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Abstract. Group classification of the three-dimensional equations describing flows of fluids
with internal inertia, where the potential function W = W (p, p), is presented. The given
equations include such models as the non-linear one-velocity model of a bubbly fluid with
incompressible liquid phase at small volume concentration of gas bubbles, and the dispersive
shallow water model. These models are obtained for special types of the function W (p, p).
Group classification separates out the function W(p, p) at 15 different cases. Another part
of the manuscript is devoted to one class of partially invariant solutions. This solution is
constructed on the base of all rotations. In the gas dynamics such class of solutions is called
the Ovsyannikov vortex. Group classification of the system of equations for invariant func-
tions is obtained. Complete analysis of invariant solutions for the special type of a potential
function is given.
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1 Introduction
The article focuses on group classification of a class of dispersive models [1]!

p+ pdiv(u) =0, pu~+ Vp =0,
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where t is time, V is the gradient operator with respect to the space variables, p is the fluid
density, u is the velocity field, W (p, p) is a given potential, “dot” denotes the material time
derivative: f = % = fi+uV f, and %—VZ denotes the variational derivative of W with respect to p
at a fixed value of u. These models include the non-linear one-velocity model of a bubbly fluid
(with incompressible liquid phase) at small volume concentration of gas bubbles (Iordanski [2],
Kogarko [3], Wijngaarden [4]), and the dispersive shallow water model (Green & Naghdi [5],

Salmon [6]). For the Green—Naghdi model, the potential function is [1]

W (p,p) = p(3gp — €%p%) /6,

*This paper is a contribution to the Proceedings of the Seventh International Conference “Symmetry in
Nonlinear Mathematical Physics” (June 24-30, 2007, Kyiv, Ukraine). The full collection is available at
http://www.emis.de/journals/SIGMA /symmetry2007.html

1See also references therein.



mailto:fonluang@yahoo.com
mailto:sergey@math.sut.ac.th
http://www.emis.de/journals/SIGMA/2008/027/
http://www.emis.de/journals/SIGMA/symmetry2007.html

2 S.V. Meleshko and P. Siriwat

where ¢ is the gravity, ¢ is the ratio of the vertical length scale to the horizontal length scale.
For the Iordanski-Kogarko-Wijngaarden model, the potential function is [1]

W (p, p) = p(capaoe20(p20) — 2mnp1oR*R?),

where

4 1 1 -1
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€90 is the internal energy of the gas phase, ¢; and cy are the mass concentrations of the liquid
and gas phases, n is the number of bubbles per unit mass, p1g and psg are the physical densities
of components. The quantities c1, co, n and pig are assumed constant.

One of the methods for studying of differential equations is group analysis [7]. Many appli-
cations of group analysis to partial differential equations are collected in [8]. Group analysis
beside construction of exact solutions provides a regular procedure for mathematical modeling
by classifying differential equations with respect to arbitrary elements. An application of group
analysis involves several steps. The first step is the group classification with respect to arbitrary
elements. This paper considers group classification of equations (1) in the three-dimensional
case, where the function W, satisfies the condition Wy, # 0. Notice that for W, = 0 or
W(p,p) = pp(p) + ¢¥(p), the momentum equation becomes

-+ py = 0.

Hence in the case W;, = 0, equations (1) are similar to the gas dynamics equations. This case
has been completely studied [9] (see also [10]).

The one-dimensional case of equations (1) was studied in [11]. As in the case of the gas
dynamics equations there are differences in the group classifications of one-dimensional and
three-dimensional equations.

Another part of this paper is devoted to a special vortex solution. This solution was in-
troduced by L.V. Ovsyannikov [12] for ideal compressible and incompressible fluids. This is
a partially invariant solution, generated by the Lie group of all rotations. L.V. Ovsyannikov
called it a “singular vortex”. It is related with a special choice of non-invariant function. He
also gave complete analysis of the overdetermined system corresponding to this type of partially
invariant solutions: all invariant functions satisfy the well-defined system of partial differential
equations with two independent variables. The main features of the fluid flow, governed by the
obtained solution, were pointed out in [12]. It was shown that trajectories of particles are flat
curves in three-dimensional space. The position and orientation of the plane, which contains
the trajectory, depends on the particle’s initial location. Later particular solutions of the sys-
tem of partial differential equations for invariant functions were studied in [13, 14, 15, 16]. For
some other models, this type of partially invariant solutions was considered in [17, 18]. Exact
solutions in fluid dynamics generated by a rotation group are of great interest by virtue of their
high symmetry. The classical spherically symmetric solutions is one of the particular cases of
such solutions.

In this manuscript a singular vortex of the mathematical model of fluids with internal inertia
is studied. Complete group classification of the system of equations for invariant functions is
given. All invariant solutions for this system are presented.

2 Equivalence Lie group

Since the function W depends on the derivatives of the dependent variables, for the sake of
simplicity of finding the equivalence Lie group, new dependent variables are introduced:

us = p, ¢ =W, 2 =W, o3 = W,
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where uqy = p and x4 = t. An infinitesimal operator X°¢ of the equivalence Lie group is sought
for in the form [19]:

X© = fzaa:, + <ujauj =+ Cd)kaqﬁkv

where all coefficients ¢, ¢% and (% (i = 1,2, j = 1,2,3,4,5, k = 1,2,3) are functions of the
variables? z;, uj and ¢p. Hereafter a sum over repeated indices is implied.
The coefficients of the prolonged operator are obtained by using the prolongation formulae:

(ot = DEC™ — uaDEET (i = 1,2,3,4),
Dz’e = 6331 + Ua,iaua + (pwiWﬂJ + pxiWﬁ,Q)(ana

where a = (a1, a9, a3, o) and [ = (f1, f2) are multiindices (a; > 0, §; > 0),

(a1, 02,03, 04), J = (a1 4 015, a2 + 925, a3 + 835, ag + 045),
8a1+042+a3+044u 851+ﬂ2W

War,az,a3,00) = 5ot 502 5058 Grag Wis,,6,) = 819502
x] ! 0xy? 0xy® Ot OpPropP2

The conditions that W does not depend on t, z;, u; (i = 1,2,3) give that

Uk = =0, V=0, V=0 (i=1,23,4, j=1,2,3, k=4,5).

;i , u;
With these relations the prolongation formulae for the coefficients ¢"V# become:
(Wi = DECVe — W DECM — W DS (i =1,2),
where
D§ =8, + Ws1dw,,  D§ =03+ Ws20w,.

For constructing the determining equations and solving them, the symbolic computer program
Reduce [20] was applied. Calculations yield the following basis of generators of the equivalence
Lie group

XC =0y, XS =0uyy XS —0Ony, XS = 10h +0uys  XE = 1, + O
X§ = tO0zy + Ouss X7 = u20y, — 10y, + 2205, — T104,,

Xg§ = u30y, — u10y; + 2305, — 10,3, X§ = ug0u, — 20y, + 2305, — 204,
X{o =0,  X{1 =t0+ 20z,  Xip=0w,  Xiz=p0w,  Xiy=pow,
X5 = p0y + p0, + Wow, XT = 2i0z; + uiOy; — 2p0,,.

Here, only the essential part of the operators X{ is written. For example, the operator Xf;
found as a result of the calculations, is

10y + 3,04, — PO,

The part —p0d, is obtained from X7{, using the prolongation formulae. The symmetry opera-
tors Xj (1 < j < 10) are symmetries of the Galilean group?, which are independent of a potential
function W (p, p). The symmetries corresponding to the operators X¢, X$, X$ are the space
translation symmetries, X§, X¢, X¢ are the Galilean boosts, X¢, X§ and X§ are the rotations

2In the classical approach [7, Chapter 2, Section 6.4] for an equivalence Lie group it is assumed fé)k = Cik =0.
Discussion of the generalization of the classical approach is given in [19, Chapter 5, Section 2.1].

3This group is admitted by many systems of partial differential equations applied in Newtonian continuum
mechanics. See, for example, [7, 8] and references therein.
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and X7{, is the time translation symmetry. The operator X{; corresponds to a scaling symmet-
ry, which is also admitted by the gas dynamics equations [7]. The symmetry corresponding
to the operator X{,; applies for a gas with a special state equation [7]. Since the equivalence
transformations corresponding to the operators X{,, X{,, ..., X{; are applied for simplifying
the function W in the process of the classification, let us present these transformations. As the
function W depends on p and p, only the transformations of these variables are presented:

Xii: o=, pr=ep, W =W,
Xiy: o =p, P =p, W' =W +q;
Xi3: o =p, P =p, W' =W + ap;
Xiy: o =p, P =p, W' =W + ap;
X5 pl=ep, P = e%p, W' = e W;

XleG . p/ — 6_2ap, pl — e—Qap’ W/ — W

Here a is the group parameter.

3 Admitted Lie group of (1)
An admitted generator X of equations (1) is sought in the form
X = €500, + 7200, + E7 0y + €0 + " Ouy + ("2, + (8o + (PO,

where the coefficients of the generator are functions of the variables x1, xa, x3, t, u1, ug, us, p.
Calculations showed that

E% = cgxit + cat + c3x3 + xrier + x1c1 + cs,

€7 = cexat + ciot + x3c11 + Toc7 + X201 — T1C12 + C13,
£ = cewst + ciet + cra3 + 113 — c1122 — €371 + C17,
ft = Cﬁt2 + c7t + Cg, Cp = (—366t + 015)p,

" = cgug + coug — cguit + crul + cgr1 + 4,

("?cr1uz — cguat + crug — coul + ceT2 + C12,

(" = —cgust + crug — cr1ug — c3uy + ¢T3 + Ci6,
where the constants ¢; (1 = 1,2,...,8,11,12,13,15) satisfy the conditions

27¢6p” (3Wspppp + Wippop — 3Wpppp — Wpp) + 600Wsc60%p

+ 250° (5W 500 (c15 — €1) + 5Wpppppcrs + 18Wsppc15

+ Wpppp(28c15 — 33c7 — 10cq) + 18Wys(c15 — 2¢7 — 2¢1)) = 0, (2)
Wispp(cr — c15) — cispWppp + (2¢1 — c15 + 2¢7) W + 3csWippp = 0, (3)
IWsppppp crs + A0Wppp50" (c7 — c15) + Wpspp p(9c7 — 49¢15) — IWsppp*p*cr

+ 8Wppp” (10e1 — 17c15 + 22¢7) + 2Wspppp(9e1 — 37c15 + 9c7) — IWppppPers

+ OWppp* (15 — 2¢1) + 56W;p0° (2¢1 — c15 + 2¢7) + IW,,0% (201 — €15) = 0, (4)
c6(5Wippp + 3Wpppp + 5Wp) = 0. (5)

The determining equations (2)—(5) define the kernel of admitted Lie algebras and its exten-
sions. The kernel of admitted Lie algebras consists of the generators

Yl :81‘17 Y2:8x27 }/3:a$37 Y10:8t7
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Y, =t0z, + Ou,, Y5 = t0yz, + Ou,, Yo = 102y + Ouys
Y7 = 2905 — 1302, + u20u; — U30y,,
Ys = 230, — 11025 + u30u;, — U10y;,
Yy = 210y, — £205, + 110y, — u20y,.

Extensions of the kernel depend on the value of the function W(p, p). They can only be operators
of the form

c1X1 + c6Xe + cr X7 + c15X14,

where
X1 = 20y, + u;0y,, X6 = t(t0 + 0y, — 1;Oy; — 3p0p) + x;0y,
X7 =20y, + 1O, X9 = 220z, + u20,,, X4 = pO,.

Relations between the constants c1, cg, ¢7, ¢15 depend on the function W (p, p).

3.1 Casecg#0
Let cg # 0, then equation (5) gives
SWisppp + 3Wisppp + 5Wisp = 0.
The general solution of this equation is W, = p~%/3g(pp~5/3), where the function g is an

arbitrary function of integration. Substitution of W, into equation (3) shows that the function
g = 2qq is constant. Hence,

W = qop?p~ "% + 01(p)p + p2(p),

where the functions ¢a(p) and ¢1(p) are arbitrary. Substituting this potential function in the
other equations (2)—(4), one obtains
3ppy + ¢ =0, (c7 4 2¢c1)ph =0, c15 = —3(cy + 7).
If ¢ = 0, then the extension of the kernel of admitted Lie algebras is given by the generators
Xs, X1 —3X14, X7 —3X14.
If ¢ = Cap~3 # 0, then the extension of the kernel is given by the generators

X6, X4 —2X7+3X14.

3.2 Casecg =0
Let ¢g = 0, then equation (3) becomes

—c15a + (1 + ¢er)b+cre =0, (6)
where

a= pWepp + pWppp + Wisp, b =2Wpp, c= pWppp.
Further analysis of the determining equations (2)—(4) is similar to the group classification of the
gas dynamics equations [7].

Let us analyze the vector space Span(V'), where the set V' consists of vectors (a, b, c) with p

and p are changed. If the function W (p, p) is such that dim(Span(V')) = 3, then equation (6) is
only satisfied for

1 = 07 Cr = 07 C15 = 07

which does not give extensions of the kernel of admitted Lie algebras. Hence, one needs to study
dim(Span(V)) < 2.
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3.2.1 Case dim(Span(V)) =2

Let dim(Span(V')) = 2. There exists a constant vector («, 3,7) # 0, which is orthogonal to the
set V:

aa + Bb+~vyec=0. (7)
This means that the function W (p, p) satisfies the equation

(a4 7)pWypp + apWopp = — (o + 28) Wy (8)
The characteristic system of this equation is

dp_dp  dWy
(@+7)p ap  —(a+28)W;,

The general solution of equation (8) depends on the values of the constants «, 5 and ~.

Case a = 0. Because of equation (7) and the condition W, # 0, one has v # 0. The general
solution of equation (8) is

Wis(p, ) = @0, (9)

where k = —2(3/v, and ¢ is an arbitrary function of integration. Substitution of (9) into (6)
leads to

159" = $(p) (2c1 = (k + )ers + (k + 2)er) = 0. (10)

If ¢15 # 0, the dimension dim(Span(V)) = 1, which contradicts to the assumption. Hence,
c15 = 0 and from (10) one obtains ¢; = —(k 4 2)c7/2. The extension of the kernel in this case
is given by the generator

*le + 2X77

where p = k + 2.
If (k+2)(k + 1) # 0, then integrating (9), one finds

Wip.p) = ¢(p)p” + e1(p)p + ¢2(p),
where ¢1(p) and p2(p) are arbitrary functions. Substituting this function W into (2)—(4) one
has ¢f = 0.
If kK = -2, then

W(p, p) = ¢(p) In(p) + pe1(p) + p2(p),

and ¢} = 0, similar to the previous case.
If £k = —1, then

W(p,p) = ¢(p)pIn(p) + pe1(p) + pa(p),

and also ¢f = 0.
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Case a # 0. The general solution of equation (9) is
Wp(p, p) = (pp™)p™, (11)

where k = —(1 4+ v/a), A = —(1 4+ 283/a) and ¢ is an arbitrary function. Substitution of this
function into (6) leads to

ko'z 4+ kip =0,
where
z = ppF, ko =c7 —c15(k+ 1), k1 =2c1 — c15(A 4+ 1) + 2c¢7.
Since dim(Span(V')) = 2, one obtains that kp = 0 and k; = 0 or
cr =ci5(k+ 1), c1=c5(p—1)/2,
where p = A — 2k. Integrating (11), one finds
W (p, p) = PPo(pp") + ppr(p) + w2(p). (12)
Substitution of (12) into (2)—(4) gives
pey + (2k — A+ 2)py = 0.
Solving this equation, one has
oy = CapP ™,
where (s is an arbitrary constant. The extension of the kernel is given by the generator
(p— D)Xy +2(k + 1) X7 + 2X14.
3.2.2 Case dim(Span(V)) =1
Let dim(Span(V)) = 1. There exists a constant vector (a, 3, k) # 0 such that
(a,b,¢) = (a, B, k)B

with some function B(p, p) # 0. Because Wy, # 0, one has that 3 # 0. Hence, the function
W (p, p) satisfies the equations

PWispp + PWopp + (1 = 20)Wsp =0, pWpp — 29Wp5 = 0.
The general solution of the latter equation is

Wis(p, ) = ¢(p)p"

with arbitrary function ¢(p). Substituting this solution into the first equation, one obtains
pd'(p) + (1 =2a+k)p(p) =0, a=a/b.
Thus,

W;p = —qop"p, (13)



8 S.V. Meleshko and P. Siriwat

where A = —(1 — 2a + k), qo is an arbitrary constant. Since dim(Span(V)) = 1, then gy # 0,
X and k are such that A2 + k2 # 0.
Substituting (13) into (6), it becomes

—015(k + A+ 1) +C7(/€—|— 2) + 2¢; = 0.

Integration of (13) depends on the quantity of k.
If (k+2)(k+1) # 0, then integrating (13), one obtains

W(p,p) = —aop 1" + pe1(p) +¢2(p),  plp—1) #0,
where p = k + 2. Substituting this W into equations (2)—(4), one obtains
a1 = (c5(p+ A= 1) — erp)) /2,
with the function ¢o(p) satisfying the condition
c15p95 + @3 (—c15(p + A — 2) + e7p) = 0.
If o) = Cop™" # 0, the extension of the kernel is given by the generator
(1= )Xy +2(X1a + ¢X7),
where ¢ = (u+ X+ p—2)/p. If 4 = 0, the extension is given by the generators
pX1 — 2X7, (p+A—1)X1 +2X1.
If £ = —2, then integrating (13), one obtains
W(p,p) = —qop” In(p) + por(p) + w2(p), o #0.
Substituting this into equations (2)—(4), we obtain
1 =ci5(A—1)/2,
and the condition
c15(ps — @ (A +2)) + @A — 1) (15 — e7)p* % = 0.
If A(A—1) =0 and ¢9 is arbitrary, then the extension is given only by the generator
X7.
If A\(A—1) =0 and ¢} = Cop**2, then the extension of the kernel consists of the generators
A —1)X1 +2X4, X7.
If A(A — 1) # 0 and ¢} = Cop™2 — LX(X — 1)up? =2, then the extension is
A=1)X1 +2(X14 + (p+ 1) X7),

where ¢; = (pu+ 1)cys.
If £ = —1, then integrating (13), one obtains

W(p,p) = —qop” pIn(p) + pipr(p) + p2(p),
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and substituting it into equations (2)—(4), we obtain
Cl1 = (615)\ — 67)/2,

and the condition

"

cispey + oo (—c15A + c15 + ¢7) = 0.

One needs to study two cases. If ¢§ # 0, then the extension is possible only for ¢o = Cop™" # 0,
where = —\ 4+ 1 + ¢7/c15. The extension of the kernel is given by the generator

(1 - ,U,)Xl + Q(M + A= 1)X7 + 2X14.
If o5 = 0, then the extension of the kernel consists of the generators

X1 —2X7, X141+ A X7.

3.2.3 Case dim(Span(V)) =0
Let dim(Span(V)) = 0. The vector (a, b, ¢) is constant:
(a,b,¢) = (a, B, k)
with some constant values «, 8 and k. This leads to
Wsp = —2qo,
where qg # 0 is constant. Integrating this equation, one obtains
W (p, p) = —a0p” + pp1(p) + @2(p)- (14)
Substituting (14) into equation (2)—(4), we obtain
c1 = (c15 — 2¢7) /2,
and the condition
c15pphy + 2c70l = 0.

If ) # 0, then po = Cop™*, where = 2¢7/c15. The extension of the kernel consists of the
generator

(1 — ,U,)Xl + 2X14 + MX7.
If ©5 = 0, then the extension of the kernel is given by the generators
X1+ 2X14, X1 — X7,

The result of group classification of equations (1) is summarized in Table 1. The linear part
with respect to p of the function W (p, p) is omitted. Notice also that the change ¢ — —t has to
conserve the potential function W, this leads to ¢1(p) = 0.

Remark 1. The Green—Naghdi model belongs to the class M7 in Table 1 with A =1, p = 2
and p = 0. Invariant solutions of the one-dimensional Green—Naghdi model completely studied
in [21].

Remark 2. The one-velocity dissipation-free Iordanski-Kogarko-Wijngaarden model has an
extension of the kernel of admitted Lie algebras only for a special internal energy of the gas phase
(class M3 (p = 2) in Table 1), which corresponds to a Chaplygin gas €29 (p20) = Y1/p20 + Y0,
where v; and vy are constants.
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Table 1. Group classification of equations (1).

Wi(p,p) Extensions Remarks
My | —qop™ 0 + @2(p) | Xe, X1 —2X7+3X14 @y =Cap™® #0
M, X6, X1 —3X14, X7 —3X14 @y =0
Ms | p(p)p? + w2 —pX1 +2X7 ¢y =0
My | @(p)Inp+ 2 X7 ¢y =0
Ms | pp(p)Inp + @2 X1 —2X7 ¢y =0
Ms | pPo(pp®) + 2 (p— X1 +2(X7(k + 1) + X14) gty = CopP™?
Mz | —qop*pP + o2 (1= )Xy +2(X14 + 9X7) @y = Cop™" #0,
¢p=(u+AX+p—2)/p
Msg pX1 — 2X7, @y =0,
(p+A—=1)X1+2X1 p(p—1)#0
My | —qop™Inp + o X7 ¢2(p) arbitrary,
AA—1) =0
Mo ()\ — 1)X1 + 2X14, (,0,2/ = CQpA+2,
X; AN—1)=0
My AN=1)X1 +2(X14+ (0 +1)X7) 90,2/ = CQpA+2
_({TO)\(A - 1)Mp)\727
AN —1) £0
My | —qop™pInp+ @2 (1 =) X1 +2(p+ A= 1)X74+2X14 | o2 =Cop " #0
M3 X1 —2X7, Xy + AXy @5 =0
Mg | —qop® + o2 (1 —p) X1 +2X14 + pX7 p2=Cop " #0
M5 X1+2X, Xy — X7 @y =0

4 Special vortex

In this section a special vortex solution is considered. With the spherical coordinates [12]:

x = rsinf cos p, y = rsinfsin @, z =rcosb,
U = usinf cos ¢ + vsinfsin ¢ + wcos b,
Uy =wucosfcosp+ vcosfsing —wsinb,
Us = —usin ¢ + v cos ¢,

the generators X7, Xg, Xg are

X7 = —sinpdy — cos ¢ cot 0, + cos p(sin 0)_1(U28U3 — Usdy,),
Xg = — cos pdp — sin ¢ cot 09, + sin p(sin ) 1 (U20u, — Usdus,), X9 = 0.
Introducing cylindrical coordinates (H,w) into the two-dimensional space of vectors (Us, Us)

Us = H cosw, Us = Hsinw,
the first two generators become

X7 = —sinpdy — cos ¢ cot 9, + cos p(sin 6) 10,
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Xg = — cos pdy — sin ¢ cot 9, + sin p(sin §) 19,
The singular vortex solution [12] is defined by the representation
U=U(tr), H=H(t,r), p=p(tr), w=w(t,r0,p).

The function w(t,r, 6, ) is “superfluous”: it depends on all independent variables. If H = 0,
then the tangent component of the velocity vector is equal to zero. This corresponds to the
spherically symmetric flows. For a singular vortex, it is assumed that H # 0.

In a manner similar to [12] one finds that for system (1), the invariant functions U(¢,r),
H(t,r) and p(t,r) have to satisfy the system of partial differential equations with the two
independent variables ¢ and 7r:

r?Dop + p(r*U); = pah,  DoU +p~'p, =r7°a?,

Doh = r2a(h? + 1), Doa =0,

p = p(Wp = pWyp = W Dop) + Wyp — W, (15)
where o = rH, Dy = 0, + U0y, and the function h(t,r) is introduced for convenience during the
compatibility analysis.

The equivalence Lie group of equations (15) corresponds to the generators

XS = 0, XQe = paw, X§ =2t0; — U0y — 3p(9p — 5p8,~, — 3Wow,

X4 = pds+ po, + Wow, X =20, + U0y + 200, + 2W Oy

Calculations yield that the kernel of admitted Lie algebras consists of the generator
Xo = 0y,
extensions of the kernel can only be operators of the form
k1X1 + ko Xo + k3 X3 + kg Xy,
where

X1 =1t0; — U0y — a0y + pap, X9 = t(t&t +7ro. —Udy — 3p8p — 5,08p) +rdy — 3p8p,
X3 =2t0 +rd. — U0y — 3,08p - 5,@8,5, Xy = ,08,, + p(?p.

The constants k; (i = 1,2,3,4) depend on the function W(p, p). These extensions are presented
in Table 2.

4.1 Steady-state special vortex

Let us consider the invariant solution corresponding to the kernel {X(}. This type of solution
for the gas dynamics equations was studied in [14]. The representation of the solution is

p=p(r), U=U(r), h = h(r), a = ar).

Equations (15) become

Up' + p(r’U) = pah,  UU' +p~'p =172

URW =7r"2a(h* + 1), Ud' =0,
p=p(W, =Up'W,, =Wy, UUP)) +WUp' =W, p=Up. (16)
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Table 2. Group classification of equations (15).

W(p, p) Extensions Remarks

My | —qop®p~"% + Bp°/? Xy, X3 g0 # 0

My | —qop?p~o/3 Xo, X1, X3 go 7 0

Ms | o(p)p? X1+ (2-p)Xs plp—1)#0

My | —(qop +v) In(p) + 2(p) | X1+ X3 o arbitrary

Ms | ¢(p)pIn(p) 2X1 + X3

Mg | p*e(pp") + wa(p) 2X1 — (A= 2)X3, Xy — kX3 | @ = Cop?

My | —qopi” + pa(p) 2(uX1 +2(2u +p(A — p) X3 | @3 = Cop
+2-N2Xi+(2-p)X3) |p-1)#0

Mg | —qop*p" —2X1 4 (2 - A) X3, p(p—1)#0

(p—2)X3 —2Xs

My | —qop* In(p) + p2(p) X1+ X3 9 arbitrary
AA—1)=0
Mg X34+ X6, 2X1 + (A =1 X3 | of = Cop*?
NA—1) =0

M X1+ 2571 X3+ X oy = p*2(qoIn(p) + )
+% (X3+X6) /\()\—1) 7&0

Mz | —qop*pIn(p) + ¢2(p) 2X1 + AX3 @y = Copl #0
+(A = p—1)(X3 + 2X5)

Mz | —qop*pIn(p) 2X1 + X3, Xy

My | —qop* + ¢2(p) 2X1 + X3 — uXe @y = Cop' #0

Mis | —qop? X1, Xy

In [14] it is shown that for the gas dynamics equations all dependent variables can be represented
through the function h(r), which satisfies a first-order ordinary differential equation. Here also
all dependent variables can be defined through the function h(r), but the equation for h(r) is
a fourth-order ordinary differential equation. In fact, since H # 0, from (16) one obtains that
U # 0. Hence, a = «ap, where g is constant. From the first and third equations of (16), one

finds
h/
= R —
SN/
In this case

pP= B

/
B2
) = —agRoh’ <h+1>

Ozo(hQ + 1)
1%

and after substituting p and p into the formula for the pressure, one has

p — F(h, h/7 h//, h”/),

where the function F' is defined by the potential function W. Substituting representations
of p, U and p into the second equation of (15), one obtains the fourth-order ordinary differential

equation for the function h(r).
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4.2 Invariant solutions of (15) with W = —qop?p~°/3 4 Bp®/3

System of equations (15) with the potential function
W = —qop*p "% + Bp*/3

admit the Lie group corresponding to the Lie algebra Ls = { Xy, X2, X3}.

If 8 = 0, then there is one more admitted generator X;. The four-dimensional Lie algebra
with the generators {Xg, X1, X2, X3} is denoted by Ly.

The structural constants of the Lie algebra L4 are defined by the table of commutators:

| Xo X1 X» X3
X0 0 X, X3 2X,

X4 0 X 0
X5 0 —-2Xo
X3 0

Solving the Lie equations for the automorphisms, one obtains:

A ZTo = xo + ap(x1 + 2x3) + a%xQ, A To = xoe %,
0: ~ 1: ~
T3 = x3 + apwa, Tg = x2e™,
A, - To = X9 + ag(xl + 2363) + CL%SU(), A - To = xge®3,
z: T3 = x3 + asxo, 3 To = T9e%3.

Construction of the optimal system of one-dimensional admitted subalgebras consists of using
the automorphisms A; (i = 0,1, 2, 3) for simplifications of the coordinates (zg, z1, z2,z3) of the
generator

J=0

Here k is the dimension of the Lie algebra Ly (k = 3,4). In the case L3 one has to assume that
the coordinate 1 = 0.

Beside automorphisms for constructing optimal system of subalgebras one can use involutions.
Equations (15) posses the involutions F, corresponding to the change t — —¢t. The involution E
acts on the generator

J=0

by transforming the generator X into the generator X with the changed coordinates:

To= —T
E - ~0 0
o = —X9.

Here only the changed coordinates are presented.

4.3 One-dimensional subalgebras

One can decompose the Lie algebra Ly as Ly = I & N, where I = L3 is an ideal and N = {X;}
is a subalgebra of Ls. Classification of the subalgebra N = {X;} is simple: it consists of the
subalgebras:

Ny = {0}, Ny ={X;}.
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According to the algorithm [22] for construction of an optimal system of one-dimensional
subalgebras one has to consider two types of generators: (a) X = xoXo + 22X2 + 23X3,
(b) X = X1 + 29Xo + x2X2 + z3X3. Notice that case (a) corresponds to the Lie algebra Ls.
Hence, classifying the Lie algebra L,4, one also obtains classification of the Lie algebra Ls.

4.3.1 Case (a)

Assuming that z¢ # 0, choosing as = —x3/x¢, one maps x3 into zero. This means that z5 = 0.
For simplicity of explanation, we write it as x3(A2) — 0. In this case x9(As) — Ty = w9 —x32 /0.
If 5 # 0, then applying x2(A;1) — £1, hence, the generator X becomes

X2 + OéXo, o = =+1.

If Z9 = 0, then one has the subalgebra: {Xo}.

In the case g = 0, if x3 # 0 or x4 # 0, then, applying Ay, one can obtain xy # 0, which leads
to the previous case. Hence, without loss of generality one also assumes that x5 = 0, 2 = 0.
Thus, the optimal system of one-dimensional subalgebras in case (a) consists of the subalgebras

{X2 £ Xo}, {Xo} (17)

This set of subalgebras also composes an optimal system of one-dimensional subalgebras of the
algebra Ls.
4.3.2 Case (b)

Assuming that z¢ # 0, choosing aa = —x3/x¢, one maps x3 into zero. In this case xo(A4z) —
To = xg — x3(1 — x3)/xo. If To # 0, then applying A;, and E, (if necessary), one maps the
generator X into

X1 + Xo + vXo,

where v # 0 is an arbitrary constant. If Zo = 0, then z¢(4p) — 0, and the generator X
becomes X;.

In the case x¢g = 0, if 2z3+ 1 # 0 or xo # 0, then, applying Ap, one can obtain xg # 0, which
leads to the previous case. Hence, without loss of generality one also assumes that x3 = —1/2,
x9 = 0, and the generator X becomes X3 — 2X7.

Thus, the optimal system of one-dimensional subalgebras of the Lie algebra L, consists of
the subalgebras

{ X2 + Xo}, {Xo}, {X1+ X2 + X0}, {X3 —2X1}, {X1},
where « # 0 is an arbitrary constant.

Remark 3. An optimal system of subalgebras for W = —qgp~3p?+ 3p> with arbitrary 3 consists
of the subalgebras (17).

Remark 4. The subalgebra {Xs — Xy} is equivalent to the subalgebra: {X3}.

4.4 Invariant solutions of X; 4+ X5 + v X

The generator of this Lie group is

X =9Xo+ X1+ Xo= (2 +t+7)0 +trd, — 3tpd, + (r — U(t + 1))0y — ada.
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To find invariants, one needs to solve the equation
XJ =0,

where J = J(t,r,p,U, a, h). A solution of this equation depends on the value of ~.
Let v = p? 4 1/4. In this case invariants of the Lie group are

2t+1)

1
arctan( 5

y=rs, V=s(t+1/2*+u>)U—-7rt), R=ps 3 A=aen h,

where

2t+1)

s = ((t+1/2)? 4+ p2) 12 ez retenCa

The representation of an invariant solution is

2t+1

s (((t+ 1/2)% + uz) U-rt)=V(y), p= sR(y), a= Ae_%amtan(ﬁ), h = h(y).

Substituting the representation of a solution into (15), one obtains the system of four ordinary
differential equations

V= R/v + (A —8VY)/(42), W = é(’i; b,

R" = (— ((8((3(4(44V + 5y)y — 19Ah) R + 308R'Vy*) R
— 3(88R'Vy? — 9AhR + 12(6V + y)Ry)R"R)V qoy — 9RY3(4(4(2V + y)V
— (4% + DP)y? + (A — 4hVy)A)R®)y — 18(8(R**Vy> + 4Ahqo)Vy

— (20% + 1)A%qo — 4(8(BV + )V — (41° + 1)y*)qoy®) R'R?)) /(288 R*V ?qoy*).

A
N =
v’

Let v = —u? + 1/4. A representation of a solution is

s((E+1/2° = U =) = V), alt+1/2— w3 (t+1/2+ 1) % = A(y),
p(t+1/2— p)** (t+1/24 p)** = R(y),  h=h(y),

where
2u— 1 2p+1
y=rs, s=(t+1/2—p) M (t+1/24p)"*, o= M4u I M4: ’
In this case
R Ah—2Vy) (n* +1) A
V/:_Vi Ah —2Vy) h/:Ai Alzi
R ¢ Vy? v

R" = (528R"R'RV?qoy* + 72R" R*V qoy*(=3Ah + 6Vy + 3?) — 616 R’ 3V 2 goy*
+ 24R™?RV qoy? (19Ah — 44Vy — 5y°) + 18R R*(2R>3V 2y — 8A%h2¢q
— 4A%qo + 32ARV qoy — 40V2qoy” — 8V qoy® — 4 qoy* + qoy”)
+ 9RYBR3y(4A? — ARV y + 8V 22 + 4Vy® + 4pPy* — o) /(T2R*V 2 qoy).

Let v = 1/4. A representation of an invariant solution is
s(t+1/2°U —rt)=V(y), p=sR@y), a=/IAy),  h=hny),

where

1 ye
(t+1/2)

Yy =rs, § =
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In this case

R (Ah—2Vy A (R?+1
oy RV ALY
R" = (528R"R' RV?qoy* + 72R" R*V qoy®(—3Ah + 6Vy + 4?) — 616 R"3V 2 ¢y

+ 24R™?RV qoy? (19Ah — 44Vy — 5y?) + 18R R*(2R**V2y* — 8A%h2qy — 4A%q
+ 32ARV qoy — 40V 2qoy? — 8V qoy® + qoy?) + IR PR3y (4N — AARVy + 8V 2y

+ 4V — ) J(T2R*V 2 qoy?).

A
N =2
V’

These equations were obtained assuming that V' # 0. The case V = 0 leads to

A=0, 2qR —yR3=o.

4.5 Invariant solutions of X3 — 2X,

Invariants of the generator
X3 —2X1 =70, — 3pd, + U0y + 200,
are
U=rV(y), p=r"Rly), a=r*Aly), h=h(y),

where y = t. Substitution into equations (15) gives that the functions V' (y), R(y), A(y) and h(y)
have to satisfy the equations

W=AMR+1),  AN=-20V. R =AhR,
B(RY? +6g0) (V' + V%) = A?(40(h? = 3) + 3(R*/* + 6q0) ).

4.6 Invariant solutions of X;

Invariants of the generator X;
X1 =10 — U0y — a0,
are
xz, Ut, p, h, aot
An invariant solution has the representation
U=t""V(y), p=R@y), a=t"aly), h=hly),
where y = x. Substituting into equations (15), one obtains

R" = (132R"R'RV?qoy* + 18R"R*V qoy*(—3ah + 6Vy + y*) — 154R"3V 2 goy?
+ 6R?RV qoy®(19ah — 44Vy — 5y°) + IR’ R*(R**V2y* — 4a’h2q — 20°qo
+ 16ahV qoy — 20V 2qoy? — 4Vqoy®) + 9IRYPR3y(a® — ahVy

+2V2y? + Vy3))/(18R2V2q0y4).

Here it is assumed that V' # 0. The case V = 0 only leads to the condition A = 0.
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4.7 Invariant solutions of X5 + X,
Xo =t(t0y +r0, — Udy — 3p0,) + r0y.
Invariants of the generator
Xo+ Xo = (t* + 1)0; + trd, — 3tpd, + (r — tU)dy
are
r@+ D)7V U@+ D)V =@+ 1)7Y2 p(t? +1)%2, o, h
An invariant solution has the representation
U+ D)2 —rt(#®+1)72 =V(y), p=E+1)"°Ry), a=aly), h=h(y).

where y = 7(t241)~1/2. Substituting into equations (15), one has to study two cases: (a) V =0,
and (b) V #0.
Assuming V = 0, one obtains that A = 0, and the function R satisfies the equation

2(58RY? — 9g0) R’ + 9yR°/3 = 0.
If V # 0, then one obtains

R (Ah—2Vy) A (%2 41)
Vie Vo4 —r 2 W=—
R + y? ’ Vg2
R" = (132R"R'RV?qoy* + 54R" R*V qoy*(—Ah + 2Vy) — 154R"3V 2 qoy*
+ 6R?RV qoy?(19Ah — 44Vy) — 10RV3R'R®By* + 9R' R2(R*/3V2y* — 4A%h2qq
— 2020 4 16ARV qoy — 20V 2qoy? + 2qoy?) + ORY PR3y (A% — AhVy + 2V2y?

— ")/ (18R*V?qoy").

AN =0,

4.8 Invariant solutions of X, — X

Since the Lie algebra { X2 — X} is equivalent to the Lie algebra with the generator { X3}, then
for the sake of simplicity an invariant solution with respect to

X3 = 2t8t + r@r — U&U — 3,08p

is considered here. Invariants of the generator X3 are
rtfl/Q, Utl/Q, pt3/2, h, «.

An invariant solution has the representation

U=t"?V(y), p=t"?Ry), a=aly), h=nhy),

where y = rt~1/2.

Substituting into equations (15), one has to study two cases: (a) V — y/2 = 0, and
(b) V. —y/2#0.

Assuming V — y/2 = 0, one obtains that A = 0, and the function R satisfies the equation

2(208RY? + 9¢0)R' — 9yR®/? = 0.
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If V —y/2 # 0, then one obtains

5

R 2Ah — (4V — 3y)y A (MP+1)
V= (y/2-V)= W = AN=0
R" = (2(y — 2V)%qoy® (66 R"R' Ry + 54R"R* — TTR'3y — 132R*R)

+9(y — 2V)?y2R2(R'R*?y? — 20R qo + 2R*®y) — 18 R' Ry qq

+ 6(y — 2V)ahy(18R" R2qoy — 38R'? Rqoy — 48R’ R%qo + 3R?3R3y)

— 72R' a?R?qo(2h* + 1) — 40R'3R' By* + 36 R*3a’R3y

+ 9RM/340) /(18 R% oy  (y — 2V)?).

Conclusion

In this paper the complete group classification of the three-dimensional equations describing
a motion of fluids with internal inertia (1) is given. The classification is considered with respect
to the potential function W (p, p). Detailed study of one class of partially invariant solutions (the
Ovsyannikov vortex) for a particular potential function is presented. This solution is essentially
three-dimensional.
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