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Abstract. We prove an explicit formula for a projection of singular vectors in the Verma
module over a rank 2 Kac-Moody Lie algebra onto the universal enveloping algebra of the
Heisenberg Lie algebra and of sl (Theorem 3). The formula is derived from a more general
but less explicit formula due to Feigin, Fuchs and Malikov [Funct. Anal. Appl. 20 (1986),
no. 2, 103-113]. In the simpler case of A}l the formula was obtained in [Fuchs D., Funct.
Anal. Appl. 23 (1989), no. 2, 154-156].
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1 Introduction

Let G(A) be the complex Kac-Moody Lie algebra corresponding to an n X n symmetrizable
Cartan matrix A, let N_, H, N, C G(A) be subalgebras generated by the groups of standard
generators: f;, h;, e;, 1 = 1,...,n. Then G(A) = N_ & H @ N4 (as a vector space), the Lie
algebras N_ and N are virtually nilpotent, and H is commutative. Let A : H — C be a linear
functional and let M be a G(A)-module. A non-zero vector w € M is called a singular vector of
type A if gw =0 for g € N4 and hw = A(h)w for h € H. Let

Jy={acU(N_)|3 a G(A)-module M and a singular vector w € M
of type A such that aw = 0}.

Obviously Jy is a left ideal of U/(N_). It has a description in terms of Verma modules M (\).
Let I be a one-dimensional (H & Ny )-module with hu = A(h)u, gu = 0 for g € Ny and
arbitrary u € I. The Verma module M ()) is defined as the G(A)-module induced by Iy; as
a U(N_)-module, M () is a free module with one generator u; this “vacuum vector” u is, with
respect to the G(A)-module structure, a singular vector of type A. It is easy to see that M (\)
has a unique maximal proper submodule and this submodule L()) is, actually, Jyu.
This observation demonstrates the fundamental importance of the following two problems.

1. For which X is the module M (\) reducible, that is, L(\) # 07

2. If M()) is reducible, then what are generators of L(\) (equivalently, what are generators
of J )\)?

Problem 1 is solved, in a very exhaustive way, by Kac and Kazhdan [5]. They describe

a subset & C H* such that the module M()) is reducible if and only if A € S; this subset is

*This paper is a contribution to the Special Issue on Kac—-Moody Algebras and Applications. The full collection
is available at http://www.emis.de/journals/SIGMA /Kac-Moody_algebras.html
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a countable union of hyperplanes. (See a precise statement in Section 2 below.) Actually, A € S
if and only if M(\) contains a singular vector not proportional to w.

A formula for such a singular vector in a wide variety of cases is given in the work of Feigin,
Fuchs and Malikov [6]. This formula is short and simple, but it involves the generators f;
raised to complex exponents; when reduced to the classical basis of U (N_) the formula becomes
very complicated (as shown in [6] in the example G(A) = sl,,). There remains a hope that the
projection of these singular vectors onto reasonable quotients of ¢/(N_) will unveil formulas that
possess a more intelligible algebraic meaning, and this was shown to be the case by Fuchs with
the projection over the algebra Al into U(sly) and U(H), where H is the Heisenberg algebra [3],
work which took its inspiration from the earlier investigation of Verma modules over the Virasoro
algebra by Feigin and Fuchs [2].

In this note we extend these results by providing projections to U(sle) and U(H) of the
singular vectors over the family of Kac-Moody Lie algebras G(A) of rank 2 (see Theorem 3 in
Section 4 and a discussion in Section 5). As in [3] and [2], our formulas express the result in the
form of an explicit product of polynomials of degree 2 in U(H) and U(sl2).

It is unlikely that this work can be extended to algebras of larger rank.

2 Preliminaries

Let A = (ai;) be an integral n x n matrix with a;; = 2 for ¢ = j and a;; < 0 for i # j. We
assume that that A is symmetrizable, that is, DA = A%™ where D = [dy,...,d,] is diagonal,
d; # 0, and A%™ is symmetric. To A is associated a Kac-Moody Lie algebra G(A) defined in
the following way.

G(A) is a complex Lie algebra with the generators e;, h;, fi, i = 1,...,n and the re-
lations [hi, h]’] = 0, [hi, ej] = a;j€;j, [hi, f]] = —aijfj, [62', Ej] = 5ijhi7 (ad ei)_‘“ﬁ'lej = 0,
(ad f;)~%a 1 f; = 0. There is a vector space direct sum decomposition G(A) = N_ & H & N4
where N_, H, N; C G(A) are subalgebras generated separately by {f;}, {h:}, {ei}. Actually,
H is a commutative Lie algebra with the basis {h;}. We introduce in H a (possibly, degenerate)
inner product by the formula (h;, h;) = d;a;;.

Fix an auxiliary n-dimensional complex vector space 1" with a basis aq, ..., a,; Let I' denote
a lattice generated by aq,...,a,, and let I'; be the intersection of I' with the (closed) positive
octant. For an integral linear combination o = )" | m;cy, denote by G, the subspace of G(A)
spanned by monomials in e;, h;, f; such that for every i, the difference between the number of
occurrences of e; and f; equals m;. If a # 0 and G, # 0, then « is called a root of G(A). Every
root is a positive, or a negative, integral linear combination of «;; accordingly the root is called
positive or negative (and we write > 0 or a < 0). Obviously, Ny = ©4>0Ga, N- = @a<0Ga.
Remark that Verma modules have a natural grading by the semigroup I';.

For o = )" ki, let hg = > kid; 1hi. We can carry the inner product from H to T using
the formula (o, B) = (ha, hg). If (a, ) # 0, then we define a reflection so: H* — H* by the
formula

B 2A(he)
(Sa)‘)(h) = )\(h) - WUM, h)
The similar formula
g 2B

(o, a)

defines a reflection s,: 7" — T'. “Elementary reflections” s; = s, generate the action of the
Weyl group W(A) of G(A) in H* and in H. In H* we consider, besides the reflections s, the
reflections sb, sh(\) = sa(A+p)—p where p € H* is defined by the formula p(h;) = 1,1 <i < n.
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The Kac-Kazhdan criterion for reducibility of Verma modules M (\), mentioned above, has
precise statement:

Theorem 1. M(X) is reducible if and only if for some positive root a and some positive inte-

ger m,
A+ p)(ha) = 5 (o) = 0. M)

Moreover, if \ satisfies this equation for a unique pair o, m, then all non-trivial singular vectors
of M(X) are contained in M(X)mq-

For m and « satisfying this criterion, Feigin, Fuchs and Malikov [6] give a description for the
singular vector of degree ma in M (\). In the case when « is a real root, that is, («, ) # 0, their
description is as follows. Let s, = s;, ---si; be a presentation of s, € W(A) as a product of
elementary reflections. For A € H*, set A\g = A\, A\j = si;(\j_1+p) —p for 0 < j < N. Obviously,

. . ] 1
the vector \;_1]; is collinear to ay; (or, rather, to (a;;, )); let Aj_1A; = 7;. Let «a satisfies (for
some m) the equation (1). Then

F(sa; \)u where F(sq;\) = f, N - fi

IN 7

is a singular vector in M (\);qo. Notice that the exponents in the last formula are, in general,
complex numbers. It is explained in [6] why the expression for F'(s,; ) still makes sense.

3 The case of rank two

In the case n = 2, a (symmetrizable) Cartan matrix given by

_( 2 —q
A_<—p 2)’

where p > 0, ¢ > 0. Since for pg < 3, the algebra G(A) is finite-dimensional, we consider below
the case when pg > 4.

Simple calculations show that sq, (1) = —a1, Sa,(a2) = pa1 + a2, Sa,(1) = a1 + g,
and Sq,(2) = —ag, and it is easy to check that the orbit of the root (1,0) lies in the curve
qx® — pqry + py? = ¢ and the orbit of (0, 1) lies in gx? — pgzy + py? = p. (If pq < 4, these two
curves are hyperbolas sharing asymptotes, in the (degenerate) case of pq = 4, they are pairs of
parallel lines with a slope of 1.)

Define a sequence recursively by ap = 0, a1 = 1, and a,, = sa,,—1 — an_o where s> = pg. Then
for 0% = % we can calculate

(1,0) = (a1, 0a0),

$2((1,0)) = (1, q) = (a1, 0a2),

s152((1,0)) = (pg — 1,q) = (a3, 0a2),

s25152((1,0)) = (pg — 1,4(pq — 2)) = (a3, oaq).
More generally, the following is true.

Proposition 1. The orbit of (1,0) consists of points
-+ (a2n-1,0a2n-2), (a2n—1,0a20), (a2nt1, 02n), (2n41, TA2n42) - -
determined by the sequence {a,} above; while the orbit of (0,1) consists of points
c (07 agn—2, a9n-1), (0~ agn, azn—1), (0 azn, aont1), (0~ ' a2nt2, azng1) - -

forn > 1.
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Proof. The proof is by induction on n. |

Obtaining explicit coordinates for the real orbits is straightforward in the affine case, because
of the simpler geometry. For pg > 4 an explicit description of the sequence {a,} is possible using
an argument familiar to Fibonnaci enthusiasts:

Proposition 2. The nth term is

1 <\/P71+\/W>”_ 1 <\/p*—;/;m>"‘

a =
" Vpg—4 2 Vpg —4
Proof. Direct computation. |

With these real roots now labelled by the sequence {a,}, we present the singular vectors
indexed by them in the Verma modules over G(A). Write A = zA; + yAa where X;(h;) = d;5, so
that A(h1) = = and A(hg) = y. Let us define the numbers I'}, T by the formulas:

-1 .
r2m _ < 1) 2m—i—1 m—i—1
m=a ) U, o ) (@d) :

s =Y "(-1) <22((7;n__11))__212> (pg)™ "1,

1=0

= [ 2m —i :
F2m+1 — —1)? m—1i
S 1) ()

=0

2m+1 =y if 2m—i—1 m—i—1
I3t =p> (-1) om — 9; 1) P9 :
i=0

(Note that T'{ =T9 = 0.)
The formula from [6] takes in our case the following form.

Theorem 2. For the algebra G(A) with Cartan matriz

A:<—2q _2p>

the singular vectors are as follows:
1. For the root a = (agp—1,00a2,—2), with m € N, and t € C arbitrary,

1—‘4n73,m 1—‘4'n747n 1—‘4n75m
1 2n—1 1 2n—2 1 2n—3
— 4T t +I t +I t
F( _)\) . f agp 1 2 f agp 1 2 f agp 1 2
SasA) =1 2 1
2n 2n—2 2 1
rym 72 r mn 2 rim 2n—2 rym F2n—1t

a1 12t Ly ;27171 2t agn—1 2 agn—1 2
- fo I /s e fy fi
mff‘f"*l
F?nfl

and the vector F(sq, AN is singular in M (\) = M (

2n—1, 12n—1
— I3, Iy t—1>.
2. For a = (agn—1,00a9y,),

F%nm I‘471,—1 F4n—2

2 2 Mmoo 2n—1 2 Mo 2n—2
Jil“Qn +F2nt ‘771“2n +F2n ¢ 0'71“271 +F2n t
F(Saa)\):fg f1 f2
2n+2 2 3 2
F2n+ m 2 F2nm 2 F2m 2m—1 F2m om
—T 5t —T— I3t It g — I3t
.. f o a2n fmf (e (12n . f o Ll2n f o (lzn
2 1 J2 1 2

and the vector F(sq, A)u is singular in M(\) = M (F%”t -1, mTg" I‘%”t).

2n
F2
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3. For a = (0 tas,_2,a0,_1),

l—‘47172 4n— 3 4n—4

m T T m
32 - +02n=2 32 - = r2ne3y 32 n +r2n=4y
— n— n— n—
F(SQ,A)—JZ fl f2
F2n+1m 1 anilm 1 Fgm 2n—3 F%m 2n—2
- f azno1 T 1tfmf an-1 lt...fa2n71_ E i
1 2 J1 1 2

2n—1
and the vector F(sq, \)u is singular in M (\) = M (F%"_lt -1, % - F%"_lt)
2
4. For a = (0 Yagn, asn_1),
l—‘471,71 4n—2 4n—3

m N m N m
F(sai ) = f; f fi

2n+1 2n—1 2 1
™ L T Tim  op—o, T1m  9n 1
+Tht . 2n-2y r?
. f Ta2n fmf Ta2n . f”a2n fga2n
1 2 J1 2 1

and the vector F(sq, A)u is singular in M(X\) = (m%:ﬁn — T3, Tt — 1> :
1

Proof. It must be checked that the vectors given above actually correspond to the Feigin—
Fuchs-Malikov (FFM) procedure for obtaining singular vectors, and also that the Kac-Kazhdan
criterion for reducibility is satisfied. For A = z\; + yA2 and the reflection s, = sy - - si, (pro-
duct of simple reflections) the algorithm requires successive application of the transformations
st = s1(A+p) — p and s5 := s3(X + p) — p. One generates the list

AN =a2X +yha,  N=s, (N 1+p) —p
—_—
and the auxiliary sequence {\ 1M\ };>1. The algorithm then gives

F(sa3A) = fi - f!

IN 1’

_
where M 71X = —0;a;, (here oy is the functional (haij, ).

So we first need to know the decomposition of s, into elementary reflections for « in the
orbit of (1,0) or (0,1). Let S;(m) denote the word in H* beginning and ending with s;, and
containing m s;’s. For example, S1(3) = s152515281.

Lemma 1. For real o as above, s, is the word
(agn—1,0a2n2) < S1(2n — 1),
(
(0’ A2n, A2p—1) < S1(2n),
(0 agn—2, aon—1) < S2(2n — 1).

Proof. This is an easy induction on n. |

The coefficients of collinearity ¢; have the following description.

Lemma 2. For \F = A¥\; 4+ A5)\y we have

_
() NI = —(AFM 1) (hay, ),
(”) )\2n>\2n+1 _ _(A2n + 1)<h >
- 1 a1y /-
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Proof. One easily computes that (ha,,:) = 2A1 + g2, (hay, ) = —pA1 + 2A2, and further that

sP(@A +yro) = (=2 — 2)A\1 + (y + q(z + 1)) Aa,
sh(xX1 4+ yra) = (+p(y + 1))\ + (—y — 2) X2

—
Then for (4) it is verified that A'A? = —(y + gz + ¢ + 1)(=pA1 + 2X2) = — (AL + 1)(hq,, ). For
n >0,

A2 = g (0(N0) = $((~AT — DA + (AT + aAT + )ho)
= (=AT" = 24 pA3" + pgAT" + pq + p)A + (—AF" — gAT" — g — 2)X
while

AP = PN = (AT — 2)A; + (AD" + gAY + 9o

_—

So AZHIN2T2 = _(AZ0 4 gAT" + g+ 1)(—pA1 + 2)2). Since A2 = $F(A2) = (—AF* — 2)\; +
(AZ" + gA2" 4+ @) \a, we have —A3""2 — 1 = —(A2" + gA2" 4+ ¢ + 1) as desired. The argument
for (4i) is similar. [

Let us put I'* = %z + T'5y. We will also need
Lemma 3.
(i) T2n+1 = pp2n _ p2n—1
(i5) T2+2 = g2+l _ 20,
Proof. These can be verified directly. |

We are now in a position to show by induction that the FFM-exponents correspond to the T'®
in the statement of Theorem 2. It suffices by the second lemma to show that

P2 — A" 4+1 and T2 = AP 41

Making a change of variable x +1 — z and y + 1 — y one can calculate that

—
AN = —a(hgy, o),
—

AN = —(qaz + y)<h027 '>7
—

The FFM exponents are just the coefficients of these functionals with reversed sign. For the
base case of our induction, n = 0, observe that A’ = (x —1)A; + (y— 1) A2, hence AY+1 = z = T
(using the binomial definition of T'!), while A + 1 = y + ga since s{(\) = (—z — 1)\; + (y —
1 + gx) )2, agreeing with the binomial sum I'2 = y + qz.

Inductively assume that for some (n — 1) > 0

r2n—0+1 _ A%n—? +1 and r2n—0+2 _ A%n—l +1.
We need to show that

P2 = A" 4+1 and T2 = AP 41
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Just observe that

A"+ 1= A p(A T )+ 1= (AT 1)+ p(A 4 1)
= (A2 =24 1) +p[AP + (A2 4+ 1) + 1]
= (A4 D) +p[(ATF 4+ 1) + (A + 1)
— _F2n—1 +p(A%n71 + 1) — _F2n—1 +pF2n — F2n+1’

where the last equality comes from Lemma 3 and the inductive hypothesis is used in the preceding
two lines. The same tack proves that T'27+2 = A2" 1 4 1.

We now know that the FFM-exponents are as given Theorem 2. It only remains to check
that the Kac—Kazhdan criterion (Theorem 1) is satisfied. For m and « satisfying this criterion,
[6] give the prescription for the singular vector F'(sq; A\)u of degree ma in M(\); so we need to
verify the existence of such « and m.

For a = aa; + bas and A = a1 +yAo, hy = adl_lhl + bd;1 = %hl + ghg, so the criterion can
be restated as 2(x\; + yA2 + p) (%hl + gh2> = m(aay + bag, ac; + baw). After the calculations
this is

a b a b 2a? 2b2
2lz—+y—-+—-—+—-]=m|— —2ab+ —
b q p q b q

or
b 2 b2
(x+1)a+(y+1)—m<a—ab+>.
p q
So after change of variable x +1 — z and y + 1 — y the Kac-Kazhdan criterion becomes
a b <a2 b? >
rT—+y—=m|(——ab+— ).
p q p q

We show that the integral exponent of the centermost element in the singular vectors in the
statement of the theorem precisely meets the integrality requirement of the criterion. This is
a case by case check, and somewhat tedious and technical; let us verify it for roots of type
(a2n+1,0a9y), whose singular vector comprises 2n + 1 fi’s and 2n fa’s raised to appropriate
powers; the centermost exponent is then the 2n + 1-st coefficient of collinearity in the FFM
procedure, or what we have called I'?"*1.

A remark, a lemma, and a corollary will show that I'?*"*! does what it is supposed to.

Remark 1. ng"Jr1 = pI'#" as is transparent from the definitions of I'*" and T'?"*!,
The next lemma will relate the root sequence {a,} to the exponents of the singular vectors.
Lemma 4. The following is true for n > 0:
2n+1 2n+2
r" r"

= a2n+1, = 0a2n+2-

Proof. Induction on n. |

Corollary 1. I'?"t! = gy, 12 + %aagny.

Proof. 2"+t = 12 4 1200y — o 2+ T2y = a2+ %F%ny = agpi1T+ guazny. [ |
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Finally the Kac—Kazhdan criterion for (agp+1, uaz,) is

2 2
T Y a2n41 uaz
a2n+15 + Ua2n§ =m <(n+) — Ua2na2p+1 + (qn)>

or equivalently
p _ 2 p 2
aop4+1T + 5ua2ny = m((a2n+1) — Pua2pa2n+1 + g(UUQn) )
bq
= m((a2n+1)2 — PUA2na2n+1 + 6};(&271)2) =m'eN

since agn+1 and uwag, are integral (polynomial in p and ¢). But the left-hand side here is by
the corollary exactly the exponent of the centermost letter in the singular vector, which by the
formula given in the theorem is an integer; so the Kac-Kazhdan criterion is indeed satisfied in
this case. One can check in similar fashion that the remaining three cases also fit the integrality
requirement.

The singular vectors in the statement of the theorem appear as follows. The exponent of the
centermost vector in all four cases must be integral: setting this expression in z and y equal
to m one then solves for = (or y) in terms of m and y (respectively, x); ¢ is then introduced as
a scalar multiple of y (resp., ) to minimize notational clutter. This completes the proof of the
theorem. |

4 Projections

We next obtain projections of the singular vectors into the Heisenberg algebra, where they
factor as products. While the theorem gives a simple and perhaps the most natural expression
for the singular vectors in terms of the I'* a change of variable is advantageous in the projection
and factoring of these vectors in the Heisenberg algebra. In each case this involves setting the
exponent of the vector immediately to the left of the centermost letter equal to a complex variab-
le a (which will then depend on n). For example the root v = (v tay,a3) = (p(pq — 2),pq — 1)
has from the theorem the corresponding singular vector:

()% —5(pg)%+6pg—1)m _ a((pq)® —4pg+3)m (p)%—3pg+1)m
f q(pg—2) +(pg 1)tf q(pq—2) +qtf q(pg—2) +tfm
1 2 1 2

(pg—1)m _, am___ o4 m___(pg—1)t
(Pa—2) wa—2) "1 palpg—2) P4
% flq Pq f2q Pq flq Pq )

Taking

_ ((pa)* = 3pg + )m
q(pq — 2)

the singular vector becomes

+1

fl(pq a—pm qa mf1 mefpm af2(pmfa)*mfl(qul)(pm*a)*pm

which can in turn be rewritten in terms of the I'* as:

leQOc F2mf2 To— Flmf 2a Fmeénfl 2a+F%mf2—F%o¢+F‘i’mf1—F%a+Fgm

Proposition 3. Under this change of variable the singular vectors take the following form:
1. For a = (agn—1,00a2n—2) the corresponding F(sq; ) is

F2n 1 F27L72 1—‘2n73a_1—x2n74m F27L73a_1‘\2n74 l—\2n75a_r2n76m l—x2n75a_rgn76

m m
fl 2 f2 1 1 f]_ 2 2 f2 1 1 f]_ 2

m
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Fa Fm IBa—I2m Fa Fm —11 a+Fm —T3o4T4m ,—I3a+T4m
Syl VA P fi'fy T P

_FQn 3 +F2n 2m _F2n 3 +F§n Qm —an_la+l—‘§nm

. fl 2 2 f2 1 f1
2. For v = (agn—1,uazy,) the corresponding singular vector F(sy; \) is

FQn 1 F2"_2 _FZn 104—}—1—‘%"777,

f2 ' m(F(S(Cmn 1,U4G2n—2) )f2

3. For v = (u'agn_2,a0,_1) the singular vector F(sy;\) becomes

2n—2 2n—3 2n—2 2n—3 2n—4 2n—5 2n—4 2n—5
fZFl" a—T7" mf11“2" a—T7" mf;1" a—T7" mf1F2" a—T5"""m

F%a—f}m F a— F —F%a—i—f‘gm —F%a—&—f‘%m —an_Qa—s—F%n_lm —Ff"_za—l—l"?"_lm
f2 f1 f1 f2 e f1 f2

4. For v = (u tagy, asn_1) the singular vector is

F2n FQn—l _F§7La+l’gn+1m

fl : m(F(S(uflaznfg,aTn,l); A))fl

Proof. This can be established by induction on the number of pairs transformed. |

We now project the singular vectors into the universal enveloping algebra of the three-
dimensional Heisenberg algebra H. Recall that this is generated by fi, fa, with [f1, fo] =: h,
[f1,h] = [f2, h] = 0. Thus, the projection U (N_) — U(H) is the factorization over the (two-sided)
ideal generated by [f1, k], [f2, h].

Let Hy := fof1+uh for u € C. Observe that H,H, = H,H,, u,v € C. The following relations
also hold in the Heisenberg (for positive integers, and hence for arbitrary complex numbers «,

B, u).

Lemma 5. For o, 3,u € C,

1) f§Hy = Hy—of5';

2) f{H, = Hyipf!;

3) [T =HoHo1- Hoy (n-1);
4) SIS = Hi—oHa o Hyq.

Proof. The calculations follow readily from the complex binomial formula given in [6]: for
g1, 92 € G a Lie algebra, v1,7v2 € C, we have

993" = 997" + Z Z ( )( >Qy1j2(91 92093 291 7,

Jji=1j2=1

where (3) = % with v) = 4(y —=1)---(y — j + 1) and the Lie polynomials Q;,;, can be
calculated explicitly, for example using the recursion

jo—1 ,.
Quinlon 0 = v Qurnlon 0 + 2 (7 )@ialon oig lov oyl

Jj2—v

with Qoo = 1 and Qo = 0 for v > 0. |
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Now set, for r,s € N
Hy® =1 (the empty product),
(P3—T)m

7‘78 —
Ry = H H _rz2ir3 . arp)at(-TI4T2—tTs)m k-
k=1

The for j > 1 define
(T3 -5 )ym
7‘78 — . . . .
Hyy = H H(Fgﬁ'l7F33+2+~--iFg)a+(7Ff]_1+F§]7--~il“f)mf (k—1)
k=1
(03T )m
T,S J— . . . .
H2j+1 = H H(—F§J+2+F§J*3—.-~irg)a+(r?—F§J+1+..-ir;)m+k'
k=1

We will also need the following, not dissimilar, but warranting its own notation:

NT',S_

’HO =1,
(T3-T3)m

r7s_

H1 - H H(F}fFf+---iF{)a+(F§ngJr---iF;)mf(k:fl)'
k=1

For j > 1 define

(57" —r37)m

CE | (TR
2 = (T 473t a4 (DY TP 4o 2 T5)m +k
k=1
(L2+2 2y,
H;’-S 1= H H, 2jt1 2j+2 » 2541 | 2542 s .
j+ (D24 _p2It2 ) (D2 D242 4D ym— (k—1)
k=1

Theorem 3. The singular vectors whose words F(sq; \) were given in the preceding theorem
project to the Heisenberg algebra as the following products:
1. The singular vector corresponding to (azn—1,uaon—2) projects to

2n—2
H H2n—1,2n—3 f(anilfrfniz)m
w 1 .

w=1

2. The singular vector corresponding to (agn—1,uasy) projects to

2n—1 (FQn F2"71)
2n,2n—2 1 1 m
[T w52 -

w=1

3. The singular vector for (u™tas,_2,as,_1) projects to

2n—2 ( ) on 1)

on—2,2n—2 (3" =T5""")m
| | H, fo .
w=1

4. The singular vector for (u™‘asn, as,_1) projects to

2n—1 ( ont1 5 )
on—1,2n—1 ('3 =I'5")m
11 7 A :

w=1

Proof. Induction on n. This is completely straightforward using the change of variables for the
singular vectors given in the proposition above. |
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5 Other projections

One might ask whether projections into other algebras, for instance into U(sly), are equally
possible. A homomorphism from the universal enveloping algebra of N_ to U(sly) is defined
when p > 1 and ¢ > 1. It is the factorization over the (two-sided) ideal generated by [h, f1] — f1
and [h, fo] + f2 (where, as before, h = [f1, f2]). Set, for u € C,

Ju = faf1 +uh — u(u2_1)

It can then be checked that for § € C we have the following in U(sl2) (putting e = f1, f = f2) :

as well as, for n € N,

PR = Jadsor - T 1)
fgﬁffb zn_ﬂ =Ji_gJo_g Ju_p,
fifs = Ji- - Jn.

These properties permit the formal manipulations that afford the factorization results we have
already detailed. Simply substitute J for H in the statement of the projection theorem:.

6 Concluding remarks

In [3] it is observed that information about singular vectors of Verma modules can be used to
obtain information about the homologies of nilpotent Lie algebras. Namely, the differentials
of the Bernstein—Gel'fand-Gel’fand resolution BGG of C over N_ (see [1]) are presented by
matrices whose entries are singular vectors in the Verma modules. Thus, if V' is an N_-module
that is trivial over the kernel of the projection of U(N ™) onto U(H) or U(slz) considered above,
then our formulas give an explicit description of BGG ® V and Hom(BGG, V).
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