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We construct several new families of exactly and quasi-exactly solvable BCn-type Calogero—
Sutherland models with internal degrees of freedom. Our approach is based on the introduction
of a new family of Dunkl operators of By type which, together with the original By-type Dunkl
operators, are shown to preserve certain polynomial subspaces of finite dimension. We prove that a
wide class of quadratic combinations involving these three sets of Dunkl operators always yields a
spin Calogero—Sutherland model, which is (quasi-)exactly solvable by construction. We show that
all the spin Calogero—Sutherland models obtainable within this framework can be expressed in a
unified way in terms of a Weierstrass p function with suitable half-periods. This provides a natural
spin counterpart of the well-known general formula for a scalar completely integrable potential
of BCn type due to Olshanetsky and Perelomov. As an illustration of our method, we exactly
compute several energy levels and their corresponding wavefunctions of an elliptic quasi-exactly
solvable potential for two and three particles of spin 1/2.
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I. INTRODUCTION

The completely integrable and exactly solvable models of Calogero ] and Sutherland [E} describe a system of
N quantum particles in one dimension with long-range pairwise interaction. These models and their subsequent
generalizations (see [E] and references therein for a comprehensive review) have been extensively applied in many
different fields of physical interest, such as fractional statistics and anyons [H, E, E], quantum Hall liquids [E], Yang—
Mills theories [E, E], and propagation of soliton waves [E] A significant effort has been devoted over the last decade
to the extension of scalar Calogero—Sutherland models to systems of particles with internal degrees of freedom or
“spin” [0, [2, 13, [4, [7, [t6, [, 1§, [id, Rd]. These models have attracted considerable interest due to their connection
with integrable spin chains of Haldane—Shastry type [@, @] through the “freezing trick” of Polychronakos [@]

The exactly solvable and integrable spin models introduced in [[L1], generalize the original rational (Calogero)
and trigonometric (Sutherland) scalar models, and are invariant with respect to the Weyl group of type Ax. The
exact solvability of both models can be established by relating the Hamiltonian to a quadratic combination of either
the Dunkl [@] or the Dunkl-Cherednik [@} operators of Ay type, whose relevance in this context was first pointed
out by Polychronakos [@] We shall use the term “Dunkl operators” to collectively refer to this type of operators.
Up to the best of our knowledge, only two By-invariant spin Calogero—Sutherland models have been proposed so far
in the literature, namely the rational and the trigonometric spin models constructed by Yamamoto in [E] The exact
solvability of the rational Yamamoto model was later proved in Ref. [@] using the Dunkl operator formalism. The
exact solvability of the trigonometric Yamamoto model will be proved in this paper.

In a recent paper [@] the authors proposed a new systematic method for constructing spin Calogero—Sutherland
models of type An. One of the key ingredients of the method was the introduction of a new family of Dunkl-type
operators which, together with the Dunkl operators defined in [@, @, preserve a certain polynomial module of
finite dimension. It was shown that a wide class of quadratic combinations of all three types of Dunkl operators
always yields a spin Calogero—Sutherland model. In this way all the previously known exactly solvable spin Calogero—
Sutherland models of Ay type are recovered and, what is more important, several new exactly and quasi-exactly
solvable spin models are obtained. By quasi-exactly solvable (QES) we mean here that the Hamiltonian preserves
a known finite-dimensional subspace of smooth functions, so that a finite subset of the spectrum can be computed
algebraically; see @, @, @] for further details. If the Hamiltonian leaves invariant an infinite increasing sequence of
finite-dimensional subspaces, we shall say that the model is exactly solvable (ES).
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In this paper we extend the method of Ref. [E] to construct new families of (Q)ES spin Calogero—Sutherland
models of BCy type. To this end, we define in Section II a new set of Dunkl operators of By type leaving invariant
a certain polynomial subspace of finite dimension, which is also preserved by the original Dunkl operators of By type
introduced in ] In Section , we show that a suitable quadratic combination of all three types of Dunkl operators
discussed in Section II can be mapped into a multi-parameter (Q)ES physical Hamiltonian with spin. This approach
is a generalization of the construction used to prove the integrability of the An spin Calogero—Sutherland models, in
which only a single set of Dunkl operators is involved. Our method is also related to the so-called hidden symmetry
algebra approach to scalar N-body QES models 7 @7 @], where the Hamiltonian is expressed as a quadratic
combination of the generators of a realization of s[(/N + 1). We then show that the sets of Dunkl operators used in
our construction are invariant under inversions and scale transformations. This property is exploited in Section m to
perform a complete classification of the BCy-type (Q)ES spin Calogero—Sutherland models that can be constructed
with the method described in this paper. The resulting potentials can be divided into nine inequivalent classes, out of
which only two (the rational and trigonometric Yamamoto models) were previously known. In particular, we obtain
four new families of elliptic QES spin Calogero—Sutherland models of BC'y type. Section M is devoted to the discussion
of the general structure of the potentials listed in Section @ We prove that all the potentials in the classification are
expressible in a unified way in terms of a Weierstrass g function with suitable (sometimes infinite) half-periods. This
provides a natural spin counterpart of Olshanetsky and Perelomov’s formula for a general scalar potential related to
the BCx root system. Finally, in Section @ we illustrate the method by exactly computing several energy levels and
their corresponding eigenstates for an elliptic spin 1/2 potential in the two- and three-particle cases.

II. By-TYPE DUNKL OPERATORS

In this section we introduce a new familiy of By-type Dunkl operators which will play a central role in our
construction of new (Q)ES spin Calogero—Sutherland models.

Let f(z) be an arbitrary function of z = (z1,...,2x) € RY. Consider the permutation operators K;; = K;; and
the sign reversing operators K;, whose action on the function f is given by

(Kijf)(zl,...,Zi,...,Zj,...,ZN):f(Zl,...,Zj,...,Zi,...,ZN),

(Kif) (21, ooy 2iyeeos2N) = f(21,0 00y =20y oo, 2N) (1)

where 4,7 =1,..., N. It follows that K;; and K; verify the relations
Kf] =1, Kij K, = Kiy Ky = KKy, K;j Ky = K Kij,

K2 = 1, KlKJ = KjKi, Kink = KkKij7 Kinj = KZKZJ s

2

(2)

where the indices 1, j, k, [ take distinct values in the range 1,..., N. The operators Kj;;, K; span the Weyl group of

type By, also called the hyperoctahedral group. We shall also employ the customary notation K;; = K;K;K;;. Let
us consider the following set of Dunkl operators:

Jl—azl—l—a(Z ll 4(1_Kij)+z ‘1 ‘(1—Kij)>+£(1—Ki), (3)
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J#i J#i
where a, b, b’ are nonzero real parameters, m is a nonnegative integer, and i = 1,..., N. In Eqgs. (E),(E% the symbol
Z#i denotes summation in j with j =1,...,i—1,¢+1,..., N. In general, any summation or product index without

an explicit range will be understood in this paper to run from 1 to IV, unless otherwise constrained. It shall also be
clear in each case whether a sum symbol with more than one index present denotes single or multiple summation.

The operators J; in Eq. (E) have been used by Dunkl [E] to construct a complete set of eigenvectors for Yamamoto’s
By rational spin model [@] The operators J? were also introduced by Dunkl in Ref. [@} To the best of our knowledge,
the operators J;r have not been considered previously in the literature.



The operators ({)-(f) obey the commutation relations

2
a ~ ~ ~
5 J71=0, I 00 = T > (Kij + Ki) (Kjk + Kji — Kig — Kig) (6)
k#i,j
[Kija‘]]z] :O, KijJE J€ 17 » [Kza‘];] 0; Kzt]f: (_1)EJZ'EK1', (7)
where ¢ = +,0, and the indices i, j, k take distinct values in the range 1,...,N. The operators J; (respectively
Jf), i=1,...,N, together with K;; and K;, i, = 1,..., N, span a degenerate affine Hecke algebra, see [R5]. The

operators J? do not commute, but since J? + 52 <i(Kij + Kij) — 52 i (Kij + K;;) do, it can be shown that the
latter operators, together with K;; and Kj, also define a degenerate affine Hecke algebra.

It is well-known @] that the operators J; and J? preserve the space P,, of polynomials in z1,..., 2y of degree at
most n, for all n € N. Moreover, for any nonnegative integer n, the space R,, spanned by the monomials [, zf with
0 < l; < n is also invariant under the action of both J;” and J?. Let us prove this assertion in the case of J?. Since
(zia%i — B)Rn C Ry, it suffices to show that

Zi—i-Zj

Zi — Zj

zZi — &

2 + z;

(1-Kij) [[z cRn,  and 1 (1-Ky) Hz,lj CRn, (8)
k

for any pair of indices 1 <1 # j < N. For the first inclusion we note that

1+ ; min(l;
A -k ][] = < II zf:><zi+zj)(mj> (1ds) sign(l; — 1) 2

il _ Ml

Zi—Zj L ki, Zi—Zj
bt ]-1 (9)
= ( 11 fs) (21 + 25) (z025) ™) sign(l; — ) Z IR,
k+#i,j k=0
where
-1, p<o0,
Slgn(p) = 07 b= 07
1, p>0.

The resulting polynomial thus belongs to R,,. Indeed, it is a linear combination of monomials [, z,l;’“ with I, = I, for
k #1,7, and l;,1; < max(l;,l;). Likewise, the second inclusion in (E) follows from the identity

2 — 24 ! 1 Al (—l)liJrljzl-l bl
T 7% min(l;,l; 7. T
i —i—zj» (1- Kij)l;[*zkk = < II Zk’“)(z‘ — 2;) (iz ") (13, 1) 2 Py

S - (10)
= < II é’“)(zi—za‘)(zﬂj)min(lil Thlm1mk gk
k#i,j k=0
where
1, p<4gq,
s(p,q) = {0, p=q,

_(_1)p+q, p>q.

We omit the analogous proof for the operators J; . Unlike the previous types of Dunkl operators, the operators J;r
in Eq. (ﬂ) do not preserve the polynomial spaces P, and Ry with k # m. However, the space R,, is invariant under
the action of J;r. In fact, the operator

zf 97 —mz; — b’zi(l - (—l)mKi),

preserves R, and, just as we did in the case of J?, one can show that both

EE (- Ky)  and  —S(1-Ky)

ZZ'—ZJ‘ Zi—l—Zj

preserve R, for any nonnegative integer n.



IIT. BCN-TYPE SPIN MANY-BODY HAMILTONIANS

In Section IT we have shown that all three sets of By-type Dunkl operators @),(E) preserve the finite-dimensional
polynomial space R,,. In this section we shall use this fundamental property to construct several families of (Q)ES
many-body Hamiltonians with internal degrees of freedom.

Let G = span{ [$1,...y8N) | 8i = —-M,—-M+1,....M; M € %N} be the Hilbert space of the particles’ internal

degrees of freedom or “spin”. We shall denote by S;; and S;, 7,5 = 1,..., N, the spin permutation and spin reversing
operators, respectively, whose action on a spin state |s1, ..., sy) is defined by
Sijlsl,...781',...,8]‘,...,SN> = |81,...,Sj,...,Si,...,SN>,

(11)

Si|81,...78i,...,SN>:|81,...,—Si,...,SN>.

The operators S;; and S; are represented in & by (2M + 1)V-dimensional Hermitian matrices, and obey identities
analogous to (E) The notation S’ij = 5;5;5;; shall also be used in what follows.

We shall deal in this paper with a system of N identical fermions, so that the physical states are completely
antisymmetric under permutations of the particles. A physical state 1) must therefore satisfy Agyp = 1, where Ag
is the antisymmetrisation operator defined by the relations AZ = A¢ and II;;Ag = —Ag, j > i = 1,..., N, with
II;; = K;;S;;. Since Kf] = 1, the above relations are equivalent to K;;Ag = —S;;A0, 7 >i=1,..., N. For the lowest
values of N, the antisymmetriser Ag is given by

N =2: AOZ (1—H12),

D= N =

N=3: Ao = = (1 =TIyp — Ily3 — Moz + Myolly3 + Myollas) .

Our aim is to construct new (Q)ES Hamiltonians symmetric under the Weyl group of type By generated by
the permutation operators II;; and the sign reversing operators K;S;. The corresponding algebraic eigenfunctions
will be antisymmetric under a change of sign of both the spatial and spin variables of any particle, and therefore
satisfy Ay = 1), where A is the projection on states antisymmetric under permutations and sign reversals. The total
antisymmetriser A is determined by the relations A? = A and

Kl'jA = —SijA, KA = —SlA, ]>1= 1,...,N. (12)

It may be easily shown that

A= 2%(1‘[(1 —KZ-SZ-))AO.

i

Following closely the procedure outlined in [@], we shall consider a quadratic combination of the Dunkl opera-
tors (f)-(f]) of the form

—-H* = Z (C++(Ji+)2 +eoo(J))? + e-—(J7)* + o Jio) ’ 9)

%

where ¢4, coo,c——,co are arbitrary real constants such that ci 4L+ ey + ¢ _ # 0. The second-order differential-
difference operator () possesses the following remarkable properties. First, it is a quasi-exactly solvable operator,
since it leaves invariant the polynomial space R,,. In particular, if ¢y = 0 the operator H* preserves R,, (and P,,)
for any nonnegative integer n, and is therefore exactly solvable. Secondly, H* commutes with K;;, K;, S;;, and S;
for all 4,5 = 1,..., N. This follows immediately from the commutation relations (f]). Note that none of the terms

DEIN Y Iy, Y

K2

commute with K;, and for that reason they have not been included in the definition of H*. We have also discarded
the term >_,{J;", J; } because it differs from 23", [(J?)? + (b — b)J?] by a constant operator.
Since H* preserves the polynomial module R,,, commutes with A, and acts trivially on &, the module

Ron = ARy © ©) (14)



is also invariant under H*. It follows from Egs. (@) that the action of the operators K;; and K; on the module R
coincides with that of the spin operators —5;; and —S;, respectively. Therefore, the differential operator H obtained
from H* by the formal substitutions K;; — —S;;, K; — —95;, 4,7 =1,..., N, also preserves the module Rm. For the
same reason, if the coefficient ¢4 in Eq. ) vanishes, the operator H leaves the modules R,, and P,, = A(Pn ® 6)
invariant for any non-negative integer n. Using the formulae (E),(E) in the Appendix for the squares of the Dunkl
operators, we get the following explicit expression for the gauge spin Hamiltonian H:

_H= Z( ()0 —I—Q(zz)(?zl—l—R(zz)—l—éLaZ il Z;;azl_z(b;(uswbcﬂz (1+(— )msi))

i#] Z
1+S7,_] 1+§z] GC++ . N2 3 ) N2 ~H —
G#Z]P Zi ( i —2)? + (zi +zj)2> + 9 #ZJ ((Zz +2;)"(1+ 8i5) + (2 — 2;)°(1 +Sw)) +C, (15)

where

P(2) = cyi2* + cooz® +c__,

Q(2) = 214 (1= m = + 2a(1 = N))=* + (co + coo(1 = m + 2a(1 = N)) ) = + ijf ,
R(z) = cypm(m — 14 2b')27, (16)
C Nm & / S S a = Nmcg
C:coo[ 1 +E<z;€ [4 = (Si; + Sij)(Sik + Sir)] +6;(1—5’i5j)> +§ ;(2+Sij+sij) - =2,

1,7, i#j Py

Hereafter, the symbol E: ;. denotes summation in ¢, j, k with ¢ 7 j # k # 4.

One of the main ingredients of our method is the fact that the gauge spin Hamiltonian H can be reduced to a
physical spin Hamiltonian

=302 +V(x), (17)

where V(x) is a Hermitian matrix-valued function, by a suitable change of variables z = {(x), x = (z1,...,zy) and
a gauge transformation with a scalar function p(x), namely
H'H|z:¢<x> wt=H. (18)

We emphasize that in general there is no (matrix or scalar) gauge factor and change of coordinates reducing a given
matrix second-order differential operator in IV variables to a physical Hamiltonian of the form (@), see [, @] and
references therein for more details. The quadratic combination H* has precisely been chosen so that such a gauge
factor and change of variables can be easily found for H. For instance, we have omitted the otherwise valid term
>5[ JiF, J7] because it involves first-order derivatives with matrlx—valued coefficients, which are usually very difficult

to gauge away. The gauge factor u and change of variables z = {(x) in Eq. (B) are respectively given by

uzexp(;/% ;;(y)) dyi)Hz —z Hle ~a, (19)

1<j

and

xizgfl(zi)z/% Y 1N (20)

The physical spin potential V reads

V=a)_ |P

i#]

+)° [b’c++ 2214 (-1)™S;) +

%

<G+SZJ a—l—S’ij >_C+_+
zj)? (2 +2)?

bc__

(1+S)+W(zi)} +C,

i



where

-4 5) - (o 5) o) o

czaN(N—n{co—% (a(2N—1)+3(m—1))} _,

and

(23)
c=—cis (2a2(N —1)2N = 1)+ 4a(N = 1)(¥ +m — 1) + m(20 +m — 1)) .

Note that the change of variables (@)7 and hence the potential V(x), are defined up to an arbitrary translation in
each coordinate x;, ¢ = 1,..., N. The hermiticity of the potential (R1]) is a consequence of the Hermitian character of
the spin operators S;; and S;.

The invariance of the module R,,, under the gauge spin Hamiltonian H and Eq. ) imply that the finite-dimensional
module

Mo = 1(x) A (R (¢()) © 6. (24)

is invariant under the physical spin Hamiltonian H. Therefore, any quadratic combination H* of the form (E) leads
to a (quasi-)exactly solvable spin many-body potential (R1)-([23) (provided of course that the module M,, is not
trivial). In particular, if the coefficient ¢4 vanishes, the spin Hamiltonian H with potential (@) is exactly solvable,

since it leaves invariant the infinite chains of finite-dimensional modules M,, and N, = u(x) A é?’n (¢(x)) ®6) ,neN.

Our goal is to obtain a complete classification of the (Q)ES spin potentials of the form (R1))-(R3). The key observation
used to perform this classification is the fact that different gauge spin Hamiltonians H may yield the same physical
potential. This follows from the form invariance of the linear spaces span{J; (z), J?(z), J;' (z)}, i = 1,..., N, under
projective (gauge) and scale transformations, given respectively by

zj wj:i, Ji(z) — /jE(W): (Hz;m)Jf(z)(Hz;”), j=1,...,N, e==,0, (25)

J J J
and

zj = w; = Azj, Ji(z) — j}(w):Jf(z), j=1,....,N, e=4,0, (26)

where A # 0 is real or purely imaginary. Indeed, we get

T7(w) = —JF(w)

To(w) = —Jo(w),  JH(w) = —J (W),

b'—b i @

for the projective transformations (R3), and jf(w) = A\~J¢(w) for the scale transformations (Rd). This implies that

the resulting quadratic combination H* is still of the form (L3), with (in general) different coefficients &, éoo, ¢——,
and ¢y. Using these transformations, we can reduce the polynomial P(z) in (E) to one of the following seven canonical
forms:

1. 1, 5. v(eB? — 22 (e — 22,
2. +uv2?, 6. +u(l—2%)(1—k2%), @)
3. +u(l+2%), 7. vl =21 - k* + k%27,

4. +v(l-2%H?,

where v >0,0< k< 1,and 0 < 6§ < 7/4.

IV. CLASSIFICATION OF QES SPIN CALOGERO-SUTHERLAND MODELS

We present in this section the complete classification of all the (Q)ES spin Calogero—Sutherland models that can
be constructed applying the procedure described in the previous sections. To further simplify the classification, we
note that the scaling (cec, o) — (Acee, Acp) induces the mapping

V(X;Cee,c0) — V(X5 A Cee, o) = )\V(\/Xx;cee,co) (28)



of the corresponding potentials. For this reason, in Cases 2—-7 we shall only list the potential for a suitably chosen
value of the parameter v. Note furthermore that in Cases 2-4 and 6, once the potential has been computed for a
positive value vy of the parameter v, its counterpart for the opposite value v = —yy can be immediately obtained
using (R9), namely

V(x;—wo,c0) = =V (ix;v0, —co) -

For the models constructed to be symmetric under the Weyl group of type By spanned by the operators K;;S;;
and K;S;, 1 <i < j < N, the change of variables z = {(x) should be an odd function of x, since only in this case
X +— —x corresponds to z — —z. In all cases except the second one, this has essentially the effect of fixing the
arbitrary constants on which the change of variables (@) depends. For example, in Case 7 with v = 4 the change of
variables is of the form z; = +en(2z; + & | k) = £en(22; + &), 1 < i < N. Imposing that z; be an odd function of
x; for all 7 and using the identity

2cné; en(2x;)
1—k2sn2¢; sn?(2x;)’

en(2z; + &) +en(—2z, + &) =

we obtain the condition
G=@2L-1)K, L€Z, 1<i<N,

where K = K (k) is the complete elliptic integral of the first kind

E] de
0 1 —k2sin” 0

Since cn(2z;— K+20;K) = (—1)% cn(2x;— K), symmetry under exchange of the particles requires that I; be independent
of i, so that z; = £ cn(2z; — K) for all ¢ = 1,..., N. Taking into account that both the potential V and the gauge
function p are even functions of z by Egs. ([[)-(RJ), we sce that the change of variables in this case can be taken as
zi=cn(2x; — K), 1 <i<N.

In the classification that follows, we have routinely discarded constant operators of the form

~ li ~ ~
Vo :”Yo+’7125i+’7225i3j+’73 Z(Sij +Sij)+’74z (Sij + Sij)(Sik + Sik) , 7 € R. (29)

i<j i<j N

This is justified, since the operator Vy commutes with A (it actually commutes with Kj;, Si;, K, and S; for 1 <4 <
j < N) and therefore preserves the spaces M,, and N, for all n.

All the potentials in the classification presented below are singular on the hyperplanes z; = 25, 1 <i < j < N,
where they diverge as (z; — x;) 2. In some cases there may be other singular hyperplanes, near which the potential
behaves as the inverse squared distance to the hyperplane. We shall accordingly choose as domain of the functions in
the Hilbert space of the system a maximal open subset X of the open set

IN < ITN-1 < - <Xy <21 (30)

containing no singularities of the potential. In all cases except Case 2b, we shall take as boundary conditions defining
the eigenfunctions of H their square integrability on the region X and their vanishing on the boundary X of X
faster than the square root of the distance to the boundary. Since the algebraic eigenfunctions that we shall construct
are in all cases regular inside X, when this set is bounded the square integrability of the algebraic eigenfunctions on
X is an automatic consequence of their vanishing on dX. In Case 2b, the potential is regular and periodic in each
coordinate in an unbounded domain. Therefore the square integrability of the eigenfunctions should be replaced by
a Bloch-type boundary condition in this case.

For each of the potentials in the classification, we shall list the domain chosen for its eigenfunctions and the
restrictions imposed by the boundary conditions discussed above on the parameters on which the potential depends.
In particular, the singularity of the potential at z; = z;, 1 <1 < j < N, forces the parameter a to be greater than 1/2.
Similarly, in all cases except for the second one the potential is also singular on the hyperplanes z; =0, 1 <i < N,

and the vanishing of the algebraic eigenfunctions on these hyperplanes as |:1:1-|%"“S with § > 0 requires that b > 1/2.
The conditions

>1 b>1
a> - -
2’ 2



shall therefore be understood to hold in all cases. For similar reasons, in Cases 4b, 5, and 6b we must also have

The potential in each case will be expressed as

where the last term, which does not contain the spin operators S;; and S;, can be viewed as the contribution of a
scalar external field.
We shall use in the rest of this section the convenient abbreviations

1
TE = +ay, oz:a(N—l)+§(b—|—b’+m).

)

Case 1. P(z)=1.

Change of variables: z = x.

Gauge factor:

z<J
Scalar external potential:
Uz) = w?2? (32)
Spin potential:
Vapin (%) = 20 > [(@5) 72 (a+ Siy) + (6) 2 (a+ 8)] + 5 D272 (0 + ). (33)
1<J [

Parameters: w = —%co > 0.

Domain: 0 <zy <--- < x71.

Case 2a. P(z) =42

Change of variables: z = e**.

The most general change of variables in this case is z; = Ae*2®, 1 < i < N, but the following formulas are independent
of the choice of sign in the exponent and the value of the constant .

Gauge factor:

p(x) = [ [sinh(22;,)]" . (34)
i<j
Scalar external potential: U(z) =0.

Spin potential:

Vipin(X) = 2a Z [smh (a+ S;;) — cosh™? i (a+ Sij )} . (35)
i<j
Parameters: ¢y =4m.

Domain: xny < --- < x1.

Case 2b. P(z) = —42°

Change of variables: z = %%,
i?i:ﬂi

Again, the most general change of variables is z; = Ae , 1 < i < N, but the following formulas do not change



when this is taken into account.

Gauge factor:

u(x) = H [sin(2x;j)]a . (36)
i<j
Scalar external potential: U(z) =0.

Spin potential:

Vepin(X) = 2a Z [sm (a+ Si;) +cos 2y (a+ S’U)} ) (37)

)
i<j

Parameters: ¢y = —4m.
Domain: xy <---<wz1 <N+ 5.
Both potentials in this case are invariant under a simultaneous translation of all the particles’ coordinates. The choice
co = £4m, which simplifies the form of the gauge factor, amounts to fixing the center of mass energy of the system.
Note also that the potentials in this case do mot possess By symmetry, due to the fact that the change of variables
cannot be made an odd function of = for any choice of the arbitrary constants. In fact, the sign change z — —zj
corresponds to the translation z — xp+i7/2 or z) — x+7/2, which (as any overall translation) leaves the potential
invariant. The potentials in this case are therefore best interpreted as An-type potentials depending both on spin
permutation and sign reversing operators.

For the hyperbolic potential 2a, none of the algebraic formal eigenfunctions are true eigenfunctions, since they are
not square integrable on their domain. On the other hand, the algebraic eigenfunctions of the periodic potential 2b
are clearly periodic in each coordinate and regular on their domain, and thus qualify as true eigenfunctions.

Case 3a. P(z)=4(1+2%).
Change of variables: z = sinh(2z).
Gauge factor:

u(x) = H [smh(?x ) sinh(2x )] ’ H [sinh(2xi)}b[cosh(2xi)]ﬁ. (38)

i<j i
Scalar external potential:
U(x) = —46(8 — 1) cosh™?(2z) . (39)
Spin potential:
Vepin (%) = 2a Z [ s1nh — cosh™? ) (a+ Si) + (sinh~ 2 t — cosh™2 U) (a+ S’ZJ)]
< (40)

+ 4b Zsmh (22;) (b+ S;) .

Parameters: 3 = %0 - (a(N -1)+b+ g) <—(2a(N—=1)+b+m).
Domain: 0 < zy <--- < x71.
Case 3b. P(z) = —4(1+2%).

Change of variables: z = isin(2z).

Gauge factor:

ui) = I1 [sin(2a7;) sin(22 )]a I1 [sin(22;)]" [ cos(22:)]” (41)

Scalar external potential:

U(z) = 48(8 — 1) cos™%(2x) . (42)
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Spin potential:

Vepin(x) = 2a Z [(sin_2 T;; + cos” 2;1;+) (a+ Si) + (sin™ 2;1;+ +cos 2z ) (a+ S } + 4b Zsm (2x;) (b+ Si) .

i<j
(43)
1
Parameters: = — (%0 +a(N—-1)+b+ %) > g5 or 8 =0.
Domain: 0 <y <--- <x1 <7, ifﬁ>%andﬁ;ﬁ1; O<zazy < - <m < §—x, if F=0,1.
Case 4a. P(z) = (1 - 2?)%
Change of variables: z = tanh x.
Gauge factor:
pu(x) = H (sinh z;; sinh x;;) H e cosh(27) (ginh 2;)? (cosh a; )Y ™ . (44)
i<j i
Scalar external potential:
U(x) = 2? cosh(4x) + 43(1 + 2a) cosh(2x). (45)
Spin potential:
Vipin(X) = 2a Z [smh (a+ Sij) + sinh ™2 (a + S’U)}

i<j

+b Y sinh 2w (b+ Si) — ' Y cosh 2wy (M + (—1)™S;) . (46)

Parameters: [ =

(co+2(b—V)) <0, or =0 and a <0.

| —

Domain: 0 < zy < --- < x71.
Alternatively, we could have taken the change of variables as z = tanh (:E — %) = cothz. The gauge factor, external
potential and spin potential become, respectively,

p(x) = H (smh:z: sinh z; ) He*ﬁCOSh(hl) (cosh ;)" (sinh z; )b +m (47)
i<j
Ul(z) = 26 cosh(4x) — 48(1 + 2a) cosh(2z), (48)
and
Vepin(X) = 2a Z [smh (a+ Sij) + sinh 2 (a + S’U)}

i<j

—b Zcosh_zxi (b+S;)+V Z sinhz; (V' + (=1)™S;) . (49)

Case 4b. P(z) = —(1 — 2?)%
Change of variables: z =1itanz.

Gauge factor:

u(x) = H (smx 5 sin; ) Heﬁwb(%l) (sin ;) (cos ;)Y ™ . (50)
i<J A

Scalar external potential:

U(x) = -2/ cos(4z) — 48(1 + 2a) cos(2x) . (51)
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Spin potential:

Vipin(X) = 2a Z [sian z; (a+ Sij) + sin~? z} (a + S'ij)}

ij
i<j

+0b Z sin~2x; (b4 S;) + b Z cos 2z (b + (=1)™S;). (52)

1
Parameters: (= ~3 (co+2(b" —b)).
Domain: 0 <zy < <z < 3.

The change of variable can also be taken as z = itan (x — %) =icotx. Since this is the result of applying an overall

real translation to the particles’ coordinates, we shall not list the corresponding formulas for the potential and gauge
factor.

Case 5. P(z)= (6219 —2%) (67219 —2%).
Change of variables:

snz dnzx
="
cnx

where the modulus of the elliptic functions is k = cosf. We shall also use in what follows the customary notation k&’
for the complementary modulus v'1 — k2.

Gauge factor:

H exp {ﬁ arctan {% cn(2xi)} }

- - + +\ ¢
SN, dn T;; SN dn z; )
K2

J

X) =
He) H< 1 —k2sn?x;; sn2 )
1<J J ()

Lt —b+m) [

X [sn(2:vi)]b [1+ cn(2z;)] dn(2z;)] . (53)

Scalar external potential:

U(x) = 4k'? dn?(2x) [52 —ala+1) - ]z:—? (1+2a) cn(2:v)] : (54)

Spin potential:

dn?z;; sn? z dn? 2z sn? x -
Vipin(x) =20 Y [( BRI (g )+ etk — KR ) (ot §y)

sn? x; dn? 2

i<j ij ij 55)
cnx; 2 . , snz; dnz;\2, , ma
o . (sn:vi dnxi) (b+8:) +b Z( enz; ) (0" + (=1)™S;).
P . _ _L 2 102 o
arameters: 3 = A (Co +2(k2—K?)(b—b )) .

Domain: 0 <zy <---<x1 < K.

An alternative form for the change of variables in this case is

sn(z — K) dn(z — K) cnx

cn(z — K) " snzdnz’

The resulting potential is obtained from the previous one by applying the overall real translation z; — z; — K,
1 =1,...,N. Note also that, although z; is singular at the zeros of cnz;, the algebraic eigenfunctions satisfy the
appropriate boundary condition on these hyperplanes on account of the inequality b’ > 1/2 and the identity

2 cn?x
1 + Cn(?x) = m .
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Case 6a. P(z) =4(1—2%)(1 —k*2?).
Change of variables: z = sn(2z).
Here, as in the remaining cases, the Jacobian elliptic functions have modulus k.

Gauge factor:

+

(snz;; enz,; dnz,; sna)) cnx+dnx )a b 3 e
p(x) = E ij - k2 oy snﬂ2 :;) 1:[ [sn(2z;)]” [en(22;)]" [dn(2z;)]" . (56)
Scalar external potential:
U(z) = 4K2[B(3 — 1) en?(2z) — #'(6' — 1) dn~?(22)] . (57)

Spin potential:

en?zdn? s sn? = cn x+ dn?z sn?x;. -
Vspin(x) = %2a Z [( z;2 — ij + 14 ij (a + Sij) + - 1] + 14 _ ij _ (a + Sij)
] 0J

*dn®a;;
= sn? cn? zf dn” a7 sn2 ;) cn2:1cjdn x
+4b > 02 (2a) (b+ Si) + 47V Y sn®(2a) (B + (—=1)™S)) . (58)
Parameters:
1 1
_ 2 / _ - _ / 2 ’
= Sk,Q(cO+4(1+k)(b V) —a>5 or B=0, § = (co+a1+E)b-1)) - a

Domain: O<xN<-~<x1<%, if6>%and67£1; O<any < - <x1 <K —um9, if g=0,1.

Case 6b. P(z) = —4(1 — 2%)(1 — k"% 2?).

Change of variables:

sn(2z)
z=1i
cn(2x)
Gauge factor:
(snx cnzy; dnag; sn:z:Jr Cn:z:Jr dn:z::r)a b b tm 8
u(x) = H B - / H [sn(2z;)]” [en(22;)] [dn(2z;)]" . (59)
i<j ( —k sn? x;; sn :Cl-j) i
Scalar external potential:
U(z) =4[B(8 — 1) k*sn?(2z) — §/(F — 1) K dn~*(22)] . (60)
Spin potential:
dn? T sn? a:+ en?zf dn? 2 sn?z - cn®x; ~
4 ) %) 4 1) 1)
Vo) =20 Z [(SHQ T, cn2 =tk dn? 2 (a+Sy) + sn? £C+ en? xt Tk dn? z (a+ 5is)
i<j ij (% 1] 1]
+ 4b Z sn=2(22;) (b+ Si) + 4K Y en2(2a;) (V) + (=1)™S5) . (61)

7

Parameters:

1 1
5= 8k2(co+4(1+k’2)(b b))—a, g = 8k2(co+4(1+k’2)(b b))—a.

Domain: O<xN<---<;E1<§.
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In spite of the singularity of z; at the zeros of cn(2z;), the vanishing of the gauge factor on these hyperplanes clearly
implies that the algebraic eigenfunctions fulfill the appropriate boundary condition.

Case 7. P(z)=4(1 - 2)(K'* + k> 2?).

Change of variables:

, sn(2x)
dn(2z)

=cn(2z —K)=k

Gauge factor:

X)) =
Hx) E (1—k2sn2gcjsn2 ;;)

+

a
(sn:z: Cnx dnx snx; cnx"'dnxu)

H [sn(2:vi)]b [cn(Qxi)}B [dn(2xi)]b/+m. (62)

Scalar external potential:
U(z) =4[3' (8" — 1) k*sn®(2z) + B(B — 1) k"> ecn™?(2x)] . (63)

Spin potential:

cn? a: sn? x;" dn? a:j' cn? a:j' sn? T, dn? x -
spln —2012 l( + J — J (G+Slj)+ J + J — J (G/—FSU)

= L\ dn oy cn? x ) sn? 2 dn® i cn?
+ 4b Z sn2(2a;) (b+ S;) — 4k"20' Z dn=2(2z;) (b + (=1)™S;) . (64)
Parameters:
Co 1 2 2 / 1 , Co 1 2 2 /
B = §+§(k -0 —-b)+a >5 or =0, ﬁ=§+§(k E)® —-b) —a

Domain: O<xN<-~<x1<%, if6>%and67£1; O<any < - <x1 <K —um9, if g=0,1.

V. DISCUSSION

The BC\n-type potentials constructed in the previous section can be expressed in a unified way that we shall now
describe. In the first place, apart from irrelevant constant operators of the form (@)7 the spin potential can be written
as

Vipin(%) = 2a Z [ )+ v(a + P1))(a+ Si) + (v(ah) + vl + Pr))(a+ S*ij)]
—l—bz CL‘l +v CL‘l—i-Pl))(b—i-Si)—l—bl Z(U(ibi-f—Pg)-i-’l)(fL'i-‘t-Pl +P2)) (bl-f—(—l)msi), (65)

i

where v is a (possibly degenerate) elliptic function, and P; and P, are suitably chosen primitive half-periods of v (see
Table ﬂ) In particular, when one of the periods P; of v goes to infinity, expressions like v(z + P;) with € R finite are
defined as zero. In Case 1, both periods are infinite and v(x+ P; 4+ P») is also defined as zero. Furthermore, the constant
K’ = K'(k) in the elliptic Cases 5-7 is the complete elliptic integral of the first kind defined by K'(k) = K (k’). Using
this notation, it is easy to verify that in the non-degenerate elliptic Cases 57 the scalar external potential U(x) can
be written as

Ulz) = XA = D]o(e+ 3P) +o(e = 3P)| + YN = D[o(e + 3P+ B) +o(e = 3P+ B)|, (66)
where A\ = 8 and X = 3 in Cases 6-7, while A = —a + i3 and M = —a — i8 in Case 5. Formula (@) holds also in

Case 3, with A = fand M = 0. In Cases 1 and 4 Eq. (@) cannot be directly applied, since in these cases all the terms
in (@) are either indeterminate or zero. However, the potentials in Cases 4a and 4b can be obtained from that of
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Case v(z) P P
1 x2 00 00
3a. sinh ™2z m 00
2
3b. sin~2?x il 00
2
4a. sinh~2z 00 il
2
4b. sin~?z 00 il
2
2
5 dn o K +iK' K
sn?x
2 2 sl
6a. cn :c2dn T K iK
sn? x 2
dn?z K
6b. _— iK' —
sn?x cn?zx ! 2
2
cn®x 1 o
7 _ K — (K +iK
sn?2z dn’zx 2 ( iK)

TABLE I: Function v(z) and its primitive half-periods P; (see Eq. (@)) for each of the BCn-type potentials in Section E

Case 5 in the limits § — 0 and 6§ — 7/2, respectively. Likewise, applying the rescaling z; — vz; (i=1,...,N, v > 0)
to the potential of type 3a or 3b one obtains the potential of type 1 by taking 8 = —w/(4v?) and letting v — 0.

The function v(z) that determines the potential V(x) in the elliptic Cases 5-7 according to Eqs. (63) and (Bd) can
be expressed in a systematic way in terms of the Weierstrass function p(z; w1, ws) with primitive half-periods wy = K
and w3 = iK’. Indeed, dropping inessential constant operators we have

v(z) = €lp(z;wi,ws) + p(x + 2P w1, ws)] (67)

where P, is the primitive half-period of v listed in Table m, and € = 1 for Cases 6-7 while ¢ = 1/2 for Case 5 (the
only case in which 2P, = 2K is a period of g). Since in Cases 6-7 P; and 2P, are primitive half-periods of p, the
well-known second-order modular transformation of the Weierstrass function [@] applied to Eq. (@) leads to the
equality

v(z) = p(z; Pr, ), (68)
where the primitive half-periods P, and P are listed in Table m, and we have dropped an irrelevant additive constant.

Substituting Eq. (@) into Eqgs. (@) and (@) and applying once again a modular transformation to the one-particle
terms we readily obtain the following remarkable expression for the potential V' (x) in Cases 5-7:

X):2CLZ|:( U,Pl,PQ)—Fp(I +P1,P1,P2))(CL—|—SZJ)+(p( ”,Pl,Pg)—l—p(x +P1,P1,P2))(a+gij)}

1<J
+ 4b Z 02245 Py, 2P;) (b + S;) + 4b' Z 0(22; + 2P3; P, 2P) (V' + (=1)™S)) (69)
+4 Z [ 0(22; + P13 Py, 2Py) + N (N — 1) p(2; + Py + 2Py; P, 2P2)]

One of the main results in this paper is thus the fact that the potential (@) is QES provided that the ordered
pair (Py, P,) is chosen from Cases 5-7 in Table m In fact, the remaining BCn-type (Q)ES spin potentials listed
in Section m can be obtained from the potentials in Egs. (@) by sending one or both of the half-periods of the
Weierstrass function to infinity. This is of course reminiscent of the analogous property of the integrable scalar
Calogero—Sutherland models associated to root systems [E]
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The potentials in Cases 1, 2, and 3 are ES for all values of the parameters. (In Case 3, the dependence of the
parameter 3 on m through « can be absorbed in the coefficient ¢y.) The potentials of type 4 are also ES for 8 = 0.
The elliptic potentials in Cases 5-7 are always QES.

All the potentials presented in Section [V] are new, except for Cases 1 and 4. Case 1 is the rational By-type model
introduced by Yamamoto [@] and studied by Dunkl } Case 4b for f = 0 is Yamamoto’s By-type trigonometric
potential with A\; = —b (in the notation of Ref. [I]), and either \| = —b < —1/2 for m even or N, = b’ > 1/2 for m
odd. Our results thus establish the exact solvability of the trigonometric Yamamoto model when |Aj| > 1/2.

It should be noted that the method developed in this paper admits a number of straightforward generalizations. In
the first place, the algebraic states could be chosen symmetric under sign reversals. The resulting Hamiltonians would
coincide with the ones presented in Section m with S; replaced by —S;. In particular, if b = b’ = 0 one can obtain
algebraic eigenfunctions of both types (symmetric and antisymmetric under sign reversals) for the same Hamiltonian.
The construction can also be applied to a system of N identical bosons, just by replacing the antisymmetriser Ay by
the projector on states symmetric under permutations of the particles. Choosing a system of fermions is motivated
by the fact that the internal degrees of freedom can be naturally interpreted as the physical spin of the particles when
M=1/2.

The procedure described in Section relies on the algebraic identities analogous to (E) satisfied by the spin
operators S;; and S;, and not on the particular realization (IE) For instance, replacing the operators S;; by new
operators S’ij spanning one of the anyon-like realizations introduced by Basu-Mallick [IE] would yield further families
of (Q)ES spin Calogero—Sutherland models.

VI. EXACT SOLUTIONS FOR AN ELLIPTIC QES MODEL

As an illustration of the procedure described in the previous sections, we shall now compute the algebraic sector of
the spectrum for the elliptic QES potential of type 6a in Egs. (@)7(@) in the case of two and three particles of spin
1/2 (N =2,3 and M = 1/2), for m = 1,2, 3. Note that in the spin 1/2 case, the spin permutation and sign reversing
operators S;; and S; can be expressed in terms of the usual one-particle SU(2) spin operators a; = (0}, 07, 03) in the

RS RRE
more familiar way
1 1
Sij:20'i'0'j+_7 SZ*—ZUl

The operator H* corresponding to the potential (@),(@) reads

N
o ==Y (4k2(Jj)2 — 41+ K2 (T2 + 4(T7)2 + o J?) +C* + By, (70)
i=1
where C* is the constant operator obtained by replacing Si; by —K;; and S; by —K; in the expression (E) for C,
and the scalar constant Ey is given by

By = CON(a(N —) 4V +m+ %) _ON(1+ k2)(2a(N— 1)(26 +m) + 260 +m+1) +m+ ;(N —1)(2N — 1)a2) .

Let us first consider the two-particle case (N = 2), for which the spin space & is spanned by the four spin states

|++) = |+5 +1). For m = 1 the polynomial module R; is the one-dimensional space span{¢; }, with

p1= (21— 2)(++) = [-=) + (1 + 2)(|—+) = [+-)) - (71)
Therefore, the spin state
_ M(X) - + dnzh + ~dnzo 79
Y1 (x) = | el o a2 ph | SR P12 iy nzfy (|++) = [==)) +snaf enzy dnag, (|—+) — [+-)) (72)
12 12

is an eigenfunction of the Hamiltonian of type 6a, where the gauge factor y(x) is given in Eq. (56). The corresponding
eigenvalue is F1 = Ey — ¢g.

If m = 2, the antisymmetrised polynomial module R, is the three-dimensional space span{1, 2, @3}, where ¢ is
given by Eq. (f]) and

o2 = (21 = ZB)(++H) +|-——) = [+=) = |-+)) ,

w3 = z122(21 — Z2)(|++> - |——>) + z122(21 + Z2)(|+_> - |_+>) . (73)
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The matrix of the gauge spin Hamiltonian H (or H*) in the basis {¢1, @2, @3} is given by

Ey—co— 4(1+ k?) 0 8(2b+1)
0 E() — 200 0 3
8(20' + 1)k? 0 Eo — 3co — 4(1 + k?)

whose eigenvalues are

Ei3=Ey—2c)—4(1+k*) FA, Ey = Ey — 2¢q,

where A = [ + 64k%(2b + 1)(20" + 1)] 2 The corresponding physical wavefunctions are

1 3(x) = .U(XZ N [snaz12 enzf, dnaf, (00 FA+8K*(2V + 1) sn(2x) sn(2x2)) (|—|—+> — |——>)
' 1 —k2sn?x,sn?x]y
+snazl, enzy, dnag, (co FA - 8k2(26 + 1) sn(2z,) sn(2x2)) (1—+) — |+_>)] , (74)

— - - + + +
snxi,cnz,dnxi,snal, cnal,dnai,

P2 (x) = p(x) [+ + =) = +=) = -1)).
(1 — k?sn?z, sn? J:E)Q ( )
For m = 3 the antisymmetrised polynomial module R3 is spanned by the spin functions 1, ..., s, where
pa = (21 = 2) (+4) = [==) + (& + ) (|=+) = [+-))
o5 = z120(25 — 2B)(|+4) + |- =) + [+=) + |-+)) , (75)
w6 = 2125 (21 — 22) (|++) — |[—=)) + 2125 (21 + 22) (|—+) — |+-)) -

The matrix representing H — Ej in the basis {¢1, ..., s} is

—co — 8(1 + k?) 0 8(2b+ 1) —8(4a +2b+ 3) 0
0 —2c — 8(1 + k?) 0 0 0
8(2b' + 3)k? 0 —3co— 16(1 + k%)  —16a(l + k?) 0 8(2b+ 3)
—8(2b' + 1)k? 0 0 —3co + 16a(1 + k?) 0 —8(2b+ 1)
0 0 0 0 —4co — 8(1 + k?) 0
0 8(20 +1)k*  —8(4a + 20" + 3)k? 0 —5co — 8(1 + k2)

Clearly, Eo —2co—8(14k?) and Ey —4co — 8(1 +k2) belong to the spectrum of H and hence of H, with corresponding
eigenfunctions given respectively by 12(x) in Eq. ([f4) and

- — - + + +
Snxy cn T, dnaiysnal, cnaly, dnai,

s (x) = p(x) sn(2z1) sn(2zs) (|[4+) +|——) + [+—) +|—+)) . (76)

(1 — k?sn? 7, sn? xf2)2

The remaining algebraic levels are the roots of a fourth degree polynomial, whose expression is too long to display
here. For instance, if a =b=1b" =1, k? = 1/2, and ¢y = —14 (so that 8 = 0), the algebraic levels are approximately
By =-3274, By = —288, B3 = —281.4, B4 = —262.2, E5 = —260, and Eg = —201.0.

In the three-particle case, the spin space & is spanned by the eight states [+44). If m = 1, the antisymmetrised
space Ry is trivial. For m = 2, the antisymmetrised space R is spanned by the single state

01 = 215 213 293 (|+4++) + |——=)) — 22 215 205 (IH+—) + |——1+))
— 2 2y 2oy ([H—=) + |=++) + 2 23 205 (=) + [—+-)) . (77)

where zzj][ = z; £ z;. Consequently, ¥1(x) = pu(x)pi(z), with z; = sn(2z;), is an eigenfunction of H with eigenvalue

EQ — 300 - 4.(1 + k2)
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When m = 3, a basis for R3 is given by the function ¢; in Eq. (@) and

P2 = 21p 213 293 (21 + 22+ 23) ([4+4) — |===)) + 212 23 205 (21 + 22 — 23) (|=—+) = [++-))
+ 2y 23 203 (=21 + 22 + 23) ([4—=) = |=++)) + 23 213 233 (21 — 22 + 23) ([H—+) — |[—+-)),
V3 = 213 213 Z93 (2122 + 2123 + 2223) (|—|——|——|—> + |———>) + 215 zfg zgrg (2122 + 2123 + 2223) (|———|—> + |—|——|——>) (78)

+ 21 215 203 (2122 + 2123 — 2223) (|[+——) + |—++)) — 215 213 235 (2122 — 2123 + 2223) (|+—+) + |[—+-)),

Qa4 = 212073 [215 213 Za3 ([H++) — |[——=)) + 212 25 25 (|[++—) — |[——+))
+ 2y 2 23 (|—H+) = [+=)) + 2 253 255 (|—+—) — [+—+))]-

The matrix of H in the basis {¢1,..., @4} reads

Eo — 3co — 16(1 + k?) 0 8(4a + 2b + 3) 0
0 Eo — 4co + 8(1 + k?)(2a — 1) 0 8(2b+1)
8(20' + 1)k? 0 Eo —5co+8(1 +k?)(2a — 1) 0
0 8(4a + 2V + 3)k? 0 Eo — 6co — 16(1 + k?)

The eigenvalues of this matrix are
E1)3 = EO — 400 + 4(1 + k2)(2a — 3) + A_ s E2)4 = EQ — 500 + 4(1 + k2)(2a — 3) + A+ R

where

A, = {(co +4(1+ k) (2a+ 1)) + 64k%(2b + 1) (da + 2’ + 3)} 1/2,
A_ = {(CO —4(1 + k*)(2a + 1))2 + 64Kk%(2b' + 1)(4a + 2b + 3)} v

The corresponding eigenfunctions are

dr3(x) = p(x) [(CO A1+ k) (2a+1) F A_) o1 (z) + 822V + 1) gpg(z)] ,
bo.a(x) = p(x) Kco +4(1+E)(2a+1) F A+) 02 (2) + 8k (da + 2V + 3) g04(z)] ,

with z; = sn(21;).

Appendix

In this Appendix we present a list of identities satisfied by the Dunkl operators (E),(E) used to compute the gauge
spin Hamiltonian ([LF).

SO = Y0 e S 8z1+2bz e Z

i i#j “i 17'5]
Z(J?)2:Z(3i+(1—m+2a(1— )z zl) —|—4az P i 8214—@2 ZZZ; K;; —1)
% % i#£j - J
ZiZj = Nm? a? / . _

—az m(Kij—1)+ D) Z [4 = (Kij + Kij) (K + Kir,)] +62(1_Kin) ,
i#£j K J N i?éj
Z<Ji+)2:Z(a4 2( + m — 1+ 2a(N 36%)4—4@2 e az1+az i—zj (Kij —1)
i i 1#] Zi i#]

2,2 -
+a} ﬁ(mj D E S 2K — 1) +mim— 1+ 20) Y22,
it J i i
LD DL

The symbol > ; means summation in ¢, j, k with i # j # k # 4.
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