
2) a Green ' s  function G0(~f, ~) for the invariant torus  problem exists which sat isf ies est imate (3); 

3) the inequality T - I  l I~ > 0 holds, where a>/max 0a I 

Then es t imate  (26) holds for the part ial  derivat ives of o rder  l of Green ' s  function G0(T , ~) with respect  to the 
variables  ~. 

Remark  6. The hypotheses of Theorem 4 give prerequis i tes  for obtaining analogous resul ts  for the 
smoothness of an invariant  torus in sys tems  of nonlinear differential equations. 
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F I N I T E L Y  G E N E R A T E D  G R O U P S  W I T H  C O M M U T A T O R  

G R O U P  O F  P R I M E  O R D E R  

V. V. S e r g e i e h u k  UDC519.442 

In [1] defining relat ions and a sys tem of invariants are  obtained for finite groups whose commutator  sub- 
group has pr ime order  p ~ 2. In this paper,  we obtain defining relat ions and a sy s t em of invariants for finitely 
generated groups with commuta to r  of pr ime order  and for finitely generated groups with a complementable 
cyclic commuta tor  of order  pV, p ~ 2. This resul t  was announced in part  in [2]. 

We recal l  (cf. [3]) that a product G = G1G 2 . . . Gn is called a d i rec t  product with common subgroup A if 
gigj = gjgi, Gi N Gj = A for all gi ~ Gi, gj ~ Gj, i ~ j. As follows f rom Lemma 1 of [4], a finite p-group with 
commuta tor  A of o rde r  p is a d i rec t  product  {vith common subgroup A of groups with at most  two generators .  
However,  this decomposi t ion is nonunique and does not therefore  give a complete classif ication.  

In this paper we obtain the following descr ip t ion of finite p-groups with commutator  of order  p. A finite 
p-group with two genera to rs  and commuta tor  of o rder  p is defined by the following relat ions:  

[g, h[ = a, g~  = a ~, h p~ = a ~, a p = 1, [g, a] = [h, a] = 1, 

and is called uninull if ~ = 1, # = 0, except for the case p = 2, ~ = fi = 1; if X = # = 1 it is called uninull in the 
case p = 2, ~ = fl = 1; it is called binull if X = # = 0. Let G be a finite p-group with commutator  A of o rde r  p, and 
assume G is indecomposable as a d i rec t  product. Up to an i somorph i sm of the fac tors ,  the group G is uniquely 
decomposable  as a d i rec t  product  with common group A: 

Kiev State Universi ty.  Transla ted f rom Ukrainskii  Matematicheskii  Zhurnal,  Vol. 30, No. 6, pp. 789- 
796, November -December ,  1978. Original ar t ic le  submitted June 7, 1977. 
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6 = 6~6.~... O~, 

where G I is either a cyclic p-group with subgroup A or else a uninull or binull group with commutator A; 

G 2 ..... G n are binull groups with commutator A. 

The following question arises: Is it possible to classify all finite p-groups with cyclic commutator? In 
[5], matrix methods are used to prove that there exists no good system of invariants even for finite p-groups 
with cyclic central commutator of order p2. A system of invariants is obtained only for the metacyc!ie p-groups 
[6] and finite p-groups (p ~ 2) with cyclic commutator and two generators [71. 

i. Description of the Method Applied. In this paper we apply matrix methods: We define a group using a 
larger set of numerical parameters than is necessary, which we write in the form of matrices and vectors, 
and then get rid of the superfluous parameters by performing admissible transformations. The remaining 

parameters comprise a complete system of invariants for the group. 

We give some information on the matrix problem. G denotes a finitely generated group with commutator 

G' of prime order p. Let 

G' ~ (a ) , ,  GIG' --- ( b l ) , , •  . . .  • (bra)nm, (1) 

w h e r e  ( b i ) n i  i s  a c y c l i c  g r o u p  of  o r d e r  n i = ~ o r  n i = p [ i  (Pi a p r i m e ) ,  and l e t  gi  ~ b i ,  

- 7 i - -  a ~  (n~ ~ co), [ g i ,  g.~] ----- a~q,  1, ( 2 )  

w h e r e  we put r i = 0 fo r  n i = ~.  

E q u a l i t i e s  (2) c o n s t i t u t e  a s e t  of de f in ing  r e l a t i o n s  for  G. I nde e d ,  for  any n a t u r a l  n u m b e r s  a ,  fi i t  i s  e a s y  

to  ob t a in  f r o m  t h e m  tha t  

~ ~ ~__ s i (l+t~+...+t~-J)(l+t + -a-t [~-1) aC~gp --~ g~a ~t~, a~a~ ~--- .~ .~a  g , .... i (3) 
b i  ~ i  o ] b i  

and then  to c o m p l e t e l y  d e t e r m i n e  the m u l t i p l i c a t i o n  in  G of e l e m e n t s  which  a r e  un ique ly  e x p r e s s i b l e  in  the  f o r m  
g ~ l g 2 ~ . . ,  g~mma fi, w h e r e  0 -< a i  < hi ,  fl i s  de f ined  modu lo  p. S ince  t i ,  r i ,  s i j  a r e  de f ined  modu lo  p,  w e  a s s u m e  
tha t  t hey  be long  to the  f i e ld  of p e l e m e n t s  Z / p Z .  

C o n s e q u e n t l y ,  the g r o u p  G is  c o m p l e t e l y  d e t e r m i n e d  by the n u m b e r s  nl ,  . . . .  nm,  p, a s  w e l l  as  by the  
v e c t o r s  T : (t 1 . . . . .  tm) ,  R = (r 1 . . . . .  r m) and the s k e w - s y m m e t r i c  ( s ince  [gi ,  g j ] - I  = [gj ,  gi]) m a t r i x  S = 
(sij) o v e r  the  f i e ld  Z / p Z .  But fo r  a n o t h e r  c h o i c e  of  g e n e r a t o r s  gl . . . . .  gm,  a ,  of  G we  o b t a i n  a n o t h e r  t r i p l e  
T, R,  S. The  p u r p o s e  of  th i s  a r t i c l e  i s  to d i s t i n g u i s h  among  a l l  t r i p l e s  T, R,  S ob ta ined  f r o m  a s i n g l e  g roup  
one such  t r i p l e  wh ich  we c a l l  c anon i ca l .  Th i s  c a n o n i c a l  t r i p l e  ( toge the r  wi th  hi ,  p) w i l l  be a c o m p l e t e  s e t  of 
i n v a r i a n t s  fo r  the  g roup  G. 

I t  i s  obv ious  tha t  w e  c a n  go f r o m  the g e n e r a t o r s  gl . . . .  , g in ,  a to any  o t h e r  p o s s i b l e  s e t  of g e n e r a t o r s  
g~ . . . . .  g in ,  a by app ly ing  the fo l lowing  chang e s  of  g e n e r a t o r s  s e v e r a l  t i m e s  (e i s  an  i n t e g e r ,  i ,  j a r e  fLxed 
ind ices )  : 

? ! ! 

I) g i = g j ,  g j : g i '  gk  = g k  (k ~ i , j ) ,  a '  = a ;  
? , II) g~ i=g  ' g k : g k ( k ~ i ) '  a ~ = a ,  w h e r e  (~, n i) = 1, a : - l f o r n i =  ~;  

' ~ ' v j - v  i 
111) gi = gig , gk = gk(k ~i), a' = a, where either P i :  Pj, Pi Is for vj-> vi, or n i :  ~o; 

IV) gi= a~gi, g~= gk (k ~ i), a' = a; 
! 

V) a' = a c~, gk= gkf~ allk, where 0 < c~ <p. 

The substitutions l)-III) amount to rechoosing the generators b i in the decomposition os G/G' (i), (IV), 
to rechoosing gi ~ bi, and V) to rechoosing a ~ G'. We note that in substitution I), the set of n i changes: n~ = nj, 
n i = nk, n~ = n k (k ;~ i, j). To each change of generators I)-V) there corresponds some transformation of the 
triple T, R, S which we call elementary. Thus we need to find the canonical form of the triple T~ R, S with 
respect to elementary transformations I)-V). 

A triple T, R, S is called decomposable if by applying the transformations I)-V) we can arrange that 
for some i 

t i  = i ,  r i  ~ s i ,  = si~ . . . . .  s i .~ = 0 .  ( 4 )  

D e c o m p o s a b l e  t r i p l e s  c o r r e s p o n d  to g r o u p s  G wh ich  can  be d e c o m p o s e d  in to  d i r e c t  p r o d u c t s .  I ndeed ,  i f  (4) 
h o l d s ,  then  by (2) ( g i )  i s  a d i r e c t  f a c t o r  in  G. C o n v e r s e l y ,  i f  G i s  d e c o m p o s a b l e  then  i t  has  t]he f o r m G  =G 1 • <g>; 

593 



we ob ta in  (4) by tak ing  the g e n e r a t o r  gi to be the e l e m e n t  g. 

Since the group  G is un ique ly  d e c o m p o s a b l e  up to i s o m o r p h i s m  as a d i r e c t  p roduc t  G = G 1 • A, where  
G 1 is  i n d e c o m p o s a b l e  wi th  c o m m u t a t o r  of p r i m e  o r d e r  p and A is  Abe l i an ,  it  is su f f i c ien t  to c l a s s i fy  i n d e c o m -  
posab le  g roups  G. We wi l l  t h e r e f o r e  a s s u m e  that  the group G and hence  a l so  the t r i p l e  T, R,  S a r e  i n d e c o m -  
posable .  

2. Groups  wi th  C e n t r a l  C o m m u t a t o r .  THEOREM 1. A f in i te ly  ge ne r a t e d  i n d e c o m p o s a b l e  group whose 
c o m m u t a t o r  subgroup  is  c e n t r a l  and has p r i m e  o r d e r  p is  d e t e r m i n e d  by the s e t  of i n v a r i a n t s :  

8 ~ o ~ ,  �9 �9 �9 ~ k  ~ , ' ~ 2  �9 �9 �9 ~ l  ( 5 )  p' 

w h e r e  3/1, . . . ,  "Yl is  an  u n o r d e r e d  co l l ec t i on  of nonz e r o  e l e m e n t s  of the field Z / p Z  def ined up to s ign  and a 
c o m m o n  n o n z e r o  f ac to r ,  l _ 0; a i  is a n a t u r a l  n u m b e r ,  fii is  a n a t u r a l  n u m b e r  of the symbo l  ~,  c~ i -_< fii for 

i > 0, the se t  of c o l u m n s  (as,  /31); . . . .  (ak,  ilk) is  u n o r d e r e d ,  k - 0; for k > 0 or l > 0 the inequa l i ty  a0 -> fi0 = 
0 is a d m i s s i b l e ;  5 is  a n a t u r a l  n u m b e r ,  6 = 1 for  fi0 < ~o, 6 _< p / 2  for fl0 = ~o. 

The group is  def ined  by the fol lowing g e n e r a t o r s  a, go, h0 . . . . .  gk+l, h k + / a n d  def in ing  r e l a t i o n s :  

1) [gi, gj] = [hi, hj] = [gi, hi] = [gi, a] = [hi, a] = aP = 1 (i ;~ j); 

p% 5 pflo a,p/30 
2) g : a , h 0 = 1 ~'~0 = a for  p = 2 ,  a 0=fi0  = 1), [go, h0] = a forfi0 >0 ;  

3) g p~ pfli 
= h  i = 1, [gi, hi] = a (i= 1,2 . . . . .  k); 

4) [gi, hi] = aYi-k (i = k + i ,  . . . .  k + l; gi, hi are  of infinite order). 

It follows from the defining relations 1)-4) that the group decomposes into a direct  product with common 
subgroup <a} n of the subgroups G i with two generators gi, hi. The commutator G' = (a)p  and the center equals 
<g0P> x (h p) ~ . . .  x <gP+/} x <hP+/) (for ~0= 0we must replace <gP} by (a)). The group is finite if and only 

if all fii < ~ and 1 = 0 [i.e., T~ . . . . .  Yl do not appear in (5)], and in this case the order of G is equal to pn, 
where n = I + ~(~i + fli). 

The proof of Theorem 1 occupies the res t  of this section. We impose an extra condition on the group G 
in Sec. 1: The commutator G' is contained in the center. Then all the t i = 1 in (2), i .e. ,  G is completely deter-  

vi , p �9 
mined by the p a i r R ,  S. I f n  i = p i  , Pi ~ P, then after asubst i tut ionII)  gi = gi we getg~n~= aP r] = 1,[g~,gi] = 

i p gj] ' , , [g , = aSij p = 1, i . e . ,  we ob ta in  (4) tj = 1, r j  = s i t  = . . . = Sim = O, which  c o n t r a d i c t s  the i n d e e o m p o s a b i l i t y  
of G. 

Hence  each  n i = p vi or  ~.  We put  v i = oo for  n i = oo. We ca l l  v i the weight  of the i - t h  row and i - t h  c o l u m n  
of the m a t r i x  S; we a l so  ca l l  i t  the weight  of the i - t h  e l e m e n t  of R. Us ing  (3) i t  i s  easy  to show that  the pa i r  R, 
S can  be t r a n s f o r m e d  u s ing  I)-V) as fol lows (c~ e Z / p Z ) :  

I. The  e l e m e n t s  of R change  p laces  " toge the r  wi th  the i r  weight ,"  i . e . ,  the rows and c o l umns  of S with 
i nd i ce s  i ,  j a r e  i n t e r changed .  

II. The e l e m e n t  of R,  the row and c o l u m n  of S wi th  index i,  a r e  mu l t i p l i ed  by a ~ 0; a = - 1 for v i = oo. 

III. a) If  v i = vj, then  the j - t h  c o l u m n  in  S mu l t i p l i ed  by a is added to the i - t h  co lumn ,  and the j - t h  row 
mu l t i p l i ed  by a is  added to the i - t h  row. In  R,  a t imes  the j - t h  e l e m e n t  is added to the i , t h  e l e m e n t ,  and for  
p = 2 ,  v i =  l the t e r m  a s i j  i s  a l so  added. 

b) An  e l e m e n t  of s t r i c t l y  g r e a t e r  weight  mu l t i p l i ed  by a is  added to any e l e m e n t  in  R; S is  not changed.  

c) A c o l u m n  of s t r i c t l y  s m a l l e r  weight  mu l t i p l i ed  by a is  added to any c o l u m n  in  S, rows  wi th  the s a m e  
i nd i ce s  be ing  t r a n s f o r m e d  i n  the s a m e  way; R is  not  changed.  

Indeed ,  by (3) the s u b s t i t u t i o n  III g ives  g 'D~ == (g~g~)pv~= g~.p~,tg~Via~ii~ ~ .~-,~. ar~§ ~§ w h e r e  t = 1 + 2 + . + i �9 �9 

vi 1/2pVi(pVi + 1), t --- 0 (modp) for p > 2 o r  vi > 1, t - 1 (modp) for  p 2 and v i 1; [g~ ,gk]=a  ~k+~'~]k, i . e . ,  p = = = 
' rjapVi-Vj ' r i = r i + + sijc~t , Sik = Sik + c~Sjk. 

IV. R and S do not change. 

V. R, S a r e  d iv ided  by a ~ 0. 
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W e  b e g i n  by s i m p l i f y i n g  the  p a i r  R ,  S u s i n g  the  t r a n s f o r m a t i o n s  I - V .  I f  S ~ 0 w e  u s e  t r a n s f o r m a t i o n  I 

to m a k e  t h e  n o n z e r o  r o w  w i t h  s m a l l e s t  w e i g h t  the  f i r s t  r o w ,  and t h e n  w e  r e p l a c e  the  s e c o n d  c o l u m n  by a 

c o l u m n  w h o s e  f i r s t  e l e m e n t  h a s  m i n i m a l  w e i g h t .  U s i n g  the  e l e m e n t  s12 ~ 0 o b t a i n e d ,  w e  s u c c e s s i v e l y  m a k e  

the  e l e m e n t s  s13, s13, . . . ,  s i r e ;  s32, s42, . . . ,  Sm2 z e r o  u s i n g  t r a n s f o r m a t i o n s  III ,  a) ,  c) .  I f  "I < ~ o r  ~'2 < ~o, 

w e  m a k e  s~2 = 1. W e  o b t a i n  

/ 0 0 I 

~ l , 

I f  S 1 ~ O, w e  r e d u c e  S 1 a n a l o g o u s l y .  R e p e a t i n g  th i s  r e d u c t i o n  s u f f i c i e n t l y  m a n y  t i m e s ,  w e  o b t a i n  the  m a t r i x  

n blocks 

Ol 

--I 0 

S= 

0 !  

--I 0 0 
0 7~ 

--71 0 

0 ?l 

- -W 0 0 . 

" 0  

(6) 

w h e r e  v2i_ I < oo o r  v2i < ~o (i -< n),  V2n+l = V2n+2 = . . . = P2n+2/ = ~ .  

W e  d e t e r m i n e  the  f o r m  to  w h i c h  the  v e c t o r  R c a n  be  r e d u c e d  by t r a n s f o r m a t i o n s  I - V  in  s u c h  a w a y  tha t  

t h e  f o r m  of  t he  m a t r i x  (6) i s  p r e s e r v e d .  In  p a r t i c u l a r ,  t he  f o l l o w i n g  t r a n s f o r m a t i o n s  a r e  a l s o  p o s s i b l e  w i t h  R:  

a )  i n t e r c h a n g e  the  p a i r s  ( r2 i_ l ,  r2i) and ( r2j_l ,  r2j) " t o g e t h e r  w i t h  t h e i r  w e i g h t "  ( t r a n s f o r m a t i o n  i ) ,  i ,  
j - n ;  

fl) t he  p a i r  ( r2i_l ,  r2i) w i t h  w e i g h t  (v2i_~, v2i) c a n  be r e p l a c e d  by the  p a i r  (r2i , - - r 2 i _ I )  w i t h  w e i g h t  (v2i , 
v2i_ 1) (us ing  t r a n s f o r m a t i o n  II ,  w e  m u l t i p l y  r2i b y - 1  and t h e n  i n t e r c h a n g e - r 2 i  and r2i_~, w i t h  (6) b e i n g  p r e -  
s e r v e d ) ,  i ,  j -< n. 

L e t  R # 0. U s i n g  t r a n s f o r m a t i o n  III b) and a n o n z e r o  e l e m e n t  of  m a x i m a l  w e i g h t ,  w e  m a k e  a l l  t he  e l e -  

m e n t s  o f  R of  s m a l l e r  w e i g h t  z e r o .  W e  o b t a i n  a v e c t o r  R in  w h i c h  a l l  n o n z e r o  e l e m e n t s  h a v e  the  s a m e  w e i g h t  
<co ( s i n c e  r i = 0 i f  v i = oo). 

I f  m > 2(n  + l) ,  t h e n  r2n+2l+ 1 ~ 0; o t h e r w i s e  (4) w o u l d  ho ld  and the  g r o u p  G w o u l d  be  d e c o m p o s a b l e .  By 
t r a n s f o r m a t i o n  II w e  a r r a n g e  tha t  r2n+2l+ 1 = 1, and t h e n  u s e  t r a n s f o r m a t i o n  III  a) and t h i s  e l e m e n t  to m a k e  a l l  

t he  r i w i t h  i ~ 2 (n  + l) + 1 e q u a l  to  z e r o .  T h e n  s i n c e  G is  i n d e c o m p o s a b l e ,  w e  o b t a i n  m = 2(n  + l) + 1, R = 

(0 . . . .  , 0, 1). 

L e t  m = 2(n  + l). A m o n g  a l l  the  p a i r s  ( r2i_l ,  r2i) ~ (0, 0), w e  c h o o s e  a p a i r  s u c h  t h a t  t h e  s u m  of  the  

w e i g h t s  v2i_ 1 + v2i i s  m a x i m a l  and u s e  t r a n s f o r m a t i o n  ~) to i n t e r c h a n g e  i t  w i t h  t h e  p a i r  ( r l ,  r2}. I f  t he  new 
r 1 = 0 t h e n  r 2 r 0; w e  m a k e  r 1 ~ 0 by t r a n s f o r m a t i o n  fi). 

I f  rz i_  1 ~ 0,  i > 1, we  add r 1 m u l t i p l i e d  by a = - r T l r 2 i _ l  to  i t  [ t r a n s f o r m a t i o n  III  a)] and o b t a i n  r2i_ 1 = 0. 
But  t h i s  s p o i l s  t he  f o r m  of (6). W e  r e c o v e r  (6) by t r a n s f o r m a t i o n s  III  a) o r  b) ,  by a d d i n g  to t he  s e c o n d  r o w  

and c o l u m n  of  S t h e  2 i - t h  r o w  and c o l u m n  m u l t i p l i e d  by - a .  T h i s  t r a n s f o r m a t i o n  i s  a d m i s s i b l e ,  s i n c e  ~1 + 

v2 -> ~2i-1 + ~2i and  "1 = v2i-1 ( s i n c e  r 1 ~ 0, r 2 i _  1 ~ 0) i m p l i e s  v 2 -> ~2i. S i m i l a r l y ,  w e  m a k e  a l l  t he  r2i w i t h  
i > 1 e q u a l  to z e r o .  

W e  h a v e  o b t a i n e d  R = ( r l ,  r2, 0 . . . .  , 0 ) ,  r 1 ~ 0. I f  p = 2 ,  v 1 = v 2 = 1, t h e n  in  t he  c a s e  R = (1, O, o . . ,  0) 

w e  add r 2 + s12 = 1 to r~ = 1 [ t r a n s f o r m a t i o n  I I I a ) ]  and o b t a i n  R = 0. I n  the  c a s e  R = (1, 1, 0, . . . ,  0),  t h i s  
t r a n s f o r m a t i o n  d o e s  no t  a l t e r  R s i n c e  t h e n  r 2 + s12 = 0. 

A s s u m e  t h e  c o n d i t i o n  p = 2,  v 1 = /J2 = 1 d o e s  not  hold .  W e  t h e n  u s e  t h e  e l e m e n t  r 1 ~ 0 to m a k e  r 2 = 0 

[ t r a n s f o r m a t i o n  III a)] .  I f  ~2 ~ o% w e  d i v i d e  r I by r t  ( t r a n s f o r m a t i o n  I I ) ,  and in  o r d e r  to r e c o v e r  t he  f o r m  (6) 
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of S we s i m u l t a n e o u s l y  mul t ip ly  the second  row and second c o l u m n  of S by r l ;  we get  R = (1, 0, . . . .  0). If  on 
the o the r  hand v 2 = o o  then the second  row and c o l u m n  of S can  only be mu l t i p l i ed  by - 1, so that  i t  is poss ib le  
wi thout  chang ing  the f o r m  of S in  (6) to mul t ip ly  r 1 only by • and make  R = (6, 0, . . . ,  0), w he r e  0 < 6 -< p / 2 .  

We have ob ta ined  a pa i r  R,  S w h e r e  S has the f o r m  (6) and R has one of the f o r m s :  

1) R =  (0 . . . . .  0), m = 2 ( n +  /); 

2) R =  (0, . . . .  0, 1), m = 2 ( n +  i) + 1; 

3) R = (5, 0 . . . . .  0) (R = (1, 1, 0 . . . . .  0) for  p = 2, v 1 = v 2 = 1), m = 2(n + l), w h e r e  5 = 1 for ~2 < o% 
0 < 5 - <  p / 2  for  v 2= ~o. 

I t  is e a sy  to s ee  tha t  the pa i r  R,  S is  i n d e c o m p o s a b l e  (cf. Sec. 1). The weight  of the i - t h  (i -< n) block 
of S is  denoted by ( a i ,  fii) i n  c a s e s  1), 2), and by (ai_ 1, fii-1) i n  case  3). We i n t r oduc e  the no ta t ion  a 0 = [3 o = 0, 
k = n for  1); a 0 is  the weight  of the l a s t  co lum n ,  /30 = 0, k = n for  2); k = n -  I for 3). Us ing  t r a n s f o r m a t i o n  ~), 

we can  make  a i  -< fli (1 -< i -< k). 

The e l e m e n t s  T1 . . . . .  Tl in  (6) a r e  d e t e r m i n e d  up to o r d e r  of s u c c e s s i o n ,  s i gn  (in p lace  of any ~i we can  
take - T i  by app ly ing  t r a n s f o r m a t i o n  H), and up to a c o m m o n  n o n z e r o  mul t ip l e  (by apply ing  t r a n s f o r m a t i o n  V we 
ob t a in  ~ = ~ 1  . . . .  , ~/l = ~ l ,  X ~ 0, which  spoi l s  the f o r m  of the f i r s t  n blocks  of S in  (6) and the vec to r  R; we 
c o r r e c t  t h e m  by t r a n s f o r m a t i o n  II). I t  is easy  to see  tha t  in  the de f in i t i on  of "/1 . . . . .  ~l wi th  this  deg ree  of 
f r e e d o m ,  d i s t i n c t  pa i r s  R, S of the above f o r m  cannot  be taken  into one ano the r  by the t r a n s f o r m a t i o n s  I -V,  
i . e . ,  we have ob ta ined  a c anon i ca l  f o r m  for  the i n d e c o m p o s a b l e  p a i r  R, S with Weight r e l a t i v e  to the t r a n s -  
f o r m a t i o n s  I -V.  The p a r a m e t e r s  a p p e a r i n g  i n  R,  S c a n  be w r i t t e n  down in  the f o r m  of the Set (5). 

As is  shown in  Sec. 1 ,  the group  G is  c o m p l e t e l y  def ined by the i n d e c o m p o s a b l e  t r i p l e  T = 0, R,  S (and 
the se t  of i n v a r i a n t s  nl ,  . . . ,  n m ,  p) by m e a n s  of the de f in ing  r e l a t i o n s  (2), d i s t i n c t  t r i p l e s  def in ing  the s a m e  
group  if and only if  we can  go f r o m  one t r i p l e  to the o ther  u s i ng  t r a n s f o r m a t i o n s  I -V.  T h e r e f o r e ,  (5) is a c o m -  
ple te  s y s t e m  of i n v a r i a n t s  for  G. W r i t i n g  (2) i n  the new nota t ion ,  we obta in  the def in ing  r e l a t i o n s  1)-4) in  
T h e o r e m  1. The t h e o r e m  is  proved.  

3. Groups  wi th  C o m p l e m e n t a b l e  C o m m u t a t o r .  I t  r e m a i n s  to d e s c r i b e  the f in i te ly  g e n e r a t e d  groups  with 
c o m m u t a t o r  of o r d e r  p which  is  not c e n t r a l .  It  is  easy  to show that  the c o m m u t a t o r  in  such  g roups  is c o m -  

p l e m e n t a b l e .  

Indeed ,  le t  G be such  a group.  Then  t he r e  ex i s t s  a t i ~ 0 in  i t s  de f in ing  r e l a t i o n s  (2). We make t 1 ;~ 0 

by an  i n t e r c h a n g e  I. We apply  the r e p l a c e m e n t  IV: g'l = gl,  gi = g i a a i (  i > 1), a '  = a, where  a i = - s i l ( t l  - 1) -1. 
. . . . . .  , ,. - a  i - 1 - 1  nit1 s i F ~ i ( t l - 1 )  . . , ^ , , . l n e n  by t~) [gi, gl] = a gi gl gigl  a = a = • 1.e., s i l  = u. We show that  al l  the s i j  = r i = 0, i . e . ,  

? ? 
tha t  G is a s e m i d i r e c t  p roduc t  of i ts  c o m m u t a t o r  and the subgroup  g e n e r a t e d  by the e l e m e n t s  gl . . . . .  gin- In  
o r d e r  to do th i s ,  we  s u b s t i t u t e  x = g'~, y = g~, z = gi -~ into the Jacob i  ident i ty  (which is  e a s i l y  ve r i f i ed  d i r ec t ly ) :  

[ix, y - ' I ,  z]~ [[y, z- '] ,  x]~ [[z, x - ' ] ,  y]~ = 1, 

~i (t'-ll ' = 0 .  L e t n  i < ~r then  a '  ~ g F - a  g,a "=gl g ~ g , g i  ~ = I ,  w h e r e  xY = y - lxy .  We ge t  [a~J, g,] = a = 1, s~j 
I 

r i = 0. 

The fo l lowing r e s u l t  is  p roved  ana logous ly :  A f ini te  cyc l ic  c o m m u t a t o r  subgroup  hav ing  t r i v i a l  i n t e r -  

s e c t i o n  wi th  the c e n t e r  of a f in i t e ly  g e n e r a t e d  group  is c o m p l e m e n t a b l e .  

THEOREM 2. Le t  G be a f in i t e ly  g e n e r a t e d  group  which  canno t  be decomposed  into a d i r e c t  product ,  
and a s s u m e  G has a c o m p l e m e n t a b l e  cyc l i c  c o m m u t a t o r  subgroup  of o r d e r  pV (v -< 2 for  p = 2). Then  G is g iven  

by the s e t  of i n v a r i a n t s  

w h e r e  the Pi a r e  p r i m e s  in  the d e c o m p o s i t i o n  ( p -  1)p v-~ = p ~ l . . ,  p ~ l  (s -< l, s > 0 or  T ~ 0), ~tij, # i j ,  ~ a re  

nonnega t i ve  r e a l  n u m b e r s  s a t i s f y i n g  the cond i t ions :  

to~ > ~ i i  ~ i 2  ~ �9 �9 �9 ~ ~ ' ~  ~ O, t ~ ,  ~ ~ ~ �9 �9 �9 ~ ~ ,  (8)  

1 
"r ~ -~ ( p - -  1) p~'-~p'i-~'np~-~'~ . .  �9 p~-~,  k~ ~.~ i.  
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G is  g iven  by the de f in ing  r e l a t i o n s  (a is a g e n e r a t o r  of the c o m m u t a t o r  subgroup)  

~ , i ] + P q  l 
�9 " ~ o 'Pi  _ _  g-~t] lagij  = a t", a vv ~ q - -  [g~J, g v f  ] = 1, 

s u p p l e m e n t e d  if  "r ;~ 0 by the r e l a t i o n s :  

g - l a g :  at, [gu,  g] = 1, 

i , i ' =  1 , 2  . . . .  , s ; j , j '  = 1, 2, . . . .  ki; g i s  an  e l e m e n t  of in f in i te  o rde r .  Here  t i j - - s  ~p-~)~v-% x,~ t = e  T, e i s  a 
s m a l l e s t  p r i m i t i v e  roo t  modulo  pV, i . e . ,  a g e n e r a t o r  of the cyc l ic  m u l t i p l i c a t i v e  group of the r i ng  Z / p u Z  (p~ij 
is the o r d e r  of tij  in this  group).  

The c a s e  p = 2, u > 2 r e q u i r e s  a spec i a l  a r g u m e n t  s ince  the m u l t i p l i c a t i v e  group of the r i n g  Z / 2 u Z  is 
noncyc l i c  for  u > 2. We note that  the group in  T h e o r e m  2 is f in i te  if  and only if  ~ = 0, in  which  c a s e  i ts  o r d e r  

- rk~ - i  ] ~.i,~i 
Z r l l  r a , ~ p x i J - ~ + t ~ l  ~ ! ( g ~ , ) ~ t ~ / .  If �9 ~ O, a d i r e c t  fac tor  is  equal  to p~'[-]p~/+% and the c e n t e r  = 1 1 / 1 1  ~ g l ~  gegt /~I+1+~'~i |  x 

i /  ;=I[ ,=1 PE ] 

( ~ . . .  g ~ g ~ - n P v - l a - ' ) ,  is  added,  w h e r e  a is  the g r e a t e s t  c o m m o n  d i v i s o r  of the n u m b e r s  (p -- 1)p v-1 and iT; 

~ = p l X l l . . . p s k S l ,  ~ p ~ X i l / 3 i + X T d - l - 0 m o d p ~  i1' 0 < ~ i < p ~  i l . _  In  the case  s = 1, p ~ = p ,  p - l l r  ( including r =  0) 
we add ano the r  d i r e c t  fac tor  (aPC~)pU_a, w h e r e  ~ is  the s m a l l e s t  n a t u r a l  n u m b e r  s a t i s fy ing  the condi t ions  ~ 

kll , pV-C~-~[r.  

Proof  of the T h e o r e m .  Let  G be a f in i t e ly  g e n e r a t e d  group which  cannot  be decomposed  into a d i r e c t  
p roduct ,  and le t  it  have a c o m p l e m e n t a b l e  cyc l i c  c o m m u t a t o r  subgroup  of o r d e r  pV (u -< 2 for  p = 2). The de -  
f ining r e l a t i o n s  (2) for this  group have the f o r m  

g ~ a g ~  = a  t~, gn~ ~ 1 (n~<  oo). [g,, g~]-~--a ~ - -~  1, (9) 

i . e . ,  G is c o m p l e t e l y  d e t e r m i n e d  by the se t  t~ . . . . .  t m of e l e m e n t s  of the r i n g  Z / p U Z .  Since g[~ag i : a ti is an  
a u t o m o r p h i s m ,  p does  not d iv ide  t i ,  and t h e r e f o r e  the re  ex i s t  i n t e g e r s  r i such  that  t i = C i ,  w h e r e  e is  a gen -  
e r a t o r  of the cyc l i c  m u l t i p l i c a t i v e  group of the r i n g  Z / p V Z ,  the o r d e r  of e be ing  equal  to (p - 1)p v-~. Since 

- - n  i n l n i  a ~-- gi ag~ ~ a ti ~ a e~ini, we have 

q n i  ~ 0 rood (p - -  l ) p  ' ' -~  (10) 

(it is  m o r e  c o n v e n i e n t  to s i m p l i f y  ~'i and not  ti). 

F r o m  the se t  of g e n e r a t o r s  g~ . . . .  , g in ,  a of G we can  go to any  o ther  se t  g~, . . . .  g in ,  a by apply ing  
the r e p l a c e m e n t s  I)-V) in  See. 1, whe re  in  V) we m u s t  r ep Iace  the cond i t ion  0 < e < p by 0 < a < pU It is easy  
to see  that  the r e p l a c e m e n t s  IV)-V) do not a l t e r  -rl, . . . .  T in ,  whi le  unde r  r e p l a c e m e n t s  I)-III) they t r a n s f o r m  
as fol lows:  

I. r i and Tj a r e  i n t e r c h a n g e d  (along wi th  hi ,  nj). 

II. The e l e m e n t  r i is  mu l t i p l i ed  by ~ and the r e m a i n i n g  rk  (k ~ i) a r e  unchanged;  (a ,  n i) = 1, ~ = - 1  
for n i = ~o 

III. We add r j  mu l t ip l i ed  by ~ to r i, the r e m a i n i n g  r k (k ~ i) be ing  unchanged;  h e r e  e i t he r  Pi = Pj ,P i  J i l a  

for vj -> v i or  e l se  n i = oo. 

Let  n i = n'j and 0 < T i --< r i. We use  t r a n s f o r m a t i o n  III to take a new r~ equal  to the r e m a i n d e r  obta ined 
�9 . . - T ' <  ! 

upon d l v l d i n g r ,  b y T ' - 7 - = T i a  +T- ,  0 ~-- < T i ; w e t h e n  " " ' ' ' ' ' j 1- i J 1 d i v i d e r  i b y t h e n e w ~ - j : r  i : r j f l + r i ,  0 - < r i < r : , j  etc. 
Repea t ing  this  p r o c e s s  a su f f i c i en t  n u m b e r  of t i m e s ,  we get r i = 0 or  Tj = 0, which  c o n t r a d i c t s  the i n d e e o m -  
posab i l i ty  of G into a d i r e c t  product .  

ui Hence  n i e nj for  i ~ j. We i n t roduce  a double  s y s t e m  of e n u m e r a t i o n  by g roup ing  the n i = Pi a c c o r d i n g  
to the p r i m e  Pi: 

~r~ vr2 = p,,k, ( r  = 1, ,s), r ~ r i ~ P r  ' n ~ p ~  , . . . , n r k  ~ . . .  

~ r i  > V r ~ > ' "  " > VT~r, P~ =# P~, for r =~r'. 

�9 V - 1  
We r e w r i t e  cond i t ion  (10) in  the f o r m  z r i P r  r[ -= 0 mod (p - 1)p . Since r r i  ~ 0 mod (p - 1)p u- l ,  we have pr[(p - 

~  = 
1)p v - l ,  i . e . ,  (p - 1)p v- i  = Pr q r ,  w h e r e  w r -> 1, Pr does  not d iv ide  qr .  Then  by (10) Tri  ~ r iq r ,  w he r e  Uri is 
def ined  rood p r  r .  Us ing  t r a n s f o r m a t i o n  II we make  '~ri = phrri, 0 -< 5 r i  < w r .  
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The 5r i  s a t i s fy  the i n e q u a l i t i e s  

0 4  5 , i < 5 a  < . . .  < 5 , ~ ,  < ~ r ,  (11)  

vrl + 8,t > ~ + 6~ > . . .  > v,~. + 5,~. >/c0,. 

' ~ Indeed ,  if  5 r i  - 5r j  for i < j then we use  t r a n s f o r m a t i o n  III to a r r a n g e  that  ~-ri = Tri  -- TrjP r i - S r j  = 0; if Uri 

, 6 r : 5 r i< -  Vrj + S r j  f o r i < j  t h e n S r j - S r i _ <  U r i - U r j ,  and we a r r a n g e  t h a t T r j  = 7 r j - T r i  p rJ - S r i  0. This  con -  

t r a d i c t s  the i n d e c o m p o s a b i l i t y  of G. The inequa l i ty  Uri + 5 r i  -> w r a s s u r e s  that  condi t ion  (10) holds:  pSrri x 

�9 ~ r  q r p ;  r l  = 0 rood Pr qr .  C l e a r l y  it  is not  pos s ib l e  to change 6 r i  by a t r a n s f o r m a t i o n  III when  (11) holds ,  i . e . ,  
the 6 r i  a r e  i n v a r i a n t s  of the group.  

A s s u m e  that  s o m e  n i = ~;  then  us ing  t r a n s f o r m a t i o n  I we make n m = ~. Since n i ~ nj for  i ~ j ,  a l l  n i < 
for i < m,  i . e . ,  the T1, . . . ,  Tin_ 1 a r e  a l r e a d y  r educed  and i t  r e m a i n s  to r e d u c e  Tm. Any se t  of t r a n s f o r m a t i o n s  

! 
I I - I I I  for  ~-m can  be w r i t t e n  as a s i ng l e  fo rmu la :  T m = IT  m + a lT  1 + . . .  + a m _ i T m _  1 + a m (  p -- 1)p u-1 [the s u m -  
m a n d  a m (  p - 1)p u-1 can  be added s i nce  Tm iS def ined mod (p - 1)pV-1]. Let  d be the g r e a t e s t  c o m m o n  d i v i s o r  
�9 . . . . .  r h e n d  : . . . .  p S,q s ,  ( p -  ( p -  T h e n  
T m = • m + ad ;  we can  a r r a n g e  that  T m s a t i s f i e s  the cond i t ion  

1 1 _ _ 6~1-~,  (12)  O<"c,~,~-~d-~-~(p--1)p" ~p~ . . . .  . . .P~ �9 

Then  this T m iS an  i n v a r i a n t  of G. 

We in t roduce  s o m e  new nota t ion:  7,ij = ~o i - 6ij , Pi j  = uij - kij ,  ~- - ~-m for  n m = ~ ,  T = 0 for n m < ~. Then  
condi t ions  (11), (12) can  be w r i t t e n  in  the s i m p l e r  f o r m  (8). To each c l a s s  of se t s  (T 1 . . . . .  T m) going into one 
ano the r  unde r  the t r a n s f o r m a t i o n s  I -V  (i .e. ,  def in ing  the s a m e  i n d e c o m p o s a b l e  group G) we have a s soc i a t ed  the 
se t  (7) s a t i s f y i n g  condi t ions  (8). Hence  (7) is  a comple t e  se t  of i n v a r i a n t s  of G. R e w r i t i n g  r e l a t i o n s  (9) in  the 
new nota t ion ,  we ob ta in  the de f in ing  r e l a t i o n s  in  T h e o r e m  2. The t h e o r e m  is proved.  

The au thor  thanks  A. V. R o i t e r  for  sugges t i ng  to h i m  the m a t r i x  methods  used for  c l a s s i f y i ng  groups  
wi th  s m a l l  c o m m u t a t o r  s u b g r o u p s ,  and L. A. Ka luzh in  for  poin t ing  out the paper  [1]. 
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