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Abstract. We give Bicklund transformations for first and second Painlevé hierarchies.
These Béacklund transformations are generalization of known Bécklund transformations of
the first and second Painlevé equations and they relate the considered hierarchies to new
hierarchies of Painlevé-type equations.
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1 Introduction

One century ago Painlevé and Gambier have discovered the six Painlevé equations, PI-PVI.
These equations are the only second-order ordinary differential equations whose general solutions
can not be expressed in terms of elementary and classical special functions; thus they define new
transcendental functions. Painlevé transcendental functions appear in many areas of modern
mathematics and physics and they paly the same role in nonlinear problems as the classical
special functions play in linear problems.

In recent years there is a considerable interest in studying hierarchies of Painlevé equations.
This interest is due to the connection between these hierarchies of Painlevé equations and com-
pletely integrable partial differential equations. A Painlevé hierarchy is an infinite sequence of
nonlinear ordinary differential equations whose first member is a Painlevé equation. Airault [1]
was the first to derive a Painlevé hierarchy, namely a second Painlevé hierarchy, as the similari-
ty reduction of the modified Korteweg—de Vries (mKdV) hierarchy. A first Painlevé hierarchy
was given by Kudryashov [2]. Later on several hierarchies of Painlevé equations were introdu-
ced [3, 4, 5, 6, 7, 8,9, 10, 11].

As it is well known, Painlevé equations possess Backlund transformations; that is, mappings
between solutions of the same Painlevé equation or between solutions of a particular Painlevé
equation and other second-order Painlevé-type equations. Various methods to derive these
Bécklund transformations can be found for example in [12, 13, 14, 15]. Backlund transformations
are nowadays considered to be one of the main properties of integrable nonlinear ordinary
differential equations, and there is much interest in their derivation.

In the present article, we generalize known Béacklund transformations of the first and se-
cond Painlevé equations to the first and second Painlevé hierarchies given in [6, 11]. We give
a Béacklund transformation between the considered first Painlevé hierarchy and a new hierarchy
of Painlevé-type equations. In addition, we give two new hierarchies of Painlevé-type equations
related, via Backlund transformations, to the considered second Painlevé hierarchy. Then we
derive auto-Backlund transformations for this second Painlevé hierarchy. Backlund transforma-
tions of the second Painlevé hierarchy have been studied in [6, 16].
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2 Backlund transformations for PI hierarchy

In this section, we will derive a Bécklund transformation for the first Painlevé hierarchy (PI
hierarchy) [6]

n+1 '
> L) = v, (2.1)
j=2
where the operator L’[u] satisfies the Lenard recursion relation
D, L' u] = (D2 — 4uDy — 2uy)L[u],  L'[u] = u. (2.2)

The special case v; = 0, 2 < j < n, of this hierarchy is a similarity reduction of the Schwarz—
Korteweg—de Vries hierarchy [2, 4]. Moreover its members may define new transcendental func-
tions.

The PI hierarchy (2.1) can be written in the following form [11]

Rl'u + Zn: an?_ju =z, (2.3)
j=2
where R, is the recursion operator
R, = D? — 8u+ 4D, 'u,.
In [17, 18], it is shown that the Bécklund transformation
U= —Yy, y= %(ui — 4u? — 2xu), (2.4)
defines a one-to-one correspondence between the first Painlevé equation
Upy = 6> + 2. (2.5)
and the SD-I.e equation of Cosgrove and Scoufis [17]
Yow = —4y3 — 2(xyz — y)- (2.6)
We will show that there is a generalization of this Backlund transformation to all members

of the PI hierarchy (2.3). Let

y = —ru+ Dy u,

Riu+» ﬁjR?ju] : (2.7)

j=2
Differentiating (2.7) and using (2.3), we find

U= —Yy. (2.8)
Substituting u = —y, into (2.7), we obtain the following hierarchy of differential equation for y

n
Slnyx + Z /ijSI"_]yx
=2

Dgzlyam + (zyz —y) =0, (2-9>

where S, is the recursion operator

S, = D2 + 8y, — 4D,  yus.
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The first member of the hierarchy (2.9) is the SD-I.e equation (2.6). Thus we shall call this
hierarchy SD-I.e hierarchy.

Therefor we have derived the Bécklund transformation (2.7)—(2.8) between solutions u of the
first Painlevé hierarchy (2.3) and solutions y of the SD-I.e hierarchy (2.9).

When n = 1, the Backlund transformation (2.7)—(2.8) gives the Backlund transformation (2.4)
between the first Painlevé equation (2.5) and the SD-I.e equation (2.6). Next we will consider
the cases n = 2 and n = 3.

Example 1 (n = 2). The second member of the PI hierarchy (2.3) is the fourth-order equation

Uggprr = 20Uty + 10ui — 40u® — Kou + . (2.10)
In this case, the Bécklund transformation (2.7) reads

Y= %(2uxuxm - uix — 2()uui + 20u? + Kou® — 2:Uu). (2.11)
Equations (2.11) and (2.8) give one-to-one correspondence between (2.10) and the following
equation

2YsxYzzas — Yaaa + 20Yalre + 2005 + K2y + 2wy —y) = 0. (2.12)

Equation (2.12) and the Bécklund transformation (2.8) and (2.11) were given before [19].
Example 2 (n = 3). The third member of the PI hierarchy (2.3) reads
Uggrrre = 28UUzpre + DOULUppr + 42u35JC — 280U Uy
— 280un2 + 280u” — Ko (ugy — 6u?) — K3u + . (2.13)
In this case, the Béacklund transformation (2.7) has the form
Y = 3 [2uslaracs — 2Ualazar + Uspy — DOUUG ULy + 28U,

— 56Uy, + 280uul — 112u° + ko (u2 — 4u®) + K3u® — 2zu]. (2.14)
Equations (2.8) and (2.14) give one-to-one correspondence between solutions u of (2.13) and
solutions y of the following equation

2YsaYaveszs — 2Yszalasess + Yraae + B0YsYszYrase — 28YsYraa
+ 56y, Yawe + 28005 Yry, + 11205 + ma (Y, + 4u3) + sy + 2(zye —y) = 0. (2.15)

Equation (2.15) is a new sixth-order Painlevé-type equation.

3 Backlund transformations for second Painlevé hierarchy

In the present section, we will study Béacklund transformations of the second Painlevé hierarchy
(PII hierarchy) [6]

n
(Dy — 2u) Z 'ijj [uw + u2] + 2yxu — v — 45 =0,
j=1
where the operator L7[u] is defined by (2.2). The special case v; = 0, 1 < j < n — 1, of
this hierarchy is a similarity reduction of the modified Korteweg—de Vries hierarchy [2, 4]. The
members of this hierarchy may define new transcendental functions.
This hierarchy can be written in the following alternative form [11]

u—l—Z/i]R]u— (xu+ ) =0, (3.1)

where R, is the recursion operator

R, = D? — 4u* + 4uD; u,.
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3.1 A hierarchy of SD-1.d equation

As a first Backlund transformation for the PII hierarchy (3.1), we will generalize the Backlund
transformation between the second Painlevé equation and the SD-I.d equation of Cosgrove and
Scoufis [17, 18].

Let

—1
y=D,

n—1
Uy (Rﬁu + Z /{ﬂ%{ﬂ)] - %l’uQ — 120 — €)u, (3.2)
j=1

where € = £1. Differentiating (3.2) and using (3.1), we find
Uy = e(u2 + 2y5). (3.3)
Now we will show that
Dy (ugRiw) = 5 (v H[y,] + Dy Hilya)), (3.4)
where the operator HY[p] satisfies the Lenard recursion relation
D, H" [p) = (D3 + 8pD, + 4p,) H'[p),  H'[p] = 4p. (3.5)
Firstly, we will use induction to show that for any 7 =1,2,...,
R u =% (eDy + 2u)H'[y,]. (3.6)
For j =1, R u = ug, — 2u3. Using (3.3), we find that
Uge = 20> + Ayt + 2€yzs. (3.7)
Thus
Ryt = 4uyy + 260 = (eDy + 2u) H' [,].
Assume that it is true for j = k. Then

— 4u? (eHQIE [Yz] + 2qu[yx]) + 4uD;? (euIHiC [y2] + 2uu, H* [ya])- (3.8)

Integration by parts gives
D! (eumH;f (Y] + 2uuka[yx}) = u?H*[y,] + D! [(eus — uQ)Hig [ya]]-
Hence (3.8) can be written as

2Rﬁ+1u = eHE  [ye] + 2uHE [y.] + 4u HF [y,] + 2upe H [y,] — 40> (er [yz] + 2uH* [y2])

rrxr
+ du(u?H*y,) + Dy [ (eus — v?) HE [y,]]). (3.9)
Using (3.3) to substitute u, and (3.7) to substitute uy,, (3.9) becomes
2Rﬁ+1u = E(H;]rng (Y] + 8ny!§ [yz] + 43/9:ka[91])
+ 2u (Hg]cfx (Y] + 4ymHk (Y] + 4D;1y$H§ [yﬂc])
= (eDy + 2u) (Halcgz (Y] + 4ya:Hk (Y] + 4D;1ny§ [yx])
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Since
D, (H;ﬁ::c [y:v] + 4%ch [yx] + 4D;1ny£ [yw}) = Halcgacx [y:v] + 8ywH;l§ [yx] + 4ya:ka[yz]>

we have HY [y.] + 4y, H*[y.] + 4D 'y, HE[y,] = H*[y,], see (3.5), and hence the proof by
induction is finished.
Now using (3.6) we find

2u$Rﬁ (u) = (eux — uZ)H;EC [Yz] + Dy (u2Hk[yx]) (3.10)

Using (3.3) to substitute u, into (3.10) and then integrating, we obtain (3.4).
Therefore (3.2) can be used to obtain the following quadratic equation for u

n—1
( —x+ H"[y,] + Z K;jHj[yx]>u2 — (2a—€)u

j=1
n—1

+ 2Dy, <H§‘[yx] +> nng[yx]> — 2y =0. (3.11)
j=1

Eliminating u between (3.3) and (3.11) gives a one-to-one correspondence between the second
Painlevé hierarchy (3.1) and the following hierarchy of second-degree equations

(Hz; el + 3 i Hi ] 1) T8 (H e+ 3 s H ] x)

j=1 j=1
n—1 .

x <D;1ny;’[yx] + 3w Dy Hilya) — y> = (20— €)2. (3.12)
j=1

Therefore we have derived the Bécklund transformation (3.2) and (3.11) between the PII
hierarchy (3.1) and the new hierarchy (3.12).
Next we will give the explicit forms of the above results when n =1, 2, 3.

Example 3 (n = 1). The first member of the second Painlevé hierarchy (3.1) is the second
Painlevé equation

Upy = 23 + zu + a.
In this case, (3.2) and (3.11) read

y=1[u2 —u* —au® — (20 — €)u]
and

(4y, — 2)u® — (20 — €)u + 4y2 — 2y = 0,
respectively. The second-degree equation for y is

(49ae — 1)* + 8(4ys — 2) (202 — y) = (20 — €)%, (3.13)
The change of variables w = y — %xQ transforms (3.13) into the SD-I.d equation of Cosgrove and
Scoufis [17]

w2, + 4w 4 2w, (zw, — w) = E (20 — €)>.

Thus when n = 1, the Bécklund transformation (3.2) and (3.11) is the known Bécklund
transformation between the second Painlevé equation and the SD-I.d equation (3.12). Since the
first member of the hierarchy (3.12) is the SD-I.d equation, we shall call it SD-I.d hierarchy.
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Example 4 (n = 2). The second member of the second Painlevé hierarchy (3.1) reads
Upzzw = 100Uy, + IOuu:% — 6u’ — Ky (um — 2u3) + zu + a. (3.14)

Equation (3.14) is labelled in [20, 21] as F-XVII.
In this case, (3.2) and (3.11) read

Y = 3 [2uptigee — uZ, — 100 4 2u® + Ky (u2 — ut) — 2u® — (200 — €)u] (3.15)
and

(4ymx+ 249> + 4k 1y, — :c) w?— (200 — €)u + 8YpYuww — 4y2,+ 3200+ dr1y>— 2y = 0, (3.16)

respectively. Equations (3.15) and (3.16) give one-to-one correspondence between (3.14) and
the following fourth-order second-degree equation

[4yrmmz + 48ymymm + 4"'flyxw - 1]2 (317)
+ 8[43/:1::1::): + 243/3 + 4K1Yy — l’} [4yxycmsx - 2y§$ + 16y§ + 251?/33 - y] = (20[ - 6)2-

Equation (3.17) is a first integral of the following fifth-order equation

Yowazz = ~20YaYaae — 1057, — 4007 — Kiloos — G133 + 290 + . (3.18)
The transformation y = —(w + 37z + 57%), z = 2 + 3072 transforms (3.18) into the equation

Wrzze = 20Wow,0, + 10w2, — 40w + 2w, +w + 2. (3.19)
The Bécklund transformation [22]

V= Wy, W= Vypsy — 2000,, — 101}3 + 4003 — 20 — vz, (3.20)
gives a one-to-one correspondence between (3.19) and Cosgrove’s Fif-IIT equation [20]

Vsznns = 2000555 + 400,0,, — 120020, + 20, + 20 + 5. (3.21)

Therefore we have rederived the known relation

—€[vzzz — 1200, + 4yv, + §a
2[v. — 602 + dyv + 1z — 492]

U:f%(eux7u2+’y), u =

between Cosgrove’s equations Fif-IIT (3.21) and F-XVII (3.14) [20].

Example 5 (n = 3). The third member of the second Painlevé hierarchy (3.1) reads

Upprrrs = 14u2umm + 56uUL Ugrr + 42uu§x + 70u§um — 70u4um — 140u3u§ + 200"

— Ko (Ugpgr — 1002y — 10uu926 + 6u5) — K1 (Uge — 2u3) + zu + a. (3.22)
In this case, (3.2) and (3.11) have the following forms respectively

2y = 2UgpUgrrrr — 2UppUprrr + uim — 28u2uwuzm + 14u2u§x— 56uuium — 21ui+ 7Ou4u326

— 5 + Ko (Quptipre — u2, — 10u%u2 + 2u8) + ki (v — ut) — 2u® — (20 — e)u  (3.23)

and

4 [yx:ca:xz + 202 Yaa + 10y32cz + 40y§ + K2 (ya:wx + 6y§) + K1Yz — ix] u2
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- (20( - G)u + 4(2yzy51}xzxw - nywyazxzx + y?czz + 40,%25yma: + GOy;l)
+ 462 (2YsYaze — Yop + 8Y5) + dr1y2 — 2y = 0. (3.24)

Equations (3.23) and (3.24) give one-to-one correspondence between (3.22) and the following
six-order second-degree equation

[Yarzaar + 200sYesar + A0Usetazs + 1200%0n + Ko (Yrras + 120alar) + F1Yme — 1]
+ 2 [Yzwzws + 20y2Yze + 10y2, + 40y3 + w2 (Yuus + 6y2) + K1Yz — 1]
X [4YuYraaze — Waealrrzr + 29200 + 80Y2Yuzs + 120y
+ 262 (200 Yrae — Yag + 8Y5) + 26107 — y] = 15(20 — €)%, (3.25)

The Bécklund transformation (3.23), (3.24) and the equation (3.25) are not given before.

3.2 A hierarchy of a second-order fourth-degree equation

In this subsection, we will generalize the Bécklund transformation given in [23] between the
second Painlevé equation and a second-order fourth-degree equation.
Let

n—1
y=D;! [uw (Rﬁu + Z /{ﬂ%{ﬂ)] - %xu2 — au. (3.26)
j=1
Differentiating (3.26) and using (3.1), we find
Equations (3.26) and (3.27) define a Bécklund transformation between the second Painlevé

hierarchy (3.1) and a new hierarchy of differential equations for y.
In order to obtain the new hierarchy, we will prove that

_ . _ Y .
D; ' (ugRiu) = —D; ! <ygay> | (3.28)

where S, is the recursion operator

Yz Yxza 3y2 1 Yzx
S, =D?-"2D, — I 4 8y, — 4y, DT
" * Yz ‘ 2Yz * 43/32: oY Yol Yz

First of all, we will use induction to prove that
Riu=—28i (3.29)
nt = u Yz )

Using (3.27), we find

1 2
P T <y - y) . (3.30)
U u 2ya:
Hence
3 1 y?c:r 2 2
RHU = Ugy — 2Uu° = _E Yyxx — % + 8y, | = _Esnyz'

Thus (3.29) is true for j = 1.



8 A H. Sakka

Assume it is true for j = k. Then

2
D, —%+ — 4?4 4u?D;! “}S’“
u

nYe:

2,

Rk+1 27?, Skyx __Z {D2
u

Using (3.30) to substitute u, and u,, and using (3.27) to substitute u?, we find the result.
As a second step, we use (3.29) to find

T (uaRhu) = —2D7" (“28ky, ).

Thus using (3.30) to substitute u, and using (3.27) to substitute u? we find (3.28).
Therefore (3.26) implies

u=—y+axy, — D" [yw <Snygg + Z kS yx)] . (3.31)

If @ # 0, then substituting v from (3.31) into (3.27) we obtain the following hierarchy of
differential equations for y

2
(Dm [ym (S"ym + Z K;S? yx>] — 2y, + y) + 2a%y, = 0. (3.32)

If @ = 0, then y satisfies the hierarchy

Dm [ymc (S”ym + Z /fgS y$>] — XYy +yY = 0.

The first member of the hierarchy (3.32) is a fourth-degree equation, whereas the other
members are second-degree equations. Now we give some examples.

Example 6 (n =1). In the present case, (3.26) reads

4

2y = u? — u' — zu® — 2au. (3.33)

Eliminating u between (3.27) and (3.33) yields the following second-order fourth-degree equation
for y

42, + 8y2 — dyu(wys — y)]* + 32022 = 0. (3.34)
The change of variables w = 2y transform (3.34) into the following equation

(w2, + 4w — 4w, (2w, — )] + 16022 = 0. (3.35)
Equation (3.35) was derived before [23].
Example 7 (n =2). When n = 2, (3.26) reads
— 10u*u2 + 2u® — 2u® — 20u + Ky (uf — u?). (3.36)

2y = 2UzUgpy — Upy

Equations (3.27) and (3.36) give a Backlund transformation between the second member of PII
hierarchy (3.14) and the following fourth-order second-degree equation for y

2
- 3yk, <y _y§x>_1<y _y§x>
TrITXTXTT T T
2Yz 2Yz 2 2Yy

1
+10ya7, + 16y7 — 2yn (292 — ) + 551 (v7, + 847)

2
+8a%y3 = 0. (3.37)

Equation (3.37) was given before [19].
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Example 8 (n = 3). In this case, (3.26) read

2y = 2UzUprrrr — 2UseUsprs + uim — 28 Uuptgpy + 14u2u92m — 56uu326um — 21ui (3.38)
+ 70uu? — 5u® + Ky (2uq;umm —u2, — 10u*u2 + 2u6) + K1 (ui — u4) — zu® — 20u,

and (3.32) has the form

3y3 5 3 33 1\ 2

B Yz 2y 4y2

+ +
Yz 2y, 29:% 8yg

N <2ym B y§m> <2yxxyzxm: 3y2ee  WriYrex | 15y2, T2 — 14y, ym>

T

152/3::1: 2 5%20:5%:1::;: 7y;:1a: 2194 2, 2 5
T (M T )7 2ye 2o Wallea ~ 150U ~ Ayl — )
302 2 1 2\ 2
+ 2K2 | YeaYrzazr — % (yxrx - gz) - 5 <ymx - g;z) + Inyy?m + 16y;l

2

+ k1 (Yo, +82) | 432072 = 0. (3.39)

The Bécklund transformation between the third member of PII hierarchy (3.22) and the new
equation (3.39) is given by (3.27) and (3.38).

3.3 Auto-Backlund transformations for PII hierarchy

In this subsection, we will use the SD-I.d hierarchy (3.12) to derive auto-Backlund transforma-
tions for PII hierarchy (3.1).

Let u be solution of (3.1) with parameter a and let % be solution of (3.1) with parameter a.
Since (3.12) is invariant under the transformation 2o — e = —2a + €, a solution y of (3.12)
corresponds to two solutions u and u of (3.1). The relation between y and u is given by (3.11)
and the relation between y and u is given by

n—1
( —x+ H"[y,] + Z /inj[yx]>u2 —(2a —e€)u

7=1
n—1
+2D; y, (Hﬁ[yx] +> f@jH%[yx]> —2y=0. (3.40)
7=1

Subtracting (3.11) from (3.40), we obtain

n—1
( —z+ H"[y] + Z wj HI [yx]> (U2 - ug) — (2a—¢€)u+ (2a—€)u =0. (3.41)
j=1

Using 2ac — € = —2@ + € and dividing by @ + u, (3.41) yields
n—1 ‘
( —x+ H"y,] + Z/@Hﬂyd) (u—u)+ (20 —€) = 0.
j=1

Now using (3.3) to substitute y,, we obtain the following two auto-Bécklund transformations
for PII hierarchy (3.1)

&:—a—’—ﬁ, 6::|:1,
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290 —
i=u— (2o =) . (3.42)
n—1 )
( — x4 HP L (eup — u2)] + 3k HI[ (eu, — uz)])
=1
These auto-Backlund transformations and the discrete symmetry © = —u, @ = —a can be used

to derive the auto-Bécklund transformations given in [6, 16].
The auto-Béacklund transformations (3.42) can be used to obtain infinite hierarchies of solu-
tions of the PII hierarchy (3.1). For example, starting by the solution u = 0, o = 0 of (3.1), the

auto-Bécklund transformations (3.42) yields the new solution 4 = —£, @ = e. Now applying the

auto-Backlund transformations (3.42) with ¢ = 1 to the solution @ = %, & = —1, we obtain the
luti = 2(x3-2m1) = 9

neWSOUlonu—m,Oz— .
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