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Abstract. We find a new class of Hopf algebras, local quasitriangular Hopf algebras, which
generalize quasitriangular Hopf algebras. Using these Hopf algebras, we obtain solutions of
the Yang—Baxter equation in a systematic way. The category of modules with finite cycles
over a local quasitriangular Hopf algebra is a braided tensor category.
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1 Introduction

The Yang—Baxter equation first came up in the paper by Yang as factorization condition of
the scattering S-matrix in the many-body problem in one dimension and in the work by Baxter
on exactly solvable models in statistical mechanics. It has been playing an important role in
mathematics and physics (see [2, 16]). Attempts to find solutions of the Yang—Baxter equation
in a systematic way have led to the theory of quantum groups and quasitriangular Hopf algebras
(see [6, 9]).

Since the category of modules with finite cycles over a local quasitriangular Hopf algebra is
a braided tensor category, we may also find solutions of the Yang—Baxter equation in a systematic
way.

The main results in this paper are summarized in the following statement.

Theorem 1. (i) Assume that (H,{R,}) is a local quasitriangular Hopf algebra. Then (g M,
Ctindy  (gMIE OB and (MY, CURY) are braided tensor categories. Furthermore, if
(M,a™) is an H-module with finite cycles and Ryy1 = Ry + Wy with Wy, € Hpy1 ® Hpqy,
then (M,a~,07) is a Yetter—Drinfeld H-module.

(ii) Assume that B is a finite dimensional Hopf algebra and M is a finite dimensional B-
Hopf bimodule. Then ((Tg(M))*P >, Th.(M*),{Rn}) is a local quasitriangular Hopf algebra.
Furthermore, if (EQ%, kQ°) and (kQ®, kQ*¢) are arrow dual pairings with finite Hopf quiver @Q,
then both ((kQ%)°P xr kQ, {R,}) and ((kQ*®)°P < kQ*,{R,}) are local quasitriangular Hopf
algebras.

2 Preliminaries

Throughout, we work over a fixed field k. All algebras, coalgebras, Hopf algebras, and so on,
are defined over k. Books [7, 11, 15, 13] provide the necessary background for Hopf algebras
and book [1] provides a nice description of the path algebra approach.

Let V and W be two vector spaces. oy denotes the map from V to V** by defining
(ov(x), f) = (f,z) for any f € V*, © € V. Cyw denotes the map from V@ W to W @ V
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by defining Cyw (z®y) = y®x for any z € V, y € W. Denote P by Y P'@P" for Pe Ve W.
If V is a finite-dimensional vector space over field k& with V* = Homy(V, k). Define maps
by :k—=V @V anddy : V*®V — k by

1) = Zvi ®v; and Zdv(vg‘ ® ;) = (vj,vj),
( .3

where {v; | i =1,2,...,n} is any basis of V and {v} | i =1,2,...,n} is its dual basis in V*. dy
and by are called evaluation and coevaluation of V', respectively. It is clear (dy ®idy ) (idy @by ) =
idy and (idy ® dy)(by ® idy) = idy. &y denotes the linear isomorphism from V to V* by
sending v; to v} for ¢ = 1,2,...,n. Note that we can define evaluation dy when V' is infinite.

We will use i to denote the multiplication map of an algebra and use A to denote the
comultiplication of a coalgebra. For a (left or right) module and a (left or right) comodule,
denote by o, a™, = and 6" the left module, right module, left comodule and right comodule
structure maps, respectively. The Sweedler’s sigma notations for coalgebras and comodules
are A(z) = Y 21 @ x2, 6 () = Y x(_1) @ 2(0), 67 () = Y x(0) ® T(1). Let (H,p,n, A €) be
a bialgebra and let AP := Cy g A and ,u°p = uCr . We denote (H, u, 1, AP ¢) by HP and
(H, u°P,n, A e) by HP. Sometimes, we also denote the unit element of H by 1p.

Let A and H be two bialgebras with @ # X C A, g#Y CHand PcYR X, REY®Y.
Assume that 7 is a linear map from H ® A to k. We give the following notations.

(Y, R) is called almost cocommutative if the following condition satisfied:

(ACO) : Z R @y R = Z Ry @ Ry forany ycVY.

7 is called a skew pairing on H ® A if for any x,u € H, y, z € A the following conditions are
satisfied:

(SP1): 7(x,y2) = > 7(w1,y)7(2, 2);
(SP2): 7(wu,z) = 7(x,22)7(u, 21);
(SP3): 7(x,n) = en(zx);

(SP4): 7(n,y) = ea(y)

P is called a copairing of Y ® X if for any z,u € H, y,z € A the following conditions are
satisfied:

CP1 P oP'®P PQ ®Q"®P" with P=Q;
1

Y PlePeP" = ZP’ ®Q ®P'Q" with P=Q;
> P'@ea(P") =nu;
> en(P)® P" =na.

For R € H® H and two H-modules U and V, define a linear map C’U%,V fromU®V to VU
by sending (z ® y) to Y. R"y® R’z for any x € U, y € V.

IfV = &2,V; is a graded vector space, let V5, and V<, denote ®2, |V, and &i_,V;,
respectively. We usually denote @i ,V; by V(,,y. If dim V; < oo for any natural number 4, then V'
is called a local finite graded vector space. We denote by ¢; the natural injection from V; to V
and by m; the corresponding projection from V to V;.

Let H be a bialgebra and a graded coalgebra with an invertible element R, in H,) @ H,)
for any natural n. Assume R,y = R, + W, with W,, € H(n+1) ® Hpr1 + Hpp1 ® H(n+1).
(H,{Ry}) is called a local quasitriangular bialgebra if R, is a copairing on H(,) ® H(,), and

CP1
CP3) :

(
(
(
(CP4) :

) :
) :
)
)
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(H(ny, Ry) is almost cocommutative for any natural number n. In this case, {R,} is called
a local quasitriangular structure of H. Obviously, if (H, R) is a quasitriangular bialgebra, then
(H,{R,}) is a local quasitriangular bialgebra with Ry = R, R; =0, Hy = H, H; =0 for ¢ > 0.

The following facts are obvious: 77! = 7(idy ® S) (or = 7(S~'®id4)) if A is a Hopf algebra
(or H is a Hopf algebra with invertible antipode) and 7 is a skew pairing; P! = (S ® id4)P
(or = (idy ® S~Y)P) if H is a Hopf algebra (or A is a Hopf algebra with invertible antipode)
and P is a copairing.

Let A be an algebra and M be an A-bimodule. Then the tensor algebra T'4(M) of M over A
is a graded algebra with T4(M)g = A, Ta(M)1 = M and T4(M), = @4 M for n > 1. That is,
TA(M) = A® (B,~0 @4 M) (see [12]). Let D be another algebra. If h is an algebra map from A
to D and f is an A-bimodule map from M to D, then by the universal property of T4 (M) (see [12,
Proposition 1.4.1]) there is a unique algebra map T'a(h, f) : Ta(M) — D such that Ta(h, f)io = h
and Ta(h, )11 = f. One can easily see that Ta(h, f) = h+ > ,o 0 0" " Tn(f), where T,(f) is
the map from ®" M to ®"4 D given by T),(f)(z1 ® 22 ® - - @ xp) = f(21) @ f(22) ® -+ @ f(xp),
ie, Th(f)=f®af®a--®4 f. Note that x can be viewed as a map from D ®4 D to D. For
the details, the reader is directed to [12, Section 1.4].

Dually, let C be a coalgebra and let M be a C-bicomodule. Then the cotensor coal-
gebra TE(M) of M over C is a graded coalgebra with TE(M)y = C, T&(M)1 = M and
T&(M),, = OfM for n > 1. That is, T&(M) = C @ (P,,50O¢M) (see [12]). Let D be
another coalgebra. If h is a coalgebra map from D to C and f is a C-bicomodule map from D
to M such that f(corad(D)) = 0, then by the universal property of T&(M) (see [12, Proposi-
tion 1.4.2]) there is a unique coalgebra map T¢&(h, f) from D to T4 (M) such that moTE(h, f) = h
and T T&(h, f) = f. It is not difficult to see that TE(h, f) = h+>2, <o T5(f)An_1, where T (f)
is the map from OF D to OAM induced by T, (f) (21 @22 ®- - -®@xy,) = f(21) @ f(22) @ - f (),
le, T5(f)=f@f® - ®f

Furthermore, if B is a Hopf algebra and M is a B-Hopf bimodule, then Tg(M) and T (M)
are two graded Hopf algebra. Indeed, by [12, Section 1.4] and [12, Proposition 1.5.1], Tg(M) is
a graded Hopf algebra with the counit € = epmy and the comultiplication A = (19 ® 19)Ap +
>0 W T (Ar), where Ay = (10 ® 11)83; + (11 ® 10)85;. Dually, T§(M) is a graded Hopf
algebra with multiplication u = pg(mo ® m0) + >~ T (par) An—1, where ppr = o (mo ® 1) +
OZL (7’[‘1 & 7'('0).

3 Yang-Baxter equations

Assume that H is a bialgebra and a graded coalgebra with an invertible element R, in H,)®H )
for any natural n. For convenience, let (LQT1), (LQT2) and (LQT3) denote (CP1), (CP2) and
(ACO), respectively;

(LQT4) : Rpy1 =Ry, +W, with W, e H(n+1) Q@Hp1 +Hoip1 ® H(nJrl);
(LQT4) : Rpy1 = Rp + Wy with Wi, € Hpi1 @ Hpyr.

Then (H,{R,}) is a local quasitriangular bialgebra if and only if (LQT1), (LQT2), (LQT3)
and (LQT4) hold for any natural number n.

Let H be a graded coalgebra and a bialgebra. A left H-module M is called an H-module
with finite cycles if, for any x € M, there exists a natural number n, such that H;x = 0 when
i > ny. Let g MCF denote the category of all left H-modules with finite cycles.

Lemma 1. Let H be a graded coalgebra and a bialgebra. If U and V are left H-modules with
finite cycles, so isU @ V.
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Proof. For any x € U, y € V, there exist two natural numbers n, and n,, such that H~, x =0
and Hsp,y = 0. Set ngyg, = 2n, + 2n,,. It is clear that Hwp,,,, (v ® y) = 0. Indeed, for any
h € H; with i > ngg,, we see

hz®y) = Z hiz ® hoy =0 (since H is graded coalgebra). [

Lemma 2. Assume that (H,{R,}) is a local quasitriangular Hopf algebra. Then for any left H-

modules U and V' with finite cycles, there exists an invertible linear map Céﬁ?} UV -VeU
such that

etz oy) =Cfzoy) =Y Riy® Rz
with n > 2ng + 2n,, forx e U, y e V.

Proof. We first define a map f from U x V to V ® U by sending (z,y) to > Ry ® R} x with
n > 2n, +2ny for any x € U, y € V. It is clear that f is well defined. Indeed, if n > 2n, + 2n,,
then Cfn+1(z®y) = CFn(2®y) since Ry, 11 = R,+W,, with W, € Hyy®@Hpp1+Hp 1 @Hpp).
f is a k-balanced function. Indeed, for z,y € U, z,w € V, a € k, let n > 2n; + 2ny + 2n,. See

flaty,2) = Riz@R,(x+y) =Y Riz@Ra+ Y Riz® Ry
= f(@,2) + f(y, 2).

Similarly, we can show that f(z,z +w) = f(z,2) + f(z,w), f(za,z) = f(z,az). Consequently,
there exists a linear map C’i{]}%} :U®V — V ®U such that

C’({]?}I}W ®y) =Ct(zxy)

with n > 2n, + 2n,, forx € U,y € V.
The inverse (C’[{]}%}L})*l of C’({]}%}L} is defined by sending (y ® z) to Y (R, 1)z ® (R )"y with
n > 2n; +2n, forany x € U, y € V. |

Theorem 2. Assume that (H,{R,}) is a local quasitriangular Hopf algebra. Then (g M,
C'{R"}) is a braided tensor category.

Proof. Since H is a bialgebra, we have that (gM,®,1,a,r1) is a tensor category by [14,
Proposition XI.3.1]. It follows from Lemma 1 that (g M, ®,1,a,r,1) is a tensor subcategory
of (gM,®,1,a,r,1). C{Bn} ig a braiding of g M, which can be shown by the way similar to
the proof of [14, Proposition VIII.3.1, Proposition XIII.1.4]. |

An H-module M is called a graded H-module if M = @©5°,M; is a graded vector space and
H;M; € M;,; for any natural number ¢ and j.

Lemma 3. Assume that H is a local finite graded coalgebra and bialgebra. If M = ®°,M; is
a graded H-module, then the following conditions are equivalent:

(i) M is an H-module with finite cycles;

(i) Hz is finite dimensional for any x € M;

(i1i) Hzx is finite dimensional for any homogeneous element x in M.

Proof. (i) = (ii). For any = € M, there exists a natural number n, such that H;z = 0 with
i > ng. Since H/(0 : )y = Hx, where (0: 2)g := {h € H | h-x = 0}, we have that Hx is
finite dimensional.

(ii) = (iii). It is clear.



Local Quasitriangular Hopf Algebras 5

(iii) = (i). We first show that, for any homogeneous element x € M;, there exists a natural
number n, such that H;x = 0 with j > n,. In fact, if the above does not hold, then there
exists hj € Hp; such that hjx # 0 with n; < ny < ---. Considering hjz € M,,; we have
that {h;x | j = 1,2,...} is linear independent in Hx, which contradicts to that Hx is finite
dimensional.

For any x € M, then x = Zé:l x; and z; is a homogeneous element for ¢ = 1,2,...,[. There
exists a natural number n,, such that H;z; = 0 with j > ng,. Set n, = lezl Ng,. Then
Hjz = 0 with j > n,. Consequently, M is an H-module with finite cycles. |

Note that if M = @7°,M; is a graded H-module, then both (ii) = (iii) and (iii) = (i) hold
in Lemma 3.

Let g M8 and g M5! denote the category of all finite dimensional graded left H-modules
and the category of all graded left H-modules with finite cycles. Obviously, they are two tensor
subcategories of g M. Therefore we have

Theorem 3. Assume that (H,{R,}) is a local quasitriangular Hopf algebra. Then (g M8,
ClEnby and (gMeEE, CUnY) are two braided tensor categories.

Therefore, if M is a finite dimensional graded H-module (or H-module with finite cycles)
over local quasitriangular Hopf algebra (H,{R,}), then C}f}(} is a solution of Yang—Baxter
equation on M. 7

It is easy to prove the following.

Theorem 4. Assume that (H,{R,}) is a local quasitriangular Hopf algebra and Ryp+1 = Ry+W),
with Wy, € Hyy1 @ Hpyry. If (M,a7) is an H-modules with finite cycles then (M,a~,67) is
a Yetter—Drinfeld H-module, where 6~ (z) = > R! @ R,z for any x € M and n > n,.

4 Relation between tensor algebras and co-tensor coalgebras

Lemma 4 (See [3, 7]). Let A, B and C be finite dimensional coalgebras, (M,6y,,01,) and
(N, 5&,5}) be respectively a finite dimensional A-B-bicomodule and o finite dimensional B-C-
bicomodule. Then

(i) (M*,8,,%,61,%) is a finite dimensional A*-B*-bimodule;

(i) (MOBN, b5, N 6JTJDBN) is an A-C'-bicomodule with structure maps §yq = 03, @idn
and 6JJ\F/IDBN =idy ® 635

(i1i) M* @p= N* = (MOgN)* (as A*-C*-bimodules).

Lemma 5 (See [3, 7]). Let A, B and C be finite dimensional algebras, (M, o, aj\t[) and
(N, a]_v,a}) be respectively a finite dimensional A-B-bimodule and a finite dimensional B-C-
bimodule. Then

(i) (M*,ay*, ai*) is a finite dimensional A*-B*-bicomodule;

(i) M@ N, oy . O‘L@)BN) is an A-C'-bimodule with structure maps oy = ap ®idy
and ozj\r/[@BN =idy ® a};

(11i)) M*Op«N* = (M ®@p N)* (as A*-C*-bicomodules).

Proof. (i) and (ii) are easy.
(iii) Consider

M*Op«N* = (M*0Op«N*)"* =2 (M ®@p N)* (by Lemma 4).

Of course, we can also prove it in the dual way of the proof of Lemma 4, by sending f ®p g to
f®p-gforany fe M* ge& N* with f®g e M*Op-N*. |
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Theorem 5. If A is a finite dimensional algebra and M is a finite dimensional A-bimodule,
then Ta(M) is isomorphic to subalgebra Y 0" (D% M*)* of (T5.(M*))° under map or, ) and
UTA(M) =04+ Zn>0 ,u"_lTn(aM) with Mn_lTn(O'M) = O'®;L‘M-

Proof. We view @22 ,(0%.M*)* as inner direct sum of vector spaces. It is clear that o4 is
algebra homomorphism from A to A** C (T'9.(M*))* and o) is a A-bimodule homomorphism
from M to M** C (T5.(M*))*. Thus it follows from [12, Proposition 1.4.1] that ¢ = o4 +
> a0 M T (oar) is an algebra homomorphism from T (M) to (TS (M*))*.

It follows from Lemma 4 (iii) that p" 1T}, (op) = ogn - Indeed, we use induction on n > 0.
Obviously, the conclusion holds when n = 1. Let n > 1, N = ®Z‘_1M, L = (DZIlM*)* and
¢ = pu" 2T, _1(oar). Obviously, u" 1Ty (oar) = u(¢ ® o). By inductive assumption, ¢ = oy is
an A-bimodule isomorphism from N to L. See

1%
QUM =N @y M ~ ®a M*™  (by inductive assumption)

2

IS

(DZIIM*)* ® pex M**
’
= ((O% MO M*)*  (by Lemma 4 (iii))
= (D% M")",
where vy = on @4 onr, V2(f* ®4 ¢%F) = [ @4 ¢ and va(f** @4+ ¢7F) = f** @y g** for any

e (DZ:lM*)*, g™ € M*. Now we have to show vsver1 = ogny = u 1T, (opr). For any
fre D’Z‘IIM*, gteM* xe ®Z_1M, y € M, on the one hand

(oanm(z@ay), [F@rg") = (f",2){(q",y).
On the other hand,

(r3vavi(z ®@ay), f* @k g7) = (r3re(on(z) ®a o (y)), [* Ok g7)
= (om(z) @k on(Y), [* @ g") = (f 2)(9", ).

Thus vy = oQn M- See

(n(C@aom)(x®ay), [F@rg") = (((z) ®aom(y), A(f* @k g7))
= (C(x), ) om(y),g%) = (", 2){(9",y)-

Thus ognym = u Y (o).
Finally, for any 2 € T4(M) with z = 20 + 2@ + ... 4+ 20 and 20 € @), M,

o(2) = 3 6@ D) =3 oy 1 (@) = o7, (a1 (@). .
=1 =1

5 (Co-)tensor Hopf algebras

Lemma 6. Assume that B is a finite dimensional Hopf algebra and M is a finite dimensional
B-Hopf bimodule. Let A :=Tg(M)®P, H :=T§.(M*). Then

(i) ¢ == op + Y ;oo Ti(onm) is a Hopf algebra isomorphism from Tg(M) to the Hopf
subalgebra 22 (O%. M*)* of (Tg.(M*))°;

(it) Let ¢n == & |a,,, for any natural number n > 0. Then there exists tn : (H(n))" — A
such that ¢p, = z'd(H(n))* and Ynon = ida, , and Ynt1(z) = Yn(x) for any z € (Hey)™
Furthermore, ¢, and 1y, preserve the (co)multiplication operations of Tg(M) and (T5.(M*))°,

respectively.
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Proof. (i) We first show that (3. M*)* C (T§.(M*))°. Forany f € (O M*)*, 32 O%. M*
C kerf and >2° ., O%.M* is a finite codimensional ideal of T%.(M*). Consequently, f €
(T (M*))0.

Next we show that ¢ := o+ Y.,o 1" Tn(on) (see the proof of Theorem 5) is a coalgebra
homomorphism from Tg(M) to > 2 (0% M*)*. For any x € @3M, f,g € T§.(M*), on the
one hand

(6(), f + g) = (f *g,2) (by Theorem 5)
= S e (g,w) = S ib(a1), £){d(a), g).

On the other hand

(@), f*9) =Y (@)1, )){($(x))2, 9),

since ¢(z) € (T5.(M*))?. Considering T5.(M*) = @p>00% M* = @,>0(RBM)* as vec-
tor spaces, we have that Tp«(M*) is dense in (Tp(M))*. Consequently, > ¢(x1) ® ¢p(x2) =
S (d(x))1 @ (Pp())2, i.e. ¢ is a coalgebra homomorphism.

(ii) It follows from Theorem 5. [

Recall the double cross product A, ><ig H, defined in [17, p. 36]) and [14, Definition IX.2.2].
Assume that H and A are two bialgebras; (A, «) is a left H-module coalgebra and (H, 3) is
a right A-module coalgebra. We define the multiplication mp, unit np, comultiplication Ap
and counit ep on A ® H as follows:

pp((@a®@h)® (b®g)) =Y aa(hi,br) ® B(ha, ba)g,
Ap(la®h) = Z(Ch ® h1 ® ag @ hs),

€p = €4 R €, Np = Na @ ny for any a,b € A, h,g € H. We denote (A® H, up,np, Ap,ep) by
An<igH , which is called the double cross product of A and H.

Lemma 7 (See [8]). Let H and A be two bialgebras. Assume that T is an invertible skew pairing
on HRA. If we define a(h,a) = >_7(h1,a1)aam(h2,as3) and B(h,a) = Y 7(h1,a1)hat " (hs,az)
then the double cross product A, ><ig H of A and H is a bialgebra. Furthermore, if A and H
are two Hopf algebras, then so is A, ><g H.

Proof. We can check that (A,«) is an H-module coalgebra and (H, ) is an A-module coal-
gebra step by step. We can also check that (M1)—(M4) in [17, pp. 36-37] hold step by step.
Consequently, it follows from [17, Corollary 1.8, Theorem 1.5] or [14, Theorem IX.2.3] that
A, <ig H is a Hopf algebra. |

In this case, A, >3 H can be written as A <, H.

Lemma 8. Let H and A be two Hopf algebra. Assume that there exists a Hopf algebra monomor-
phism ¢ : AP — HO. Set 7 =dy(¢ ®@idy)Cu . Then A<, H is Hopf algebra.

Proof. Using [10, Proposition 2.4] or the definition of the evaluation and coevaluation on tensor
product, we can obtain that 7 is a skew pairing on H ® A. Considering Lemma 7, we complete
the proof. |

Lemma 9. (i) If H = ©2° (H,, is a graded bialgebra and Hy has an invertible antipode, then H
has an tnvertible antipode.

(ii) Assume that B is a finite dimensional Hopf algebra and M is a B-Hopf bimodule. Then
both Tp(M) and TF(M) have invertible antipodes.
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Proof. (i) It is clear that H°P is a graded bialgebra with (H°P)q = (H)©°P). Thus H°P has
an antipode by [12, Proposition 1.5.1]. However, the antipode of HP is the inverse of antipode
of H.

(ii) It follows from (i). [

Lemma 10. Let A = @72 (A, and H = ©2 H,, be two graded Hopf algebras with invertible
antipodes. Let T be a skew pairing on (H ® A) and P, be a copairing of H(,) ® Ay for any
natural number n. Set D = A > H and [P,] = 14 ® P, ® 1. Then (D,{[P,]}) is almost
cocommutative on D) if and only if

(ACO1) : ZP’yl(X) P'®ys :Zy4P’® Py @ yar(y1, P{)7 " (y3, P3) for any y € Hyy;
(ACO2) : sz ®@ P'@x P’ :ng ® Py@ P"xym(P],x1)T (P}, 23) for any x € Ay

Proof. It is clear that (D, {[P,]}) is almost cocommutative on Dy, if and only if the following
holds:

> @@ yuP @ a1 Py @ yor(yy, P (ys, PY)
=Y 2 ® Pyy1 @ P'ay @ yor (P, 1) 7 (P4, 3) (1)

for any = € Ay, y € H,).
Assume that both (ACO1) and (ACO2) hold. See that

the left hand of (1) ™ SV S 0y @ Py @ a1 P @ o ™ 5 the right hand of (1)

for any x € Ay, y € H(y,). That is, (1) holds.
Conversely, assume that (1) holds. Thus we have that

Y w@ P @x Py @ey(Ly)r(ly, P (1y, PY)
=Y 2@ Py® Py @ ey (1)7 (P, w1)7 " (P4, 23)

and
> ea(la) @ yaP' @ P @ yor(y1, ) (ys, P)
= ea(1a) ® Py @ P @ yor (P}, 1a) 7" (P4, 14)
for any x € Ay, y € H(y,). Consequently, (ACO1) and (ACO2) hold. [

Lemma 11. Let A = ©)2yA, and H = ©;_oH,, be two graded Hopf algebras with invertible
antipodes. Let T be a skew pairing on (H @ A) and P, be a copairing of (H) @ Ay)) with
Poy1 = Py + Wy and Wy, € Hiyyq) @ Ant1 + Hpv1 @ Agyqy for any natural number n. Set
D = A, H. If 7(P),2)P) = x and 7(y,P))P, =y for any x € Ay, y € Hy, then
(D,{[Py,]}) is a local quasitriangular Hopf algebra.

Proof. It follows from Lemma 7 that D = @©;2 D, is a Hopf algebra. Let D,, = Ziﬂ-:n A;®H;.
It is clear that D = &% (D, is a graded coalgebra. We only need to show that (D, {[P,]}) is
almost cocommutative on D(,). Now fix n. For convenience, we denote P, by P and @ in the
following formulae. For any x € A;, y € H; with i+ j < n,

the right hand of (ACO1) by (€FD Zy4Q’P/ ® QY @ ya1(y1, P") 1 (y3, Q%)
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by assumption

by (CP1)
> Q'Y © QY @yt (y3, QF) . > nQ Py @ P’ @yt (ys, Q")

_ b _
= D wQ Py & P e uer(ST (), Q") T 3 a8 ws) Py @ P @
=" P'y1 ® P © yp = the left hand of (ACOL).

Similarly, we can show that (ACO2) holds on A,). [

Theorem 6. Assume that B is a finite dimensional Hopf algebra and M is a finite dimenaional
B-Hopf bimodule. Let A := Tp(M)®P, H := T5.(M*) and D = A >, H with 7 := dg(¢ ®
id)Cr.a. Then (Tr(M))®°P >, TE.(M*),{Ry}) is a local quasitriangular Hopf algebra. Here
P, = (z’d®wn)bH(n), R,=[P,]=1® (z’d®zpn)bH(n) ® 1+, ¢ and v, are defined in Lemma 6.
Proof. By Lemma 9 (ii), A and H have invertible antipodes. Assume that e&z), eé), .. e%}
a basis of H; and egl)* eg)*,. es) is an its dual basis in (H;)*. Then {eg.’) |i=0,1,2,...,n
j=1,2,...,n;} is a basis of H,) and {el) |i=0,1,2,...,n; 5 =1,2,...,n;} is its dual basis
in (Hy))*. Thus by, = > i OZJ 1 ] (-) . See that

is

n Mg ) ) Nn+1
Po1 = Z Zegz) ® ¢n+1(€§-l)*) + Z gn—i-l ® T/JnJrl( (n+1)*)
i=0 j=1 j=1
Nn+1
= Pt Y V@ ).

j=1
Obviously, Z@QH e(n+1 ® nt1(e §”+1)*) € Hyy1 ® Apgq. Tt is clear that P, is a copairing on
Hpy @ Ay and T IS a skew pairing on H ® A with > 7(P},x)P)) = x and > 7(y, P}/) P} =y for
any = € A(,), y € H(,). We complete the proof by Lemma 11. |

Note that R,+1 = R, + W, with W, € Dy,11 ® Dy41 in the above theorem.

6 Quiver Hopf algebras

A quiver Q = (Qo, @1, s,t) is an oriented graph, where @y and () are the sets of vertices and
arrows, respectively; s and ¢t are two maps from @1 to Qo. For any arrow a € Q1, s(a) and t(a)
are called its start vertex and end vertex, respectively, and a is called an arrow from s(a) to t(a).
For any n > 0, an n-path or a path of length n in the quiver @) is an ordered sequence of arrows
P = Qnpap_1---aj; with t(a;) = s(a;4+1) for all 1 <i <n—1. Note that a 0-path is exactly a vertex
and a 1-path is exactly an arrow. In this case, we define s(p) = s(aq), the start vertex of p, and
t(p) = t(ayn), the end vertex of p. For a 0-path z, we have s(z) = t(x) = x. Let @, be the set
of n-paths, Q(,) be the set of i-paths with ¢ < n and Q be the set of all paths in Q. Let YQy
denote the set of all n-paths from z to y, z,y € Qo. That is, YQ% = {p € Q,, | s(p) = z,t(p) = y}.
A quiver @Q is finite if @y and Q)1 are finite sets.

Let G be a group. Let K(G) denote the set of conjugate classes in G. 1 = 3 cex(q) reC
is called a ramification (or ramification data) of G, if r¢ is the cardinal number of a set for
any C € K(G). We always assume that the cardinal number of the set Io(r) is r¢. Let
Ki(G) :={C e K(G) | rc #0} ={C € K(G) | Ic(r) # &}.

Let G be a group. A quiver @ is called a quiver of G if Qo = G (i.e., Q = (G,Q1,s,t)). If,
in addition, there exists a ramification 7 of G such that the cardinal number of YQ7 is equal
to r¢ for any x,y € G with 7'y € C € K(G), then Q is called a Hopf quiver with respect to the
ramification data r. In this case, there is a bijection from I¢(r) to YQ7. Denote by (Q, G,r) the
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Hopf quiver of G with respect to r. e denotes the unit element of G. {p, | g € G} denotes the
dual basis of {g | g € G} of finite group algebra kG.

Let Q = (G,Q1,s,t) be a quiver of a group G. Then kQ; becomes a kG-bicomodule under
the natural comodule structures:

0 (a) =t(a) ® a, 0" (a) = a ® s(a), a€ @, (2)

called an arrow comodule, written as kQ{. In this case, the path coalgebra kQ° is exactly
isomorphic to the cotensor coalgebra Ty, (kQf) over kG in a natural way (see [3] and [4]). We
will regard kQ°¢ = T¢-(kQY) in the following. Moreover, kQ; becomes a (kG)*-bimodule with
the module structures defined by

p-a:= (p,t(a)>a, a-p:= <p,s(a)>a, pE (kG)*7 a € Qr, (3)

written as kQf, called an arrow module. Therefore, we have a tensor algebra T{yq-(kQ1).
Note that the tensor algebra T{;q)-(kQ$) of kQf over (kG)* is exactly isomorphic to the path
algebra kQ®. We will regard kQ® = T(1,)-(kQ{) in the following.

Lemma 12 (See [4], Theorem 3.3, and [5], Theorem 3.1). Let Q be a quiver over group G.
Then the following statements are equivalent:

(i) Q is a Hopf quiver.

(ii) Arrow comodule kQf admits a kG-Hopf bimodule structure.

If Q is finite, then the above statements are also equivalent to the following:

(111) Arrow module kQ{ admits a (kG)*-Hopf bimodule structure.

Assume that @ is a Hopf quiver. It follows from Lemma 12 that there exist a left kG-
module structure o~ and a right kG- module structure at on arrow comodule (kQ,5~,467")
such that (kQ$,a™,a™,§7,8") becomes a kG-Hopf bimodule, called a co-arrow Hopf bimodule.
We obtain two graded Hopf algebras Tj,q(kQf) and T, (kQS), called semi-path Hopf algebra
and co-path Hopf algebra, written as kQ® and kQ°, respectively.

Assume that @ is a finite Hopf quiver. Dually, it follows from Lemma 12 that there exist
a left (kG)*-comodule structure 6~ and a right (kG)*-comodule structure 67 on arrow module
(kQ%, o=, a™) such that (kQY,a ,at,67,6") becomes a (kG)*-Hopf bimodule, called an arrow
Hopf bimodule. We obtain two graded Hopf algebras T;,)- (kQf) and T(kG (kQY), called path
Hopf algebra and semi-co-path Hopf algebra, written as kQ® and kQ*¢, respectively.

From now on, we assume that @ is a finite Hopf quiver on finite group G. Let {g¢ denote
the linear map from kQY to (kQS)* by sending a to a* for any a € Q; and kg denote the linear
map from kQf to (kQf)* by sending a to a* for any a € Q1. It is easy to check the following.

Lemma 13. (i) If (M,a~,a™,57,8") is a finite dimensional B-Hopf bimodule and B is a finite
dimensional Hopf algebra, then (M*, 6 *, 6, a™* a™™) is a B*-Hopf bimodule.

(1) If (kQS,a~,a™,87,0%) is a co-arrow Hopf bimodule, then there exist unique left (kG)*-
comodule operation 51?@‘11 and right (kG)*-comodule operation (5,':@11 such that (kQ‘f,a,;Q%,a;Q%,
5,;Qa,5kQa) becomes a (kG)*-Hopf bimodule and pqa becomes a (kG)*-Hopf bimodule isomor-
phism from (le’akQavakQM(S];QM&I:FQ“) to (kQ§)*, 6%, 0 * a=* at*).

(iii) If (kQ$, o ,a™,67,8) is an arrow Hopf bimodule, then there exist unique left kG-
module operation ach and right kG-module ach such that (EQS, ach, ach,5k_Qc,5ch) become
a kG-Hopf bimodule and &qs becomes a kG-Hopf bimodule isomorphism from (kQY, ain, ain,
Siap Olag) 10 (KQD)".67*,67 0~ a*").

(iv) &kqs is a (kG)*-Hopf bimodule isomorphism from (kQf, akQa,akQa, O 5,;2261) o ((EQ9)*,
(5,;Qc ,5ch ,ach ,ach*) if and only if ks becomes a kG-Hopf bimodule isomorphism from

(le, Oéch, Oéch 5 6I;Qc’ 5ng) tO ((kQ%) 61€_Qa*7 52_6951*7 al;Q%*7 a;:Q%*).
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Let B be a Hopf algebra and g/\/lg denote the category of B-Hopf bimodules. Let G Hopf
denote the category of graded Hopf algebras. Define Tgp(v)) =: Tg(to,11%) and TH(¢) :=
T§(mo,¢my) for any B-Hopf bimodule homomorphism .

Lemma 14. Let B be a Hopf algebra. Then Tg and T are two functors from gj\/lg to G Hopf.

Proof. (i) If ¢ is a B-Hopf bimodule homomorphism from M to M’, then Tg(to,t1%) is a graded
Hopf algebra homomorphism from Ts(M) to Tg(M'). Indeed, let ® := Tg(wo,t19). Then both
Ar,, (@ and (®®P)Ary(py) are graded algebra maps from Ts(M) to Tp(M') @ Tp(M'). Now
we show that Az, ® = (& ® ®)Aq, (). Considering that @ is an algebra homomorphism,
we only have to show that ATB(M’)(PLU = (‘b X (P)ATB(M)LO and ATB(M/)(Pbl = ((I> X (p)ATB(M)Ll

Obviously, the first equation holds. For the second equation, see

Ar, @i = Aq,, (1) = (0 © 11)05,0 + (11 ® 10) 05,1
= (10 ® 1)(id @ )3, + (11 @ 10) (¢ @ id) 3y,
= (10 ® 119)d3; + (19 @ 10)dy,
= (2@ P®) (o ® t1)8y; + (P ® P)(11 ® 19)d7;
= (P @ P)[(to ® t1)dy; + (11 ® 10)d7,]
= (2 ® ®)Aryant1

Consequently, T(to,¢1%) is a graded Hopf algebra homomorphisms.

(ii) If ¢ is a B-Hopf bimodule homomorphism from M to M’, then T§(mo, ) is a graded
Hopf algebra homomorphism from T'5(M) to T5(M'). Indeed, let ¥ := T (mp, ¢m1). Then both
Wpreary and ppe (¥ @ W) are graded coalgebra maps from T (M) @ Tg(M) to TE(M').
Since TH(M) ® T (M) is a graded coalgebra, corad(Tg(M) @ T(M)) C (TE(M) @ Tg(M))o =
to(B) ®o(B). It follows that (m1Wpre (ar))(corad(T5 (M) @T5(M))) = 0. Thus by the universal
property of T§(M’'), in order to prove Ypre ) = prgury(¥ @ ), we only need to show
T W HTe (M) = Tl ( vy (¥ @ W) for n = 0,1. However, this follows from a straightforward
computation dual to part (i). Furthermore, one can see ¥(1) = 1. Hence V¥ is an algebra map,
and so a Hopf algebra map.

(iii) It is straightforward to check Tg(¥)Tg(¢') = Tp(yy') and TE(¢Y)TE (W) = T5(¢y') for
B-Hopf bimodule homomorphisms ¢ : M’ — M" and ¢/ : M — M’.

(iV) TB(idM) = idTB(M) and TE(ZdM) = 'LdT%(M) |

Lemma 15. If ¢ is a Hopf algebra isomorphism from B to B' and (M,a ,a™,67,07) is
a B-Hopf bimodule, then (M,a~ (v~ @ idy), ™ (idy @ =), (1 @ idpr)d—, (idy @ )67F) s
a B'-Hopf bimodule. Furthermore Tg(to1, 1) and T§(ymo,m1) are graded Hopf algebra isomor-
phisms from Tg(M) to Tp/(M) and from Tg(M) to T, (M), respectively.
By Lemma 14 and Lemma 13 (ii) and (iii), T{xa)«(¢0, t1€rqe) and Ti;(mo, Epqsmi) are gra-
ded Hopf algebra isomorphisms from Tiuey-(kQT) to Ty« ((kQF)*) and from Tg,(kQf) to
TEa((kQT)*), respectively. T, (kG (m0, §kqam1) and Ti (o, t1€rqs) are graded Hopf algebra iso-
morphisms from T, ). L(kQF) to Tha ((kQ‘j)*) and from Ty (kQY) to Tra((EQ$)*), respectively.
Furthermore, (kQ le) (kQ®, k:QC) and (kQ®, kQ*°) are said to be arrow dual pairings.

Theorem 7. Assume that (Q,G,r) is a finite Hopf quiver on finite group G. If (kQ®, kQ°) and
(kQ*, kQ*°) are said to be arrow dual pairings, then
(i) (EQ*)°P xr kQ°, {Ry}) is a local quasitriangular Hopf algebra. Here

Rn:Zpe®g®pg®e+ Z Pe®qRqRe
geqG 9€Q(n), 9¢G

and 7(a,b) = 4, for any two paths a and b in Q, where o, is the Kronecker symbol.
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(ii) There exist T and {R,} such that ((kQ*)P b, kQ*¢,{Ry}) becomes a local quasitrian-
gular Hopf algebra.

Proof. (i) Let B := (kG)* and M := kQ{. Thus Tp(M) = kQ*. Since (kQ{, kQY) is an arrow
dual pairing, {kqs is a kG-Hopf bimodule isomorphism from Q7 to (kQ¢)* by Lemma 13. See
that

Th (M") = Ty (KQD))
V1
L TE((kQD)T)  (by Lemma 15)
= Tic(kQS) (by Lemma 13 and Lemma 14)
= kQ°,
Where v = TgG(UEéﬂo,ﬂl), Vo = T(CkG)** (7‘(‘0, (kag)_lﬂ’l).

Let H = T§.(M*) and A = Tp(M)®P. By Theorem 6, ((Q*)*P > kQ° {R,}) is a local
quasitriangular Hopf algebra. Here 7 = dy (¢ ® id)Ch a((vav1) ! @ ida); Ry = (ida ® v @
ida @ vov1)(1p ® (id ® Lbn)bH(n) ® 1p+), ¢ and 9, are defined in Lemma 6. We have to show
that they are the same as in this theorem. That is,

i (¢ @ id)Crya((van) L @ ida)(a®b) = b,y (4)
(15 ® br,,, ® 1p+) = (ida ® (var1) ™' @ by ® (var1) ™)

x (D pewgepy et Y poqRqe]. (5)

If b =b,b,_1---b1 is a n-path in kQ° with b; € Q1 for i =1,2,...,n, then
(ror1) "' (b) = U, @b,y @ -~ @by (6)

If b € G, then (var1) 1 (b) = o1g(b). Consequently, for any a,b € Qo with b € kQ° and a € kQ?,
we have

dp (¢ @ id)Cp,a((var1) ™' @ ida)(a ® b) = du(p(a) @ (vor1) (b))
{ (p(a),orc(b)) = (oka(b),a) = dap, when b€ Qo,
Lay "2V 6,0, when b ¢ Q.

@)
Thus (4) holds. Note that @, is a basis of not only (kQ®),, but also (kQ°),, for n > 0. By (6),
{6(q) | ¢ € Qn} is the dual basis of {(rov1)71(q) | ¢ € Qn} for any n > 0. Consequently, (5)
holds.
(ii) Let B := kG and M := kQS. Thus Tp(M) = kQ®. Since (kQY,kQS) is an arrow dual
pairing, {kga is a (kG)*-Hopf bimodule isomorphism from kQf to (kQf)* by Lemma 13. Thus

—

((ror1)”

T+ (M7) = Tih,)- (kQ7)")
= T+ (kQT) (by Lemma 13 and Lemma 14)
= kQ*,

where v3 = T(Ckg)*(wo, (katlz)_lﬂ'l). By Theorem 6, the double cross product of Tp(M)*P and

Tp«(M*) is a local quasitriangular Hopf algebra. Consequently, so is the double cross product
of (kQ*)°P and kQ*. |
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Note (LQT4’) holds in the above theorem.

Example 1. Let G = Zy = (g) = {e, g} be the group of order 2 with chark # 2, X and Y be
respectively the set of arrows from ¢” to ¢g° and the set of arrows from g to g, and | X| = |Y| = 3.
The quiver @ is a Hopf quiver with respect to ramification r = T{e}{e} with r(y = 3. Let XS)

Z5 and a(i)x denote the arrow from z to y for ¢ = 1,2, 3. Define §~ ag;i)x =rQ® aﬁj)x, ot a,(vl)x =
y bl bl

a% Rz, q- a(l) = a§2 gz ag)e g = Xgl)(g)agfgwg for z € G, i =1,2,3. By [4], kQ1 is a kG-
Hopf bialgebra. Therefore, it follows from Theorem 7 that ((kQ®)°P <, kQ°, {R,}) is a local
quasitriangular Hopf algebra and for every finite dimensional (kQ%)°P <, kQ%module M,

C1En} g a solution of Yang-Baxter equations on M.
By the way, we obtain the relation between path algebras and path coalgebras by Theorem 5.

Corollary 1. Let Q be a finite quiver over finite group G. Then Path algebra kQ® is algebra
isomorphic to subalgebra Y > ((OL-kQT)* of (EQ°)*.

Proof. Let A = (kG)* and M = kQS. It is clear that e is a kG-bicomodule isomorphism
from kQS to (kQ$)*. See that

Th (M*) = Thiy. (RQD)") = Tea(RQD)) = Tia(kQS) = kQ°,

where 11 = T,gG(Jk_Cl;Tro,m), vy = T, ﬁg(ﬂm(kag)_lWl)- Obviously, 1 and 5 are coalgebra
isomorphism. Consequently, it follows from Theorem 5 that kQ® is algebra isomorphism to
subalgebra > >° (O -kQF)* of (kQ)*. [
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