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1 Introduction.

In this short note we give a resumé of some work done on giving a Lie point
symmetry classification of evolution equations in 1+1 time-space dimensions.
Our intention is to give an idea of some of the arguments and the method
we use. The interested reader can find full details in ([2]).

The basic idea is to combine the standard Lie algorithm for point symmetries
with the equivalence group of the given type of equation in order to give
a classification of evolution equations in some canonical form. It should
be noted that, for the general case which we consider, the standard Lie
algorithm alone fails to provide the results which we are able to obtain. The
reason for this will be seen when we give the symmetry condition.

We consider evolution equations of the type

ut = F (t, x, u, ux)uxx + G(t, u, ux) (1)

where F (t, x, u, ux) and G(t, u, ux) are real-valued functions of their argu-
ments. The special case of equation (1) where F = 1 is treated in [1].

The first step in our procedure is to set up the symmetry condition for
equation (1). Thus, we consider the generator Q of point symmetry trans-
formations of equation (1) given by
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Q = a(t, x, u)∂t + b(t, x, u)∂x + c(t, x, u)∂u. (2)

We then find the following result:

Theorem 1 If Q is given as in equation (2), then it generates a point sym-
metry of equation (1) if and only if a(t, x, u) = a(t) is a function of t alone,
and if

(2Dxb− ȧ) = FaFt + bFx + cFu + (Dxc− uxDxb)Fux

ct − uxbt + (cu − ȧ− uxbu)G + (uxbxx − cxx − 2uxcux − u2
xcuu + (3)

+2u2
xbxu + u3

xbuu)F = aGt + bGx + cGu + (Dxc− uxDxb)Gux

where Dx is the operator of total x-differentiation.

As one can see from equation (3), unless F and G are functions of one
variable, it is well-nigh impossible to make the usual step of splitting this
equation in terms of powers of the derivative ux. This is where it is necessary
to add a further element into the argument. The idea is simple: given that
we are not able to derive the Lie invariance algebra by first obtaining the
defining equations from (3), we then begin by specifying a Lie algebra and
then requiring for it to be a symmetry algebra of (1).

Given a Lie algebra, we then look at the possible representations of this Lie
algebra within the class of operators of the form given in (2), and it is in this
step that we make use of the equivalence group of equation (1). This gives
us canonical representations of the symmetry algebra candidates. The final
step is to calculate the allowed forms for the functions F and G for a given
canonical representation of our chosen Lie algebra. This procedure yields
canonical forms of evolution equations which are inequivalent under point
transformations of the equivalence group of equation (1). Then, for each
such canonical evolution equation, one can calculate the maximal symmetry
algebra.

The above method requires a list of inequivalent Lie algebra representa-
tions (in terms of commutation relations). All simple (and therefore all
semi-simple) finite-dimensional real and complex Lie algebras have been
classified ([3], [4]). However, the list of solvable Lie algebras is far from
complete, and as far as we can ascertain, they are given in the work of Mo-
rozov, Mubarakzyanov and Turkowski ([5]–[11])). The work of Morozov and
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Mubarakzyanov are, as far as we are aware, not translated from the original
Russian. Here, the solvable Lie algebras up to and including dimension six
are classified.

Our method is constructive in the sense that we are able to use the low-
dimensional Lie algebras up to dimension five in order to give our complete
point-symmetry classification, and we conclude that no non-linear evolution
equation of the form (1) has a point-symmetry invariance algebra of dimen-
sion greater than five. We note that a classification in terms of contact
symmetries has been given by Magadeev ([12]).

2 Some previous work.

Here we give a short list of previous work done in this area. First we men-
tion the point-symmetry classification of certain equations with specified
nonlinearities.

Ovsjannikov (1959) F = F (u), G =
dF

du
u2

x [13];

Akhatov et al (1987) F = F (ux), G = 0 [19];

Dorodnitsyn (1982) F = F (u), G =
dF

du
u2

x + g(u) [14];

Oron & Rosenau (1986),

Edwards (1994) F = F (u), G =
dF

du
u2

x + f(u)ux

[15, 16];

Gandarias (1996) F = un, G =
dF

du
u2

x + g(x)umux

+f(x)us [18];

Cherniha & Serov (1998) F = F (u), G =
dF

du
u2

x + f(u)ux + g(u)

[17];

Zhdanov & Lahno (1999) F = 1, G = G(t, x, u, ux) [1].

Work on classification using the equivalence group has been done by Torrisi
and his co-workers ([20]–[23]). The methods of Torrisi et al are based on the
infinitesimal representation of the equivalence transformations, in contrast
to our approach which involves finite forms of the equivalence transforma-
tions.
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3 Results.

In this section we give some results and show how the equivalence group of
the equation plays its role in the classification of representations of a given
Lie algebra. First, we begin with the description of the equivalence group
of equation (1).

Lemma 1 The equivalence group of equation (1) is given by the following
group of transformations (changes of variable):

t = T (t), x = X(t, x, u), u = U(t, x, u) (4)

where Ṫ 6= 0 and
∂(X, U)
∂(x, u)

6= 0.

The proof of this is by direct calculation, and details are given in ([2]).

The next step is to give a canonical form (linearization) for a vector field,
with respect to the allowed transformations (4). This is given in the following
result:

Lemma 2 The operator

Q = a(t)∂t + +b(t, x, u)∂x + c(t, x, u)∂u

is equivalent, under the changes of variable (4) to one of the following forms:

Q = ∂t if a(t) 6= 0

or

Q = ∂x if a(t) = 0.

We refer to ([2]) for the proof.

Example: sl(2,R). Now we give an example of the calculations involved.
We do this using the Lie algebra sl(2,R) which is the Lie algebra with basis
〈Q1, Q2, Q3〉 satisfying the commutation relations

[Q1, Q2] = 2Q2, [Q1, Q3] = −2Q3, [Q2, Q3] = 2Q1. (5)

First, we take one operator from the basis and put it into canonical form. So
let us choose Q3 for this purpose (this is done for purely practical reasons).
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By Lemma 2, we can choose Q3 in one of two canonical forms: Q3 = ∂t or
Q3 = ∂x.

We consider in detail the case Q3 = ∂t. With this choice of Q3 we proceed
to find the allowable forms for Q1 and Q2. So, put

Q1 = A(t)∂t + B(t, x, u)∂x + C(t, x, u)∂u.

The second commutation relation in (5) then implies that

Ȧ = 2, Ḃ = Ċ = 0.

Therefore, A(t) = 2t + const. and B,C are independent of t. So we take

Q1 = 2t∂t + B(x, u)∂x + C(x, u)∂u.

The next step is to find a canonical form for Q1 under the equivalence
transformations (4). However, we must now use only those equivalence
transformations of (4) which preserve the form of Q3 = ∂t. Thus we require
that Q3 → Q3 with

Q3 = Ṫ ∂t + Xt∂x + Ut∂u = ∂t

which yields Ṫ = 1, Xt = Ut = 0. Thus we take T (t) = t, X = X(x, u), U =
U(x, u). Under this type of transformation we find

Q1 → Q1 = 2t∂t + (BXx + CXu)∂x + (BUx + CUu)∂u.

We now choose X and U so that

BXx + CXu = X, BUx + CUu = 0.

This gives us the canonical form

Q1 = 2t∂t + x∂x.

This means that we can, up to an equivalence transformation of equation
(1), take

Q3 = ∂t, Q1 = 2t∂t + x∂x.

Finally, we need to determine Q2. We put
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Q2 = α(t)∂t + β(t, x, u)∂x + γ(t, x, u)∂u.

The commutation relation [Q2, Q3] = Q1 gives

α = −t2 + const., β = −xt + b(x, u), γ = γ(x, u).

Thus we may take

Q2 = −t2∂t + (b(x, u)− xt)∂x + γ(x, u)∂u.

Then we use the relation [Q1, Q2] = 2Q2. From this we obtain

b(x, u) = m(u)x3, γ(x, u) = n(u)x2

and we have

Q2 = −t2∂t + (m(u)x3 − xt)∂x + n(u)x2∂u.

All that remains to be done is to find a canonical form for Q2. We do
this using equivalence transformations (4) which leave invariant the form of
Q1, Q3. These are given by

T (t) = t, X(u, x) = q(u)x, U = p(u)

with q(u) 6= 0 and ṗ(u) 6= 0. Under this transformation we find

Q2 = −t
2
∂t +

(
q(u)m(u) + n(u)q̇(u)

q(u)3
x3 − xt

)
∂x +

n(u)ṗ(u)
q(u)2

x2∂u.

There are two cases: n(u) 6= 0 and n(u) = 0. If n(u) 6= 0 then we may choose
p(u) and q(u) such that

q(u)m(u) + n(u)q̇(u)
q(u)3

= 1,
n(u)ṗ(u)

q(u)2
= 1

which gives us

Q2 = −t
2
∂t + (x3 − xt)∂x + x2∂u.

If, however, n(u) = 0 then we have
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Q2 = −t
2
∂t +

(
q(u)m(u) + n(u)q̇(u)

q(u)3
x3 − xt

)
∂x.

If now m(u) > 0 we may choose m(u) = q(u)2 and we find

Q2 = −t
2
∂t + (x3 − xt)∂x.

If m(u) < 0 then we choose m(u) = −q(u)2 and we find

Q2 = −t
2
∂t + (−x3 − xt)∂x.

Finally, we note that t → −t, x → x, u → u is an equivalence transformation
of equation (1), and the last two canonical forms for Q2 are equivalent under
this transformation.

Summarising this calculation, we find that the algebra sl(2,R) has two
canonical forms with Q3 = ∂t :

〈2t∂t + x∂x, −t2∂t + (x3 − xt)∂x, ∂t〉,
〈2t∂t + x∂x, −t2∂t + (x3 − xt)∂x + x2∂u, ∂t〉,

and these are inequivalent under the equivalence group given by (4).

The canonical form Q3 = ∂x gives rise to a similar calculation, and three
inequivalent representations for the Lie algebra sl(2,R) are found. These
results are summarised in the following:

Theorem 2 There exist five inequivalent realizations of the algebra sl(2,R)
by operators (2), which are admitted by partial differential equations of the
form (1)

〈2t ∂t + x ∂x, −t2 ∂t − tx ∂x + x2 ∂u, ∂t〉, (6)
〈2t ∂t + x ∂x, −t2 ∂t + x(x2 − t) ∂x, ∂t〉, (7)

〈2x ∂x − u ∂u,−x2 ∂x + xu ∂u, ∂x〉, (8)
〈2x ∂x − u ∂u, (u−4 − x2) ∂x + xu ∂u, ∂x〉, (9)
〈2x ∂x − u ∂u, −(u−4 + x2) ∂x + xu ∂u, ∂x〉. (10)

The forms of the functions F,G determining the corresponding invariant
equations are given in Table 1.
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Table 1. Equations invariant under the group sl(2,R)

sl(2,R) F G

(6) F̃ (ω) x−2
[
G̃(ω)− 2uF̃ (ω) + u2 − uω

]
,

ω = 2u− xux

(7) ω−3 x−2

[
−1

4
ω + 3ω−2 + ω−1G̃(u)

]
, ω = xux

(8) u−4 −2u−5u2
x

(9) u−4
(
1 + 4ω2

)−1
u

[
√

1 + 4ω2G̃(t)− 10ω2 + 1
8ω2 + 2

]
, ω = u−3ux

(10) u−4
(
1− 4ω2

)−1
u

[√
|1− 4ω2|G̃(t) +

10ω2 − 1
8ω2 − 2

]
, ω = u−3ux

The other real simple Lie algebra of dimension three is so(3). This Lie alge-
bra yields only one representation which is a symmetry:

Theorem 3 There exists only one realization of the algebra so(3) by oper-
ators of the form (2) which is an invariance algebra of (1):

〈∂x, tanu sinx ∂x + cos x ∂u, tanu cos x ∂x − sinx ∂u〉, (11)

Furthermore, the most general form of the functions F,G allowing for equa-
tion (1) to be invariant under the above realization is given by

F =
sec2 u

1 + ω2
, G =

2ω2 + 1
1 + ω2

tanu +
√

1 + ω2G̃(t), ω = ux sec u. (12)

Provided the function G̃ is arbitrary, the above realization is the maximal
symmetry algebra of the corresponding equation (1).

There are of course many more possible semi-simple Lie algebras. However,
they play no role as symmetry algebras of equation (1). In fact, one can
prove the following:
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Theorem 4 The realizations of the Lie algebra so(3) and sl(2,R) given in
Theorems 2 and 3 above, exhaust all possible realizations of sem-simple Lie
algebras (by the given type of vector fields) which are admitted by equations
of the form of equation (1).

The details of the proofs of Theorems 2, 3 and 4 are to be found in ([2]).

4 Comments.

The above results deal with semi-simple Lie algebras. Solvable Lie algebras
and semi-direct sums of semi-simple and solvable Lie algebras are treated in
([2]), to which we refer the reader for tables of inequivalent canonical forms
of evolution equations (1).

Our approach is, as we have demonstrated, a combination of the Lie point
symmetry analysis and an exploitation of the equivalence group of the equa-
tion to give possible canonical forms for the various Lie algebras. Each rep-
resentation of the Lie algebra is then tested as a symmetry algebra, and is
discarded if it gives no result (by which we mean, amongst other things,
that the equation admitting a given representation as symmetry algebra
must have F 6= 0 in (1)).

The present method gives a complete point-symmetry classification of (1),
so that any evolution equation of that form is necessarily point-equivalent
under the transformations (3) to one of the canonical forms for equation (1).
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Department, Linköping University, for its hospitality and financial support
during the preparation of this work.

References

[1] Zhdanov, R. and Lahno, V. Group classification of the heat conductivity
equations with a nonlinear source. J. Phys. A. 1999, 26 7061-7076.

9



[2] Basarab-Horwath P., Lahno V. and Zhdanov R. The structure
of Lie algebras and the classification problem for partial differen-
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