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Department of Mathematics, Faculty of Science and Letters, Istanbul Technical University,
34469, Istanbul, Turkey

V. I. Lahnob)

Pedagogical Institute, 2 Ostrogradskogo Street, 36003 Poltava, Ukraine

R. Z. Zhdanovc)

Institute of Mathematics, 3 Tereshchenkivska Street, 252004 Kyiv, Ukraine

~Received 11 August 2003; accepted 2 March 2004;
published online 11 May 2004!

Group classification of a class of third-order nonlinear evolution equations gener-
alizing KdV and mKdV equations is performed. It is shown that there are two
equations admitting simple Lie algebras of dimension three. Next, we prove that
there exist only four equations invariant with respect to Lie algebras having non-
trivial Levi factors of dimension four and six. Our analysis shows that there are no
equations invariant under algebras which are semi-direct sums of Levi factor and
radical. Making use of these results we prove that there are three, nine, thirty-eight,
fifty-two inequivalent KdV-type nonlinear evolution equations admitting one-,
two-, three-, and four-dimensional solvable Lie algebras, respectively. Finally, we
perform a complete group classification of the most general linear third-order evo-
lution equation. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1737811#

I. INTRODUCTION

The purpose of this article is classifying equations of the form

ut5uxxx1F~x,t,u,ux ,uxx!, ~1.1!

which admit nontrivial Lie~point! symmetries. The standard Korteweg–de Vries~KdV! equation,

ut5uxxx1uux ,

belongs to the family of evolution equations~1.1!. Classification of the KdV equation with vari-
able coefficients~vcKdV!,

ut5 f ~x,t !uux1g~x,t !uxxx , f •gÞ0, ~1.2!

by their symmetries is done in Ref. 1, where it is shown that the vcKdV can admit at most
four-dimensional Lie point symmetry group and those having four-dimensional symmetry group
can be transformed into the ordinary KdV equation by local point transformations. In Ref. 2, Eq.
~1.2! is investigated from the point of view of its integrability. It is shown, in particular, that
equations of the form~1.2! with a three-dimensional Lie point symmetry group have a property of
‘‘partially integrability.’’
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Our motivation is the same as for classifying vcKdV equations. We start with a rather general
class of nonlinear equations generalizing~1.2! for gx50. Note that anyt dependent coefficient of
uxxx in ~1.1! can be normalized by a reparametrization of time. The main advantage of this
classification is that, if we know that the equation under study admits a nontrivial symmetry group,
then it is usually possible to apply the whole spectrum of the methods and algorithms of Lie group
analysis. This enables us to derive exact analytical solutions of equations that, under study, reveal
their integrability properties, find linearizing transformations, etc. Note that the connection be-
tween Lie point symmetries and integrability was discussed in Refs. 2, 3.

Recently, a novel generic approach to group classification of low-dimensional partial differ-
ential equations~PDEs! has been developed in Ref. 4. The full account of ideas and algorithms
applied can be found in the review paper5 where the approach in question has been applied to
classify the most general second-order quasi-linear heat-conductivity equations admitting non-
trivial Lie point symmetries. Here we adopt the same approach which basically consists of three
steps. We first construct the equivalence group, namely, the most general group of point transfor-
mations that transform any equation of the form~1.1! to a ~possibly different! equation belonging
to the same class. Also, we find the most general element of the symmetry group together with a
determining equation forF. As a second step, we realize low-dimensional Lie algebras by vector
fields of the above form up to equivalence transformations. To this end, we use various results on
the structure of abstract Lie algebras.6–9 A review of the classification results of nonisomorphic
finite-dimensional Lie algebras can be found in Ref. 5. In the last step, after transforming sym-
metry generators to canonical forms, we proceed to classifying equations that admit nontrivial
symmetries. We do this by inserting these generators into the symmetry condition and solving for
F.

Let us mention that similar ideas have been used by Winternitz and co-workers for the group
classification of several nonlinear partial differential equations1,10,11 and of discrete dynamical
systems.12–14Note also that group classification of the nonlinear wave and Schro¨dinger equations
in the same spirit has been done in Refs. 15, 16.

The paper is organized as follows. In Sec. II we present the determining equations for the
symmetries and the equivalence group. Section III is devoted to the classification of the equations
invariant under low-dimensional symmetry groups. In Sec. IV we perform a classification of linear
equations in the class~1.1!. A discussion of results and some conclusions are presented in the final
section.

II. DETERMINING EQUATIONS AND EQUIVALENCE TRANSFORMATIONS

The Lie algebra of the symmetry group of Eq.~1.1! is realized by vector fields of the form

X5t~x,t,u!] t1j~x,t,u!]x1f~x,t,u!]u . ~2.1!

In order to implement the symmetry algorithm we need to calculate the third order prolonga-
tion of the field vector field~2.1!,17–19

pr(3)X5X1f t]ut
1fx]ux

1fxx]uxx
1fxxx]uxxx

, ~2.2!

where

f t5Dtf2utDtt2uxDtj,

fx5Dxf2utDxt2uxDxj,

fxx5Dxf
x2uxtDxt2uxxDxj,

fxxx5Dxf
xx2uxxtDxt2uxxxDxj.

2281J. Math. Phys., Vol. 45, No. 6, June 2004 KdV-type nonlinear evolution equations

Downloaded 17 May 2004 to 160.75.21.17. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



HereDx andDt denote the total space and time derivatives. In order to find the coefficients of the
vector field we require that the prolonged vector field~2.2! annihilate Eq.~1.1! on its solution
manifold,

pr(3)X~D!uD5050, D5ut2uxxx2F. ~2.3!

Equating coefficients of linearly independent terms of invariance criterion~2.3! to zero yields an
overdetermined system of linear PDEs~called determining equations!. Solving this system we
obtain the following assertion.

Proposition 2.1: The symmetry group of the nonlinear equation (1.1) for an arbitrary (fixed)
function F is generated by the vector field

X5t~ t !] t1S ṫ

3
x1r~ t ! D ]x1f~x,t,u!]u , ~2.4!

where the functionst(t), r(t) and f(x,t,u) satisfy the determining equation

23 ux ṙ2x ux ẗ29 ux uxx fuu23 ux
3 fuuu13 f t29 uxx fxu29 ux

2 fxuu29 ux fxxu23 fxxx

13~fu2 ṫ ! F1~2 uxx ṫ23 uxx fu23 ux
2 fuu26 ux fxu23 fxx! Fuxx

1~ux ṫ23 ux fu23 fx! Fux
23 f Fu23 t Ft2~3 r 1x ṫ ! Fx50. ~2.5!

Here the dot over a symbol stands for the time derivative.
If there are no restrictions onF, then~2.5! should be satisfied identically, which is possible

only when the symmetry group is a trivial group of identity transformations. Here we shall be
concerned with the identification of all specific forms ofF for which nontrivial symmetry groups
occur. The basic idea is to utilize the fact that for an arbitrarily fixed functionF all admissible
vector fields form a Lie algebra. This immediately implies the idea of using the classical results on
the classification of low-dimensional Lie algebras obtained mostly in the late 1960s.6–8 Saying it
another way, we need to construct a kind of representation theory on low-dimensional Lie algebras
generated by Lie vector fields preserving the manifold~2.5!.

Our classification is up to equivalence under a group of locally invertible point transforma-
tions,

t̃ 5T~x,t,u!, x̃5Y~x,t,u!, ũ5U~x,t,u!, ~2.6!

that preserve the form of the equation~1.1!, but ~possibly! change functionF into a new one,
namely, we have

ũ t̃5ũx̃x̃x̃1F̃~ x̃, t̃ ,ũ,ũx̃ ,ũx̃x̃!. ~2.7!

Inserting~2.6! into ~1.1! and requiring that the form of the equation be preserved, we arrive at the
following assertion.

Proposition 2.2: The maximal equivalence groupE has the form

t̃ 5T~ t !, x̃5Ṫ1/3x1Y~ t !, ũ5U~x,t,u!, ~2.8!

where ṪÞ0, UuÞ0.
We note that the Lie infinitesimal technique can also be used to obtain the equivalence group

~2.8!. It is straightforward to prove that both approaches produce the same results.
We make use of equivalence transformations~2.8! to transform vector fieldX into a conve-

nient ~canonical! form.
Proposition 2.3: Vector field~2.4! is equivalent within a point transformation of the form~2.6!

to one of the following vector fields:
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X5] t , X5]x , X5]u . ~2.9!

Proof: Transformation~2.8! transforms vector field~2.4! into

X→X̃5t~ t !Ṫ~ t !] t̃1@ 1
3 ~tṪ21T̈1 ṫ !~ x̃2Y!1tẎ1rṪ1/3#] x̃

1@tUt1~ 1
3 ṫx1r!Ux1fUu#] ũ . ~2.10!

There are two cases to consider.
~I! f50. ChooseU5U(u) so that we have

X̃5t~ t !Ṫ~ t !] t̃1@ 1
3 ~tṪ21T̈1 ṫ !~ x̃2Y!1tẎ1rṪ1/3#] x̃1fUu] ũ . ~2.11!

Now if t50, thenrÞ0 ~otherwiseX would be zero!, and we chooseT(t) to satisfy

Ṫ5r23.

In this caseX̃ is transformed into] x̃ .
If tÞ0, then we chooseT andY to satisfy

Ṫ5t21, tẎ1rṪ1/350.

With this choice ofT andY vector fieldX̃ is transformed into] t̃ .
~II ! fÞ0. If t5r50 then we can chooseU to satisfy fUu51 so that we haveX̃5] ũ .

Otherwise,U can be chosen to satisfy

tUt1~ 1
3 ṫx1r!Ux1fUu50.

Hence we recover Case I.
Summing up, the vector field~2.4! is equivalent, up to equivalence underE, to one of the three

standard vector fields]x ,] t ,]u . This completes the proof.

III. GROUP CLASSIFICATION OF LINEAR EQUATIONS

To the best of our knowledge no group classification of the most general linear third-order
PDE appears in the literature. So we devote this section to the group classification of third-order
PDEs:

ut5 f 1~x,t !uxxx1 f 2~x,t !uxx1 f 3~x,t !ux1 f 4~x,t !u1 f 5~x,t !. ~3.1!

If we perform the local change of variables (x,t,u)→( x̃, t̃ ,ũ) preserving the form of~3.1!,

t̃ 5t, x̃5F~x,t !, u5V~x,t !v~ x̃, t̃ !1G~x,t !, VÞ0, FxÞ0, ~3.2!

we obtain

v t̃5 f 1Fx
3v x̃x̃x̃1$3 f 1V21@VxFx

21VFxFxx#1 f 2Fx
2%v x̃x̃1$ f 1V21@3VxxFx13VxFxx1VFxxx#

1 f 2V21@2VxFx1V fxx#1 f 3Fx2Ft%v x̃1$ f 1V21Vxxx1 f 2V21Vxx1 f 3V21Vx1 f 42V21Vt%v

1V21@ f 1Gxxx1 f 2Gxx1 f 3Gx1 f 4G1 f 52Gt#.

Now we choose the functionsF,V, andG in ~3.2! to satisfy constraints,
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f 1Fx
351,

Gt5 f 1Gxxx1 f 2Gxx1 f 3Gx1 f 4G1 f 5 ,

3 f 1Fx
2Vx1@3 f 1FxFxx1 f 2Fx

2#V50,

and thus normalizef 1(x,t)→1, and setf 2(x,t)→0, f 5(x,t)→0.
Thus ~3.1! reduces to the following particular form:

ut5uxxx1A~x,t !ux1B~x,t !u. ~3.3!

HereA,B are arbitrary smooth functions ofx and t.
The most general equivalence transformation preserving the class of equations~3.3!, which is

a subset of~2.8!, reads as

t̃ 5T~ t !, x̃5Ṫ1/3x1Y~ t !, ũ5V~ t !u, ~3.4!

with ṪÞ0, VÞ0.
Performing change of variables~3.4! transforms Eq.~3.3! to become

ũ t̃5ũx̃x̃x̃1Ãũx̃1B̃ũ, ~3.5!

where the coefficientsÃ,B̃ are expressed in terms of the functionsA,B and their derivatives as
follows:

Ã5Ṫ21~AṪ1/32 1
3 T̈Ṫ2 2/3x2Ẏ!,

~3.6!
B̃5Ṫ21~B1V21V̇!.

As Eq. ~3.3! is linear, it admits trivial infinite-parameter group having the generator

X~b!5b~x,t !]u , b t5bxxx1Abx1Bb ,

and the one-parameter group generated by the operatoru]u . These symmetries give no nontrivial
information about the solution structure of the equation under study and therefore are neglected in
the sequel.

The nontrivial invariance group of Eq.~3.3! is generated by operators of the form

X5t~ t !] t1~ 1
3 ṫx1r~ t !!]x1a~ t !u]u , ~3.7!

functionst,r,a,A andB satisfying equations

3ȧ23Bṫ23tBt2Bx~3r1xṫ !50,
~3.8!

23ṙ2xẗ22Aṫ23tAt2Ax~3r1xṫ !50.

ProvidedA5A(x,t), B5B(x,t) are arbitrary functions,t5r50, ȧ50. So in this case Eq.
~3.3! admits trivial symmetries only.

Transformation~3.4! leaves operatorX15u]u invariant while transforming operator~3.5! to
become

X →
(3.4)

X̃5tṪ] t̃1@t~ 1
3 T̈Ṫ2 2/3x1Ẏ!1Ṫ1/3~ 1

3 ṫx1r!#] x̃1~tV̇1aV!u] ũ . ~3.9!

That is why, if tÞ0 in ~3.7!, then putting

2284 J. Math. Phys., Vol. 45, No. 6, June 2004 Güngör, Lahno, and Zhdanov
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Ṫ5t21, Y52E t

r~j!t2 4/3~j!dj,

and takingV as a nonzero solution of the equation

tV̇1aV50,

in ~3.4! transforms~3.9! to the canonical form of the generator of time displacements

X̃5] t̃ .

Next, if t50, rÞ0 in ~3.7!, then puttingṪ5r23 in ~3.4! yields the operator

X̃5] x̃1aũ] ũ .

Finally, if t5r50, ȧÞ0 in ~3.7!, we putT5a in ~3.4! thus getting the operator

X̃5 t̃ ũ] ũ .

Taking into account the above considerations, we see that there are transformations~3.4!, that
transform operator~3.7! to one of the following inequivalent forms:

] t , ]x , ]x1 f ~ t !u]u ~ ḟ Þ0!, tu]u .

In what follows, we analyze each of the above operators separately.
OperatorX15] t . The system of determining Eqs.~3.8! for this operator reads as

Bt5At50,

whence it follows thatA5A(x), B5B(x). Inserting these functions into~3.8! yields

3ȧ23Bṫ2Bx~3r1xṫ !50,

23ṙ2xẗ22Aṫ2Ax~3r1xṫ !50.

Analyzing the above system of ordinary differential equations shows that for the case under
consideration Eq.~3.3! admits an invariance group whose dimension is higher than one if and only
if the following occurs.

~1! A5mx22, B5nx23, umu1unuÞ0 with the additional symmetry operatort] t1
1
3x]x ;

~2! A50, B5«x («561) with the additional symmetry operator] t1«tu]u ;
~3! A5B[0 with the additional symmetry operators]x ,t] t1

1
3x]x .

OperatorX25]x . If Eq. ~3.3! is invariant underX2 , thenA5A(t), B5B(t). What is more,
it follows from ~3.6! that there are transformations~3.4!, which reduce equation~3.3! to the form
~3.5! with Ã5B̃[0. So we arrive at the already known case.

OperatorX35]x1 f (t)u]u ( ḟ Þ0). If Eq. ~3.3! admits operatorX3 , then we haveA50, B

5 ḟ x. Inserting these expressions into~3.8! yields

ṙ50, ẗ50, ȧ5r ḟ ,
~3.10!

3t f̈ 14ṫ ḟ 50.

From the first three equations it follows thatr5C1 , t5C2t1C3 , a5C1f 1C4 ,
C1 ,C2 ,C3 ,C4PR. Hence we conclude that the last equation of system~3.10! takes the form
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3~C2t1C3! f̈ 14C2 ḟ 50.

Analyzing this equation we see that extension of the symmetry algebra of Eq.~3.3! with A

50, B5 ḟ x is only possible when

f 53mt2 1/3, mÞ0;

f 5«t, «561.

The second case has already been considered. In the first case the basis of nontrivial invariance
algebra is formed by the operators]x13mt21/3u]u , t] t1

1
3x]x .

OperatorX45tu]u . Inserting the coefficients of this operator into~3.8! leads to the contra-
diction 350, whence it follows that the operatorX4 cannot be a symmetry operator of Eq.~3.3!.

We summarize the above classification results of in Table I, where we give the forms of the
functionsA andB and basis operators of the nontrivial symmetry algebras of the corresponding
equations~3.3!.

So the equationut5uxxx has the highest symmetry within the class of equations~3.3!. Its
maximal finite-dimensional symmetry algebra is four-dimensional.

Note that according to Ref. 5 the class of nonlinear equations of the form

ut5F~ t,x,u,ux!uxx1G~ t,x,u,ux!, FÞ0, ~3.11!

contains five nonlinear equations admitting five-dimensional symmetry algebras. Furthermore, an
equation admitting six-dimensional symmetry algebra is equivalent to the heat equation. It is the
linear heat conductivity equationut5uxx that possess the largest symmetry group within the class
of second-order equations~3.11!.

This is not the case for the class of third-order PDEs under consideration in the present paper.
We shall see that there are examples of nonlinear equations that admits higher symmetry algebras
than does the linear equation. For instance, the nonlinear Schwarzian KdV equation~4.14! admits
a six-dimensional symmetry algebra.

IV. CLASSIFICATION OF EQUATIONS INVARIANT UNDER SEMI-SIMPLE ALGEBRAS
AND ALGEBRAS HAVING NONTRIVIAL LEVI DECOMPOSITIONS

In order to describe equations~1.1! that admit Lie algebras isomorphic to the Lie algebras
having nontrivial Levi decomposition, we need, first of all, to describe equations whose invariance
algebras are semi-simple.

The lowest order semi-simple Lie algebras are isomorphic to one of the following three-
dimensional algebras:

TABLE I. Symmetry classification of 3.3.

N A B Symmetry operators

1 A~x! B~x! ]t

2 0 ḟ~t!x ]x1f~t!u]u , ḟÞ0
3 mx22, mPR nx23, nPR,

umu1unuÞ0
] t ,t] t1

1
3 x]x

4 0 «x, «561 ] t ,]x1«tu]u

5 0 2mt24/3x,

mPR, mÞ0

]x13mt21/3u]u ,

t] t1
1
3 x]x

6 aPR 0
] t ,]x ,t] t1

1
3 ~x22at!]x
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sl~2,R!:@X1 ,X3#522X2 , @X1 ,X2#5X1 , @X2 ,X3#5X3 ;

so~3!:@X1 ,X2#5X3 , @X2 ,X3#5X1 , @X3 ,X1#5X2 .

Taking into account our preliminary classification we conclude that one of the basis operators
reduces to one of the canonical forms] t ,]x ,]u .

First, we study realizations of the algebra so~3! within the class of operators~2.4!.
Let X15] t and let the operatorsX2 ,X3 be of the form~2.4!. Checking commutation relations

@X1 ,X2#5X3 ,@X3 ,X1#5X2 we see that

X253a cost] t1@2ax sint1b cos~ t1g!#]x1w~x,u!cos„t1c~x,u!…]u ,

X3523a sint] t2@ax cost1b sin~ t1g!#]x2w~x,u!sin„t1c~x,u!…]u .

Herea, b, g are arbitrary real constants andw, c are arbitrary real-valued smooth functions.
The third commutation relation@X2 ,X3#5X1 implies that 9a2521. As this equation has no

real solutions, there are no realizations of so~3! with X15] t .
The same assertion holds for the cases whenX15]x andX15]u . So the class of operators

~2.4! contains no realizations of the algebra so~3!. This means that there are no so~3!-invariant
equations of the form~1.1!.

Theorem 4.1:There exist no realizations of the algebraso~3! in terms of vector fields~2.4!.
Hence no equation of the form~1.1! is invariant underso~3! algebra.

Similar reasoning yields that there are three inequivalent realizations of the algebra sl~2,R! by
operators of the form~2.4!,

$] t ,t] t1
1
3 x]x ,2t2] t2

2
3 tx]x%,

$] t ,t] t1
1
3 x]x ,2t2] t2

2
3 tx]x2x3]u%,

$]u ,u]u ,2u2]u%.

Inserting the coefficients of basis operators of the first realization of the algebra sl~2,R! into
invariance criterion yields the following classifying equations:

2uxxFuxx
1uxFux

2xFx23F50,

t~2uxxFuxx
1uxFux

2xFx23F !2xux50,

from which we get the equationxux50. Consequently, the realization in question cannot be
invariance algebra of the equation under study.

The two remaining realizations of sl~2,R! do yield invariance algebras of equation~1.1!. The
forms of the functionF in the corresponding invariant equations read as

$] t ,t] t1
1
3 x]x ,2t2] t2

2
3 tx]x2x3]u% : F52x23@2xux1 1

9 x2ux
22G~v1 ,v2!#,

v153u2xux , v256u2x2uxx ;

$]u ,u]u ,2u2]u% : F52 3
2 ux

21uxx
2 1uxG~x,t !.

As any semi-simple or simple algebra contains either so~3! or sl~2,R! ~or both! as
subalgebra~s!,20 the above result can be utilized to perform the classification of equations~1.1!
admitting invariance algebras isomorphic to one having a nontrivial Levi decomposition.

First we turn to the equation
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ut5uxxx2
3
2 ux

21uxx
2 1uxG~x,t !. ~4.1!

Applying the Lie infinitesimal algorithm we see that the maximal invariance algebra of Eq.
~4.1! is spanned by the operatorsX15]u , X25u]u , X352u2]u , and

X45t~ t !] t1~ 1
3 ṫx1r~ t !!]x , ~4.2!

functionst, r andG satisfying the equation

~xṫ13r!Gx13tGt12ṫG1xẗ13ṙ50. ~4.3!

By direct verification we ensure that the form of basis operators of the realization of sl~2,R!
under study is not altered by the transformations

t̃ 5T~ t !, x̃5Ṫ1/3x1Y~ t !, ũ5gu, ṪÞ0, gÞ0. ~4.4!

As transformation~4.4! reduces~4.2! to the form

X4 →
(4.4)

X̃45t~ t !Ṫ~ t !] t̃1@ 1
3 ~tṪ21T̈1t!~ x̃2Y!1tẎ1rṪ1/3#] x̃ ,

we can putX45] t or X45]x within the equivalence relation.
ProvidedX45] t , it follows from ~4.3! that G5G̃(x) in ~4.1!. Next, if X45]x , then neces-

sarily G5G̃(t). Consequently, the class of Eqs.~4.1! contains two inequivalent equations:

ut5uxxx2
3
2 ux

21uxx
2 1uxG̃~x! ~4.5!

and

ut5uxxx2
3
2 ux

21uxx
2 1uxG̃~ t !, ~4.6!

which are invariant under extensions of the algebra sl~2,R!. Namely, they admit algebras
sl(2,R) % $] t% and sl(2,R) % $]x%, correspondingly. What is more, if the functionG̃5G̃(x) in ~4.5!
is arbitrary, the given algebra is maximal~in Lie sense! invariance algebra of Eq.~4.5!.

Equation~4.6! is reduced to PDE~4.5! with G̃(x)50 with the help of the change of variables,

t̃ 5t, x̃5x1E t

G̃~j! dj, u5v~ x̃, t̃ !.

Therefore, we can restrict our further considerations to Eq.~4.5!, where we need to differentiate
between the casesG̃50 andG̃Þ0.

Classifying Eq.~4.3! with G5G̃(x) reads as

~xṫ13r!G̃x12ṫG̃1xẗ13ṙ50.

Hence it follows that there are two cases providing for extension of the symmetry algebra.
Namely, the case whenG̃50, which gives rise to two additional symmetry operatorsX55t] t

1 1
3x]x and X65]x . Another case of the extension of symmetry of Eq.~4.5! is when G̃

5lx22 (lÞ0). If this is the case,~4.5! admits the additional operatorX55t] t1
1
3x]x .

Now we turn to the equation
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ut5uxxx22x22ux2 1
9 x21ux

21x23G~v1 ,v2!,

~4.7!
v153u2xux , v256u2x2uxx .

First of all, we ensure that the class of PDEs~4.7! does not contain equations whose invari-
ance algebras possess semi-simple subalgebras of the dimensionn.3.

It is common knowledge20 that there are four types of abstract simple Lie algebras over the
field of real numbers:

• The typeAn21 (n.1) contains four real forms of the algebras sl(n,C): su(n), sl(n,R),
su(p,q) (p1q5n,p>q),su* (2n).

• The type Bn (n.1) contains two real forms of the algebra so(2n11,C): so(2n11),
so(p,q) (p1q52n11,p.q).

• The type Cn (n>1) contains three real forms of the algebra sp(n,C): sp(n), sp(n,R),
sp(p,q) (p1q5n,p>q).

• The typeDn (n.1) contains three real forms of the algebra so(2n,C): so(2n),so(p,q) (p
1q52n, p>q),so* (2n).

The lowest order classical semi-simple Lie algebras are three-dimensional. The next admis-
sible dimension for classical semi-simple Lie algebras is six. There are four nonisomorphic semi-
simple Lie algebras: so~4!, so~3,1!, so~2,2! and so* (4). As so(4)5so(3)% so(3), so* (4)
;so(3)% sl(2,R), and the algebra so~3,1! contains so~3! as a subalgebra, the algebra so~2,2! is the
only possible six-dimensional semi-simple algebra that might be invariance algebra of Eq.~4.7!.
Taking into account that so(2,2);sl(2,R) % sl(2,R) and choosing so(2,2)5$X1 ,X2 ,X3%
% $X̃1 ,X̃2 ,X̃3%, whereX1 ,X2 ,X3 form a basis of sl~2,R!, which is invariance algebra of~4.7! and
X̃1 ,X̃2 ,X̃3 are of the form~2.4!, we require the commutation relations

@Xi ,X̃j #50 ~ i , j 51,2,3!

to hold, whence

X̃j5l j]u ~ j 51,2,3!,

wherel j are arbitrary real constants. Hence we conclude that the class of operators~2.4! does not
contain a realization of so~2,2!.

The same result holds for eight-dimensional semi-simple Lie algebras sl~3,R!, su~3!, su~2,1!.
As su* (4);so(5,1) and the algebra so~5,1! contains so~4! as a subalgebra, the class of

operators~2.4! contains no realizations ofAn andDn (n.1) type algebras that are inequivalent to
the algebra sl~2,R!.

The same assertion holds true forBn (n.1) andCn (n>1) type Lie algebras. Indeed,B2

type algebras contain so~4! and so~3,1! and what is more,

sp~2,R!;so~3,2!.so~3,1!, sp~1,1!;so~4,1!.so~4!, sp~2!;so~5!.so~4!.

What remains to be done is to consider the exceptional semi-simple Lie algebras that belong
to one of the following five types:20 G1 ,F4 ,E6 ,E7 ,E8 . We consider in some detailG1 type Lie
algebras.

The typeG1 contains one compact real formg2 and one noncompact real formg28 . As
g2ùg28;su(2)% su(2);so(4) and the algebra so~4! has no realization within the class of opera-
tors ~2.4!, the latter contains no realizations of typeG1 .

Summing up, we conclude that class of PDEs~4.7! contains no equations, whose invariance
algebras are isomorphic ton-dimensional semi-simple Lie algebras~or contains the latter as
subalgebras! undern.3.
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Consider now Eqs.~4.7!, whose invariance algebras has nontrivial Levi factor. First, we turn
to equations which are invariant with respect to the Lie algebras that can be decomposed into a
direct sum of semi-simple Levi factor and radical, sl(2,R) % L, L being a radical. To this end, we
will study possible extensions of the algebra sl~2,R! by operators~2.4!.

Let sl(2,R)5$X1 ,X2 ,X3%, whereX1 ,X2 ,X3 , form a basis of the invariance algebra of Eq.
~4.7!. Then it follows from

@Xi ,Y#50 ~ i 51,2,3!,

Y being an operator of the form~2.4!, thatY5l]u , l5const. HenceL is the one-dimensional Lie
algebra spanned by the operator]u . For Eq.~4.7! to admit the algebra sl(2,R) % $]u%, the equation

Gv1
12Gv2

50,

has to be satisfied, whence

G5G̃~s!, s5x2uxx22xux .

Consequently, an equation of the form~4.7! admits invariance algebra which is the direct sum of
semi-simple Levi factor and radical iff it reads as

ut5uxxx22x22ux2 1
9 x21ux

21x23G̃~s!, s5x2uxx22xux . ~4.8!

As Eq. ~4.8! contains an arbitrary function of one variable, we can perform direct group
classification by a straightforward application of the Lie infinitesimal algorithm. The determining
equation for coefficients of the infinitesimal symmetry operator are of the form

~a! fuuu50;

~b! 3fuuG̃s118fuu19xfxuu1
1
3 ~x21r2fu!50;

~c! 6x21~fxu1x22r!G̃s19x22sfuu13r t1xt tt16x21~3fxu12x22r!

19fxxu2
2
3 x21fx50;

~d! @23x23~fu12x21r!s16x22fx23x21fxx#G̃s13x23~fu13x21r!G̃29x22fxus

13@f t2fxxx12x22fx#50.

It follows from ~a! that

f5 f ~x,t !u21g~x,t !u1h~x,t !, ~4.9!

where f ,g,h are arbitrary smooth functions. Inserting~4.9! into ~b! yields

6 f G̃s136f 118x fx1 1
3 ~x21r2g!2 2

3 f u50.

Taking into account that functionsf ,r,g,G̃ do not depend onu, we get

f 50, g5x21r.

So that equation~c! reduces to

3r t1xt tt112x23r1 2
3 x23ru2 2

3 x21hx50.
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Hence it follows that

r50, h5 1
2 x3t tt1h̃~ t !.

Finally, inserting the obtained expression forw into equation~d! gives

t ttt50, h̃t50,

whence

t5C1t21C2t1C3 ,

h̃5C4 .

HereC1 ,C2 ,C3 ,C4 are arbitrary~integration! constants.
Summing up, we conclude that the algebra sl(2,R) % $]u% is the maximal invariance algebra

admitted by Eq.~4.8!. It cannot be extended by specifying the form of an arbitrary function
G̃(s),s5x2uxx22xux .

What remains to be done is classifying Eqs.~4.7!, whose invariance algebras are isomorphic
to semi-directsums of a semi-simple Levi factor and radical, i.e., whose invariance algebras have
the following structure: sl(2,R)�L. To perform this classification we utilize the classification of
these type of Lie algebras obtained by Turkowski.21

We choose sl(2,R)5$v1 ,v2 ,v3% with

v1522t] t2
2
3 x]x , v25] t , v352t2] t2

2
3 tx]x2x3]u .

According to Ref. 21, there is only one five-dimensional Lie algebra of the desired form
sl(2,R)�L with L5$e1 ,e2%, operatorse1 ,e2 satisfying the commutation relations:

@e1 ,e2#50, @v1 ,e1#5e1 , @v1 ,e2#52e2 ,

@v2 ,e1#50, @v2 ,e2#5e1 ,

@v3 ,e1#5e2 , @v3 ,e2#50.

As operatorse1 ,e2 are necessarily of the form~2.4!, we easily get that

e15uxu23/2]u , e25tuxu23/2]u .

However, checking the invariance criterion for the above realization we find that the algebra in
question cannot be invariance algebra of an equation of the form~4.7!.

According to Ref. 21, there exist three six-dimensional Lie algebras that are semi-direct sums
of semi-simple Levi factor and radical, algebraL being of the formL5$e1 ,e2 ,e3%. Nonzero
commutation relations fore1 ,e2 ,e3 read as

~1! @v1 ,e1#52e1 , @v2 ,e2#52e1 , @v3 ,e1#5e2 ,

@v1 ,e3#522e3 , @v2 ,e3#5e2 , @v3 ,e2#52e3 ;

~2! @v1 ,e1#5e1 , @v2 ,e2#5e1 , @v3 ,e1#5e2 ,

@v1 ,e2#52e2 , @e1 ,e2#5e3 ;

~3! @v1 ,e1#5e1 , @v2 ,e2#5e1 , @v3 ,e1#5e2 ,
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[v1 ,e2] 52e2 , [e1 ,e3] 5e1 , [e2 ,e3] 5e2 .

Solving the above relations we see that the corresponding realizations cannot be invariance
algebras of Eq.~4.7!.

Next, we consider seven-dimensional algebras from the Turkowski’s classification. According
to Ref. 21 there are five inequivalent algebras of the targeted dimension. Four of them contain the
above five- and six-dimensional algebras as subalgebras. So we need to consider only the fifth
algebra sl(2,R)�L, whereL5$e1 ,e2 ,e3 ,e4% and the following commutation relations hold:

@v1 ,e1#53e1 , @v2 ,e2#53e1 ,

@v3 ,e1#5e2 , @v1 ,e2#5e2 ,

@v2 ,e3#52e2 , @v3 ,e2#52e3 ,

@v1 ,e3#52e3 , @v2 ,e4#5e3 ,

@v3 ,e3#53e4 , @v1 ,e4#523e4 .

The most general form of operatorse1 ,e2 ,e3 ,e4 satisfying the above relations is as follows:

e15uxu2 9/2]u , e253tuxu2 9/2]u ,

e353t2uxu2 9/2]u , e45t3uxu2 9/2]u .

However, verifying the invariance criterion yields that this algebra cannot be the symmetry alge-
bra of Eq.~4.7!.

Thus we proved that the class of PDEs~4.7! contains no equations admitting symmetry
algebras of the dimensionn<7, which are semi-direct sums of the Levi factor and radical. It is
natural to conjecture that the same assertion holds for an arbitraryn. To prove this fact we need
to consider in full details classification of nonlinear equations~1.1!, whose invariance algebras are
solvable.

Let us sum up the above results as theorems.
Theorem 4.2:The class of PDEs (1.1) contains two inequivalent equations whose invariance

algebra are semi-simple„sl(2,R)…,

ut5uxxx2
3
2 ux

21uxx
2 1uxG~x,t !;

ut5uxxx2x23@2xux1 1
9 x2ux

22G~v1 ,v2!#,

v153u2xux , v256u2x2uxx .

The maximal invariance algebras of the above equations under arbitrary G read as

sl1~2,R!5$]u ,u]u ,2u2]u%;

sl2~2,R!5$] t ,t] t1
1
3 x]x ,2t2] t2

2
3 tx]x2x3]u%.

Theorem 4.3: Nonlinear equation (1.1) whose invariance algebra is isomorphic to a Lie
algebra having nontrivial Levi decomposition is represented by one of the following equations:

ut5uxxx2
3
2 ux

21uxx
2 1uxG̃~x!, sl1~2,R! % $] t%; ~4.10!

ut5uxxx2
3
2 ux

21uxx
2 1lx22ux , lÞ0, sl1~2,R! % $] t ,t] t1

1
3 x]x%; ~4.11!
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ut5uxxx2
3
2 ux

21uxx
2 , sl1~2,R! % $] t ,]x ,t] t1

1
3 x]x%; ~4.12!

ut5uxxx22x22ux2 1
9 x21ux

21x23G̃~s!, s5x2uxx22xux , sl2~2,R! % $]u%, ~4.13!

where G̃ is an arbitrary function of x ors. Moreover, the associated symmetry algebras are
maximal.

Note that Eq.~4.12! can be expressed in the form

ut

ux
5$u;x%, ~4.14!

where$u;x% denotes the Schwarzian derivative ofu with respect tox. It is known that a nonpoint
transformation taking this equation into the usual KdV exists.

V. CLASSIFICATION OF EQUATIONS INVARIANT UNDER LOW-DIMENSIONAL
SOLVABLE SYMMETRY ALGEBRAS

In this section we apply the strategy summarized in the Introduction to identify representative
classes of equations of the form~1.1! invariant under one-, two-, and three-dimensional solvable
symmetry algebras. In order to approach this task in a systematic manner we realize all possible
inequivalent algebras in terms of vector fields~2.4! under the action of the equivalence groupE.

A. Equations with one-dimensional symmetry algebras

We assume that for a givenF, Eq. ~1.1! is invariant under a one-parameter symmetry group,
generated by the vector field~2.4! with coefficients subject to the constraint~2.5!. We make use of
Proposition 2.3 which characterizes the canonical forms of the vector fieldX of ~2.4!. We then
substitute the coefficients of the canonical vector field into the determining equation~2.5!, which
is a first order linear homogeneous PDE forF, and solve the latter in order to construct invariant
equations.

According to Proposition 2.3 we have three types of one-dimensional symmetry algebras:

A1,1: X15] t , A1,2:X15]x , A1,3:X15]u . ~5.1!

The corresponding invariant equations will have the form

A1,1: ut5uxxx1F~x,u,ux ,uxx!, ~5.2a!

A1,2: ut5uxxx1F~ t,u,ux ,uxx!, ~5.2b!

A1,3: ut5uxxx1F~x,t,ux ,uxx!. ~5.2c!

Theorem 5.1: There are three inequivalent classes of Eqs. (1.1) invariant under one-
parameter symmetry group. Their representatives are given by (5.2).

B. Equations with two-dimensional symmetry algebras

There are two isomorphy classes of two-dimensional Lie algebras, Abelian and non-Abelian,
satisfying the commutation relations@X1 ,X2#5kX2 , k50,1. We denote them byA2,1 andA2,2.

1. Abelian

We start from each of the one-dimensional cases obtained in~5.1! and add to it vector fields
X2 of the form ~2.4! commuting withX1 . We then simplifyX2 by equivalence transformations
leaving the vector fieldX1 invariant. For further details we refer the reader to Ref. 4. The stan-
dardizedX2 and the restricted form ofF in ~5.2! are then substituted into~2.5!. Solving this
equation will further restrict the form of the functionF. The number of variables ofF reduces by
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one, three variables in this case. Thus, we find that there exist precisely four classes of two-
dimensional Abelian symmetry algebras represented by the following ones:

A2,1
1 : X15] t , X25]x , F5F~u,ux ,uxx!; ~5.3!

A2,1
2 : X15] t , X25]u , F5F~x,ux ,uxx!; ~5.4!

A2,1
3 : X15]x , X25a~ t !]x1]u , F52ȧuux1F̃~ t,ux ,uxx!; ~5.5!

A2,1
4 : X15]u , X25g~x,t !]u , gxÞconst; ~5.6!

F5~gt2gxxx!gx
21ux1F̃~x,t,v!, v5gxxux2gxuxx .

2. Non-Abelian

Imposing thatX1 reads as~5.1! and X2 is in generic form and that they satisfy@X1 ,X2#
5X2 , we find that five classes of symmetry algebras exist. Those algebras and nonlinear functions
F are represented by

A2,2
1 : X15] t , X252t] t2

x

3
]x ,

F5x23F̃~u,v1 ,v2!, v15xux , v25x2uxx ;

A2,2
2 : X1523t] t2x]x , X25]x ,

F5t21F̃~u,v1 ,v2!, v15t1/3ux , v25t2/3uxx ;

A2,2
3 : X152u]u , X25]u , F5uxF̃~x,t,v!, v5ux

21uxx ;

A2,2
4 : X15]x2u]u , X25]u ;

F5e2xF̃~ t,v1 ,v2!, v15exux , v25exuxx ;

A2,2
5 : X15] t2u]u , X25]u ,

F5uxF̃~x,v1 ,v2!, v15etux , v25etuxx .

Theorem 5.2:There exist nine classes of two-dimensional symmetry algebras admitted by Eq.
(1.1). They are represented by the algebras A2,1

1 ,...,A2,1
4 and A2,2

1 ,...,A2,2
5 .

C. Equations with three-dimensional symmetry algebras

1. Decomposable algebras

A Lie algebra is decomposable if it can be written as a direct sum of two or more Lie algebras
L5L1% L2 with @L1 ,L2#50. There are two types of 3-dimensional decomposable Lie algebras:
A3,153A15A1% A2% A3 with @Xi ,Xj #50 for i , j 51,2,3 and A3,25A2,2% A1 with @X1 ,X2#
5X2 , @X1 ,X3#50, @X2 ,X3#50.

We start from the two-dimensional algebras in~5.3! and add a further linearly independent
vector fieldX3 in the form ~2.4! and impose the above commutation relations. We simplifyX3

using equivalence transformations leaving the space$X1 ,X2% invariant. We present the following
result without proof. We emphasize that there exist several realizations that do not produce invari-
ant equations of the form~1.1!:
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A3,1
1 : X15] t , X25]x , X35]u , F5F~ux ,uxx!;

A3,1
2 : X15] t , X25]u , X35 f ~x!]u ,

F52
f-
f 8

ux1F̃~x,v!, v5 f 9ux2 f 8uxx ;

A3,2
1 : X152t] t2

x

3
]x , X25] t , X35]u ,

F5x23F̃~v1 ,v2!, v15xux , v25x2uxx ;

A3,2
2 : X1523t] t2x]x , X25]x , X35]u ,

F5t21F̃~v1 ,v2!, v15tux
3 , v25t2uxx

3 ;

A3,2
3 : X1523t] t2x]x , X25]x , X35t1/3]x1]u ,

F52 1
3 t22/3uux1t21F̃~v1 ,v2!, v15tux

3 , v25t2uxx
3 ;

A3,2
4 : X15]x2u]u , X25]u , X35e2xf ~ t !]u , f Þ0,

F52S 11
ḟ

f
D ux1e2xF̃~ t,v!, v5ex~ux1uxx!;

A3,2
5 : X15]x2u]u , X25]u , X35a~ t !]x , aÞ0,

F52
ȧ

a
ux ln~exux!1uxF̃~ t,v!, v5ux

21uxx ;

A3,2
6 : X15]x2u]u , X25]u , X35] t ,

F5e2xF̃~v1 ,v2!, v15exux , v25exuxx ;

A3,2
7 : X15] t2u]u , X25]u , X35e2t f ~x!]u , f 8Þ0,

F52
f-1 f

f 8
ux1e2tF̃~x,v!, v5et~ f 9ux2 f 8uxx!;

A3,2
8 : X15] t2u]u , X25]u , X35]x ,

F5e2tF̃~v1 ,v2!, v15etux , v25etuxx ;

A3,2
9 : X15] t2u]u , X25]u , X35] t1l]x , lÞ0,

F5exp~x/t2l!F̃~v1 ,v2!,

v15exp~ t2x/l!ux , v25exp~ t2x/l!uxx ;

A3,2
10 : X15] t2u]u , X25]u , X35] t ,
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F5uxF̃~x,v!, v5ux
21uxx .

2. Nondecomposable algebras

The isomorphy classes of these algebras are represented by the following list:

A3,3: @X2 ,X3#5X1 , @X1 ,X2#5@X1 ,X3#50;

A3,4: @X1 ,X3#5X1 , @X2 ,X3#5X11X2 ;

A3,5: @X1 ,X3#5X1 , @X2 ,X3#5X2 ;

A3,6: @X1 ,X3#5X1 , @X2 ,X3#52X2 ;

A3,7: @X1 ,X3#5X1 , @X2 ,X3#5qX2 ~0,uqu,1!;

A3,8: @X1 ,X3#52X2 , @X2 ,X3#5X1 ;

A3,9: @X1 ,X3#5qX12X2 , @X2 ,X3#5X11qX2 , q.0.

Remark:Solvable nondecomposable algebras can be written as semidirect sums of a one-
dimensional subalgebra$X3% and an Abelian ideal$X1 ,X2%. Note that the algebrasA3,6 andA3,8

are isomorphic toe~1,1!, ande~2!, respectively. The algebraA3,3 is a non-Abelian nilpotent algebra
~Heisenberg algebra!.

The commutation relations of the algebras in question can be represented in the matrix nota-
tion

S @X1 ,X3#

@X2 ,X3# D 5JS X1

X2
D , @X1 ,X2#50,

whereJ is a 232 real matrix that can be taken in Jordan canonical form.
A solvable three-dimensional Lie algebra always possesses a two-dimensional Abelian ideal.

We assume that the ideal$X1 ,X2% is already of the form~5.3! and add a third elementX3 in the
form ~2.4! acting on the ideal. Imposing commutation relations and simplifying with equivalence
transformations~2.6! ~we consider each canonical form of the matrix individually! yield the
realizations of solvable Lie algebras together with the corresponding invariant equations.

There exist nine classes of realizations of nilpotent algebras which give rise to invariant
equations:

A3,3: J5S 0 0

1 0D . ~5.7!

A3,3
1 : X15] t , X25]u , X35t]u1l]x , l.0,

F5
x

l
1F̃~ux ,uxx!;

A3,3
2 : X15]u , X25]x , X35x]u1b~ t !]x , ḃÞ0,

F52
ḃ

2
ux

21F̃~ t,uxx!;

A3,3
3 : X15]u , X25]x , X35x]u1l] t , lÞ0,
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F5F̃~ t23lux ,uxx!;

A3,3
4 : X15]u13lt1/2]x , X25]x ,

X356lt3/2] t13lt1/2x]x1~x23lt1/2u!]u , lÞ0,

F52 3
2 lt21/2uux1t22F̃~v1 ,v2!, v15tux2

1

3l
t1/2, v25t3/2uxx ;

A3,3
5 : X15]x , X25] t , X35t]x1]u ,

F52uux1F̃~ux ,uxx!;

A3,3
6 : X15]u , X25~ f ~x!2t !]u , X35] t , ~ f 8Þ0!,

F52~11 f-!~ f 8!21ux1F̃~x,v!, v5 f 9ux2 f 8uxx ;

A3,3
7 : X15]u , X25~ t2x!]u , X35]x ,

F5ux1F̃~ t,uxx!;

A3,3
8 : X15]u , X252x]u , X35]x ,

F52F̃~ t,uxx!;

A3,3
9 : X152x21]u , X25]u , X35]x2x21u]u ,

F53x21uxx1x21F̃~ t,v!, v52ux1xuxx ;

A3,4: J5S 1 0

1 1D ; ~5.8!

A3,4
1 : X15]u , X25] t , X35t] t1

x

3
]x1~u1t !]u ,

F53 lnx1F̃~v1 ,v2!, v15x22ux , v25x21uxx ;

A3,4
2 : X15]x , X25]u2 1

3 ln t]x , X353t] t1x]x1u]u ,

F5
1

3t
uux1t22/3F̃~ux ,v!, v5t1/3uxx ;

A3,4
3 : X15]u , X25]x , X353t] t1x]x1~u1x!]u ,

F5t22/3F̃~v1 ,v2!, v15ux2 1
3 ln t, v25t1/3uxx ;

A3,4
4 : X15a~ t !]x1]u , X25]x ,

X35~a8!21a2] t1~11a!x]x1@x1~12a!u#]u , a8Þ0,

a2a91~31a!~a8!250,
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F52a8uux1a24 exp~2a21!F̃~v1 ,v2!,

v15a3 exp~2a21!uxx , v25a2ux2a;

A3,4
5 : X15]u , X25„2t1 f ~x!…]u , X35] t1u]u , f 8Þ0,

F52~11 f-!~ f 8!21ux1etF̃~x,v!, v5e2t~ f 9ux2 f 8uxx!;

A3,4
6 : X15]u , X252x]u , X35]x1u]u ,

F5exF̃~ t,v!, v5e2xuxx ;

A3,5: J5S 1 0

0 1D ; ~5.9!

A3,5
1 : X15] t , X25]u , X35t] t1

x

3
]x1u]u ,

F5F̃~v1 ,v2!, v15x22ux , v25x21uxx ;

A3,5
2 : X15]x , X25]u , X353t] t1x]x1u]u ,

F5t22/3F̃~ux ,t1/3uxx!;

A3,5
3 : X15]u , X25 f ~x!]u , X35] t1u]u , f 8Þ0,

F52 f-~ f 8!21ux1etF̃~x,v!,

v5e2t@ f 9ux2 f 8uxx#;

A3,6: J5S 1 0

0 21D ; ~5.10!

A3,6
1 : X15] t , X25]u , X35t] t1

x

3
]x2u]u ,

F5x26F̃~x4ux ,x5uxx!;

A3,6
2 : X15]x , X25]u1lt2/3]x , X353t] t1x]x2u]u ,

F52
2l

3
t21/3uux1t24/3F̃~ t2/3ux ,tuxx!;

A3,6
3 : X15]u , X25e2t f ~x!]u , X35] t1u]u , f 8Þ0,

F5~2 f 2 f-!~ f 8!21ux1etF̃~x,v!, v5e2t~ f 9ux2 f 8uxx!;

A3,6
4 : X15]u , X25e2 f 21xh~ t !]u , X35 f ~ t !]x1u]u , f hÞ0,

F52@4 f 222 1
2 hh21f 1 f 21f 8x#ux1ef 21xF̃~ t,v!,
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v5e2 f 21x~2ux2 f uxx!;

A3,7: J5S 1 0

0 qD , 0,uqu,1; ~5.11!

A3,7
1 : X15] t , X25]x , X35t] t1

x

3
]x , q51/3,

F5ux
3F̃~u,ux

22uxx!;

A3,7
2 : X15] t , X25]x , X35t] t1

x

3
]x1u]u , q51/3,

F5F̃~v1 ,v2!, v15u22/3ux , v25u21/3uxx ;

A3,7
3 : X15] t , X25]u , X35t] t1

x

3
]x1qu]u , qÞ0,61,

F5x3(q21)F̃~v1 ,v2!, v15x123qux , v25x223quxx ;

A3,7
4 : X15]x , X25]u1lt (12q)/3]x , X353t] t1x]x1qu]u ,

qÞ0,61, lPR,

F5
l

3
~q21!t2(q12)/3uux1F̃~v1 ,v2!,

v15t2(q21)/3ux , v25t2(q22)/3uxx ;

A3,7
5 : X15]u , X25e(12q)t f ~x!]u , X35] t1u]u , f 8Þ0, qÞ0,61,

F5@~12q! f 2 f-#~ f 8!21ux1etF̃~x,v!,

v5e2t@ f 9ux2 f 8uxx#;

A3,7
6 : X15]u , X25e(12q) f 21(t)xh~ t !]u ,

X35 f ~ t !]x1u]u , f •hÞ0, qÞ0, 61,

F52@~12q!2f 21 f 21f 8x2~12q!21f h21h8#ux1ef 21xF̃~ t,v!,

v5e2 f 21x@~12q!ux2 f uxx#.

Remark:The algebraA3,7 has another realization,

$X15] t ,X25]x ,X35t] t1
1
3 ~x1b0t !]x1u]u%,

that is isomorphic toA3,7
2 under the change of basis

X1→X11
b0

2
X2 , X2→X2 , X3→X3 .
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Note that its equivalence to the latter is established by the change of variables,

t̃ 5t, x̃5x2 1
2 b0t, ũ5u.

That is why we have excluded it from the above list:

A3,8: J5S 1 21

1 0 D ; ~5.12!

A3,8
1 : X15]x , X25a~ t !]x1]u ,

X352
1

ȧ
~11a2!] t2ax]x1~au2x!]u ,

F52ȧuux1~11a2!22F̃~v1 ,v2!,

v15~11a2!ux2a, v25~11a2!3/2uxx ,

wherea(t), ȧÞ0 satisfies

~11a2!ä1aȧ250; ~5.13!

A3,9: J5S q 21

1 q D , q.0; ~5.14!

A3,9
1 : X15]x , X25a~ t !]x1]u ,

X352
1

ȧ
~11a2!] t1~q2a!x]x1@~q1a!u2x#]u ,

F52ȧuux1exp$2q arctana%~11a2!22F̃~v1 ,v2!,

v15~11a2!ux2a, v25~11a2!3/2exp$2q arctana%uxx ,

wherea(t), ȧÞ0 satisfies

~11a2!ä1~a23q!ȧ250. ~5.15!

Remark:a(t) can be obtained implicitly by quadratures as

Ea

exp~23q arctanj!~11j2!1/2dj5c1t1c0 .

Theorem 5.3:There are thirty-eight inequivalent three-dimensional solvable symmetry alge-
bras admitted by Eq. (1.1).

VI. EQUATIONS WITH FOUR-DIMENSIONAL SOLVABLE ALGEBRAS

For dimL54, we proceed exactly in the same manner as above. We start from the already
standardized three-dimensional algebras, and add a further linearly independent elementX4 , and
require that they form a Lie algebra.
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Downloaded 17 May 2004 to 160.75.21.17. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



A. Decomposable algebras

The list of decomposable four-dimensional Lie algebras consists of the twelve algebras:
4A15A3,1% A1 , A2,2% 2A15A3,2% A1 , 2A2,25A2,2% A2,2, A3,i % A1 ( i 53,4,...,9). We preserve
the notations of the previous section.

There are four inequivalent realizations of the algebra 2A2,2 which are invariance algebras of
PDEs of the form~1.1!. We give these realizations together with the corresponding invariant
equations:

2A2,2
1 : X152t] t2

x

3
]x , X25] t , X35]u , X45eu]u ,

F5ux
323uxuxx1x22uxF̃~v!, v5x~ux

21uxx2ux!;

2A2,2
2 : X1523t] t2x]x , X25]x , X352u]u1lt1/3]x , X45]u ,

F5
l

3t
v1 lnuv1u1

v1

t
F̃~v!, v15t1/3ux , v5t1/3ux

21uxx ;

2A2,2
3 : X15]x2u]u , X25]u , X35

1

l
] t , X45exp~lt !]x ,

F52lxux2lux lnuuxu1uxF̃~v!, v5ux
21uxx ;

2A2,2
4 : X15]x2u]u , X25]u , X35l] t , X45el21t2x]u , lÞ0,

F5~11l21!ux1e2xF̃~v!, v5ex~ux1uxx!;

2A2,2
5 : X15] t2u]u , X25]u , X35b~]x1g] t!2] t ,

X45egx2t]u , bgÞ0,

F5e(g2b21)x2tF̃~v!2g21~11g3!ux ,

v5et1(b212g)x~gux2uxx!.

Equations invariant under the algebra A2,2% 2A15A3.2% A1 :

A3,2
6

% $X4%: X15]x2u]u , X25]u , X35] t , X45e2x]u ,

F52ux1e2xF̃~v!, v5ex~ux1uxx!;

A3,2
6

% $X4%: X15]x2u]u , X25]u , X35] t , X45]x ,

F5uxF̃~v!, v5uxxux
21 ;

A3,2
7 ~ f 5elx, lÞ0! % $X4%: X15] t2u]u , X25]u ,

X35elx2t]u , X45]x1l] t , lÞ0,

F52~l311!l21ux1e2t1lxF̃~v!,

v5et2lx~lux2uxx!;
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A3.3
1

% $X4%: X15] t , X25]u , X35t]u1l]x ,

X45] t1l21x]u1b]x , l.0, bPR,

F5l21x2bux1F̃~uxx!;

A3,5
3

% $X4%: X15]u , X25]x , X35x]u1l] t , X45] t1b~]x1l21t]u!,

lÞ0, bPR, F5b~l21t23ux!1F̃~uxx!;

A3,5
6 ~ f 5l21x, lÞ0! % $X4%: X15]u , X25~l21x2t !]u ,

X35] t , X45] t1l]x , lÞ0,

F52ux1F̃~uxx!;

A3,5
9

% $X4%: X152x21]u , X25]u , X35]x2x21u]u , X45] t ,

F53x21uxx1x21F̃~v!, v52ux1xuxx ;

A3,4
1

% $X4%: X15]u , X25] t ,

X35t] t1
1
3 x]x1~u1t !]u , X45x3]u ,

F53 lnx22x22ux1F̃~v!, v5x21uxx22x22ux ;

A3,4
5 ~ f 5lx, lÞ0! % $X4%: X15]u ,

X25~2t1lx!]u , X35] t1u]u ,

X45]x1l] t , lÞ0,

F52l21ux1et2lxF̃~v!, v5e2t1lxuxx ;

A3,4
6

% $X4%: X15]u , X252x]u ,

X35]x1u]u , X45] t ,

F5exF̃~v!, v5e2xuxx ;

A3,5
1

% $X4%: X15] t , X25]u ,

X35t] t1
x

3
]x1u]u , X45x3]u ,

F522x22ux1F̃~v!, v5x21uxx22x22ux ;

A3,6
1

% $X4%: X15] t , X25]u ,

X35t] t1
x

3
]x2u]u , X45x23]u ,
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F5220x22ux1x26F̃~v!, v54x4ux2x5uxx ,

A3,6
3 ~ f 5e22b21x, bÞ0! % $X4%: X15]u , X25e2(t2b21x)]u ,

X35] t1u]u , X45] t1b]x , bÞ0,

F52~b14b22!ux1et2b21xF̃~v!,

v5e2t1b21x~2ux1buxx!;

A3,6
4 ~ f 5h51! % $X4%: X15]u , X25e2x]u ,

X35]x1u]u , X45] t ,

F524ux1exF̃~v!, v5e2x~2ux2uxx!;

A3,7
1

% $X4%: X15] t , X25]x ,

X35t] t1
1
3 x]x , X45u]u ,

F5u22ux
3F̃~v!, v5ux

22uuxx ;

A3,7
3

% $X4%: X15] t , X25]u ,

X35t] t1
x

3
]x1qu]u , X45x3q]u ,

qÞ0, 61,

F52~3q21!~3q22!x22ux1x3(q21)F̃~v!,

v5x123q@~3q21!ux2xuxx#;

A3,7
5 ~ f 5e21(12q)b21x,bÞ0! % $X4%: X15]u , X25e(12q)(t2b21x)]u , X35] t1u]u ,

X45] t1b]x , bÞ0, qÞ0, 61,

F52@b1~12q!2b22#ux1et2b21xF̃~v!,

v5e2t1b21x@~12q!ux1buxx#;

A3,7
6 ~ f 5h51! % $X4%: X15]u , X25e(12q)x]u ,

X35]x1u]u , X45] t , qÞ0, 61,

F52~12q!2ux1exF̃~v!,

v5e2x@~12q!ux2uxx#.

Remark:The A3,7
1

% A1 invariant equation is
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ut5uxxx1
ux

3

u2 F̃~v!, v5
uuxx

ux
2 . ~6.1!

If, in particular, F̃5cv2, c5const, namely,

F5cux
21uxx

2 , ~6.2!

the symmetry algebra is further extended byX55]u to a five-dimensional one.

B. Nondecomposable algebras

The set of inequivalent abstract four-dimensional Lie algebras contains ten real nondecom-
posable Lie algebrasA4,i5$X1 ,X2 ,X3 ,X4% ( i 51,...,10).4,5 They are all solvable and therefore
can be written as semidirect sums of a one-dimensional Lie algebra$X4% and a three-dimensional
ideal N5$X1 ,X2 ,X3%. For A4,i ( i 51,...,6), N is Abelian, for A4,7,A4,8,A4,9 it is of type A3,3

~nilpotent!, and forA4,10 it is of the typeA3,5. The nonzero commutation relations read as

A4,1: @X2 ,X4#5X1 , @X3 ,X4#5X2 ;

A4,2: @X1 ,X4#5qX1 , @X2 ,X4#5X2 ,

@X3 ,X4#5X21X3 , qÞ0;

A4,3: @X1 ,X4#5X1 , @X3 ,X4#5X2 ;

A4,4: @X1 ,X4#5X1 , @X2 ,X4#5X11X2 ,

@X3 ,X4#5X21X3 ;

A4,5: @X1 ,X4#5X1 , @X2 ,X4#5qX2 ,

@X3 ,X4#5pX3 , 21<p<q<1, pqÞ0;

A4,6: @X1 ,X4#5qX1 , @X2 ,X4#5pX22X3 ,

@X3 ,X4#5X21pX3 , qÞ0, p>0;

A4,7: @X2 ,X3#5X1 , @X1 ,X4#52X1 ,

@X2 ,X4#5X2 , @X3 ,X4#5X21X3 ;

A4,8: @X2 ,X3#5X1 , @X1 ,X4#5~11q!X1 ,

@X2 ,X4#5X2 , @X3 ,X4#5qX3 , uqu<1;

A4,9: @X2 ,X3#5X1 , @X1 ,X4#52qX1 ,

@X2 ,X4#5qX22X3 , @X3 ,X4#5X21qX3 , q>0;

A4,10: @X1 ,X3#5X1 , @X2 ,X3#5X2 ,

@X1 ,X4#52X2 , @X2 ,X4#5X1 .

In order to obtain realizations of solvable four-dimensional symmetry algebras of PDEs that
belong to the class~1.1!, we addX4 in the generic form~2.4! to the already constructed three-
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dimensional symmetry algebras and impose the above commutation relations. Once the algebra is
found we insertX4 into Eq.~2.5! and solve it for the functionF. The form ofF which is invariant
under a three-dimensional algebra is further restricted:

A4,1
1 : X15]u , X25]x , X35] t , X45t]x1x]u ,

F52 1
2 ux

21F̃~uxx!;

A4,1
2 : X15]u , X25x]u , X35] t , X45]x1tx]u ,

F5 1
2 x21F̃~uxx!;

A4,2
1 : X15] t , X25]u , X35]x , X453t] t1x]x1~x1u!]u ,

F5uxx
2 F̃~euxuxx!;

A4,2
2 : X15]x , X25]u , X35] t , X45t] t1

x

3
]x1~ t1u!]u ,

F5
3

2
lnuuxu1F̃~v!, v5

uxx
2

ux
;

A4,2
3 : X15] t , X25]u , X3523q21 ln x]u ,

X45qt] t1
1
3 qx]x1u]u , qÞ0,

F522x22ux1x3(q2121)F̃~v!, v5x123q21
ux1x223q21

uxx ;

A4,2
4 : X15x3(12q)]u , X25]u , X35] t ,

X45t] t1
1
3 x]x1~u1t !]u , qÞ0,1,

F52~223q!~123q!x22ux13 lnx1F̃~v!, v5~223q!x22ux2x21uxx ;

A4,3
1 : X15]u , X25]x , X35] t , X45t]x1u]u ,

F52ux lnuuxu1uxF̃S uxx

ux
D ;

A4,3
2 : X15] t , X25]u , X3523 lnx]u ,

X45t] t1
1
3 x]x ,

F522x22ux1x23F̃~v!, v5xux1x2uxx ;

A4,3
3 : X15]u , X25ex]u , X35] t ,

X45]x1~u1tex!]u ;

F52ux1xex1exF̃~v!, v5e2x~ux2uxx!;
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A4,4
1 : X15]u , X2523 lnx]u , X35] t ,

X45t] t1
1
3 x]x1~u23t ln x!]u ;

A4,5
1 : X15] t , X25]x , X35]u , X45t] t1

x

3
]x1ku]u , kÞ0,

1

3
,

F5ux
3(12k)/(123k)F̃~v!, v5ux

(3k22)/(123k)uxx ;

A4,5
2 : X15] t , X25]x , X35]u ,

X45t] t1
x

3
]x1

u

3
]u ,

F5uxx
2 F̃~uxx!;

A4,5
3 : X15] t , X25u, X35x3(q2p)]u ,

X45t] t1
1
3 x]x1qu]u , qÞp, q•pÞ0,

F52@3~q2p!21#@3~q2p!22#x22ux1x3(q21)F̃~v!,

v5@3~q2p!21#x123qux2x223quxx ;

A4,7
1 : X15]u , X25]x , X35x]u2 1

3 ln t]x , X453t] t1x]x12u]u ,

F5
1

6t
ux

21t21/3F̃~uxx!;

A4,7
2 : X15]u , X25x]u1b]x , X352]x ,

X452b2~b8!21] t1~12b!x]x1~2u2 1
2 x2!]u , b5b~ t !, b8Þ0,

b2b91~b23!~b8!250,

F52 1
2 b8ux

21b23e2b21
F̃~v!, v5b2uxx2b;

A4,7
3 : X15]u , X25~lx32t !]u , X35] t ,

X45t] t1
1
3 x]x1~2u2 1

2 t21ltx3!]u , lÞ0,

F52 1
3 l21~116l!x22ux13lx3 ln x1x3F̃~v!, v52x25ux2x24uxx ;

A4,7
4 : X15]u , X25~ t2x!]u , X35]x ,

X453t] t1~x12t !]x1S xt2
x2

2
12uD ]u ,

F52ux1t21/3F̃~v!1
t

4
, v5uxx1

1

3
ln t;
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A4,7
5 : X15]u , X252x]u , X35]x ,

X453t] t1x]x1S 2u2
x2

2 D ]u ,

F5t21/3F̃~v!, v5uxx1
1
3 ln t;

A4,7
6 : X152x21]u , X25]u , X35]x2x21u]u ,

X453t] t1x]x1~u1 1
2 x!]u ,

F53x21uxx1x21t2 1/3F̃~v!, v52ux1xuxx2
1
3 ln t;

A4,8
1 : X15]x , X25] t , X35t]x1]u , X45t] t1

x

3
]x2

2

3
u]u ,

F52uux1ux
5/3F̃~ux

24/3uxx!;

A4,8
2 : X15]u , X25] t , X35t]u1l]x , X45t] t1

x

3
]x1

4

3
u]u ,

F5
x

l
1ux

1/3F̃~v!, v5ux
22/3uxx , l.0;

A4,8
3 : X15]u , X25]x , X35x]u1lt (12q)/3]x ,

X453t] t1x]x1~11q!u]u , qPR,

F5
l~q21!

6
t2(21q)/3ux

21t (q22)/3F̃~v!, v5t (12q)/3uxx , lÞ0, uquÞ1;

A4,8
4 : X15]u , X25]x , X35x]u1l] t ,

X453t] t1x]x14u]u , lÞ0,

F5~ t23lux!
1/3F̃~v!, v5uxx

3 ~ t23lux!
2;

A4,8
5 : X15]u , X25~lx32t !]u , X35] t ,

X45qt] t1
1
3 qx]x1~11q!u]u , l•qÞ0,

F52 1
3 l21~116l!x22ux1x3q21

F̃~v!, v52x2(213q21)ux2x2(113q21)uxx ;

A4,8
6 : X15]u , X25~ t2x!]u , X35]x ,

X453qt] t1q~x12t !]x1~11q!u]u ,

F52ux1t ~1/3!(122q)q21
F̃~v!, v5t ~1/3!(q21)q21

uxx ;

A4,8
7 : X152x21]u , X25]u , X35]x2x21u]u ,

2307J. Math. Phys., Vol. 45, No. 6, June 2004 KdV-type nonlinear evolution equations

Downloaded 17 May 2004 to 160.75.21.17. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



X453qt1qx]x1u]u , qÞ0,

F53x21uxx1x21t ~1/3!(q21)q21
F̃~v!, v5t ~1/3!(q21)q21

~2ux1xuxx!;

A4,8
8 : X15]u , X252x]u , X35x]x , X453qt] t1qx]x1~11q!u]u ,

F5t ~1/3!(122q)q21
F̃~v!, v5t ~1/3!(q21)q21

uxx .

Remarks:

• There exists a realization ofA4,6:

A4,6
1 : X15] t , X25tanc]u , X35]u ,

X452t] t1
2
3 x]x1@p1tanc#u]u ,

c5 3
2 ln x, pPR.

However there are no equations that can be invariant under this algebra.

• The algebraA4,8
1 is isomorphic to the KdV algebra which is the semidirect sum of the

nilradical ~maximal nilpotent ideal! h(2)5$X1 ,X2 ,X3% and the dilation D5$X4%:

A4,9
1 : X15]u , X25]x , X35a~ t !]x1x]u ,

X452
~11a2!

ȧ
] t1~q2a!x]x1S 2qu2

x2

2 D ]u , qPR,

F52 1
2 ȧux

21~11a2!23/2exp~q arctana!F̃~v!, v5~11a2!uxx2a,

~11a2!ä1~a23q!ȧ250.

The functiona(t), ȧÞ0 is a solution of the ordinary differential equation~5.15!:

A4,10
1 : X15]u , X252tanx]u , X35] t1u]u ,

X45b] t1]x1u tanx]u , bPR,

F522ux23 tanxuxx1et2bx secxF̃~v!,

v5ebx2t~cosxuxx22 sinxux!.

We sum up the above results as a theorem.
Theorem 6.1:There exist fifty-two inequivalent four-dimensional symmetry algebras admitted

by Eq. (1.1). The explicit forms of those algebras as well as the associated invariant equations are
given above.

VII. DISCUSSION AND CONCLUSIONS

In this paper we provide a symmetry classification of the KdV type equations involving an
arbitrary function of five arguments. We find that the equivalence classes of invariant equations
involve an arbitrary function of four, three, two variables and one variable as soon as the sym-
metry algebra is one-, two-, three- and four-dimensional, respectively. In particular, we studied
symmetries of the most general third order linear evolution equation. What came out from this, to
our surprise, is that the symmetry group allowed is four-dimensional at most, while there are

2308 J. Math. Phys., Vol. 45, No. 6, June 2004 Güngör, Lahno, and Zhdanov
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nonlinear equations with symmetry algebras greater than four. This result is in contrast to the
second-order evolution equations. It is exactly the linear heat equation that allows for the maximal
symmetry algebra.

To complete the classification list, it only remains to obtain the inequivalent equations invari-
ant under solvable algebras of the dimension dimL>5. But this would require to going through a
large number of isomorphism classes. To give an idea of the complexity of this task let us recall
that there are sixty-six classes of nonisomorphic real, solvable Lie algebras of dimension five. For
dimension six, there exist ninety-nine classes of them with a nilpotent element. We plan to devote
a separate article to study equations admitting higher-dimensional symmetry algebras.

WheneverF is an arbitrary function of its arguments, the symmetry algebras given in the
paper are maximal. In particular, if we impose the requirement that functionF is be independent
of uxx then we find thatf5R(t)u1S(x,t) in ~2.4!. In this case, invariance under four-
dimensional algebras will forceF to depend on an arbitrary constant rather than on an arbitrary
function. Then, they may admit symmetry groups of the dimension higher than four. We have
analyzed this restricted class of equations and obtained that the only equation whose symmetry
algebra is higher than four is the one corresponding to the realizationA4,1

1 for F̃5const. On the
other hand, for the specific choices ofF̃ involving one variable, the equations with four-
dimensional symmetry algebras may be invariant under larger symmetry groups. For instance, the
particular case of the equation invariant underA4,1

1 obtained by settingF̃5cuxx
4/3, c5const admits

an additional symmetry group generated by the dilation operatorX553t] t1x]x2u]u .
We only presented representative lists of equivalence classes of invariant equations. All other

invariant equations can be recovered from these lists by applying the point transformations~2.6!.
In other words, an equation in the class~1.1! will have a symmetry group with dimension satis-
fying dimL<6 if and only if it can be transformed to one in the~canonical! equations from the
list.

As we mentioned, our classification is performed within point transformations of coordinates.
Two equations are equivalent if one can be obtained from the other by a change of variables. On
the other hand, consider a special case of~6.2! for c523/4,24

ut5uxxx2
3

4

uxx
2

ux
,

which additionally allows a symmetry group generated by$]u%. Though this equation is equiva-
lent to the third-order linear equationv t5vxxx under the~no-point! transformationv5Aux, we
treat them as inequivalent.

To give a reader an insight into possible applications of the results of this article, we consider
a subclass of Eqs.~1.1!,

ut5uxxx1uux1 f ~ t !u, ~7.1!

which arises in several physical applications such as the propagation of waves in shallow water of
variable depth.

When f (t) is arbitrary,~7.1! admits a two-dimensional Abelian symmetry algebra generated
by

X15]x , X25j~ t !]x2 j̇~ t !]u , j5E expH E f ~ t ! dtJ dt. ~7.2!

By the change of dependent variableũ5u/ j̇, the generators are transformed to the realizationA2,1
3

with a52j. The corresponding invariant equation takes the form

ũt5ũxxx1 j̇ũũx ,
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which is a particular case of~1.2!.
For the special casef (t)5atk (aÞ0), the algebra is larger and we have the following

possibilities for the algebra to be either three- or four-dimensional.
~1! (a,k)5(a,21), aÞ21: The equation admits the three-dimensional indecomposable

solvable symmetry algebra spanned by

X15]x , X25t11a]x2~11a!ta]u , X35t] t1
x

3
]x2

2

3
u]u , ~7.3!

with nonzero commutation relations

@X1 ,X3#52
1

3
X1 , @X2 ,X3#52

3a12

3
X2 .

For a521/3, the algebra is isomorphic, up to the scaling of basis elements, toA3,5, for
21,a,2 1

3, to A3,7.
For a522/3 it is isomorphic to the decomposable solvable algebraA3,2 and a suitable basis

is

X15]x , X25t1/3]x2
1

3
t22/3]u , X35t] t1

x

3
]x2

2

3
u]u .

With the equivalence transformation

t̃ 5t, x̃5x, ũ523t2/3u,

the basis elements are transformed, up to scaling, to the realizationA3,2
3 . The transformed equation

is

ũt5ũxxx2
1
3 t22/3ũũx .

This equation belongs to the class corresponding to the realizationA3,2
3 .

We note that a member of~1.2! for f 51, g5t2 ~see Ref. 1! is equivalent, under appropriate
point transformation, to the above equation. Similarly, the particular casea52a/(11a), a
Þ0,1,2 is equivalent tof 51, g5ta of ~1.2!. In this case, the symmetry algebra is indecomposable
and solvable.

~2! (a,k)5(21,21): the spherical KdV~sKdV! equation.
In this case the equation is invariant with respect to a three-dimensional symmetry algebra.

We choose its basis to be

X15]x , X25 ln t]x2
1

t
]u , X35t] t1

x

3
]x2

2

3
u]u , ~7.4!

with nonzero commutation relations

@X3 ,X1#52 1
3 X1 , @X3 ,X2#5X12 1

3 X2 .

It is easy to see that this algebra is isomorphic toA3,4. Under the transformationũ53tu, the
generators are transformed to the realizationA3,4

2 . The sKdV equation takes the form

ũt5ũxxx1
1

3t
ũũx ,

which is a particular case of the equation invariant under the algebraA3,4
2 .
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We note that a member of~1.2! for f 51, g5e3t1 is equivalent to the case~2!, i.e. the sKdV
equation.

~3! (a,k)5(a,0): The basis of the symmetry algebra reads as

X15]x , X25eat~]x2a]u!, X35] t , ~7.5!

with nonzero commutation relation@X3 ,X2#5aX2 . The algebra is isomorphic toA3,2. With the
transformationũ5e2atu the equation is transformed to a special case of~1.2! for f 51,g5eat.

~4! (a,k)5(21/2,21): the cylindrical KdV~cKdV! equation.
In this case the symmetry algebra is four-dimensional. In a convenient basis we have

X152At]x2
1

At
]u ,

X254t3/2] t12xAt]x2S x

At
14AtuD ]u , ~7.6!

X35]x , X453t] t1x]x22u]u ,

with nonzero commutation relations

@X2 ,X3#52X1 , @X1 ,X4#52 1
2 X1 , @X2 ,X4#52 3

2 X2 , @X3 ,X4#5X3 .

We see that the symmetry algebra of the cKdV equation is isomorphic to the algebraA4,8 with
q51. The existence of such an isomorphism is a necessary, but not sufficient condition for a local
point transformation to exist, transforming the two equations into each other. Comparing these
generators with~2.10! and choosing~2.8! suitably, for example, first transforming the commuting
elements$X1 ,X3% into $] x̃ , t̃ ] x̃1] ũ% and then transforming the remaining ones with the aid of the
freedom left in equivalence transformations we arrive at

t̃ 52t21/2, x̃5t21/2x, ũ5tu1
x

2
,

which establishes the equivalence of the Lie algebra with basis~7.6! and the cKdV equation to the
KdV algebra (A4,8

1 ) and KdV equation. This connection between the KdV and cKdV equations is
well-known in the literature.19

As a further comparison of the results obtained in the article we consider

ut1uxxx1 f ~u!ux
k50, k.0, ~7.7!

which is clearly a special case of~1.1!. Group classification of this equation is given in a table~see
Table II!.22 These results can immediately be derived from those obtained in this paper either
directly or performing a change of independent or dependent variables.

Note that the equations that do not appear in the classification list can be recovered from those
by suitable point transformations.

A number of integrable KdV type equations can be reproduced by restricting the arbitrary
functions contained in invariant equations of this article. For example, the realizationA3,7

2 is
equivalent to$] t ,]x ,t] t1x/3]x2u/3]u% under the transformationu→u21/3. We have the invari-
ant function

F5u4F̃~v1 ,v2!, v15u22ux , v25u23uxx .

SettingF̃5v1 produces the modified KdV~mKdV! equation
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ut5uxxx1u2ux . ~7.8!

Since the maximal symmetry algebra of the mKdV equation is three-dimensional, it is not iso-
morphic to the KdV algebra. This implies that there is no point transformation, transforming the
mKdV equation into KdV equation. In this respect let us mention that there is the well-known
nonlocal transformation~Miura transformation!,

ũ5u26A6iux ,

taking the mKdV~7.8! into the KdV equationũt5ũxxx1ũũx . Another integrable equation which
can be obtained from our classification is23

ut5uxxx13~uxxu
213uux

2!13u4ux .

Its symmetry algebra is isomorphic toA3,7
2 . Note that this equation can be linearized by a change

of dependent variable.
Let us mention that a classification based on higher order symmetries of third order integrable

nonlinear equations of the form

ut5uxxx1F~u,ux ,uxx! ~7.9!

is given in Ref. 24. We should also note that the question of finding PDEs admitting Lie point
symmetries is different than finding integrable PDEs. In the latter case one requires the existence
of a generalized one as opposed to Lie point symmetries. For the classification of integrable PDEs
we refer the reader to Refs. 25–27.

Finally, let us point out that in a very recent work28 a class of integrable~in the sense of
existence of an infinite number of generalized symmetries! third order evolution equations of the

TABLE II. Symmetry classification of~7.7!.

N k f(u) Symmetry generators Symmetry algebra

1 arb. arb. ]t ,]x A2,1
1

2 k un
]t ,]x ,t]t1

x

3
]x1

k23

k1n21
u]u , k1nÞ1 A3,7

2

3 k eu
]t ,]x ,t]t1

x

3
]x1~k23!]u

A3,7
2

4 k 1 ]t ,]x ,t]t1
x

3
]x1

k23

3~k21!
u]u ,]u , kÞ1 A4,3

1

5 3 arb. ]t ,]x ,t]t1
x

3
]x

A3,7
1

6 3 u22
]t ,]x ,t]t1

x

3
]x ,u]u

A3,7
1

% A1

7 3 1 ]t ,]x ,t]t1
x

3
]x ,]u

A3,7
1

% A1

8 1 un1c ]t ,]x ,t]t1
x

3
]x2

2

n
u]u , nÞ0 A3,7

2

9 1 u ]t ,]x ,t]t1
x

3
]x2

2

3
u]u ,t]x1]u

A4,6
1

10 1 eu1c ]t ,]x ,t]t1
1
3 ~]x12ct!]x2

2
3 ]u

A3,7
2

11 1 1 ]t ,]x ,t]t1
1
3 ~x12t!]x ,u]u ,g~x,t!]u

gt1gxxx1gx50

Linear equation
(N56 in Table I!
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form ~7.9! for specificF admitting recursion operators have been analyzed. Among others, the
special cases corresponding toF̃53v and F̃53/223v of ~6.1! produce the following equations
with 4-dimensional symmetry algebraA3,7

1
% A1 :

ut5uxxx13u21uxuxx ,

ut5uxxx23u21uxuxx1
3
2 u22ux

3 ,

both of which were shown to admit recursion operators. This fact indicates that many equations
with relatively large symmetry groups in our classification are among the most probable candi-
dates for being integrable.

We note that the maximal symmetry algebra of the first equation of the above list is infinite-
dimensional with basis elements:

X15] t , X25]x , X35t] t1
x

3
]x1

u

2
]u ,

X~r!5r~x,t !u21]u , r t5rxxx .

The existence of an infinite-dimensional symmetry algebra suggests linearizability of the equation
by point transformations and, indeed, it is linearized by the change of dependent variable
v(x,t)5u2(x,t)/2.
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