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Group classification of a class of third-order nonlinear evolution equations gener-
alizing KdV and mKdV equations is performed. It is shown that there are two
equations admitting simple Lie algebras of dimension three. Next, we prove that
there exist only four equations invariant with respect to Lie algebras having non-
trivial Levi factors of dimension four and six. Our analysis shows that there are no
equations invariant under algebras which are semi-direct sums of Levi factor and
radical. Making use of these results we prove that there are three, nine, thirty-eight,
fifty-two inequivalent KdV-type nonlinear evolution equations admitting one-,
two-, three-, and four-dimensional solvable Lie algebras, respectively. Finally, we
perform a complete group classification of the most general linear third-order evo-
lution equation. ©2004 American Institute of Physics.
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I. INTRODUCTION
The purpose of this article is classifying equations of the form
Up = Uyyt F(X,T,U,Uy , Uyy), (1.2
which admit nontrivial Lie(point) symmetries. The standard Korteweg—de V(i€dV) equation,
Up=Uyxxt Uy,

belongs to the family of evolution equatiofik.1). Classification of the KdV equation with vari-
able coefficientgvcKdV),

u=f(X,t)uu,+g(X,t)uyyy, F-g#0, (1.2

by their symmetries is done in Ref. 1, where it is shown that the vcKdV can admit at most
four-dimensional Lie point symmetry group and those having four-dimensional symmetry group
can be transformed into the ordinary KdV equation by local point transformations. In Ref. 2, Eq.
(1.2 is investigated from the point of view of its integrability. It is shown, in particular, that
equations of the fornil.2) with a three-dimensional Lie point symmetry group have a property of
“partially integrability.”
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Our motivation is the same as for classifying vcKdV equations. We start with a rather general
class of nonlinear equations generalizidg?) for g,= 0. Note that any dependent coefficient of
Uyyx IN (1.1 can be normalized by a reparametrization of time. The main advantage of this
classification is that, if we know that the equation under study admits a nontrivial symmetry group,
then it is usually possible to apply the whole spectrum of the methods and algorithms of Lie group
analysis. This enables us to derive exact analytical solutions of equations that, under study, reveal
their integrability properties, find linearizing transformations, etc. Note that the connection be-
tween Lie point symmetries and integrability was discussed in Refs. 2, 3.

Recently, a novel generic approach to group classification of low-dimensional partial differ-
ential equation§PDES9 has been developed in Ref. 4. The full account of ideas and algorithms
applied can be found in the review paperhere the approach in question has been applied to
classify the most general second-order quasi-linear heat-conductivity equations admitting non-
trivial Lie point symmetries. Here we adopt the same approach which basically consists of three
steps. We first construct the equivalence group, namely, the most general group of point transfor-
mations that transform any equation of the fofhnl) to a(possibly different equation belonging
to the same class. Also, we find the most general element of the symmetry group together with a
determining equation fof. As a second step, we realize low-dimensional Lie algebras by vector
fields of the above form up to equivalence transformations. To this end, we use various results on
the structure of abstract Lie algebfas.A review of the classification results of nonisomorphic
finite-dimensional Lie algebras can be found in Ref. 5. In the last step, after transforming sym-
metry generators to canonical forms, we proceed to classifying equations that admit nontrivial
symmetries. We do this by inserting these generators into the symmetry condition and solving for
F.

Let us mention that similar ideas have been used by Winternitz and co-workers for the group
classification of several nonlinear partial differential equatidhs' and of discrete dynamical
systems?~1*Note also that group classification of the nonlinear wave and Safger equations
in the same spirit has been done in Refs. 15, 16.

The paper is organized as follows. In Sec. Il we present the determining equations for the
symmetries and the equivalence group. Section Il is devoted to the classification of the equations
invariant under low-dimensional symmetry groups. In Sec. IV we perform a classification of linear
equations in the clagd.l). A discussion of results and some conclusions are presented in the final
section.

II. DETERMINING EQUATIONS AND EQUIVALENCE TRANSFORMATIONS

The Lie algebra of the symmetry group of E@.1) is realized by vector fields of the form
X=7(x,t,u)d;+ &(X,t,u) dy+ p(X,t,u)d,. (2.2

In order to implement the symmetry algorithm we need to calculate the third order prolonga-
tion of the field vector field2.1),*"~°

prOX=X+¢lay + ¢ oy + ¢*ay + ¢, (2.2
where
#'=Di¢p—uD7—UDE,
¢*=Dyxp—UDy7—UDyE,
¢*=Dx "= U Dy 7= U Dy&,

¢XXX: Dx¢xx_ UyxtDxT— UyyDxé.
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HereD, andD, denote the total space and time derivatives. In order to find the coefficients of the
vector field we require that the prolonged vector fi€d2) annihilate Eq.(1.1) on its solution
manifold,

pr(S)X(A)|A:O:0: A=U;—Uyx—F. (2.3

Equating coefficients of linearly independent terms of invariance crité@d®) to zero yields an
overdetermined system of linear PDEsalled determining equatiopsSolving this system we
obtain the following assertion.

Proposition 2.1: The symmetry group of the nonlinear equation (1.1) for an arbitrary (fixed)
function F is generated by the vector field

,'7.

3X+pﬁ)

Ayt d(X,t,u)d,, (2.4

X=T(t)&t+(

where the functions(t), p(t) and ¢(x,t,u) satisfy the determining equation

-3 pr—X ux.&'_ 9 Uy Uy ‘i’uu_3 Ui ¢uuu+3 ¢t_ 9 Uyxx ¢xu_9 u>2< d’xuu_ 9 Uy ¢xxu_3 d’xxx
+3(¢u_ .7') F+(2 uxx'7'_3 Uyx ¢u_3 u>2< (l’uu_6 Uy ¢><u_3 d’xx) I:uXX

+(Uy 7= 3 Uy py,— 3 ¢y) Fu—-3¢F,—3 TF—(3p +x7)F=0. (2.5

Here the dot over a symbol stands for the time derivative

If there are no restrictions oR, then(2.5) should be satisfied identically, which is possible
only when the symmetry group is a trivial group of identity transformations. Here we shall be
concerned with the identification of all specific formsFofor which nontrivial symmetry groups
occur. The basic idea is to utilize the fact that for an arbitrarily fixed funcioall admissible
vector fields form a Lie algebra. This immediately implies the idea of using the classical results on
the classification of low-dimensional Lie algebras obtained mostly in the late $98Ggying it
another way, we need to construct a kind of representation theory on low-dimensional Lie algebras
generated by Lie vector fields preserving the manif@d).

Our classification is up to equivalence under a group of locally invertible point transforma-
tions,

T=T(x,t,u), X=Y(x,t,u), TU=U(xt,u), (2.6)

that preserve the form of the equati¢hl), but (possibly change functiorF into a new one,
namely, we have

Uy =T+ F (%, 1,1, T, Uss0)- (2.7)

Inserting(2.6) into (1.1) and requiring that the form of the equation be preserved, we arrive at the
following assertion.
Proposition 2.2: The maximal equivalence grofipas the form

T=T(), X=TY+Y(t), T=U(xtu), (2.9

where T£0, U,#0.
We note that the Lie infinitesimal technique can also be used to obtain the equivalence group
(2.9). It is straightforward to prove that both approaches produce the same results.
We make use of equivalence transformatié®$) to transform vector fielX into a conve-
nient (canonical form.
Proposition 2.3: Vector field2.4) is equivalent within a point transformation of the fof6)
to one of the following vector fields:
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X=0d,, X=dy, X=4,. (2.9
Proof: Transformation(2.8) transforms vector field2.4) into
X—=X=1()TO)F+[3 (7T T+ 1) (X=Y)+ 7Y+ pT] 54
+[7U+ (3 7+ p)Uy+ U ] 5. (2.10

There are two cases to consider.
(1) =0. ChoosdJ=U(u) so that we have

X=1(O)T()F+[2 (7T T+ 7)(X=Y)+ 7Y+ pT¥3] o5+ pU o5 . (2.10)
Now if 7=0, thenp# 0 (otherwiseX would be zerp, and we choosé&(t) to satisfy
T=p_3.

In this caseX is transformed intad .
If 7#0, then we choos& andY to satisfy

T=71, TY+pT1/3= 0.

With this choice ofT andY vector fieldX is transformed intos; .

(1) ¢#0. If 7=p=0 then we can choos® to satisfy U,=1 so that we hav&= ;.
Otherwise,U can be chosen to satisfy

U+ (3 7+ p)U,+ ¢U,,=0.
Hence we recover Case |.

Summing up, the vector fiel@.4) is equivalent, up to equivalence undgito one of the three
standard vector fields, ,d;,d,. This completes the proof.

Ill. GROUP CLASSIFICATION OF LINEAR EQUATIONS
To the best of our knowledge no group classification of the most general linear third-order
PDE appears in the literature. So we devote this section to the group classification of third-order
PDEs:
U= 106G D) Uyex T Fa(X D Uyt Fa(X D ux+ F4(X, HHu+f5(x,1). 3.1
If we perform the local change of variables,{,u)— (%,t,T) preserving the form of3.1),
T=t, X=F(x,t), u=V(x,Ho(X,1)+G(x,t), V#0, F,#0, (3.2

we obtain

vi="F1F 35+ {3F VYV F2+ VEF o]+ foF 2o+ {F1V 3V F 3V F oyt Vgl
+ 1,V 2V F o+ Vi ]+ fsF = FlosH{fV Wt FV W+ VIV +f,— VIV o
+ Vil[flGXXX“F fZGXX+ fSGX+ f4G + f5_ Gt] .

Now we choose the functiorfs,V, andG in (3.2) to satisfy constraints,
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fiF3=1,
Gt: flGXXX+ szXX-i- f3GX+ f4G+ f5,
3f 1 F2V, +[3f 1 F Fyyt F,F2]V=0,

and thus normalizé,(x,t)— 1, and seff,(x,t)—0, f5(x,t)—0.
Thus (3.1) reduces to the following particular form:

Up = Uyt A(X, D) Uy + B(X,t)u. (3.3

Here A,B are arbitrary smooth functions afandt.
The most general equivalence transformation preserving the class of equat®nehich is
a subset 0f2.9), reads as

T=T(t), X=TY+Y(t), TU=V(t)u, (3.4)

with T#0, V0.
Performing change of variablé8.4) transforms Eq(3.3) to become

Uy =Ty + All; + BT, (3.5

where the coefficient&,B are expressed in terms of the functioh®8 and their derivatives as
follows:

A=T HATY- 37T #%-V),
. | (3.6
B=T YB+V lv).
As Eq. (3.3 is linear, it admits trivial infinite-parameter group having the generator

X(B)=B(X,1)dy, Bi=PBxxxtABxt+BE,

and the one-parameter group generated by the operatorThese symmetries give no nontrivial
information about the solution structure of the equation under study and therefore are neglected in
the sequel.

The nontrivial invariance group of E@3.3) is generated by operators of the form

X=7(t) 3+ (5 X+ p(t)) dy+ a(t)ud,, (3.7
functions,p,«,A andB satisfying equations
3a—3B7—37B;—B,(3p+x7)=0,
(3.9
—3p—x7—2A7—37A;—A(3p+x7)=0.
ProvidedA=A(x,t), B=B(X,t) are arbitrary functionsy=p=0, a=0. So in this case Eq.
(3.3) admits trivial symmetries only.

Transformation(3.4) leaves operatoX;=ugd,, invariant while transforming operatd8.5) to
become

R o .
X = X=rTaH+[7(3TT™ 2+ Y)+ TH(F 7%+ p) o5+ (7V+aV)udy . (3.9

That is why, if 7#0 in (3.7), then putting
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. t
T=7r1 Y= —f p(&) 7 P §)dg,
and takingV as a nonzero solution of the equation
NV+aV=0,

in (3.4) transforms(3.9) to the canonical form of the generator of time displacements

X=a; .

Next, if 7=0, p#0 in (3.7), then puttingT=p 2 in (3.4) yields the operator

X =+ alidy .

Finally, if 7=p=0, a#0 in (3.7), we putT=« in (3.4) thus getting the operator

X=1Td;.
Taking into account the above considerations, we see that there are transforrt@&adpribat
transform operato(3.7) to one of the following inequivalent forms:
Oy, Oy, dtf(tua, (F£0), tud,.

In what follows, we analyze each of the above operators separately.
OperatorX;= ;. The system of determining Eq&.8) for this operator reads as

B,=A.=0,
whence it follows thad=A(x), B=B(x). Inserting these functions int@.8) yields
3a—3B7—B,(3p+x7)=0,
—3p—x7—2AT—A(3p+x7)=0.

Analyzing the above system of ordinary differential equations shows that for the case under
consideration Eq(3.3) admits an invariance group whose dimension is higher than one if and only
if the following occurs.

(1) A=mx 2, B=nx"3, |m|+|n|#0 with the additional symmetry operatb#,+ 3xd,;

(2) A=0,B=¢x (e=*1) with the additional symmetry operatéf+ ctud,;
(3) A=B=0 with the additional symmetry operato#g,td;+ 3xdy .

OperatorX,=d,. If Eq. (3.9 is invariant undeiX,, thenA=A(t), B=B(t). What is more,
it follows from (3.6) that there are transformatio(i3.4), which reduce equatio(8.3) to the form
(3.5 with A=B=0. So we arrive at the already known case.

OperatorX;=d,+ f(t)ud, (f#0). If Eq. (3.3 admits operatoiX;, then we haveA=0, B
=fx. Inserting these expressions in@8) yields

p=0, 7=0, a=pf,

_ (3.10
3rf+4rf=0.

From the first three equations it follows thap=C;, 7=Cyt+C3, a=Cf+C,,
C,,C,,C3,C, e R. Hence we conclude that the last equation of systerm0 takes the form
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TABLE I. Symmetry classification of 3.3.

N A B Symmetry operators
A(X) B(x) o
0 f(Hx d+f(tug,, f#0
mx 2 me R n|)r:|1|rr]1|ef(’) Jy Lo+ 3 X0,
eX, e==*1 dy,dytetudy,
5 0 —mt %, A+ 3mt~%ug,
meR, m#0 o+ %X&x
6 aehk 0 e, 0y Lo+ 3 (x—2at)dy

3(C,t+Cy)f+4C,f=0.

Analyzing this equation we see that extension of the symmetry algebra of3E3).with A
=0, B=fx is only possible when

f=3mt™ Y3, m#0;
f=et, e==*1.

The second case has already been considered. In the first case the basis of nontrivial invariance
algebra is formed by the operatarg+ 3mt™Y3ug,, td,+ 3xdy.

OperatorX,=tud, . Inserting the coefficients of this operator in®.8) leads to the contra-
diction 3=0, whence it follows that the operat¥y, cannot be a symmetry operator of £§.3).

We summarize the above classification results of in Table |, where we give the forms of the
functionsA andB and basis operators of the nontrivial symmetry algebras of the corresponding
equationg3.3).

So the equationu;= u,,, has the highest symmetry within the class of equati@?3). Its
maximal finite-dimensional symmetry algebra is four-dimensional.

Note that according to Ref. 5 the class of nonlinear equations of the form

u;=F(t,x,u,u)uy,+G(t,x,u,u,), F#0, (3.11

contains five nonlinear equations admitting five-dimensional symmetry algebras. Furthermore, an
equation admitting six-dimensional symmetry algebra is equivalent to the heat equation. It is the
linear heat conductivity equatian= u,, that possess the largest symmetry group within the class
of second-order equatiori8.11).

This is not the case for the class of third-order PDEs under consideration in the present paper.
We shall see that there are examples of nonlinear equations that admits higher symmetry algebras
than does the linear equation. For instance, the nonlinear Schwarzian KdV edqdatiradmits
a six-dimensional symmetry algebra.

IV. CLASSIFICATION OF EQUATIONS INVARIANT UNDER SEMI-SIMPLE ALGEBRAS
AND ALGEBRAS HAVING NONTRIVIAL LEVI DECOMPOSITIONS

In order to describe equatiori.1) that admit Lie algebras isomorphic to the Lie algebras
having nontrivial Levi decomposition, we need, first of all, to describe equations whose invariance
algebras are semi-simple.

The lowest order semi-simple Lie algebras are isomorphic to one of the following three-
dimensional algebras:
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sl(2R):[X1,Xs]=—2X,,  [X1.Xa]=X1,  [X2,X3]=Xs;
SA3):[ Xy, Xo]=X3,  [X2. X3]=Xy,  [X3,X1]=X,.

Taking into account our preliminary classification we conclude that one of the basis operators
reduces to one of the canonical formsdy,d,, .

First, we study realizations of the algebrg3owithin the class of operator2.4).

Let X, =g, and let the operatorX,, X3 be of the form(2.4). Checking commutation relations
[Xl ,Xz] = X3 ,[X3 !Xl] = X2 we see that

X,=3a costd;+[ — axsint+ B cogt+ y)]d+ o(x,u)codt+ (x,u))d,,
X3=—3a sintd;—[ ax cost+ B sin(t+ y)]d— e(x,u)sin(t + (x,u))d, .

Here a, B, y are arbitrary real constants agd ¢ are arbitrary real-valued smooth functions.

The third commutation relatiopX,,X5]=X; implies that @¥?= — 1. As this equation has no
real solutions, there are no realizations of3avith X;=;.

The same assertion holds for the cases wken d, and X;=4,. So the class of operators
(2.4) contains no realizations of the algebra3o This means that there are no(3pinvariant
equations of the fornfl.1).

Theorem 4.1: There exist no realizations of the algels&(3) in terms of vector field§2.4).
Hence no equation of the forfd.1) is invariant underso(3) algebra

Similar reasoning yields that there are three inequivalent realizations of the alg&ifa ki
operators of the forn(2.4),

{9, ,t0,+ Xy, —t20,— 3txdy},
{9, 10+ $Xdy,— 20— 5txd—x33,},

{9y,udy,—U2a,}.

Inserting the coefficients of basis operators of the first realization of the alge&Bra)shto
invariance criterion yields the following classifying equations:

2UyFy T usFy —xFy—3F=0,
t(2uxxFuxx+ uxFux—xFX—3F)—xux=0,
from which we get the equatioru,=0. Consequently, the realization in question cannot be
invariance algebra of the equation under study.

The two remaining realizations of(8R) do yield invariance algebras of equatitinl). The
forms of the functiorF in the corresponding invariant equations read as

{0y, 1+ $xay,— 20— 2txa—x3d,} : F=—x"3[2xus+ x?ui—G(wy,w,)],
w1=3U—XUy, ®p=6U—XUyy;
{8y, Uudy,—U2dy} : F=—2u, w2 +uG(x,t).
As any semi-simple or simple algebra contains eithe(3)s@r sl2,R) (or both as
subalgebres),?° the above result can be utilized to perform the classification of equatiotis

admitting invariance algebras isomorphic to one having a nontrivial Levi decomposition.
First we turn to the equation
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Ut = Uyxx— %u;luix"_ uxG(x,t). 4.1

Applying the Lie infinitesimal algorithm we see that the maximal invariance algebra of Eq.
(4.1) is spanned by the operataXs=4,,, X,=ud,, X3=—u?d,, and

Xa=1(t) i+ (5 TX+ p(1))dy, (4.2
functionst, p and G satisfying the equation
(x7+3p)Gy+37G;+27G+x7+3p=0. 4.3

By direct verification we ensure that the form of basis operators of the realizatio2gdf)sl
under study is not altered by the transformations

T=T(t), X=TY*+Y(t), U=yu, T#0, y#0. (4.9
As transformation(4.4) reduced4.2) to the form

(4.4) ) ) . ] )
Xg— Xq=r(OTOF+[3(7T T+ 1) (X=Y)+ 7Y+ pTH) s,

we can putX,=d; or X,= d, within the equivalence relation.
ProvidedX,= 4, , it follows from (4.3 that G=G(x) in (4.1). Next, if X,=d,, then neces-
sarily G=G(t). Consequently, the class of Edd.1) contains two inequivalent equations:

U= Uyxxx— %u;luix"_ UXG(X) (4.5
and

Ut = Uyxx— %u;1u>2<X+ Uxé(t)v (4.6)
which are invariant under extensions of the algebr@,s). Namely, they admit algebras
sl(2R)&{4;} and sI(2R)@{dy}, correspondingly. What is more, if the functiGh=G(x) in (4.5

is arbitrary, the given algebra is maximah Lie sensg¢ invariance algebra of Ed4.5).
Equation(4.6) is reduced to PDE4.5) with G(x) =0 with the help of the change of variables,

T=t, X=x+ Jté(g) d¢, u=v(%1).

Therefore, we can restrict our further considerations to(Edp, where we need to differentiate
between the cas€s=0 andG+0.
Classifying Eq.(4.3) with G=G(x) reads as

(x7+3p)Gy+27G+x7+3p=0.

Hence it follows that there are two cases providing for extension of the symmetry algebra.
Namely, the case wheG=0, which gives rise to two additional symmetry operatiis=td,

+1xdy and Xg=4,. Another case of the extension of symmetry of H4.5 is when G
=Ax"2 (N#0). If this is the case(4.5 admits the additional operatdfs=td,+ $Xd.
Now we turn to the equation
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Up= Uygy— 2X 2Uy— X T2+ X 3G (w1, 5),

(4.7

w1=3U—XUy, p=6U—XUy,.

First of all, we ensure that the class of PD@s7) does not contain equations whose invari-
ance algebras possess semi-simple subalgebras of the dimans®n

It is common knowledg@ that there are four types of abstract simple Lie algebras over the
field of real numbers:

» The typeA,_; (n>1) contains four real forms of the algebrasnsi(): su(n), sl(n,R),
su(,a) (p+9=n,p=q),su(2n).

e The type B, (n>1) contains two real forms of the algebra so{21,C): so(2n+1),
so(p,q) (p+g=2n+1,p>q).

* The typeC, (n=1) contains three real forms of the algebrarsp): sp(n), sp(n,R),
sp(.q) (p+g=n,p=q).

» The typeD, (n>1) contains three real forms of the algebra so(3: so(2n),so(,q) (p
+q=2n, p=q),sd (2n).

The lowest order classical semi-simple Lie algebras are three-dimensional. The next admis-
sible dimension for classical semi-simple Lie algebras is six. There are four nonisomorphic semi-
simple Lie algebras: £4), sd3,1), sa2,2) and sd(4). As so(4)=so(3)»so(3), sd(4)
~s0(3)®sl(2R), and the algebra $8,1) contains s(3) as a subalgebra, the algebrdz) is the
only possible six-dimensional semi-simple algebra that might be invariance algebra @f. Bq.
Taking into account that so(2,2)sl(2R)®sl(2R) and choosing so(2,2){X;,X5,X3}
o{X1,X,, X3}, whereX;,X,,X5 form a basis of $2,R), which is invariance algebra ¢#.7) and
X1,X,, X3 are of the form(2.4), we require the commutation relations

[Xi,X1=0 (i,j=1.2,3
to hold, whence
Xi=\jo, (1=1,2,3),

where\; are arbitrary real constants. Hence we conclude that the class of op&adpidoes not
contain a realization of $8,2).

The same result holds for eight-dimensional semi-simple Lie algebi&&sIsu3), su2,1).

As su(4)~so(5,1) and the algebra ($1) contains s@) as a subalgebra, the class of
operatorg2.4) contains no realizations &, andD,, (n>1) type algebras that are inequivalent to
the algebra $2,R).

The same assertion holds true By (n>1) andC, (n=1) type Lie algebras. Indeed,
type algebras contain ) and s@3,1) and what is more,

sp2,R)~sa3,2Dsa3,), spll~sa4,1)Dsa4), sp2)~sa5)Dsd4).

What remains to be done is to consider the exceptional semi-simple Lie algebras that belong
to one of the following five type$’ G,,F,,Eq,E;,Eg. We consider in some detaB, type Lie
algebras.

The type G, contains one compact real forgy, and one noncompact real forgy. As
g>Ngs~su(2)esu(2)~so(4) and the algebra @) has no realization within the class of opera-
tors (2.4), the latter contains no realizations of ty@g .

Summing up, we conclude that class of POES/) contains no equations, whose invariance
algebras are isomorphic to-dimensional semi-simple Lie algebrdsr contains the latter as
subalgebrasundern>3.
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Consider now Egsi4.7), whose invariance algebras has nontrivial Levi factor. First, we turn
to equations which are invariant with respect to the Lie algebras that can be decomposed into a
direct sum of semi-simple Levi factor and radical, S{gpL, L being a radical. To this end, we
will study possible extensions of the algebré2dt) by operatorg2.4).
Let sI(2R)={X1,X,,X3}, whereX;,X,,X5, form a basis of the invariance algebra of Eq.
(4.7). Then it follows from
[Xi,Y]=0 (i=1,2,3,

Y being an operator of the forf2.4), thatY=\4d,, A =const. Hencé is the one-dimensional Lie
algebra spanned by the operatqr For Eq.(4.7) to admit the algebra sI(R)®{4d,}, the equation

G, +2G, =0,
1 2
has to be satisfied, whence
G=G(0), o=xUy—2XU,.

Consequently, an equation of the fofrh7) admits invariance algebra which is the direct sum of
semi-simple Levi factor and radical iff it reads as

U= Uyg— 2X Uy — X722+ X7 3G(0),  0=X2Ugy—2XUy. (4.9
As Eg. (4.8) contains an arbitrary function of one variable, we can perform direct group

classification by a straightforward application of the Lie infinitesimal algorithm. The determining
equation for coefficients of the infinitesimal symmetry operator are of the form
@  Puu=0;
() 3w Gyt 18dyut Muut 5(X 1o dy) =0;
(©  6X Y pyy+ X 2p)G,+9X 20 dyyt 3pi+ X1+ 6X LByt 2X %p)

+ 9 X 1y =0;
(d) [—3x 3(y+2X 1p)o+6X 2hy—3X Ly ]G, +3X 3y +3x 1p)G— X 20

+3[ i~ Pyt 2X 2y ]=0.

It follows from (a) that
o=f(x,HHu?+g(x,t)u+h(x,t), (4.9
wheref,g,h are arbitrary smooth functions. Insertif9) into (b) yields
6fG,+36f +18xf, + 2(x 1p—g)— 2fu=0.
Taking into account that functiorfsp,g,G do not depend om, we get
f=0, g=x"1p.
So that equatiorfc) reduces to

3pit X7+ 12 3p+ $x 3pu— 3x th,=0.
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Hence it follows that
p=0, h=1x3r,+h(t).
Finally, inserting the obtained expression fpinto equation(d) gives
T =0, F]tZO,
whence

7=C t?+ C,t+Cg,

HereC,,C,,C5,C, are arbitrary(integration) constants.

Summing up, we conclude that the algebra $t)2;{s,} is the maximal invariance algebra
admitted by Eq.(4.8). It cannot be extended by specifying the form of an arbitrary function
G(0),0=XUyy— 2XUy.

What remains to be done is classifying E¢&.7), whose invariance algebras are isomorphic
to semi-directsums of a semi-simple Levi factor and radical, i.e., whose invariance algebras have
the following structure: sl(R) @L. To perform this classification we utilize the classification of
these type of Lie algebras obtained by Turkow/Ski.

We choose sl(R)={v,v,,v3} with

v1=—2td,— 3Xdy, V=0, v3=—129,— 3txd,—x3d,.

According to Ref. 21, there is only one five-dimensional Lie algebra of the desired form
sl(2R)c@L with L={e,,e,}, operatorse, e, satisfying the commutation relations:

[e1,€2]=0, [vy,e1]=ey, [vy,€]=—ey,
[v2,61]=0, [vy,e2]=¢1,
[vs.e1]=€, [v3,€2]=0.
As operatorse, ,e, are necessarily of the forit2.4), we easily get that
er=|X|" ¥y, e=t|x|"¥,.
However, checking the invariance criterion for the above realization we find that the algebra in
guestion cannot be invariance algebra of an equation of the §érm
According to Ref. 21, there exist three six-dimensional Lie algebras that are semi-direct sums
of semi-simple Levi factor and radical, algebrabeing of the formL={e;,e,,e;}. Nonzero
commutation relations foe, ,e,,e; read as
(1) [vl,el]=2€l, [v2,62]=2€1, [Ug,e]_]:ez,
[vi,e3]=—2e3, [vy,e3]= €7, [v3,€2]=263;
(2) [vi.ei]l=eq, [v2,e2]=e€1, [v3,€1]=6;,

[vi.€]=—8,, [e],e]=¢e;3;

(3) [vi.ei]=61, [vy.€2]=€1, [vs.e1]=¢y,
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[vi.€]=—6, [e1.e3]=6€;, [e;,e5]=6;.

Solving the above relations we see that the corresponding realizations cannot be invariance
algebras of Eq(4.7).

Next, we consider seven-dimensional algebras from the Turkowski’s classification. According
to Ref. 21 there are five inequivalent algebras of the targeted dimension. Four of them contain the
above five- and six-dimensional algebras as subalgebras. So we need to consider only the fifth
algebra sl(R) &L, whereL={e,,e,,e3,e,4} and the following commutation relations hold:

[vi.e1]=3er, [vz,e]=3ey,
[v3vel]:e21 [01,62]262,
[v2.€3]=2€5, [v3,e2]=2e€s,
[vi,e3]=—e€3, [vz,e4]=e3,
[vs,e3]=3e4, [v1,€4]=—3ey.
The most general form of operatogs, e, ,e;,e, satisfying the above relations is as follows:
er=|x|" %%, e,=3t|x|” Y%,
e;=3t%|x|” ¥%,, e,=t3x|” ¥%,.
However, verifying the invariance criterion yields that this algebra cannot be the symmetry alge-
bra of Eq.(4.7).

Thus we proved that the class of PDE&7) contains no equations admitting symmetry
algebras of the dimensiom=7, which are semi-direct sums of the Levi factor and radical. It is
natural to conjecture that the same assertion holds for an arbitrafg prove this fact we need
to consider in full details classification of nonlinear equati@hg4), whose invariance algebras are
solvable.

Let us sum up the above results as theorems.

Theorem 4.2:The class of PDEs (1.1) contains two inequivalent equations whose invariance
algebra are semi-simplési(2R)),

Up= Uy 3 Uy Ut UG(X,1);
U= U= X [ 2X Ut 5XPU3— G(01,0)],
w1=3U— XUy, ®y=6U—X2Uyy.
The maximal invariance algebras of the above equations under arbitrary G read as
st(2,R)={d,,ud,,—u?d,};
SP(2R)={d;,ta,+ $xdy,—t?d,— 5txd—x3d,}.

Theorem 4.3: Nonlinear equation (1.1) whose invariance algebra is isomorphic to a Lie
algebra having nontrivial Levi decomposition is represented by one of the following equations:

ut:uxxx_ %u;luix_'— Uxé(X), S|1(2,R)€B{o"t}; (4-10

U= Uygyy— 3U TU2 +AXx"2uy, A#0, SH2R)@{d, ta+ ixd,}; (4.11)
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U= Uygs— 2u, tU2,  SH(2R) @ {0, ,dy,ta+ Sxay}; (4.12
U= Uyy— 2X Uy — X722+ X7 3G (0), o=x2ugy—2xuy, sP(2R)®{d}, (4.13

where Gis an arbitrary function of x oro. Moreover, the associated symmetry algebras are
maximal
Note that Eq.(4.12 can be expressed in the form

U, _
u—x={u,x}, (4.14

where{u;x} denotes the Schwarzian derivativewbiith respect to. It is known that a nonpoint
transformation taking this equation into the usual KdV exists.

V. CLASSIFICATION OF EQUATIONS INVARIANT UNDER LOW-DIMENSIONAL
SOLVABLE SYMMETRY ALGEBRAS

In this section we apply the strategy summarized in the Introduction to identify representative
classes of equations of the forfh.1) invariant under one-, two-, and three-dimensional solvable
symmetry algebras. In order to approach this task in a systematic manner we realize all possible
inequivalent algebras in terms of vector fiel@s4) under the action of the equivalence gratip

A. Equations with one-dimensional symmetry algebras

We assume that for a giveh, Eq.(1.1) is invariant under a one-parameter symmetry group,
generated by the vector fie(@.4) with coefficients subject to the constrai@t5). We make use of
Proposition 2.3 which characterizes the canonical forms of the vectorXialtl (2.4). We then
substitute the coefficients of the canonical vector field into the determining equat®nwhich
is a first order linear homogeneous PDE Fgrand solve the latter in order to construct invariant
equations.

According to Proposition 2.3 we have three types of one-dimensional symmetry algebras:

Al,l: X1=6?t, A1’2:X1:(9X, A1’3:X1:(9u. (51)

The corresponding invariant equations will have the form

Ai1l U= Uyt F(X,U Uy Uyy), (5.29
A1l U=Uygt+ F(tu,uy, Uy, (5.2b
A1,3: ut:uXXX+F(Xatlux:uxx)- (52@

Theorem 5.1: There are three inequivalent classes of Egs. (1.1) invariant under one-
parameter symmetry group. Their representatives are given by (5.2).

B. Equations with two-dimensional symmetry algebras

There are two isomorphy classes of two-dimensional Lie algebras, Abelian and non-Abelian,
satisfying the commutation relatiofiX; ,X,]=«X,, k=0,1. We denote them b&,; andA, .

1. Abelian

We start from each of the one-dimensional cases obtainé€s.lnand add to it vector fields
X, of the form (2.4) commuting withX;. We then simplifyX, by equivalence transformations
leaving the vector fielX; invariant. For further details we refer the reader to Ref. 4. The stan-
dardizedX, and the restricted form of in (5.2) are then substituted int®.5). Solving this
equation will further restrict the form of the functidgh The number of variables &f reduces by
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one, three variables in this case. Thus, we find that there exist precisely four classes of two-
dimensional Abelian symmetry algebras represented by the following ones:

Azri Xi=dy, Xo=dy, F=F(UUy,,Uy); (5.3
AS1t Xi=dy, Xp=dy, F=F(XUy,Uy); (5.4)
ASii Xi=dy, Xo=a(t)axtdy, F=—auu+F(tuUy; (5.5
AZr Xi=dy, Xp=0(X,t)d,, Oy#const; (5.6)

Fz(gt_gxxx)g;lux""'z(xat!w)! @ = QyxUx— GxUxx -

2. Non-Abelian

Imposing thatX; reads ag5.1) and X, is in generic form and that they satisfX;,X5]
=X,, we find that five classes of symmetry algebras exist. Those algebras and nonlinear functions
F are represented by

1 X
A2’2: Xj_:ﬁt, Xzz_tat_gax,

F=x"SF(U,w;,07), ®1=XUy, @y=XUyy;
A3 Xy=—3td—Xdyx, X=dy,

F=t F(U,0,w,), o=t w,=t2u,,;
A3t Xy=—udy, Xo=dy, F=UF(Xtw), o=u; Uy;
A3 Xy=dy—Udy, Xo=dy;

F=e F(t,w;,wp), ®1=€Uy, = Uy,

A, Xi=di—Udy, Xp=dy,

F=UF (X, 01,0,), @1=€Uy, wp=ellyy.

Theorem 5.2: There exist nine classes of two-dimensional symmetry algebras admitted by Eq.
(1.1). They are represented by the algebras, A..,A3; and A;,,...,A3,.

C. Equations with three-dimensional symmetry algebras

1. Decomposable algebras

A Lie algebra is decomposable if it can be written as a direct sum of two or more Lie algebras
L=L,®L, with [L,,L,]=0. There are two types of 3-dimensional decomposable Lie algebras:
Az 1=3A1=A19A,®A; with [X;,X;]=0 for i,j=1,2,3 andAz,=A,,®A; with [X;,X;]

:X21 [X11X3]:Oi [X21X3]:0'

We start from the two-dimensional algebras($3) and add a further linearly independent
vector fieldX5 in the form (2.4) and impose the above commutation relations. We simp{ify
using equivalence transformations leaving the sgagGeX,} invariant. We present the following
result without proof. We emphasize that there exist several realizations that do not produce invari-
ant equations of the forrfi.1):
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A1 Xi=dy, Xo=dx, Xa=dy, F=F(Uy,Uy);

Al Xy=dp, Xo=dy, Xa=f(X)dy,

F=- f—,ux+|~:(x,w), = f"Uy— " Uyy;

X
—{9)(, X2:(7t, X3:(9u,

A%]z: Xlz_t(?t_ 3

F=X"3F(wy,w,), @1=XUy, ©y=XUyy;
ASot Xi=—3td—Xdy, Xp=dy, Xa=dy,

F=t_1’|5(wl,w2), w1=tu§, w2=t2uix;

A3, Xy=—3td—Xdy, Xo=dx, Xa=t"30,+d,,

F=—t"uuc+t F(o,0), o=tu, w,=t2u;

A3 Xy=dx—Udy, Xo=dy, Xzg=e Xf(t)d,, f#0,

f
1+

F=—|1+;

ucte F(t,o), o=e(u+uyy);

A3 Xy=0dy—Udy, Xo=dy, Xa=a(t)dy, a#0,
a X = -1 .
F=—;uxln(e uy) +UuF(t,w), o=uy Uyy;

Ag,Z: Xl:ax_uo"U! X2:ﬁu1 XBIatv
F=e_xl~:(w1,wz), w1=€"Uy, wr,=€"Uyy;
Ayl Xy=d—udy, Xo,=dy, Xsg=e 'f(x)a,, f'#0,

£+ 1 -
F=———uct+e F(X,w), o=e(f"u,—f"uy);

£
AS,t Xy=d—Uudy, Xo=dy, Xa=dy,
F=e F(w,wy), wi=€elU,, wr=elyy:
A3y Xy=di—udy, Xp=dy, Xa=d+N\dy, A#0,
F=expx/t—\)F(wy,w,),
wi=eXpt—X/\)Uy, @y=expt—X/N)Uyy;

A;OZ X1=(?t—U(7u, X2:(9u, X3:(9t,
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F=uF(X,0), o=uy; "Uy.

2. Nondecomposable algebras

The isomorphy classes of these algebras are represented by the following list:
Aszst [X2,X3]=Xy,  [X1,Xa]=[X1,X3]=0;
Azl [X1,Xs]=Xq,  [X2,X3]=X1+Xz;
Asst [X1,Xg]=Xq,  [X2,X3]=Xy;
Ase:  [X1.X3]=X1, [X5,X3]=—X;5;
Ag7i [X1,Xs]=X1, [Xz,X3]=0X; (0<|qg[<1);
Aszgl  [X1,X3]==Xa, [X2,X3]=Xy;
Azgl  [X1,X3]=0X1— Xz, [X2,X3]=X1+0X;, g>0.

Remark: Solvable nondecomposable algebras can be written as semidirect sums of a one-
dimensional subalgebra(;} and an Abelian idea]X;,X,}. Note that the algebra&; s andAsz g
are isomorphic te(1,1), ande(2), respectively. The algebisg 3is a non-Abelian nilpotent algebra
(Heisenberg algebya

The commutation relations of the algebras in question can be represented in the matrix nota-
tion

[X11X3]

[X5.Xa]| =7

%S
x2 ’ [XlIXZ]:Oi

whereJ is a 2X 2 real matrix that can be taken in Jordan canonical form.

A solvable three-dimensional Lie algebra always possesses a two-dimensional Abelian ideal.
We assume that the idefiX,,X5} is already of the form{5.3) and add a third eleme; in the
form (2.4) acting on the ideal. Imposing commutation relations and simplifying with equivalence
transformations(2.6) (we consider each canonical form of the matrix individuphyeld the
realizations of solvable Lie algebras together with the corresponding invariant equations.

There exist nine classes of realizations of nilpotent algebras which give rise to invariant
equations:

0 0
A3‘3: J:(l O) (57)

Ajst Xi=dy, Xo=dy, Xa=tdy+Ndy, A>0,

x

F=+ ﬁ(uxvuxx);

>

Alz Xi=dy, Xo=dx, Xs=Xd,+b(t)d,, b#0,

b , =
F=- Eux+ F(t,uyy);

Ads Xy=dy, Xp=dx, Xg=Xd,+\d, \#0,
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F=F(t—3A\Uy,Uyy);
Ads: Xy=adu+3\tY%,, X,=a,,

X3=6At¥29,+ 3N tYxa, + (x— 3N tYU)a,, N#O0,

- 1
F=— AT U U R (01,00),  o1=tue 5ot 0= 120,

A3zt Xi=dy, Xo=dy, Xa=td,+d,,
F=—uUy,+F(Uy, Uy
ASal Xa=dy, Xp=(f(X)=1)dy, Xz=dr, (f'#0),
F=—(1+f")(f) tu e+ F(X,0), @=f"u—f uy;
Al Xi=dy, Xp=(t=X)dy, Xz=dx,
F=u,+F(t,Uy);
Afst Xi=dy, Xo=—Xdy, Xa=dx,
F=—F(t,u);
Adsr Xy=—x"1dy, Xo=dy, Xz=ad—X udy,

F=3X"TUyu+X F(t,w), @=2Uy+XUyy:

_ (1 O)_
A3’4. J= 1 1 ’ (58)

X

Ajs Xi=dy, Xo=d, X3=td+ 3

dyt+(u+t)dy,

F=3Inx+F(w,0y), 01=X 2Uy, @y=X ‘Uy;

ASs Xi=0y, Xo=dy— 3Intdy, Xz=3td+Xd,+Uudy,

F=—uu+t 2F(u,w), o=t"u;

T3t
Ads Xi=dy, Xo=dx, Xa=3td+Xd+(U+X)dy,
F=t72/3|\:'(a)1,w2), w1=Uy— 3Int, w,=tYu;
Ags Xi=a(t)dx+dy, Xo=dy,

Xa=(a') a2+ (1+ a)xdy+[x+ (1—a)uld,, a'#0,

a’a"+(3+a)(a')?=0,
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F=—a'uu,+a *exp2a HF(w;,w,),
wi=a’exp—a Uy, w;=a’lu—a;
A4 Xi=dy, Xo=(—t+f(X))dy, Xs=di+ud,, f'#0,
F=—(1+f")(f) tureF(x o), o=e '(fu—fuy);

ASs Xi=dy, Xo=—Xdy, Xg=dxt+Ud,,

F=eXI~:(t,w), ®0=€ Uyy;

_ _(1 o)_
Ass: 3=\, i (5.9

X

Als: Xi=d, Xo=dy, X3=td+ 3

A+ Udy,

F=F(01,05), 01=X %Uy, 03=X "Ug;
Als: Xi=dy, Xo=dy, Xz=3td+Xdy+Ud,,
F =72 (U, "0,

Adst Xi=dy, Xo=f(X)dy, Xs=a+ud,, f'#0,
F=—f"(f)"tu+eF(x o),

w=e [f"u,—f'uy]l;

1 0
A3,6: JZ(O _1), (51@

X

Ale: Xi=0, Xo=dy, X3=td+ 3

dy—Udy,

F=x"SF (X%, XUy

Ale: Xi=dyx, Xo=dy+At?%,, Xa=3td+Xd—Ud,,

2\
F=— ?t*1’3uux+t*4/3|3(t2/3ux tUx);

Adg: Xi=dy, Xp=€Mf(X)d,, Xs=a+ud,, f'#0,
F=f—1") () tuteF(xw), o=e '(fu—fuy);
Al Xi=dy, Xp=€2' h(t)dy, Xa=f(t)dy+ud,, fh#0,

F=—[4f 2= thh 141 1/ xQur el 2 (to),
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w=e"" X2u,—fuy):;

1 0
Az, J= , 0<|gl«y; 51
3,7 (O q) |q (5.11
1 X
A3’7: X]_:O"t, XZZ&X! X3:t0"t+ §o7x, q:1/3,

F=u3F(u,ug %uy);

X
AS7 Xy=d, Xo=0dx, X3=to,+ 3yt udy, q=1/3,
F=F(w,w,), w;=u 2P, w,=u Yu,;

X

Al Xi=dr, Xo=dy, X3=td+ 3

dyt+qud,, q#0,£1,

F=x3"YF (0w, 0,), 0;=x2"%,, w,=x2"%%,,:
A7 Xi=0y, Xo=ayFMETDBg - Xa=3td,+ X+ qudy,

g#0,£1, A eR,
A —(q+2)/3 =
F=3(a= Dt @20+ Floy o),

W=t @ DRy =@y -
A7 Xi=dy, Xo=el"(x)d,, Xz=d+ud,, f'#0, q#0x1,
F=[(1-a)f—f"](f") tu,+e'F(x0),
w=e [f"u,—f'uy]l;
AS7 Xi=dy, Xp=el O ' n(tyg,,
Xa=f(t)d,+ud,, f-h#0, q#0, +1,
F=—[(1—q)2f2+f 'x—(1—q) fh th'Ju +e’ *F(t,0),
o=e"" [(1-q)ufuyl
Remark:The algebraA; ; has another realization,
{X1=0; , Xo=0dy,Xg=1d;+ 3(X+Dbgt)dy+ud,},
that is isomorphic toﬁé7 under the change of basis

bo

X — X+
1—>12

Xz, X2->X2, X3—> X3.
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Note that its equivalence to the latter is established by the change of variables,

T=t, X=x—ibot, TU=u.
That is why we have excluded it from the above list:

1 -1
); (5.12

Asg. J=
38 (1 0

Asg: Xi=dy, Xo=a(t)dy+dy,
1 2
Xz=— Z(:H— a®)dy— axdyt+(au—Xx)d,,

F=—auu+(1+a?) F(w,w,),
w1=(1+a)u—a, wp=(1+a?)¥y,,
wherea(t), a#0 satisfies
(1+a®) &+ aa®=0; (5.13

qg -1
Azg: J= 1 q) g>0; (5.19

Aso: Xi=dy, Xo=a(t)dy+dy,
1 2
X3=— E(l-l—a )i+ (g— a)Xd+[(g+ a)u—x]d,,

F=—auu,+exp{2q arctana}(1+ a?) " 2F(wq, 05),
01=(1+a®)uy—a, w,=(1+a?)?exp{—qarctana}uyy,
wherea(t), a#0 satisfies
(1+a®) &+ (a—3q)a?=0. (5.15

Remark:a(t) can be obtained implicitly by quadratures as

ja exp( —3q arctané) (1+ £2)Ydg=c,t+ cy.

Theorem 5.3: There are thirty-eight inequivalent three-dimensional solvable symmetry alge-
bras admitted by Eq. (1.1).

VI. EQUATIONS WITH FOUR-DIMENSIONAL SOLVABLE ALGEBRAS

For dimL=4, we proceed exactly in the same manner as above. We start from the already
standardized three-dimensional algebras, and add a further linearly independent gmemi
require that they form a Lie algebra.
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A. Decomposable algebras

The list of decomposable four-dimensional Lie algebras consists of the twelve algebras:
4A1:A3‘1@A1, szz@ 2A1:A3‘2@A1, 2A2‘2:A2,2@A2’2, A3’i@A1 (| :3,4,...,9). We preserve
the notations of the previous section.

There are four inequivalent realizations of the algel#g 2which are invariance algebras of
PDEs of the form(1.1). We give these realizations together with the corresponding invariant
equations:

X
§(9X, X2=&t, X3=(9u, X4=eu(9u,

2A%,0 Xi=—td—
—3 -2, (-1 .
F=uy— 3uyUyt+ X “UF (@), o=X(Uy Ugy—Uy);

2A5,0 Xi=—3td—Xxdy, Xo=dyx, Xa=—Ud,+At¥30, X4=d,,

W1~ _
F w1|n|w1|+TF(w), w1=t%u,, w=t%u tu,;

T3t
3 1
2A2’2: Xlzﬁx—uﬁu, XZIO')U, ngx(?t, X4=F,‘XLX)\'[)&X,

F=—AXUg— AUy InUy| + UF (@),  @=Uy Uyy;
2A%,0 Xi=dy—Udy, Xo=dy, Xa=\dy, Xg=e€ X, \#0,
F=(1+N Huc+e F(o), w=e"(UrtUy);
2A3,0 Xi=di—Udy, Xo=du, Xe=PB(dytyd) =0y,
X,=e”™ 9, By#0,

F=e A D F(w)—y {1+ 99Uy,
w=eF BT (yu,— uyy).

Equations invariant under the algebra, A0 2A;=A3 DA, :

A ®{Xab: Xy=dy—udy, Xo=dy, Xz=d, Xg=e %,
F=—u,+e F(w), o= (UytUyy);

A {Xa} Xy=d—Udy, Xo=du, Xg=dy, Xq=0x,

F=uF(0), o=ugu '
Al f=eM, N#£0)B{X,}: Xy=d—udy, Xp=dy,

Xg=eM"19,, Xy=dy+Nd, \#O,
F=—(\+ DA tute "N F (o),

0= et_)\x()\ux_ Uxx);
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AL @{Xa}: Xi=0r, Xo=dy, Xg=tdy+N\dy,
Xa=0+ N "X, +Bdy, A>0, BeR,
F=\"1x—Bu,+F(uy,);

AsB{Xal: Xi=dy, Xo=0yx, Xa=Xdy+Ndy, Xa=a+B(o+N"1tay),
A#0, BeR, F=B(\"*t—3u)+F(Uy);
AS(F=N"2% N#0)&{Xs}: Xy=dy, Xo=(A"1x—1)d,,
Xg=dy, Xq=0di+Ndy, A#0,

F=—u,+F(Ue;

Ao {Xal: Xo=—x"19,, Xp=dy, Xg=d—Xx Uy, X4=0,
F=3X"Uy+X F(w), @=2U+XUy:

A3 OG) Xa=dy, Xo=dy,

Xa=td,+ 2xd+(u+t)d,, X,=x%3,,
F=3Inx—2X"2Uu,+F(®), o=X tuy—2X 2uy;

A4 (F=NX, N£0)&{Xs}: Xi=d,,
Xo=(—t+\X)dy, Xz=d+udy,

X4=dy+Ndy, N#O,
F=—\"tu+e " MF(w), w=e M u,,:
Ag’4®{X4}: X1=dy, Xp=—Xdy,
Xg=dy+Ud,, X4=d,

F=eF(w), w=e XUy,

AssB{Xsb: Xi=dy, Xp=4dy,

X

3 Udy, Xa=x34,,

X3:t(9t+

F=—-2x"2u,+F(w), w=x tuy—2x 2u,;
Asee{Xal: Xi=dy, Xp=4dy,

X

3% Udu, Xa=x"3d,,

sttat'f'
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F=—20 U+ Xx SF(w), w=4x"u,—xU,y,
Addf=e" 2% B£0)a (X} Xy=d,, Xp=eXF g,
X3=d+Udy, X4=0d,+Bdy, B#O0,
F=—(B+4B8 Hu+e " "F(w),
w=e""F N 2u,+ Buyy);
Asgf=h=D)@{X,}: X;=d,, X,=e*9,,
Xz=dytud,, Xs=0d,
F=—4u,+eF(w), o=e X(2Uuy—Uy);
Aé,7@{x4}3 X1=dy, Xy=dy,

Xa=td+ 3xdy, Xs=ud,,

F=u2uF(0), wo=u;uuyy;

X

=ty +

At qud,, X.=x39,,

g#0, =1,
F=-(3a-1)(39—2)x “u+x*9"VF(w),
w=x73(3g— 1)uy—XUy,];
ASAf=e 1D X B2 0)@ X Xy=3,, Xo=el DA NG Xa=g+ud,,
X4=di+Bdy, B#0, q#0, =1,
F=—[B+(1-a)?8 ?lucreF *F(w),
w=e " (1= q)ut Buyd;
AjAf=h=Da{X}: X;=d,, X,=el"Dg,,
X3=dy+Udy, X4=d;, q#0, =1,
F=—(1-9’uc+eF(w),

w=e [(1-q)uy—Uyl.

Remark:The A;?@Al invariant equation is
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3

Up= Uy JET:(w), w=—. (6.1)
uX
If, in particular,F =cw?, c=const, namely,
F=cu 'uZ, (6.2

the symmetry algebra is further extendedXy~ 4, to a five-dimensional one.

B. Nondecomposable algebras

The set of inequivalent abstract four-dimensional Lie algebras contains ten real nondecom-
posable Lie algebrad,;={X;,X5,X3,Xs} (i=1,...,10)*> They are all solvable and therefore
can be written as semidirect sums of a one-dimensional Lie algehtaand a three-dimensional
ideal N={X;,X,,X3}. For Ay (i=1,...,6), N is Abelian, forA,;,A,g,A49 it is Of type Az 3
(nilpoteny, and forA, 1 it is of the typeAzs. The nonzero commutation relations read as

A [ X2, Xa]=Xq,  [X3,X4]=X5;
Aot [ X1, Xg]=0aXy, [X2,X4]=Xy,
[X3,X4]=X2+ X3, q#0;

Ayzl [ X1, Xg]=X1, [X5,X4]=X5;
Agal [X1,Xg]=Xg, [X2, Xa]= X1+ Xs,
[X3,X4]=X3+X3;

Ags: [ X1, X4]=X1,  [X2,X4]=0X;,
[Xs,X4]=pXs, —1sp=qa<l, pqg#0;
Ase: [X1, Xg]=0aXy,  [Xz,X4]=pXo—Xs,
[X3,X4]=X2+pX3, q#0, p=0;
Aszi [X2, Xs]=X1,  [Xq,Xa]=2Xy,
[X2.X4]=Xz,  [X3,X4]= X+ X3;
Aggt [X2.X3]=Xy,  [Xe,Xg]=(1+a)Xy,
[X2.Xa]=Xz, [X3,Xal=0Xs, |a[<1;
Asol [X2,X3]=X1, [X1,X4]=20Xy,
[X2,X4]=0Xo— X3,  [X3,X4]=X+0X3, g=0;
Asior [X1,X3]=Xy, [Xz,X3]=Xs,
[X1,X4]= =Xz, [X2,X4]=X;.

In order to obtain realizations of solvable four-dimensional symmetry algebras of PDEs that
belong to the clasgl.1), we addX, in the generic form2.4) to the already constructed three-
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dimensional symmetry algebras and impose the above commutation relations. Once the algebra is
found we inseriX, into Eq.(2.5) and solve it for the functiofr. The form ofF which is invariant
under a three-dimensional algebra is further restricted:

Abr Xi=dy, Xo=dy, Xa=d, Xg=td+xd,,
F=— 3u3+F(ux);
Al Xi=dy, Xo=Xdy, Xz=dy, X4=dx+txdy,
F= X"+ F(uyo);
Alot Xi=dy, Xo=dy, Xa=dx, Xa=3td+Xd+(X+U)dy,
F=UZ,F (% Uyy);

X

Alot Xi=dy, Xo=dy, Xa=dy, Xy=td+ 3

Ayt (t+u)d,,

3 ~ u
F=§In|ux|+F(a)), ="
Alo: Xi=dr, Xp=dy, Xz=—3q tInxd,,
X4=qtd+ 5qxd,+ud,, q+#0,
F=—2x"2,+x3@ ""DF (), wo=x1730 u+x2730 Ty,
Asrt X =x30g, Xo=a,, Xz=a,

Xa=td+ 53X+ (u+t)d,, q#0,1,
F=—(2-39)(1-3q)x 2uy+3Inx+F(w), ©=(2—30)x 2uy—X tuy,;
Abst Xi=dy, Xo=dy, Xa=d, Xg=td+udy,

b,
Uy )’

Als Xi=dy, Xo=dy, Xa=—3Inxd,,

F=—u,In|u,|+u,F

Xa4=td+ $Xdy,
F=—2X"2U+X 3F (@), @=XUg+X2Uyy;
Ai,s: X1=0dy, Xp=€"d,, Xz=d,
Xa=0y+ (u+te¥)dy,;

F=—UctXxe&+eF(w), w=e *(Ug—Uy):
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ALs Xi=dy, Xo=—3Inxd,, Xz=d,

Xg=td+ X+ (U—3tInXx)d,;

X

307X+ kug,, k#0,

Abst Xi=dy, Xo=dx, Xz=dy, Xq=to,+ 3
F= u)3<(1—k)/(1—3k)|~:(w)’ o= uiak—Z)/(l—sk)uxx;
Alst Xi=dy, Xo=dx, Xz=dy,

X
3

u

=td,+
X, =té, 3

Iyt 5dy,

F=UZ,F (Uxy);

Alst Xi=d, Xo=u, Xg=x3@"Pg,,
Xy=to+ 3xdy+qud,, q#p, q-p#0,
F=—[3(q—p)—11[3(qa—p)—2]x 2u+x3@ DF(w),
w:[3(q_p)_l]xl—Bqux_X2—3quxx;

Ab7i Xi=dy, Xo=dy, Xg=Xdy— 3INtdy, X4=3td+Xa,+2ud,,

1
F=au)2(+t‘1/3ﬁ(uxx);

Al Xi=dy, Xo=Xdyt+Dbdy, Xa=—d,
Xa=—b2(b") 19+ (1—b)xdy+(2u— $x?d,, b=b(t), b’'#0,
b%b”+(b—3)(b")?=0,
F=—1b'u2+b 3 F(w), w=b%uy,—b;

Al Xi=dy, Xo=(AX3-1)d,, Xz=4,

Xa=td+ 1xdy+(2u— 3t2+Atx3)d,, N#0,
F=—IA"31+60)x 2u,+ 30 InX+X5F (),  0=2X"SUg—X " *Uyy;

Atzi Xi=dy, Xp=(t=X)dy, Xz=dx,

X2

Xt——=—+2u

X4=3td;+ (X+2t) Iy + 5

Ay

t 1
F=—uc+t Y F(w)+ 7 @ Ut ght

Downloaded 17 May 2004 to 160.75.21.17. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 45, No. 6, June 2004 KdV-type nonlinear evolution equations 2307
As7n Xi=dy, Xo=—Xdy, Xa=dx,

X4: 3t&t+X&X+

X2
2U—? Ay

F=t""F(w), w=Uu+ iint;
AS. Xy=—x"1dy, Xo=dy, Xz=d—X 'udy,
X4=3td;+ X+ (U+ 2x)d,,

F=3X Uy +X 1t YF(w), w=2ux+XUy— SInt;

X 2
Abgt Xi=0y, Xo=0dy, Xa=toy+d,, X,=ta+ 3% 3%,
F=—uu+ud®F(u, "u,);
5 X 4
A4,8: X1=&u, X2=at, X3:t[9u+)\(9x, X4:tat+ §8X+ §U(9u,

X
F= X+u)1(/3|3(w), w=u; Pugy, A>0;

Algt Xi=dy, Xo=dx, Xz=xXd,+At1" DB,
X4=3td+xd+(1+q)ud,, QqeR,
F:%t’(“qmuiﬂ(q’z)’gﬁ(w), w=t@" DBy . N£0, |g|#1;
Abg: Xi=dy, Xo=dy, Xag=Xdy+\d,
X4=3td+xd+4ud,, N#0,
F=(t—3\u)F(w), wo=u(t—3\uy)?

Algt Xi=dy, Xo=(NC—1)d,, Xs=4,
X4=qtd;+ 3qxdy+ (1+q)ud,, \-q#0,

F=— I 324 60)x 2u+x30 F(w), w=2x @F3 Dy —x-(+3a Dy
ASer Xi=dy, Xo=(t—X)dy, Xa=dy,
X4=3qtd+q(x+2t)d,+(1+q)ud,,

F=—u, +tPA-20a "F(y)  o=tW3@a Yy .

Algt Xp=—x"1dy, Xp=dy, Xz=dx—x ud,,
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X4=3qt+qgxd,t+ud,, q#0,
F=3x"tu, +x @D F(y), o=tU3EDa "2y +xu,,):;
Algr Xi=dy, Xo=—Xdy, Xag=Xdy, Xs=3qtd+qxdx+(1+q)ud,,
F=t131-200 'F(y), @=t@d@-Da 'y

Remarks:

» There exists a realization @, :
Aje: Xi=dy, Xo=tanyd,, Xs=dy,
X4=2td,+ 2xd,+[p+tanyJud,,
y=3Inx, peR.

However there are no equations that can be invariant under this algebra.

* The aIgebraAiS is isomorphic to the KdV algebra which is the semidirect sum of the
nilradical (maximal nilpotent idealh(2)={X;,X5,,X3} and the dilation B-{X,}:

Abg Xi=dy, Xo=dx, Xz=a(t)dx+xdy,
X2

2qu— 7)%, geR,

(1+ a?)
X4= = ————a+ (- ) Xdy+

F=—aul+(1+a? 32expqarctam)F(w), w=(1+a?)uy—a,
(1+a®)a+(a—3q)a®=0.
The functiona(t), a#0 is a solution of the ordinary differential equati@®15):
Abie X1=dy, Xo=—tanxd,, Xs=di+ud,,
X4= B+ dytutanxd,, Bek,
F=—2u,— 3 tanXuy,+e'~  secxF(w),
w=eP"(CoSX Uy — 2 SinXuy).
We sum up the above results as a theorem.

Theorem 6.1: There exist fifty-two inequivalent four-dimensional symmetry algebras admitted
by Eqg. (1.1). The explicit forms of those algebras as well as the associated invariant equations are

given above

VII. DISCUSSION AND CONCLUSIONS

In this paper we provide a symmetry classification of the KdV type equations involving an
arbitrary function of five arguments. We find that the equivalence classes of invariant equations
involve an arbitrary function of four, three, two variables and one variable as soon as the sym-
metry algebra is one-, two-, three- and four-dimensional, respectively. In particular, we studied
symmetries of the most general third order linear evolution equation. What came out from this, to
our surprise, is that the symmetry group allowed is four-dimensional at most, while there are
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nonlinear equations with symmetry algebras greater than four. This result is in contrast to the
second-order evolution equations. It is exactly the linear heat equation that allows for the maximal
symmetry algebra.

To complete the classification list, it only remains to obtain the inequivalent equations invari-
ant under solvable algebras of the dimensionldin®. But this would require to going through a
large number of isomorphism classes. To give an idea of the complexity of this task let us recall
that there are sixty-six classes of nonisomorphic real, solvable Lie algebras of dimension five. For
dimension six, there exist ninety-nine classes of them with a nilpotent element. We plan to devote
a separate article to study equations admitting higher-dimensional symmetry algebras.

WheneverF is an arbitrary function of its arguments, the symmetry algebras given in the
paper are maximal. In particular, if we impose the requirement that funEtisnbe independent
of u,, then we find that¢=R(t)u+S(x,t) in (2.4). In this case, invariance under four-
dimensional algebras will forcE to depend on an arbitrary constant rather than on an arbitrary
function. Then, they may admit symmetry groups of the dimension higher than four. We have
analyzed this restricted class of equations and obtained that the only equation whose symmetry
algebra is higher than four is the one corresponding to the realizAﬁgrior F=const. On the

other hand, for the specific choices Bf involving one variable, the equations with four-

dimensional symmetry algebras may be invariant under larger symmetry groups. For instance, the

particular case of the equation invariant unéérl obtained by setting =cuj’??, c=const admits

an additional symmetry group generated by the dilation oped&er3td,+ xd,—ud,, .

We only presented representative lists of equivalence classes of invariant equations. All other
invariant equations can be recovered from these lists by applying the point transforniaténs
In other words, an equation in the cladsl) will have a symmetry group with dimension satis-
fying dimL <6 if and only if it can be transformed to one in tl@anonical equations from the
list.

As we mentioned, our classification is performed within point transformations of coordinates.
Two equations are equivalent if one can be obtained from the other by a change of variables. On
the other hand, consider a special casé6o®) for c= —3/4,%

3ud,
Ut= Uyxx— 2 U_’
X

which additionally allows a symmetry group generated{by}. Though this equation is equiva-
lent to the third-order linear equatian=uv,y, under the(no-poiny transformatiorw = Ju,, we
treat them as inequivalent.
To give a reader an insight into possible applications of the results of this article, we consider
a subclass of Eqg1.1),

U; = UyyytUU -+ f()u, (7.1
which arises in several physical applications such as the propagation of waves in shallow water of

variable depth.
When f(t) is arbitrary,(7.1) admits a two-dimensional Abelian symmetry algebra generated

by
X1=0dy, Xo=&(t)a,—&(1)a,, g=f eprf(t) dt] dt. (7.2

By the change of dependent variafile u/ &, the generators are transformed to the realizaﬁggp
with = —&. The corresponding invariant equation takes the form

Tjt =uxxx+ gm]x ’
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which is a particular case df.2).

For the special casé(t)=at‘ (a#0), the algebra is larger and we have the following
possibilities for the algebra to be either three- or four-dimensional.

(1) (a,k)=(a,—1), a#—1: The equation admits the three-dimensional indecomposable
solvable symmetry algebra spanned by

X 2
Xi=0dy, Xo=t1T33 —(14+a)tds,, Xz=td+ 3% 34, (7.3
with nonzero commutation relations
1 3a+2
[X1,X3]=— §X1, [X2,X3]=— sz-

For a=—1/3, the algebra is isomorphic, up to the scaling of basis element; 4o for
- 1<a< - %, tO A3’7.

Fora=—2/3 it is isomorphic to the decomposable solvable algébyaand a suitable basis
is

X

2
39~ Uy

1
Xq=dy, x2=t1’3ax—§t‘2’3au, Xa=td,+ 3

With the equivalence transformation
t=t, %X=x, TU=-3t%",

the basis elements are transformed, up to scaling, to the reali?@'pnThe transformed equation
is

~ 11—2/3=~
U =TUyyx— 5t uuy .

This equation belongs to the class corresponding to the realiz,aﬁgn

We note that a member ¢1.2) for f=1, g=t? (see Ref. 1is equivalent, under appropriate
point transformation, to the above equation. Similarly, the particular ease a/(1+ ), «
#0,1,2 is equivalent td=1, g=t“ of (1.2). In this case, the symmetry algebra is indecomposable
and solvable.

(2) (a,k)=(—1,—1): the spherical KdMsKdV) equation.

In this case the equation is invariant with respect to a three-dimensional symmetry algebra.
We choose its basis to be

X

2
Sﬁx——uau, (7.4

1
X1=07X, X2=|nt(9x_?&u, X3=t&t+ 3

with nonzero commutation relations
[X3,X1]=— X1, [X3,X2]=X1— 5X,.

It is easy to see that this algebra is isomorphicAty,. Under the transformatioti=3tu, the
generators are transformed to the realizaﬁ@g. The sKdV equation takes the form

1
U =Tyt 3 Ut

which is a particular case of the equation invariant under the alg@;a
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We note that a member ¢1.2) for f=1, g=e%" is equivalent to the cas®), i.e. the sKdV
equation.
(3) (a,k)=(a,0): The basis of the symmetry algebra reads as

Xy=dy, X,=e(dy—ady), Xz=d, (7.5

with nonzero commutation relatidrXz,X,]=aX,. The algebra is isomorphic #3,. With the
transformatiorii=e2'u the equation is transformed to a special cas€ld) for f=1,g=e?!.
(4) (a,k)=(—1/2,—1): the cylindrical KdV(cKdV) equation.
In this case the symmetry algebra is four-dimensional. In a convenient basis we have

1
X,=2td,— ﬁ&“’
X
Xo=4t329,+ 2x\t 9, — $+4ﬁu)au, (7.6)

X3z=dy, X4=3td+Xdy—2ud,,
with nonzero commutation relations
[X5,X3]=—Xq1, [X,X4]=—3X1, [Xo,X4]=—2X5, [X3,X4]=Xs5.

We see that the symmetry algebra of the cKdV equation is isomorphic to the alyepwath
g=1. The existence of such an isomorphism is a necessary, but not sufficient condition for a local
point transformation to exist, transforming the two equations into each other. Comparing these
generators with{2.10 and choosind2.8) suitably, for example, first transforming the commuting
elementg X, X3} into {x,tax+ a5} and then transforming the remaining ones with the aid of the
freedom left in equivalence transformations we arrive at

~ X
=2t Y2 x=t"Y% TU=tu+ >
which establishes the equivalence of the Lie algebra with k@a€isand the cKdV equation to the
KdV algebra (0\48) and KdV equation. This connection between the KdV and cKdV equations is
well-known in the literaturé?
As a further comparison of the results obtained in the article we consider

u;+ uxxx+f(u)u§=0, k>0, (7.7

which is clearly a special case (f.1). Group classification of this equation is given in a talsiee
Table 11).22 These results can immediately be derived from those obtained in this paper either
directly or performing a change of independent or dependent variables.

Note that the equations that do not appear in the classification list can be recovered from those
by suitable point transformations.

A number of integrable KdV type equations can be reproduced by restricting the arbitrary
functions contained in invariant equations of this article. For example, the reallz,a§|9ns
equivalent to{d ,dy ,td,+ x/3d,— u/3d,} under the transformation—u~ 3. We have the invari-
ant function

_ | AF -2 — -3
F=U"F(0w1,0w2), ©17U Uy, @2=U Uyy.

SettingF = w; produces the modified KdYmKdV) equation
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TABLE Il. Symmetry classification of7.7).

N k f(u) Symmetry generators Symmetry algebra
1 arb. arb. 0y Ajy
n X - 2
2 k u & Bkl 3Bk =g udy, k+n#l A3z
3 k e! X A2
GO ot 3 o (K=3)dy 37
X k—3 1
4 k 1 ﬁt ,0y ,t(?t+ § ot m Uﬁu ,(9u k#1 A4,3
X
5 3 arb. G Ko 5 0 A%,
6 3 u2 X Al oA
GO Mt 5 0,Ud, 37PA;
7 3 1 X Al oA
B Ao 5 0.0 3,79 AL
8 1 ny X, 2 A2
u'+c GOy it 50, udy, N0 37
X 2
9 1 u .3y 0 3 0 5 U ity Als
u 1 2 2
10 1 e'+c Oy Kot 5 (0200~ 54, A3z
11 1 1 G O Aot 5 (x+ 203, 3, 9X Dy hi[eear_ eguzl:ion
g+ Guxxt 9x=0 (N=6 in Table )

U= Uy yut U2, . (7.9

Since the maximal symmetry algebra of the mKdV equation is three-dimensional, it is not iso-
morphic to the KdV algebra. This implies that there is no point transformation, transforming the
mKdV equation into KdV equation. In this respect let us mention that there is the well-known
nonlocal transformatiofiMiura transformation

T=u?+ 6iu,,

taking the mKdV(7.8) into the KdV equatiorti,=T,,,+ Ul . Another integrable equation which
can be obtained from our classificatio®is

Up= Uyt 3(Uyu?+ 3uu?) + 3u’uy .

Its symmetry algebra is isomorphic @’7. Note that this equation can be linearized by a change
of dependent variable.

Let us mention that a classification based on higher order symmetries of third order integrable
nonlinear equations of the form

U; = Uyt F (U, Uy, Uyy) (7.9

is given in Ref. 24. We should also note that the question of finding PDEs admitting Lie point
symmetries is different than finding integrable PDEs. In the latter case one requires the existence
of a generalized one as opposed to Lie point symmetries. For the classification of integrable PDEs
we refer the reader to Refs. 25-27.

Finally, let us point out that in a very recent wéfla class of integrabléin the sense of
existence of an infinite number of generalized symmeitigisd order evolution equations of the

Downloaded 17 May 2004 to 160.75.21.17. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 45, No. 6, June 2004 KdV-type nonlinear evolution equations 2313

form (7.9) for specificF admitting recursion operators have been analyzed. Among others, the

special cases correspondingfte- 3w andF =3/2— 3w of (6.1) produce the following equations
with 4-dimensional symmetry algebAéjéB Aq:

U= Uyt 3U™ Uy Uy,

U= Uyy— 3U " MUyl + Su— 203,

both of which were shown to admit recursion operators. This fact indicates that many equations
with relatively large symmetry groups in our classification are among the most probable candi-
dates for being integrable.

We note that the maximal symmetry algebra of the first equation of the above list is infinite-
dimensional with basis elements:

X u
Xlzﬁt, X2:(9X! X3:tﬁt+_(9x+_

3%t 5 %

X(p) =P(X!t)uil(3’u v Pt™ Pxxx-

The existence of an infinite-dimensional symmetry algebra suggests linearizability of the equation
by point transformations and, indeed, it is linearized by the change of dependent variable
v(x,t) =u?(x,t)/2.
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