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Abstract. Two generalizations of Kempf’s quadratic canonical commutation relation in one
dimension are considered. The first one is the most general quadratic commutation relation.
The corresponding nonzero minimal uncertainties in position and momentum are determined
and the effect on the energy spectrum and eigenfunctions of the harmonic oscillator in an
electric field is studied. The second extension is a function-dependent generalization of the
simplest quadratic commutation relation with only a nonzero minimal uncertainty in po-
sition. Such an uncertainty now becomes dependent on the average position. With each
function-dependent commutation relation we associate a family of potentials whose spectrum
can be exactly determined through supersymmetric quantum mechanical and shape invari-
ance techniques. Some representations of the generalized Heisenberg algebras are proposed
in terms of conventional position and momentum operators x, p. The resulting Hamiltonians
contain a contribution proportional to p4 and their p-dependent terms may also be functions
of x. The theory is illustrated by considering Pöschl–Teller and Morse potentials.
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1 Introduction

During recent years, there has been much interest in studying theories characterized by a mi-
nimal observable length ∆X0. Some works [1, 2] in the context of perturbative string theory
have indeed suggested a generalized uncertainty principle, which, for dimensionless operators,
reads

∆X ≥ 1
2

(
1

∆P
+ β∆P

)
, (1.1)

where β is some very small positive parameter. Equation (1.1) leads to a nonzero minimal
uncertainty in position (or minimal length) ∆X0 =

√
β. Another consequence of (1.1) is

a mixing between UV and IR divergences. Both properties have also emerged from many
other studies in string theory and quantum gravity (see, e.g., [3, 4, 5, 6] and references quoted
therein).
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The generalized uncertainty principle (1.1) implies some modification of the canonical com-
mutation relations. Amongst several possibilities, one of the most promising and simplest pro-
posal [2]

[X,P ] = i
(
1 + βP 2

)
,

is based on the addition of some small quadratic correction. This line of approach has been
thoroughly investigated by Kempf [7, 8, 9, 10], who considered more general quadratic corrections
in D dimensions and also suggested that the absence of plane waves or momentum eigenvectors
on generic curved spaces would give rise to a minimal observable momentum ∆P0 [11].

Since the UV/IR mixing allows one to probe high-energy physics by low-energy one, it justifies
the use of quantum mechanics in the presence of a minimal length. Investigating the influence
of the minimal length assumption on the energy spectrum of quantum systems has become an
interesting issue primarily for two reasons. First, this may help to set some upper bounds on the
value of the minimal length. In this connection, one may quote some studies of the hydrogen
atom [12, 13, 14], of the problem of a particle in a gravitational quantum well [15], and of the
application of the one-dimensional Dirac oscillator to quark-gluon plasmas [16]. Furthermore,
the classical limit has also provided some interesting insights into some cosmological problems
[17, 18]. Second, it has been argued [10] that quantum mechanics with a minimal length may
also be useful to describe non-pointlike particles, such as quasiparticles and various collective
excitations in solids, or composite particles, e.g., hadrons. The formalism then provides us with
an effective theory of such systems in terms of a parameter ∆X0 related to the finite size of the
particles.

Solving quantum mechanical problems with deformed canonical commutation relations, how-
ever, usually turns out to be much more difficult than with conventional ones. This is indeed
the case when employing Kempf’s quadratic commutation relations, so that only a few examples
have been considered in such a context.

In the simplest case where one considers a nonzero minimal uncertainty in position only, sev-
eral quantum mechanical systems have been successfully dealt with by solving the corresponding
Schrödinger equation in momentum space. Such problems include the one- and D-dimensional
harmonic oscillators [9, 19], for which exact solutions have been provided, the hydrogen atom,
for which perturbative [12, 14], numerical [13], or one-dimensional exact [20] results have been
obtained, and the gravitational quantum well [15], which has been treated perturbatively. The
use of WKB approximation has also been tested [21].

In the more complicated case where one considers nonzero minimal uncertainties in both
position and momentum and one can therefore only resort to a generalized Fock space (or cor-
responding Bargmann) representation [7, 8, 22], we have recently proposed an entirely different
approach to the one-dimensional harmonic oscillator problem [23]. It is based upon an exten-
sion to the deformed commutation relation in hand of supersymmetric quantum mechanical
(SUSYQM) techniques [24]. When supplemented with shape invariance (SI) under parameter
translation [25, 26] or parameter scaling [27, 28, 29, 30, 31, 32], these are known to provide
a very powerful method for exactly solving problems in standard quantum mechanics. This is
the case here too, since they have also allowed us [33] to deal with the one-dimensional harmonic
oscillator in a uniform electric field and to algebraically rederive the results of [9, 19].

The only relativistic problem that has been exactly solved so far in a deformed space with
minimal length is the Dirac oscillator, either in three dimensions using our extended SUSYQM
and SI method [34], or in one dimension by directly solving the differential equation in momen-
tum representation [16].

The purpose of the present paper is twofold: first, to propose some generalizations of Kempf’s
quadratically-deformed canonical commutation relation in one dimension and to analyze how
such extensions affect the uncertainties in position and momentum, and second, to further
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illustrate the power of combined SUSYQM and SI techniques in solving some eigenvalue problems
corresponding to these new deformed commutation relations.

At this stage, it should be stressed that our work is mainly aimed at applications to sys-
tems of non-pointlike particles, especially in condensed-matter physics, where one-dimensional
systems may be experimentally produced. However, our ultimate goal would be to extend the
simple models presented here to more than one dimension, in which case the noncommutativity
of position coordinates (and possibly also that of momentum ones) would become of utmost
importance.

The paper is organized as follows. The most general quadratic canonical commutation re-
lation with nonzero minimal uncertainties in both position and momentum is considered in
Section 2. Then a function-dependent generalization of the quadratic commutation relation
with only a nonzero minimal uncertainty in position is reviewed in Section 3. Finally, in Sec-
tion 4, we summarize our results and sketch some of their possible applications to a variety of
problems.

2 Generalized quadratic commutation relation

2.1 Commutation relation and uncertainty relation

The most general quadratically-deformed canonical commutation relation can be written as

[X,P ] = i(1 + αX2 + βP 2 + κXP + κ∗PX), (2.1)

where α, β ∈ R and κ ∈ C are assumed to be very small parameters (i.e., |α|, |β|, |κ| � 1),
while X and P are dimensionless operators. Throughout this paper, we use units wherein ~ = 1
(as well as ` = m = 1, where ` and m denote the characteristic length and the particle mass for
the quantum mechanical system under consideration).

Equation (2.1) admits two important special cases: choosing κ = 0 and α, β > 0 leads
to Kempf’s commutation relation characterized by nonzero minimal uncertainties ∆X0 =√
β/(1− αβ) and ∆P0 =

√
α/(1− αβ) 1, whereas selecting α = β = 0 gives rise to the q-

deformed Heisenberg algebra qXP − q∗PX = i with q ≡ 1− iκ [35].
In the general case, on setting κ = κ1 + iκ2, κ1, κ2 ∈ R, equation (2.1) may be rewritten as

[X̃, P̃ ] = i[1 + α̃X̃2 + β̃P̃ 2 + κ̃1(X̃P̃ + P̃ X̃)] (2.2)

in terms of some rescaled operators and parameters, X̃ = X
√

1 + κ2, P̃ = P
√

1 + κ2, α̃ =
α/(1 + κ2), β̃ = β/(1 + κ2) and κ̃1 = κ1/(1 + κ2). This simple property allows us to restrict
ourselves to real values of κ. Hence, in the remainder of this section, we will inquire into the
influence of an additional term iκ(XP + PX), with κ ∈ R, on the right-hand side of Kempf’s
deformed commutation relation [X,P ] = i(1 + αX2 + βP 2) with α, β ∈ R+.

On performing the rotation

X = X ′ cosϕ+ P ′ sinϕ, P = −X ′ sinϕ+ P ′ cosϕ,

such a generalized deformed commutation relation can be rewritten as

[X ′, P ′] = i[1 + α′X ′2 + β′P ′2 + κ′(X ′P ′ + P ′X ′)], (2.3)

where

α′ =
1
2
(α+ β) +

1
2
(α− β) cos 2ϕ− κ sin 2ϕ,

1It should be stressed that the positivity of α and β is essential to get nonvanishing values for ∆X0 and ∆P0.
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β′ =
1
2
(α+ β)− 1

2
(α− β) cos 2ϕ+ κ sin 2ϕ,

κ′ =
1
2
(α− β) sin 2ϕ+ κ cos 2ϕ. (2.4)

Equation (2.3) can be simplified by choosing κ′ = 0. Here we have to distinguish between
α 6= β and α = β. In the former case

tan 2ϕ = − 2κ
α− β

,

where we may restrict ϕ to the interval −π/4 < ϕ < π/4. As a consequence

cos 2ϕ =
|α− β|
δ

, sin 2ϕ = −2σκ
δ
, δ ≡

√
(α− β)2 + 4κ2, σ ≡ (α− β)

|α− β|
. (2.5)

In the latter case, cos 2ϕ = 0 may be achieved by choosing ϕ = π/4, so that

α′ = α− κ, β′ = β + κ. (2.6)

With such choices for ϕ, the transformed operators X ′, P ′ satisfy a commutation relation
similar to that of Kempf provided α′ and β′ are positive. From (2.4), this amounts to the two
conditions

α+ β > 0,
∣∣∣∣12(α− β) cos 2ϕ− κ sin 2ϕ

∣∣∣∣ < 1
2
(α+ β).

If α 6= β, equation (2.5) allows us to transform the second condition into κ2 < αβ, which can
only be valid if αβ > 0. On combining the results, we are led to the restrictions

α > 0, β > 0, |κ| <
√
αβ. (2.7)

It is straightforward to see that equation (2.7) remains true for α = β. We therefore conclude
that the generalized commutation relation (2.1) with κ ∈ R is equivalent to Kempf’s one up to
a rotation of angle −π/4 < ϕ ≤ π/4 if and only if equation (2.7) is fulfilled.

We now plan to find the minimal uncertainties ∆X0 and ∆P0 corresponding to (2.1), (2.7),
and generalizing those obtained by Kempf.

The uncertainty relation associated with (2.1) for real values of κ can be written as

∆X∆P ≥ 1
2

∣∣1 + γ + α(∆X)2 + β(∆P )2 + κ〈X̂P̂ + P̂ X̂〉
∣∣, (2.8)

where X̂ ≡ X − 〈X〉, P̂ ≡ P − 〈P 〉, and γ ≡ α〈X〉2 + β〈P 〉2 + 2κ〈X〉〈P 〉. From the inequality
|〈AB+BA〉| ≤ 2

√
〈A2〉〈B2〉 valid for any two Hermitian operators A, B, it follows that |〈X̂P̂ +

P̂ X̂〉| ≤ 2∆X∆P . Furthermore, conditions (2.7) imply that γ ≥ 0, hence 1 + γ + α(∆X)2 +
β(∆P )2 > 0. Equation (2.8) may therefore be transformed into

∆X∆P ≥ 1
2
[1 + γ + α(∆X)2 + β(∆P )2 − 2|κ|∆X∆P ], (2.9)

where we have used property (2.7) again to drop the absolute value on the right-hand side. It
is now straightforward to rewrite (2.9) as

∆X̄∆P̄ ≥ 1
2
[1 + ᾱ(∆X̄)2 + β̄(∆P̄ )2] (2.10)
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with

∆X̄ ≡

√
1 + |κ|
1 + γ

∆X, ∆P̄ ≡

√
1 + |κ|
1 + γ

∆P, ᾱ ≡ α

1 + |κ|
, β̄ ≡ β

1 + |κ|
.

Since the last inequality (2.10) is of the same type as that considered by Kempf, we know
that there exist nonzero minimal values ∆X̄0 =

√
β̄/(1− ᾱβ̄), ∆P̄0 =

√
ᾱ/(1− ᾱβ̄) of ∆X̄

and ∆P̄ . From this, we infer that there also exist nonzero minimal values of ∆X and ∆P , given
by

∆Xmin =

√
β(1 + γ)

(1 + |κ|)2 − αβ
, ∆Pmin =

√
α(1 + γ)

(1 + |κ|)2 − αβ
,

so that the absolutely smallest uncertainties in X and P are

∆X0 =

√
β

(1 + |κ|)2 − αβ
, ∆P0 =

√
α

(1 + |κ|)2 − αβ
. (2.11)

Had we considered equation (2.1) for complex values of κ (and positive values of α, β),

equation (2.11) would have been valid for ∆X̃0, ∆P̃0, α̃, β̃, and κ̃1, provided |κ̃1| <
√
α̃β̃.

Rescaling the operators and parameters, as explained below equation (2.2), would then have led
us to minimal uncertainties given by

∆X0 =

√
β

(1 + κ2 + |κ1|)2 − αβ
, ∆P0 =

√
α

(1 + κ2 + |κ1|)2 − αβ
, (2.12)

provided |κ1| <
√
αβ. Observe that setting κ1 = κ2 = 0 in (2.12) gives back Kempf’s results, as

it should be.

2.2 Application to the harmonic oscillator in an electric field

In the present subsection, we plan to study the influence of the κ-dependent terms in equa-
tion (2.1) on the one-dimensional quantum mechanical systems considered in [23, 33] under the
assumptions that κ ∈ R and conditions (2.7) are satisfied.

Since the harmonic oscillator Hamiltonian satisfies the relation H = (1/2)(P 2 + X2) =
(1/2)(P ′2 +X ′2), where X ′ and P ′ fulfil equation (2.3) with κ′ = 0, its spectrum is independent
of the presence of κ-dependent terms in (2.1).

This is not the case, however, for the harmonic oscillator in a uniform electric field E , since
its Hamiltonian becomes

H =
1
2
(P 2 +X2)− EX =

1
2
(P ′2 +X ′2)− E(X ′ cosϕ+ P ′ sinϕ), (2.13)

where there is an additional term proportional to P ′. To take care of this change, let us facto-
rize H as

H = B+(g, s, r, ν)B−(g, s, r, ν) + ε0, (2.14)

where

B±(g, s, r, ν) =
1√
2
(∓igP ′ + sX ′ + r ∓ iν) (2.15)
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with s, g, r, ν, ε0 ∈ R and s, g > 0. Observe that ν is a new parameter not appearing in [33].
From (2.13)–(2.15), we get

g = sk, s =
1√

1− α′k
, k =

1
2

(
β′ − α′ +

√
1 +

1
4
(β′ − α′)2

)
,

r = −E cosϕ
s

, ν = −E sinϕ
g

, ε0 =
1
2
(
gs− r2 − ν2

)
,

in terms of the transformed parameters α′, β′, given either in (2.4) and (2.5) or in (2.6).
More generally, H is the first member H0 of a hierarchy of Hamiltonians

Hi = B+(gi, si, ri, νi)B−(gi, si, ri, νi) +
i∑

j=0

εj , i = 0, 1, 2, . . . ,

satisfying the SI condition

B−(gi, si, ri, νi)B+(gi, si, ri, νi)
= B+(gi+1, si+1, ri+1, νi+1)B−(gi+1, si+1, ri+1, νi+1) + εi+1, (2.16)

where i = 0, 1, 2, . . ., g0 = g, s0 = s, r0 = r, and ν0 = ν. The solution to such a condition is
similar to that carried out in [33], so that we only state here the results

gi = gqi/2 1 + tq−i

1 + t
, si = sqi/2 1− tq−i

1− t
, ri = rq−i/2 1− t

1− tq−i
,

νi = νq−i/2 1 + t

1 + tq−i
, εi+1 =

1
2
(
gisi + gi+1si+1 + r2i − r2i+1 + ν2

i − ν2
i+1

)
,

where

q ≡ 1 +
√
α′β′

1−
√
α′β′

, t ≡ g − γs

g + γs
, γ ≡

√
β′

α′
.

The energy spectrum of H now reads

En(E) =
n∑

i=0

εi = En(0) + ∆E(1)
n (E) + ∆E(2)

n (E),

where En(0) are the harmonic oscillator Hamiltonian eigenvalues in the absence of electric field
(see equation (2.25) of [33]), while

∆E(1)
n (E) = −2γ2E2 cos2 ϕ

u2
q−n(1− tq−n)−2 = −1

2
K2qnz2

n,

∆E(2)
n (E) = −2E2 sin2 ϕ

u2
q−n(1 + tq−n)−2 = −1

2
K2qnw2

n

are two correction terms due to the electric field. Here u ≡ g + γs, K ≡ u
√

(q + 1)/(4γ),
zi ≡ −ri/(Kqi/2), and wi ≡ −νi/(Kqi/2). The first correction term was already present in [33]
(note, however, the replacement of E by E cosϕ and of α, β by α′, β′), whereas the second one is
new. Both of them are n-dependent, negative and increasing (from −(1/2)K2z2 or −(1/2)K2w2

to 0) when n goes from 0 to ∞.
As in [33], the corresponding eigenvectors can be written in the Bargmann representation as-

sociated with some q-boson creation and annihilation operators b+, b, such that bb+− qb+b = 1.
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This is based upon the observation that B−(gi, si, ri, νi) can be expressed as B−(gi, si, ri, νi) =
(1/

√
2)Kqi/2(b − tib

+ − zi − iwi) and that a similar result applies to the adjoint operator
B+(gi, si, ri, νi). The ground-state wavefunction ψ0(q, t, z, w; ξ), where ξ ∈ C represents b+,
is obtained in the same form as before (see equation (2.59) of [33]), except for the substi-
tution of the complex parameter z + iw for the real one z. The excited-state wavefunctions
ψn(q, t, z, w; ξ) ∝ Pn(q, t, z, w; ξ)ψ0(q, tn, zn, wn; ξ) (with tn = qnt) undergo a more profound
transformation since, on the right-hand side of the recursion relation for the nth-degree poly-
nomials Pn(q, t, z, w; ξ) given in equation (2.69) of [33], z is replaced by z − iw whereas zn+1 is
changed into zn+1 + iwn+1. For n = 1 and 2, for instance, we obtain

P1(q, t, z, w; ξ) = (1− t2q−1)[ξ − (1− tq−1)−1z + i(1 + tq−1)−1w],

P2(q, t, z, w; ξ) = (1− t2q−3){(1− t2q−1)ξ2 − [2]q(1− t2q−1)[(1− tq−2)−1q−1z

− i(1 + tq−2)−1q−1w]− t+ (1− t)(1 + tq−1)(1− tq−2)−2q−1z2

− (1 + t)(1−tq−1)(1 + tq−2)−2q−1w2−2i(1−t2q−1)[(1−tq−2)(1 + tq−2)]−1q−1zw},

respectively.
It is worth stressing that in contrast with the energy eigenvalues, which could be derived

from those obtained in [32], the corresponding eigenfunctions are an entirely new and nontrivial
result (see section 2.4 of [33] for a detailed comparison between our approach and that of [32]).

3 Function-dependent commutation relation

3.1 Commutation relation and uncertainty relation

Let us consider the commutation relation

[f(X), P ] = i[f ′(X) + βP 2], (3.1)

where f(X) is some differentiable, real-valued function of a generalized position operator X,
f ′(X) denotes its derivative with respect to X, and β ∈ R+ is some very small parameter
(i.e., β � 1). For β = 0, equation (3.1) reduces to the relation [f(x), p] = if ′(x), satisfied
by the conventional position and momentum operators x and p = −id/dx, characterized by
[x, p] = i. Furthermore, for β 6= 0, it may be considered as a generalization of Kempf’s quadratic
commutation relation (2.1) with α = κ = 0 (leading to a nonzero minimal uncertainty ∆X0 =√
β in position only) since the latter may be retrieved by choosing f(X) = X.
For some reasons that will be explained in Section 3.3, we are going to restrict ourselves here

to functions f(X) such that

f ′(X) = af2(X) + bf(X) + c (3.2)

for some choice of real constants a, b, and c. This includes the Kempf’s case for which a = b = 0
and c = 1. Some other interesting cases to be considered later on are

f(X) = −e−X , f ′(X) = e−X , a = 0, b = −1, c = 0, (3.3)

f(X) = tanhX, f ′(X) = sech2X, a = −1, b = 0, c = 1, (3.4)

f(X) = tanX, f ′(X) = sec2X, a = 1, b = 0, c = 1. (3.5)

Observe that in all these examples, X is the lowest-order term in an expansion of f(X) into
powers of X.

To interpret the generalized commutation relation (3.1) from a physical viewpoint, it is neces-
sary to derive an approximate expression for [X,P ]. For such a purpose, let us restrict ourselves
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to those states for which (∆X)2 = 〈X̂2〉 (where X̂ = X − 〈X〉) is very small and of the order
of β. On expanding f(X) and f ′(X) around 〈X〉 and inserting such expressions in (3.1), we
arrive at the relation

[X̂, P ] = i
(

1 +
f ′′(〈X〉)
f ′(〈X〉)

X̂ +
1
2
f ′′′(〈X〉)
f ′(〈X〉)

X̂2 + · · ·+ β

f ′(〈X〉)
P 2

)
− 1

2
f ′′(〈X〉)
f ′(〈X〉)

(3.6)

× (X̂[X̂, P ]+[X̂, P ]X̂)− 1
6
f ′′′(〈X〉)
f ′(〈X〉)

(X̂2[X̂, P ]+X̂[X̂, P ]X̂+[X̂, P ]X̂2)+· · · .

Expanding next [X̂, P ] into powers of X̂,

[X̂, P ] = [X̂, P ](0) + [X̂, P ](1)X̂ + [X̂, P ](2)X̂
2 + · · · ,

on both sides of (3.6) and equating successively the kth-order terms in X̂ up to k = 2 leads to
the results

[X̂, P ](0) = i, [X̂, P ](1)X̂ = 0, [X̂, P ](2)X̂
2 = i

β

f ′(〈X〉)
P 2,

from which we get the approximate commutation relation

[X,P ] ' i
(

1 +
β

f ′(〈X〉)
P 2

)
.

We conclude that in those states for which (∆X)2 ∼ β, there is a nonzero minimal uncertainty
in X, given by ∆X0 '

√
β/f ′(〈X〉) and therefore dependent on 〈X〉. For f(X) = X, such

a dependence disappears so that one retrieves Kempf’s result, as it should be.

3.2 Representations of X and P in terms of conventional position
and momentum operators

In the case of Kempf’s quadratic commutation relation corresponding to the choice f(X) = X
in (3.1), several different kinds of representations of X and P in terms of conventional opera-
tors x, p have been used. Among them, one may quote the momentum representation P = p,
X = (1 + βp2)x (with x = id/dp) [9, 10, 19] and the (quasi)position representation X ' x,
P ' p(1 + (1/3)βp2) (with p = −id/dx) [12]. Whereas the former is exact, the latter is only
valid to first order in β. As we now plan to show, the last one can be extended to the generalized
commutation relation (3.1).

Let us indeed look for a representation of (3.1) of the type

X ' x, P ' p+ βA(x, p), (3.7)

where A(x, p) is a so far undetermined function of x and p. Inserting this ansatz in (3.1), we
find that to first order in β, the latter is equivalent to [f(x), A(x, p)] = ip2. Such a condition
can be easily fulfilled by an operator A such as

A(x, p) =
1
2
{λ(x), p}+

1
2
{µ(x), p3}, (3.8)

where

µ(x) =
1

3f ′
, (3.9)

λ(x) = µ

[
3
2

(
µ′

µ

)′
+ µ

(
1
µ

)′′]
=

1
6f ′

(
−f

′′′

f ′
+ 3

f ′′2

f ′2

)
, (3.10)
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and a prime denotes derivative with respect to x. A further simplification occurs for the choice
made in (3.2) since equation (3.10) can then be transformed into

λ(x) = a+ (b2 − 4ac)µ(x)

with µ(x) given in (3.9).
The representation (3.7) also allows us to calculate [X,P ] to first order in β. From

[x,A(x, p)] = (i/2)[2λ(x) + 3{µ(x), p2}], we indeed obtain

[X,P ] ' i
[
1 + β

(
λ(X) +

3
2
{µ(X), P 2}

)]
after substituting X and P for x and p in the first-order term on the right-hand side.

For the examples considered in (3.3)–(3.5), the representation of P and the commutation
relation [X,P ] are given by

P ' p+
1
6
β{ex, p+ p3},

[X,P ] ' i
[
1 + β

(
1
3
eX +

1
2
{eX , P 2}

)]
, (3.11)

P ' p+ β

(
−p+

1
6
{cosh2 x, 4p+ p3}

)
,

[X,P ] ' i
[
1 + β

(
−1 +

4
3

cosh2X +
1
2
{cosh2X,P 2}

)]
, (3.12)

P ' p+ β

(
p+

1
6
{cos2 x,−4p+ p3}

)
,

[X,P ] ' i
[
1 + β

(
1− 4

3
cos2X +

1
2
{cos2X,P 2}

)]
, (3.13)

respectively.
For the special case of (3.3), it is worth mentioning the existence of an alternative exact

representation of f(X) and P ,

−e−X = −e−x + βp2, P = p. (3.14)

In view of the applications to quantum mechanics to be carried out in the next subsection, it
is worth inquiring into the restrictions, if any, that the Hermiticity of the deformed operators X
and P imposes on square-integrable functions. For representation (3.7), let us consider two
functions ψ(x), φ(x) ∈ L2(x1, x2) and expand them to first order in β as ψ(x) = ψ0(x)+β∆ψ(x),
φ(x) = φ0(x) + β∆φ(x). Then, in the same approximation, the Hermiticity of P in L2(x1, x2)
is equivalent to the condition∫ x2

x1

dxψ0∗(x)A(x, p)φ0(x) =

[∫ x2

x1

dxφ0∗(x)A(x, p)ψ0(x)

]∗
. (3.15)

On using (3.8) and integrating several times by parts, it is easy to show that equation (3.15)
amounts to the two restrictions

λ|ψ0|2 → 0 for x→ x1 and x→ x2, (3.16)

2µ′′|ψ0|2 + µ′(ψ0∗ψ0′ + ψ0′∗ψ0) + 2µ(ψ0∗ψ0′′ − |ψ0′∗|2 + ψ0′′∗ψ0) → 0
for x→ x1 and x→ x2, (3.17)

in the special case where φ0(x) = ψ0(x). In contrast, for representation (3.14), no further
condition is found to ensure the Hermiticity of e−X .
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3.3 Applications to quantum mechanics

Let us a consider a Hamiltonian

H =
1
2
P 2 + V (X), (3.18)

where X and P satisfy the function-dependent commutation relation (3.1) for some choice
of f(X). To be able to solve the eigenvalue problem for such a Hamiltonian, we shall impose
that (i) it is factorizable as shown in (2.14), where the operators B±, now depending only on
three real parameters g, s, r, are chosen in the form

B±(g, s, r) =
1√
2
[∓ igP + sf(X) + r], (3.19)

and (ii) H is the first member H0 of a hierarchy of Hamiltonians Hi, i = 0, 1, 2, . . ., similar
to (3.18) and satisfying a SI condition of type (2.16).

The factorization of H implies that there exists a close connection between f(X) and V (X),
while the SI condition leads to equation (3.2), expressing f ′(X) as a second-degree polynomial
in f(X). The proof of these assertions relies on the relation

B±(g, s, r)B∓(g, s, r) =
1
2
{g(g ∓ βs)P 2 + [sf(X) + r]2 ∓ gsf ′(X)} (3.20)

resulting from (3.1) and (3.19). On comparing (3.18) with (3.20), it is indeed obvious that V (X)
can be written in terms of f(X) and f ′(X). On the other hand, since we need four equations
(but not more) to determine the four types of parameters gi, si, ri, and εi from the SI condition,
it is evident that f ′(X) should contain the same kind of terms as [sf(X)+r]2, which is achieved
by assuming condition (3.2) (see [36] for a systematic use of such a type of reasoning). As
a result, the precise relationship between V (X) and f(X) reads

V (X) =
1
2
[s(s− ag)f2(X) + s(2r − bg)f(X) + r2 − cgs] + ε0. (3.21)

Observe that in Kempf’s case, f(X) = X leads to a harmonic oscillator potential [23].
When using the representation (3.7) of X and P valid to first order in β, the Hamilto-

nian (3.18) can be written in the same approximation as

H ' 1
2
p

[
1 +

1
6
β

(
2a− b2 − 4ac

f ′(x)

)]
p+ βp2 1

3f ′(x)
p2 + V (x)

in terms of the operators x, p. As compared with conventional Hamiltonians, there is a small
additional term proportional to p4 as in Kempf’s case [12], but for f(X) 6= X we also observe a
position dependence of the terms in p2 and p4. Furthermore, bound-state wavefunctions of H
have not only to be square integrable on the (finite or infinite) interval of definition (x1, x2)
of V (x), but also to satisfy some additional restrictions ensuring the Hermiticity of H. For such
a purpose, it is enough to impose that P be Hermitian, hence that conditions (3.16) and (3.17)
be fulfilled.

We shall now proceed to consider several examples associated with the functions (3.3)–(3.5).

3.3.1 Pöschl–Teller potentials

For f(X) = tanhX corresponding to (3.4), we get the one-parameter hyperbolic Pöschl–Teller
potential

V (X) = −1
2
A(A+ 1) sech2X, A ≥ 1,
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by choosing

s =

√
A(A+ 1)

1 + k
, g = ks, r = 0, ε0 = −1

2
s2 (3.22)

in (3.21). Here k is defined by

k =
1 + βA(A+ 1) + ∆

2A(A+ 1)
, ∆ ≡

√
[1 + βA(A+ 1)]2 + 4A(A+ 1). (3.23)

In the β → 0 limit, equations (3.22) and (3.23) lead to the conventional result s→ A, g → 1, so
that B±(g, s) → B±(A) = (∓ip+A tanhx)/

√
2 [24].

The SI condition is then solved by considering the combinations of parameters

ui = gi + i
√
β si = |ui|eiϕi . (3.24)

The results read

|ui| = |u|, ϕi = ϕ+
i
2
φ, ri = 0, εi+1 =

1
2
(s2i − s2i+1),

where it follows from (3.22) that

|u| =
√

1 + βA(A+ 1), cosϕ =
g√

1 + βA(A+ 1)
, sinϕ =

√
βs√

1 + βA(A+ 1)
,

and φ is defined by

eiφ =
1− i

√
β

1 + i
√
β
, cosφ =

1− β

1 + β
, sinφ = − 2

√
β

1 + β
. (3.25)

The energy eigenvalues of the (generalized) hyperbolic Pöschl–Teller Hamiltonian can be
expressed as

En =
n∑

i=0

εi = −1
2
s2n = −|u|

2

2β
sin2

(
ϕ+

n

2
φ

)
.

On expanding them into powers of β and keeping only the first two terms, we obtain

En ' −1
2
(A− n)2(1− βδn + · · · ),

δn =
1

(2A+ 1)(A− n)

{
A2 + n

[
(n+ 1)A− n2 + 2

3

]
(2A+ 1)

}
. (3.26)

In the β → 0 limit, we get back the bound-state spectrum of the conventional Pöschl–Teller
Hamiltonian, E0

n = −(1/2)(A − n)2, n = 0, 1, . . . , nmax, A − 1 ≤ nmax < A [24], as it should
be. It can be easily shown that for β 6= 0, the first-order relative correction in (3.26) has the
opposite sign and increases with n: 0 < δ0 < δ1 < · · · < δnmax . For the approximation (3.26) to
be meaningful, we must therefore restrict ourselves to β values such that β � (δnmax)−1, which
for integer A, for instance, gives rise to the condition β � 3(2A+1)(4A4 +2A3−7A2 +A+3)−1.

We can get the corresponding eigenfunctions

ψn(g, s;x) ' ψ0
n(A;x) + β∆ψn(g, s;x)
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in the representation (3.12), wherein the (generalized) Pöschl–Teller Hamiltonian and the opera-
tors B±(g, s) take the form

H ' 1
2
p

[
1− 1

3
β(1 + 2 cosh2 x)

]
p+

1
3
βp2 cosh2 x p2 − 1

2
A(A+ 1) sech2 x, (3.27)

B±(g, s) ' B±
0 (A) + β∆B±(g, s),

∆B±(g, s) =
1√
2

[
∓ i

2
(A− 2)p∓ i

6
{cosh2 x, 4p+ p3} − A2

2(2A+ 1)
tanhx

]
, (3.28)

with p = −id/dx.
Since the ground state wavefunction ψ0(g, s;x) must be annihilated by the operator B−(g, s),

the first-order correction term ∆ψ0(g, s;x) with respect to ψ0
0(A;x) = N0(A) sechA x (where

N0(A) = {Γ(A+ 1/2)/[Γ(1/2)Γ(A)]}1/2) satisfies the first-order differential equation

B−
0 (A)∆ψ0(g, s;x) = −∆B−(g, s)ψ0

0(A;x).

A straightforward calculation leads to

∆ψ0(g, s;x) = N0(A)
[
−1

6
A(A− 1)(A− 2) sechA−2 x+ C sechA x ln coshx+D sechA x

]
,

with C ≡ A(A+ 1)(2A2 + 2A− 1)/[3(2A+ 1)], while D is some integration constant. The latter
can be determined from the normalization condition of ψ0(g, s;x) to first order in β. In the
special case where A is integer, it is given by

D =
1
12
A(A− 1)(2A− 1) + C

(
ln 2 +

2A−1∑
j=1

(−1)j

j

)
.

Finally, it can be easily shown that for ψ0(g, s;x), the conditions (3.16) and (3.17) imposed by
the Hermiticity of P (hence of H) amount to the restriction sech2A−2 x→ 0 for x→ ±∞. The
allowed A values are therefore A > 1 (excluding A = 1).

The excited-state wavefunctions can be calculated in a similar way. For instance, the first-
order correction ∆ψ1(g, s;x) to the first-excited state wavefunction can be obtained from

∆ψ1(g, s;x) ∝ B+
0 (A)∆ψ0(g1, s1;x) + ∆B+(g, s)ψ0

0(A− 1;x),

where g1 and s1 are given by equations (3.24)–(3.25).
The treatment of the one-parameter trigonometric Pöschl–Teller potential

V (X) =
1
2
A(A− 1) sec2X, −π

2
≤ X ≤ π

2
, A > 1,

is entirely analogous. With f(X) = tanX corresponding to (3.5) and (3.13), we are led to the
energy spectrum

En '
1
2
(A+ n)2(1 + βδn + · · · ),

δn =
1

(2A− 1)(A+ n)

{
A2 + n

[
(n+ 1)A+

n2 + 2
3

]
(2A− 1)

}
, (3.29)

valid up to first order in β. As previously, the correction terms satisfy the property 0 < δ0 <
δ1 < · · · < δn < · · · .
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3.3.2 Morse potential

The Morse potential

V (X) =
1
2
B2e−2X − 1

2
B(2A+ 1)e−X , A,B > 0,

is associated with the choice f(X) = −e−X in (3.3). In such a case, it is straightforward to show
that

s = B, g =
1
2
βB + ∆, r = A+

1
2
− g

2
, ∆ ≡

√
1 +

1
4
β2B2,

si = s, gi = g + iβB, ri = r − ig − 1
2
i2βB, (3.30)

and

En = −1
2
r2n = −1

2

[
A+

1
2
− 1

4
(2n2 + 2n+ 1)βB −

(
n+

1
2

)
∆
]2

, (3.31)

where in the β → 0 limit, we obtain the conventional energy spectrum E0
n = −(1/2)(A − n)2,

n = 0, 1, . . . , nmax, A− 1 ≤ nmax < A [24].
First-order corrections to the corresponding wavefunctions can be obtained by using the

representation (3.11) as for Pöschl–Teller potentials. We shall instead use here the alternative
representation (3.14) because it leads to exact results for the Hamiltonian

H =
1
2
p [1+βB(2A+1−2Be−x)]p+

1
2
β2B2p4 +

1
2
B2e−2x − 1

2
B(2A+ 1− βB)e−x. (3.32)

As observed at the end of Section 3.2, bound-state wavefunctions of H do not have to satisfy
any extra condition apart from square integrability on the real line.

As shown in the appendix, by employing the properties of the operators

B±(g,B, r) =
1√
2

(
−βB d2

dx2
∓ g

d

dx
−Be−x + r

)
, (3.33)

the ground- and excited-state wavefunctions of such a Hamiltonian, corresponding to the energy
eigenvalues (3.31), can be expressed in terms of Bessel functions as

ψ0(g,B, r;x) ∝ exp
(
gx

2βB

)
Jν

(
2√
β
e−x/2

)
(3.34)

and

ψn(g,B, r;x) ∝
n∑

j=0

cj exp
(
gn−jx

2βB

)
Jνn+j

(
2√
β
e−x/2

)
, (3.35)

respectively. Here ν is defined by

ν =
1
βB

√
g2 + 4βBr (3.36)

and a similar expression applies to νn in terms of gn and rn, while cj denote some constants.
From the properties of Bessel functions [37], it follows that for x→ −∞, ψ0(g,B, r;x) decays

exponentially as exp[−(g/(2βB)+1/4)|x|], while for x→∞, it behaves as exp[(g/(2βB)−ν/2)x].
It is therefore normalizable on the real line provided ν > g/(βB) or, in other words, r > 0. From
the expression of r given in (3.30), we conclude that the Hamiltonian (3.32) has at least one
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bound state, given by (3.34), if β takes a value satisfying the inequality β < 4A(A + 1)[(2A +
1)B]−1. Whenever such a condition is satisfied, there may actually also exist excited states.
Since the normalizability condition of ψn(g,B, r;x), given in (3.35), is rn > 0, the allowed
values of n are n = 0, 1, . . . , nmax, where nmax is the largest integer for which rn > 0, i.e., the
integer fulfilling the condition

1
βB

(
−3

2
βB−∆+

√
1+βB(2A+1)

)
≤nmax <

1
βB

(
−1

2
βB−∆+

√
1 + βB(2A+1)

)
. (3.37)

Observe that for β → 0, equation (3.37) leads to the conventional result A− 1 ≤ nmax < A, as
it should be.

4 Final remarks

In the present paper, we have considered two extensions of Kempf’s quadratic canonical com-
mutation relation in one dimension. For both of them, we have studied how they alter the
minimal uncertainties in position and/or momentum and we have proposed some applications
to quantum mechanics.

The first one is the most general quadratic commutation relation, which turns out to also
include a q-deformed Heisenberg algebra as a special case. Although it can be reduced to
Kempf’s commutation relation by applying some transformations to the position and momentum
operators, we have shown that it gives rise to more general expressions for the nonzero minimal
uncertainties in position and momentum and that it has a definite influence on the energy
spectrum and the corresponding eigenfunctions of the harmonic oscillator in an electric field,
first considered in [33].

In the second generalization, the position operator X has been replaced in the simplest
quadratic commutation relation (with only a nonzero minimal uncertainty in position) by some
function f(X) in such a way that the choice f(X) = X gives back the original commutation
relation. From the uncertainty point of view, there appears a new and interesting effect in the
sense that the minimal uncertainty in X now becomes dependent on the average position 〈X〉
through the function f ′(〈X〉).

Next, to any function-dependent commutation relation of this type, such that f ′(X) satisfies
equation (3.2), we have associated a definite family of potentials V (X), whose spectrum can be
exactly determined through SUSYQM and SI techniques in the same way as we had done for
the harmonic oscillator in the case of the original choice f(X) = X [23]. Along these lines, we
have treated in detail the cases of the one-parameter hyperbolic and trigonometric Pöschl–Teller
potentials, as well as that of the Morse potential.

Furthermore, for any f(X) we have obtained a representation of our deformed algebra in
terms of conventional position and momentum operators x, p, up to first order in the deformation
parameter β. This has allowed us to write the corresponding Hamiltonian in terms of x, p, and
to determine its bound-state wavefunctions in the same approximation. Finally, for the Morse
potential, the use of an alternative exact representation of the associated algebra has led us to
some exact results for the Hamiltonian and its bound-state wavefunctions.

In both types of representations, the resulting Hamiltonians are of fourth order in p and, in
addition, the p-dependent terms may also depend on x. The former property had already been
observed elsewhere [12] in the context of Kempf’s quadratic commutation relations, while the
latter reminds one of the well-known equivalence between some deformed commutation relations
and position-dependent masses (PDM) [38].

Both characteristics may be very interesting in the area of condensed-matter problems. A de-
pendence of the kinetic energy on the position is indeed often used there due to its relevance in
describing the dynamics of electrons in compositionally-graded crystals [39], quantum dots [40]
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and liquid crystals [41], for instance. Furthermore, it has been shown that fourth-order terms
in the momentum may depict nonparabolicity effects in quantum wells [42].

Some applications may arise in other fields too. Let us mention the occurrence of PDM
in the energy-density functional approach to the quantum many-body problem in the context
of nonlocal terms of the accompanying potential with applications to nuclei [43], quantum li-
quids [44] and metal clusters [45]. It is also worth noting that higher-order terms in p2 appear
in semiclassical approaches to the Klein-Gordon equation, as well as in Hermitian Hamiltonians
equivalent to PT -symmetric or, more generally, pseudo-Hermitian ones [46, 47, 48].

In conclusion, we would like to stress the relevance of the innovative deformed-algebra ap-
proach proposed here to derive exact or approximate solutions to Schrödinger equations con-
taining generalized Hamiltonians such as those given in (3.27) and (3.32). We do think that it
will open a new inspiration for future study.

Appendix. Bound-state wavefunctions of the generalized
Morse Hamiltonian (3.32)

To calculate the bound-state wavefunctions ψn(g,B, r;x) of the Hamiltonian (3.32), it proves
convenient to introduce two auxiliary variables

y = Be−x, z = 2
√

y

βB
, (A.1)

both varying on the half line (0,∞), and to define

ψn(g,B, r;x) = φn(g,B, r; y) = χn(g,B, r; z), (A.2)

satisfying the normalization condition∫ +∞

−∞
dx |ψn(g,B, r;x)|2 =

∫ +∞

0

dy

y
|φn(g,B, r; y)|2 =2

∫ +∞

0

dz

z
|χn(g,B, r; z)|2 =1. (A.3)

The operators B±(g,B, r) in equation (3.33) can then be written as

B±(g,B, r) =
1√
2

[
−βB

(
y
d

dy

)2

± gy
d

dy
− y + r

]
.

The ground-state wavefunction being a zero mode of B−(g,B, r) is the solution of the second-
order differential equation[

βBy2 d
2

dy2
+ (g + βB)y

d

dy
+ y − r

]
φ0(g,B, r; y) = 0, (A.4)

satisfying condition (A.3). Since y = 0 is a regular singular point of this equation, we may look
for a solution of the type

φ0(g,B, r; y) = yρ
∞∑

j=0

ajy
j , (A.5)

where aj are some constants, a0 6= 0 and ρ > 0 in order to fulfil (A.3). Inserting (A.5) in (A.4),
we easily find that ρ = (1/2)(−g/(βB) + ν) (with ν defined in (3.36)), provided the condition
r > 0 is satisfied. Furthermore

∞∑
j=0

ajy
j ∝ 0F1

(
ν + 1;− y

βB

)
∝ y−ν/2Jν(z),

where in the last step use is made of equation (9.1.69) of [37]. This proves equation (3.34).
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The first-excited state wavefunction can be obtained by acting with B+(g,B, r) on
ψ0(g1, B, r1;x). On using the analogue of equation (A.4) for φ0(g1, B, r1; y) to eliminate the
second-order derivative with respect to y, it can be shown that

φ1(g,B, r; y) ∝
[
(g + g1)y

d

dy
+ r − r1

]
φ0(g1, B, r1; y).

Since from (3.30) it results that r − r1 = (1/2)(g + g1), this equation reduces to

χ1(g,B, r; z) ∝
(
z
d

dz
+ 1
)
χ0(g1, B, r1; z).

Equation (9.1.29) of [37] then leads to

χ1(g,B, r; z) ∝ −z−g/(βB)Jν1+1(z) + (2ρ1 + 1)z−g1/(βB)Jν1(z)

with ρ1 = (1/2)(−g1/(βB) + ν1). Combining this result with (A.1) and (A.2) finally yields
equation (3.35) for n = 1.

The proof of such an equation for higher n values is based upon observing that

φn(g,B, r; y) ∝

{
n−1∏
j=0

[
(gj + gn)

(
y
d

dy
− j

)
+ rj − rn

]}
φ0(gn, B, rn; y) (A.6)

and applying n times equation (9.1.29) of [37]. Equation (A.6) itself can be demonstrated by
induction over n by starting from the relation φn(g,B, r; y) ∝ B+(g,B, r)φn−1(g1, B, r1; y), com-
muting B+(g,B, r) with the factors on its right until it acts on φ0(gn, B, rn; y) and eliminating
the second-order derivative as done above.
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