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Abstract. The celebrated problem of a non-homogeneous sphere rolling over a horizontal
plane was proved to be integrable and was reduced to quadratures by Chaplygin. Applying
the formalism of variational integrators (discrete Lagrangian systems) with nonholonomic
constraints and introducing suitable discrete constraints, we construct a discretization of the
n-dimensional generalization of the Chaplygin sphere problem, which preserves the same first
integrals as the continuous model, except the energy. We then study the discretization of
the classical 3-dimensional problem for a class of special initial conditions, when an analog
of the energy integral does exist and the corresponding map is given by an addition law on
elliptic curves. The existence of the invariant measure in this case is also discussed.

Key words: nonholonomic systems; discretization; integrability

2000 Mathematics Subject Classification: 37J60; 37J35; T0H45

Dedicated to the memory of Vadim, who made
me fascinated with discrete integrable systems

1 Introduction

The Chaplygin problem on a non-homogeneous sphere rolling over a horizontal plane without
slipping is probably one of the best known integrable systems of the classical nonholonomic
mechanics. Although being non-Hamiltonian in the whole phase space (see [2]), the equations
of motion possess an invariant measure, which is a rather strong property putting them rather
close to Hamiltonian systems.

It is even more interesting that the Chaplygin sphere appears to be an algebraic integrable
system in the sense that generic level varieties of the first integrals are open subsets of 2-di-
mensional Abelian varieties and, after an appropriate time reparameterization, the phase flow
becomes a straight line uniform on them, [6, 8].

Note that a Lax pair with a spectral parameter for the Chaplygin sphere, which could provide
all the constants of motion, is still unknown and, probably does not exist. Hence, one cannot use
the powerful method of Baker—Akhieser functions to find theta-function solution of the problem
or to construct its integrable discretization by applying a Bécklund transformation, as described
in [12, 7], or by factorization of matrix polynomials.

Contents of the paper. We briefly recall the equations of motion of the Chaplygin sphere,
as well as their n-dimensional generalization. Then we construct a discretization of the prob-
lem by applying the formalism of variational integrators with nonholonomic constraints recently
developed in [4, 14]. Apart from the nonholonomic distribution on the tangent bundle T'Q of

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue ‘Integrable Systems and Related Topics’.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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the configuration manifold @), the formalism requires introducing discrete constraints on ) x @
which, in a certain sense, must be consistent with the continuous ones. As one can see in the li-
terature [4, 10, 15], the choice of discrete constraints is crucial for the behavior of the discretized
nonholonomic system: the latter may inherit the main properties of its continuous counterpart,
or may not. As an example, we note that although continuous systems with stationary nonholo-
nomic constraints possess the energy integral, almost all their known discretizations do not enjoy
this property (see e.g., [5]). Nevertheless, for a class of discretizations considered in [10] there
exists a natural method to specify discrete constraints which ensures the exact preservation of
energy.

Our choice of discrete nonholonomic constraints on E(n) x F(n) that mimics the condition
of the sphere rolling without slipping over a horizontal plane allows us to construct a map
discretizating the Chaplygin sphere problem, which has the form of a momentum conservation
law and therefore preserves all the momenta integrals of the original system.

We then consider the discretization of the classical 3-dimensional problem for the case when
the discrete angular momentum is vertical. In this special case the structure of the map is
reminiscent to that of the Veselov—Moser discretization of the Euler top on SO(3) [19, 16] and
an analog of the quadratic energy integral does exist.

This implies that the invariant manifolds of the discretization map are elliptic curves £ and
the map is described as an addition law. However, in contrast to most known integrable discrete
systems, in the discrete Chaplygin sphere the translation on €& depends not only on the constants
of motion but also on the point on the curve. Thus, in order to find the explicit solution, we
arrive at a rather difficult problem of reparameterization of £ or its real part, which would
make the translation constant. We notice that this problem is equivalent to the problem of the
existence of an invariant measure of the map.

2 The Chaplygin sphere and its multidimensional generalization

Following Chaplygin [3], consider a dynamically non-symmetric sphere with inertia tensor .J,
radius p, and mass m rolling without slipping over a horizontal plane. Assume that the mass
center and the geometric center C' of the sphere coincide. Let v = (71,72,73)" be the vertical
unit vector and w = (wy,ws,w3)’, v € R? be respectively the angular velocity of the sphere and
the velocity of its center in the moving frame. The condition of non-slipping of the point P of
contact of the sphere with the horizontal plane is

v+ pw Xy =0. (2.1)

Here and below, x denotes the vector product in R3. On the configuration space of the problem,
the Lie group E(3), these equations define nonholonomic constraints: for any two positions of
the sphere on the plane there exists a linking trajectory that satisfies (2.1).

Under these constraints the equations of motion can be reduced to the following closed system
for w, v [3, 9!

D
Aw=Aw xw+ V3 (A1, (Aw) x W)y, =7 Xw, (2.2)

where

D = mp?, A=J+ DI, F={(Jy,A'h) =1 -D(y,A™1y),

"We use our proper notation for the variables and parameters of the problem, which may differ from that used
in the original paper [3].
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I being the identity 3 x 3 matrix. Let K = Aw — D{w,v)y be the vector of the angular
momentum of the sphere with respect to the contact point P. Then the system (2.2) also
admits representation in form

K=K xw, =X w. (2.3)

Hence, like v, the momentum K is fixed in space. As a result, the system possesses four
independent first integrals

{(v,7) =1, (K,v) = (Jw,v) = h, (K,K) =n, (K,w) =1. (2.4)

Here the last integral is the kinetic energy of the sphere and, since

Aw:K—%<'y,A_1K>'y,

it can be rewritten in terms of K, ~:

(K,AT'K) — %(7,A‘1K>2. (2.5)

In addition, the system (2.2) possesses an invariant measure

VAT, A= 1y) dwy A -+ A drys, (2.6)

hence, by the Euler—Jacobi theorem (which is also often refereed to as the Jacobi last multiplier
theorem, see e.g., [20]), it is integrable by quadratures and its generic invariant varieties are
2-dimensional tori.

There are two special types of the initial conditions, when the equations of motion are simp-
lified. In the first case the momentum K is horizontal, (K,~) = 0. As shown by Chaplygin, after
a time reparameterization and introducing spheroconic coordinates on S? = (vy,~) the variables
separate and the system reduces to hyperelliptic quadratures. Theta function solution for the
unreduced Chaplygin system in this, as well as in the generic case, was obtained in [8].

The second special case is described below.

The case of the vertical momentum K. As noticed in [3] and as follows from the energy
integral in (2.4), under the special initial conditions K = hy, h = const one has (K,w) =
h{y,w) =1, i.e.,

_ h*+ DI

(w,v) = 7= const, and Aw P r

As a result, the first vector equation in (2.2) takes the form of the Euler top equations

Aw = Aw x w, (2.7)
and integrals (2.4) reduce to

(w, Aw) =1, (Aw, Aw) = k2, [,k = const.

Hence, for almost all initial conditions K = h-y, the variables w;, v; are elliptic functions of the
original time t and the solution of the reduced system is periodic.

Multidimensional generalization. Now, following [9], consider the generalized Chaplygin
problem on an n-dimensional ball rolling without slipping on an (n — 1)-dimensional ‘horizontal’
hyperplane H in R™. The configuration space for the ball is the Lie group E(n) = (R, ), where
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R € SO(n), r € R™ are the rotation matrix of the sphere and the position vector of its center C'.
For a trajectory R(t), r(t), define the Lie algebra element (w,v¢), where
w=R7'R € so(n), ve =R e R” (2.8)

are respectively the angular velocity and the velocity of C' in the frame attached to the sphere.

Let now v € R" be the unit vector orthogonal to the hyperplane H and directed ‘upwards’,
i.e., from H to the center C, and, as above, p be radius of the ball. Then the condition for the
sphere rolling without slipping that generalizes (2.1) reads

vo + pwy = 0. (2.9)

One can show that this vector constraint determines a non-integrable distribution on the tangent
bundle T' E((n), which is neither left- no right-invariant with respect to the action of E(n).

Next, introduce the angular momentum of the sphere in the body frame with respect to the
center C,

M = Jw+ wJ € so*(n), (2.10)

J being a constant diagonal n x n matrix. Then, as shown in [9], the motion of the sphere is
described by the following FKuler—Lagrange equations

M + [w, M] = pF A, m(vc +wve) = F, 4+ wy =0, (2.11)
where ' € R" is the reaction force acting at the point P of contact of the sphere with the
hyperplane H. Here all the vectors are considered in the frame attached to the ball.

Now, differentiating the constraints (2.9) and using the second equation in (2.11), we find

F = mpwy. Then (2.11) gives

M+ [w,M] = D@I' +Tw), T +w,I]=0,
where D = mp?, I' = v @~y = v9T. Then this system can be represented in the following
compact commutative form that generalizes (2.3)

K+ [w,K] =0, TI+[wI]=0, (2.12)
where

K=Jw+wJ+ D(Tw+wl') € so*(m) (2.13)

can be regarded as the angular momentum of the ball relative to the contact point P.
It is natural to introduce the nondegenerate inertia operator A: so(n) — so(n)* such that
K = Aw. Since A is nondegenerate, equations (2.12) give a closed system for the variables w, .
As follows from the form of (2.12), AdrK is a constant tensor in the space. Hence this system
has the following set of integrals

tr K°, tr (KT,  trD=1, s=24,6,..., leN. (2.14)

naturally, the system also possesses the energy integral
1
H= —Ztr(w.Aw) (2.15)

and, as shown in [9], the invariant measure pdw A dy with density u = v/det A, which depends
on the components of v only.
In the classical case n = 3, under the isomorphism between so(3) and R3,

wij = €ijrwr,  Kij = €Ky,

the integrals (2.14), (2.15) and the measure transform to (2.4) and (2.6) respectively.

Various properties of the Chaplygin sphere and its n-dimensional generalization were studied
in [6, 11, 8, 18], although the integrability or nonintegrability of this generalization was not
proved.
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3 Discrete mechanical systems with nonholonomic constraints

Before describing the discrete setting, let us recall that a continuous nonholonomic Lagrangian
system is a triple (@, L, D), where @ is a smooth n-dimensional configuration space, L : TQ —
R is a smooth function called the Lagrangian, and D C T(Q is a k-dimensional constraint

distribution. Let ¢ = (q1,...,qn) be local coordinates on Q. In the induced coordinates (g, q)
on the tangent bundle T'Q we write L(q, ). It is assumed that the map

oL

—:TQ —T7*Q

dq

is invertible. A curve ¢(t) € Q is said to satisfy the constraints if §(t) € Dy for all t. The
equations of motion are given by the Lagrange—d’Alembert principle:

b . .
5/ L(gd) dt = 0, (3.1)

where dq(t) € Dy for t € (a,b) and dq(a) = dq(b) = 0. This principle is supplemented by the
condition that the curve itself satisfies the constraints. Note that we take the variation before
imposing the constraints.

Assuming that the constraint distribution is specified by a set of differential forms A47(q),
j=1,...,8<n,

D:{QGTQ’<AJ(Q)7Q>:07 j=1,...,s} (3.2)

the principle (3.1) implies the Euler-Lagrange equations with multipliers \;

d 0L OL ° ,
= = CAJ
37 B ;:1: \jA%(q). (3.3)

Coupled with (3.2), they give a complete description of the dynamics of the system.
Note that equations (3.3) conserve the energy

oL .
E—<aq-’Q>‘L'

The discrete Lagrange—d’Alembert principle and equations. Let, as above, ) be
a smooth manifold. According to [4], a discrete nonholonomic mechanical system on @ is
defined by three ingredients

(1) a discrete Lagrangian L: Q x Q — R;
(2) an (n — s)-dimensional distribution D on T'Q) (given by equations (3.2));
(3) a discrete constraint manifold Dy C @ x @, which has the same dimension as D and
satisfies the condition (g, q) € Dy for all g € Q.
The dynamics is given by the following discrete Lagrange—d’Alembert principle (see [4]),

N-1

> (DiL(gk: Git1) + Dal(gr-1,a)) 6q =0, gk € Dy, (qky Ger1) € Da.
k=0

Here D1IL and D-IL denote the partial derivatives of the discrete Lagrangian with respect to the
first and the second inputs, respectively.
The discrete constraint manifold is specified by the discrete constraint functions

:Fj(qk7Qk+1) = 07 j = 17 sy S, (34)

which impose the above restriction on the solution sequence {(qx, qr+1)}-
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Remark 1. If the discrete Lagrangian L is obtained from a continuous one, L(q, ¢), via a dis-
cretization mapping ¥: @ x @ — T'Q defined in a neighborhood of the diagonal of @ x @, i.e.,
IL = Lo W, then the variety D; must be consistent with the continuous distribution D. Namely,
D, is locally defined by the equations A7 oW =0, j=1,...,s.

In particular, if the distribution D C T'Q is integrable, i.e., it defines an (n — s)-dimensional
integral submanifold V' C @, then Dy C Q x Q is just the product N' x N.

We emphasize that, in general, the discretization mapping is not unique and hence there
are many ways to define the discrete Lagrangian I and the discrete constraint manifold Dy for
a given nonholonomic system (Q, L, D).

The discrete principle implies that the solutions of a discrete nonholonomic system are repre-
sented by sequences {(qk, qr+1)} that satisfy the discrete Lagrange—d’Alembert equations with
multipliers

DiL(qk, gr+1) + Dalgr—1,qx) = > XAz (ar). (3.5)
j=1

The multipliers )\é‘? are determined from the discrete constraints (3.4), but, in general, not
uniquely. Hence, the map Q x @ — @ x @ defined by (3.4), (3.5) is multi-valued.

Remark 2. According to [4], equations (3.5) introduce a well-defined mapping (gx—1,qx) —
(qk, Qr+1), if the (n + s) x (n + s) matrix

D1DoLa(qr, ar1) A'(qe) -+ A%(qk)
DoF1(qk, qr+1) 0 e 0
DoFs(qrs qi+1) 0 e 0

is invertible for each (gx, grx+1) in a neighborhood of the diagonal of @ x Q.

4 A discretization of the Chaplygin sphere

Now we apply the above approach to discretize the generalized Chaplygin sphere problem
on E(n). The trajectory of such system is a sequence (Ry,r;), k € Z. We choose the dis-
crete Lagrangian in form

1
L= STr(RiJRE,,) + %(Ark, Ary),  Arg = rper —h (4.1)

Here the rotational part 1 Tr(RyJRY, +1) coincides with the Lagrangian of the Euler top on SO(n)
introduced in [19].
Note that, in view of (2.8), the continuous constraints (2.9) can be rewritten as

i+ pRRTY = 0, (4.2)

where 4 is the unit normal vector in the fixed frame (without loss of generality we can set it to
be (0,...,0,1)T))

Then, in view of (4.1), (4.2), in our case the discrete Lagrange-d’Alembert equations (3.5)
take the form

Ryy1J + Ry_1J = ARy + pf* 71 Ry, (4.3)

2 An alternative approach to the discretization of nonholonomic systems based on a modification of canonical
transformations was proposed in [14].
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m(rks1 — 1) — m(re — 1) = f* (4.4)

where Ay is the symmetric matrix Lagrange multiplier and fk = (fF,..., 5T, is the vector
multiplier corresponding to the constraints (4.2).
In view of the property Rka = I, equations (4.3) yield

Ry1 JRT + Ry JRY = Ay, + pf*aT,
RyJRE, | + Ry JRE | = AT + p7fT (4.5)

Following [19], we introduce the discrete angular momentum of the sphere with respect to its
center C' in space

mg = Ry JRE — R JRE, | € so(n).

Then (4.5), (4.4) give rise to

T

mi = my_1 + p(fF77 =), m(Ary, — Ary_y) = f*. (4.6)
Next, like in [19], introduce the discrete momentum of the sphere in the body frame

My = Adgr,miy = 0 J — JQL, Q= Rl Rpy1 € SO(n),

where Q is the finite rotation in the body frame. In the continuous limit Qj +— I4+ew, w € so(n),
it transforms to the momentum (2.10).
Then the system (4.6) gives
My, = QF My Qe + p(RE F*Y" Ry, — RE v f" Ry),
m(Ar, — Arg_q) = f*,

that is,

M, = Qz_lM;ﬁ_le_l + pﬁk A 7,{, m(Ary — Arg_q) = f_k , (4.7)
where

O S (9

represent the vectors f_k, 4 in the body frame. Equations (4.7) can be regarded as a discrete
version of the equations of motion of the Chaplygin sphere (2.11).

Discrete constraints. In order to determine the vector multiplier f_7€ we must specify
discrete constraints on E(n) x E(n). A naive choice that imitates the form of the continuous
constraints (2.9) is

Arg+ pQpy =0,

where Q, = Rk+1RZ € SO(n) is the finite rotation of the sphere in the space frame. However,
this choice allows that the displacement Arj of the center C' may be not “horizontal” (i.e.,
orthogonal to the vertical vector 7), which is incompatible with the mechanical setting of the
problem.

For this reason, our choice of the corresponding discrete constraints (3.4) will be

Ary, + g(s‘zk — 0y =o, (4.9)
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which does ensure that Ary, is orthogonal to 4. In the continuous limit Qj — I+w it transforms
to the constraint (4.2).
Then, in view of (4.9) and the second equation in (4.7),

ff= —%(Qk -7+ %(Qk—l — Q)9
F* = Rl f* = —%(Qk — Q) — %(Qkfl — Q1)
and, therefore,
Fraql = —?[rik TR + %[Q{Fk +TL07 + %[Q,Hrk 4 T 1]

m
- Tp[ﬂf_ﬁk + TR,

where, as in Section 2, I'y = 7 ® 7 = ykyg.
As a result, we eliminate the multipliers F* and from (4.7), (4.8) get the equations

2

2
m m
M+ 10T + D] = == [T+ Th0f] = O My Qs
m 2 m 2
+ Tp[Qk,lI‘k + Fkafl] - Tp[ﬂillrk + Finﬂfl], (410)
M = 1 Ve-1, (4.11)

which define an implicit map C: (Qx—1,7k—1) — (e, Vk)-
Proposition 1. The map C admits the following compact representation
K =08 [ Kpo1Q_1, =08 I 1Q, (4.12)

where Ky, is the discrete analog of the momentum with respect to the contact point P of the
sphere,

D D D
K = Qy (J + 2Fk> - (J + 2Fk> Qf + E(szQk - Qgrk)
— D T D T 2
:Mk—F?(Qka—Fka)+§(Fka—Qka), D:mp . (4.13)

Indeed, in the continuous limit Qf — I + ew, ¢ < 1 the matrix /e tends precisely to the
angular momentum (2.13) of the n-dimensional sphere with respect to its contact point, whereas
the relations (4.12) transform to the continuous equations (2.12).

The map C therefore is evaluated as follows:

1) given Qk_1, I'x_1, determine Ky_1 by (4.13);
2) Calculate Ky, 'y by (4.12);
3) Given Ky, I'j, reconstruct 2 as a solution of the matrix equation (4.13).

The latter equation, in general, has several solutions, hence the map C is multi-valued.
An an immediate corollary of Proposition 1, we obtain

Proposition 2. Regardless to a branch of the map C, it preserves the set of momenta integ-
rals (2.14) of the continuous Chaplygin sphere problem with K replaced by K.
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This property gives a solid justification of our choice of the discrete constraint (4.9). Note
however that a discrete analog of the energy integral (2.15) in the generic case is unknown (see
also Proposition 3 below).

Proof of Proposition 1. The second equation in (4.12) follows directly from (4.11). Now rep-
lacing I'y, in the right hand side of (4.10) by Q;{_lrk—lﬂk—l and using the identity Qk,lﬁz_l =1,
we get

2

2
m m
M+ 10T + D] = T[T+ Tkl ] = O Myt Qs
mp? mp?
+ Tp[rk,lgk,l + QT Q] - Tp[(Q{_O?kalefl + Q1 Tl
which, in view of (4.13), is equivalent to the first equation in (4.12). [ |

Remark 3. The form of equations (4.12), (4.13) is reminiscent to that of the discrete Euler top
on SO(n) first described in [19],

My, =QF M _1Qp_1, My, = QpJ — JOL, (4.14)

however, the discrete momentum K in (4.13) depends not only on 2, but also on «y. Note that,
in view of Proposition 1, the subsequent momenta K _1, K admit curious intertwining relations

D D
Kr-1 = Q1 <J + g(rkfl + Fk)) - <J =+ g(rkfl + Fk)) Qfy,

D D
Kr = <J + E(Fk_l + Fk)> Q1 — Qz—l (J + 5(Fk—1 + Fk)> ,

which are reminiscent to the following relation between the subsequent momenta of the discrete
Euler top (4.14) (see [16])

My = 1 J=JA |, My=JU%_ 1 - QL J

5 Discrete Chaplygin sphere on E(3) and its particular solutions
In the case n = 3 we can make use of the following parameterization of the body finite rotations

R+ -6 -4 2qae—ap)  2(¢ags+ @)
Q= 2qe+pw) @+E-4d-4d 2@ —0on) |, (5.1)
2(q193 — ¢290) —2(g203 — qoq1) G+ B -G — &

where qg, g; are the Euler parameters subject to relations qg + ¢+ ¢2 + q§ =1and gg > 0. The
operator (5.1) describes a finite rotation in R? about the vector q = (q1, g2, q3)T by the angle
such that go = cos(6/2) and |q| = sin(0/2) (see, e.g., [20]).
Let now My, Ki € R3 be the vector representations of My, Ky € s0*(3),
M = (My, My, M3)" = (Msa, M3, Moy)”
K = (K1,K2,K3)" = (K2, K13, Ka1)"

Then, in view of (4.13), we get simple expressions

(Jo + J3)qoq1 + (J2 — J3)q2q3
M =2 (J1+ J3)qoq2 + (J3 — J1)qgs | K = M 4 2Dgo(q — (7,q)7) - (5.2)
(J1+ J2)q0q3 + (J1 — J2)q1g2
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In the continuous limit, when the angle 6 is small, § = cw, ¢ < 1, we have q = Sw + O(e%),
go = 1 — O(£?), and, up to terms of order ¢,

1.
EIC = Aw — D{y,w)7, A =diag(Jo+ J3+ D, 1 + J3+ D, J;1 + Ja + D),

which coincides with the expression for the angular momentum vector K in the classical Chap-
lygin problem.
As a result, in the vector form the map (4.12) reads

K = QF Ky, Vi = Qb1 Ve—1, (5.3)

where Q, is recovered from Ky, v by solving (5.2) with respect to q and substituting the solution
into (5.1). One can show that for real IC, v, the equations (5.2) have at most 4 and at least
2 real solutions q.

Like in most of other discrete systems, in order to choose one of the branches of the map (4.12)
one should restrict to the case of sufficiently small finite rotations €. In this case only one of
the above real solutions q will be small and should be taken as the appropriate branch.

Like the continuous system (2.3), apart from the geometric condition (v,~) = 1, the discrete
system preserves two independent integrals

(IC,v) = h, (K,K) =n.

However, as simple numerical tests show, the energy integral (2.5) is not preserved.

The special case K || v. Like the continuous Chaplygin system, the map (5.3) has the
special case when Ky = hvyg, h =const. In view of (5.2), this implies the following relation
between v and q

(T2 + J3)aoqr + (T2 — J3)a243
2| (J1+ J3)qoqz + (Js — J)quas | = [+ Daolv, @), J=J+ g-’- (5.4)
(jl + jz)QoQ:% + (jl - <72)CJ1Q2
Then one obtains the reduced map Gy, : S? — S2, Gn(vk—1) = v evaluated as follows:

1) given v;_1, one recovers q as a solution of (5.4),

2) one calculates Q by (5.1) and 74 by the second equation in (5.3).
Proposition 3. For any branch of the map Gy, it has the quadratic integral

(v, A7) =1 (5.5)
Proof. In view of (5.4), (5.1), and the second equation in (5.3)?,

~ ~

(J2+ J3)q0q1 + (f2 — <73)Q2Q3
W= — | (Ji+ e+ (Js— ag |, ok =[h+ D, qa),

(J2 + J3)qoq1 — (J2 — J3)a2q3

Vi1 = —Qf = :k (J1 + J3)q002 — (J3 — J)qrgs | - (5.6)
(J1+ J2)qoqs — (J1 — J2)q142

Substituting these expressions into (5.5), we obtain (vi, A~ ) = (Ver1, A" Yeg1). |

3To simplify notation, here and below we omit the discrete time index k in the components of q.
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As a result, in our special case the complex invariant variety of the map G is the spatial
elliptic curve &, the intersection of the unit sphere (,~) = 1 with the quadric given by (5.5).
The curve & is 4-fold unramified covering of the planar elliptic curve

fo={u? = —(z — A7)z~ A7)z — A7) (= — )}

and the points of £ are parameterized by the Jacobi elliptic functions associated to &. Assume
for concreteness that A7! < A;' <1< Az'. Then the parameterization reads (see e.g., [20, 13])

11 = Cyen(ulk), 72 = Cosn(ulk), 73 = Czdn(ulk), (5.7)

L A1 - Agl) L[ As(1 - Agl) A1 = Al
¢ = AL — A Cz = Ay — A Cs = AL — A (58)

where v is a complex phase parameter and k is the modulus of & given by

L2 (A= A0)(1 = Ag)
"~ (s~ Ay)(Ail 1)

Therefore, for a fixed [, the map G, is reduced to one-dimensional map

Uk4+1 = Ug + Auk(uk, l), (59)
with the increment Awyg is a function of ug, [ to be determined below.

Remark 4. As seen from (5.6), the structure of the map Gy, is similar to that of the Veselov—
Moser discretization (4.14) of the Euler top on so(3). As shown in [16, 1], the latter discretization
preserves the momentum and the energy integrals, whereas the corresponding increment Awuy
does not depend on the argument uy, in the elliptic parameterization. The same holds for another
exact discretization of the top found in [7].

In comparison with the Veselov—-Moser discretization, our map Gy, involves the extra factor oy,
which is not constant on the orbits of G,. This gives an indication that under our map G
the increment Awg depends essentially on wug. Moreover, as G is multi-valued, the function
Aug(ug, 1) is expected to be multi-valued as well. This stays in contrast with the solutions of
the continuous equations (2.7) obtained from the Chaplygin sphere system under the condition
K || v: the components of 7 are elliptic functions whose argument changes uniformly with time ¢.

In this connection the following natural problem of the complete integrability of the map Gp
arises: is there a (multi-valued) reparameterization v = f(s,1), s € C such that

up = f(sk), U1 = f(s + As)

and the increment As does not depend on s;7 Note that this property is equivalent to that the
one-dimensional map (5.9) preserves the invariant measure p(u)du, where the density p(u) must
satisfy the discrete Liouville equation

Oupyr  plug)

Qup  plug41)

and is related to f(s) by the formula df /ds = 1/u. Due to the existence of the integral (5.5),
this is also equivalent to that the map G, itself preserves an invariant measure on S2.

Since u is the argument of an elliptic function, the restriction of the map (5.9) onto the
real axis describes a diffeomorphism of a circle with the angular function Auy(ug,?). Hence, the
answer to the above integrability question requires studying the properties of the diffeomorphism
and applying known theorems in this field (see, e.g., [17] and references therein).

Determination of Awug(ug,l). For convenience, in the sequel we omit the discrete time
index k and denote Gy(y) = 7, u + Au = 4. To determine the function Au(u,!l), we shall use
the following property.
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Proposition 4. The map Gy admits the following implicit form that involves the sum and the
difference of v, 4 only:

Y=v=2 G+ x A G+, (5.10)
20
= I s
141 L4082 )
o——— h ' (5.11)
1= +7A7 G +9)

Proof. As follows from (5.6),

- 4qo 4
Y+y=-—"Aa,  F-7=-Aaxq (5.12)

and, therefore,

o

¥—7 (F+7) x ATHF + ).

Using (5.12), it is easy to check that

25 =141 - 1A 4 ), 4G+ )

and that the factor o defined in (5.6) is the solution of the equation
T,
o=h+D %ZA v +7)).
Then, in view of relation
1. 1 R -
(AT G+ = 5+ 1A ),
one obtains (5.10), (5.11). [
Below we assume h = 1 in (5.11), which can always be made by appropriate rescaling of A
and D.
Implicit maps in the symmetric form (5.10) were studied in [1] as special discretizations

of the Euler top on so(3). The symmetry allows to determine the function Au(u,l) in (5.9).
Following [1], we set

u+u U—u

2 2
Then, due to addition formulas for the Jacobi elliptic functions (see e.g., [13]), the parameteri-
zation (5.7), (5.8) implies

ﬂ:

N == 2?glsn(ﬂ)dn(ﬂ)sn(&u)dn(éu), Mt+m = 2?g%n(ﬂ)cn(éu),
D =1 — k%*sn?(a) sn?(du) (5.13)

and similar expressions for the other components of 4 — v, 4 + 7. Substituting them into any of
the equations (5.10), one obtains (see also [1])

2D Vcn(du)dn(éu) 2 (Ao — A3)(A1l - 1)

P sn(du) ' A1A2A3
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or, in view of (5.11),

<1 - an) VD2 —11,D? = penlou)dn@u) D(l - dm), (5.14)

sn(du) 2

. o 1, Py
M= (3+7A7G+7), o= G+7nA7 G +9).

Then, making squares of both parts of (5.14) and taking into account the expressions

1/Cf C3 C3 1— Agl
= (& 73_7 = 2 - 3
2
2
2
u)dn

I, = ! C%CHQ( Jen?(6u) + —2 sn?(@)en? (6u)dn? (du) + %dn 2(@)dn?(0u)
Af A A2
1 G en?(9 2(0u)
= — D—V?
D2 (sn2(5u) v sn?(du) >’
where

Ct a3 a3 2 2 4

G = k2A2 cn?(du) — Pcn 2(Su)dn?(du) + Pdn (6u) = V(1 + asn®(du) — Bsn*(0u)),
B 2A1A3 — (A1 + A3 — Ag) AAs 1— A3l

8=

(A2 — A3) (Al —1) 7 (Ag — A3)2 Al — 17

after simplifications we obtain the following relation between the Jacobi elliptic functions of du
and the function sn(u) (contained in D only)
d? (1 — 2(6u))?
_ LU= psOW) o 2 en? (5u)dn?(6u)
4 D2
[ —psn?(8
'usg(u)((GD—V2cn2(5u)dn2(5u))—Vw(éu)D)—i—D@Vw(éu)—G):0, (5.15)

w(du) = sn(ou)en(du)dn(du).

+d

Note that in the case d = 0, when the map G, reduces to the discretization of the Euler top,
the terms with D in (5.15) can be eliminated and the increment du becomes independent of 4,
as expected and was shown explicitly in [1].

Now, expressing sn(u) =sn(u + du) in terms of elliptic functions of v and du, and using
relations cn(u)? = 1 —sn?(u), dn(u)? = 1 — k?sn?(u), we can rewrite (5.13) as

1

D= 1= F2sn?(a) 02 (30 (k?sn?(u)sn?(du)(2 — (k% + 1)sn?(du) — k?sn*(0u))
+ 2k2sn? (6u)w(du) W (u) + k2sn? (0u)[1 — k%sn?(u)] — 1),
W(u) = sn(u)cen(u)dn(u), w(du) = sn(ou)en(du)dn(du). (5.16)

Substituting this expression into (5.15), one obtains a rather complicated equation for sn?(u),
n?(6u), w(du) that implicitly describes the dependence the function Auy(ug, ).
One can make this equation algebraic by introducing the variables p = p(du), ¢ = ¢'(0u),
which are coordinates on the curve &£ represented in the canonical Weierstrass form
2 1

1 1
¢ =4(p—e1)(p—e2)(p—e3), 61=§(Z—k2)a 6225(%2—1)’ 632—5(1+k2)o

Under the rational parameterization
1 (&)

~ - 1
n?(6u) = , en?(du _P , dn?(du _P 62, w(dy) = ———=
(6u) p—e3 (6u) p—e3 (6u) p—e3 (6) 2(p—e3)?
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equation (5.15) together with (5.16) defines a plane algebraic curve whose intersections PU)
with & give the values of Ju via the integral

' p) d
dul) = P .
/oo 2\/(p —e1)(p — e2)(p — e3)

6 Conclusive remarks

In given paper we constructed a discretization of the Chaplygin sphere problem on E(n) which
preserves all the momenta integrals and, in the particular case of the motion, the energy. This
case is reduced to the multi-valued map Gp, on so*(3) which is reminiscent to the Veselov—Moser
discretization of the Euler top and is given by an addition law on elliptic curves. However,
in contrast to known integrable maps of this type, the increment depends not only on the
energy constant, but also on the point on the curve. According to [1], this implies that G, does
not preserve the standard Lie—Poisson structure on so*(3), which is quite expected due to the
nonholonomic origin of the map.

The integrability of the map Gj, (which is interpreted as the possibility of writing its explicit
discrete time solution) was shown to be equivalent to preservation of an invariant measure on
the Lie algebra. Note that the latter property is often related to integrability in quadratures in
the continuous case (recall the Jacobi last multiplier theorem).

In this connection it would be interesting to develop integrability criteria for discrete systems
preserving an invariant measure, in particular to formulate a discrete version of the Jacobi last
multiplier theorem.

Although the energy (2.5) of the Chaplygin sphere expressed in terms of the momentum K
is not preserved in the discrete setting in general, this does not exclude the existence of another
integral that transforms to the energy in the continuous limit.

Lastly, as shown in [18], the classical Chaplygin sphere problem is a natural example of
a nonholonomic LR system on the direct product SO(3) x R? (the kinetic energy is left-invariant,
while the constraint distribution is right-invariant with respect to the group action). One can
show that the discrete Lagrangian (4.1) and the discrete constraint subvariety given by (4.9)
possess the same properties, i.e., our discretization of the Chaplygin sphere is a discrete LR
system on SO(n) x R™.

We then believe that it is worth studying properties of generic discrete LR systems and of
their reductions, such as preservation of momenta, energy, and an invariant measure.
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