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ON SUBGROUPS LIFTING MODULO CENTRAL COMMUTANT
V. V. Sergeichuk UDC 512.544

We consider a finitely generated group G with the commutant of odd order p;" p:’ located at the
center and prove that there exists a decomposition of G/G’ into the direct product of indecomposable
cyclic groups such that each factor except at most n, + ...+ n, factors lifts modulo commutant.

Let G be a group with commutant G’. We call a commutant central if it is contained in the center of a group.
We say that a subgroup H < G /G’ lifts modulo commutant if there exists a set of representatives he h (one for

every h € H) that forms a subgroup of the group G (obviously, it is isomorphic to H).
Our principal result is the following theorem:

Theorem 1. Let A be a finite Abelian group of odd order p{' ...p% . Then, for any finitely generated

group G with central commutant G’ = A, there exists a decomposition G/G’ into a direct product of inde-
composable cyclic groups in which the number of factors not lifting modulo commutant is less than or equal to
ny +...+ng. Moreover, there exists G for which this number cannot be made less than ny +...+n;.

Proof. Let

G/G = Gooqu] x...quk,

where G,, is a group without torsion and (—;q,- are Sylow g;-subgroups.
Indecomposable direct factors of the group G, lift modulo commutant.
Let pe {q1, ..., qx},

G, = (& >p,,.| X...x( g,)pm,, mzz...2m 21, (D
and g €3, gi”Mi= aeG’, |a|=1Ip", ptl, n20. Ifwetake g' and Zi asnew g; and 3, we get |a|=p",

If pe {p1,....ps}, then a=1 and (§,~>p,,,,. lifts to the subgroup (g,-)p,,,,

Qi Oy

In view of this fact, we take pe {p;,...,ps} Then gl."miz a"...a ", where
Ap= (a) % x(a) )

is the Sylow p-subgroup of the group G’. Consider the integer-valued matrix
Sp= | o (3)

the ith row of which is determined modulo pk" .
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Let us show that, by choosing again the direct factors and elements generating these factors in decomposition
(1), we can transform the matrix S, as follows:

(i) multiply the ith column by an integer number v % 0 (mod p);
(ii) add to the ith column the jth column (j<i) multiplied by an integer number 8.

(iii) add to the ith column the jth column (j>i) multiplied by an integer number &p™ " .

Indeed, transformation (i) is obtained by replacing < g )pm,- by < g > . and, respectively, g; by g/=g/
p™
because g;p"” =a/™ . a ™

Transformation (ii) is obtained by replacing ( g; >p,,,,. by < 7 Efp jm > _ and, respectively, g; by g =
p 1

iy —m; m;
& g?p because, for the central commutant, p #2, and g & G’, we have
m (p7i-h p™
i ) ) s H+2+...+(p™i=1) ) . s e
m; mi mj 5 nj—mj mi 8 mj 5 mj—mi 2
pi_ P 0P P = P 0P p
8 =8 & [8,‘ » 8i =8 8 8; > 8i
P"”‘l
mp s M mj T mi s M oy 30y ; a,;+8a., ;
= P L0p 3 _ dp/ _  0yitomy
= gb & [gj” ,gf] =gl gf =a" V. g

Transformation (iii) is obtained by replacing ( g >pm,- by < g gf >p”‘i and, respectively, g; by g/ =g; g;’

because

: . . mj_ . mi—-m; m; mj—m; mi-mj
Sp™_ pM sp™ir 8 424, +(p"! 1)_ pmi @p" Yy p a;+8p oy o,;+8p o,
g =gl &7 '8 8] = gf"'g! = a . i

Obviously, if we take a new decomposition (1) and new representatives g; € g;, then we can pass from the
matrix S, to a new one by using transformations (i)—(iii).
Taking into account that the elements of the first row of the matrix S, are determined modulo pk‘ and using

transformation (i), we transform them to the form p‘, 0 <[ <k, or 0, and then, by transformation (ii) we
transform the first row to the form

©,...,0, p",0,...,0, p2,0,......,0, p'*,0,...,0), )

where k; > >...>1; 20. Columns with nonzero element of the first row are called selected. Their number is at

most kj.

Then, with the use of the same procedure, we transform elements of the second row, except elements from
selected columns (in this case, the first row does not change) and call columns with nonzero elements of the first and
second rows selected; their number is at most kj + k, and so on. After reduction of the last row, we obtain a ma-

trix S, that has atmost k;+...+k,=n(p) selected columns (where p™P) = lA » }); the other columns are zero.
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The zero column with number i corresponds to a (new) element g; € g; whose order is equal to the order of ;.
Therefore, the subgroup ( g )pm,- lifts modulo G’ to the subgroup ( g; >p,,.i . Since n(p;)=n;, by performing
this procedure for all pe { g1, ..., g¢} we obtain the decomposition of G /G’ into a direct product of inde-
composable cyclic groups in which almost every factor, except at most n; +... +n;, lifts modulo commutant.

It remains to show that, for every A, there exists a group G4 for which the number of factors that do not lift is
at least ny + ... + n, It is sufficient to construct GAp for p-groups A, because, in this case, for any

A=A, X.. XA, (3 SpS..Spg), we can set GA:GApI X'“XGAPS' Let A, have the form (2) with

k12 ...2k,. Consider the integer-valued matrix S,=(ot;;)=(M;, | M _i|...1My) of dimension ¢Xr, where r=
(ky+1)t, M;=diag(p’,...,p',0,...,0) and nonzero elements of the ith row of the matrix S p form the sequence
pk"'l,pk"—z,..., p, 1 (in particular, My, =0). Let G, be a group with generators ay, ...,a; &1, ..., §, and

.. . ki i oy; o . . .
determining relations af =1, g7 =a/"..a,", m;=2(r—-i)+k, [g, g4;]1=a; 1<i<1 the other pairs of

generators commute. Since the number of nonzero columns of the matrix §, is equal to n(p)=k;+ ... +k, and
their number cannot be increased by transformations (i)-(iii), the number of factors that cannot lift cannot be made
less than n(p) by the choice of decomposition (1) and we may set G 4, = G,. The theorem is proved.

A similar result was obtained by Thompson (see [1], Theorem 12.2); if G is a finite p-group (p > 2) all
elements of which of order p are contained in its center Z(G), then the minimal number of generators G is not
greater than the minimal number of generators Z(G).

Remark 1. If the group G considered above has a finite order, then for its determination one should, for
every pe {q1,....q«} N {p1,....ps} give not only the matrix S, but also the set of skew-symmetric r X r-

DR
matrices Cg) = (BE}) ) C;,’) = (ij’) ) determining the commutators [g; g;] = a? by ...a?” (and, hence, orders

of indecomposable direct factors of the groups G’ and G /G’); in this paper we give only matrices S,. Note that
the problem of classification of finite p-groups with central commutant of the type (p,p) and the problem of
classification of finite p-groups with central commutant of the type (p?2) is reduced to the classical unsolved prob-
lem of the canonical form of a pair of matrices with respect to transformations of simultaneous similarity (see [2]).

A complete classification of finitely generated groups with commutant of order p was obtained in [3].

Remark 2. The theorem is also true for an infinitely generated group G for which G /G’ is the (probably,

infinite) direct product of indecomposable locally cyclic groups (i.e., the groups @*, Z*, (=), (p")); in this
case, however, one should somewhat modify the proof. Namely, instead of (1), we consider the direct product

C_?pzx,.<,H,~ (r is an ordinal number), where H; has the type (p™), «o2m 2m, 2.... Forevery i, we fix m;

elements g;e€H;, 1<!I<m;+1, for which §if =1, g5=81. 85=3,... and choose g;e€3; so that
85 =81 85 =28, Asinthe proof of the theorem, we can assume that the order of an element g7 € G’ is the

power of p and, hence, it is sufficient to consider the case p€ {py,...,ps}. Then gl.‘l7 €A, [see (2)], gh =

%y

a Oy

..a, ", and we obtain an integer-valued matrix S, of the form (3), but, probably, with infinitely many

columns. This matrix can be transformed with the use of transformations (i) and (ii) and the substitutions g/, = g},

and, respectively, g; =g, gja-, forall /< m;+1. By using transfinite induction, we reduce the first row to the form

(4) and so on. As follows from [4] (Theorem 1), these results can be extended to the case of groups with (non-
central) commutant that are finite direct products of cyclic groups of prime order.
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