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1 Introduction

Let r > 2 and d > 1 be integers. In [1], Beauville constructed an algebraically completely
integrable Hamiltonian system on the space of the gauge equivalence classes of 7 X r polynomial
matrices whose degree is less than or equal to d. This system is a generalization of the Mumford
system [6], and the general level set is isomorphic to the complement of the theta divisor in the
Jacobian variety of the spectral curve. Employing Beauville’s approach, a variant is constructed
in [5], which gives a generalization of the even Mumford system introduced by Vanhaecke [11, 12].
The remarkable difference with Beauville’s system is that the general level set is isomorphic to
the complement of the intersection of r translates of the theta divisor. We call these systems
the Beauville system and the Beauville-Vanhaecke (BV) system in this paper.

The Poisson structures of these systems depend on a monic polynomial of degree d+ 2 having
only simple roots. Our first aim in this article is to understand them in terms of the multi-
Hamiltonian structure (see [9, § 4 and § 12]). This is achieved by extending them to those
parameterized by a polynomial ¢(z) of degree at most d + 2; ¢(x) need not be monic nor have
simple roots, and deg ¢(x) can be less than d+2 (Propositions 1 and 3). It then turns out that the
Poisson structures corresponding to ¢(z) = 1,z, ..., z%2 give the integrable multi-Hamiltonian
system (Theorems 1 and 2).

Since the Beauville system and the BV system are given by the quotient construction, it is
an important problem to construct their spaces of representatives and to describe the vector
fields and the Poisson structures on them. For the Beauville system, a space of representatives
was constructed by Donagi and Markman for a certain subspace [2]. The vector fields on it
was computed by Fu [4] and the multi-Hamiltonian structure was constructed in [8] using the
group-theoretic approach. For the BV system, spaces of representatives were given in [5] and
the vector fields for r = 2 and 3 were also given.

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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Our second aim is to study the family of Poisson structures on the space of representatives.
For the Beauville system, we introduce a new space of representatives for a certain subspace of
codimension one which includes Donagi-Markman’s result (Proposition 5). In the simplest case
of r = 2 we write down the Poisson structures on this space and on the spaces of representatives
for the BV system (Propositions 2 and 4) and compare them with previously known Poisson
structures on the Mumford system and the even Mumford system [3, 7, 8].

This article is organized as follows. In Sections 2 and 3, we study Poisson structures and multi-
Hamiltonian structures for the Beauville system and the BV system. We also give expressions
of the Poisson structures on the spaces of representatives in the case » = 2 and compare them
with those of the Mumford system and the even Mumford system. Section 4 is devoted to the
construction of the new space of the representatives for the subset of the Beauville system.

2 Multi-Hamiltonian structure on the Beauville system

We fix numbers r € Z>9 and d € Z>;. Throughout this paper, we use the following notations:
Sq C C[z] denotes the set of polynomials of degree at most d. E;; € M,(C) is the matrix whose
(1,7)-th entry is one and other entries are zero. For a matrix A(xz) € M, (C[z]) with polynomial
entries,

Ajj(z) € Clz]:  the (4,7)-th entry of A(x),

Aijr € C the coefficient of z* in Aij(z),

A € M, (C): the coefficient of ¥ in A(z).
Let W be a nonsingular algebraic variety.

Definition 1. A Poisson algebra structure on a sheaf of rings F on W is a morphism {-,-} :
F x F — F satisfying skew-symmetry, the Leibniz rule, and the Jacobi identity. A Poisson
structure on W is a Poisson algebra structure on the structure sheaf Oy .

2.1 The Beauville system
Let V(r,d) be the set
V(r,d) = {P(z,y) = y" +s1(x)y" " + -+ s.(x) € Cla,y] | si(x) € Su}-

For P(z,y) € V(r,d), let Cp be the spectral curve obtained by taking the closure of the affine
curve P(z,y) = 0 in the Hirzebruch surface Fg; = P(Op1 @ Op1(d)) of degree d. Consider the set
M, (Sq) of r x r matrices with entries in Sy and let ¢ be the map:

b M(Sq) = V(nd),  Ax) — det(yl, — A(x).
The group PGL,(C) acts on M,(S;) by conjugation:
PGL,(C) 5 g A(z) — g(A(x)) = g~ A(z)g.
Define a subset M, (Sg)ir of M,(Sq) as
M, (Sa)ir = {A(x) € M (Sq) | Cypa(a)) is irreducible}.

Note that the PGL,(C)-action is free on M, (Sq)ir. Let n : M, (Sq)ir — My(Sq)ir/PGL,(C) be
the quotient map. The phase space of the Beauville system is M(r,d) = M,.(Sq):r/PGL,(C). It
was shown in [1] that if P € V(r,d) defines a smooth spectral curve Cp, then ¢~ (P)/PGL,(C)
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is isomorphic to the complement of the theta divisor in Pic'(Cp), where g = 1(r — 1)(rd — 2)
is the genus of Cp.
Define the vector fields Yi(k) on M,(Sy) by

dk—1

S alv M (A@) =

1=0

——[A(z), A(a)"], for k=1,...,r—1. (1)
r—a
Here we have identified the tangent space at each A(x) € M, (Sy) with M, (Sy). In [1], it was

shown that 77*Yi(k) generate the g-dimensional space of translation invariant vector fields on
Pic/~1(Cp).

2.2 Poisson structure

We use the following shorthand notations:
M® = Mr(5d+1)a M = MT(Sd), Mir = Mr(Sd)ir, M = M(T, d),, G = PGLT((C)

Extending the result of [1, § 5], we are to equip M with a family of compatible Poisson structures
depending on a polynomial ¢(z) € Sgi2:

d+2

o(x) = Z oz’
i=0

Note that a Poisson structure on M is equivalent to a Poisson algebra structure on the sheaf
of G-invariant functions (’)ﬁ[ir on M;.. Moreover, a Poisson algebra structure on (’)]\G4 induces
that on (9](\;4" since M;, is an open subset of M.

Consider the following Poisson structure on M?®:

Awj(2)d(y) — d(2)Ari(y) o Au(2)o(y) — o) Au(y) @)
l k.j ’

{Aij(z), Au(y)} = 4, pr— vy

Let ¢ : M — M?* be the closed immersion. Let Z; be the ideal sheaf of . Writing « for the
natural projection Oppe — Opre /Zay = 1O, we set N = a_l(L*Oﬁ,) C Oppe.

Proposition 1. N is a Poisson subalgebra of Opre. This Poisson algebra structure induces that
on N'/JN NIy, hence on OF;.

Proof. Let U be an open subset of M*®. Let us write F, H € N (U) as

F=f+ Z Aijidsi1 figs H=h+ Z Ajj.a+1hig,

1<i,j<r 1<i,j<r

with f,h € Ope(U)PEL(©) and fis, hij € Opre(U). Note that the Hamiltonian vector fields of
Ajj.a+1 (1 <, <) are proportional to the vector fields X(g,; (1 < d,j < r) which generate
the infinitesimal actions corresponding to [Ej;] € Lie PGL,(C):

{Aijasi,#} = —oa2Xgy (1< j<n).

Note also that PGL,(C)-invariant functions f, h vanish when one applies X| E;;) as derivations.
Combining these facts, we obtain

{Fu H} = {f> h} + Z Aij;d+1l’ij7

1<ij<r
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where l;; € Ope(U). Since (2) is G-invariant, {f, h} € Of}.. Thus we have
{F,H} e N(U), and o({F, H}) = o({f, h}).

Therefore N is a subalgebra of Ojse with respect to (2) and this Poisson algebra structure
induces a Poisson algebra structure on N'/N NZy,. [ |

Remark 1. The Poisson structure constructed in [1] corresponds to the case when ¢(z) is monic
of degree d+2 and has only simple roots. With such ¢(z), the Poisson structure (2) on M, (S441)
is equivalent to the canonical Poisson structure on M, (C)4*2, on which the discussion in [1] is
based. See Appendix A for the explicit correspondence.

2.3 Multi-Hamiltonian structure

We define a family of Poisson structures on M:

Definition 2. For ¢(z) € Sqy2, {*,}¢ : Om X Opr — Opq denotes the Poisson structure on M
obtained in Proposition 1. For 0 <i < d + 2, we write {-,-}; := {-,}4 with ¢(z) = z*.

By construction, the Poisson structures are compatible:
{ '}C1¢1+02¢2 = a1, ’}¢1 + eof, '}¢>2 (c1,¢2 € C,1(), P2(x) € Say2).

Define the PG L, (C)-invariant functions Hzgk) (1<k<r, 0<i<kd) on M.(Sy) by

kd
1 k (k) i
Z Tr A(z)" = ;Hi x for A(z) € M,(Sq).

Lemma 1. (Cf. [1, proposition in (5.2)].) The Hamiltonian vector field of H](k) (1 <Ek<m,
0 < j < dk) with respect to the Poisson structure {-,-}4 is related to the vector fields (1) as
follows:

min(j,d+2)

k k—
{H]( ), *}p = Z o; 77*Yj(—z‘ b,
=0

In particular, W

J (0 < j <d) are Casimir functions.

Proof. By direct calculation, we can show that for each ¢(z) € Syzy2 and k > 1, the Hamiltonian
vector field of + TrA(a)* (a € P') on M, (Sq41) with respect to the Poisson structure (2) is

¢(a) k—1
Az), A .
) (4(), A
It is easy to show that this is tangent to M, (Sg) and that its restriction to M, (Sy) is

d+2 d(k—1)—-1

A (@), A@F =3 S aat YD (A)). 3)

r —a
i=0  j=0

By Proposition 1, the corresponding Hamiltonian vector field is given by a push forward of (3)
by n. Comparing the coefficients of powers of a, we obtain the lemma. |
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Theorem 1. (i) Each T]*Yj(k) is a multi-Hamiltonian vector field with respect to the Poisson
structures {-,-}; (1 =0,...,d+2):
k+1) k+1)
n¥y = (Y, o = {HTY 4,

for1<k<r—1and0<j<kd-2.

(ii) With respect to {-,-}; (0 < i < d+2), H(()k)7 cee HZ(E)l and H(l(glz i1 7H( )(1 <k<r)
are Casimir functions.
Proof. By Lemma 1, we obtain
(HFY sy =0y Y for i<j<di+i-1,
(7Y 5y =0 for 0<j<i—1 and dk+i<j<d(k+1).

Moreover, n*Y(i(Ql = 0 since Yd(:ll is tangent to PGL,(C)-orbits by the definition (1). This
proves the theorem. |
2.4 Poisson structure for representatives of M (2, d)

In this subsection, we explicitly write down the Poisson structure {-,-}4 in the case of r = 2.
We also discuss how this is related to the known Poisson structures on the Mumford system.
Consider the subspace So, C M3(Sy) defined by
Ud—1 75 O} .

_ _(va O\ a4, (vi-1 Ud-1)\ _da-1, (Vd-2 Ud-2\ d-2,
Seo = {S(az) = (1 0> x4+ (wd_l 0 > x4+ (wd_2 td—2> x4+
In Section 4, we will see that S, is a space of representatives for My, which is an open subset

of

Moy = {A( S MQ(Sd | H2 0}
Lemma 2. If ¢(z) € Sqi1, (2) induces a Poisson structure on S

Proof. In this proof we write M for M»(Sy). By Proposition 1, we have the Poisson algebra

structure {-,-}4 on the sheaf Of,. Moreover, Héz) is its Casimir function since deg¢p < d+1
(Theorem 1). Therefore the Poisson algebra structure induces that on O$;/O$; N Zay,,, where
T, is the ideal sheaf of Myg in M = M3(Sg). Thus (2) induces the Po1sson structure on
My/G = Sx. [ |

By a direct calculation (cf. proof of Proposition 4), we obtain the next result.

Proposition 2. For ¢(z) = oqp1297 + -+ + 09 € Syy1, the Poisson structure {-,-}4 is written
as follows

{5(2) ¢ S(W)}e = ¢()lr(z,y), S(x) ® L] = () [7(z,y), 2 © S(y)]
+[K(2,y), S(x) ® L] - [K(2,y), 1 @ S(y)], (4)

where

{S@)2SWs= Y. Eiy®Eu{S;),%u)}s

1<i,j,k,l<r
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. 1 1 Vd 0 0 0
T(xay)_x_y]P)Q"i_udl(l 0)®<1 0>7

f([l}, y) = ]P)Q ' T(ya .’IJ) : IPQ?

and

1 YV30d4+1 —Ud10d+1> < 0 512(y>>
K x, == ® 9
(@9) Ug—1 <—(wd—1 —Y)oqr1+0q 0 —Sa1(y) 0
K(xay):PQ'K(y?x)'P% Py = Z EZ]®EJT
1<i,j<2

We write Fj(l) (j =0,...,d—2) for the vector field on Sy, induced by 77*Yj(1) . As a consequence
of Theorem 1 and Proposition 2 we obtain

Corollary 1. FEach Fj(l) (7 =0,...,d—2) is the multi-Hamiltonian vector field with respect to
the Poisson structure (4). They are written as the Lax form:

d—2
i W (g(p)) = L@ A = g, L S12(y) (va O
S (50) = 1050, = [ s + 52 o) ®

fori=0,...,d+ 1.

Now we derive a Poisson structure of the Mumford system from (4). The phase space Syium
of the Mumford system is the subspace of S, defined as

Sivum = {S(2) € Soc | Tt S(2) = 0,ug_1 = 1}.
Lemma 3. (4) induces a Poisson structure on Syium if 04+1 = 0.

Proof. When deg¢(z) < d, HQ(Z)_l = ug—1 is a Casimir of {-,-}4 by Theorem 1. Therefore (4)
induces a Poisson structure on Syium- [ |

This is the same as the Poisson structure in [8, § 5.1]. The Poisson structures in [3, (4)] and [7]
correspond to the case 0411 = 04 = 0 and the case ¢(x) = z respectively. The formula (5)
reduces to the Lax form for the Mumford system [3, (7)].

3 Multi-Hamiltonian structure

on the Beauville-Vanhaecke system
3.1 The Beauville-Vanhaecke system
Following [5], we define the set M’(r,d) and the group G, as

A(Z)H c Sd, A(x)lj S Sd+1,

M'(r,d) = {A(ﬂf) € M-(Clal) | g2y € Sy, A@)y; € Sa, 2<ij< 7’)}7

1t th
Grz{g(ﬂf)=<0 1:5; 0)

Here we use the notation such as b for a column vector and b for a row vector. The group G, acts
on M'(r,d) by conjugation. Let ¢ : M'(r,d) — V(r,d) be the map ¥ (A(z)) = det(yl — A(x))
and define

B e GLT_l((C), 61, g() S (Cril }

M'(r,d)iy = {A(z) € M'(r,d) | the spectral curve Cy(a(y)) is irreducible}.
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The G,-action is free on M, (Sq)ir [5, Lemma 2.6]. Let ' : M'(r,d)i, — M'(r,d);r/G, be the
quotient map. The phase space of the Beauville-Vanhaecke system is M'(r,d) = M'(r,d); /G,
It was shown that if P € V(r,d) defines a smooth spectral curve Cp, then ¥~1(P)/G, is
isomorphic to the complement of the intersection of r-translates of the theta divisor in Pic?(Cp)
[5, Theorem 2.8].

Define the vector fields Yi(k) on M'(r,d) by

[A(z), A(a)"], for k=1,...,r—1. (6)

kd
> a v (A) =
=0

r—a

(k)

It was shown that 7)Y, generate the g-dimensional space of translation invariant vector fields

on Pic?(Cp)*.
3.2 Poisson structure

We equip M'(r,d) with a family of Poisson structures, extending the results in [5, § 3]. The key
idea is that (2) induces the Poisson structure on M’(r, d) as in the case of the Beauville system.
However, due to the technical difficulties arising from the G,-action, we need a modification of
the argument.

We use the following shorthand notations:

M =M'(r,d),  Mj=M(@dq,  M=M(d

Let us write A(z) € M*® and A(z) € M’ as

v(z) = Api(x), bi(z) = (Aa(x), ..., A (x)),
i(x) =" (Agi(z), ..., A (2)), t(z) = (Aij(x))2§z‘,jgr'

Let o/ : M’ — M* be the closed immersion and 7’ : M*® — M’ be the surjection:

d+1 d+1 d d+1

STk S twpa® STk St
A(.’E) — k=0 k=0 k=0 k=0

d+1 d+1 d—1 d

E l_[k$k Z tk$k Z ﬁkl‘k Z thk

k=0 k=0 k=0 k=0

Note that 7’ ot/ = idy;. Let v be the composition of the morphisms:

HOHI((OMO)27 OM') E) HOHI((?T;OM-)277TLOMO) - HOHI((OM/)Z’ OM'):
where the second morphism is given by

7/ #)2 ! (J#
@ [(0n)* T (7, 0ae)? B Ope T8 70N = Our].

! Although Y;(k) is not Gr-invariant, nLYi(k) is well-defined because the difference between g(ﬂﬂ)*Yi(’C> and Yi(k>
is tangent to Gr-orbits [5, Lemma 3.2].
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We define {-,-}#V € Hom((Oy)?, Opr) to be the image of (2) by v. For the coordinate
functions A;j.;, of M’, it is written explicitly as

Ak (@)o(y) = d(@)Ari(y) o Au(2)o(y) — o) A (y) 7
l k.j

Aij(z), A BV —ls;
{4ij(z), A (y)} o, Ty z—y

<d;j,<dp;

where [-]<q,; <4,, means taking the terms whose degree in z is smaller or equal to d;; and whose
degree in y is smaller or equal to dy;. Here d;j = d, dij =d+1,dj3 =d—1for 2 <4, <r and
di1 = d.

Proposition 3. The sheaf O]C\i[’", of Gr-invariant reqular functions on M’ is closed with respect
to (7). Moreover, (7) is a Poisson algebra structure on (’)ff,.

The proof is delegated to Subsection 3.3. As an immediate consequence of this proposition,
we obtain the Poisson algebra structure on (9]?/;{ , which is equivalent to the Poisson structure

on M.

Remark 2. The Poisson structure constructed in [5, § 3] corresponds to the case where ¢(x) is
monic of degree d + 2 and has only simple roots.

3.3 Proof of Proposition 3

We prove Proposition 3 in the cases of deg¢(x) = d + 2, degp(x) = d+ 1 and degp(z) < d
separately.

The case of deg¢(z) = d+2: We equip M*® with the Poisson structure (2). We extend the
G,-action on M’ to M* as follows?:

Gy 3 g(x) : Az) — A(a), (8)
where A(z) € M,(S441) is the matrix uniquely determined by

g(x) M Az)g(z) = A(e) + o(2)A(x),  A(z) € My(S)). (9)

By direct calculation, we can show that the Poisson structure (2) is invariant with respect to
this G,-action.

Let Zps be the ideal sheaf of /, and set N/ := o/_l(Lkafj,) C Ope by writing o/ for the
natural projection Opre — Onge /Zayr = Oy

Lemma 4. (1) N is a Poisson subalgebra of Opye.
(2) The Poisson algebra structure of (1) induces that on N' JN" NIy, hence on ij}. More-
over, it is given by (7).

Proof. Note that for f € Opse(U) where U is any open subset,

Z{Aii;d+17 f} = 07
i=1

{Aijiar1, [} = —04s2Xp, f  (2<i,j<r),
{Ail;d—i-h f} = —O'd_l,_QXEUf, {Ail;d7 f} = _O-d+2XEiif _ O-d—i-lXElif (2 S i S T‘).

2In the case ¢(z) has only simple roots, this action is the same as the one used in [5]. See Appendix B for
a proof.
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Here Xp,;, Xpg,;, X gy, are the vector fields generating the infinitesimal actions corresponding
to Eji, Elz, E| = th € LieG,:

Xp,; (A(x)) = [A(z), By 2<ji<r),
Xiy, (A@)) = |2A(w) - oA By @ <)<,

By the same argument as that of Proposition 1, we can show that A/ is a Poisson subalgebra

of Opp and that this induces a Poisson algebra structure on N’/N’ N Iy, hence on O]C\;/[”,.

By construction, the Poisson algebra structure on O]C\;/[T, coincides with the restriction of (7)
Gr

to Oy |

The Case of deg¢(z) = d + 1: For an open subset U of M’, a function F € O (U) is
characterized by the condition Xg, F' = Xp, I = Xp F'=0 (2 <14,j <r) where Xg,,, Xg,;,
Xp;, are the infinitesimal action on M'corresponding to Ejj, B, Ey; € Lie Gy

X, (A(z)) = [A(2), Eqj] (2<i,j<r),
Xgy;(A()) = [A(x), Enj] 2<j<r), (10)
X (A(2) = [zA(2), Byl (2<j <)

Using this fact, we can show that OM, is closed with respect to {-,-}8Y. We can also show
that the Jacobi identity holds on OG, although it does not on Oyr. Thus {-,-}?V is a Poisson
algebra structure on (’)JC\;/I"',.

The Case of deg ¢(z) < d: When deg ¢(x) < d, {-,-}PV satisfies the Jacobi identity on Oy
since it gives Oy a Poisson subalgebra structure. By using the action (10) of Lie G, on M’, we
can show that O]\G/f, is closed with respect to {-,-}2" as in the case of deg ¢(x) = d+ 1. Therefore

{-,-}PV is a Poisson algebra structure on (’)AG/[’”,.

3.4 Multi-Hamiltonian structure

Definition 3. For ¢(z) € Sata, {- -}, 1 Oay x Opp — Oy denotes the Poisson structure
defined in Proposition 3. For 0 < i < d + 2, we write {-,-}; := {-, -}, with ¢(z) = z’.

By construction, these Poisson structures are compatible in the sense of Subsection 2.3.
Define the G,-invariant functions Hi(k) (1<k<r,0<i<kd)onM(r,d)by

kd
Iy a@b =S HPS for A() € M'(r,d).
k =0

Lemma 5. (Cf. [5, Lemma 3.10].) The Hamiltonian vector field of HJ(»k) (1<k<r0<i<dk)
is related to the vector fields (6) as

min(j,d+2)
k k-1
{H]( )7*};5 = Z Uz’n*yj(—i )'
=0
In particular, H](»l) (0 < j < d) are Casimir functions of {-,-}}.

This lemma can be proved in the same way as Lemma 1 using Proposition 3. From Lemma 5,
we obtain the following theorem similar to Theorem 1.
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Theorem 2. (i) Each T]*Yj(k) is a multi-Hamiltonian vector field with respect to the Poisson
structures {-,-}, (1 =0,...,d+2):
k
Y, = (P« = {HEE ),
for1<k<r—1and0<j<kd-2.

(1t) With respect to {-,-}, (0 <1 < d+2), H(()k), ce Hz(ﬁ)l and Hé
are Casimir functions.

k)

k
(k—1)+i—17 """ 7H§k) (1<k<r)

3.5 Poisson structure for representatives of M’(2, d)

We present the Poisson structure {-, }ib in the case r = 2 on the space of representatives S. of
M'(2,d) constructed in [5, § 4].
The space S, is written as

,5(’)02 {S(m) = (8 w%“) 244 (%d uéd) 2%+ <vd11 w‘61> 241+ lower terms in a:}

We obtain the following result by a direct calculation.

Proposition 4. For ¢(z) = oa20? + 04127 +- -+ 00, the Poisson bracket {-,-}); is written
as follows:

{S(z) 9 S(W)}s = oW)Ir(z,y), S(2) ® L] = ¢(@)[F(x,y), I © S(y)]

+ B(z,y)[K(2,y), S(x) ® ] - B(z, y)[K(z,y),12 ® S(y)], (11)
where
r(z,y) = ” i yPQ + (%d A(xo-i- y)) ® (8 (1)) , F(z,y) =Py -r(y, x) - Py,

A(x) = wgr1(x — ug_o) + wy,

B(z,y) = 0d+2(902 + Pty + (wag2 — T — Y)ug_2 — ug_3) + oar1(tgo —r —y) + o4

Proof. In this proof, we write A(z) € M’ as

d od+1 .
Z ’(71"%2 E ﬁ)ixl

=0 =0

Alz) = | 7 P
Z ail‘l Z til‘l

1=0 =0

and regard ¥; (0 <i<d),w; (0<i<d+1),% (0<i<d-1),% (0 <i<d) as coordinate
functions of M’. (Here we use ~ to distinguish from v;, w;, u;, t; which we use as coordinates
of S.,.) The bracket {-,-}BY (7) among @;, . ..,#; are explicitly written as follows:

{8(2),0(y)} = {a(x), @(y)} = {@(x), d(y)} = {i(2), E(y)} = {3(x), {(y)} =0,
(o), a(y)} = —{#(x), a(y)} = =

+ oarati(y)z?

— (0ar1 — Oaroz)a(z)y?,
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(@), 0(0)} = ~{i(w). ()} = - TN ZADID 502,
+0aa(B(y) — HW))2™ — (01— 0wroy)(0ly) — 1)), (12)

d .
where 0(z) := ) 0;2" and so on.

1=0
Similarly let v; (0 <i<d), w; (0<i<d+1),u; (0<i<d—2),¢ (0<i<d-—2)denote
coordinate functions of S.. Let (b1, by, c) € C? x C* be the following coordinate functions of G,.:

Gr 5 <1 b1$+b0> .
0 c

In the neighborhood of 8., (v; (0 < i < d), w; (0 < i <d+1),u (0<i<d-2),¢t
(0 <i<d-—2), by, by, ¢) forms a local coordinate system of M’. The transformation between
the two coordinate systems is given by

() (@)} _ (1 birtbo " (o(e) w()) (1 bt by (3
(z) t(xz)) \O c uw(z) t(z) ) \O c '
Substituting the RHS of (13) into (12) and using the Leibniz rule, we obtain the system of

equations for brackets among (v(z), w(x), u(x), t(z), bo, b1, ¢). Solving this and restricting
to S, (i.e. setting by = by = 0, ¢ = 1), we arrive at the result of Proposition 4. |

< D

As in the case of the Beauville system, we write Fj(l) (j =0,...,d—2) for the vector field

on 8/ induced by n*Yj(l). From Theorem 2 and Proposition 4 we obtain

Corollary 2. Fach Fj(l) (j=0,...,d—2) is the multi-Hamiltonian vector field with respect to
the Poisson structure (11). They are written as the Lax form:

>y (8() = TP ). 5@},

- S(x),xin(yHSﬂ(?/) <8 A(Hy)ﬂ’

fori=0,...,d+2.

We remark that this Lax form already appeared in [5, (4.9)] for general 7.
In closing this subsection, we discuss the Poisson structure on the even Mumford system.
The phase space of the even Mumford system is given by

{S(z) € S | TrS(z) = 0, wqr1 = 1}.

Lemma 6. If o490 =0, (11) gives a Poisson structure on the phase space of the even Mumford
system.

Proof. By Theorem 2, wiy1 = HQ(? is Casimir of {-,-}}; if deg ¢(x) < d + 1. Therefore in such
a case, (11) induces a Poisson algebra structure on (Q(Sc’,o)/Hé?O(SC’,O). [

The Poisson structure in [3] corresponds to the case 04410 = 0411 = 04 = 0.
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4 Representatives of the Beauville system
First we introduce some notations. Let us define a subset M;eg of M,.(C):
M,eg = {A € M,(C) | deg(the minimal polynomial of A) = r}.

For A € M,(C), A € M, is equivalent to the condition that only one Jordan block corresponds
to each eigenvalue of A. For A € M;eq, let a1,...,p (k < r) be the distinct eigenvalues and
V1, ...,V be the size of the corresponding Jordan blocks. Define the subspace of C" as

Way = {# € C" | (A—o;1,)7d = 0}

for 0 <7 <k, j € Z>p. The spaces W,,.1 and W,,.,, are respectively the eigenspace and the
generalized eigenspace of A. There is the filtration

Waizui D Waizyi—l DD Waizl D Wai:() - {6}

By the assumption of A, dim(Wa,.j/Wa,:j—1) = 1 for all a; and j = 1,...,1;. We fix a base
Un; (A) of Wy,.1. Let I1,, be the projection map Il,, : C" — W,.,,, and define

V(A) ={ud e C" |, (@) ¢ Wa,,—1 fori=0,... k}.
Now we introduce the subspaces My, and Sy of M, (Sy):

d
My = {A(:):) =3 At € My(Sa) | Ad € Mreg, det Ag =0, Ag_170(Ag) € V(Ad)},
k=0

Soo = {A(x) € M (Sy) | A(z) = waz? + pz?~! + lower terms in z, w € Q, p € T}, (14)

where
_61 _ﬂr—l 0
1 0 - 0
Q:{ . . . . GMT((C) ﬂb"'vﬂTlEC}

T={peM(C)|pir #0, pjr =0for j =2,...,7}.
The main result of this section is as follows:

Proposition 5. (i) Soo C M.
(ii) The action of PGL,(C) on My induces an isomorphism Soo X PGL,(C) ~ M. Thus
the space S is a set of representatives of My, /PGL,(C).

Remark 3. One can define M, and S, for ¢ € C as

M, = {A(x) € My (S) | A(c) € Mieg, det A(c) =0, A'(c)To(A(c)) € V(A(c))},

S = {A(@) € My(S4)| A@) = w + p(w — ¢) + higher terms in (v — ), w € 2, pe T}.
Then Proposition 5 also holds for (M., S,).

Let us recall the following lemmas on linear algebra.
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Lemma 7. Let A € M,es. For @ € C", the followings are equivalent
(i) @ e V(A);
(ii) Wa (*tA) - @ # 0 for all eigenvalues a of A;
(iii) the vectors @, A, ..., A" 1ii generate C".

The proof is left for readers.
For A € Mg, set

G(A) = A+ B (AA + -+ B(A)L, € Mp(C)  (i=1,...,7r—1),
where 31(A),...,0,(A) are coefficients of the characteristic polynomial of A, det(yl, — A) =
Yo B(A)y T+ B (A).

Lemma 8. Let A € Mg and @ € V(A).
(i) The matriz g(u,A) = (4, (A, ..., &_1(A)w) € M, (C) is invertible. Moreover, it
satisfies

_61 (A) e _ﬁrfl (A) _ﬁr(A)
1 0 0
gli, )~ g )= :
0 .- 1 0

(i) g(d, A) makes B € M,(C) into the following form

* * *

. . . K e * 0
g(uaA) Bg(uaA) =1 - . S I

« i % 0

if and only if U is an eigenvector of B&,—1(A). Moreover the (1,7)-th entry of the RHS is equal
to the eigenvalue.

Proof. (i) The invertibility of g follows from Lemma 7. Another claim is checked by a direct
computation.

(i) Let B = g(i, A)~*Bg(w, A). If B has the form of the RHS, we obtain B&,_(A)d = By, i
by comparing the 7-th columns of Bg and gB. Conversely if @ is an eigenvalue of B¢,_1(A), then
we see by direct calculation that Bi, is equal to its eigenvalue and Bjr =0for2<5<r. |

Lemma 9. Let A € Myeg, B € M, (C) and assume that det A = 0.
(i) £r—1(A) = ctig(A) @ t0o(tA) for some ¢ € C*.
(ii) Bto(A) is an eigenvector of B&-_1(A).

Proof. (i) By the assumption on A, the rank of & _1(A) is one, and &,_1 satisfies A&,_1(A) =
&—-1(A)A = 0. Thus &._1(A) have to be written as ciy(A) @ 0p(*A) with some ¢ € C*.

(ii) By (i), any o € C" satisty & —1(A)wW = ctip(A) with some ¢ € C*. By multiplying the
both sides by B from the left and setting @ = Btih(A), we see that Bty(A) is an eigenvector
of B&r_1(A). n

Proofs of Proposition 5. (i) We write S(z) = Sqz? 4+ Sy_12% 1 + .- + 55 € S as
—B1 —Br-1 0 B
1 0 - 0

S)y=1| . . . A

* ¥

%1 4 lower terms in x, (15)
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where 3 # 0. Then it is easy to see det Sy = 0, and we can set 7p(Sg) = ¥(0,...,0,1). A direct
calculation shows that 4 := Sy_17(Sq) = Y(3,0,...,0) and Sy satisfy

det (i, Sqi, . .., S5 'ii) = det(diag(B, ..., H)) = 8" # 0.

Thus we see @ € V(Sg) due to Lemma 7, and the claim follows.
(ii) It is easy to see that M is invariant under the action of PGL,(C), thus the map

{12 S X PGL,(C) — Mog; (S(z),9) > gS(z)g~"

is well-defined. In the following we show that u is bijection.

First we show the surjectivity of p. For A(z) = Agz? + Ag_12% ' 4 - + Ay € M, set
g = g(Ag_170(Aqg), Ag). By Lemma 7, g is invertible and g~ 1A49 € Q by Lemma 8(i). By
Lemma 7 and 9, Ay_19)(Ag) is an eigenvector of Ag_1§,-1(Ag) belonging to a nonzero eigenvalue.
Thus g~ 1Ay 19 € T by Lemma 8(ii). Consequently we obtain S(r) = gA(x)g~! € Sw, i-e.
w(S(@),9) = Alz).

To check the injectivity of u, we only have to check the following: for any S(z) € Soo,
g € GL,(C) satisfies g~'S(x)g € Sy only when g is a scalar matrix. When S(z) is given
by (15), we get

&-1(89) =40,...,0,1) - (1,B1,..., Br1),
(gk(sd))jl = 5k,j71 for k= 1, ey T — 2.

The first equation implies that (Sd,lgr_l(Sd))ij = 6;,10;,18. This matrix has only one nonzero

eigenvalue 3 and the corresponding eigenvector is ¢(a, 0, . .., 0) for some a € C*. By Lemma 8(ii),
we only have to show that g(*(a,0,...,0),Sy) = cl, for some ¢ € C*. This follows from the
second equation. [ |

In closing, we give some remarks. The space My, (14) is an affine subspace of
{A) € M (So)| HY}) =0}

which is the codimension one subspace of M(r,d). As a generalization of Lemma 2, we easily
obtain the following:

Lemma 10. If ¢(x) € Sq+1, then (2) induces the Poisson structure on My /PGL,(C) ~ Sy.

The space of representatives introduced by Donagi and Markman [2, Lemma 4.1] is a subspace
of Sw (14) defined by

{S(z) = Sgzt + -+ 8y € Soo | TrS(x) = 0, $1(Sq) =--- = Br_1(Sq) = 0}.

The phase space discussed in [10, § 3.2] is obtained by removing the first condition in the above.

A On the Poisson structure (2)

Assume that ¢(x) is a monic polynomial with only simple roots, aq,...,a4+2. Consider the
following isomorphism ¢ [1, (5.6)]:

@ My(Sgs1) — Mp(C)%H2 A(z) = (c1A(ar), . .., cayaA(agsa)), (16)
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where cq = [] (aq —ag)™!. The inverse of ¢! is given by the Lagrange interpolation formula:

Bta
d+2

o1 MA(C)? = M(Sar), (AW, A0) 5 N A T (@ - ap).
a=1 B#a

Then the pullback by ¢ of the canonical Poisson structure on M, (C)®+2:

(A ALY = 005 (0,645 = 6:0A))  for (AD, . AT € M, (€)4H2,

is equal to (2). This is easily checked if one uses the elementary identity

d+2
A@)d(y) — (@) Ay) = (y —2) Y A T (= — ap)(y — ap).
a=1 pF o

B On the G,-action (8)

In the construction of Poisson structures in [5], the isomorphism ¢ given in (16) and the following
G -action on M,.(C)®4+2 were used:

G, 3 g(x): (AD, ... AEF) s (glan) TA@ g(a,)) (17)

1<a<d+2’

where a, # ag if a # 3. We show that this action is compatible with the G,-action (8) under

d+2
the isomorphism ¢ when ¢(z) = [] (z — aq).
a=1
From (17), we have
d+2
(e og(@)op)Ax) = caglan) 'Alaa)glaa) [] (@ — ay).
a=1 n#a

On the other hand, substituting # = a4 into (9), we have A(ay)

3 = o)t ( a)9(aqs). Then
expressing A(x) by the Lagrange interpolation formula, we see that A(z) =

g(
(z) = (¢ og(x) 0 p) A(2).

a
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