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Abstract. We review and further develop the theory of E-orbit functions. They are func-
tions on the Euclidean space F,, obtained from the multivariate exponential function by sym-
metrization by means of an even part W, of a Weyl group W, corresponding to a Coxeter—
Dynkin diagram. Properties of such functions are described. They are closely related to
symmetric and antisymmetric orbit functions which are received from exponential functions
by symmetrization and antisymmetrization procedure by means of a Weyl group W. The
FE-orbit functions, determined by integral parameters, are invariant with respect to even
part W2 of the affine Weyl group corresponding to W. The E-orbit functions determine
a symmetrized Fourier transform, where these functions serve as a kernel of the transform.
They also determine a transform on a finite set of points of the fundamental domain F¢ of
the group W2t (the discrete E-orbit function transform).
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1 Introduction

In [1] and [2] it was initiated a study of orbit functions which are closely related to finite groups W
of geometric symmetries generated by reflection transformations r; (that is, such that r? = 1),
i = 1,2,...,n, of the n-dimensional Euclidean space E,, with respect to (n—1)-dimensional
subspaces containing the origin. In fact, orbit functions are multivariate exponential functions
symmetrized or antisymmetrized by means of a Weyl group W of a semisimple Lie algebra or
symmetrized by means of its subgroup W, consisting of even elements of W. Orbit functions
on the 2-dimensional Euclidean space F», invariant or anti-invariant with respect to W, were
considered in detail in [3, 4, 5, 6]. A detailed description of symmetric and antisymmetric orbit
functions on any Euclidean space E,, is given in [7] and in [8]. Orbit functions on Es, invariant
with respect to W, are studied in [9].

The important peculiarity of orbit functions is a possibility of their discretization [10], which
is made by using the results of paper [11]. This possibility makes orbit functions useful for
applications. In particular, on this way multivariate discrete Fourier transform and multivariate
discrete sine and cosine transforms are received (see [8, 12, 13]).

In order to obtain a symmetric orbit function we take a point A € E,, and act upon A by all
elements of the group W. If O(\) is the W-orbit of the point A, that is, the set of all different
points of the form wA, w € W, then the symmetric orbit function, determined by A, coincides
with

d)/\(x): Z eQwi(u,x)’
)

neO(A
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where (u,x) is the scalar product on E,. These functions are invariant with respect to the
action by elements of the group W: ¢)(wz) = ¢x(x), w € W. If X is an integral point of E,,
then ¢, (z) is invariant with respect to the affine Weyl group W2 corresponding to W.

Symmetry is the main property of symmetric orbit functions which make them useful in
applications. Being a modification of monomial symmetric functions, they are directly related
to the theory of symmetric (Laurent) polynomials [14, 15, 16, 17] (see Section 11 in [7]).

Symmetric orbit functions ¢, (z) for integral A are closely related to the representation theory
of compact groups G. In particular, they were effectively used for different calculations in rep-
resentation theory [18, 19, 20, 21, 22]. They are constituents of traces (characters) of irreducible
unitary representations of G.

Antisymmetric orbit functions are given by

ox(z) = Z (det w)e?mitwAz), x € By,
weWw

where A is an element, which does not lie on a wall of a Weyl chamber, and det w is a determinant
of the transformation w (it is equal to 1 or —1, depending on either w is a product of even or
odd number of reflections). The orbit functions ¢, have many properties that the symmetric
orbit functions ¢ do. However, antisymmetry leads to some new properties which are useful for
applications [6]. For integral A, antisymmetric orbit functions are closely related to characters of
irreducible representations of the corresponding compact Lie group G. Namely, the character y
of the irreducible representation T\, A € P, coincides with vy, ,/¢,, where p is the half-sum of
positive roots related to the Weyl group W.

A symmetric (antisymmetric) orbit function is the exponential function 2™ on E,, sym-
metrized (antisymmetrized) by means of the group W. For each transformation group W, the
symmetric (antisymmetric) orbit functions, characterized by integral A, form a complete basis in
the space of symmetric (antisymmetric) with respect to W polynomials in e?™%i j =1,2 ... n,
or an orthogonal basis in the Hilbert space obtained by closing this space of polynomials with
respect to an appropriate scalar product.

Orbit functions ¢ (z) (or px(z)), when A runs over integral elements, determine the so-called
symmetric (antisymmetric) orbit function transform, which is a symmerization (antisymmetriza-
tion) of the usual Fourier series expansion on E,. If A runs over the dominant Weyl chamber
in the space E,, then ¢)(x) (or p)(z)) determine a symmetric (antisymmetric) orbit function
transform, which is a symmetrization (antisymmetrization) of the usual continuous Fourier ex-
pansion in E,, (that is, of the Fourier integral).

The Fourier transform on R leads to the discrete Fourier transform on grids. In the same
way the symmetric and antisymmetric orbit function transforms lead to discrete analogues
of these transforms (which are generalizations of the discrete cosine and sine transforms, re-
spectively, [23]). These discrete transforms are useful in many things related to discretization
(see [3, 4, 5]). Construction of the discrete orbit function transforms are fulfilled by means of
the results of paper [11].

Symmetric orbit functions are a generalization of the cosine function, whereas antisymmetric
orbit functions are a generalization of the sine function. There appears a natural question: What
is a generalization of the exponential function of one variable? This generalization is given by
orbit functions symmetric with respect to the subgroup W, of even elements in W.

Our goal in this paper is to give in a full generality the theory of orbit functions symmetric
with respect to the group W.. We shall call these functions E-orbit functions, since they are
an analogue of the well-known exponential function (since symmetric and antisymmetric orbit
functions ¢y and @) are generalizations of the cosine and sine functions, they are often called as
C-functions and S-functions, respectively). This paper is a natural continuation of our papers [7]
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and [8]. Under our exposition we use the results of papers [2] and [10], where E-orbit functions
are defined.

Roughly speaking, F-orbit functions are related to symmetric and antisymmetric orbit func-
tions in the same way as the exponential function in one variable is related to the sine and cosine
functions.

E-orbit functions are symmetric with respect to the subgroup W, of the Weyl group W, that
is, Ex(wx) = E)(z) for any w € W,. The subgroup W, is of index 2 in W, that is |[W/W,| = 2,
where |X| denote a number of elements in the corresponding set X. This means that F-orbit
functions are determined not only for A from dominant Weyl chamber Dy (as in the case of
symmetric orbit functions), but also for elements from the set 7; D, where r; is a fixed reflection
from W.

If A is an integral element, then the corresponding E-orbit function E)(z) is symmetric also
with respect to elements of the affine Weyl group W2, corresponding to the group W, (in fact,
the group W2 consists of even elements of the whole affine Weyl group W, corresponding
to the Weyl group W).

Symmetry with respect to Wfff is a main property of E-orbit functions with integral .
Because of this symmetry, it is enough to determine F-orbit functions only on the fundamental
domain F(W2H) of the group W2 (if X is integral). This fundamental domain consists of two
fundamental domains of the whole affine Weyl group W24t

When the group W is a direct product of its subgroups, say W = W; x Wy, then W, =
(W1)e x (W2),. In this case E-orbit functions of W, are products of E-orbit functions of (W7).
and (W3).. Hence it suffices to carry out our considerations for groups W, which cannot be
represented as a product of its subgroups (that is, for such W for which a corresponding Coxeter—
Dynkin diagram is connected).

FE-orbit functions with integral A determine the so-called F-orbit function transform on the
fundamental domain F(W2T) of the group Waf. It is an expansion of functions on F(W2) in
these E-orbit functions. E-orbit functions Ey(z) with A from E,, determine FE-orbit function
transform on the fundamental domain F(W,) of the group W,. It is an analogue of the usual
integral Fourier transform.

FE-orbit functions determine also the discrete E-orbit function transforms. They are trans-
forms on grids of the domain F(W2). These transforms are an analogue of the usual discrete
Fourier transforms.

We need for our exposition a general information on Weyl groups, affine Weyl groups and
root systems. We have given this information in [7] and [8]. In order to make this paper self-
contained we repeat shortly a part of that information in Section 2. In this section we also
describe even Weyl groups and affine even Weyl groups.

In Section 3 we define and study We-orbits. It is shown how W,-orbits are related to W-orbits.
Each W-orbit is a We-orbit or consists of two W, -orbit. To each W, -orbit there corresponds an
E-orbit function. We-orbits are parametrized by elements of even dominant Weyl chamber D .

We describe in Section 3 all We-orbits for Ao and Cs. A big class of We-orbits for G» is also
given. All We-orbits of Az, B3 and Cg are derived. It is proposed to describe points of We-orbits
of A,, B,, C, and D,, by means of orthogonal coordinates. Then elements of the group W, and
We-orbits are described in a simple way. Section 3 contains also a description of fundamental
domains for the groups W2t (A,), Waf(B,), W2 (C,,), and W2f(D,,).

Section 4 is devoted to description of F-orbit functions. FE-orbit functions, corresponding
to Coxeter—Dynkin diagrams, containing only two nodes, are given in an explicit form. In this
section we also give explicit formulas for F-orbit functions, corresponding to the cases A, By,
C, and D, in the corresponding orthogonal coordinate systems.

In Section 5, properties of F-orbit functions are derived. If A is integral, then a main property
of the E-orbit function Ej(x) is an invariance with respect to the affine even Weyl group W2,
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Relation of E-orbit functions to symmetric and antisymmetric orbit functions (that is, to W-
orbit functions) is described.

E-orbit functions E)(z) with integral A are orthogonal on the closure of the fundamental
domain of the group W2, This orthogonality is given in Section 5.

E-orbit functions are solutions of the corresponding Laplace equation. This description is
exposed in Section 5. E-orbit functions also are solutions of some other differential equations.

In Section 6 we consider expansions of products of F-orbit functions into a sum of E-orbit
functions. These expansions are closely related to properties of W,-orbits, namely, the ex-
pansions are reduced to decomposition of products of We.-orbits into separate W,-orbits. In
general, it is a complicated problem (especially, when multiple W,-orbits appear in the decom-
position). Several propositions, describing decomposition of products of We-orbits, are given.
Many examples for expansions in the case of Coxeter—Dynkin diagrams As, C3, and G4y are
considered.

Section 7 is devoted to expansion of We-orbit functions into a sum of W/-orbit functions,
where W/ is an even Weyl subgroup of the even Weyl group We. The cases of restriction of A,
to A,_1, of B, to B,_1, of C,, to C,,_1, and of D,, to D,,_1 are described in detail.

In Section 8 we expose F-orbit function transforms. There are two types of such transforms.
The first one is an analogue of the expansion into Fourier series (it is an expansion on the
fundamental domain of the group W) and the second one is an analogue of the Fourier
integral transform (it is an expansion on the even dominant Weyl chamber).

In Section 9 a description of a W,-generalization of the multi-dimensional finite Fourier trans-
forms is given. This generalization is connected with grids on the corresponding fundamental
domains for the affine even Weyl groups W2, These grids are determined by a positive inte-
ger M. To each such an integer there corresponds a grid on the fundamental domain. Examples
of such grids for Ay, Cy and G are given.

Section 10 is devoted to exposition of W.-symmetric functions, which are symmetric analogues
of special functions of mathematical physics or orthogonal polynomials. In particular, we find
eigenfunctions of the W,-orbit function transforms. These eigenfunctions are connected with
classical Hermite polynomials.

2 Root systems and Weyl groups

2.1 Coxeter—Dynkin diagrams and simple roots

We need finite transformation groups W, acting on the n-dimensional Euclidean space F,,
which are generated by reflections r;, 1 = 1,2,...,n (that is, r? = 1); the theory of such groups
see, for example, in [24] and [25]. We are interested in those groups W which are Weyl groups
of semisimple Lie groups (semisimple Lie algebras). It is well-known that such Weyl groups
together with the corresponding systems of reflections r;, ¢ = 1,2,...,n, are determined by
Coxeter—Dynkin diagrams. There are 4 series of simple Lie algebras and 5 separate simple Lie
algebras, which uniquely determine their Weyl groups W. These algebras are denoted as

A’n (n Z 1)7 Bn (n Z 3)7 C’n (TL Z 2)7 Dn (n Z 4)7 E67 E77 E87 F47 GQ-

To these simple Lie algebras there correspond connected Coxeter-Dynkin diagrams.

To semisimple Lie algebras (they are direct sums of simple Lie subalgebras) there correspond
Coxeter—Dynkin diagrams, which consist of connected parts, corresponding to simple Lie sub-
algebras; these parts are not connected with each other (a description of the correspondence
between simple Lie algebras and Coxeter—Dynkin diagrams see, for example, in [26]). Thus, we
describe only Coxeter—Dynkin diagrams, corresponding to simple Lie algebras. They are of the
form
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1 2 3 n n
A, O—O—O—: =0 1 2 n—3 n—1
D, O—O—-+
n—2
1 2 n—1 n 6
B, O—0O——(C—e 1 2 4 5
Eg
1 2 n—1 n 3
C, &—0— —@—0O 8
7 1 2 3 4 6 7
1 2 4 5 6 Fy
Er 5
3
1 2 3 4 L2
F, O—(CO—e—e G, O—®
A diagram determines a certain non-orthogonal basis {a1, a9, ..., a,} in the Euclidean spa-

ce E,. Each node of a diagram is associated with a basis vector a4, called a simple root. A direct
link between two nodes indicates that the corresponding basis vectors are not orthogonal. Con-
versely, an absence of a direct link between nodes implies orthogonality of the corresponding
vectors. Single, double, and triple links indicate that the relative angles between the two simple
roots are 27 /3, 3w /4, 57 /6, respectively. There can be only two cases: all simple roots are of
the same length or there are only two different lengths of simple roots. In the first case all
simple roots are denoted by white nodes. In the case of two lengths, shorter roots are denoted
by black nodes and longer ones by white nodes. Lengths of roots are determined uniquely up to
a common constant. For the cases B,,, C,, and Fy, the squared longer root length is double the
squared shorter root length. For G4, the squared longer root length is triple the squared shorter
root length. Simple roots of the same length are orthogonal to each other or an angle between
them is 27 /3. A number of simple roots is called a rank of the corresponding Lie algebra.

To each Coxeter-Dynkin diagram there corresponds a Cartan matrix M, consisting of the
entries

2(aj, ag)

My, =
! (g, o)

. gke{l2....n, (2.1)

where (z,y) denotes the scalar product of z,y € E,. Cartan matrices of simple Lie algebras are
given in many places (see, for example, [27]). For ranks 2 and 3 they are of the form:

2 -1 2 -1 2 =3
p(25) e (B 50) e (25

2 -1 0 2 -1 0 2 -1 0
As: [ -1 2 -1 |, By: | -1 2 —2|, o3:| -1 2 -1
0 -1 2 0 -1 2 0 -2 2

Lengths of the basis vectors «; are fixed by the corresponding Coxeter—Dynkin diagram up
to a constant. We adopt the standard choice in the Lie theory, namely

(a,a) =2

for all simple roots of A,,, D,, Fg, F7, Eg and for the longer simple roots of B,,, Cy,, Fy, Gs.

2.2 Weyl group and even Weyl group

A Coxeter—Dynkin diagram determines uniquely the corresponding transformation group W of
the Euclidean space E,,, generated by reflections r;, ¢ = 1,2, ..., n. These reflections correspond
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to simple roots «;, ¢ = 1,2,...,n. Namely, the transformation r; corresponds to the simple
root «; and is the reflection with respect to (n — 1)-dimensional linear subspace (hyperplane)
of E,, (containing the origin), orthogonal to «;. Such reflections are given by the formula

2(x, i)

L i=1,2,....m, € E,. 2.2
<a¢,ai>al i n x n (2.2)

T =T —

Each reflection r; can be thought as attached to the i-th node of the corresponding diagram.

A finite group W, generated by the reflections r;, i = 1,2,...,n, is called a Weyl group,
corresponding to a given Coxeter—Dynkin diagram. If a Weyl group W corresponds to a Coxeter—
Dynkin diagram of a simple Lie algebra L, then this Weyl group is often denoted by W (L).
Properties of Weyl groups are well known (see [24] and [25]). The orders (numbers of elements)
of Weyl groups are given by the formulas

(W(A)| = (n+ 1)L [W(B,)| = [W(Cn)| = 2"n!, [W(Dy)|=2"""nl,
(W (Es)| = 51840,  |W(E7)| =2 903040, (W (Es)| = 696729 600, (2.3)
[W(Fy)| = 1152, [W(G2)| = 12.

In particular,
W(A2)| =6,  |[W(C2)|=8,  [W(43)|=24,  |W(Bs)|=|W(C5)|=48.

Elements of the Weyl groups are linear transformations of the Kuclidean space E,. To these
transformations there correspond in an orthonormal basis of E,, the corresponding n xn matrices.
Since these transformations are orthogonal, then determinants of these matrices are +1 or —1.
We say that a transformation w € W is even if detw = 1 and odd if detw = —1. Clearly, for
reflections r, corresponding to roots a we have detr, = —1. If w € W is a product of even
(odd) number of reflections, then detw =1 (detw = —1).

The set of all elements w € W with detw = 1 constitute a subgroup of W which will be
denoted by W,. One says that it is a subgroup of even elements of W. Moreover, W, is a normal
subgroup of W, that is, wW,w™' = W, for any w € W. The group W, is a basic group for
definition of E-orbit functions.

Elements of W, which do not belong to W, are called odd. The number of even elements
in W is equal to the number of odd elements, that is, |IW/W,| = 2. In particular, we have

(We(A2)| =3, [We(Co)| =4, [We(Ga)| =6, [We(A3)] = 12,
|W€(B3)’ = ’We(ci%)‘ = 24.

The Weyl groups W (B3) and W(C3) are isomorphic. For this reason, the even Weyl groups
We(B3) and W,(C3) are isomorphic.

Elements of W, are orthogonal transformations of F, with a unit determinant. Therefore,
We is a finite subgroup of the rotation group SO(n) of E,. That is, the group W, consists of
rotations of the space E,. In particular, for rank 2 case the even Weyl groups consist of rotations
of a plane:

We(Ag) = {1,rot(27/3),rot(47/3)},
We(Cy) = {1,rot(mw/2), rot(m), rot(37/2)},
W, (Gs) = {1,rot(kn/3), k =1,2,3,4,5)}.
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2.3 Root and weight lattices

A Coxeter—Dynkin diagram determines a system of simple roots in the Euclidean space FE,.
Acting by elements of the Weyl group W upon simple roots we obtain a finite system of vectors,
which is invariant with respect to W. A set of all these vectors is called a system of roots
associated with a given Coxeter-Dynkin diagram. It is denoted by R.

It is proved (see, for example, [26]) that roots of R are linear combinations of simple roots
with integral coefficients. Moreover, there exist no roots, which are linear combinations of «;,
i =1,2,...,n, both with positive and negative coefficients. Therefore, the set of roots R can
be represented as a union R = Ry U R_, where R, (respectively R_) is the set of roots which
are linear combinations of simple roots with positive (negative) coefficients. The set R (the
set R_) is called a set of positive (negative) roots.

As mentioned above, a set of roots R is invariant under the action of elements of the Weyl
group W(R). However, wR, # Ry if w is not a trivial element of W.

Let X, be the (n— 1)-dimensional linear subspace (hyperplane) of E,, (containing the origin)
which is orthogonal to the root a. The hyperplane X, consists of all points x € E, such that
(x,a) = 0. Clearly, X, = X_,. The set of reflections with respect to X,, a € R, coincides
with the set of all reflections of the corresponding Weyl group W.

The subspaces X, @ € Ry, split the Euclidean space E,, into connected parts which are called
Weyl chambers. (We assume that boundaries of Weyl chambers belong to the corresponding
chambers. Therefore, Weyl chambers can have common points; they belong to boundaries of the
corresponding chambers.) A number of Weyl chambers coincides with the number of elements
of the Weyl group W. Elements of the Weyl group permute Weyl chambers. A part of a Weyl
chamber, which belongs to some hyperplane X, is called a wall of this Weyl chamber. If for
some element = of a Weyl chamber we have (x,«) = 0 for some root «, then this point belongs
to a wall. The Weyl chamber consisting of points x such that

(x,a;) >0, 1=1,2,...,n,

is called the dominant Weyl chamber. 1t is denoted by D.. Elements of D, are called dominant.
If (x,0) > 0,i=1,2,...,n, then x is called strictly dominant element.

If we act by elements of the even subgroup W, of W upon a fixed Weyl chamber, then we do
not obtain all Weyl chambers. In order to have transitive action of W, on parts of the Euclidean
space Ey, we have to split F, into a parts larger than Weyl chambers. In order to obtain such
parts, we take the dominant Weyl chamber D, and act upon it by one of the reflections r,,
where « is a root. Denote the union Di Ur, D, (where each point is taken only once) by DS.
Then acting upon D¢ by elements of W, we cover the whole Euclidean space E,,. The domains
wDS, w € W, are called even Weyl chambers. The procedure of splitting of F, into even Weyl
chambers is not unique. It depends on the reflection r, taken for obtaining the first even Weyl
chambers. For different roots « sets of even Weyl chambers are different. However, for each
fixed root « the corresponding set of even Weyl chambers is transitive for the group W,. The
set DS = D% («) is called an even dominant Weyl chamber.

The set @ of all linear combinations

Q= {zn:aiai | a; € Z} = @Zai
i=1 7

is called a root lattice corresponding to a given Coxeter—Dynkin diagram. Its subset
n
Q-‘r = {Zaiai ‘ a; :O7la2a"-}
i=1

is called a positive root lattice.
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To each root a € R there corresponds a coroot ¥ defined by the formula

y 2«

(o, a)

It is easy to see that aV = a. The set QV of all linear combinations

n
QY = {Zaia;/ | a; € Z} = @Zal\/
i=1 i

is called a coroot lattice corresponding to a given Coxeter-Dynkin diagram. The subset

n
QY = {Zaia;/ | ai:0,1,2,...}
i=1

is called a positive coroot lattice.

As noted above, the set of simple roots «;, ¢ = 1,2,...,n, form a basis of the space E,. In
addition to the a-basis, it is convenient to introduce the so-called w-basis, wi,wa,...,w, (also
called the basis of fundamental weights). The two bases are dual to each other in the following
sense:

2<O‘j7wk>

(o) = (af ,wi) = i, g ke {1,2,...,n}. (2.4)
Jr ]

The w-basis (as well as the a-basis) is not orthogonal.
Note that the factor 2/(a;, ;) can take only three values. Indeed, with the standard nor-
malization of root lengths (see Subsection 2.1), we have

2

m =1 forrootsof A,, D,, Eg, E7, Eg,
2

Toron) =1 for long roots of B,, C,, Fyi, Ga,
2

——— =2 for short roots of B, C,, Fy,

(o, ag)
2

——— =3 for short roots of Gbs.

(o, ag)

For this reason, we get

o) = ap for roots of A, D, Es, E;, Egs,
az = qy, for long roots of B,, C,, Fy, Go,
a% = 2qy,  for short roots of B,, C,, Fj,

a% = 3ay, for short roots of Go.

The a- and w-bases are related by the Cartan matrix (2.1) and by its inverse:

n

n
Qj :ZMjkwkv Wwj :Z(M_l)jkak (2.5)
k=1 k=1

For ranks 2 and 3 the inverse Cartan matrices are of the form

12 1 (112 (2 3
A2.3<12>, cg.(11>, 02.(12),
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1 3 21 1 2 2 2 2 21
A3:1 2 4 2 N B32§ 2 4 4 5 031* 2 4 2
1 2 3 1 2 3 2 4 3

Later on we need to calculate the scalar product (z,y) when x and y are given by coordi-
nates z; and y; in w-basis. It is given by the formula

Z 2y (M) o | o) = 2M ™' Dy" = 2Sy”, (2.6)
J,k 1
where D is the diagonal matrix diag (3{(a1, 1), ..., 3(an, an)). Matrices S, called ‘quadratic

form matrices’, are shown in [27] for all connected Coxeter-Dynkin diagrams.
The sets P and P, defined as

P=Zwi+ - +Zw, D Py =27 +--- +722%0,,

are called respectively the weight lattice and the cone of dominant weights. The set P can be
characterized as a set of all A\ € F,, such that

2<Oz]', >‘>

oy ~ (N €L

J

for all simple roots ;. Clearly, Q C P. Below we shall need also the set Pj: of dominant weights
of Py, which do not belong to any Weyl chamber (the set of integral strictly dominant weights).
Then A € P means that (A, ;) > 0 for all simple roots ;. We have

Pl =77%n +Z7%5 + - + 27wy,

The smallest dominant weights of P, different from zero, coincide with the elements wy, wa,

. ,wy, of the w-basis. They are called fundamental weights. They are highest weights of funda-
mental irreducible representations of the corresponding simple Lie algebra L.

Through the paper we often use the following notation for weights in w-basis:

z:E ajw; = (a1 ag ... ap), a,...,ap € 7.

Ifﬂ:—Zba then

l’) = Zajbj. (27)
j=1

2.4 Highest root and affine root system

There exists a unique highest (long) root & and a unique highest short root £. The highest
(long) root can be written as

= Zmzaz = Z mi Oéz>az Y = qu . (2.8)

=1

The coefficients m; and ¢; can be viewed as attached to the i-th node of the diagram. They are
called marks and comarks (see, for example, [27]). In root systems with two lengths of roots,
that is, in By, Cy,, Fy and G, the highest (long) root £ is of the form

By: €=(010...0) = a1 + 20 + 2a3 + - - + 20, (2.9)
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Cpn: €= (20...0) =201 429 + - + 2051 + (2.10)
F,: &= (1000) = 209 + 3ag + 4as + 2ay, (2.11)
Gy : &= (1 O) =20 + 3. (2.12)

For A,,, D,, and E,, all roots are of the same length, hence £, = £&. We have

Ap: €=(10...01)=ar+ag+-+ ap, (2.13)
Dp: €=(010...0)=as+209+ -+ 20y 9+ an_1 + oy, (2.14)
Eg: £€=(010...0) = a1 + 2a2 + 3a3 + 2a4 + a5 + 2as, (2.15)
Er: €= (100...0) =201 + 33 + 43 4 34 + 205 + ag + 2a7, (2.16)
Es: €=(00...01) =2 + 3az + 4ag + 5ay + 6as + 4ag + 207 + 3as. (2.17)

For highest root ¢ we have

&V =¢ (2.18)
Moreover, if all simple roots are of the same length, then
Oé;/ = Q.

For this reason,

(q1,92, .-, qn) = (M1, ma,...,my).

for A,, D, and E,. Formulas (2.13)—(2.18) determine these numbers. For short roots «; of By,
C,, and Fy we have al\/ = 2a;. For short root as of G2 we have ay = 3. For this reason,

q1,q2, -, qn) = (1,2,...,2,1) for B,
41,92, -, qn) = (1,1,...,1,1) for C,,
a1,92,93,q4) = (2,3,2,1) for Fy,
q1,q2) = (2,1) for Gs.

~~ T~/

To each root system R there corresponds an extended root system (which is also called an
affine root system). It is constructed with the help of the highest root £ of R. Namely, if
a1, Q2, ..., 0, is a set of all simple roots, then the roots

ap = =&, 01,0, ..., ap

constitute a set of simple roots of the corresponding extended root system. Taking into account
the orthogonality (non-orthogonality) of the root ap to other simple roots, a diagram of an
extended root system can be constructed (which is an extension of the corresponding Coxeter—
Dynkin diagram; see, for example, [28]). Note that for all simple Lie algebras (except for A,)
only one simple root is orthogonal to the root ag. In the case of A,, the two simple roots ay
and a,, are not orthogonal to «y.

2.5 Affine Weyl group and even affine Weyl group

We are interested in FE-orbit functions which are given on the Euclidean space F,. These
functions are invariant with respect to action by elements of an even Weyl group W,, which
is a transformation group of F,. However, W, does not describe all symmetries of E-orbit
functions corresponding to weights A € P{ = P, Ur,P;. A whole group of symmetries of these
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E-orbit functions is isomorphic to the even affine Weyl group W2 which is an extension of the
even Weyl group W. To describe the group W2 we first define the affine Weyl group W2,

Let a1, as,...,a, be simple roots in the Euclidean space E,, and let W be the corresponding
Weyl group. The group W is generated by reflections r,,, 2 = 1,2,...,n. In order to construct
the affine Weyl group W2, corresponding to W, we have to add an additional reflection. This
reflection is constructed as follows.

We consider the reflection r¢ with respect to the (n — 1)-dimensional subspace (hyperplane)
Xp—1 containing the origin and orthogonal to the highest (long) root &, given in (2.8):

2(x, §)
(€,€)

Clearly, r¢ € W. We shift the hyperplane X,,_; by the vector £¥/2, where £¥ = 2¢/(&,§).
(Note that by (2.18) we have £V = £. However, it is convenient here to use £V.) The reflection
with respect to the hyperplane X,,_; + £V/2 will be denoted by rg. In order to fulfill the
transformation 7y we have to fulfill the transformation r¢ and then to shift the result by £V,
that is,

3 (2.19)

Tgx:l'—

rox =rex + &Y.
We have ro0 = ¢ and it follows from (2.19) that ro maps = + £V/2 to

re(x+&7/2) + & =x+£/2— (x,£")¢

Therefore,
2(z, ¢ 2(x, &Y
CCRE B ARVERE S AAARUCRE ot
_ \Y _ 2<JZ‘ _|_€\//27€\/> V 2<€\//27§\/> V
SERERT T e ey S ey
Denoting = + £¥/2 by y we obtain that rg is given also by the formula
2(y, &Y
roy =y + (1 - (é\%,é\/;) ¢V =& +rey. (2.20)

The element g does not belongs to W since elements of W do not move the point 0 € F,,.
The hyperplane X,,_1 + £ /2 coincides with the set of points y such that 7oy = y. It follows
from (2.20) that this hyperplane is given by the equation

2(y, £ -
1= 2080 = aa (2.21)
€, 6) 2
where
n n
y=> apwr, =Y gy
k=1 k=1
(see (2.7)).
A group of transformations of the Euclidean space E,, generated by reflections ro, rq,, ..., 7a,

is called the affine Weyl group of the root system R and is denoted by W2 or by Wﬁff (if is
necessary to indicate the initial root system), see [28]. Adjoining the reflection ro to the Weyl
group W completely changes properties of the group Wi,
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Due to (2.19) and (2.20) for any x € E,, we have
rorex = ro(rex) = £ +rerer =z + €Y.

Clearly, (rorg)kx =z + k&', k = 0,£1,£2,..., that is, the set of elements (rorg)k, k =
0,41,42,..., is an infinite commutative subgroup of W2, This means that (unlike to the
Weyl group W) WAt s an infinite group.

Since 190 = £V, for any w € W we have

wrp0 = wﬁv = qu,,

where £, is a coroot of the same length as the coroot £¥. For this reason, wrq is the reflection
with respect to the (n—1)-hyperplane perpendicular to the root £, and containing the point &y, /2.
Moreover,

(wro)r%x =z+¢&)

We also have ((wm)r%)kx =ux+ k&), k=0,+£1,42 .... Since w is any element of W, then
the set w&Y, w € W, coincides with the set of coroots of R, corresponding to all long roots of
the root system R. Thus, the set W2 . 0 coincides with the lattice Q) generated by coroots o¥
taken for all long roots a from R.

It is checked for each type of root systems that each coroot &Y for a short root & of R is
a linear combination of coroots w¢" = &, w € W, with integral coefficients, that is, Q¥ = Q.
Therefore, The set W . 0 coincides with the coroot lattice Q¥ of R.

Let QY be the subgroup of W& generated by the elements

(wro)rw, we W, (2.22)

where 7, = r¢v for w € W. Since elements (2.22) pairwise commute with each other (since they
are shifts), QV is a commutative group. The subgroup @V can be identified with the coroot
lattice QY. Namely, if for g € QY we have g-0 = v € QV, then g is identified with . This
correspondence is one-to-one.

The subgroups W and Q" generate W2 since a subgroup of Waf, generated by W and QV,
contains the element ro. The group W is a semidirect product of its subgroups W and QV,
where QY is an invariant subgroup (see Section 5.2 in [7] for details).

We shall need not the whole affine Weyl group W2 but only its subgroup, constructed on
the base of the even Weyl group W,. The subgroup W2, coinciding with the semidirect product
of the even Weyl group W, and Qv, will be called an even affine Weyl group. This subgroup
does not contain the reflection ro € W2, One says that W2 consists of even elements of W21t

2.6 Watf_fundamental domain and ijf-fundamental domain

An open connected simply connected set F(G) C E, is called a fundamental domain for the
group G (G = W, Wt W, Wai) if it does not contains equivalent points (that is, points x
and z’ such that x = wz, w € G) and if its closure contains at least one point from each
G-orbit. It is evident that the dominant Weyl chamber Dy without walls of this chamber is
a fundamental domain for the Weyl group W. Recall that this domain consists of all points
T =awy + -+ apw, € E, for which

a; = (z,a)) >0, 1=1,2,...,n.

For any fixed root «, the domain DS = Dy Ur,D,; (where each point is taken only once) can
be taken as a closure of the fundamental domain of the even Weyl group W,. The fundamental
domain of W, is the set D¢ without its boundary.
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Let us describe a fundamental domain for the group W2, Since W ¢ W3 it can be chosen
as a subset of the dominant Weyl chamber for W.

We have seen that the element ro € W2 is a reflection with respect to the hyperplane
X1+ &Y/2, orthogonal to the root £ and containing the point £ /2. This hyperplane is given
by the equation (2.21). This equation shows that the hyperplane X,,_1 + £¥/2 intersects the
axes, determined by the vectors wj, in the points w;/q;, i = 1,2,...,n, where ¢; are such as
in (2.21). We create the simplex with n + 1 vertices in the points

0, XL . “n

- ; (2.23)
n

By (2.21), this simplex consists of all points y of the dominant Weyl chamber for which (y, £) < 1.
Clearly, the interior F' of this simplex belongs to the dominant Weyl chamber. The following
theorem is true (see, for example, [7]):

Theorem 1. The set F is a fundamental domain for the affine Weyl group WaEt,

For the rank 2 cases the fundamental domain is the interior of the simplex with the following
vertices:

AQZ {O, Wi, (.UQ},
CQZ {O, w1, wg},
G2: {07 %a WQ}'

A fundamental domain of the even affine group Wfff can be taken in such a way that it is
contained in the fundamental domain D¢ of W.. Namely, the set F'UroF (where each point
is taken only once) without its boundary satisfies this condition and is a W2-fundamental
domain.

3 W._,-orbits

3.1 Definition

As we have seen, the (n — 1)-dimensional linear subspaces X, of E,, orthogonal to positive
roots « and containing the origin, divide the space F, into connected parts, which are called
Weyl chambers. A number of such chambers is equal to an order of the corresponding Weyl
group W. Elements of the Weyl group permute these chambers. A single chamber D, such
that (o, z) >0, x € Dy, i=1,2,...,n, is the dominant Weyl chamber. We fix a root « and
create a set DG = D Ur,D,, where r, is the reflection corresponding to the root a. The sets,
received from D¢ by action by elements of W, are called even Weyl chambers. Clearly, they
depend on choosing of the root ow. However, different choices of a (and therefore, of even Weyl
chambers) does not change a set of W,-orbits, which are considered below.

The cone of dominant integral weights Py belongs to the dominant Weyl chamber D, . By P¢
we denote the set P{ Ur,P{ (where each point is taken only once). Then P{ C Df.

Let y be an arbitrary dominant element of the Euclidean space F,. We act upon y by all
elements of the Weyl group W. As a result, we obtain the set wy, w € W/W,, (where W, is the
subgroup of elements of W leaving y invariant), which is called a Weyl group orbit or a W-orbit
of the point y. A W-orbit of a point y € D, is denoted by O(y) or Ow(y). A size of an
orbit O(y) is a number |O(y)| of its elements. Each Weyl chamber contains only one point of
a fixed orbit Q(y).

Now we act upon element y € E, by all elements of the even Weyl group W,. As a result,
we obtain a set of elements wy, w € W, (each point is taken only once), which is called an even
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Weyl group orbit or a W,-orbit of the point y. A We-orbit of a point y € D¢ is denoted by O.(y)
or Ow, (y). Each even Weyl chamber contains only one point of a fixed orbit Q¢(y).

We-orbits O.(y) do not depend on a choice of a root o with respect to which we construct
the even dominant Weyl chamber D¢ = D, Ur,D..

There are two types of We-orbits: orbits O, (y) which contain a point of the dominant Weyl
chamber D, (we call them W,-orbits of the fist type) and orbits which do not contain such
a point (we call them We-orbits of the second type). It is easy to see that each W-orbit O(y)
with strictly dominant y consists of two We-orbits, one of them is of the first type and the
second of the second type. Namely,

= Oe(y) U Oc(ray),

where the We-orbit O¢(r,y) does not depend on a choice of the root «, that is, O(roy) are the
same for all positive roots « of a given root system. Moreover, the orbit O¢(r,y) is obtained
from the orbit O.(y) by acting upon each point of O.(y) by reflection 74, Oc(ray) = 700 (y).

If y belongs to some wall of the dominant Weyl chamber, then the We-orbit O.(y) coincides
with the W-orbit O(y).

Example. The case A;. The Weyl group W of A; consists of two elements 1 and r,, where
« is a unique positive root of A;. The element r, is a reflection and, therefore, detr, = —1.
Thus, the subgroup W, in this case contains only one element 1. This means that each point of
the real line is a We-orbit for A;. In particular, O.(y), y > 0, belongs to orbits, corresponding
to dominant elements. The other orbits (except for the orbit O.(0)) are obtained by acting by
the reflection r,.

3.2 W_-orbits of Ay, C3, G2

In this subsection we give W,-orbits for the rank two cases. Orbits will be given by coordinates
in the w-basis. Points of the orbits will be denoted as (a b), where a and b are w-coordinates.

If a > 0 and b > 0, then the We-orbits Oc(a b) and r,O(a b) = Oc(—a a + b) of As contain
points

Az Oc(abd)> (ab), (—a—ba), (b —a—b), (3.1)
Oc(—a a+b) 3 (—a a+b), (a+b —b), (=b —a).

The other W,-orbits of Ay are

A2: Oc(a0)> (a0), (—aa), (0—a), (3.3)
0:(0b) > (0b), (b =b), (—=b0). (3.4)

In the cases of Cy and G2 (where the second simple root is the longer one for Cy and the
shorter one for Gs) for a > 0 and b > 0 we have

Cy: Oc(ad)>(ab), (a+2b —a—b), (—a —b), (—a—2b a+b),
Oc¢(—a a+b) 3 (—a a+b), (a+2b —b), (a —a—D), (—a—2bb),

Ga: Oc(ab)>=*(ab), £(2a+b —3a—0b), £(—a—b 3a+2b),
Oe (-

a 3a+b) > £(—a 3a+b), £(a+b —b), £(—2a—b 3a+2b),

w W w w

TN TN TN TN
o~ o ot
N e N N

where £(c¢ d) means two points (¢ d) and (—c¢ — d).
We also give W,-orbits for which one of the numbers a, b vanish:

Cy: O¢(a0)>=+(a0), £(—a a), (3.9)
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O(0 b) > £(0 b), £(2b —b), (3.10)
Ga: Oc(a0)> =£(a0), £(—a 3a), £(2a —3a), (3.11)
O(0 b) 5 £(0 b), +(b —b), £(—b 2b). (3.12)

As we see, for each point (¢ d) of an orbit O, of Cy or G2 there exists in the orbit the point
(—c —d).

3.3 The case of A,,

In the cases of Coxeter—Dynkin diagrams A, _1, By, Cp, Dy, root and weight lattices, even Weyl
groups and orbits are described in a simple way if to use the orthogonal coordinate system in F,,.
In particular, this coordinate system is useful under practical work with orbits.

In the case A, it is convenient to describe root and weight lattices, even Weyl group and
orbit functions in the subspace of the Euclidean space E,, 41, given by the equation

1+ T2+ -+ Ty =0,

where x1,x3,...,xp+1 are orthogonal coordinates of a point x € E,4+1. The unit vectors in
directions of these coordinates are denoted by e;, respectively. Clearly, e; Le;, i # j. The set of
roots of A, is given by the vectors

o = €; — ej, e
The roots o;; = e; — e;, i < j, are positive and the roots
0 = Q41 = € — €41, 1=1,2,...,n,
constitute the system of simple roots.
If v = %1 i€, x1 + Ta + -+ + xpe1 = 0, is a point of 1, then this point belongs to the

i=1
dominant Weyl chamber D, if and only if

T1 2222 = Tpgl.

Indeed, if this condition is fulfilled, then (z,a;) = x; — ;41 > 0, @ = 1,2,...,n, and z is
dominant. Conversely, if x is dominant, then (x,«;) > 0 and this condition is fulfilled. The
point x is strictly dominant if and only if

T1>T2 >+ > Tptl-
If a = a12, the even dominant chamber DS = D, Ur,D consists of points 2 such that
X1 2T 2> X320 2 Tyl or Ty 2T 2> T3> 2 Tptd,
that is, such that

To, Ty 2 T3 2+ 2 Tptl.

n
If X =3 Aw;, then the w-coordinates A; are connected with the orthogonal coordinates z;
i=1
n—l—ll
of A= > z;e; by the formulas
i=1

1 n—2 2 1
Mot i b — A ——A
12+n+1 8t +n+1nl+n+1 "

LS W
n+1 P n ¥

r1 =
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L VI VTIORGOS
T At T T ny1 ! 1
! 2 g +oLy
T a1t a1 T a1 Nl T
1 2 3 n—1 1
= — A A = ——— —
S T T T TR R R R
1 2 3 n—1 n \
ntl n+1 ! n+1 2 n—+1 3 n+1"" ! n+1""
The inverse formulas are
)\izxi_-ri—i-b i:1,2,...,n. (313)

By means of the formula

2()\,(1)&

(o, @)

TaAd = A — (3.14)
for the reflection with respect to the hyperplane, orthogonal to a root «, we can find how ele-
ments of the Weyl group W (A,,) act upon points A € E, 1. We conclude that the Weyl group
W (A,,) consists of all permutations of the orthogonal coordinates x1,xa, ..., Tp4+1 of a point A,
that is, W(A,) coincides with the symmetric group Sy+1. Even permutations of W (A,,) consti-
tute the even Weyl group We(Ay). It is the alternating subgroup Sy, | | of the group S, 1. This
subgroup is simple. Transformations of Sy, | are elements of the rotation group SO(n + 1).
Sometimes (for example, if we wish for coordinates to be integers or non-negative integers),
it is convenient to introduce orthogonal coordinates y1, ¥, ..., yn+1 for A, in such a way that

Yy1+y2+- -+ Yny1 = m,

where m is some fixed real number. They are obtained from the previous orthogonal coordinates
by adding the same number m/(n + 1) to each coordinate. Then, as one can see from (3.13),
w-coordinates \; = y; — ;41 and the group W and W, do not change. Sometimes, it is natural
to use orthogonal coordinates y1,ys, ..., yYn+1 for which all y; are non-negative.

We-orbits O.()) for strictly dominant A can be constructed by means of signed W-orbits.
Signed W-orbit OF()\) were introduced in [8] . The signed orbit O (), A = (21,22, ..., Tnr1),
T1 > Xy > -+ > Tnpt1, consists of all points

((l)il y Loy e vy xin+l)sgn (detw)
obtained from (z1,%9,...,Zn+1) by permutations w € W = S,,41 (instead of sgn (detw) we
sometimes write simply det w).

The signed W-orbit OF()) splits into two We-orbits: one of them coincides with O.()\) and
the second with O¢(r,A), where « is a positive root of A,. The We-orbit O.(\) contains the
points of the W-orbit OF()), which have the sign plus and O.(r,\) contains the points with
the sign minus.

If X is dominant but not strictly dominant, then the We-orbit O.(\) coincides with the W-
orbit O(\). Description of W-orbits of A,, in orthogonal coordinates see in [7, Subsection 3.1].

3.4 The case of B,

Orthogonal coordinates of a point = € E,, are denoted by z1,xo,...,z,. We denote by e; the
corresponding unit vectors. Then the set of roots of B,, is given by the vectors

Ot 45 = te; £ ej, 1% 7, a4; = *e;, 1=1,2,...,n
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(all combinations of signs must be taken). Theroots o; +; = €;%e;,1 < j,a; =e€;,i=1,2,...,n,
are positive and n roots

Q; = €; — €41, i:1,2,...,n—1, Qp = €p
constitute the system of simple roots.
n

A point A = > x;e; € E,, belongs to the dominant Weyl chamber D if and only if
i=1

Ty 2w > 2> 1 2 0.
Moreover, this point is strictly dominant if and only if
Ty >xTo > > xy > 0.
The even dominant chamber can be taken consisting of points x such that
12 x22232 2%y >0 or Tg > X1 2 x3 22Xy 20,
that is, such that

T1,Tg > T3 > -+ > Ty > 0.

n
If A =) Ajw;, then the w-coordinates \A; are connected with the orthogonal coordinates z;

i=1
n
of A = )" x;e; by the formulas
i=1
T =M+ A+ A1 + 2,
Ty = Ao+ 4 Aot + 3,
In = %Ana

The inverse formulas are
>\i:$i_1’i+1, i:1,2,...,n—1, )\n:21'n-

It is easy to see that if A € Py, then the coordinates x1,z1,...,x, are all integers or all half-
integers.

The Weyl group W(B,,) of B, consists of all permutations of the orthogonal coordinates
r1,T9,...,T, of a point A with possible sign alternations of any number of them. Moreover,
det w is equal to £1 depending on whether w is a product of even or odd number of reflections
and alternations of signs. A sign of detw can be determined as follows. We represent w as
a product w = es, where s is a permutation of (z1,z2,...,2,) and € is an alternation of signs
of coordinates. Then detw = (det s)e;, €, - - €;,, where dets is defined as in the previous
subsection and ¢;; = —1 in the case of change of a sign of i;-th coordinate and ¢;; = 1 otherwise.
This show haw to determine the even Weyl group W, (B,,) as a subgroup of W(B,,).

We(B,)-orbits O () with strictly dominant A can be constructed by means of signed orbits
O*()\). The signed orbit OF(X\), A = (21,22,...,%,), 1 > x3 > --- > x, > 0, consists of all
points

(25, 2Ty, . . ., £y, )Y (3.15)

(each combination of signs is possible) obtained from (z1,z2,...,x,) by permutations and al-
ternations of signs which constitute an element w of the Weyl group W (B,,). The signed orbit
O* () splits into two We-orbits: one of them O, (\) consists of all points of OF(\), which have
the sign plus, and the second one consists of all points with the sign minus.

If a dominant element A is not strictly dominant, then the We-orbit O.()\) coincides with the
W-orbit O(M\).
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3.5 The case of C,,

In the orthogonal coordinate system of the Euclidean space E,, the set of roots of C, is given
by the vectors

Od:i:i,:l:j = :I:ei + ej, 7 7& j, atL; = :|:2€Z', 1= 1, 2, ceey Ny

where e; is the unit vector in the direction of i-th coordinate x; (all combinations of signs must
be taken). The roots o +; = €; =€, i < j, and oy = 2e;, @ = 1,2,...,n, are positive and n
roots

Q; = €; — €41, i:1,2,...,n—1, Oén:2€n

constitute the system of simple roots.
n

A point A = > x;e; € E,, belongs to the dominant Weyl chamber D if and only if
i=1

Ty 2w > > xp > 0.
This point is strictly dominant if and only if
T1>T9g > > x> 0.
The even dominant chamber can be taken consisting of points z such that
X1 >2x22>2232 22y >0 or Xg > X1 > a3 > Xy >0,
that is, such that

xT1,Tg > X3 2>+ 2 Ty = 0.

n
If A = )" Ajw;, then the w-coordinates \; are connected with the orthogonal coordinates x;
i=1

n
of A = > z;e; by the formulas
i=1
1 =AM+ A+ A1+ A,
To = Ao+ A1+ Ap,

The inverse formulas are
)\i::ci—xi+1, i:1,27...,n—1, )\n:CCn

If A € P, then all coordinates z; are integers.

The Weyl group W(C,,) of C,, consists of all permutations of the orthogonal coordinates
r1,T9,...,T, of a point A with sign alternations of some of them, that is, this Weyl group acts
on orthogonal coordinates exactly in the same way as the Weyl group W (B,,) does. Moreover,
det w is equal to £1 depending on whether w consists of even or odd numbers of reflections
and alternations of signs. Since W (C,,) = W (B,,), then a sign of det w is determined as in the
case B,,.

The signed orbit OF(\), A = (z1,x2,...,%,), T1 > T2 > -+ > x, > 0, consists of all points

det w
(£, 24y, . E24,,,)
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(each combination of signs is possible) obtained from (z1,z2,...,x,) by permutations and al-
ternations of signs which constitute an element w of the Weyl group W(C,,), that is, in the
orthogonal coordinates signed orbits for C,, coincide with signed orbits of B,,. This determine
how to separate the subgroup W,(C),) in the group W (C,).

The signed orbit OF(\), A = (z1,29,...,2,), 1 > 9 > -+ > x, > 0, splits into two W,-
orbits: one of them O.()\) consists of all points of OF()\), which have the sign plus, and the
second one consists of all points with the sign minus.

If a dominant element A is not strictly dominant, then the We-orbit O.()) coincides with the
W-orbit O()\).

3.6 The case of D,,

In the orthogonal coordinate system of the Euclidean space F,, the set of roots of D,, is given
by the vectors

Q4+ = Te; T ej, i # 7,

where e; is the unit vector in the direction of i-th coordinate (all combinations of signs must be
taken). The roots a; +; = e; £ ej, i < j, are positive and n roots

Q; = €; — €41, 1=1,2,...,n—1, ap =€ep—1+ e,

constitute the system of simple roots.

n
If A=) x;e;, then this point belongs to the dominant Weyl chamber D if and only if
i=1

T12X2 2 2 Tp—1 > ‘xn‘
This point is strictly dominant if and only if
X1 >T9g > "> Tp—-1 > ‘l‘n‘

(in particular, z,, can take the value 0).
The even dominant chamber can be taken consisting of points x such that

Ty > Ty > X3 > 2> Xy or X >xy > 3> > Ty,
that is, such that

T1,T2 > T3> - > Tpo1 > | Tyl

n
If A =) Ajw;, then the w-coordinates \; are connected with the orthogonal coordinates z;

=1
n

of A = > x;e; by the formulas
i=1
=M+ + -+ A2+ %(/\nfl + An),
T = Ao+ Anmo 4+ (Aot + An),
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The inverse formulas are
)\i:mi_xi-i-h i:1727"'7n_27 /\n_lz.’lfn_l—'-xn, )\n:xn—l_xn-

If A € P,, then the coordinates x1, x2, ..., x, are all integers or all half-integers.

The Weyl group W(D,,) of D,, consists of all permutations of the orthogonal coordinates
T1,T9,...,T, of a point A with sign alternations of even number of them. Moreover, detw is
equal to +1 and a sign of detw is determined as follows. The element w € W(D,,) can be
represented as a product w = 7s, where s is a permutation from S,, and 7 is an alternation of
even number of coordinates. Then det w = dets. Indeed, since an alternation of signs of two
coordinates x; and x; is a product of two reflections r, with o = e; + e; and with a = e; — e;,
a sign of the determinant of this alternation is plus. (Note that |W(Dy)| = 3|W(B,)|.)

Now we may state that the even Weyl group W, (D,,) consists of products 7s, where s runs
over even permutations of S, and 7 runs over alternations of even numbers of coordinates.

The signed orbit OF()\), A = (z1,x2,...,%,), 1 > 29 > --- > x, > 0, for D,, consists of all
points

(£xi,, £4y, ..., £y, )30
obtained from (z1,x2,...,zy,) by permutations and alternations of even number of signs which
constitute an element w of the Weyl group W (D,,). This signed orbit splits into two We-orbits:
one of them O.()) consists of all points of OF(\), which have the sign plus, and the second one
consists of all points with the sign minus.

If a dominant element A is not strictly dominant, then the W, (D,,)-orbit O.()\) coincides with
the W (Dy,)-orbit O(A).

3.7 Fundamental domains of W32ff

Using the explicit formula for the antisymmetric orbit function ¢,(x), where p is a half of positive
roots, we have derived in [8] explicit forms of the fundamental domains of WAt for the cases A,
By, Cy, Dy,. They easily determine fundamental domains F, for the corresponding even affine
Weyl groups ijf.

(a) The fundamental domain F.(A,) of the even affine Weyl group W2f(A,,) is contained in
the domain of real points x = (z1, z2, ..., Tp+1) such that

X1, Ty > T3 >+ > Tpyl, 1 +z2+ -+ 21 =0.

Moreover, a point x of this domain belongs to Fr(A,) if and only if z; + |z,41| < 1 and 21 > z2,
or ro + |rp+1| < 1 and 9 > 1.

(b) The fundamental domain F,(B,,) of W2f(B,,) is contained in the domain of points x =
(z1,22,...,oy) such that

1>x1,20>23>--->x, >0.
Moreover, a point x of this domain belongs to F.(B,,) if and only if z; + z2 < 1.

(c) The fundamental domain F.(C,) of Wa(C,,) consists of all points z = (21,22, ...,2)
such that

1
§>x1,x2>x3>-~'>xn>0.

(d) The fundamental domain F.(D,,) of W2(D,,) is contained in the domain of points 2 =
(x1,2,...,2,) such that
1>x1,29> 23> > X1 > |xy]

Moreover, a point z of this domain belongs to F.(D,,) if and only if z1 + 3 < 1.



E-Orbit Functions 21

3.8 W, -orbits of Aj

We-orbits for As, Bs and C3 can be calculated by using the orthogonal coordinates on the
corresponding FEuclidean space, described above, and the description of action of the Weyl groups
We(As), We(Bs) and W,(C3) in the orthogonal coordinate systems. Below we give results of
such calculations. Points A of We-orbits are given in the w-coordinates in the form (abc), where
A = awqi + bws + cws.

Ifa>0,b>0,c>0, then We-orbits O¢(a b ¢) and Oc(a+b —b b+c) = r4Oc(a b ¢) of As
contain the points

Oc(abec)> (abe), (a+bc —b—c), (a+b+c —b—cb),
(—a a+b+c —c), (b —a—b a+b+c), (—a—b a b+c),
Oc(a+b —b b+c) 5 (a+b —b b+c), (a b+c —c), (a+b+c —c —b),
(—a a+b ¢), (b+c —a—b—c a+d), (—b —a a+b+c)

and the points, contragredient to these points, where the contragredient of the point (a’ b’ ') is
(= =V —d).
There exist also the W,-orbits
Oc(a b0) > (ab0),(at+b —bb),(a+b0 —b),(—a a+b 0),(—a—b a b),
(b —a—b a+b) and contragredient points;
Oc(a0¢)>(a0c),(ac—c)(atc—c0),(—aac),(0—aatc),
(—a a+c —c) and contragredient points;
Oc(0bc)>(00bc), (b—bbt+c), (0 b+c —c), (b+c —b—c ), (—=b 0 b+c),
(b ¢ —b—c) and contragredient points;
Oc(a00)2(a00),(—aa0),(00 —a), (0 —a a);
0.(000)3 (05 0),(b—bb), (b0 —b),(—bb —b),(0 —b0),(~b 0 b);
0:(00¢)3(00¢),(0c—c),(c—c0),(—c00).

3.9 W._-orbits of Bj

As in the previous case, points A of W,-orbits are given by the w-coordinates (a b ¢), where
A = awy + bwa + cws. The We-orbits Oc(a b ¢) and Oc(a+b —b 2b+c) = r40.(a b ¢), a > 0,
b >0, ¢c> 0, of Bg contain the points

Oc(abc)> (abe), (b —a—b2a+2b+c), (—a—b a 2b+c), (a+b+c —b—c 2b+c),
(—a a+b+c —c), (—=b—c —a 2a+2b+c), (—a—b—c —b 2b+c),
(a+2b+c —a—b—c ¢), (=b a+2b+c —2a—2b—c), (—a—2b—c b+c —c),
(b+c a+b —2a—2b—c), (a+b —a—2b—c 2b+c),

Oc(a+b —b 2b+c) 3 (a+b —b 2b+c), (—a a+b ¢), (=b —a 2a+2b+c), (a b+c —c),
(b+c —a—b—c 2a+2b+c), (—a—b—c a 2b+c), (—a—2b—c b ¢),
(b a+b+c —2a—2b—c), (a+b+c —a—2b—c 2b+c), (—a—b —b—c 2b+c),
(a+2b+c —a—b —c), (—b—c a+2b+c —2a—2b—c)

and also all these points taken with opposite signs of coordinates.

In the case Bs there exist also the We-orbits Oc(a b 0), Oc(a 0 ¢), O.(0 b ¢), which are of the

form

Oc(ab0)3=+(ab0),£(a+b —b 2b), £(—a a+b 0), £(b —a—b 2a+2b),
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+(—a—ba 2b),£(—b —a 2a+2b), £(—a—2b b 0), =(—a—b —b 2b),

+(a+2b —a—b 0), £(b a+b —2a—2b), £(a+b —a—2b 2b), £(—b a+2b —2a—2b);
Oc(a0c¢)>+(a0c),£(—aac),£(0 —a 2a+c),+(a ¢ —c),

+(a+c —c¢),£(—a a+c —c¢), £(c —a—c 2a+c), £(—a—c a ¢),

+(—c —a 2a+c), £(—a—c 0 ¢), £(a+c —a—c ¢), £(0 a+c —2a—c);
Oc(0bc)>+(00bc),£(b —b 2b+c),£(—b 0 2b+c), £(0 b+c —c),

+(b+c —b—c 2b+c), £(—b—c 0 2b+c), £(—2b—c b ¢), £(—b—c —b 2b+c),

+(2b+c —b—c ¢), £(b b+c —2b—c), £(b+c —2b—c 2b+c), £(—b 2b+c —2b—c).

The We-orbits Oc(a 0 0), O(0 b 0) and O.(0 0 ¢) consist of the points

Oc(a00)> +(a 00),+(a —a 0),£(0 a —2a);
Ou(0b0) 3 (0 b 0),£(b —b 2b), +(—b 0 2b), -£(—2b b 0), =(—b —b 2b), +(b —2b 2b);
O0(00¢)2£(00¢),+(c —c¢),=(0 ¢ —¢),£(—c 0 ¢).

3.10 W_-orbits of C;

As in the previous cases, points A of We-orbits are given by the w-coordinates (a b ¢), where
A = awy + bwz + cws. The We-orbits O¢(a b ¢) and O¢(a+b —b b+c) = 1r,0c(a b c), a >0, b > 0,
¢ > 0, of C3 contain the points
Oc(abe)> (abe), (b —a=batb+c), (—a—ba b+c), (a+b+2c —b—2c b+c),
(—a a+b+2c¢ —c), (—b—2¢ —a a+b+c), (—a—b—2¢c —b b+c),
(a+2b+2¢c —a—b—2c ¢), (—=b a+2b+2¢c —a—b—c), (—a—2b—2c b+2¢ —c),
(b+2¢ a+b —a—b—c), (a+b —a—2b—2c b+c),
Oc(a+b —b b+c) > (a+b —b b+c), (—a a+b ¢), (—=b —a a+b+c), (a b+2¢ —c),
(b+2¢ —a—b—2c a+b+c), (—a—b—2c a b+c), (—a—2b—2c¢ b ¢),
(b a+b+2¢ —a—b—c), (a+b+2¢c —a—2b—2¢ b+c), (—a—b —b—2c b+c),
(a+2b+2¢ —a—b —c), (—b—2c a+2b+2¢ —a—b—c)
and also all these points taken with opposite signs of coordinates.
For the We-orbits Oc(a b 0), Oc(a 0 ¢) and O.(0 b ¢) we have
Oc(a b 0)>+(ab0),£(a+b —bb),£(—a a+b 0), (b —a—b a+d),
t+(—a—bab),£(-b —a a+b),£(—a—2b b 0),+(—a—b —b b),
+(a+2b —a—b 0),£(b a+b —a—b), £(a+b —a—2b b), £(—b a+2b —a—D);
Oc(a0¢)3=+(a0c),=(—aac),£(0 —a atc),£(a 2¢ —c),
+(a+2¢ —2c¢ ¢), =(a+2¢ —a—2c¢ ¢),+(0 a+2¢ —a—c), £(—a a+2¢ —c),
+(2¢ —a—2c¢ a+c), £(—a—2c a ¢), =(—2¢ —a a+c), £(—a—2c¢ 0 ¢);
Oc(0bc)>+(00bc),£(b —bbtc),£(—b 0 b+c), £(0 b+2¢ —c),
+(b+2¢ —b—2c¢ b+c), £(—b—2¢ 0 b+c), £(—2b—2¢ b ¢), =(—b—2¢ — b b+c),
+(20+2¢ —b—2c ¢), £(b b+2¢c —b—c), £(b+2¢ —2b—2¢ b+c), £(—b 2b+2¢c —b—c).
The We-orbits Oc(a 0 0), O.(0 b 0) and O.(0 0 ¢) consist of the points

Oc(a00)>+(a00),£(a —a 0),£(0 a —a);
0c(0 b 0) 5 £(0 b 0), (b —b b), £(b 0 —b), £(2b —b 0), (b —b b), £(b —2b b);
Oc(00¢)2£(00¢),£(0 2¢ —c), £(2¢ —2¢ ¢), £(2¢ 0 —¢).
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4 F-orbit functions

4.1 Definition

FE-orbit functions are obtained from the exponential functions e2mMe) e B, with fixed
A= (A1, A2,...,\n) by the procedure of symmetrization by means of the even Weyl group W,.
FE-orbit functions are closely related to symmetric and antisymmetric W-orbit functions. For
this reason, we first define the last functions.

Let W be a Weyl group of transformations of the FEuclidean space E,. To each element
A € E, from the dominant Weyl chamber (that is, (\,a;) > 0 for all simple roots «;) there
corresponds a symmetric orbit function ¢y on E,, which is given by the formula

oa() = Y emwm g e R, (4.1)
HEO(N)

where O(A) is the W-orbit of the element A. The number of summands is equal to the size
|O(M)| of the orbit O(A) and we have ¢(0) = |O(\)|. Sometimes (see, for example, [4] and [5]),
it is convenient to use a modified definition of orbit functions:

oA(x) = [Waloa(2), (4.2)

where W) is a subgroup in W whose elements leave A fixed. Then for all orbit functions &A we
have ¢(0) = |W|. The functions ¢, (x) can be defined as

brle) = 3 i),

weWw

Antisymmetric orbit functions are defined (see [2] and [6]) for dominant elements A, which do
not belong to a wall of the dominant Weyl chamber (that is, for strictly dominant elements \).
The antisymmetric orbit function, corresponding to such an element, is defined as

ox(z) = Z (det w)e2mi{wA), x € E),. (4.3)
weW

A number of summands in (4.3) is equal to the size |W| of the Weyl group W. We have
©A(0) = 0.

E-orbit functions are defined for each element X\ of the domain D¢ = Dy Ur,D,, where D
is the set of dominant elements of F,, and « is a root of the root system (we assume that each
point is taken only once). The E-orbit function Ey(z), A € D¢, is given by the formula

Ex(x)= Y & peBR,, (4.4)
BEO(N)

where O () is the We-orbit of the point A.
Sometimes, it is convenient to use normalized E-orbit functions defined as

Ex(z) = ) A, (4.5)
weWe
We have E)(z) = |W2|Ex(z), where W2 is a subgroup of W, whose elements leave A invariant.

Example. E-orbit functions for A;. In this case, there exists only one simple (positive) root .
We have (a,a) = 2. Then the relation 2(w,a)/(a, @) = 1 means that (w,a) = 1. Therefore,
w = /2 and (w,w) = 1/2. We identify points x of £} = R with fw. The Weyl group W (A;)
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consists of two elements 1 and r, and detr, = —1. The even Weyl group W,(A;) consists of
one element 1. For this reason, We-orbit functions ¢y (x), A = mw, m € R, in this case coincide
with exponential functions:

E)\(iL‘) _ e27ri(mw,9w) _ €7rim9.
Note that for the symmetric and antisymmetric orbit functions ¢y (x) and ¢y (z) we have
oa(x) = 2cos(mmb), oa(z) = 2isin(mm0).

Therefore, ¢y(z) = Ex(x) + E_x(z) and p)(z) = Ex(z) — E_)\(x).

4.2 FE-orbit functions of A,

Put A = aw; + bws = (a b) with a > 0, b > 0. Then for p)(x) = @(, 1)(x) we receive from (4.3)
that

)

E(q »)(z) = e2mif(a b)) | 2mi((b —a—b)2) 4 2mi((—a—b a)z)

E(,a ath) (IE) — 627ri<(7a a+b),z) + eQTri((a+b —b),x) + 627Ti<(7b fa),x>.

Using the representation x = Ya; + 1200, one obtains

E(a b) (x) — 627Ti(a1,[)1+b’([12) + 627ri(b'¢11—(a+b)1/12) + 627ri((—a—b)1/)1+a'¢)2)’

E(—a ath) (z) = e2mi(—ar+(atb)a) o 2mi((atb)yr—by2) 4 o 2mi(—bi1—ary2)
An expression for E(, 5)(z) depends on a choice of coordinate systems for A and x. Setting
x = 61w + Oowy and )\ as before, we get

B () = ¢ 75 (2a+b)01+a+26)02) |~ 25" (a=b)01+(2a+5)62) _’_67%((a+2b)01+(7a+b)92)’

27mi

2L ((—a-+b)01+(a+20)02) +e%((2a+b)91+(a—b)92) 1 o3 (at20)01+(2a4b)02)

Eqapy(z) =€3

Similarly one finds that E(, ¢)(7) and E(g () are of the form

Bla o)(a) = ¢ 30040 | Fal00s) 4 Fla(-0,-20) (43)
E( ) (z) = e%b((ﬁ—m@z) + e%bwl—@z) + e%b(_291_92)' (4.9)

Note that the pairs E(, 5)(z) + E(3 o)(7) are always real functions.

4.3 FE-orbit functions of Cy and G,

Putting again A = aw; + bwy = (ab), * = O1w; + Oaws and using the matrices S from (2.6),
which are of the form

=3 D) se=b(0 )

we find the orbit functions E, )(v) for Cy and G2 with @ > 0 and b > 0:

Ca: Egpy(z) =2cosm((a+ )01 + (a+2b)02) + 2 cosm(b01 — ab), (4.10)
E(_q ayb)(7) = 2cosm(b01 + (a + 2b)02) + 2 cos((a + b)01 + ab2), (4.11)
G2 : E(a b) (x) = 2cos 77(2a + b)91 + (a + %b)eg)
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+2cosm((a+ b)fy + £b62) + 2 cosm(aby + (a + £b)6a), (4.12)
E(_q 30+5)(x) = 2cos7((a + b)f1 + (a + 3b)6y)
+2cosm((2a + b)01 + (a + 3b)02) + 2 cosw(aby — bbs). (4.13)

When one of the numbers a and b vanishes, then we have

Cy: E(a 0)(7) = 2cosma(fy + O2) + 2 cos Tabs, (4.14)
E py(z) = 2cos wb(6 + 202) + 2 cos wboy, (4.15)
Gy : E(a 0)(7) = 2cosTa(20h + O2) + 2coswa(ty + Oa) + 2 cos Tabh, (4.16)
E( v)(x) = 2cos h(01 + 502) + 2 cos wb(61 + 362) + 2 cos w5bbs. (4.17)

As we see, E-functions for Cy and G5 are real.

4.4 FE-orbit functions of A,,

It is difficult to write down an explicit form of E-orbit functions for A,, B,, C, and D, in
coordinates with respect to the w- or a-bases. For this reason, for these cases we use the
orthogonal coordinate systems, described in Section 3.

Let A = (m1,ma,...,mpy41) be a strictly dominant element for A,, in orthogonal coordinates
described in Subsection 3.3. Then m; > mgo > -+ > myy1. The Weyl group in this case
coincides with the symmetric group S,,+1 and the even Weyl group coincides with the alternating
subgroup Sy, of S,11. The We-orbit Oc()) consists of points (wA), w € W.. Represen-
ting points x € E,11 in the orthogonal coordinate system, x = (z1,22,...,Zn+1), and using
formula (4.3) we find that

E)\(l')— Z eQTri(w(ml,‘..,mn_;_l),(:pl,..‘,xn_,_l)): Z 627ri((w)\)1a:1+---+(w)\)n+1;tn+1)7 (4.18)

weSE wESY 1y
where (wA)1, (wA)2, ..., (wA)y4+1 are the orthogonal coordinates of the point wA.

The second type of E-orbit functions correspond to elements A = (my,ma,...,my41), for
which mg > m; > --- > mu4+1. For this case the F-orbit functions are given by the same
formula (4.18).

If A = (m1,ma,...,mpy41) is dominant but not strictly dominant (that is, some of m; are

coinciding), then the corresponding FE-orbit function is equal to the symmetric orbit function
¢(m1,m2,...,mn+1)(x) and, thus, we have

E)\($) _ Z e27ri(w(m1,...,mn+1),($17~~~:33n+1)>
wWESp41/5x

. Z 2mi((@WAiz1+ (@A) n12n41) (4.19)
wWESp41/Sx

where S is a subgroup of element of S, leaving A invariant.
Note that the element —(my4+1, my, ..., my) is strictly dominant if the element (mj,mo,...,
Mp41) is strictly dominant. In the Weyl group W (A,,) there exists an element wy such that

wo(mi, ma, ..., Mpg1) = (Mpg1, My, ..., M1).
Moreover, we have

det wo = 1 for A4]€,1 and A4k,
det wo = -1 for A4k+1 and A4k+2.

This means that wg € W, for Ag,_1 and Ay, and wy € W, for Agpy1 and Agpio.
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It follows from here that for Ayr_1 and A4 in the expressions for the orbit functions
E(m17m27---7mn+1)(x) and E—(mn+1,mn,...,m1)(fﬁ) there are summands

62ﬂ'i<wO)\,I> —_ 627ri(mn+1x1+-~-+m1xn+1) and 6727ri(mn+1:c1+--~+m1xn+1)7 (420)

respectively, which are complex conjugate to each other.
Similarly, for A4 and Ay, in the expressions (4.18) for the functions E(, ma,.mpi) (7)
and E_(y,, .\ mn,....m;)(T) all other summands are pairwise complex conjugate. Therefore,

E(ml,mg,...,mnﬂ) ('CU) = E*(anrl,mn,..A,ml) (l‘) (42]‘)

for n = 4k — 1,4k. If to use for X the coordinates \; = (\, ;) in the w-basis instead of the
orthogonal coordinates m, then this equation can be written as

Eov, ) (@) = E,,.a)(@).

If n = 4k + 1 or n = 4k + 2, then the F-orbit function E_,, .\ m,...m;)(z) belongs to
the second type of E-orbit functions. In this case the orbit functions E(y,, m,. . m...)(7) and
E_(mpi1,mn,....;m1)(T) have no common summands. In this case we have

E_Ta(mn+1ymna~~-7m1)($) = E(m1,m27--~7mn+1) (.%'),

where « is a positive root of our root system.
According to (4.21), if

(m1,ma,...,Mpt1) = —(Mpt1,Mp, ..., m1) (4.22)

(that is, the element A has in the w-basis the coordinates (A1, Ag, ..., A2, A1)), then the E-orbit
function E)y is real for n = 4k —1,4k. This orbit function can be represented as a sum of cosines
of angles.

It is know from Proposition 2 in [7] that in the orthogonal coordinates antisymmetric orbit
functions Vi, m,....mnsq) (T), M1 > ma > -+ > myyq, of A, can be represented as determinants
of certain matrices:

_ 27rimixj)n+1
So(ml,mg,...,mwrl)(x) =det (6 ij=1
e27rim1951 e27rim1:v2 . e27rim1xn+1
627rim2:61 627rim2x2 . e27rim2xn+1
=det . (4.23)
627rimn+1ac1 627rimn+1:c2 . 627rimn+1wn+1

It follows from this formula that the corresponding E-orbit functions E(y,, m.. . m...)(®) and
Emymi,ms,...mnsr) (T) can be represented as
2mimgz;\ 1 +
E(m1,m2,m37...,mn+1)(x> = [det (e J)i’jzl] ) (4.24)
N RS B
E(mg,ml,mg,..,,mn+l)($) = [det (627T1mzmj)zj:1:| ; (425)

where [det C]" and [det C]” mean a parts of the expression for the determinant of C' containing
all terms with sigh plus and with sign minus, respectively.
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4.5 F-orbit functions of B,,

Let A = (my,ma,...,my,) be a strictly dominant element for B,, in orthogonal coordinates
described in Subsection 3.4. Then my > mg > -+ > m, > 0. The Weyl group W (B,,) consists
of permutations of the coordinates m; with sign alternations of some of them. The even Weyl
group We(B,,) consists of those elements of w € W (B,,) for which det w = 1. Representing points
x € E,, also in the orthogonal coordinate system, = = (z1,x9,...,x,), and using formula (4.3)
we find that the antisymmetric orbit function of W (B,,), corresponding to element A, coincides
with

(,0)\(1‘) _ Z Z (det U})6162 . .6n627ri<w(51m1,...,snmn),(ml,...,zn)>

E,L':il wESn
= Z Z (det w)6162 e €n€27ri((w(e)\))1z1+~~+(w(a)\))nxn)’ (426)
Ei:il ’lUESn
where (w(e))1, ..., (w(eX))y are the orthogonal coordinates of the points w(e) if eX = (e1my,

S EnMy).
In order to obtain the corresponding E-orbit function F)(x) we have to take in the expres-
sion (4.26) only those terms, for which (det w)ejeg---&, = 1. It is easy to see that

Z Z 2mi(( Niz1+-+(w(eX))nan)

g;i=%1 weSsg

T Z " Z 27r1 ((w(eN)1z14-+ +(w(s/\))n1n) (4.27)
ei=t1 weS,\Se

where Y ' means the sum over &; such that e165---¢, = 1 and > " means the sum over
Si::tl 5i::|:1

g; such that e1e9--- €, = —1. The notation S, \SS means a complement of S,, to St, where, as

before, S is the alternating subgroup of S,.

For the E-orbit function E,_)(x) we respectively have

"
2mi((w(eN))1z1++(w(eX))nx
B =3"3 ¢ (w(eN) )

g;i=+1 weSg

+ Z Z e2mi((w(eA)1z1 4+ +(w (EA))nl“n)7 (4.28)
ei=+1 weS,\Se

where > “and > " are such as in (4.27).

5i::|:1 Ei::tl
In W(B,) there exists an element w_ which change signs of all coordinates m;. Then
detw_ = 1if n = 2k and detw_ = —1 if n = 2k + 1. Therefore, for each summand

e2mil(wEN)) izt (w(eEA)nen) in the expressions (4.27) for the E-orbit function Emy mo,....mn) ()
there exists exactly one summand complex conjugate to it, e 2mi((w(EA)1z1++(w(eA)nzn) = if
n = 2k. This means that E-orbit functions of B, are real if n = 2k. These orbit functions can
be represented as sums of cosines of the corresponding angles. If n = 2k+ 1, then the expression
e 2mi(((wEN))1z1t+(w(EN)nzn) i not contained in the E-orbit function E(my ma,....mn) (). There-
fore, in this case this expression belongs to the E-orbit function of the second type, that is, to
the E-orbit function E(;,, m, ma,....m.) (%), We conclude that when n = 2k + 1, then the E-orbit
functions F)(z) and E,_x(z) are pairwise complex conjugate to each other.

If X is dominant but not strictly dominant, then the E-orbit function F)(x) coincides with
the symmetric orbit function ¢, (z) and we have

_ Z Z e27ri(w(61m1,...,anmn),(azl,...,a:n))

e;i=*t1weS, /S,
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Z Z 27r1( (eEXN)1z1+-+(w (EA))nwn) (429)

ei=x1 wesS, /Sy

The summation here is over those ¢; = £1 for which m; # 0.

4.6 FE-orbit functions of C,,

Let A = (mq,ma,...,my) be a strictly dominant element for C,, in the orthogonal coordinates
described in Subsection 3.5. Then mj > mo > -+ > m, > 0. Representing points = € E, also
in the orthogonal coordinate system, = = (x1,x9,...,2,), we find that the antisymmetric orbit

function of W(C),), corresponding to A, coincides with

ox(z) = Z Z (det w)eiesy .. .5n62m<w(51m1’“"5"m”)’(“""’x"»

ei=t1wes,
= Z Z (det w)eey - - - e ((WENZLHFH(W(EN)nzn) (4.30)
ei=t1wes,
where, as above, (w(e\))i,..., (w(e))), are the orthogonal coordinates of the points w(el),
where e\ = (eymy, ..., epmy).

In order to obtain the corresponding E-orbit function E)(x) we have to take in the expres-
sion (4.30) only those terms, for which (detw)ejes-- -, = 1. It is easy to see that

Z Z e27r1 w(eN)) 1214+ (w(eN))nxn)

=31 wese

+ Z " Z 27r1 ((w(eX)1z1+- +(w(€>\))n$n) (4.31)
cimt1 weSy\S¢

where Y ’ means the sum over &; such that e165---6, = 1 and > ” means the sum over
Si::l:l 5i::|:1
g; such that e1e9---&, = —1. The notation S,\St means a complement of S,, to S&. For the

E-orbit functions F,_y(z) we have the expression

_ Z " Z 2mi((WEN) 114+ (w(EN) nn)

gi=*1 wESe

+ 3 Y et ) ), (4.32)

g;i=%1 weSy\S¢

where > "and > " are such as in (4.31).

gi==*1 e;i=*1
In W(C,,) there exists an element w_ which change signs of all coordinates m;. Then
detw_ = 1if n = 2k and detw_ = —1 if n = 2k + 1. Therefore, for each summand

e2mi((w(E)) izt +(w(EA)nn) i the expressions (4.31) for the E-orbit function By ma,..;mn) (T)
there exists exactly one summand complex conjugate to it, e 2mi((w(EA)1z1++(w(eA)nzn) = if
n = 2k. This means that F-orbit functions of Cy, are real if n = 2k. This orbit function of C),
can be represented as a sum of cosines of the corresponding angles. If n = 2k 4 1, then the
expression e~ 2m((wEN@1++(w(EA))nzn) i contained in the E-orbit function By m1ma, .. mn) (T)-
We conclude that when n = 2k 4 1, then the E-orbit functions E)(z) and E, (x) are pairwise
complex conjugate to each other.

If X is dominant but not strictly dominant, then the F-orbit function E)(x) coincides with
the symmetric orbit function ¢, (z) and we have

_ Z Z eZTri(w(alrru,...,anmn),(ml,...,ajn))

e;i=*t1weS, /S,
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Z Z 2mi((wEN1@1+F(w(EA)nen) (4.33)

ei=x1 wesS, /Sy

where the summation is over those e; = +1 for which m; # 0.

Note that in the orthogonal coordinates expressions for the E-orbit functions E,,, m.,....my) (x)
of €y, coincide with the expressions for the corresponding E-orbit functions E,, m,,....m,)(T)
of B,,. However, a-coordinates of the element (mj, ma,...,m,) for C,, do not coincide with
a-coordinates of the element (mj,ma,...,my,) for B,, that is, in a-coordinates expressions for
the corresponding F-orbit functions of B,, and C), are different.

4.7 FE-orbit functions of D,,

Let A = (m1,ma,...,my,) be a strictly dominant element for D,, in the orthogonal coordinates
described in Subsection 3.6. Then m; > mg > -+ > mpu_1 > |my,|. The Weyl group W (D,,)
consists of permutations of the coordinates with sign alternations of even number of them. The
even Weyl group W, (D,,) consists of even permutations of the coordinates with sign alternations
of even number of them.

Representing points z € E,, also in the orthogonal coordinate system, x = (x1,x2,...,Zn),
and using formula (4.3) we find that the antisymmetric orbit function ¢y (x) of D, is given by
the formula

or(z) = Z / Z (det w) 2™ (w(EImI o ntmin).(21,....70))
e;i=*1 weS,
_ Z' 37 (det w)e2m(wE ot nen), (4.34)
Ei::tl wESn

where (w(eX))1, ..., (w(eX)), are the orthogonal coordinates of the points w(e)) and the prime
at the sum symbol means that the summation is over values of &; with even number of sign
minus. We have taken into account that an alternation of coordinates without any permutation
does not change a determinant.

Therefore, if A is strictly dominant, then the E-orbit function Ej(z) is of the form

_ Z/ $ RrillwEn it weN)nan) (4.35)

g;=%1 wesSg

where St is the even part of the symmetric group S,, and the first sum is such as in (4.34). For
the corresponding E-orbit functions E,_)(x) we have

Z Z e2mi((w(eA) w1+ +(w(€>\))n9€n) (4.36)

e;i=%1 weSp\Sg

where the first sum is such as in (4.35).

Let my, # 0. Then in the expressions (4.35) for the E-orbit function E(,, ms.... .m.) (%) of D=y
for each summand 2™ ((w(EA) @1+ +(w(EN)nzn) there exists exactly one summand complex con-
jugate to it. This means that these E-orbit functions of Doy are real. Each orbit function of Doy
can be represented as a sum of cosines of the corresponding angles.

It is also proved by using (4.35) that for m,, # 0 the E-orbit functions Ey, .
and By, . mop,—mops1) (@) 0f Day1 are complex conjugate.

If m,, = 0, then it follows from (4.35) that E-orbit functions E\(z) of D,, are real and can
be represented as a sum of cosines of certain angles.

Mog,M2k41) (2)
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For dominant, but not strictly dominant, elements A the E-orbit functions coincide with the
corresponding symmetric orbit functions and we have

E)\(a’,') = Z Z 27"1 (w(ermy,....enmn),(z1,....Zn))

gi==1 wGSn/S)\

_ Z Z 27r1 ((w(eN)) 11+ -i-(w(«f)\))nu’l?n)7 (437)
e;i==%1 wESn/S)\

where S is the subgroup of S, consisting of elements leaving A invariant.

Note that in the expressions (4.37) for the orbit function E(,, m,,..m,) (%) of Doy for each
summand e2((wEN)) 1zt +(w(EA)nn) there exists exactly one summand complex conjugate to
it. This means that all orbit functions of Do are real. Each orbit function of Dy, can be
represented as a sum of cosines of the corresponding angles.

It also follows from (4.37) that for Doyy1 the E-orbit function E(y, ms,...m,)(T) is real if
and only if the condition maog11 = 0 is fulfilled. The E-orbit functions E(y,, . )(a:) and
Eny,....mop,—mops1) (@) of Day1 are complex conjugate.

-T2k, M2k+1

5 Properties of E-orbit functions

5.1 Invariance with respect to the even Weyl group

Since the scalar product (-,-) in E,, is invariant with respect to the Weyl group W, that is,

it is invariant with respect to the even Weyl group W,, which is a subgroup of W. It follows
from here that E-orbit functions E) for strictly dominant elements A are invariant with respect
to W, that is,

Ex\(w'z) = Ex(2), w' € We.

Indeed, this relation is equivalent to the relation Ey(w'z) = Ej(x) for the functions (4.5). For
E)(z) we have

E)\(M/SC) _ Z 627ri<w)\,w/m> - Z e27ri<w/*1w)\,m> _ Z (det w)e27ri(w>\,x> — EA)\(.’E)

weW, weW, weWe

since w'~'w runs over the whole group W, when w runs over W,.

In the same way it is shown that the corresponding E-orbit functions E,. ) (z), where X is as
above and « is a root, is invariant with respect to We.

If X\ is dominant, but not strictly dominant, then E)(x) coincides with the corresponding
symmetric orbit function, which is invariant with respect to the Weyl group W, and therefore
with respect to We.

5.2 Invariance with respect to the even affine Weyl group

If A belongs to the set of dominant integral elements P, or to r,P;, then E)(x) is invariant
with respect to the even affine group ijf. Recall that ijf is a semidirect product of the even
Weyl group W, and the group Q of translations by elements of the dual root system Q. In
order to prove this invariance of E-orbit functions E)(z) we need only to prove their invariance
with respect to the subgroup Q For this we note that for 4 € P and for v € QY we have

(,z +v) = (u,x) + (1, v) = (u, ) + integer.
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Hence,

E)\(l'+ V) _ |W)\|_1 Z e27ri<w)\,r+u> _ ’W>\|_1 Z 627ri(>\,x) _ E)\(x), (5'1)
weWe weWe

where W) is the subgroup of W, consisting of elements w such that wA = . Thus, E)(x) is
invariant with respect to the even affine Weyl group Weaff.

If A\ ¢ P, then Ej is not invariant with respect to W2, It is invariant only under action by
elements of the even Weyl group W..

Due to the invariance of E-orbit functions Ey, A € P,, with respect to the group W2 it is
enough to consider them only on the even fundamental domain F, of W2 (see Subsection 2.6).
Values of E) on other points of E,, are determined by using the action of W2t on F, or taking
a limit.

5.3 Relation to symmetric and antisymmetric orbit functions

E-orbit functions are closely related to symmetric and antisymmetric orbit functions ¢y (x)
and @y (z). We have seen that if A is lying on a wall of the dominant Weyl chamber, then

Ex(z) = oa(x). (5.2)

Since the Weyl group W can be represented as a union of the even Weyl group W, and of
the set r W,

W = We U TaWe;

then it follows from the definitions of symmetric and antisymmetric orbit functions that for
strictly dominant A we have

ox(x) = Ex(z) + Er 2 (2), (5.3)

ea(z) = Ex(@) — Eroa(2). (5.4)
It follows from here that for such « one gets

1
Er(2) = § (62(2) + o2(x)). (5.5
1

Eroa(@) = 5 (0a(2) = oa(2)). (5.6)
It is directly derived from (5.3)—(5.6) that the relations

0A(@) — @3 (2) = 4Ex(2) Ep,a (), (5.7)

SA(x) + @R (2) = 2(ER(2) + B 5 (2))

are true, where X is strictly dominant.

5.4 Continuity

An FE-orbit function F)(x) is a finite sum of exponential functions. Therefore, it is continuous
and has continuous derivatives of all orders on the Euclidean space E,,.

Antisymmetric orbit functions ¢, vanish on the boundary of the fundamental domain F'(W)
of the Weyl group W. The normal derivative On of symmetric orbit functions ¢, to the bound-
ary OF (W) of the fundamental domain F(W) equals zero. The reason of these properties is
(anti)symmetry with respect to the reflections with respect to walls of the dominant Weyl cham-
ber. These reflections do not belong to W, and, therefore, F-orbit functions do not have these
properties.
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5.5 Scaling symmetry

Let Oc(A) be an E-orbit of A, A € D. Since w(c\) = cw()) for any ¢ € R and for any w € W,

then the orbit O.(c\) is an orbit consisting of the points cw\, w € W,. Let Ey = Y e2mwA
weWe
be the E-orbit function for A € D,. Then

EC)\(Z') _ ‘W)\|_1 Z 627ri(cw)\,z> _ |W)\‘_1 Z 627ri(w>\,cx) _ E)\(CIL‘).
weWe weWe

The equality E.)(z) = E\(cx) expresses the scaling symmetry of E-orbit functions.

5.6 Duality

Due to the invariance of the scalar product (-,-) with respect to the even Weyl group W,
(wp, wy)y = (u,y), for E-orbit functions F)(x) (see Subsection 4.1) we have

E)\(.%') _ Z 627ri()\,w’1:13> _ Z 627ri<)\,w:1:> :EI(A)

’LUGWE wGWe

It is easy to see that this relation is also true for E-orbit functions E)(x). The relation E)(x) =
E.()\) expresses the duality of E-orbit functions.
FE-orbit functions have also the following property

Era)\(x) = E)\(Tax)v (59)

where « is a root of the corresponding root system. This relation follows from the fact that
roWe = Wer, and from the equalities

Era)\(x): Z 627ri<w7"a)\,$) _ Z 627ri(7’aw)\,$) _ Z 627ri<w)\,7"a1’> :E)\(’l“a.%‘),

’wEWe ’wEWe ’wEWe

where X is strictly dominant.

5.7 Orthogonality

If values of A\ are integral points lying inside of the fundamental domain F; of the even affine
Weyl group Weaff, then the corresponding E-orbit functions are orthogonal on the closure F, of
the fundamental domain F, with respect to the Euclidean measure:

Bl [ BB = [Welou. (5.10)
Fe

where the overbar over Ey/ (x) means complex conjugation. This relation directly follows from
the orthogonality of the exponential functions e ) (entering into the definition of F-orbit
functions) for different weights p and from the fact that a given element v € P belongs to
precisely one E-orbit function. In (5.10), |F.| means an area of the domain Fv.

Sometimes, it is difficult to find the area |F.|. In this case it is useful the following form of
the formula (5.10):

/T Bx(2)Ex @)da = [Woldsy,

where T is the torus in E,, described in Subsection 9.1 of [8]. If to assume that an area of T is
equal to 1, |T| = 1, then |F.| = |W,|~! and formula (5.10) takes the form

| Ex(z)Ey(x)dx = 0xy. (5.11)
Fe
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If X is an integral point which lies on a wall of the even dominant Weyl chamber D¢, then
instead of (5.11) we have the relation

| Ex(2)Ex(z)dz = Wi 0, (5.12)
Fe

where W) is the subgroup of W, consisting of elements w € W, such that wA = A.

5.8 Solutions of the Laplace equation: the cases A,,, B,,, C,, and D,,

We use orthogonal coordinates x1, xs, ..., Tpt1 in the case of A, and the orthogonal coordinates
x1,T2,...,%Ty in the cases B, C, and D, (see section 3). The Laplace operator on E, in the
orthogonal coordinates has the form

0? 0? 0?

A = e 2
52 " o:2 a2

T

where r = n + 1 for A,, and r = n for B,, C, and D,,. Let us consider the case B,. We take
a summand from the expression (4.26) for the E-orbit function E)(z) of B,, and act upon it by
the operator A. We get

Ae2mi((w(EA)) 1214+ (w(eA))nzn)

_ —471'2[(8177711)2 44 (5nmn)2]e27ri((w(s)\))1m1+-~-+(w(5)\))nxn)

— 4n2(m2 4 - 4 2 ) 2T (@EN) 11t (X))

_ _47r2<>\’ )\) 627ri((w(5/\))1x1+--~+(w(a)\))nxn)7
where A = (my,mg,...,my) is the element of DS (B,,), determining F)(x), in the orthogonal
coordinates and w € Sf = S, /S2. Since this action of A does not depend on a summand
from (4.26), we have

AFE)\(x) = —47%(\, ) Ex (). (5.13)

For A,, C, and D,, this formula also holds and the corresponding proofs are the same. Remark
that in the case A, the scalar product (A, \) is equal to

(AA) =mi+mi+-+miy

Thus, F-orbit functions are eigenfunctions of the Laplace operator on the Euclidean space E,.

5.9 The Laplace operator in w-basis

We may parametrize points of £ — n by coordinates in the w-basis: * = 0w + -+ 4+ O,wy,.
Denoting by J; partial derivative with respect to 8y, we have the Laplace operator A in the
form

n
A= 5 Z <Olj7 aj>_1MZ-j8i8j, (514)
ij=1
where (M;;) is the corresponding Cartan matrix. One can see that it is indeed the Laplace
operator as follows. The matrix (S;;) = ({a, aj) "1 M;;) is symmetric with respect to transpo-
sition and its determinant is positive. Hence it can be diagonalized, so that A becomes a sum
of second derivatives with no mixed derivative terms.



34 A.U. Klimyk and J. Patera

We write down explicit form of the Laplace operators in coordinates in the w-basis for ranks 2
and 3. For rank two the operator A is of the form

Ay (8% — 010y + B3)Er(z) = — 2 (a2 + ab + b?) Ex(x), (5.15)
Cy: (207 — 20,00 + 02)Ex(x) = —27%(a® + 4ab + 4b*)E\(z), (5.16)
Go: (0% — 30102+ 303)Ex(x) = — 2" (3% + 3ab + b*) Ex(x). (5.17)

Here, A = (a b) and = = (6 62).

In the semisimple case A; x A; one has M =2(}9), therefore A = 207 + 203, and E)(z) is
the product of two E-orbit functions, one from each A;.

There are three 3-dimensional cases, namely As, Bs, and C3. For Az, Bs, and C3 the result
can be represented by the formulas

As: A =07 +03+ 05— 010y — D03,

Bs : A:@%+8§+28§—8162—28283,

Cz: A =207 4203+ 2035 — 20,05 — 20203. (5.18)
In all these case we have

AE)(z) = =472\, N Ey(2). (5.19)

5.10 E-orbit functions as eigenfunctions of other operators

FE-orbit functions are eigenfunctions of many other operators. Let us consider examples of such
operators.

With each y € E), we associate the shift operator T}, which acts on the exponential functions
2mi(\,x)
e as

TyeZﬂ'i(/\,x) _ e27ri<)\,x+y> _ 627ri()\,y>627ri<)\,x>'

An action of elements of the even Weyl group W, on functions, given on E,,, is given as wf(z) =
f(wz). For each y € E,, we define an operator acting on orbit functions by the formula

D, = Z (det w)wT.

weEWe
Then
DyE)\(l') _ Dy Z e?ﬂ’i(w)\,x) _ Z Z 627ri(w/\,y)e27ri(w)\,w’:r>
weWw w' eWe weWe

_ Z 627ri<w)\,y> Z 627ri<w)\,w/x) _ Z 627ri(w)\,y> Z 627ri(w’71w)\,x>
weW, w' EWe weEWe w' EWe

= D NI @) = By() Ba@)
wEWe

that is, £y (z) (and therefore E) (x)) is an eigenfunction of the operator D,, with eigenvalue E (y).
It is shown similarly that in the cases of A,,, B,,, Cy,, D,, the functions E(z) are eigenfunctions
of the operators

82
a9 .:1525”'7 )
Zwaxg (3 T

'LUGWE

where x1,x2,...,x, are orthogonal coordinates of the point x, r = n 4+ 1 for A, and r = n for
other cases. In fact, these operators are multiple to the Laplace operator A.
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6 Decomposition of products of E-orbit functions

In this section we show how to decompose products of E-orbit functions into sums of E-orbit
functions. Such operations are fulfilled by means of the corresponding decompositions of W-
orbits.

6.1 Products of orbit functions

Invariance of E-orbit functions Fy with respect to the even Weyl group W, leads to the following
statement:

Proposition 1. A product of E-orbit functions expands into a sum of We-orbit functions:

E\E, =) m,E,, (6.1)

where n,, are non-negative integers, which shows how many times the orbit function E, is con-
tained in the product E\NE,,.

Proof. For w € W, we have
Ex(we) E,(we) = B (2) E,(a).

Therefore, the product Ey(z)E,(x) is a finite sum of exponential functions, which is invariant
with respect to W,. Hence, it can be expanded into E-orbit functions. Representing the product
E\(z)E,(x) as a sum of exponential functions we see that these exponential functions enter into
this sum with positive integral coefficients. This means that coefficients n, in (6.1) are non-
negative integers. The proposition is proved. |

Under termwise multiplication of E-orbit functions F) () and E,(x) we multiply exponential
functions,

: i : /
62771<1/,:r>627r1<1/ ) e27r1(1/+1/ ,m)'

This reduces the procedure of multiplication of E-orbit functions Ey(x) and E,(x) to the pro-
cedure of multiplication of the corresponding We-orbits O.(\) and O.(ux). A product of these
orbits is defined as follows.

A product O (A) R0, () of two We-orbits O.(\) and O, (\') is the set of all points of the form
A1 +Ag, where A1 € O (\) and Mg € O(N). Since a set of points A1 +Xa, A1 € Oc(N), Mg € Oc(N),
is invariant with respect to action of the corresponding even Weyl group W,, each product of
We-orbits is decomposable into a sum of We-orbits. If A = 0, then O.(\) ® O (N) = Oc(XN).
If N =0, then Oc(A\) ® Oc(N) = Oc(A). In what follows we assume that A # 0 and X # 0.
Decomposition of products of two W,-orbits into separate W.-orbits is not a simple task.

6.2 Decomposition of products of W -orbits

If O.(\) and O(\') are two We-orbits such that A and X are dominant and lie on walls of the
dominant Weyl chamber, then these orbits in fact coincide with the corresponding W-orbits O(\)
and O(\), respectively. In this case we can apply to this product a procedure of decomposition
of a product of W-orbits (see Section 4 in [7]). Decomposing this product into W-orbits, we make
further the following. If a resulting W-orbit O(u) is such that p lies on a wall of the dominant
Weyl chamber, then O(u) is We-orbit, and O () is contained in the product Og(A) ® O (') of
We-orbits with a multiplicity equal to a multiplicity of W-orbit O(u) in the product O(u)@0(1).
If a resulting W-orbit O(u) is such that u does not lie on a wall of the dominant Weyl chamber,
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then this W-orbit consists of two We-orbit O.(p) and O(rqp). Moreover, multiplicities of these
We-orbits are determined as in the previous case. Thus, in our case a decomposition of We-orbits
is completely determined by a decomposition of the corresponding W-orbits.

Let now the We-orbits O.(\) and O.()\') be such that X is on a wall of the dominant Weyl
chamber and )\ is a strictly dominant element. Then O¢(\) can be considered as W-orbit O(\).
Instead of the We-orbit O.()\') we consider the signed W-orbit OF (\’). (This signed orbit consists
of two We-orbits O (A\) and Oc(r,), and points of O.(r,A) are taken with the sign minus.) Our
problem of decomposition of the product O.(\) ® O.()\) is reduced to decomposition of the
product O()\) ® OF(X) of a W-orbit and a signed W-orbit. Decompositions of such products
are studied in Section 7 in [8]. The product O(A) ® OF(\') decomposes into signed orbits, which
are taken with sign plus or sign minus, that is,

0 @ 0F(N) = [, 0* (),
o

where n,, are positive or negative integers. Now a result for decomposition of the product O (\)®
Oc()\) can be formulated as follows. If a sign orbit OF (p) is contained in the decomposition of
O(A\)®O*(X) with positive coefficient n,,, then the product O (\)®0O,()\') contains the We-orbit
Oe(p) with multiplicity n,. If an orbit OF(u) is contained in decomposition of O(\) ® OF()\)
with negative coefficient n,, then the product Oq(\) ® O.()\') contains the We-orbit Oe(rq )
with multiplicity —n,. This procedure determines in the decomposition of Oc(A\) ® O()\') all
We-orbits O (p) and Og(rqp) for which p is strictly positive and does not give We-orbits O, (p)
with p lying on a wall of the dominant Weyl chamber.

In order to find in the decomposition O¢(A) ® Oc(N') the We-orbits O(u) with p lying on
a wall of the dominant Weyl chamber, along with the product O(A\)® O*()\') we have to consider
also the product O(A) ® O(X') of W-orbit functions (which are not signed orbits).

Below we consider the case of products Og(\) ® O¢(\') of We-orbits, when A and X do not
lie on walls of even dominant Weyl chamber. For simplicity we consider the case when A and \
are strictly dominant.

Let Oc(\) = {wA|lw € W} and Oc(p) = {wp|lw € We} be two We-orbits with strictly
dominant A and p. Then

Oc(N) @ Oc(p) = {wA + w'plw,w' € We}
= {wAwi plweW,} U{wrtwap|weWe U - - - U {wrtwspulwe W, }, (6.2)

where w1, ws, ..., w is the set of elements of W,. Since a product of W,-orbits is invariant with
respect to We, for decomposition of the product O.(A) ® O.(u) into separate We-orbits it is
necessary to separate from each term of the right hand side of (6.2) elements, which belong to
the even Weyl chamber D . That is, Oc(\) ® O¢(p) is a union of the We-orbits, determined by
points from

De({wX +wip|w € We}), D{wA + wap|w € We}), ..., De({wX + wsplw € Wet),  (6.3)
where D,({wA 4+ w;u|w € W,}) means the set of elements in the collection {w 4+ w;u|w € W,}
belonging to DY .

Proposition 2. Let A and j be elements of DS, which do not lie on walls of DS.. The product
Oc(AN) ®Oc () consists only of We-orbits of the form Og(lwA+p|), w € We, where |wA+ u| is an
element of DS in the We-orbit containing wA + pu. Moreover, each such We-orbit Oq(|wA + pl),
w € We, belongs to the product Og(\) @ O¢(p).

Proof. For each dominant element wA + w;u from (6.3) there exists an element w” € W, such
that w”(w\ + w;p) = WA + p. It means that w\ + w;p is of the form |w'\ + ul|, w' € We.
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Conversely, take any element wA + p, w € We. It belongs to the product Og(\) ® Oc(p). This
means that |wA 4+ p| also belongs to this product. Therefore, the orbit O, (|wA 4+ p|) is contained
in O¢(A\) ® O¢(p). Proposition is proved. [ |

It follows from Proposition 2 that for decomposition of the product O.(\) ® O.(u) into
separate orbits we have to take all elements wA + u, w € W, and to find the corresponding
dominant elements |w\ + |, w € We.

For A and p from Proposition 2 the product Oc(\) ® O.(p) contains We-orbits with multi-
plicities 1, that is,

Oc(N) @ Oc(p) = | Ocllwr+ pl). (6.4)

’LUEW&

If A and p lie on walls of D¢, then some orbits can be contained in the decomposition of
Oc(A) ® O¢(p) with a multiplicity. The most difficult problem under consideration of products
of orbits is to find these multiplicities.

Formulas (6.2) and (6.3) are related to decompositions of products O(A) ® Oc(u), when A
and 4 do not lie on walls of the domain D¢ . Now we assume that A or/and p may lie on walls
of DY. Then formula (6.2) is replaced by

Oc(N) ® Oc(p) = {wA + w'plw € W /Wy, w' € W /W, }
= {wtw p|lweW, /Wit U {wrtwaplweWe /Wit U - - - U {wrtw, plweW, /Wy}, (6.5)

where W) is the subgroup of W, consisting of elements leaving A invariant and wy, we, ..., w, is
the set of elements of W, /W,,. In this case, Oc(A) @O (1) is a union of the We-orbits, determined
by points from

D.({wX +wiplw € W /Wi}), D{wA + waplw € W /Wi}), ...,
De({wh + wrplw € W /Wy}), (6.6)

where D.({wA + w;u|lw € We}) has the same sense as in (6.3).

Proposition 3. Let O.(A\) and Oc(u), A\, € DS, be We-orbits such that A # 0 and p # 0,
and let elements wA + p, w € W, /Wy, belong to D} and do not belong to walls of even Weyl
dominant chamber DS. Then

Oc(A) ® Oc(p) = U Oc(wA + p). (6.7)
weEWe /W

Proof. Under the conditions of the proposition the set of elements w\ 4+ u, w € W, /W), is
contained in the first set of (6.6) if w; coincides with the identical transformation. Moreover,
Wortp = {w' € We;w' (wh+ p) = w4 p} = {1} for all elements w € W,. Then p does not lies
on the boundary of D/, that is, W,, = {1}. Let us show that the collection (6.6) contains only
one non-empty set D({wA + p|lw € W./Wy}). Indeed, let wA + w;pu, w; # 1, belongs to DI .
Then

w; (WA + wip) = w; fw + p € DS

Since W, -1, = {1}, then w; (w4 w;p) is an intrinsic point of D¢. Therefore, wA +w;u &

DS . This contradicts to the condition that wA + w;u € DS and, therefore, the collection (6.6)
contains only one non-empty set. The set of orbits, corresponding to the points of D({wA+pu|w €
W./W}), coincides with the right hand side of (6.7). Proposition is proved. [
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Proposition 4. If \,u € DS, then Oq(\) ® Oc(p) consists only of We-orbits of the form
Oc(|wA + pl), w € W /Wy, where [wA + p| is an element of DS in the We-orbit containing
wA + p. Moreover, each such We-orbit Oc(|wA + p|) belongs to the product Oc(N) @ Oc(p).

Proof is similar to that of Proposition 2 and we omit it.

Under conditions of Proposition 4 the relation (6.4) in general is not true. The simplest
counterexample is when p = 0. Then according to this formula O (A) ® Oc (1) = Oe(A) UOe(A)U
<+ UOc(A) ([We/W) times). However, as we know, O¢(\) @ Oc (1) = Og(N).

Proposition 3 states that instead of (6.4) we have

0c(N) @ Oc(p) € | Ocllw+ pl). (6.8)
weW,

Note that some orbits on the right hand side can coincide.

Proposition 5. Let O.(u) and Og(p) be We-orbits such that X\ # 0 and p # 0, and let all
elements wA + p, w € We, belong to DS.. Then

0N @0c(u) = |J  nurtuOc(wA + p),
wEW/WA

where Nyt = [Wiprtpl-

Proof. Since A # 0, all elements w\ + p, w € W, /Wy, belong to D if and only if W, = {1}.
Then on the right hand side of (6.5) there are |W,| terms. If the element wA + p belongs to DI
and does not lie on a wall, that is, Wy 4, = {1}, then this element is met only in one term.
This means that the multiplicity nyx1, of Oc(wA + i) in the product Oc(A) ® Oc(p) is 1. If
wA + p is placed on some wall of D¢, then it is met in nyx;y = [Wwryu| terms (since the
elements w'wA +w'p, w' € Wiyaqp, belong to pairwise different terms in (6.5)). Therefore, there
are N4y orbits Oc(wA + ) in the decomposition of O.(A) ® O.(). Proposition is proved. W

Proposition 6. If W, = {1} and none of the points wA + pu, w € W /Wy, lies on a wall of
some even Weyl chamber, then

Oc(A) ® Oc(p) = U Oc(|wA + pl).
wEWe /W

Proof. For the product O.(\) x Oc(p) the inclusion

Oc(N) @ Oc(p) € | OcllwA + pl) (6.9)
weWe

holds. Each orbit Oc(|wA + p|), w € W,/W), has |W,| elements and is contained in O.(\) ®
Oe¢(p). Therefore, numbers of elements in both sides of (6.9) coincide. This means that the
inclusion (6.9) is in fact an equality. Proposition is proved. |

We formulate a conjecture concerning decomposition of products of We-orbits.

Conjecture. Let O.()\) and Oc(p), A # 0, u # 0, be orbits, and let p belong to DI and do not
lie on a wall of DS If for some w € W, the element w\ + p belongs to D} and does not lie on
a wall, then a multiplicity of Oc(wA + ) in Oc(X) @ Oc(p) is 1.

At the end of this subsection we formulate a method for decomposition of products Oc(\) ®
Oc (), which follows from the statement of Proposition 4. On the first step we shift all points
of the orbit O(A\) by u. As a result, we obtain the set of points wA + p, w € W,. On the
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second step, we map elements of this set, which do not belong to D}, by elements of the even
Weyl group W, to the chamber D}. On this step we obtain the set |w\ + p|, w € W,. Then
by Proposition 4, Oc(\) @ O(p) consists of the orbits Og(|wA + p|). On the third step, we
determine multiplicities of these orbits, taking into account the above propositions or making
direct calculations.

6.3 Decomposition of products for A,

We give examples of decompositions of products of We-orbits for the cases As and Cy. Orbits
for these cases are placed on a plane. Therefore, decompositions can be done by geometrical
calculations on this plane. These cases can be easily considered also by using for orbit points
orthogonal coordinates from Section 3. The corresponding even Weyl groups have a simple
description in these coordinates and this gives a possibility to make calculations in a simple
manner.

For the case of Ay at a # b, a > 0, b > 0, and at ¢ > 0 we have

Az Oc(a b) @ Oc(c 0) = Oc(atc b) UO(a—c b+c)

U O¢(—a—b+c a) (a>c>b),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UOc(a—c b+c) U Oc(a b—c) (a>¢,b>c),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UO(—a—b+c a)) UO(0 a+b) (a=c>Db),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UO(a b—c) UO.(0 a+ b) (b>a=rc),
Oc¢(a b) @ Oc(c 0) = Oc(a+c b) U Oc(a—c b+c) U Oc(a 0) (a <b=c),
Oc¢(a b) ® O(c 0) = Oc(a+c b) U Oc(a—c b+c)

U Oc(c—a—b a) (c>a+0),
Oc(a b) ® Og(c 0) = Oc(a+c b) U OF(a—c b+c)

U O%(—a—b+c b) (a+b>c>b),

Oc(a b) ® Oc(c 0) = Oc(a+c b) UOc(a—c b+c) U Og(a b—c) (a+b>b>c),

Az O¢(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b)

U Oc(a+b—c c—b) (a>c>b),
Oc(—a a+b) ® O(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b)

U O¢(—a a+b—c) (a>¢c,b>c),
Oc(—a a+b) ® O(c 0) = Oc(—a—c a+b+c) U Oc(a+b—c c—b))

UO(0 a+0) (a=1c>b),
Oc¢(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(—a a+b—c)

UOc(0 a+b) (b>a=c),
Oc(—a a+b) ® O¢(c 0) = Og(—a—c a+b+c) U Og(c—a a+d)

U Oc¢(a 0) (a <b=c),
Oc(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b)

U O¢(a+b—c c—b) (c>a+b),
Oc(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b)

U O¢(a+b—c c—a) (a+b>c>0D),

Oc¢(—a a+b) ® O(c 0) = O (—a—c a+b+c) U Oc(c—a a+b)
U O¢(—a a+b—c) (a+b>b>c).
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Note that (—a a+b) belongs to DS and does not belong to D. If a = b, then we get

Oc(a a) ® Og(c 0) = Oc(a+c a) UOc(c—2a a) U Oc(a—c a+c) (¢ > 2a),
Oc(a a) ® Og(c 0) = Oc(atc a) UO (c—2a a) UO (a—c a+c¢) (2a>c > a),
Oc(a a) ® O(c 0) = Oc(a+c a) U Oc(a—c a+c) U Oc(a a—c) (a>c).

The We-orbit Oc(rq(a a)) has the form O.(—a 2a). The products of such orbits with the We-orbit
Oe(c 0) decompose into We-orbits as

Oc(—a 2a) ® Oc(c 0) = Oc(—a—c 2a + ¢) UOc(2a—c ¢ — a)

U O¢(c—a 2a) (¢ > 2a),
Oc(—a 2a) @ Oc(c 0) = Oc(—a—c 2a + ¢) U Oc(2a—c c—a)

U O¢(c—a 2a) (2a > ¢ > a),
Oc(—a 2a) @ Oc(c 0) = Og(—a—c 2a + ¢) U Oc(c—a 2a)

U O¢(—a 2a—c) (a>c).

We also give the following decompositions for W,-orbits of A,:

Ay Oc(a 0) @ Oc(b0) = Oc(a+b 0) UO (—a+b a) UO.(a—bb) (a<b),
Oc(a 0) ® Oc(a 0) = Oc(2a 0) U20.(0 a),
Oc(a 0) @ Oc(0 b) = Oc(a b) U Oc(—a a+b) UO(0 —a+b) (a < b),
Oc(a 0) @ Oc(0 a) = Oc(a a) U Oc(—a 2a) U 30,.(0 0)

6.4 Decomposition of products for C,

For dominant elements (a b) products We-orbits for Cy are of the form

Cy: Oc(ab) ® Oc(c 0) = Oc(atc b) UOc(a+2b—c —a—b+c) U O (a—c b+c)

U O¢(c—2b—a a+b) (a+b—c<b),
Oc(a b) ® Oc(c 0) = Oc(a+c b) U O (a+2b—c c—a—b) U O.(a—c b+c)
U Oc(c—a—2b a+Db) (b>c—a—b,a>c),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UO(a+2b—c c—a—b) U Oc(a—c b+c)
U Oc(c—a—2b a+b) (b>c—a—b, c>a),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UO (a—c b) UO(a—c b+c)
U O¢(c—a—2b a+b) (a+b>b+c),
Oc(a b) ® Oc(c 0) = Oc(a+c b) UO (a—c b) UO(a—c b+c)
U O¢(c—a—2b a+b) (b+c>a+b>c—b),
Oc(a b) ® O¢(c 0) = O¢(a+c b) UOe(a—c b) U Oc(a—c b+c)
U Oc(c—a—2b a+b) (a+b<c—b).

The We-orbit Og(rq(a b)) has the form Oc(—a a + b). The products of such orbits with the
We-orbit O.(c 0) decompose into We-orbits as

Cy: Oc(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(—a—2b+c b) U O (c—a a+Dd)
U Oc(a+2b—c b+c) (a+b—c<b),
Oc(—a a+b) @ Oc(c 0) = Oc(—a—c a+b+c) U O (c—a—2b b) U Oc(c—a a+b)
U O¢(a+2b—c c—b) (b>c—a—b,a>c),
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Oc(—a a+b) @ Oc(c 0) = Oc(—a—c a+b+c) U O (c—a—2b b) U Oc(c—a a+b)
U O¢(a+2b—c c—b) (b>c—a—b,c>a),
Oc(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b—c) U Oc(c—a a+b)
U Oc(a+2b—c c—b) (a+b>b+c),
Oc¢(—a a+b) ® O(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b—c) U O (c—a a+bd)
U O¢(a+2b—c c—b) (b+c>a+b>c—b),
Oc(—a a+b) ® Oc(c 0) = Oc(—a—c a+b+c) U Oc(c—a a+b—c) U Oc(c—a a+Db)
U O¢(a+2b—c c—b) (a+b<c—b).
We also give the following decompositions of E-orbits of Co:
Cy: Oc(a 0)R0(b 0) = Oc(a+b 0) UOe(a—b 0) U Oc(a—b b) UOc(b—a a)  (a > b),
Oc(a 0)®0,(a 0) = Oc(2a 0) U20,(0 2a) U 40.(0 0),
Oc(0 a)®0,(0 b) = O (0 a+b)UO¢(2b a—b)UO.(—2b a+b)UO.(0 a—b) (a >b),
Oc(0 a)®0(0 a) = O.(0 2a) U20,(2a 0) U40.(0 0),
Oc(a 0)®0(0 b) = Oc(a b)UOc(—a a+b)UO.(a—2b b)UO.(2b—a a—b) (a > 2b),
Oc¢(a 0)®0,(0 b) = Oc(a b)UO (—a a+b)UO.(2b—a a—b)UO.(a—2b b) (2b>a>b),
Oc(a 0)®0(0 b) = Oc(a b) U Oc(—a a+b) UO(a b—a) UO(—a b) (b>a),
Oc(a 0)®0(0 a) = Oc(a a) U O(—a 2a) U20.(a 0),
Oc(a 0)®0,(0 2a) = Oc(a 2a) U Oc(—a 3a) U Og(a a) U Oc(—a 2a),
Oc(2a 0)®0(0 a) = O(2a a) U Oc(—2a 3a) U20.(0 a).

6.5 Decomposition of products for G,

We give some examples of decomposition of products of W,-orbits of G5 using w-coordinates for

elements of orbits:

Ga2: O¢(a0)® Oc(b0) =0c(a+b 0)UO(b—a 3a) UO(2a+b —3a) U O(2a—b 3b—3a)
U O(b—a 3a—3b) U O.(b—a 0) (a < b < 2a),
Oc(a 0) @ Oc(b 0) = Oc(a+b 0) U Oc(b—a 3a) U Oc(2a+b —3a) U O(b—2a 3a)

U O¢(a+a —3a) U Oc(b—a 0) (b > 2a),
Ou(2a 0) U 20.(0 3a) U 20, (a 0) U60.(0 0),

Oc(a 0) ® O¢(a 0)

Oc(a 0) ® Oc(2a 0) = Oc(3a 0) UOc(a 0) UO¢(a 3a) U O(4a —3a) U 20.(0 3a),

Oc(0 a) ® O (0 b) = O, (0 a+b) U O¢(a b—a) U O (b a—b) U O.(b—a 2a—
Oc(a b—2a) U O.(0 b—a) (a <b<2a),
O¢(0 a) ® O (0 b) = O, (0 a+b) U Oc(0 b—a) U Oc(a b—a) U Oc(b a—b)

Oc(a b—2a) U
Oc(0 a) ® Oc(0 a) = Oe(O 2a) U20(a 0) U20.(0 a) U60,(0 0),

0c(0 a) @ Oc(0 2a) = Oc(0 3a) U20.(a 0) UO¢(a a) UO(2a —a) U Og(0

Oc(b—a 2a—Db) (b > 2a),

b)

a).

7 Decomposition of We-orbit functions into W/ -orbit functions

For these decompositions it is enough to obtain the corresponding decompositions for signed
W-orbits and then to make a corresponding separation of W,-orbits. For this reason, we shall
deal mainly with signed orbits. Our reasoning here is similar to that of Section 4 in [7].
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7.1 Introduction

Let R be a root system with a Weyl group W and let R’ be another root system which is a subset
of the set R. Then the Weyl group W’ for R’ can be considered as a subgroup of W. Moreover,
W/ is a subgroup of the even Weyl group We.

Let O%()\) be a We-orbit. The set of points of O (\) is invariant with respect to W..
This means that the orbit O (\) consists of W/-orbits. In this section we deal with repre-
senting O (\) as a union of W/-orbits. Properties of such a representation depend on root
systems R and R’ (or on Weyl groups W and W’). We distinguish two cases:

Case 1. Root systems R and R’ span vector spaces of the same dimension. In this case Weyl
chambers for W are smaller than Weyl chambers for W’. Moreover, each Weyl chamber for W’
consists of |W/W’| chambers for W. Therefore, an even Weyl chamber for W/ consists of
|W/W'| = |W,./W/| even Weyl chambers of W,. Let DI be an even dominant Weyl chamber
for the root system R. Then the even dominant Weyl chamber for W/ consists of W,-chambers
w; DY, i =1,2,... k, k = |W/W'|, where w;, i = 1,2,...,k, are representatives of cosets in

W./W!. If X does not lie on any wall of the even dominant Weyl chamber D, then
k
o () = J ol (wN), (7.1)
i=1

where OV are W/-orbits.

Representing A by coordinates in w-basis it is necessary to take into account that coordinates
of the same point in w-bases related to the root systems R and R’ are different. There exist
matrices connecting coordinates in these different w-bases (see [29]).

To the decomposition (7.1) there corresponds the following expansion for E-orbit functions:

k
EMW) () = 3 Egjf\)(x).

i=1

Case 2. Root systems R and R’ span vector spaces of different dimensions. This case is more
complicated. In order to represent O (\) as a union of W/-orbits, it is necessary to project
points g1 of O ()\) to the vector subspace F, spanned by R’ and to select in the set of these
projected points dominant points with respect to the root system R’. Note that under projection,
different points of O ()\) can give the same point in F,,. This leads to appearing of coinciding
W!-orbits in a representation of OV ()\) as a union of W/-orbits.

Under expansion of an EW-orbit function Eg\W) (z) into EW)_orbit functions we have to
consider E&W) (z) on the subspace E,; C E, and to take into account the corresponding decom-
position of the orbit O ()\). For this reason, below in this section we consider decomposition
of We-orbits into W/-orbits. They uniquely determine the corresponding expansions for E-orbit
functions.

7.2 Decomposition of W,(A,)-orbits into W,(A,,_1)-orbits

Below we shall consider decompositions for W, (A4, )-orbits O.(A) and O¢(ro\) such that A is
strictly dominant.

If X is not strictly dominant, then W,(A,,)-orbit O.(A) = O()\) coincides with the W (A,,)-
orbit O(\). In this case, in order to decompose W, (A, )-orbit O, () into W, (A,,—1)-orbits we have
to decompose the W (A,,)-orbit O(\) into W (A,,_1)-orbits and then to split W (A,,_1)-orbits into
We(Arn—1)-orbits. Namely, if a W (A,_1)-orbit O(u) is such that x is not strictly dominant, then
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O(p) is in fact a W, (A, —1)-orbit. If p is strictly dominant, then O(u) consists of two We(Ap—1)-
orbits O¢(p) and O(rqp), where « is a root of A, 1. Thus, if A is not strictly dominant, then
decomposition of We(A;)-orbits into We(A,_1)-orbits are reduced to decomposition of W (A, )-
orbits into W (A,_1)-orbits. The last decomposition are studied in Subsection 4.5 in [7].

So, let A be a strictly dominant element for A,. It is convenient to fulfil the decomposition of
We(Ay)-orbits Og(A) and Oc(ra\) by using a corresponding decomposition of a signed W (A,,)-
orbit O%()\) into signed W (A,,_1)-orbits considered in Subsection 8.2 in [8]. For this we have
to take into account that a signed W (A,,)-orbit OF(\) consists of two W,(A,)-orbits. One of
them consists of points with the sign 4+ and the second with the sign —.

For such decomposition it is convenient to represent orbit elements in orthogonal coordi-
nates (see Section 3). Let mq,ma,...,my+1 be orthogonal coordinates of a strictly dominant
element A, that is,

mip >mg > - > My > Mptl-

The orthogonal coordinates mq, ma, ..., my11 satisfy the conditions mj +mo + - +mp41 = 0.
However, we may add to all coordinates m; the same real number, since under this procedure
the w-coordinates \; = m; —m;y1, ¢ = 1,2,...,n do not change (see Section 3).

Let OF()\) = OF(my,ma,...,muy1) be a signed W(A,,)-orbit with dominant element \ =
(m1,ma,...,mpt1). This orbit consists of all points

w(m17m27"')mn+l) = (mil)mi27"‘7min+1)7 w e W(An)v (72)

where (i1,42,...,ip4+1) i a permutation of the numbers 1,2,...,n + 1, determined by w. The
sign of (detw) is attached to such a point. Points of OF()) belong to the Euclidean space FE,, 1.
We restrict these points to the subspace F,,, spanned by the simple roots a1, as, ..., a1 of Ay,
which form a set of simple roots of A,_1. This restriction is reduced to removing the last coor-
dinate m;, ,, in points (m;,, m,,...,m;,.,) of the signed orbit OF()) (see (7.2)). As a result,
we obtain the set of points

(mil y miQ, e ,min) (73)
received from the points (7.2). The point (7.3) is dominant if and only if

It is easy to see that after restriction to F, (that is, under removing the last coordinate) we
obtain from the set of points (7.2) the following set of dominant elements:

(mlu-”7mi—lami7mi+17"')mn+l)7 1= 1727"‘7n+1)

where a hat over m; means that the coordinate m; must be omitted.
Thus, the signed W (A,)-orbit OF(my,ma,...,m,.1) consists of the following signed
W (A, —1)-orbits:

4+ N .
O (ml,...,mi_l,mi,mi+1,...,mn+1), 1=1,2,....,n4+ 1.

Each of these signed orbits must be taken with a coefficient +1 or —1. Moreover, a coefficient
at the orbit OF (my, ..., mi_1,1;, Miy1,...,Mur1) is 1, if after m; in the point

(M ey M1, M M1, - M)
there exists an even number of coordinates, and —1 otherwise (see Section 8.2 in [8]). These
statements can be written in the form

n+1

O{:/‘t/(ml, mao, ... ,mn+1) = U (det w(mz))Oﬁ/, (ml, ey M1, Tflz‘, My41,.--,y mn+1), (7.4)
i=1
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where w(m;) is the permutation which send the coordinate m; to the end, not changing an order
of other coordinates.

Now we have to split the left and the right hand sides of (7.4) into two parts: the first part
has to consist of points with the sign plus and the second with the sign minus. This splitting for
the left hand side leads to two We(Ay)-orbits Oc(A) and O, (roA). Each signed W (A,,_1)-orbit
on the right hand side splits into two W (A, _1)-orbits, one contains points with the sign plus
and other with the sign minus; one of them is contained in O.(A) and another in Og(roA). If
det w(m;) = 1, then the W, (A, _1)-orbit of O?/[V, (my,...,mj—1,Mi, Mj41,...,Myt1) With points
having the sign plus belongs to O.(\). The W,(A,,_1)-orbit with points having the sign minus
belongs to O¢ (1o A). If det w(m;) = —1, then the W (A,,_1)-orbit of O?/EV/ (my,...,mi—1,mM;, Mjt1,
..., Mp41) with points having the sign plus belongs to O.(roA) and the W, (A, _1)-orbit with
points having the sign minus belongs to O.(\). Fulfilling this splitting we obtain lists of
We(Ay—1)-orbits, which are contained in W,(A,,)-orbits O.(A) and O (o).

7.3 Decomposition of W,(B,,)-orbits into W, (B,,_)-orbits
and of W,(C},)-orbits into W, (C,,_;)-orbits

Decomposition of We(B;,)-orbits and decomposition of W,(C),)-orbits are fulfilled in the same
way. For this reason, we give a proof only for the case of W, (C),)-orbits. As in the previous case
for fulfilling the decompositions we use signed W-orbits.

A set of simple roots of (), consists of roots aq,as,...,ay,. The roots as, ..., a, constitute
a set of simple roots of C,,_1. They span the subspace F,_.
We determine elements \ of E,, by using orthogonal coordinates mi,ms, ..., my. Then A is

strictly dominant if and only if
mip > mo >0 >my > 0.

Then the signed W (C,,)-orbit OF(\) consists of all points

w(my,ma,...,my) = (m;, tmg,,...,£tm; ), w e W(Cy), (7.5)
where (i1,142,...,4,) is a permutation of the set 1,2,...,n, and all combinations of signs are
possible.

Restriction of elements (7.5) to the vector subspace E,,_1, defined above, reduces to removing
the first coordinate £m;, in (7.5). As a result, we obtain from the set of points (7.5) the collection

(:I:miw j:mig, ce ,j:min), w € W(Cn)

Only the points (mi,, Mg, ..., m;, ,,m;, ) with positive coordinates may be dominant. More-
over, such a point is dominant if and only if

My > Mjg > 00 > My,

Therefore, under restriction of points (7.5) to E,_1 we obtain the following strictly W (Cyp_1)-
dominant elements:

(ml,mg,...,mi,l,mi,mprl,...,mn), 2':1,2,...,71, (76)
where a hat over m; means that the coordinate m; must be omitted. Moreover, the element (7.6)

with fixed i can be obtained from two elements in (7.5), namely, from (mq, mo, ..., m;—1, m;,
M1, ..., My). In the signed orbit OF(mq, ma, ..., m,) these two elements have opposite signs.
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Thus, the signed W (C,,)-orbits OF (m1,ma, ..., m,) consists of the following signed W (C),_1)-
orbits:

Oi(ml,mg, ey mi,l,mi,miﬂ, e ,mn)
= O0F(ma,..., M4, ..., my), 1=1,2,...,n. (7.7)
Each such signed W (C,,_1)-orbit is contained in O (mq,ma, ..., m,) twice with opposite signs.
Since the signed W (Cp,)-orbit OF(my, ma, ..., my) consists of two W, (C,,)-orbits (one consists
of points with the sign + and the second with the sign —), then it follows from these as-
sertions that the We(Cy,)-orbits Oc(mi,ma,...,my) and O¢(rq(mi,ma,...,my)) consist of the

same set of We(Cp—1)-orbits, namely, of W,(Cy,_1)-orbits which are contained in the signed
W (C,,_1)-orbits (7.7). This set consists of the W.(C,,_1)-orbits O%(my,,...,m;,...,m,) and
O%(rg(ma,,...,Miy...,my)), i =1,2,...,n, where 3 is a root of Cj,_1.

For W,(B,)-orbits we have similar assertions. A W,(B,)-orbit O¢(mi,ma,...,my), m; >
mg > --- > m, > 0, consists of W,(B,,_1)-orbits which are contained in the signed W*(B,,)-
orbit

+ A .
@ (m17m2)‘"7mi—1)mi7mi+17"‘7mn)7 1= 1727"°7n7

and each such W, (B,,—1)-orbit is contained in the decomposition only once.

7.4 Decomposition of W,(D,,)-orbits into W,(D,,_1)-orbits

Assume that aq, a9, ..., a, is the set of simple roots of D,,, n > 4. Then aso,...,a, are simple
roots of D,_1. The last roots span the subspace E,_1.

For elements A of E,, we use orthogonal coordinates mi,meo,...,m,. Then X is strictly
dominant if and only if my > mg > -+ > myu_1 > |my,|. We assume that \ satisfies the
condition

my>mo > - >my, > 0.
Then the signed W (D,,)-orbit OF(\) consists of all points
w(mi, ma,...,my) = (m;,, Tmg,, ..., tm; ), we Wp,, (7.8)

where (i1,192,...,1,) is a permutation of the numbers 1,2, ..., n and there exists an even number
of signs —. Restriction of elements (7.8) to the subspace E,_; reduces to removing the first
coordinate +m;, in (7.8). As a result, we obtain from the set of points (7.8) the collection

(£mi,, £my, ..., £m;,), w e W(D,),

where a number of signs — may be either even or odd. Only points of the form (mj,, mj,, ...,
m;, ., £m;,) may be dominant. Moreover, such a point is dominant if and only if

My > Mg > =00 > My, 4 > \mzn\

Therefore, under restriction of points (7.8) to E,,—1 we obtain the following W (D,,_1)-dominant
elements:

(m15m27---7mi717miami+l7‘"amnflaimn)) i:1727"'7n7 (79)

where a hat over m; means that the coordinate m; must be omitted. Moreover, the ele-
ment (7.9) with fixed ¢ can be obtained only from one element in (7.8), namely, from element
(my,ma,...,mi—1,£m;, mit1,...,£my,), where at m; and m,, signs are coinciding.
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Thus, the signed W (D,,)-orbit OF(my,ma,...,my,) with m; > mg > --- > m,, > 0 consists
of the following signed W (D,,_1)-orbits:

Oi(ml,mg,...,mi_l,mi,miﬂ,...,imn), 1=1,2,...,n. (7.10)

Each such signed W (D,,_1)-orbit is contained in OF (my, ma, ..., m,) only once (with sign + or
sign —). A sign of such an orbit depends on a number i and does not depend on a sign at m,.
This sign is + if after 7i; in (7.10) there exists on even number of coordinates and —1 otherwise.

Now we split the signed W (D,)-orbit OF(m1,ma,...,my) into two We(D,,)-orbits O.(my,
ma,...,my) and Og(rq(mi,ma,...,my)). Next, we split each of the signed W (D,,_1)-orbits
(7.10) also into two W, (D,,—1)-orbits

Oc(mi,ma, ... ,mi_1,Mi,Mit1,...,Etmy), i=1,2,...,n. (7.11)

Oe(rg(ml,mg,...,mi_l,mi,miﬂ,...,imn)), i:1,2,...,n. (7.12)

It is necessary to split these W,(D,,_1)-orbits into two parts which constitute the W,(D,,)-
orbits O¢(mi,ma,...,my) and Oc(rq(mi,ma,...,my)). This is done as follows. If a fixed
signed orbit from (7.10) is contained in the signed W (D,)-orbit OF(my,ma,...,m,) with
the sign +, then the corresponding We(D,,_1)-orbit (7.11) is contained in the W,(D,,)-orbit
Oc(my,ma,...,my) and the W.(D,_1)-orbit (7.12) is contained in O¢(rq(mi,ma,...,my)).
If a fixed signed W (D,,_1)-orbit (7.10) is contained in O*(my,ma,...,m,) with the sign —,
then the corresponding We(D,,—1)-orbit (7.11) is contained in the W, (D,,)-orbit Oc(rq(m1,ma,
...,my)) and the We(Dy_1)-orbit (7.12) is contained in O.(my,ma,...,my). Therefore, the
We(Dy)-orbit Oc(my, ma, ..., my) consists of We(D,,_1)-orbit (7.11) such that n — i is an even
integer and of W, (D,,—1)-orbit (7.12) such that n — i is odd. The W,(D,,)-orbit Oc(rq(m1,ma,
...,my)) consists of We(Dy_1)-orbit (7.11) such that n —i is odd and of We(D,,_1)-orbit (7.12)
such that n — ¢ is even.
It is shown similarly that the W, (D,,)-orbits

Oe(mla ey Mp—1, _mn)a Oe('ra(mlv ey Mp—1, _mn))7

with my > mg > -+ > my > 0 consists of the same We(Dy_1)-orbits as the W(D,,)-orbits
Oc(mi,...,mp_1,my) and Oc(ro(mi, ..., Mu_1,my)) with the same numbers my, ..., mp_1, my,
do, respectively.

8 F-orbit function transforms

As in the case of symmetric and antisymmetric orbit functions, E-orbit functions determine
certain orbit function transforms which generalize the Fourier transform (in the case of symmetric
orbit functions these transforms generalize the cosine transform and in the case of antisymmetric
orbit functions these transforms generalize the sine transform) [7, 8, 10].

As in the case of symmetric and antisymmetric orbit functions, E-orbit functions determine
three types of orbit function transforms: the first one is related to the E-orbit functions E)(x)
with integral A, the second one is related to Ey(z) with real values of coordinates of A, and the
third one is the related discrete transform.

8.1 Expansion in E-orbit functions on F,

The aim of this subsection is to obtain formulas for expansions of functions on the closure of
the fundamental domain F, of the even affine Weyl group W2 in E-orbit functions Ej(x) with
integral A.
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Let us start with the usual Fourier expansion of functions on F,,

f(z) = Z cre ), (8.1)

AEZ™

with coefficients
Ca :/ f(x)e_2”<)"x>dx, (8.2)
zeT

where T is a torus in FE,.

Let the function f(x) be invariant with respect to the even Weyl group W,. It is easy to check
that the coefficients c) are also We-invariant, ¢,y = ¢y, w € W,. Replace in (8.2) A by w,
w € We, and sum up both side of (8.2) over w € W,. Then instead of (8.2) we obtain

e = W[ /T J(@)Bx(@)de,

where Ey(z) = 3 €2™(@A%)  (We have taken into account that both f(z) and Ej(zx) are
weEWe
We-invariant.) This formula can be written as

o = /F F@) By (2)dz = W /F F(@)Ex(2)dx, (8.3)

where W), is the subgroup of W, consisting of elements leaving A invariant.
Similarly, starting from (8.1), we obtain an inverse formula:

fl@) =Y exBx(w), (84)

AePt

where P is the set of integral elements from DI. For the transforms (8.3) and (8.4) the

Plancherel formula

/F|f<x>|2da:= S (W2

AePt

holds, which means that the Hilbert spaces with the appropriate scalar products are isometric.
Formula (8.4) is the symmetrized (by means of the group W.) Fourier transform of the
function f(x). Formula (8.3) gives an inverse transform. These formulas give the E-orbit
function transforms corresponding to E-orbit functions Ey, A € P;.
Let £2(F.) denote the Hilbert space of functions on the closure of the fundamental domain F,
of the group W2 with the scalar product

(f1, f2) = /Ffl(x)fg(:c)dx.

The formulas (8.3) and (8.4) show that the set of E-orbit functions Ex, A\ € P}, form an
orthogonal basis of L2(F}).

8.2 FE-orbit function transform on even dominant Weyl chamber

The expansion (8.4) of functions on the domain F, is an expansion in the E-orbit functions E, (z)
with integral elements A. The F-orbit functions F)(x) with A lying in the even dominant Weyl
chamber (and not obligatory integral) are not invariant with respect to the corresponding even
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affine Weyl group W2, They are invariant only with respect to the even Weyl group W..
A fundamental domain of W, coincides with the even dominant Weyl chamber D = D, Ur,D.
For this reason, the E-orbit functions E)(z), A € DI, determine another orbit function transform
(a transform on D).

We began with the usual Fourier transforms on R™:

f = | @ de, (8:5)

f(z) = . F(N)e 2mdm g, (8.6)

Let the function f(z) be invariant with respect to the even Weyl group W,, that is, f(wx) =
(det w) f(x), w € W,. The function f()) is also invariant with respect to the even Weyl group We.
Replace in (8.5) A by wA, w € We, and sum up these both side over w € W,. Then instead
of (8.5) we obtain

FO) = W[ / f(@)Bx(x)dz,  Ae D,
Rn
Therefore,
f()\):/ f(z)Ex\(x)dz, X e D, (8.7)
DF

where we have taken into account that f(x) is invariant with respect to We.
Similarly, starting from (8.6), we obtain the inverse formula:

f@=] FOVEx(z)dA. (8.8)

For the transforms (8.7) and (8.8) the Plancherel formula

/+ If(:v)l%lscz/D+ |F(N)2dA

e e

holds.

9 Finite FE-orbit function transforms

9.1 Introduction

It is possible to introduce finite E-orbit function transforms, based on E-orbit functions (see [10]).
It is done in the same way as in the case of symmetric orbit functions in [7] by using the results of
paper [11]. Finite E-orbit function transforms are generalizations of the finite (discrete) Fourier
transforms, which are defined as follows.

Let us fix a positive integer N and consider the numbers

emn i= N1/2 exp(2rimn/N), m,n=1,2,...,N. (9.1)

The matrix (emn)D, ,—1 is unitary, that is,

Z €mk€nk = 5mna Z CkmCkn = 5mn (92)
k k
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Let f(n) be a function of n € {1,2,..., N}. We may consider the transform

N
Zf(n)emn =N"1/2 Zf n) exp(2rimn/N) = f(m). (9.3)

Then due to unitarity of the matrix (epy) we express f(n) as a linear combination of

conjugates of the functions (9.1):

N
m,n=11

(n) = N"1/2 Z f(m) exp(—2mimn/N). (9.4)

The function f(m) is a finite Fourier transform of f(n). This transform is a linear map. The
formula (9.4) gives an inverse transform. The Plancherel formula

N
2= 1))
n=1

holds for transforms (9.3) and (9.4). This means that the finite Fourier transform conserves the
norm introduced on the space of functions on {1,2,..., N}.

The finite Fourier transform on the r-dimensional linear space E, is defined similarly. We
again fix a positive integer N. Let m = (mj,ma,...,m,) be an r-tuple of integers such that
each m; runs over the integers 1,2,..., N. Then the finite Fourier transform on FE, is given by
the kernel

WE
=

m=1

— _ N—T/2 :
emn = €mini €mans - €mym, = N /2 exp(2mim - n/N),

where m - n = myni+mong+- - -+myn,. If F(m) is a function of r-tuples m, m; € {1,2,..., N},
then the finite Fourier transform of F' is given by

= _T/QZF m) exp(2mim - n/N).

The inverse transform is

= 7"/QE:F n) exp(—27im - n/N).

The corresponding Plancherel formula is of the form 3 |F(m)|? = 3 |F(n)|?.

n

9.2 Grids on the fundamental domain F,

In order to determine an analogue of the finite Fourier transform, based on E-orbit functions,
we need an analogue of the set

{m = {mi,ma,...,mp} | m; € {1,2,...,N}},

used for multidimensional finite Fourier transform. Such a set has to be invariant with respect
to the even Weyl group W, (see [11]).

We know that the coroot lattice QV is a discrete W-invariant subset of E,,. Clearly, the set
%QV is also W-invariant, where m is a fixed positive integer. Then the set

Tm = %QV/QV
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is finite and W-invariant. If a1,a9,...,q; is the set of simple root for the Weyl group W,
then T;,, can be identified with the set of elements

l
m_lzdiaiv, d;=0,1,2,...,m — 1. (9.5)
i=1

We select from T}, the set of elements which belongs to the closure F, of the fundamental
domain F,. These elements lie in the collection -QV N Fe.

Let u € %Qv N F, be an element determining an element of T}, and let M be the least
positive integer such that My € PV. Then there exists the least positive integer N such that
Np € QY. One has M|N and N|m.

The collection of points of T}, belonging to F' (we denote the set of these points by Fy),
where F' is the fundamental domain of the Weyl group W, coincides with the set of elements

20.),‘

R R T (9.6)
where s1, 9, ..., runs over values from {0, 1,2, ...} and satisfy the following condition: there

exists a non-negative integer sg such that

l
Sg + Z sim; = M, (97)
i=1
where my,ma, ..., m; are non-negative integers from formula (2.8) (see [11]). (Values of m; for

all simple Lie algebras can be found in Subsection 2.4.)

To every positive integer M there corresponds the grid Fys of points (9.6) in F which corre-
sponds to some set T),, such that M|m. The precise relation between M and m can be defined by
the grid Fs (see [10]) . Acting upon the grid Fj; by elements of the Weyl group W we obtain
the whole set T),. Below, we are interested in grids Fj; and do not need the corresponding
numbers m.

For studying finite F-orbit function transforms we need grids F; such that 7T, is obtained
by action by elements of W2, In order to obtain Fy, we fix a positive root a and construct the
the set Fiy UroEFy. The set Fiy Nro Fyy can be non-empty. Taking each point from Fyy Ura Fiy
only once we obtain the grid F},. The set U, cyarswFy, coincides with Tp,, where some points
are taken several times. The set F; depends on a choice of a root o.

9.3 Grids Fy§,; for Ay, Cy and G

In this section we give some examples of grids F'§; for the rank two cases (see [9]). Since the
long root & of A is representable in the form £ = a; 4+ g, where a1 and «g are simple roots,
that is, m; = mg = 1 (see formula (9.7)), then

>
M (A2) = {3twi + Zws; s+ s1+ s2 =M, so,51,50 € 270}

A direct computation shows that in the w-coordinates we have

Fy(Az) = {(0,0), (1,0),(0,1),(3,0),(0,3), (3, 3)}.

TanQ(AQ) = {(070)7 (_17 1)7 (O’ 1)7 (_%7 %)7 (07 %)’ (_%7 1)} :

Thus, the grid Fi(Az) consists of different points from Fy(A2) U rqFa(A2) (9 points).
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For F3(A3) we have

F3(A2) = {(070)7 (LO)a (07 1)7 (%7 0)7 (07 %)? (%7 0)7 (Oa %)7 (%a %)7 (%a %)7 (%a %)} :

Therefore,

TQF3(A2) - {(070)’(_ ) (0 1) ( % %)7(07%)7(_%;%)7(07%)7(_%71)7(_%71)7(_%7%)}

and F¥(Az) consists of 16 points.
Since the long root & of (5 is representable in the form £ = 2aq1 + a2, where a; and «s are
simple roots, that is, mi; = 2, mo = 1, then

{M% Mwﬁ/; 50 + 251 + 52 = M, 807817826220}-
A direct computation shows that in the w"-coordinates we have
1 1 11
2 3 (=3.3)},
F§(C2) = {(0,0),(0,1),(5,0),(0, %), (0,3), (5. 5), (=5, 5): (=5, 5) }

Since the long root & of G5 is representable in the form & = 2a; + 3aw, where a; and a9 are
simple roots, that is, m; = 2, mo = 3, then

oo\)—n

{ wy + MwQ; So + 281 + 3s9 = M, sg, 81, S2 EZZO}.

A computation shows that in the w"-coordinates we have

F§(Ga) = {(0,0),(1,0),(~1,3)},
F§(Ga) = {(0,0),(0, 1), (3,0), (-3, 1)},

F{(Go) = F5(G2) | J{(5:0),(0, 1), (—1, %},

F§(G2) = {(0,0),(0, ), (3,0), (3, 4), (3,0), (—4,2), (-4, 3), (-3, )},
F§(G2) = F{(G2) [ J{(3:0), (0.8), (5, §): (1. 8): (=5, 2 (8, 3). (1. 8) } -

9.4 Expansion in E-orbit functions through expansion on grids

Let us give an analogue of the finite Fourier transform when instead of exponential functions we
use F-orbit functions. This analogue is not so simple as finite Fourier transform. It is called the
finite E-orbit function transform. This transform is used in order to be able to recover (at least
approximately) the expansion f(z) = ), ayEx(z) for continuous values of z by values of f(z)
on a finite set of point.

Under considering the finite Fourier transform in Section 9.1, we have restricted the exponen-
tial function to a discrete set. Similarly, in order to determine finite transform, based on E-orbit
functions, we have to restrict E-orbit functions E)(z) to appropriate finite sets of values of .
Candidates for such finite sets are sets T,,. However, F-orbit functions Ej(z) with integral A
are invariant with respect to the affine even Weyl group Weaff. For this reason, we consider
E-orbit functions Ey(x) on grids F'§;, which are parts of the sets Ty,.

On the other side, we have also to choose a finite number of E-orbit functions, that is, a finite
number of integral A € P¢. The best choose is when a number of E-orbit functions coincides
with the number |Ff;| of elements in Fj§;. These E-orbit functions must be selected in such
a way that the matrix

(Ey, (xj)))\iEQ,IjEFJ\/I .
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(where € is our finite set of integral elements \) is not singular. In order to have non-singularity
of this matrix some conditions must be satisfied. In general, they are not known. For this reason,
we consider some, more weak, form of the transform (when |Q| > |F{,|) and then explain how
the set |©2| of A € P{ can be chosen in such a way that [Q| = [F,|.

Let Oc(\) and Oc(u) be two different We-orbits for elements A and p of P¢. We say that the
group T, separates O () and O.(p) if for any two elements A\ € O.(\) and p; € O.(u) there
exists an element x € T, such that exp(27i(A1, z)) # exp(27i{u1, x)). Note that A may coincide
with pu.

Let f1 and f2 be two functions on the Euclidean space E,, which are finite linear combinations
of E-orbit functions. We introduce a T),-scalar product for f; and fo by the formula

(f f)1, = > i
€T

Then the following proposition is true (see [11] and [10]):
Proposition 7. If T, separates the orbits Oc(\) and O(p), A\, € PS, then

(Ex, Eu),, = m"[Oc(A) |05 (9.9)

Proof. We have

(Ex, E Z Z Z exp(2ri{o — T, z))

2E€Tm 0€0(N) TEO: (1)

= > > <Zexp 27r1<0—7,ac>)>.

0€O:(A) TEO (1) \x€Tm

Since T, separates O.(\) and Oc(u), then none of the differences o — 7 in the last sum vanishes
on T,,. Since T, is a group and |T},| = m", one has

Z exp(2mi(oc — 7, x)) = m" 6y 1.

x€Tm

Therefore, (E, E,)7,, = m"|Oc(X)|dr,. The proposition is proved. [ |

‘"L

Let f be an invariant (with respect to W2f) function on the Euclidean space E, which is
a finite linear combination of E-orbit functions:

fl@)=>Y" ax By (x). (9.10)

/\j EPi

Our aim is to determine f(z) by its values on a finite subset of E,,, namely, on T},

We suppose that T}, separate orbits O.(\;) with A; from the right hand side of (9 10). Then
taking the T),-scalar product of both sides of (9.10) Wlth E), and using the relation (9.9) we
obtain

;=m0\ By

Let now s, s .. s(" be all elements of F. N %QV. By W) we denote the subgroup of W,
whose elements leave s(® invariant. Then

ay

ay, =m0 Y fla =m "Wy, !ZI ol D) (s0). (911

mETm
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Thus, the finite number of values f(s®), i =1,2,...,h, of the function f(z) determines the
coefficients ay, and, therefore, determines the function f(x) on the whole space E,.

This means that we can reconstruct a Waf-invariant function f(z) on the whole Euclidean
space F,, by its values on the finite set Fj; under an appropriate value of M. Namely, we have
to expand this function, taken on Fjy, into the series (9.10) by means of the coefficients ax;s
determined by formula (9.11), and then to continue analytically the expansion (9.10) to the
whole fundamental domain F, (and, therefore, to the whole space E,,), that is, to consider the
decomposition (9.10) for all x € E,,.

We have assumed that the function f(x) is a finite linear combination of E-orbit functions.
If f(x) expands into infinite sum of orbit functions, then for applying the above procedure we
have to approximate the function f(z) by taking a finite number of terms in this infinite sum
and then to apply the procedure. That is, in this case we obtain an approximate expression of
the function f(x) by using a finite number of its values.

At last, we explain how to choose a set Q in formula (9.8). The set Fj; consists of the
points (9.6). These points determines the set = of points

A = 51wy + Sowa + -+ - + sy,

where s1, so,...,s; run over the same values as for the set Fj;. The set = U r,=, where each
point is taken only once, can be taken as the set Q (see [10]).

10 We-symmetric functions

FE-orbit functions are symmetrized versions of the exponential function, when symmetrization is
fulfilled by an even Weyl group W,. Instead of the exponential function we can take any other set
of functions, for example, a set of orthogonal polynomials or a countable set of functions. Then
we obtain a corresponding set of orthogonal We-symmetric polynomials or a set of We-symmetric
functions. Such sets of polynomials and functions are considered in this section.

10.1 Symmetrization by E-orbit functions

E-orbit functions can be used for obtaining We-symmetric sets of functions. Let wu,,(x), m =
0,1,2,..., be a set of continuous functions of one variables. We create functions of n variables

Uiy ig,y..rin (1:1, T2, ... ,xn) = Uy, (xl)uiQ (xg) s Uy, (xn), ik = O, 1, 2, e

Then the functions
ail,ig,...,in(A17 )\2, e ,)\n) = / ui17i27.,,7in (.%‘1, [ T ,(IZn)E/\(ajl, To, ... ,a:n)dx, (10.1)

where A = (A1, A2, ..., \y), Ei(x) is a E-orbit function, and dz is the Euclidean measure on E,,
(that is, do = dzq - - - dzy,), is symmetric with respect to the action of the even Weyl group We.
Indeed, for w € W, we have

ﬂil,z'z,...,in(W)\)Z/ Wiy g, in (T1, 22, -, Tn) By (21, 22, ..., 20) do
e

=/ Wi ig,.oyin (T15 T2 - - Tn) EX(T1, T2, 00 ) AT = Ty iy (N).
Formula (10.1) is used for obtaining W,-symmetric functions or polynomials.
If wp(z), m = 0,1,2,..., are orthogonal functions, then the functions (10.1), taken for
i1 > 1 > -+ > iy, constitute a set of We-symmetric orthogonal functions on the domain Df.
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10.2 Eigenfunctions of E-orbit function transform for W,.(A,,)

Let Hy(xz), n = 0,1,2,..., be the well-known Hermite polynomials. They are defined by the
formula

[n/Q] 2
—
- mz: m' (n — 2m ’

where [n/2] is an integral part of the number n/2. They satisfy the relation

1 . 2 2
— P P 2H (p)dp =i e 2H,, (z
=/ (v)dp (@)

(see, for example, Subsection 12.2.4 in [30]), which can be written in the form
o0
/ 2T =T T (V2mp)dp =1i"e T (V2mz). (10.2)
—0o0

This relation shows that the function e~ H,,(v/27p) is an eigenfunction of the Fourier trans-
form of one variable with eigenvalue i".
Using the Hermite polynomials we create polynomials of many variables

Hm(X) = Hpyomo,oomn (€1, 22, -« Tp) = Hypy (1) Hpy (22) -+ - Hp, (T0)- (10.3)
The functions
e PRI (x),  mi=0,1,2,..., i=12...,n, (10.4)

form an orthogonal basis of the Hilbert space L?(R™) with the scalar product

(1, f2) := /Rn fi1(x) fa(x)dx

where dx = dx1 dxs - - - dz,.
We make W,-symmetrization of the functions

e Hy (Vorx), mi=0,1,2,...,

(obtained from (10.4) by replacing x by v/27x) by means of E-orbit functions of A, _;:
Ex(x)e ™ Hy (V2rx) = imle WP, (V2 ), (10.5)
R"

where E)\(x) is an E-orbit function of 4,,—1 and A = (A1, Aa,..., \n).
The polynomials Hy, are symmetric with respect to the even Weyl group W, = S,,/Ss := S¢
of An_ll

Hm(wA) =Hm(A),  Hum(A) =Hm(A),  weS,

For this reason, Hy, () can be considered for values of A = (A1, A2, ..., A,) such that Ay > Ao >
.
The polynomials Hy, are of the form

=Y Hum(V), (10.6)

weSE

where the polynomials Hy,m(A) are of the form (10.3).
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Now we apply E-orbit function transform (8.7) (we denote this transform by §) to the We-
symmetric function (10.6). Taking into account formula (10.5) we obtain

5 (e_ﬂxPHm(\/ﬂx)) - 2 Ex(x)e ™ Hp (V2rx) dx

" 1Sul Jae
= imle=m 1y (V2rN),

where |S),| is an order of the permutation group S, that is, functions (10.6) are eigenfunctions of
the E-orbit function transform §. Since the functions (10.6) for m; =0,1,2,...,i=1,2,...,n,
mp > mg > --- > my, form an orthogonal basis of the Hilbert space Lgym(R") of functions
from L?(R"™) symmetric with respect to W, then they constitute a complete set of eigenfunctions
of this transform. Thus, this transform has only four eigenvalues i, —i, 1, —1 in L2, (R"). This

sym
means that, as in the case of the usual Fourier transform, we have
=1

10.3 W,.(A,)-symmetric sets of polynomials

In the previous subsection we constructed W, -symmetric sets of functions connected with Her-
mite polynomials. Other sets of orthogonal polynomials can be similarly constructed.
Let pp(x), m =0,1,2,..., be the set of orthogonal polynomials in one variable such that

/pm(x)pm/ (x)da(:v) = 5mm’a
R

where do(z) is some orthogonality measure, which may be continuous or discrete.
We create a set of symmetric polynomials of n variables as follows:

wESE /Sm
m; =0,1,2,..., i=12...n,
where m = (mqy,ma,...,my), my >mg > -+ >my >0, x = (r1,22,...,T,), and w(1),w(2),
..,w(n) is a set of numbers 1,2, ..., n transformed by the permutation w € S /Sm, where Sy,

is the subgroup of S,, consisting of elements leaving m invariant.
It is easy to check that the polynomials py  (x) are symmetric with respect to transformations
of S;:
P (wx) =pp"(x),  w € S
Thus, we may consider the polynomials (10.7) on the closure of the fundamental domain of the
transformation group W,(A,_1) = S;,. This closure (which is denoted as D¢ ) coincides with
the set of points x = (1,2, ...,zy) for which

T1,T9 2+ 2 Ty,

The set of polynomials (10.7) is orthogonal with respect to the product measure do(x) =
do(x1)do(xg) - do(zy). Indeed, we have

_ |Oc(m)| 1

pzm X p;};{n x)do(x) = 75mm’ = 75mm’7
/Di O ()7 X) = g0 Sl

where O.(m) is the S¢-orbit of the point m.
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