this proposition by investigating Euler transformation
of 2 x 2 Fuchsian systems with singularities {0,1,¢,00} which are realized differently from
Dy(eg, 91, 915, (900; )\, M, k‘)

Let us recall the symmetry of the sixth Painlevé equation. It was essentially established by
Okamoto [19] that the sixth Painlevé equation has symmetry of the affine Weyl group W(Dil)).
More precisely, the sixth Painlevé system is invariant under the following transformations, which
are involutive and satisfy Coxeter relations attached to the Dynkin diagram of type Dil), ie.
(Si>2 =1 (Z = 0, 1,2,3,4), SjSk = SkSj (],k‘ S {0, 1,3,4}), 558285 = 525552 (j = 0, 1,3,4):

0 0o th to A U t
so | —b Ooc 01 fo N ou— |t
$1 0; 2 — 0 01 6o A 7 t
sy || k10 —k2 k1t 01 Kk1+00 | A+ L 1 13
s3 0, Ooo -0, 0 A p— 2|t
si| & Ooo 61 —0 A p-% ¢

The map (6o, 01,0, 0c0; \, pt) +— (50,51,5,5,500;5\,/1) determined by equation (4.5) coincides
with the composition map sgs3s482505384, because

(80,01, 01, Boc; A, 1) "% (= 00, =01, =01, O3 A, 1 — 5 — 525 — 75)
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S92 ¢
= (= ke =0, =Ko —bh, =Ko — O, ki3 A = — 32 — 3
R v

502354 (/iz 4+ 0o, ko + 01, Ko + Oy, ko + Ooo; 5\7 ﬂ)
Therefore, if we know a solution to the Fuchsian system Dy (6, 61,0y, 0005 A, 115 k), then we have
integral representations of solutions to the Fuchsian system Dy(ég, 9~1, ét, éoo; 5\, fi; k) obtained
by the transformation spsssssas4s3s9. Note that the transformations s; (i = 0,1,2,3,4) are
extended to isomorphisms of the space of initial conditions E(t).

We recall the middle convolution for the case v = k1.

Proposition 3 ([30, Proposition 3.2]). If Y = (y1(2),92(2)) is a solution to the Fuch-
sian system Dy (0o, 01,0, 000; X, 13 k) (see equation (2.9)), then the function Y = '(j1(2), §2(2))
defined by

ne) = [ o+ -} LSO,
YzyYp

- _000 dy2(w)
_ — w)"dw, 4.11
i) - [ (411

satisfies the Fuchsian system Dy (k1 + 6y, k1401, k1 + 0y, —ko; A+ K1/, p k) for p € {0,1,t,00}.

The parameters (k1 + 6o, k1 + 01, kK1 + 0, —k2; A+ K1/, 1) are obtained from the parameters
(00,01, 0t,05; A, 1) by applying the transformation sy. Note that the relationship the transfor-
mation sg was obtained by Filipuk [5] explicitly (see also [7]), and Boalch [1] and Dettweiler and
Reiter [4] also obtained results on the symmetry of the sixth Painlevé equation and the middle
convolution.

5 Middle convolution, integral transformations
of Heun’s equation and the space of initial conditions

In this section, we investigating relationship among the middle convolution, integral transfor-
mations of Heun’s equation and the space of initial conditions.

Kazakov and Slavyanov established an integral transformation on solutions to Heun’s equa-
tion in [13], which we express in a slightly different form.

Theorem 2 ([13]). Set
nm—a)n—-p)=0, ~=v+1-n, d=6+1-n  =e+1-—n,
{O/7ﬁ,}: {2*77»*277+a+ﬂ+1}7
"=q+ (1 -n)(e+dt+ (v —n)(t+1)). (5.1)
Let v(w) be a solution to
@ 1/ N 5 ¢ dl N o/ Blw — ¢
dw? dw  w(w—1)(w —t)

w w—1 w-—t
Then the function

y(z) = /[ ] v(w)(z —w) Tdw

v =0. (5.2)

1s a solution to

d?y v ) e \ dy afz —q
dz2+< * * )dz z(z—l)(z—t)y

z z—1 z—-t
forp € {0,1,t,00}.

=0, (5.3)
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Here we derive Theorem 2 by considering the limit A — 0 in Proposition 2. Let us recall
notations in Proposition 2. We consider the limit A\ — 0 while fixing p for the case 6y # 0 and
0o + k2 # 0. Then we have X — 0 and ji — (tou + ko (t(k1 +0;) + k1 +601))/(t(ka + 6p)). Hence
it follows from Proposition 2 and equation (3.4) that, if y(z) satisfies

Py (z) n —0o n 1-0, . 1—0:\ dy(z) | ki(k2 + 1)z +thop
dz? z z2—1  z-—t dz 2(z—1)(z —t)

y(2) =0, (5.4)
then the function

i) = /[ V) (5.5)

satisfies
/432—90 1—/%2—91 l—HQ—Ht dg](z)
d22 + ( -1 T a4 dz
oo(1 — K2)z + t(k2 + 00)t9°”+“2(i((221§2)>+”1+91)) ) = 0 56
By setting v = —ko —0p, d = 1 —ko —601, e = 1=Ky — 0y, a =1 =1—kKo, f = O,

q = —{tbop+ra(t(k1+6;)+K1+01))} and comparing with the standard form of Heun’s equation
(equation (1.1)), we recover Theorem 2. Note that we can obtain the formula corresponding to
the case 6y = 0 (resp. 0y + k2 = 0) by considering the limit 6y — 0 (resp. 0y + k2 — 0).

The limit A — 0 while fixing p implies the restriction of the coordinate (A, ) to the line Ly
in the space of initial conditions E(t), and the line Ly with the parameter (0, 01, 0, 00; A, 1) is
mapped to the line Ly in the space of initial conditions with the parameter (ko+60o, k2 +01, kKo +6;,
kg + Oso; N, i) where A and fi are defined in equation (4.8), because A — 0 and fi converges
by the limit. It follows from equations (5.4), (5.5), (5.6) that the integral transformation in
Proposition 2 reproduces the integral transformation on Heun’s equations in Theorem 2 by
restricting to the line Ly. We can also establish that the line L; (resp. L:) in the space of
initial conditions with the parameter (g, 01,0, 050; A\, i) is mapped to the line Ly (resp. L)
with the parameter (kg + 0o, k2 + 01, k2 + 04, k2 + Ooo; A, ft) by taking the limit A — 1 (resp.
A — t), and the integral transformation in Proposition 2 reproduces the integral transformation
on Heun’s equations in Theorem 2. We discuss the restriction of the map (6, 01, 0, 0oo; A, 1) —
(k2+00, ko+01, kKo+0;, Ko+0s0; A, i) to the line LY . Let (q4,p4a) (resp. (Ga,ps)) be the coordinate
of Uy for the parameters (g, 01,0:,000; A\, 1) (resp. (k2 + 6o, ko + 01, k2 + O, k2 + 000;5\,/])
(see equations (3.1), (3.2)). Then we can express ¢4 and ps by the variables g4 and ps. By
setting p4 = 0, we have py = 0 and ¢4 = q4 — ko(t(k1 + 0y — 1) + k1 + 61 — 1). Hence the
line L} with the parameter (6p, 01,0, 000; A, 1) is mapped to the line L% with the parameter
(k2 + 0o, ko + 01, k2 + 01, K2 + O; 5\,,&). It follows from Proposition 2 that if y;(z) satisfies
equation (3.11) then the function g(z) defined by Proposition 2 satisfies Heun’s equation with
the parameters v =1 -0y — ko, d =1 —01 — ko, e =1—0; — ko, a =1 — Ky, 8 =1+ O,
qg=—qs—(14+t)ko+(t(k1+6;)+£K1+61)), and the integral representation reproduces Theorem 2
by setting n = a = 1 — ko. Therefore we have the following theorem:

Theorem 3. Let X = Lo, L1, Ly or L) . By the map sos3sas2545350 : (60,01, 0t,000; A, 1) +—
(k2 + 6o, ko + 01, k2 + O, Ko + O; 5\,,&,) where X and i are defined in equation (4.8), the line X
in the space of initial conditions with the parameter (0o, 01,0, 00; A, 1) is mapped to the line X
in the space of initial conditions with the parameter (ko + 0o, k2 + 01, ko + O, ko + 000;5\,/])
where X and Q@ are defined in equation (4.8), and the integral transformation in Proposition 2
determined by the middle convolution reproduces the integral transformation on Heun’s equations
in Theorem 2 by the restriction to the line X.
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Note that if X = L§, L], Ly or Ly then the image of the line X by the map sgs3s452545350
may not included in X with the parameter (kg + 0o, k2 + 01, k2 + ¢, ko + O; :\, ).

We consider restrictions of the middle convolution for the case v = k; (see Proposition 3) to
lines in the space of initial conditions. We discuss the restriction of the map (6o, 61, 6, 0oo; A, 1)
— (k1 + 6o, k1 + 01, k1 + 0, —K2; A+ K1/, 1) to the line L§. Let (q1,p1) (resp. (Gi,p1)) be the
coordinate of Uj for the parameters (6, 01,0y, 0o0; A, 1) (resp. (k1 + 6o, k1 + 61,51 + 0, —K2; A+
K1/, ). Then we can express ¢; and p; by the variables ¢; and p;, and by setting p; = 0 we
have p; = 0 and ¢; = ¢q1. Let y1(2) be a solution to the Fuchsian equation Dy, (0g, 01,6, 00; A, 11)
for the case p; = 0 and set v1(z) = 2z~ 1y1(2). Then v1(2) satisfies Heun’s equation written as
equation (3.8). On the case p; = 0, the integral representation (equation (4.11)) is written as

ne = /['yz,’yp] {myl(w) i wdy;i)w) } . _ww)m w

We set ¥1(z) = 2791 (2). By integration by parts we have

(p € {0,1,¢,00}).

1

= / {51(2 — w)vl(w)(z — w)m—l + levl(w)(z o w)m—l}dw
2 Jyz)

— / o1 (w) (2 — W)™ Ldw. (5.7)
[’Yza'Yp]

On the other hand, it follows from Proposition 3 and equation (3.8) that v;(z) satisfies Heun’s
equation with the parameters v =2 -0y — k1, 0 =1—01 — k1, e =1 —0; — k1, a = 1 — Ky,
B=2—0x,q=—tq1+ (k1 +600—1){t(k1+01—1)+k1+6;—1}. Hence equation (5.7) reproduces
Theorem 2 by setting = a = 1 — k1, We can also obtain similar results for L], L} and L%_.
Therefore we have the following theorem:

Theorem 4. Let X = L§, Ly, L} or L . By the map sz : (00,601,000, A\, 1t) — (k1 + 6o,
k1461, k140, —Ko; A+ K1/, 1), the line X in the space of initial conditions with the parameter
(00, 01,01,00; \, 1) is mapped to the line X in the space of initial conditions with the parameter
(k1 + 0o, k1 + 01,K1 + 0y, —K2; A + K1/, 1), and the integral transformation in Proposition 3
determined by the middle convolution reproduces the integral transformation on Heun’s equations
in Theorem 2 by the restriction to the line X.

Note that if X = Ly, L1, Ly or Ly then the image of the line X by the map so may not
included in X with the parameter (k1 + 0o, k1 + 01, k1 + 01, —Ko; A+ K1/, ).

6 Middle convolution for the case that the parameter is integer

On the case kg € Z, the function in equation (4.10) containing the Pochhammer contour may be
vanished, and we propose other expressions of solutions to Fuchsian equation D, (k2+0p, k2461,
Ko + Op, Ko + Ooo; A, ft) in use of solutions to Dy, (6o, 61,6, 0s0; A, ).

We have the following proposition for the case ko € Zg,

Proposition 4. (i) Let Ay, A1, A; be matrices in C**2, and let Béy),B§”),B§V) € C5%6 be the
matrices defined in equation (4.1) for v € C. Assume that v € Z<o and Y = t(y1(2),y2(2)) is
a solution to the system of differential equations

ay A A A
<°+ L t)Y.

dz  \ 2 z—1 z-—1
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Write v = —1 —n (n € Z>o). Then the function

(d/d2)" (=" (=)
(d/d2)" (=" 1y (2))

o | @z =) T e)
(d/d2)"((z = 1) 'ya(2)) |’
(d/d2)"((z =)'y (=)
(d/d2)"((= — 1) 'ya(2)

satisfies the system of differential equations

dU B[()flfn) B§717n) Bt(flfn)
—_— = . 1
dz ( z + z—1 + z—1 v (6.1)

(i4) If ko € Zco and Y ="(y1(2),y

= 2(2)) is a solution to the Fuchsian system Dy (0q, 01,0, 0;
X\, 3 k), then the function Y = t(51(2),

y2(2)) defined by
ne = () ne.

in(s) = S H (&) "we-w(E) ™ y1<z>} e

L <d> o yl(z)] , (6.2)

k1 \ dz

satisfies the Fuchsian system Dy (kg + 6o, ko + 01, ko + 0y, k2 + O; S\,ﬂ; k), where \ and [ are
defined in equation (4.8).
(13i) If ko € Z<o and y1(2) is a solution to Dy, (0o, 61,0, 000; A, 1), then the function

1= (5) e

satisfies Dy, (ko + 6o, ko + 01, ko + 04, K2 + O; A, ).

Proof. (i) If v = —1, then it follows immediately that the function U = (27 1y (2), 27 tya(2),
(z—1)"ty1(2), (2—1)"tya(2), (z—t) "Ly1(2), (z—1t) " Lya(2)) satisfied equation (6.1) for n = 0. As-
sume now that the function U = *(u1(2), ua(2), uz(z), ua(2), us(2), ue(2)) satisfies equation (6.1).
Set V = dU/dz. Since

u1(z) 0

uz(z) 0
gt gttt pttm gttt g 1 B us(2)
22 +(z—1)2+(z—t)2_; z 0 L R uy(2)

0 0

0 0

0 uy(2) 0 0

0 ub(2) 0 0

L1 B o | 1] o L) | 0 0

z—t z—t 0 oz 0 z—1 | u(z) z—t 0 ’

us(2) 0 0 us(2)
ug(2) 0 0 ug(2)
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we have

ﬂ B i Bé—l—n) . B§—1—n) . Bt(—l—n) -
dz  dz z z—1 z—t

B(—l—n) B(—l—n) B(—l—”) B(_l_") B(_l_”) B(—l—n)
=—< 0 + - + - U+ | ——+— + = 1%

22 (z=1)2  (z2—1)? z—1 z—t

—2—n —2—n —2—n
:<Bé )+B§ )+B§ )>V

z z—1 z—1

Hence (i) is proved inductively.

(17) Let Ao, A1, A; be the matrices defined by equation (2.5) and set v = ko. We define
the matrix S by equation (4.4) and set U = S™'U. Then Y = (i1(2), @ia(2)) satisfies the
Fuchsian differential equation Dy(éo, 9~1, ét, 6700; 5\, i l;:) where the parameters are determined by
equation (4.5), and 4 (z), t2(z) are expressed as equation (4.6). By a straightforward calculation
as obtaining equation (4.7), we have equation (6.2).

(131) follows from (i7). [ |

Note that (7) is valid for Fuchsian differential systems of arbitrary size and arbitrary number
of regular singularities. We have a similar statement for the case v = k; and k1 € Zg.
Namely, if 51 € Z<o and Y = ¥(y1(2),y2(2)) is a solution to the Fuchsian differential equation
Dy (6o, 61, 0¢, 0o0; \, 3 k) (see equation (2.9)), then the function Y = (71 (z), §2(2)) defined by

ne=(£) " (e - B2)]

ne = () mie

satisfies the Fuchsian system Dy (k1 + 0o, k1 + 01, k1 + 0, —ko; A+ K1/, 5 k).

If ke = 0 (resp. k1 = 0), then the Fuchsian system Dy (ko + 6, k2 + 01, K2+ 60, K2+ 00; A, i k)
(resp. Dy (k1 + 0o, k1 + 01, k1 + 0, —K2; A+ K1/, iy k)) coincides with Dy (6, 01, 0, 0oo; A, 1 k),
and the function Y = *(§;(2), §2(2)) just corresponds to *(y1(2), y2(2)).

On the case ko € Z~q, we have the following proposition:

Proposition 5. Let p € {0,1,t,00} and C, be the cycle starting from w = z, turning w = p
anti-clockwise and return to w = z.

(i) If ko € Z~g and Y = t(y1(2),y2(2)) is a solution to the Fuchsian system Dy (0o, 01,0, 000;
\, s k), then the function Y =Y(§1(2),92(2)) defined by

71(2) = /C dyclh(uw) (z — w)"dw, (6.3)

P

_ o AA=1)(A =) dyr(w) w 1 w dyr(w) 2z — w)2dw
Ja(z) = E— ) /C{< qw il >>/\—w+f<e1 dw }( S,

satisfies the Fuchsian system Dy (k2 + 6o, k2 + 01, K2 + O, K2 + Occ; N, [ k) for p € {0,1,t,00}
where A and i are defined in equation (4.8).
(1) If ko € Zso and y1(2) is a solution to Dy, (0o, 01, 0%, 003 A, 1), then the function

3(z) = / 1 (w) (2 — w)=dw, (6.4)

Cp

satisfies Dy, (kg + 0o, ko + 01, kg + 04, K2 + Ooo; A, i) for p € {0,1,t,00}.
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Note that the functions g1(z), 32(2), ¥(z) may not be polynomials although the integrands
of equations (6.3) and (6.4) are polynomials in z.

Proof. Set
dyy (w
Kl(w) = ydl,l(u )7
Ko A(A =)A= 1) [ (dy1(w) 1 p dyr(w)
K. = > — I ol .
2(w) FO ) it L LD I weie
It follows from Theorem 1 that the function Y (z) = < §1E2 ) defined by
2

Ui(z) = / L Ki(w)(z — w)™dw
Y2YpV= Vp

=(1- ezﬂﬁm) Ki(w)(z—w)™dw +/ (K? (w)— Kij(w))(z — w)?2dw (i =1,2)
Tp V=

is a solution to Dy (kg + 6o, k2 + 01, ko + 04, k2 + Oo; Xﬂ;k) for p € {0,1,t}, where Kz”(w) is

the function analytically continued along the cycle ~,,.
If ko > —1, then the integrals f% (K" (w) — Ki(w))(z — w)"2dw tends to zero as the base

Jo, Kr(w)(z — w)"2dw i
Jo Kolw)(z = w)2ds
a solution to Dy (k2 + 6o, k2 + 01, k2 + 04, K2 + Osc; \, & k) for kg € R~_1\ Z~_1. By considering
the limit k9 — n, n € Zso, we obtain (i) for p € {0,1,¢t}. The case p = oo follows from
O =C et

By integration by parts as equation (4.9) we obtain (ii). |

point o of the integral tends to z, and it follows that the function <

We have similar proposition for the case v = k1 and k1 € Z~g. On middle convolution mc,
for Fuchsian differential systems of arbitrary size and arbitrary number of regular singularities
whose parameter v is positive integer, the contour [v;, ;] can be replaced by C,,.

We can reformulate Theorem 3 (resp. Theorem 4) for the case ko € Zq (resp. k1 € Z<g) by
changing the integral to successive differential and for the case ko € Z~o (resp. k1 € Z~o) by
changing the contour [7.,7,] to Cp. The corresponding setting for Heun’s equation is described
as follows:

Proposition 6. Let v(w) be a solution to Heun’s equation written as equation (5.2) with the
parameters in equation (5.1).
(1) If n € Z=1, then the function

y(z) = (d/dz)"""v(2)

is a solution to Heun’s equation (5.3).
(13) If n € Z<1, then the function

y(z) = /C v(w)(z —w) "dw

is a solution to Heun’s equation (5.3) for p € {0,1,t,00}.

The generalized Darboux transformation (Crum-Darboux transformation) for elliptical rep-
resentation of Heun’s equation was introduced in [29], and we can show that Proposition 6 (4)
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gives another description of the generalized Darboux transformation. Hence the integral trans-
formation given by Theorem 2 can be regarded as a generalization of the generalized Darboux
transformation to non-integer cases. Khare and Sukhatme [15] conjectured a duality of quasi-
exactly solvable (QES) eigenvalues for elliptical representation of Heun’s equation. By rewriting
parameters of the duality to Heun’s equation on the Riemann sphere, we obtain a correspon-
dence on the parameters a, 3, 7, 9, €, g and o/, 3, v/, &, €, ¢’ on the integral transformation
of Heun’s equation in Theorem 2. We will report further from a viewpoint of monodromy in
a separated paper.

A Appendix

We investigate the realization of the Fuchsian system (equation (2.1)) for the cases A = 0,1,¢, 00
in the setting of Section 2 and observe relationships with the lines Lo, L{), L1, L], L¢, L}, Lo,
L%, (see equation (3.3)) in the space of initial conditions E(t).

We consider the case A = 0, i.e., the case agg) =0, a%) # 0, ag # 0, (t+1)a§g)+ta§12)+agg) # 0

(see equation (2.4)). Since agg) = 0 and the eigenvalues of Ay are 6y and 0, the matrix Ay is

written as

(6 O (00
AO_(U O> or AO_(U@Q)’
and it follows from a%) £ 0, ath) # 0 that the matrices A;, A; may be expressed as equation (2.5).

We determine wq, wy so as to satisfy aj2(z) = —wi(z —1) —w /(2 —t) = k/(2(2 — 1)). Then we
have

wy =k/(t—1), wy = —k/(t—1). (A1)
On the case
00 uy + 01 —wy
Ay = A =
0 ( v by ) ’ ! ( up(uy +601) /w1 —ug ) ’

Ut + et —W¢
Ay = A2
t < ug(ug + 0p) Jwy  —uy > ’ (A-2)

we determine uq, u; so as to satisfy equation (2.2), namely

v 4 ui(ug 4 01)/wy + ue(ue + 0) /we =0,

ur + 0 +Fup+0; = —k1, O —ur —up = —ka.
We have
1 kv
u1—01+900_00(t_l—ff1(f€1+9t)>’
1 kv
- 9, — . A.
Uy 0y e — G0 <t_1+/€1(/€1+91)> (A.3)

Hence we have one-parameter realization of equation (A.2) with the prescribed condition. We
discuss relationship with the Fuchsian system on the line Ly. For this purpose, we recall matri-
ces Ag, A1, A; determined by equations (2.5), (2.7), (2.8) and restrict them to A = 0. Then all
elements in Ag, A1 and A; are well-defined and we have

0 0
Aolro = < 0o{t(0p — Ooc)pt + k1 (K1 + 01 + t(k1 +6:))}/ (kb)) 0o > .
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In fact the matrices Ay, Ay, A; restricted to the line Ly coincide with the ones determined
by equations (A.2), (A.1), (A.3) and v = 0p{t(0p — Osc)it + K1(K1 + 01 + t(k1 + 61))}/(kOso).
Note that the second-order differential equation for the function y; on the case of the matrices
in equations (A.2), (A.1), (A.3) is obtained as equation (3.4) by substituting p = (kv —
516?0(/11 + 61 + t(/ﬁ;l + 00))/(1500(00 — 900))

On the case

0y O uy + 61 —w1
A - A =
0 < v 0 ) ’ 1 ( ui(up +61)/wr  —ug > ’

ut + 04 —wy
Ay = , A4
! < ug(ug + 0p) /wy  —uy > (A-4)

u1, uy are determined as

1 kv -1 kv
up = T 0o (t— 1 — Ko (k2 —H%)) , U = T 00 <t— 1 +I€2(I€2—{—91)> , (A.5)

to satisfy equation (2.2). To realize the Fuchsian system on the line L, we recall matrices Ay,
A1, Ay determined by equations (2.5), (2.7), (2.8), transform (A, u)(= (qo0,p0)) to (q1,p1) by
equation (3.2) and restrict matrix elements to ¢g; = 0. Then the matrices Ay, A; and A; are
determined as equations (A.4), (A.1), (A.5), where

v={—t(00 + b0c)q1 + O0(k1 + 00)((K2 + ;) + t(k2 + 01))}/(kbso)- (A.6)

Note that the second-order differential equation for the function §; = 2~ 'y; on the case of the
matrices in equations (A.4), (A.1), (A.5) is obtained as equation (3.8) by substituting equa-
tion (A.6).

We consider the case A = 1, i.e., the case a%) =0, ag) #£0, a%) #0, (t+1)ag)+ta§12)+agtz) #0.

Since a%) = 0 and the eigenvalues of A are #; and 0, the matrix Ay is written as

(61 0 (00
A1_<U O) or A1—<U91>,
and the matrices Ag, A; may be expressed as equation (2.5). To satisfy aj2(z) = —wo/z —
w/(z—t) =k/(z(z —t)), we have

wo = k/t, wy = —k/t. (A.7)
On the case
0 0 ug + 6 )
A — A =
! ( v 0 > ’ 0 ( uo(ug + 6p)/wo  —ug > ’

At_<ut+9t —Wt )7 (A8>

ug(ug + 0¢) Jwy  —uy

ug, U are determined as

O — 01 \ t

up = —bp + ! (kv — k(K1 + 9t)> )
> 7 (A.9)

1 kv
Ut = —Ht — m <t + /il(Hl + 90)
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to satisfy equation (2.2). To realize the Fuchsian system on the line L;, we recall matrices Ay,
A1, Ay determined by equations (2.5), (2.7), (2.8) and restrict matrix elements to A = 1. Then
the matrices Ag, A; and A; are determined as equations (A.8), (A.7), (A.9), where

v =00 {(1 = t)(01 — o)t — k1 (51 + 00 + (1 — ) (k1 + 01)) }/ (Kboo). (A.10)

Note that the second-order differential equation for the function y; on the case of the matrices
in equations (A.8), (A.7), (A.9) is obtained as equation (3.5) by substituting equation (A.10).
On the case

61 0 up + o —wo
A — A =
! ( v 0 > ’ 0 ( ’LL()(UO —|—90)/w0 —UQ ’
U + Ht — Wt
A = , A1l
! < u(ug + 0p) /wy  —uy > ( )
ug, Uy are determined as

kv

1 -1 kv
=gy ( — Kka(k2 + 9t)> u= gy ( + Ko (K2 + 90)) (A.12)

to satisfy equation (2.2). To realize the Fuchsian system on the line L7, we recall matrices Ao,
Ay, A; determined by equations (2.5), (2.7), (2.8), transform (A, u)(= (go,p0)) to (g2,p2) by
equation (3.2) and restrict matrix elements to g2 = 0. Then the matrices Ay, A; and A; are
determined as equations (A.11), (A.7), (A.12), where

={(t = 1)(01 + 0s0)q2 — O1 (k1 + 01)((K2 + 01) + (1 — ) (K2 + 60)) }/ (kboo)- (A.13)

Note that the second-order differential equation for the function §; = (z — 1)~!y; on the case
of the matrices in equations (A.11), (A.7), (A.12) is obtained as equation (3.9) by substituting
equation (A.13).

We consider the case A = ¢, i.e., the case ath) =0, a 7é 0, a12 # 0, (t—i—l)agQ)—i—talQ +a12 # 0.
Then the matrix A; is written as

(6, 0 (00
At_(U 0) or At—<v9t>,
and the matrices Ag, A1 may be expressed as equation (2.5). To satisfy aia2(z) = —wo/z —
w1/(z—1) =k/(z(z — 1)), we have

wo = k‘, w1 = —k. (A.14)

On the case
0 0 ug + g —wy >
A = ; Ag = )
! ( v O > 0 < up(uo + 0p)/wo  —ug

ur + 61 —wq
Ay = , A5
! < ur(ur +61)/wr —wy ) ( )

ug, w1 are determined as

1
Ooo — 01
1

900_t

ug = —00 +

(kv — /@1(/61 + 91)) ,

up = —0; —

(k:v + lil(lﬂ + 90)) , (A.lﬁ)
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to satisfy equation (2.2). To realize the Fuchsian system on the line L;, we recall matrices Ay,
A1, Ay determined by equations (2.5), (2.7), (2.8) and restrict matrix elements to A\ = t. Then
the matrices Ag, A; and A; are determined as equations (A.15), (A.14), (A.16), where

0= 0,{t(t — 1)(0; — o) pt — k1 (t(k1 + 00) + (£ — 1)(k1 + 01))}/ (Ros). (A.17)

Note that the second-order differential equation for the function y; on the case of the matrices in
equations (A.15), (A.14), (A.16) is obtained as equation (3.6) by substituting equation (A.17).
On the case

0; 0 ug + g —wo
A — A =
t (U 0)7 0 <UQ(U0+90>/U}0 —Ug )7

ur + 61 —wy
Ay = , A8
! < ur(ur +61) /w1 —wy ) ( )

ug, Uy are determined as

1 -1
Uy = 010, (kv — ka(k2 + 61)), U = 10,

(kv + ka(ka + 0)) , (A.19)

to satisfy equation (2.2). To realize the Fuchsian system on the line L}, we recall matrices Ay,
A1, A; determined by equations (2.5), (2.7), (2.8), transform (A, u)(= (qo0,p0)) to (gs3,p3) by
equation (3.2) and restrict matrix elements to g3 = 0. Then the matrices Ay, A; and A; are
determined as equations (A.18), (A.14), (A.19), where

v={t(1 —t)(0r 4+ O0)qs — Or(rk1 + 0¢)(t(k2 + 61) + (t — 1) (k2 + 60)) }/ (kbso)- (A.20)

Note that the second-order differential equation for the function 7; = (z — 1) ~!y; on the case of
the matrices in equations (A.18), (A.14), (A.19) is obtained as equation (3.10) by substituting
equation (A.20).

We consider the case A = oo, i.e., the case agg) # 0, a%) # 0, agg) #0,(t+ 1)ag%) + ta%)—k
agtz) = 0. We can set Ag, Aj, Ay as equation (2.5) and we determine ug, u1, u, wo, wi, wy to
satisfy equation (2.2) and

wo w1 Wy k

a12(z):7772_172—25:2(2_1)(2_25)‘

Then we have
wo = —k/t, wr =k/(t—1), wy = —k/(t({t —1)), (A.21)
and other relations are written as

uo(up + 0o)/wo + w1 (u1 + 61) /w1 + ue(ur + 6;) /we = 0,
ug + g + up + 01 + ug + 0 = —k1, —Uug — UL — Ut = —K9.

We solve the equation for ug, u1, u; by adding one more relation —(uj + 61 + t(us +0;)) = 1. We
have

un = —6n — Kk _|_L ul = —0 _i_ﬂ +M

[ =124 (0 + t0)] + tri (k1 + 00). (A.22)

Ut:—(9
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The second-order differential equation for the function y; is written as
d2y1+ 1—00+1—01 1-06, % ki(ka +2)z — q
dz? z z—1  z—t ) dz z2(z—1)(z—1)

G=1000 — 1)+ r1(t(kea + 6+ 1)+ Ko+ 601 +1).

=0,

To realize the Fuchsian system on the line L.,, we recall matrices Ag, A1, A: determined by
equations (2.5), (2.7), (2.8), transform (A, 1)(= (qo, o)) t0 (oo, Poo) by equation (3.2), replace k
by —kgs and restrict matrix elements to ¢ = 0. Then the matrices Ay, A; and A; are
determined as equations (2.5), (A.21), (A.22), where

I = poo-

We have observed that Fuchsian systems on the lines Lo, L, L1, L], L, L}, Lo are realized
by Fuchsian systems for the case A = 0,1,¢,00. Here the case L} is missing. In fact this case
does not simply correspond with the Fuchsian system as equation (2.1), because we have

_ 11 -1 _ 1 -1
uo_i@oopi+0(p4 ) wm= (1—t)9<>opi+0(p4 )
11

uw=————5+0(p"),

t(t - 1)900 pi ( ! )
as p4 — 0 in the coordinate (g4, p4) in equation (3.2), although we can restrict the second-order
differential equation for y; to ps = 0 as equation (3.11).
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